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WELL-POSEDNESS OF A MATHEMATICAL MODEL FOR ALZHEIMER’S
DISEASE

MICHIEL BERTSCH, BRUNO FRANCHI, MARIA CARLA TESI, AND ANDREA TOSIN

ABSTRACT. We consider the existence and uniqueness of solutions of an initial-boundary value
problem for a coupled system of PDE’s arising in a model for Alzheimer’s disease. Apart from
reaction diffusion equations, the system contains a transport equation in a bounded interval for a
probability measure which is related to the malfunctioning of neurons. The main ingredients to
prove existence are: the method of characteristics for the transport equation, a priori estimates
for solutions of the reaction diffusion equations, a variant of the classical contraction theorem,
and the Wasserstein metric for the part concerning the probability measure. We stress that all
hypotheses on the data are not suggested by mathematical artefacts, but are naturally imposed
by modelling considerations. In particular the use of a probability measure is natural from
a modelling point of view. The nontrivial part of the analysis is the suitable combination
of the various mathematical tools, which is not quite routine and requires various technical
adjustments.

1. INTRODUCTION

In [3, 4] a macroscopic mathematical model was proposed which describes the onset and evo-
lution of Alzheimer’s disease (AD). This model is meant to mirror the so-called Amyloid Cascade
Hypothesis [11, 15, 21], coupled with the spreading of the disease through neuron-to-neuron trans-
mission (prionoid hypothesis [5, 23]). Alzheimer’s disease (AD) is the prevalent form of late life
dementia. Its global prevalence, about 24 millions in 2011, is expected to double in 20 years [19].

In order to clarify the structure of our equations and the choice of our assumptions, let us
sketch a gist of their biological background. We refer to [3, 4] for a complete description of the
model and an account of the most recent biomedical literature. The model focusses on the role
of the polymer beta-amyloid, in particular its toxic soluble isoform AB4>. Monomers of AB4o are
regularly produced by neurons and successively cleared — among others — by the microglia. In
the last decades, researchers have observed that an imbalance between production and clearance
of ABys (shortly AS from now on) is a very early, often initiating factor in AD. Soluble AfS
diffuses through the microscopic tortuosity of the brain tissue and undergoes an agglomeration
process. Eventually this leads to the formation of long, insoluble fibrils, accumulating in spherical
deposits known as senile plaques that are solid deposits of even larger aggregates of AJ; nowadays,
plaques are not considered neurotoxic, but are usually abundantly present in the brain of AD-
patients (though they can be present in old brains without any symptom of dementia). Plaques
are clinically observable through medical imaging using a special type of PET (Positron Emission
Tomography) scan.

Below we briefly describe the model. The main purpose of the present paper is to establish its
mathematical well-posedness. Mathematically, our model consists of a transport equation coupled
with a system of nonlinear diffusion equations (a Smoluchowski-type system with diffusion). Due
to the very nature of the biological phenomena we are studying, the main feature of such a system
is that the transport velocity depends on the solution of the Smoluchowski equation, which, in
turn, contains a source term that depends on the solution of the transport equation, so that the two
groups of equations cannot be uncoupled. For an introduction to the use of transport equations
in mathematical models of life sciences, we refer the reader to [18].

Key words and phrases. Transport and diffusion equations; Smoluchowski equations; mathematical models of
Alzheimer’s disease.
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Let us give a less cursory description of the system which we consider, from both a mathemati-
cal and biomedical point of view. We do not enter the biological details and merely mention those
which are related to the structure of our equations. We would like to stress that the equations of
our model involve only functions that have a precise qualitative clinical counterpart in routinely
observable phenomena: the health state of the different brain regions (by means of a PET mea-
suring the cerebral glucose metabolism), the amount of AS in the cerebral spinal fluid, and the
Ap plaques (by means of amyloid-PET scans).

Let Q C R™ be a portion of cerebral tissue. The molar concentration of soluble AS polymers
of length m at € Q and time ¢ > 0 is denoted by u,,(z,t) (1 < m < N), that of clusters of
oligomers of length greater or equal to N (the plaques) by uy(x,t). We use a parameter a, ranging
from 0 to 1, to describe the degree of malfunctioning of a neuron; a close to 0 stands for “the
neuron is healthy” and a close to 1 for “the neuron is dead”. Given z € Q and t > 0, f = f,+
is a probability measure and df; ;(a) denotes the fraction of neurons at = and time ¢ with degree
of malfunctioning between a and a + da. The progression of AD is mainly determined by the
deterioration rate of the health state of the neurons, v = v, (a,t) > 0. We use the notation v[f]
to stress its dependence on f:

1) (@lf)lat) = /

( ’C(ZL’, aay,b) dfy,t(b)> dy + S(.’ﬂ, avul(‘r’t)v e 7uN—l(x7t))'
Q [0,1]

The term & > 0 in (1) models the action of toxic AS oligomers. For example, assuming that
the toxicity of soluble AS-polymers is proportional to their total mass and introducing a threshold
value U > 0 for the amount of toxic Af needed to damage neurons, a possible choice for S is

N—1 +
(2) S=Cs(l—a) (Z MU (T, t) — U) , where pT := max{p, 0},
m=1

see also [3] for a more detailed discussion.

The integral term in (1) describes the possible propagation of AD through the neural pathway.
Malfunctioning neighbours are harmful for a neuron’s health state, while healthy ones are not:
K(z,a,y,b) >0 for all z,y € Q and a,b € [0,1] and

K(z,a,y,b) =0 if a>b.

For the sake of simplicity we choose K(x,a,y,b) = G, (a,b)h(|x — y|), where h(r) is a nonnegative
and decreasing function which vanishes at some r = rg and satisfies f\yl <y Myl)dy = 1. For
instance, in [3] the following form of G, is used: G,(a, b) = Cg(b — a)™, which does not depend
explicitly on z. In the limit 79 — 0, (1) reduces to

(3) (v[f])z(a,t) = o1l Gz(a,b) dfy1(b) + S(x,a,u1(z, t), ..., un—1(z,1)).

We shall henceforth use (3) for the deterioration rate v[f].
In view of the meaning of the rate v, the equation for f is given by

(4) O f + Ou(folf]) = JIS]-

The term J[f] represents the onset of AD: we assume that in small (randomly chosen) parts of the
cerebral tissue, concentrated for instance in the hippocampus and described by a characteristic
function x(z,t), the degree of malfunctioning of neurons randomly jumps to higher values due to
external agents or genetic factors. More precisely, (J[f]).,+ denotes the measure

() d(J[f])e(a) :=n(t)x(z,1) K/[O . P(t,b,a) dfm,t(b)> da — dfz,t(a)l ,
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where the function P(t,b,a) is the probability to jump from state b to state a (which vanishes if
a < b) and n > 0 is the jump frequency. A possible choice is

2 ifp<a<i(1+b
P(t,b,a) = P(ba) = T3 1Losas3(1+d)
0 otherwise.

It is worth stressing that the choice of looking for a measure f;; comes from the model itself. In
fact, a “healthy brain” would correspond to f;(a) = d(a), where J is the Dirac measure centred
at the origin.

Now we are ready to write the system of equations for f, uy, -+, upn:

Of + 9a (folf]) = JIf] in % [0,1] x (0,T]
N
58tu1 — dlAul = R1 = —Uux ;aLjUj + ./—"[f] — O01U1 in QT =Qx (O,T]

m—1
1
satum — dmAum = Rm =3 Z Qg om—jUjUm—j
(6) =1
N

—Um Y G jUj — Oy, D Qr (2<m < N)
i=1
cOun = % Yo aj R U in Q.

J+REN

k,j<N

Here ¢ > 0 is a small parameter which expresses the existence of two time scales: processes which
determine the dynamics of A8 (production, aggregation, diffusion, deposition) occur on a much
smaller time scale (hours) than the evolution of the disease (years). The diffusion coefficients d,;,
depend on the length of the polymer (longer polymers diffuse less); plaques do not diffuse. The
quadratic terms (in u;) model the aggregation of AS polymers, according to the Smoluchowski
equations. We refer to [1, 10] for an extensive discussion of the aggregation mechanism and the
choice of the coagulation rates a; ;. The linear terms —o,,u,, model the phagocytic activity of
the microglia and other bulk clearance processes [14].

We stress that system (6) is fully coupled, because the transport equation for f contains a
dependence on wy, ..., uy—1 in the deterioration rate v[f], cf. (3). Notice that if S = 0 in (3)
then the equation for f decouples from the rest of the system and may be possibly studied alone
by relying on the results reported in [6, 7]. Nevertheless, the assumption S = 0 is not a minor
issue in the modelling of AD spreading, because it would imply a propagation of the disease due
only to prionic diffusion, which is a controversial topic in the medical literature. For this reason,
in our model we prefer to take into account also the toxic contribution of AS oligomers, i.e. § # 0
in (3), which requires to study system (6) as a whole.

A monomers are produced by neurons. Their production increases if neurons are damaged,
and a possible choice for the source term F in the equation for u; is

1
(7) Flfla,t) = Cr / (1o + a)(1 — a) df. 4 (a).

The small constant pg > 0 accounts for AS production by healthy neurons.

We assume that 9 consists of smooth disjunct boundaries, 92y and 0€2;, where 92 represents
the disjunct union of the boundaries of the cerebral ventricles through which AS is removed from
the cerebrospinal fluid (CSF) by an outward flow through the choroid plexus (cf. [14, 22]). In the
present paper we solve system (6) with appropriate initial-boundary conditions:

fe0 = (fo)s if 2 €Q
(8) u;(x,0) = ug;(x) ifreQ, 1<i<N
Onpui(z,t) =0 ifxedQy, t>0, 1<i<N

Onpui(z,t) = —yu(z,t) ifx€d, t>0, 1 <i<N,

where n is the outward pointing normal on 0.
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In Section 2 we describe the hypotheses on the data and formulate the main result on global
well-posedness. In Section 3 we rewrite the system in terms of the characteristics of the transport
equation for f and show that the new system is equivalent to the original one. We point out that
under our assumptions the characteristics exist in the classical sense. The major difficulty arises
from the strong nonlinearity of the system: the transport equation depends nonlinearly on both
its solution (through an integral operator) and the solution of the Smoluchowski system, which
in turn depends on the solution of the transport equation. In Section 4 we use a contraction
argument to prove local existence and uniqueness; not surprisingly, the metric for the probability
measures f will involve Wasserstein distances. The fact that the Wasserstein distance W depends
on the action of the measures on Lipschitz functions yields a technical difficulty when we try to
apply an iteration argument in order to obtain the local existence of a solution. This difficulty
can be bypassed thanks to an ad hoc formulation of the standard fixed point theorem. Finally,
in Section 5 we prove a priori bounds which imply global existence. In Appendix A we collect
some technical facts about probability measures and Wasserstein distances to make this paper as
self-consistent as possible.

We conclude with some comments.

For more details on the model we refer to [3], which also contains some two-dimensional simula-
tions and qualitative comparison with experimental data. A derivation of the transport equation
for f from a Boltzmann-type kinetic approach is contained in [4].

The macroscopic model which we have briefly described, and in particular the use of the Smolu-
chowski equations to model the aggregation of A, is based on an earlier microscopical model de-
scribed in [1, 10]. The passage from that microscopic aggregation-diffusion model to Smoluchowski
equations with a source term as in (6) is obtained by a two-scale homogenization technique in [8, 9].

For the moment the model deliberately neglects some important aspects of the disease such as
the role of the tau-protein, but in a future paper we shall extend the model and make it more
realistic. Nevertheless, the term G in the deterioration rate for the equation of f can already be
thought of as taking into account a “prionic” model of the spread of the disease, and associated with
the diffusion of the intraneural tau-protein (see, e,g., [13, 23]). Despite the extreme complexity
of AD, mathematically such an extension is doable due to the high degree of flexibility of the
modelling approach. The major difficulty is the lack of both experimental data and detailed
knowledge about the relevant biomedical processes, but fortunately biomedical research on AD
evolves rapidly.

In this context we also mention a recent paper by Hao and Friedman [12], which does take into
account a higher degree of AD’s complexity and contains simulations of medical therapies; the
authors however do not consider AD’s initial stage. A major challenge is how to diagnose AD’s
early stage and develop therapies to slow down its further development.

2. PROBLEM STATEMENT AND MAIN RESULTS

Throughout the paper we set 7' > 0, N € N, while 2 C R" is an open and bounded set with a
smooth boundary 02, which is the disjunct union of 92y and 0.
To treat the measures f,; we introduce a metric space Xg 1j:

Definition 2.1. The space P([0, 1]) of probability measures on [0, 1] endowed with the Wasserstein
distance W is denoted by X[g 1.

We refer to [2] for the definition of the Wasserstein distances WV,. By Proposition A.3, X[q q) is
a complete separable metric space. By Proposition A.7, a sequence (ft,)nen converges in Xig ) if
and only if it converges narrowly or weakly”.

We denote by C([0,T7; X|o,1)) the space of continuous functions from the interval [0, T] to X[ 1].
Endowed with the distance

Jmax Wi ((p1)es (12)e)s

also C([0,T]; X[o,1]) is a complete metric space.
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2.1. Hypotheses on the data. Throughout the paper we shall use the following assumptions
on the data (below d,, V,, etc. denote distributional derivatives; C' denotes a generic constant):

(Hy) €,CF, po,d;, 04,7, a;,j are positive constants (1 <i < N, 1< j < N);

(Hz) ug; € C(Q) is nonnegative (i = 1,--- ,N), and (fo), € X[o,1] for a.e. x € Q;

(H3) x is the characteristic function of a measurable set Qo C Qr = Q x [0,T7]; the function
n € C([0,T]) is nonnegative;

(Hy) for ae. z € Q, G, € C([0,1]?), Go(1,b) =0 for b € [0, 1], and

9) —C < 0,G, <0, 0,G,| <C in[0,1]%

(Hs) S € L™ (Q;C’ ([O7 1] x [O,oo)N_l)), Sz, 1, uy,...,uny—1) =0 for u; > 0 and a.e. x € Q,
and for all compact sets K C [0,00)V 1 there exists a constant C'(K) such that for a.e.
x €

(10) —C(K) < 0,S(zya,u) <0, |V,S(z,a,u)] <C(K) foraec]|0,1],u € K;
(Hg) P € C([0,T] x [0,1]?), P is nonnegative, for all t € [0, 7]

1
(11) /P(t,b,a)dazl for b € [0,1], P(t,b,a) =0 ifa<b
0

and there exists L > 0 such that for all a/,a”,b’,0"” € [0,1] and ¢ € [0,T]
(12) |P(t,b,a") = P(t,b",a")| < L (|t ="+ |a’ —a”|).
2.2. Main result. We introduce some additional notation. Let M(0, 1) be the space of signed

Radon measures on the interval (0,1). Then M(0,1) is the dual of C([0,1]), and u: Q x (0,T) —
M(0,1) is said to be weakly* measurable if for any p € C([0,1]) the map

(13) (@.6) [ pla)duso)
is measurable in Q x (0,7). We say that

fe L C([0,T); Xp0,1)))
if f e C([0,T]; X[o,17)) for a.e. z € Q and f is weakly* measurable as a function from € x (0,7)
in M(0,1). In particular, if f € £(Q;C([0,T]; X[9,17)), then, by the Fubini-Tonelli Theorem, for
all 9 € C([0,1] x Q x [0,T])

T /T (/w(a,x,t) df$7t(a)) dt belongs to L>(£2).
0

Definition 2.2. A (N + 1)-ple (f,u, -+ ,un) is called a solution of problem (6)-(8) in [0, 7] if
(1) fe L& ([0, T]; Xpo,);
(#1) u; € C(Qp) and u; > 0 in Qr for 1 < i < Nj;
(#it) the first equation in (6) is satisfied in a weak sense: for a.e. z € Q2

/OT (/(at¢+vm3a¢>) dfes + /¢sz,t> dt = /¢(-,T) i — /¢(.70) d(fo)a

for all 7 € [0,T] and ¢ € C1([0,1] x [0,T]), where the function v is defined by (3) and the
signed measure J by (5);
(iv) if 1 <i < N, u; € L2([0,T]; HY(Q)) and

d; /OT [/Q Vui(x,s) - Vi(z, s)dz + /891 ui(x,s)w(:c,s)da(x)} ds

—s//TUﬂlft+€/S]U0i¢($,0)dx+//QTRiw

for all v € H([0,7]; HY(Q)), ¥(z,7) = 0, where R; is defined as in (6) and F (which is
part of 1) by (7);
(v) dwuny € C(Qr), un(-,0) = upy in Q, and the equation for ux in (6) is satisfied in Q.

(14)
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Remark 2.3. (a) It follows from (5) and (Hs) that, for a.e. x € Q, /dJm =0fort €[0,7]. (b)

The concept of weak solution of the first order transport equation, defined in Definition 2.2(#i1),
needs some explanation. It follows from (9)-(10) that, for a.e. x € Q, v is uniformly Lipschitz
continuous with respect to a:

(15) Oavz(a,t) = 0.G(x,a,b) df5 +(b) + 0,S(z, a,ui(z,t), ..., un—1(z,t)) <O0.
[0,1]

In particular it follows from (H,_5) that, for a.e. x € Q, v,(1,t) = 0 for ¢t € [0,T] and vy(a,t) >0
for a € [0,1] and ¢ € [0,T]. This implies that formally the “flux” fv vanishes at a = 1, a condition
which is made precise by the choice of continuous test functions ¢(zx, a,t) without any restriction
at a = 1. Since v > 0 at a = 0, characteristics (see the next section) “enter the domain [0,1]” at
a = 0; so we need a boundary condition at a = 0 which, according to Definition 2.2(iii), is again
the no-flux condition. Actually this is imposed by the condition that f, ; is a probability measure
in [0, 1]: choosing ¢ = 1 it follows from Definition 2.2(4i#¢) and Remark 2.3(a) that for a.e. x € Q

/dfm,’r = /d(fo)gg =1 forte (O,T]
The main result of the paper is the following well-posedness result.

Theorem 2.4. Let Q C R™ be an open and bounded set with a smooth boundary 9S), which is the
disjunct union of 0Qy and 0Qy. Let T > 0 and N € N, and let hypotheses (H1_g) be satisfied.
Then problem (6)-(8) has a unique solution in [0,T] in the sense of Definition 2.2.

3. THE CHARACTERISTICS

Let f € L(Q;C([0,T; X[o,17)) and u; € C(Qr), and let v[f] be defined by (3). By the Lipschitz
continuity of a — vy(a,t) (see Remark 2.3(b)), for a.e. x € € the problem for the characteristic
issued from y € [0, 1],

16) {@Am(y,t) = 0y (Ay(y,1),t) for0<t<T
Ag(y,0) =y
has a unique solution which satisfies
an {0 < Ap(y1t) < Ap(yast) S Ag(Lt) =1 H0<y <y2<1,0<t<T
Az(y,t1) < Agly, t2) ifyel0,1,0<t <ty <T.
Observe that, for a.e. x € Q, the function y — A, (y,t) is continuous and

t
(18) Oy Az (y,t) = exp (/ O0gv2(As(y, 5), 8) ds> >0 foralltel0,T].
0

In particular for a.e. € Q the function y — A, (y,t) is injective for all ¢ € [0, T.
Below we shall reformulate problem (6)-(8) in terms of the characteristics, but before doing so
we prove the following result.

Proposition 3.1. Let f € L(;C([0,T7]; Xj0,1))) and u; € C(Qr). Let v[f] and J[f] be defined by
(3) and (5). Let, for a.e. x € Q, A, (y,t) be the solution of (16) for any y € [0,1]. If f satisfies
(4) in the sense of Definition 2.2 (iii), then, for a.e. x € ,

(19) Supp fut, supp Ju ¢ C [4;(0,¢),1]  fort € (0,T].

Proof. A, is well defined for a.e. x € 2. We fix such = and also 7 € (0,T]. Let h € C*(R) be
nondecreasing and satisfy h =0 in (—o00,0] and A =1 in [1,00). Let § > 0 and set for a.e. x € Q
hs(s) = h(s/d) for s e R;  45(a,t) = hs(Az(0,t) —a) for a € [0,1], t € [0,T].

Then 15 is of class C* and

1 Am y - 1 / Aaf ) —
ot =31 (2020) o = S0, o (021
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We use 15 as a test function in Definition 2.2 (4i7). Since A,(0,0) = 0, ¢5(a,0) = 0if a > 0
and [ s(-,0) d(fo)s = 0. Therefore the test function relation implies that

(20) /¢5(-,T) df.r — /OT (/wg dJm> dt—0 asd—0

if we prove that

(21) /OT (/(@wg + v:0a05) dfw,t> dt — 0 as 6 — 0.

To prove (21) we observe that

045 + 02 0aths| =

< C'sup |sh ()
seR

vz (A (0, t)zst)—vz(a, t) Y <AI(0;5t)_a> ‘

for some constant C' which does not depend on §, whence

/oT </ (Outps + v20at)s) dfm_,t> dt‘

< C’/OT </ dfz+ L (Az(0,t) — 6, A2 (0,¢)) N [O,Ax((),t))) dt.

(22)

Here and in the following, the symbol L denotes the restriction of a measure to a measurable

subset, see [16, Definition 1.8]. Since () (A4z(0,t) — 8, A.(0,)) N[0, A,(0,¢)) = @ and
5>0

‘/dfr,t (A4 (0,t) — 6, Ax(0,)) N [O,AE(O,t))’ <1 fortel0,7],

(21) follows from (22) and the Dominated Convergence Theorem.
By (20) and the Dominated Convergence Theorem,

(23) / df - L[0, A,(0,7)) = / ( / dJl.,tI_[O,AI(O,t))> dt.
0
It follows from (5), the Fubini-Tonelli Theorem and (11) that
/ 07, 1(a)L[0, A,(0, 1))

= n(t)x(z, )

A, (0,t)
/ ( / P(t,b.a) da> 0 (0)— [ dfs (@) [0, 4,(0. 1))

A, (0,t)
. [ / ( /b P(t.b,a) da> Ao (B) L0, A0 (0, ) — / dfoi(a) I_[O,AZ(O,t))]
<nx [ / dfu s (0)L]0, A, (0, 1)) — / dfs (@)L [0, A (0, t))] ~0.
Combined with (23), this implies (19). O

We now reformulate the original problem in terms of the characteristics. Specifically, we shall
see below that the measure f can be obtained by transporting along the characteristics a suitable
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measure g (i.e., f is the push forward of g through A, cf. Definition A.1), which satisfies:
8tA$(y7 t) :/gZ(AI(y7 t)? A$(§7 t)) dgw,t(£)+8(x7 Ax(yv t)) Ul, M) uN—l)
atgz,t (y) =nX |:8yAz (y» t)/P(t, A:v (57 t), A:L’ (y7 t)) dg:z:,t (5) _gm,t(y):|

. N
(24) e0ur —d1Auy = Ry := —uy 21 a1,juj—o1u1 + CF/(M0+A93(57t))(l—Az(f,t)) dga,¢(£)
i=

m—1 N

_p .1
€0Um — A Al = Ry = 5 Y Qjim—jUjlm—j — Um Y, G jUj — Omlm,
j=1 j=1
_1
EatUN =3 Z a5 UjUL,
J+REN
k,j<N

where x € Q, y € [0,1], t € (0,7] and 2 < m < N, with initial-boundary conditions

9z,0(y) = (fo)z(y), Az(y,0)=y fzrecQ 0<y<1

(25) u;(x,0) = ug;(x) ifreQ, 1<i<N
Onui(z,t) =0 ifxedy, te(0,7T), 1<i<N
Onui(z,t) = —viui(z,t) itx ey, te€(0,T], 1<i<N.

Definition 3.2. The (N + 2)-ple (A, g,u1,--- ,un) is called a solution of problem (24)-(25) in
[0, 77 if

(1) g € LEEC((0,T); Xo,1));
u; € C(Qp) and u; > 0in Qr for 1 <i < N;

for a.e. z € Q, A, satisfies (24); and A,(y,0) =y for y € [0, 1];
equation (24)s for g is satisfied in a weak sense for a.e. z € Q: for all 7 € (0,7] and
¢ € C([0,1] x [0,T]) with d;¢ € C([0,1] x [0,T])

/qb(y’f) dgz,f(y)—/¢(y»0) d(fo)x(y)_/()T(/ Ao (y,t) dgw,t(y)>dt

(4
(idi

(iv

(v

~—— ~— ~—

(26) o
- [ [ [ ot 0,4, ( [Pt vt 0. Auty0) dgw,t@)) dy—[ 010 dgw,tw)]dt;

(vi) if 1 <i< N, u; € L>([0,T); H'(Q)) and
T
di/o { QVui(ac,s)~V¢(x,s)dx| +%/mfﬁi(x,s)w(x,5)dg(x)] ds

:s//Tuiatw—&—E/QUOiw(%O)dx+/QT Ry

for all ¢y € H'([0,7]; H'(Q)), ¥(x,7) = 0, where R; is defined as in (24);
(vii) Oyun € C(Qr), un(-,0) = ugn in €2, and the equation for uy in (24) is satisfied in Q.

(27)

In the remainder of this section we prove the equivalence of problems (6)-(8) and (24)-(25).
The following result is a first step in this direction.

Theorem 3.3. Let hypotheses (Hi_¢) be satisfied. Let (A, g,u1,--- ,un) be a solution of (24)-(25)
in [0,T] and set, for a.e. x € Q,

fopt :=Ag(, )49z for allt €[0,T].
Then (f,u1,...,un) is a solution of problem (6)-(8) in [0,T].
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Proof. Since, for a.e. x € €, g5+ is a Borel regular probability measure in [0, 1] for ¢ € [0, T}, so is
fer. By (18), for a.e. x € Q2 the function y — A, (y, ) is injective for ¢ € [0,T], so that, by [16],
Theorem 1.18,
(28) supp f:r:,t - Az(supp gm,ta t) g AI([07 1]7 t) = [Aa:(O? t)v 1]
In particular f,; € Xjo1) for a.e. z € Q. In addition, by Remark 2.3 (b) and Proposition A.10,
the map t — f, ¢ belongs to C([0,T7]; X 1)) for a.e. z € 2.

Let, for a.e. x € Q, v be defined by (3) and J by (5). By (28) and (11), /P(t,b, a)dfy (b)) =0
if a < A;(0,t), whence
(29) supp Jw,t C [A:v (Oa t)a 1]

To avoid cumbersome notations, we set By(-,t) :== A;!(-,t). Since

( ) [ } - [ r( ) (17t)] = [AI(O,t), 1]7

B, (,t) is well defined in [A;(0,t),1], By (A (y,t),t) =y for y € [0,1], and A,(By(a,t),t) = a for
a € [A;(0,t),1]. Since supp fz: C [Az(0,t),1], integrals of functions of B(-,t) with respect to fy ;
are well defined.

By Definition 3.2 (iv), 0:Az(y,t) = vy (Az(y,t),t) for a.e. = € Q. By (18), B, is Lipschitz
continuous with respect to y for a.e. = € Q. Differentiating the identity A, (B.(y,t),t) = y with
respect to t and y, we obtain that

(30) {ayAI(BI(avt)’t)atBl’( ) = _at ( (aat)at) = _UI(AI(BI(aat))vt) = —’UI(G,, t)

A
Ay

8yAm(Bw(y7t),t)0me( Y, )Z 1,
so that 0;B,(y,t)0yAz(Bg(y,t),t)0y B (y,t) = 0:B,(y,t) and, by (30),

(31) 01 By (y,t) = —va(y, )0y Ba(y, 1)
Let ¢ € C*([0,1] x [0,T]). Let « be fixed such that A,,9;A, € C([0,T7]; X[o,4), and set

¢(yv t) = '(/)(Ax(yv t)? t) for y e [07 1]

—/qb(y,T)dgz,T(y)+/¢(y,0)d( /¢ (a,7),7) dfe,7(a /aSaO (fo)z(a).

Since ¢ satisfies the conditions in Definition 3.2(v), it follows that
(32)

[ ([ o0t
= [ [ st 00,.000 ( JPt A0 400 0) daesl)) i [ 0.0 dgnst)|
= [ [ o340, Act0,0) fPl00 200000 1 8)

- 6B 00.0.0 dgw,t@)] dt + C,

/OTnxl/I:::::)qS(Bm(a,t),t) </P(t,b, a) dfx,t(b)> da7/¢>(Bm(Az(y,t),t) dgz . (y)

where we have used Theorem 1.19 in [16] and the relation da = 0,A(x,y,t) dy.
On the other hand, the left-hand side of (32) can be written as

(33) -/ : ( [ ot dgm,xy)) a=- [ ' ( [onpatan.n dfx,tw)) d

dt+Cy,
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Let a € [A;(0,1),1]. Then v¢(a,t) = ¢p(Bx(a,t),t) and
(34) Op(a,t) = 0yp(By(a,t), t)0yBy(a,t) + ¢i(By(a,t),t).
Since, by (28), supp fu, C [44(0,1),1], it follows from (32)-(34) that

/OT (/ Opp(a,t) dfz,t(a)> dt = /OT </ 0y®(Bz(a,t),t)0;By(a,t) dfz,t(a)> dt

- oy [ / A(()) oBa(a).0)( [ee.adr, o) da

- [otBata it dfx,t(a)] it +C,

) _ /0 ! < / 8,6(B(x, a,1), )9 B(z, . 1) dfx,t(a)) dt
+ /O Tnx [ /A j:o(::)w(a,t) ( /P(t,b, a) dfm(b)) da — / Y(a,t)dfze(a)| dt + Cy
=~ [( [t oapend @) i [ [oan i) .
By (31),

/ay¢(Bx(a,t),t)8th(a7t) dfs.t(a) = /8y¢(Bw(a,t),t)(9an(a,t)vx(a,t) dfz,t(a)
— /aaw(a, t)vz(a,t) dfzi(a),

whence, by (35), the first equation in (6) is satisfied in the sense of distributions:

_ 0T</ op(a,t) dfm,t(a)>dt :/()T(/aaw(a,t)vm(a,t) dfx,t(a)> dt

+/0T (/w(a,t) sz,t(a)> dtf/z/J(a,T) dfz,f(y)+/w(a»0) d(fo)z(a).

Concerning the Smoluchowski system in (6), ii is enough to observe that the third equation in
(24) and the second equation in (6) coincide, since

/ (o + A€, 8) (1 — A (6,8)) dgo(€) = / (o + a)(1 — a) dfs(a).

Here we have used again Theorem 1.19 in [16]. O

The proof that problems (6)-(8) and (24)-(25) are equivalent is completed by the following
result.

Theorem 3.4. Let (f,u1,--- ,un) be a solution of (6)-(8) in [0,T] and let A,(y,t) be defined by
(16). Then there exists a probability measure g, such that

fm,t = Ax(a t)#g:c,tv
and (A, g,u1,...,un) is a solution of problem (24)-(25) in [0,T].

Proof. As before we reason for a.e. z € Q. Fixing such = € , and also an arbitrary t € [0, 7], we
consider the map

Ag(-,t) 1 [0,1] — [AL(0,¢),1].
By Proposition 3.1, fy+ = futL[A4(0,),1]. Hence, by Theorem 1.20 in [16], there exists a Radon
measure g, ; on [0, 1] such that
fz,t = fz,t I—[Az(ov t): ]-] = Ax(7 t)#gz,t~
Obviously g, is a probability measure and belongs to Xg 1. By Corollary A.10, the map ¢ +— g,
is continuous with respect to the Wasserstein metric. In addition, g, — (fo)z as t — 0 since
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Az (y,0) = y. Therefore g satisfies the qualitative assumptions in order to be a solution of (24)

and (25).
To complete the proof of the theorem, it is enough to check the identities in the proof of
Theorem 3.3 in the opposite direction. O

4. LOCAL EXISTENCE AND UNIQUENESS

By Theorems 3.3 and 3.4, problems (6)-(8) and (24)-(25) are equivalent. In this section we
prove local (w.r.t. ¢) existence and uniqueness of a solution of problem (24)-(25). In section 5 we
shall show that this solution can be continued in [0,7], which completes the proof of the main
result, Theorem 2.4.

So in this section we have to prove:

Theorem 4.1. Let 2 C R™ be an open and bounded set with a smooth boundary 02, which is
the disjunct union of smooth manifolds 0 and 0. Let T > 0 and N € N, and let hypotheses
(Hi—¢) be satisfied. Then there exists 7 € (0,T] such that problem (24)-(25) has a unique solution
in [0,7].

The proof is based on a contraction argument. To this purpose we introduce a suitable metric
space.
Definition 4.2. Let 7 € (0,7 be given. We denote by (X, d) the complete metric space
Xy = L(Q;C([0,1] x [0,7];[0,1])) x xC(Q x [0, 7];RY),
where L>(2; C([0,1] x [0, 7];[0,1])), and C(Q x [0, 7]; RY) are endowed with their natural metrics
as normed spaces, and L(€2; C([0,TT; X[o,1))) is endowed with the metric

sup max Wi(fs.i,Gut)
J;EQ tE[OaT]

(notice that condition (13) passes to the limit with respect to the W;-convergence, by Proposition

AT).
We denote by X , the closed ball in &, of radius p > 0 centered at (y, fo, uo).

Observe that, for the moment, we have given up the nonnegativity of u;, which will be recovered
during the proof of Theorem 4.1. For this reason we define S also for negative values of u;, by
requiring that S is even with respect to u; for each i =1,--- | N—1.

We must construct the map to which we can apply the contraction argument. We shall do this
step by step.

Lemma 4.3. Let (/l,g, u) € Xr and set, for a.e. x € Q,

(36) ﬁw(a7 t) = /gw(aa 1493(57 t)) dga:,t(f) + S(-T7 Ay Up,y... 7uN71) Z 0.
Then, for a.e. x € ), the Cauchy problem

{atAm<y7t> = b, (A, (y, 1)) fort>0

(37) A (5,0) =y € 0,1]

has a unique solution defined for allt € (0,T)], and the function y — A, (y,t) is continuous, strictly
increasing (and thus open) on [0,1] and maps [0,1] onto [A,(0,t),1] for all t € [0,T). Finally, the
map (z,y,t) — A, (y,t) belongs to L (; C([0,1] x [0,T]; 0, 1]).

Proof. We claim that, for a.e. x € Q, the map (a,t) — ¥,(a,t) is continuous and Lipschitz
continuous with respect to a € [0, 1], uniformly in ¢ € [0, 7.

By (10) this is trivial for the map (a,t) — S(z,a,ui(x,t),...,un_1(x,t)), since (z,t) —
(u1,...,un—_1) is continuous on Q x [0, 7] and (u1,...,un—_1) belongs to a compact set of RV ~1.

It remains to show that (a,t) — [ Gu(a, Az(€,1))dgs+(€) is continuous and uniformly Lipschitz

continuous with respect to a € [0, 1].
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Let ag,a € [0,1] and to,t € (0,T] be given. Then
[0 A ) dglt) — Gt Aulest) df)
<| [0t Anl€0) d0as() = [Gutan, An(erto) das(ert)

" ' [0, Ante ) daa(®) — [ Gl Aul 1)) g (5)\ —L+D

Since (a,&,t) = Gu(a, A4 (£,1)) is uniformly continuous in [0,1]2 % [0, T], I; — 0 as (a,t) — (ag, to).
Since & +— G, (ag, Ay(€,t0)) is continuous in [0,1]) and ¢ +— g, is narrowly continuous (see
Proposition A.7), also I — 0 as t — tg.

Similarly, by (9), for a.e. z € Q and all £ € [0,1] and ¢ € [0, T7,

%@Aﬁ@W—%@L@@@ﬂgCW—M for a,a’ € [0,1].

This completes the proof of the claim, which implies, for a.e. x € €2, the existence and uniqueness
of the solution problem (37) for all y € [0, 1]. By a standard argument,

t
(38) Oy A, (y,t) = exp {/ 8a@$(Az(y,s),s)ds} >0,

0
so 0 < C1 < 9,A,(y,t) < Cy for some constants C; and Cy which depend on the compact set
K C R¥~! which contains (u1(z,t),...,un_1(z,t)). O

Remark 4.4. Tt follows from the proof of Lemma 4.3 (in particular from (38)) that A4,(&,s) is
Lipschitz continuous in &, uniformly with respect to x and s.

Lemma 4.5. Let (A, g,u) € Xr. Let, for a.e. z € Q, A be defined as in Lemma 4.3 and (F[g])x.s
be the signed measure on [0,1] defined by

A(Flg))es = (D)X, [ayAx@, 0) [Pt 4060, Au(0:0)d02(€) dy — dia()

for0 <t <T. Then, for a.e. x € (),
(i) the integral equation

(39) g,,= (fo)a+ /0 (Flg))s. ds

has a unique solution t— g which belongs to C’([O,T],X[O,l]);l

(it) the measure g, , s a weak solution of the system

00t ) = [0, 010) [P0 4,160, 0.0, (O - 0,0

Zx,t
2%0 = (fO)z:
in the sense of (26).

Proof. First of all, we observe that for a.e. x € Q and s € [0,T] and for all g € X|g 1y,

(40) / d(Flg])as = 0.

Hf ¢ — p(t) is a continuous map from [0, 7] to Xlo,1), for any Borel set B C [0, 1], we set

([ neras) @)= [ uorwas
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The assertion is obvious if x(z,s) = 0. If x(z,s) = 1, by Tonelli’s theorem,

[l = [ ( /P<s,Am<s,s>,Ax<y,s))ayAx@,s))dy) go.6) ~ [ dg(v

n
= [ (frs.antecvm) dante) - [ da.) =0

We set, for a.e. € Q (from now on we fix such z),
qs = elo "(S)X(z’s)dsgx,t for t € [0, T7.

Let Y be the set of such g, i.e. ¢ € Y if the map ¢ s e~ Jo 1)x(@9)ds g helongs to C([0,T7, Xj0,1)-
Then Y naturally inherits a metric from C([0, T, X1o,1)),

dY(q1’q2) = Sup Wl (e_ f(; U(S)X(Z7S)d8(q1)t7e— f(; 7](5)X($7S)d8(q2)t) ,
t€(0,T)

so Y is a complete metric space.
The equation for g translates into

Brte(y) = Lar(y) =nx(a )0, A, (y.1) / Pt A, (€1), Ay (y,6)das (€) > 0,

and the corresponding integral equation is

(41) qt = (fo)z + /Ot Lgsds fort €[0,T].

We consider the map

(42) g (fo)x —l—/o Lqg,ds.

One easily checks that, by (40), for all g € Y

¢
(43) /qut =0 forte|0,T], (fo)z —|—/ Lg,ds €Y.
0

If we show that for all ¢1,¢q2 € Y

(44) Jolar, @)1= dy <(f0)m ; /0 Lia)e, (fo)e + /0 L<q2)s) < Cdy (g1 02),

it follows from a standard contraction argument that the map (42) has a unique fixed point in a
sufficiently small interval [0, 7] and that equation (41) has a unique local solution ¢ which can be
continued in [0, 7. N

To prove (44) we use the characterisation of the W;-distance given in Proposition A.4:

(45)  dy(q.q2) = s [efé n(e)x(@,s)ds sup{ / dd(q1 — q2)¢ 5 ¢ € Lipy ([0, 1LR>H.
te(0,

Hence

Jolara) = sup [ BUONEDE qup (1,(1) ;6 € Lipy (10,11, R)}
t€(0,T)

where
Iy(t) = / od / (L(q)s — Lg2)s) ds

and L(q1)s — L(g2)s is given by

n(s)x(z, s) (/P(S,Aa;(& 8); A, (Y, 5))0y A, (y, s)d(qr — qz)s(§)> dy.
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By Tonelli’s Theorem, I4(t) is equal to

Jow [ e [ 4,069 4,090, 051000 — ). (©)) ) s
- /OtnX(Ai(o7s)¢(Bm(b, 8))</P(S7Ax(§, s),b)d(q1 — Q2)s(€)) db) ds

- / nx( / ( /A E(O,f(Bm(bys))P(s,Ax@,s),b)db)d(ql —m@) ds.

By (43), I5(t) = 0 if ¢ is constant, so we may assume that ¢(0) = 0. Hence |¢| < 1 and, by (12),

/ ¢(Ba (b, 5)) (P(s, A, (£, 5),b) — P(s,4,(£", 5), b)) db

A, (0,5)

1
< / P(s, A,(€',5).5) — P(s, A, (€",5),b)|db < LI’ — €|

A(x,0,s)
Now (44) follows from (45):

Jo(q1,q2) < TLthaX]U( ) dy (q1, q2).

Setting
g, = e sy ot e 0,T],

Zx,t
we have completed the proof of part (i) of the lemma.
Fix an x € € for which (39) and (41) (for ¢) are valid. Since P and A, are continuous functions
and the map t — 9., is continuous in the weak* topology (and so is t — gt), the map

(1) o> [ Pl A0, Ay D)dg, (€
is continuous in [0, 1] x [0, T]. Hence L(g,-) € L>((0,1) x (0,T)).
We set ¢ = q — (fo)z- By (41)
G = /0 L(gs + (fo)z)ds fort e [0,T].

Since, by the boundedness of L(¢s + (fo)z)(y), t — G:(y) is absolutely continuous in [0,T] for
a.e. y € (0,1), this means that

(46) / By, )i (y)dy = //(0I)X(OT)Wy,t>qt<y>+w<y,t)L((cft—(fo)m)(ymdydt

for all 7 € (0,T] and ¢ € L*>°([0,1] x [0,T]) with ¢, € L*°([0, 1] x [0,T1]).
Finally let ¢(y,t) be as in the first part of the proof (we recall that x is fixed). We substitute
the function ¥ (y,t) = e~ Js n(s)x(@,5)ds gy +) into (46). Since

Dy, 1) = e Jo XD (Cyir(y 1) + 0,6 (x, y, 1),

¥ and Optp are continuous with respect to y and, by a straightforward calculation, (46) transforms

into
/¢(y77)d£g” /dj y,0)d(fo)e / {/aﬁp y )d(fo)ay )}
+/0 (/ ¢(y,t)d(F[g])z,t(y)+/3t¢(y,t))dgm7t(y)) dt

for all 7 € (0,7]. Since ¥(y,0) = ¢(y,0), this implies that g (y) satisfies the equation of the

system in the sense of (26):

Jotwrida, )= om0t = [ ( [otn0araen + [aom s, w) .

(47)
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O
Let (A g,u) = (1217 . un) € X-,. By Lemma 4.3, (fl,g,u) uniquely defines a func-
tion A € L*>*(Q; C([0, ] [ , ], [0,1]), and, by Lemma 4.5, A uniquely defines a measure g €

L(;C([0,T; Xj0,17))- Let u:= (uy,...,uy) be the weak solution of the problem

(48)

{68tum—dmAum:Fm(A,g,u) (1<m<N) Qs = Qx (0.7]

58ifﬂN = FN(Aaga U),
with initial-boundary conditions

w; (2,0) = ug;(x) ifx e
(49) Onu;(x,t) =0 ifxed, t>0 (1<i<N).
Onu; (2, t) = —viu;(z,t) if x € 00y x (0, 7]

Here we have set

N 1
Fl(A; g, u) =—01U1 — U1 Z al,juj+cf/ (/~LO+A'E(€7t))(l_Ar(g,t))dgw t(g)
_1 b
! m—1 N
Fm(A,g, u): __Umum+ Z Ajm—jUjUm—j — Um Z Am,jUj
J=1 J=1
Fy(A gu)i=3 > ajrujug.
J+k>N
k,j<N

Observe that F; € L*(Qx[0,7]) (¢ =1,..., N) and its norm only depends on the compact set K C
R™ containing (u1,--- ,un). We also observe that system (48)-(49) consists of N — 1 (uncoupled)
scalar linear heat equations with linear boundary conditions and an ordinary differential equation.
Therefore it has a unique weak solution u. More precisely, following [17] and recalling that X ,
denotes the closed ball of radius p > 0 centered at (y, fo,up) in X, we have that

Proposition 4.6 ([17], Theorems 2.11, 3.2 and 3.3). Let (A,g, u) € X;,. Foralll <i < N there
exists a unique u; € C([0,7]; L2()) N L2([0,7]; H*(Q)) such that

/T {/ Vu(z,s) - Vip(z, s)dm—i—'yz/mlu (z, )¢(z, s) do(x )} ds

// u@til)Jr/uOZwacdeJr// i(A, g, u)

for all v € HY([0,7]; HY(Q)), ¥(z,7) = 0. Let up(x,t) = uon(x / Fn(A, g,u)ds and u =
(uq,- ,uy). Thenu € C(Q;RY), u(-,0) =u, and, for 1 <i < N,

lwille@, ) < C{llwoill L) + | FillLr(@.ir) } ifr>n, 142 <1
In particular ||| oG ) < C{||u01\|C(Q) + 1 Eleq. R)}

Now we are ready to define the map to which we shall apply a contraction argument. Let p > 0
be fixed. Using the notation A (Lemma 4.3), g (Lemma 4.5) and u (Proposition 4.6) introduced
above, we set

(50) ’H(/l,g,u) = (A,g9,u) for (A,g,u) e X,
Let 74 denote the metric topology of X , and 7 the weaker topology on X , which is obtained
by endowing L>(; C([0,1] x [0,7];[0,1])) with the L!-topology on Q x [0, 1] x [0, 7].

Proposition 4.7. Let p > 0 be fized and let H(A, g, u) be defined by (50). If 7 > 0 is sufficiently
small, then H : Xrp = Xrp, (A9, u,) = (A, g,u) in T if (An, gn,un) = (4, 9,u) in T, and

H isa contmctzon on H(X;,).
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Proof. First we prove that H(X: ,) C X, if 7 is sufficiently small.
By Proposition 4.6, |lu(-,t) —uo|lc@r~) — 0 ast — 0T, so it remains to show that, as t — 07,

(51) sup A (y,t) —yl =0, supllg, , — (fo)allxp — O
zeQ, 0<y<1 €N ’

Since, by (37) and assumptions (9) and (10),
4,01 m</1{/%m% ) An(€:9) g2 + S(o Al 5) ) | ds

< / A, (g, 5) — y| ds + Car,
0

(51)1 follows from Gronwall’s Lemma. On the other hand, (51)2 easily follows from Lemma 4.5(7)
and its proof. o
To prove the (7g, T)-continuity of H, let A,, A € L>(;C([0,1] x [0,7];[0,1]) be such that
(An,gn,un) (A g,u) in X, , as n — oo. We must show that 4, — A in L' (Q x [0, 1] x [0,7]).
By the Dominated Convergence Theorem, this follows if
(52) A, — A ae inQx][0,1 x[0,7] asn — oco.
To prove (52) we observe that

[(4,)2(y, )= A, (y, 1))

< [ [Eea00:5). (Aol 5)) = GalA3:5), An(€ )] ) (6)] s
(A, (y,s), Am(fa $))d(gn — 9)z,s(§)| ds
(53)
/w )y n(2,)) = S, (4,)a(y.5), ulw, )| ds

+/O S(, (An)x(y, 8), ulx, 5)) = S(x, A, (y, 5), u(z, 5))| ds
=L+ 1+ I3+ Iy
where I; = I;(x,y,t) for j =1,2,3,4. Tt follows easily from (10) that
<Ot swp  [un(ws) — u(z, )| < Oyt d((An, gy ), (4, 9,1),

zeN,0<s<7
I4 S Cpt Sup |(An)ﬂ?(yas))7‘41(y75)‘Scptd(("zlnvgn7un)ﬂ (Aagau))
€, 0<y<1, 0<s<tT
By (9),
II<C / /| y, |d In xs(g)}ds
o [ { ﬂMM@m—&@mem@ws
=C / } -y, s | )| ds
o [ { ﬂMM@m—&@mwmw@Ms
t
<Cp [ 10a(0:8) = 4,9 ds + Cot dl( A, g ). (4. 9,10).
0
Thus, by Gronwall’s inequality, Proposition A.7 and the Dominated Convergence Theorem,
(54) ‘(An)w(% t) - Az(y» t)‘ < 12(33’ Y, T) + CpT d((Anvgnv un)7 (Aa g, u)) —0

as n — oo. This proves (52).
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It remains to prove that 7 is a contraction on (X, ;) if 7 is small enough. Let (Al,gl, ul),
(A2, 9%, u?) € X, ;. Repeating verbatim the arguments leading to (54), we obtain that

[[A; — A2](y,t 2(y, ), A2(€,8))d(g" — 6%)x,s(€)| ds

+CPTd(( 79 , U )7(A27g27u2))'

Since (A2, ¢, u?) € H(X,,), it follows from Remark 4.4 that A2 (¢, s) and, by (9),
Go(A2(y, s), Ai (&, s)) are Lipschitz continuous in &, uniformly with respect to « and s. Thus, by
Proposition A.4,

(55)

t
(56)  |AL(y.t) — A2(y,t)| < Cp/ W(gs o, 93.5) ds < Cprd((A',g',ut), (A%, g% u?)).
0

Consider now Wl( 2S,g ) In view of the definition of gl,QQ, we may repeat verbatim the
arguments in the proof of Lemma 4.5 and obtain that

Wilg, , 92, ) = Cmaxt sup Wi (95,6, 92.5)
T 0<s<t
(57)
< Crd((A'g" uh), (A% %, u?)).

Finally, we estimate sup |u! —wu?]. Set U = u! —w? and U = (U;,...,Uy). Then U is a
Qx[0,7]
weak solution (in the sense of Proposition 4.6) of a system similar to (48)-(49), with F; replaced

by Fj = Fj(Al,gl,ul) — Fj(A2,g2,u2), j=1,...,N, and ug by U(z,0) = 0. By Proposition 4.6,

N
(58) U]l c@xporimy < C D IFllc@xio.mm)-

i=1

If £ > 1, Fj is a polynomial in the components of u and, since uj,uy are uniformly bounded by p
in Q x [0, 7],

(59) ||Fk||c(§x[0,7];R) S Cp Z Huzl - U?”c(ﬁx[o,r];R) if k> 1.
The same argument applies to the polynomial terms of Fy, so we are left with the estimate of

1= | [ G+ AL 0)1-AbE D) dg! (O [ (ot 42(6.0)(1-A2(6.) dg? €
0 0

=&,

C(Qx [(],T];R)-

Arguing as above,

I<Jyi+Jo :=/O | (o + A5 (6, ))(1 = A5 (6:4)) = (no + AZ(€,1))(1 — AZ(&,1))| dg} ()

1
+] [ o+ 226000 - 2600 dlg! - (6]

Repeating the arguments that yield the estimate (55), we have that

J1<C’sup’A§t A2§t‘/dg

w)!

=C)p SUP!A (&1) = A2(& )| < Cprd((A g uh), (4%, %, u?)).

z,§,t

Concerning Jo, by Remark 4.4 the map & — (uo + A2(€,1))(1 — A2(&,t)) is uniformly Lipschitz
continuous. Thus, by Proposition A.4 and (57),

J2 < CWi(g',g%) < Cprd((A, g ut), (4%, %, u?)).
d®
(A

Combining the estimates of I, .J;, Jo with (59) an ) we obtain that

(60) ||Q1 _@2||C(§><[077—]; < C T ( )7 (A2ag , U ))
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It follows from (56), (57) and (60) that H is a contraction on H(X, ;) if 7 is small enough. O

To complete the proof of Theorem 4.1, we need a minor modification of the classical Banach-
Caccioppoli fixed point theorem:

Proposition 4.8 (Fixed Point Theorem). Let (X, d) be a complete metric space and let Ty be the
topology induced by d. Let T be a Hausdorff topology on X which is weaker than Tg. If H: X — X
is a contraction on H(X) which is (Tq, T)-continuous, then H has a unique fixed point.

Proof. We start carrying out the standard iteration procedure

(61) Tn4+1 = H(.’En>7

starting from a point zg € H(X), so that x,, € H(X) for all n > 0. As usual, by the completeness
of (X,d), we may assume that x,, - T € X as n — co. When H is a contraction on all of X
(and hence in particular is Lipschitz continuous from X to X) we can conclude the proof taking
the limit as n — oo in (61). In our case the argument has to be slightly adapted: on one side,
Zn+1 — T as n — oo with respect to the topology T (since it is weaker that 73), on the other
hand H(z,) — H(z) as n — oo with respect to the topology T, since H is (7Tg, T)-continuous,
Thus, by (61) we can conclude that Z = H(Z) by the uniqueness of the limit in 7. O

Proof of Theorem 4.1. By Proposition 4.7 and the Fixed Point Theorem, system (24)-(25) has a
unique solution (in the sense of Definition 3.2) in [0, 7] for sufficiently small values of 7 if we show
the nonnegativity of u;:

(62) u; >0 in Qx[0,7] (i=1,...,N).

If i = N, (62) is trivially satisfied. If 1 < i < N, (62) formally follows from the maximum principle.
Below we make this precise if ¢ = 1. If ¢ > 1 the proof is even easier.

1
Since f = C;/ (o + An(€,8))(1 — Ay (£,1)) dga +(€) is nonnegative and belongs to L(Qr),
0

there exists a sequence of smooth nonnegative functions (f)ren converging to f in L"(Qr), where

r > n and % + 5= < 1. We also approximate h = Zjvzl a1,;u; € C(Qr) uniformly by smooth

functions hy. Let v be the unique smooth solution of
edvy = diAvy, — vihg + fr  in Q
vg(x,0) = w1 () ifze
Onvg(z,t) =0 ifxedg, t>0
Onpvg(z,t) = —yup(x, 1) if v €9y, t>0.

(63)

Since v1 > 0, fr > 0 in @, and ug; > 0 in £, it follows from the maximum principle that vy > in

Qr-

On the other hand wy := u1 — v, is a weak solution of
edywy, = diAwy — wrhg + f — fi in Q

wg(x,0) =0 ifrxeQ

(64) .
Opwi(z,t) =0 ifz e dQy, t>0
Opwi(z,t) = —viwg(z,t) if v € 004, t >0,

and it follows from [17], Theorem 3.2, that vy — u; uniformly on @Q,. Therefore also u; > 0 in

Q- a
5. GLOBAL EXISTENCE

In this section we complete the proof of Theorem 2.4 by showing that the local solution of
problem (24)-(25), constructed in the previous section, can be continued to the whole interval
[0,T]. We recall that problems (24)-(25) and (6)-(8) are equivalent, as we have shown in section
3.

Arguing by contradiction we suppose that the maximal interval of existence is [0, 7*) for some
T <T.
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A priori estimate for u(z,t). Since

1
(65) Cr / (0 + Aa(€. 1) (1 — Ay(€,8)) dgos(€) < C1 in Q x [0,77)

for some constant C7, it follows formally from the maximum principle that

up(z,t) < sgpum +Cit forzeQ, 0<t<T.

Similarly, if w1, -+, u;,—1 are bounded in L>°(Q x [0,7*)) for some 1 < m < N, then
1 m—1
3 Z Ajm—jUjlUm—j < Cpy in Q x [0,77)
j=1

for some constant C,,, and it follows formally from the maximum principle that

U (x,t) < supugm + Cmt forz € Q, 0 <t < 7",
Q

In both cases the use of the maximum principle is justified as in the proof of (62).

The boundedness of uy in Q x [0, 7*) follows from that of uy, -+ ,un_1, so we have shown that,
for some C, > 0,
(66) lu| < Cp in Qx[0,7%).

Existence of lim;_, .« A, (y,t) =: A;(y, 7). Arguing as in the proof of Lemma 4.3 we obtain that
Az (y,t) and vy (A, (y,t),t) are Lipschitz continuous with respect to y, uniformly with respect to
xz € Qand t € [0,7%). By the boundedness of v, (A (y,t),t), the map ¢t — A, (y,t) is Lipschitz
continuous on [0,7*). Hence A, (y,7*) := lim;_,,+ A, (y,t) exists and is Lipschitz continuous with
respect to y, uniformly with respect to x € Q.

Existence of lim; ,,;« gz =: gz,-~. We repeat verbatim the arguments of the proof of Lemma
4.5 and we obtain that the map ¢ — g, is Lipschitz continuous from [0,7*) to X[o,1] endowed
with Wasserstein metric Wj.

Existence of lim; ,,« u(x,t) =: u(x,7*). In view of (65) and (66), it follows from standard
regularity theory for weak solutions of parabolic equations (see e.g. [20, Theorem 1, page 111])
that v is uniformly (Hoélder) continuous in € x [0,7*). Hence u can be extended to € x [0,7*] as
a continuous function.

Hence we can apply the local existence theorem to the “initial” functions g, .« and u(z,7*),
and obtain a solution in [7*, 71] for some 71 € [7*, T]. Therefore [0, 7*) is not the maximal interval
of existence and we have found a contradiction.
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APPENDIX A. PROBABILITY MEASURES AND WASSERSTEIN METRICS

Throughout this appendix, X denotes a complete separable metric space, with metric d. A

positive Borel measure g on X such that pu(X) = 1 is said a probability measure, and we write

o
D
¢

€ P(X). Every u € P(X) is a Radon measure (see [2]).

efinition A.1 (Push forward of measures). Let B(X) be the Borel g-algebra of subsets of X and
: X — X a Borel measurable function, i.e. one such that ¢~!(E) € B(X) for every E € B(X).

Let moreover p € P(X). The push forward of u through ¢ is the measure v € P(X), denoted by

14

= ¢xu, such that
v(B) = u(¢~ (B)). VE e B(X).

Equivalently, the measure v can be characterised by

[ 1@ dvia) = [ f6(@) duta)

for every bounded Borel function f defined on X.

D

efinition A.2 (Wasserstein distances). Let p > 1 and p, v € P(X) be such that

/ d(z,z)? du(x) < 400, / d(z,z)? dv(z) < 400
X X
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for some * € X. The p-th Wasserstein distance between p and v is the number denoted by
Wy (i, v) and defined by

Wptu)s=int{ [ dtesp drte) 5 e v

where I'(i1, v) C P(X?) is the set of all transference plans between y and v, i.e. the set of measures
v € P(X?) whose marginals are u, v, respectively.

Proposition A.3 ([2], Proposition 7.1.5). If u € P(X) has compact support then for any T € X
andp>1

/ d(z,z)P dp(x) < +o0.
X

In particular, p has finite p-moment. We shall write p € Pp(X). Endowed with the Wasserstein
p-distance W, Pp(X) is a complete metric space.

Proposition A.4 (Kantorovich-Rubinstein duality, cf. [2], Eq. (7.1.2)). If p,v € P1(X) have
compact support, then

Wi (p,v) =Sup{/X pd(p—v) : ¢€Lip1(X7R)},

where Lip; (X, R) is the space of Lipschitz continuous functions ¢ : X — R with Lipschitz constant
not greater than 1.
Definition A.5. Let (un)nen be a sequence in P(X). We say that

(i) pn — p narrowly if for any bounded continuous function f

/fd,un—>/fd,u as n — 0o
X X

(ii) pn, — p weakly® if for any compactly supported continuous function f

/fd,un—>/fd,u as n — 0o.
X b's

Remark A.6. Obviously, narrow convergence implies weak™ convergence, and narrow and weak*
convergence are equivalent if X is compact.

Proposition A.7. Let X be a separable metric space. Let (pin)nen be a sequence in P,(X). We
have:
(1) if Wy(tin, 1) = 0 as n — 0o, then p,, — p as n — co weakly”;
(i) suppose there exist a compact set K such that supp pu, C K for alln € N and an open set O
satisfying
Kco and X\ O #0.
Then
Wy (tin, 1) — 0 as m — 0o
if and only if p, — p as n — oo weakly”™ (or, equivalently, narrowly).

Proof. We apply [2, Proposition 7.1.5]. We have but to prove that the p,’s have uniformly
integrable p-moments. By [2, Lemma 5.1.7] the assertion will follow by showing that

tiw [ (@) duale) = [ f()dua)
for any continuous real function f such that
(67) |f(z)] < A+ Bd(z,z)? A,B >0, 7 € X fixed.

Take now a continuous map f : X — R satisfying (67). By Urysohn’s lemma we can easily
construct a continuous function f such that

suppf C O and f=finK.
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Thus
Jm [ f@du(e) = lim [ @) dpae) = tim [ @) dinn(o)
= Jim [ F@)dpna /f ) du(e /f ) dya(z

n—oo

/f ) du(z /f ) du(x g

Remark A.8. If X is compact, then the assertion is trivial. Indeed, we have already pointed out
that narrow convergence and weak™ convergence are equivalent on compact metric spaces. Thus
we can apply [2, Proposition 7.1.5]. Indeed the p,’s have uniformly integrable p-moments, by [2,
Lemma 5.1.7].

Proposition A.9. Let X,Y be complete separable metric spaces. In addition, let X be compact
and assume that for any compact set K CY there exists an open set O such that

Kco and Y \O#0.

Let (pn)nen be a sequence in Pp(X). Let ®,, : X — Y be a sequence of continuous injective
(and hence open) maps that converges uniformly to a continuous injective (and hence open) map
®: X Y. Then, if p>0

li_>m Wy (tn, 1) =0 if and only if li_)m Wy (Pr) o, P t) = 0.

Proof. By Proposition A.7 and [2, Remark 5.1.5], the sequence (un)nen is tight. By [2, Lemma
5.2.1]

Jim Wy (pin, 1) =0 = (P)gpin — Pype

narrowly as n — oco. Set set

Ko :={y; d(y, ®(K)) < ¢}

If n > n, then supp (®,,)ppun C @, (K) C Ko that is compact. By assumption, there is an open
set Oy such that

Ky C O and Y\Oo#@

Thus, by Proposition A.7, lim,_cc Wy ((®n)fin, Pxp) = 0. This proves the first part of the
statement.

Suppose now lim,,—, oo Wy ((®n) 4 fin, Pxpt) = 0.

We notice now that the sequence (pn)nen in P(X) is tight (again by Remark A.6), and hence,
by [2, Theorem 5.1.3], is relatively compact with respect to the narrow convergence. There-
fore, there exists a subsequence (in,)jen converging narrowly to v € P(X). By Proposition
AT limy o0 Wy (ftn,,v) = 0, and then limy, 0o Wy (P, ) gtin, Pyv) = 0 (by the first part of the
present proposition). Thus the uniqueness of the Wasserstein limit yields ®4v = ®4p and even-
tually v = pu, i.e. limj o Wy (pin,;, 1) = 0. A standard argument in metric spaces makes possible
to recover the limit for the full sequence (up)nen. O

Corollary A.10. Let X, Y be complete separable metric spaces satisfying the assumption of
Proposition A.9. If I C R is an interval, let ® : X x I — Y be a continuous map such that
for any t € I the map © — ®(z,t) is injective and open.

Ift € I, let u(t) € P(X) such that supp pu(t) C K for allt € I, where K C X is a compact as
in Proposition A.7.

Then t — u(t) is continuous (with respect to the Wasserstein topology) if and only if t —
O(-, t)5p(t) is continuous (with respect to the Wasserstein topology).
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