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1 Introduction

The advent of gauge-gravity duality [1] has produced a breakthrough in understanding the
properties of strongly coupled field theories. In the context of string theory, where the
AdS/CFT correspondence is best understood [2, 3], the physics in the bulk is described
by theories of gravity coupled to various matter fields, which correspond to (consistent
truncations of ) gauged supergravities (see, e.g., [4] and references therein). Since the AdS
spacetime is not globally hyperbolic, the boundary conditions are crucial in order to obtain
well-defined dynamics for a given field [5]. For simplicity, one can, in principle, consider a
bulk theory that includes just gravity and a single scalar field with a non-trivial potential.
However, when the scalar field mass is in the Breitenlohner-Freedman (BF) window, there
are infinitely many inequivalent boundary conditions which would imply the existence of a
hairy soliton as a ground state. As it is possible to a priori pick the boundary which yields
a desired ground state, the theories of this type are referred to as ‘designer gravity’ [6].



According to the ‘holographic’ dictionary, imposing mixed boundary conditions on the
scalar field corresponds to perturbing boundary (UV critical point) conformal field theory
by a relevant, irrelevant or marginal multi-trace deformation [7].

Motivated by AdS/CFT duality, there has been extensive work on constructing exact
neutral static black hole solutions with scalar hair [8-20] in designer gravity. In general rela-
tivity, these solutions are important for clarifying different aspects of no-hair theorems [21],
the role of “scalar charges” for black hole thermodynamics [22-25], and issues related to
their stability [26-28]. In a series of papers [11, 13-15], by using a specific ansatz [11], a
new procedure was developed for obtaining exact regular hairy black hole solutions for a
general scalar potential. At first sight, an issue related to this method is that the scalar
potential is ‘engineered’ and not obtained from physical considerations. However, intu-
itively, the condition for the existence of hairy black holes is that the self-interaction of the
scalar field together with the gravitational interaction should combine such that the near-
horizon hair does not collapse into the black hole while the far-region hair does not escape
to infinity. In [29], it was shown in some concrete examples that, indeed, the hair should
extend some way out from the event horizon and the degrees of freedom near the horizon
are bound together with the ones that tend to be radiated away at infinity. This simple
physical intuition hints to a direct connection between the integrability of the equations
of motion and the form of the scalar potential [11, 13-15]. Not surprisingly, it was shown
that, for some consistent truncations of supergravity theories for which exact neutral hairy
black holes can be explicitly constructed [16, 18, 30, 31], the corresponding scalar potentials
are particular cases of this general potential. However, this raises an important question
about the validity of exact hairy black hole generating technique and the embedding of its
corresponding scalar potential in supergravity theories for which many physical aspects are
under control.

In the recent years, after the surprising finding of a one-parameter family of SO(8)
maximal four-dimensional supergravity theories [32] with different physical properties with
respect to the original SO(8) gauged model [33], some progress was made towards the
understanding of the vacuum structure [30, 34-38] and their dual field theory [39, 40]. Also,
new domain wall and hairy black hole solutions were constructed [30, 40]. Together with
the original SO(8) model, other gauged supergravities have been extended by using dyonic
embedding tensor [41, 42] (dyonic gaugings). These new gaugings feature a much richer
vacuum structure and scalar field dynamics than their original counterparts. Although
the M-theory origin of those four-dimensional theories with dyonic gauging and semisimple
gauge group remains yet to be elucidated, those with non-semisimple gauging have been
uplifted to ten-dimensional type IIB or (massive) type ITA superstring theories [43, 44]. In
particular, if the gauge group is chosen to be ISO(7), the concrete embedding in massive
type IIA supergravity was obtained in [44] (see also [45-47]).

In this work, we focus on a particular class of models describing N' = 2 supergravity
coupled to a single vector multiplet in the presence of electric and magnetic Fayet-Iliopoulos
(FI) terms. Analogous theories were considered, with only electric FI terms, in [18]. After
studying the AdS and dS vacua of the models for various choices of the parameters, we
restrict ourselves to a consistent Einstein-dilaton truncation of the model and explicitly



construct the scalar potential as a function of the dilaton only. Interestingly, after a redefi-
nition of the parameters and a shift that makes the kinetic term of the dilaton canonically
renormalized, the scalar potential matches (modulo a restriction on the parameters) the
one of [11, 13-15]. This does not only close a gap on the physical significance of the scalar
potential, but opens the possibility of constructing in a direct manner exact static regular
hairy black hole solutions in supergravity.

From the perspective of gauge-gravity duality, our study can be motivated by the holo-
graphic relation between hairy solutions with mixed boundary conditions for the scalar field
and the Renormalization Group (RG) flows of the dual field theory. The UV perturbation
appears as boundary conditions on the supergravity fields at large radius. Relevant for phe-
nomenology, the conformal invariance and supersymmetry can be broken by deformation
of the gauge theory by operators that produce an RG flow to one with a fewer symmetries.
The boundary conditions can, in general, break conformal invariance [48], but when the
symmetry is preserved the geometry is AdS just asymptotically and becomes deformed due
to the backreaction in the bulk. The conformal dimension of an operator can be related to
the mass of AdS field to which it is isomorphic. By solving the equation of motion for a
scalar field with m? > 0, one obtains two modes: the normalizable one is divergent in the
interior and finite as one approaches the boundary of AdS spacetime and the other, which
is referred to as non-normalizable, is divergent at the boundary but finite in the interior.
On one hand, exciting the normalizable mode significantly modifies the geometry of the
bulk spacetime while preserving the asymptotic AdS behaviour. On the other hand, the
non-normalizable modes are interpreted as boundary source currents for the operator dual
to the scalar field [49, 50].

Therefore, an additional goal in this paper is to construct exact asymptotically AdS
hairy black hole solutions in supergravity, study some of their generic features, and interpret
them in the context of gauge-gravity duality. We obtain a general class of exact regular
hairy black hole solutions that preserve the isometries of AdS in the boundary. These
generalize to dyonic FI terms the solution found in [18]. The scalar field is tachyonic with
mixed boundary conditions, but with a mass within the BF window, and so both modes
are normalizable. From a holographic point of view, the solutions correspond to adding
triple trace deformations to the boundary action. We point out that the dyonic model has
an unexpected symmetry that involves a transformation of the parameters of the theory.
Remarkable enough, we show that the action of this symmetry on solutions is non-trivial.
That provides a new solution generating technique in asymptotically AdS spacetimes, but

the map between solutions modifies the boundary conditions.!

The remainder of the paper is organized as follows:

In section 2, after recalling the main facts about special geometry, we discuss the class
of N' = 2 models on which we shall focus in the present work. We discuss their general
duality equivalence relations and vacua for various choices of the FI parameters.

!This is not generic in asymptotically AdS black holes since the solutions generating technique [51-59],
which is based on the global symmetry group of ungauged supergravities, can no longer be applied in the
presence of a gauging, due to the non-trivial duality action on the embedding tensor.



In section 3, we obtain a general Einstein-dilaton consistent truncation and, for any
specific model, we show that there exist two families of exact hairy black hole solutions
asymptoting a specific AdS vacuum. These families are related to one another by an
electric-magnetic duality transformation. The regularity condition and thermodynamics of
these backgrounds are discussed in great detail.

In section 4, we provide a holographic interpretation of the solutions. We construct
the regularized action in the gravity side, compare with the results of the dual field theory,
and discuss the implications for our model.

In section 5 we show that, for suitable choices of the parameters, the class of Einstein-
dilaton models considered here can be identified with truncations of w-rotated SO(p, q)-
gauged maximal supergravities [32, 60—63]. This allows to embed the corresponding hairy
black hole in those gauged maximal models.

Finally, we discuss some implications of our results, as well as possible future directions,

in section 6.

2 The model

In this section, after reviewing the main ideas behind special geometry in N' = 2 theories,
we shall focus on the model under consideration and discuss its main features.

2.1 Brief review of special geometry

Let us start recalling the relevant concepts about special Kéhler manifolds, which is the
class of target spaces spanned by the complex scalar fields in the vector multiplets of an
N = 2 four-dimensional supergravity. This will also allow us to fix the notation.

Consider an N' = 2 supergravity coupled to a number n, of vector multiplets and no
hypermultiplet in the presence of FI terms. The theory describes n, 4+ 1 vector fields Aﬁ,
A =0,...,n,, and ng = n, complex scalar fields z*. The general form of the bosonic

Lagrangian is:?

R 1
L= (— + 9i7 002" O"F + ~ Ipw(2,2) ), F¥M 4 Rax(z,2) P F, oo — V(2 z)) ,

"8G\ 2 4 8ep
(2.1)
where ep = /| det(gu)|. The n, 4+ 1 vector field strengths are defined as usual:
A A A
P, =0uA, —0A, .
The ns complex scalars 2°, i = 1,...,ng, couple to the vector fields in a non-minimal way

through the real symmetric matrices Zax(z, Z), Rax(z, Z) and span a special Kdhler man-
ifold .#sk. The scalar potential originates from electric-magnetic FI terms. The presence
of these terms amounts to gauging a U(1) symmetry of the corresponding ungauged model
(with no FI terms) and implies minimal coupling of the vector fields to the fermions only.

For the general definition of special Kahler manifolds and its properties and the gauging
procedure we refer the reader to the reviews [4, 64, 65]. The geometry of .Zsx can be

2Using the “mostly minus” convention and ¢ = A = 1. Moreover €p123 = —e0123 — 1,



described in terms of a holomorphic section QM (2?) of the characteristic bundle defined over
it, which is the product of a symplectic-bundle and a holomorphic line-bundle. Denoting
the components of QM (2?) as follows:

A
QMZG{), A=0,...,n, (2.2)
A

the Kéhler potential and the metric have the following general form

K(z,2) = ~log [i0/CQ| = ~1og [i (X" Fy — X*Fy )|,
giz = 5i3j’C )

where C = (Cpn) is the Sp (2(n, + 1), R)-invariant antisymmetric matrix:

01
C= (_1 0) . (2.4)

A change in the coordinate patch on the scalar manifold amounts to transforming Q™ (2%) by
a corresponding constant Sp (2(nv +1), R) matrix besides multiplying it by a holomorphic
function exp(f(z)). The former leaves the Kéhler potential invariant, as it is apparent from
its manifestly symplectic invariant expression (2.3), while the latter implies a corresponding
Kahler transformation

K(z,2) = K(2,2) — f(2) — f(2). (2.5)

The choice of QM (2%, also fixes the symplectic frame (i.e. the basis of the symplectic fiber
space) and thus the non-minimal couplings of the scalar fields to the vector field strengths
in the Lagrangian. In the special coordinate frame the lower components F of the section
are expressed as the gradient with respect to the upper entries X, of a characteristic

prepotential function F(X*):
0

= oxi '

where F(X™) is required to be a homogeneous function of degree two. In this frame the

Fy (2.6)

upper components X A(z"), which are defined modulo multiplication times a holomorphic
function, can be used as projective coordinates to describe the manifold and, in a local
patch in which XY # 0, we can identify the scalar fields with the ratios z* = X/ X% We
shall also use a covariantly holomorphic vector VM = es QM , which is section of a U(1)-line
bundle satisfying the property:

DYVM = <@ —~ ayc) VM=o, (2.7)

N | =

D;, D; being U(1)-covariant derivatives. Under a K&hler transformation defined by a holom-
porphic function f(z), this section transforms by a corresponding U(1)-transformation:

YM _y eitm(f) M (2.8)



From its definition and eq. (2.3), we find that VM satisfies the condition VICVY = i. In
particular the definition of this kind of manifold requires the section VM to satisfy the
additional properties:

DZ'UJ' = 'LCzjk gk ch 5

DiU; = g5V, (2.9)
vicu; =o,
where we have defined
I 1
uM =" | =DVV = (az- + = awc) 1 (2.10)
hai 2

and Cjjp, is a characteristic covariantly holomorphic tensor which enters the expression of
the Riemann tensor and defines the Pauli terms in the Lagrangian involving the gauginos.
The following identity holds:

I 1 ; _
UMN = gTuMTY = —SMMN - %CMN _ypMyN (2.11)

where MMN "and its inverse M ;n, are symplectic, symmetric, negative definite matrices
encoding the non-minimal couplings of the scalars 2’ to the vector fields in the Lagrangian.
In particular M, has the following block-structure:

(RIil'R —|—I)Ag —(RIfl)AF
M(p) = (M(P)un) = R, AT , (2.12)

and the matrices Z, R are those contracting the vector field strengths in (2.1). In terms of
this matrix the couplings of the scalar fields to the vectors in the equations of motion can
be written in a formally symplectic covariant form. To this end it is useful to introduce
the symplectic vector of electric field strengths and their magnetic duals:

FA
Fib=1 " |; (2.13)
GA j15%

where G, are the dual field strengths, functions of F A of their Hodge duals and of the

Al
scalar fields:

0L .
Grw = ~Cupo p e = Rux(z,2) F, — Tax(2,2) *F, | (2.14)
po

and *F[L‘V = 2 €uvpo FAro,
The equations of motion for the vector fields can be written in the following com-
pact form:
dFM =0, *FM = —CMN Myp(z,2)FP, (2.15)
where we have used the exterior calculus notation with FM = 5 IF‘% dx* A dx¥ and last
equation is a formally symplectic covariant way of writing the definition of Gp ..



We can deform the theory by introducing abelian electric-magnetic Fayet-Iliopoulos
terms, defined by a constant symplectic vector #p;,. This implies introducing a scalar
potential V(z, ) of the form:

_ 1 _
V= (UMN —3yM VN) Or O = =5 Oa MMN Oy — 4 VM V¥ 0 Oy . (2.16)

The reader can easily verify that the above potential can be expressed on terms of a complex
superpotential
w=vMe,, (2.17)

section of the U(1)-bundle, as follows:
V = g“D;W D;W — 3|W|*. (2.18)
We can also define a real superpotential # = |IWW| in terms of which the potential reads:
V =4g90W 00 — 3 W2, (2.19)
The scalar field equations can be written in the following form:
Vu(012") + Ty 9,27 012k — égii Fhy O;Mun (2, 2) FN W 4+ g7 0V =0, (2.20)

where V,, is the covariant derivative, only containing the space-time Christoffel symbol
and f‘;k is the connection on the Kéhler manifold.

Finally, the Einstein equations read:
in 57 Lo AN
Ruw = 28(HZ 3,,)2] gi; + B FMP Muyn(z,2)FVY P — Vg - (2.21)
As pointed out earlier, the bundle structure defined on the scalar manifold allows to as-
sociate with a generic isometry transformation of the latter, a Kéahler transformation and
a constant symplectic transformation, belonging to the structure groups, acting on the
symplectic section VM and its derivatives. From the explicit form of the bosonic field
equations and of the scalar potential, it is apparent that an isometry transformation of the
scalar manifold is formally an on-shell symmetry of the theory provided the corresponding
symplectic transformation is made to act on the electric field strengths and their magnetic
duals as well as on the FI terms:

VM(/,2) = 0 (51 M YN, 2),
20— 2 Y(): Orr — Oy = Sar O, (2.22)

FM — FM = 571 WM FN.

This formal invariance, however, involving a non-trivial transformation of the parameters
of the model, encoded in the FI terms, should be more appropriately regarded as an
equivalence between different theories.

In what follows we shall focus on a specific N’ = 2 model with FI terms and restrict to
a particular class of solutions which, as we shall see, will be mapped into one another by a
global symmetry of the model in spite of these involving a non-trivial duality transformation
on the FI terms.



2.2 The model

The theory under consideration is an N = 2 model with no hypermultiplets and a single
vector multiplet (n, = 1) containing a complex scalar field z. The special Kdhler manifold
spanned by z was considered in [18]. The geometry of the spacial Kdhler manifold is
characterized by a prepotential of the form:

i

F(Xh) =—;

(X0 (xhr, (2.23)
the coordinate z being identified with the ratio X'/X°. For two special values of n the
model is a consistent truncation of the so-called STU model. The latter is an N = 2
supergravity coupled to n, = 3 vector multiplets and characterized, in a suitable symplectic
frame, by the prepotential:

Faru(X1) = —i VX0 XT X2 X3, (2.24)

The scalar manifold is symmetric of the form .Zsry = (SL(2, R)/SO(Q))3 and is spanned
by the three complex scalars z' = X?/X? 4 = 1,2,3. This model is in turn a consistent
truncation of the maximal theory in four-dimensions. For n = 1/2 the model under con-
sideration is the so-called z3-model, whose manifold is SL(2,R)/SO(2) and is embedded in
that of the STU model through the identification z! = 22 = 23 = 2. For n = 1 the special
Kéhler manifold has still the form SL(2,R)/SO(2), which is now identified only with the
first factor in Mgy, i.e. z = z1.

After setting X° = 1, the holomorphic section QM reads:

1
z
o= | o | (2.25)
—% (2—n) Zl-n
and the Kahler potential K is computed using (2.16) and has the expression
1
e k= 1 27" (nz—(n—2)2) +cc. (2.26)
Writing z = e? + iy, the truncation to the dilaton field ¢
_ A
x=0, F, =0, (2.27)
is consistent provided:
(2*11)9103*’092(94:0, (228)
which is clearly satisfied for the electric FI terms: 63 = 64 = 0.
The metric restricted to the dilaton field reads:
_ 1
ds* = 2g.zdzdz| o= N n(2-n)dd’, (2.29)



and is positive provided 0 < n < 2. Choosing

2
Y ey ppm (2.30)

the kinetic term for ¢ is canonically normalized and the truncated action reads

1

S =g | e {lj - 5007+ V(¢)} . (2.31)

As a function of the dilaton only, the scalar potential has the following form:

2n—1
V (6) =202 ( n

2n—3
02-+40; 0, e)‘d’—i-% 02 e“¢>
-

1
—Z e M2 [(2 n—1) n02—40504n (n—2) e **+(n—2) (2n-3) 63 e_”‘ﬂ .

8
(2.32)

Note that the truncation is consistent at the level of scalar potential, but not of superpo-
tential. More specifically if we consider the real superpotential # in (2.19), one can check

that, when (2.28) holds:

aiw £0. (2.33)

X x=0

As a consequence of this, the potential of our dilaton truncation cannot, generically, be
expressed in terms of a real superpotential. We shall discuss below spherical solutions
to this model with AdS invariant boundary conditions. If the truncation admitted a real
superpotential, according to a conjecture of [21], the spherically symmetric solutions should
belong to theories where the energy is unbounded from below. This conjecture does not
apply to our case because we are mostly interested in the case where the superpotential is
complex.

2.2.1 Symmetries

The potential is invariant under the simultaneous transformation

2—n
4

1 4
P 91%1%93, 0y — + i, 03— T—0,, 0,—7F 0, (2.34)
z n

2—n

and this symmetry in the truncation to the dilaton field implies the transformation ¢ — —¢.
Another invariance is obtained using

2— 4
91—):|:294, 92—>:|: 7103’ 93—)3{:*92, 94—>:F 91, n—2—n.
4 4 n 2—n
(2.35)
2.2.2 Vacua
Let us make the change of variable
1
¢ — X log z, (2.36)



in the potential (2.32), using also the consistent truncation condition (2.28)

2—n 91 93
0y = —_—. 2.37
2 n 94 ( )
The resulting potential has the form:
1 —-n
Vo(z) = sn2g2 (F(z) - G(2)) (2.38)
where
F(z) = —166? 2?72 [(n —2)(2n—3)02 2% —4n(n—2)030, 2 +n(2n —1) Qﬂ ,
(2.39)
G(z) =n?6? [n(2n— D62 2°4+4n(2—n)0304 x+ (n —2) (2n—3)9ﬂ ,
with the condition x > 0, to ensure the reality of the solution.
Now, if we want to find the vacua of the theory, we have to solve the equation
dVp(z)
= 24
o) —, (2.40)
where the derivative of the potential has the form:
dVpo(z) n(n—2)0s
I = Y] (93 T — 94) (h(:v) — g(x)) , (2.41)
with
461\ 0
h(z) = <91> {(3 —2n) 2?4+ (2n - 1) 6—4332”*2 ,
o 3 (2.42)
)
g(x)=—-2n—1z—(3—2n)—.
03
We can easily see that one vacuum solution is given by
04 o B4
= — f — 24
T 03 1 0 >0, ( 3)
while other vacuum configurations come from the solutions of the equation
h(z) =g(z). (2.44)

The above eq. (2.44) has a variable number of solutions, depending on the range of values
to which the number n belongs.

Table 1 summarizes the number, types and scalar mass of vacuum solutions for each
possible interval of values of n. Typical graphs of the potential are illustrated in figure 1.

3 Exact hairy black hole solutions

In this section we construct exact hairy black hole solutions to the dilaton-truncation of
the model that asymptote one of the previously discussed AdS vacua. After we redefine the
parameters to obtain the dilaton potential of [11, 13—15], we present the solutions, carefully
check the existence of the horizon, and study their thermodynamics.

~10 -



04/63 <0 1 Anti de Sitter m2?L =6 figure 1a
01/03 >0 3 Anti de Sitter m?L = —2,6 figure 1b

n=1% 04/05>0 1 Antide Sitter m?L = -2 figure 1c

04/03 <0 1 de Sitter m?L =6 figure 1d
04/63 >0 1 Anti de Sitter m?L = —2 figure 1c

n=1 04/03>0 1 Antide Sitter m?L = -2 figure 1c

3 01/63 <0 1 de Sitter m?L =6 figure 1d
2 04/03>0 1 Anti de Sitter m?L = —2 figure 1c

n=3 04/05>0 1 Antide Sitter m?L = —2 figure 1c

04/63 <0 1 Anti de Sitter m2?L =6 figure 1le
01/03 >0 3 Anti de Sitter m?L = —2,6 figure 1f

Table 1. Vacuum types.

3.1 A simplification of the potential

To this end, it is convenient to redefine the parameters of the model. First, we make a

shift in the scalar field 5
v
=p——+—In(6 ) 1
b= RS n (62 §) (3.1)

Then we redefine the parameters of the FI terms and the parameter n as follows:

7/"’1 _v=1 _ 2u v—1 2
01 = 0, vt & v 03 =2 0y) vH1 0y =
1 U_1 2 f ) 3 O‘(g 2) S, 4 92587

n:1+1/_1,

(3.2)
where we have introduced the new parameters «, £, s and v. Next, it is convenient to

express £ in terms of the AdS radius L:
‘= 2Lv 1
S v-11-a212

Let us recall that the truncation to the dilaton is consistent provided equation (2.28) is

(3.3)

satisfied. In light of the new parametrization (3.2), this condition requires
(s> =1) (1’ -1 av1-12a2=0, (3.4)

which is solved, excluding values n = 0 and n = 2, either for pure electric FI terms (o = 0)
or for s = +1. Since we are interested in dyonic FI terms, we shall restrict ourselves to the
latter case.

The potential now reads

2

—1)(v—-2 2
Vo) =75 [(VQ)S) e P4 2( 1) e P 4 T (v 1) (v42) eww—l)]

+<a2_2L2> [(y—l)(V—Q) P+ 90,2 1) e<,o£+(l/+1)(v+2) e-w@-n]
v 2 2 ’

(3.5)

- 11 -
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Figure 1. Vacua potential graphics.

where (2 = V2271 . We are left with three coupling constants, as we have disposed of 6 by

the redefinition (3.1) of the dilaton. The potential features a vacuum at ¢ = 0:

3 dV () d?V () 2
V) =—-73 =0, 5t =75 3.6
( ) L2’ dp =0 ’ ngQ /=0 72 ( )
The scalar field mass is m?2 = — 2

7= and the theory is formally invariant under v < —v,
which corresponds to the equivalence (2.35) and so, without loss of generality, we are going
to consider v > 1.

In what follows, we shall restrict ourselves to this vacuum and obtain two classes of
black hole solutions. As we shall see below, the model features a duality invariance that
acts on the FI terms as an electric-magnetic duality transformation, leaving the vacuum at
o = 0 invariant. This feature implies that the corresponding class of black hole solutions
should also transform under the action of this duality.
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3.2 Symmetries and solutions of the truncation

The theory is invariant under the change

o = —p, o - L7202, (3.7)

which is remnant of (2.34) and thus leaves invariant the products of the #-parameters
91 93 — 91 93 s (92 94 — 92 94 (38)

and corresponds to switching between electric and magnetic frames.
We start from the following general ansatz for the metric:

ds? = Y(z) |f(z)dt® - Jfé) dz? — dsy| | (3.9)

where x is the radial variable and dX; is the metric on the horizon. The latter is a
two-dimensional manifold with constant curvature, fully characterized by its Ricci scalar
Ry = 2k/L? with k=0,—L"2 +L~2. The parameter 7, is the unique integration con-
stant of the system non-trivially related to the mass. The engineering dimension of 7
is [] = [M]™" = [L].

The Einstein equations yield the following set of differential equations for the functions

f(x), 1 ():

(Yf)) = =20k, (3.10)
(Y ) ==2> TV, (3.11)
(') = % (3(Y")*—271"T) , (3.12)

where the prime symbol denotes the derivative with respect to . The equation of motion
of the scalar field for this ansatz becomes

(T f¢') =n* Y20,V . (3.13)
The relation between the above ansatz and that considered in [18], characterized by the
functions X, Y, and parameter 3, can be obtained by the following redefinitions:
L?(v? —1)

HX=1f, =Y, dr=Tnde, pB= >
4vn

(3.14)

We find two families of solutions, asymptoting the AdS vacuum at ¢ = 0, which we are
going to discuss in the following. They are related to each other through the action of the
duality (3.7).

3.2.1 Family 1

The functions ¢(x), Y(x), f(z) read

L2V2 xl/—l
_ -1 —
ple) =~ @), T@)= oy
2—v (o V 1 2.2 2
f(l‘):w ($V2 )777<3+1+a2L2 —1+%((V+2)$_V7(V*2)CL‘V+V2*4)

(3.15)

This family of solutions does not have a horizon when the magnetic gauging vanishes (a=0).
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The asymptotic region is located at the pole of order 2 of the conformal factor, namely
x = 1. The geometry and scalar field are singular at x = 0 and z = oco. Therefore, the
configuration contains two disjoint geometries given by x € (1,00) or = € (0,1). These
geometries have an invariant characterization in terms of the scalar field:
z€(0,1) = ¢>0,

(3.16)
z € (l,00) = ¢ <0,

and we shall call them the positive and the negative branch, accordingly.

Boundary conditions and mass. To compare with the AdS canonical coordinates, let
us consider the following fall off:

T2

-2
T(x) = 7 o(r2). (3.17)
Comparing with the specific expression of our solution, we found that the asymptotic
change of coordinates that provides the right behaviour is

L2 1—12 21
x:1i<+L6”3>+L8”4, (3.18)
rn 24 (rn) 24 (rn)

where we take n > 0 and the + sign depends on whether one takes the negative (+) or the
positive (—) branch. Accordingly, the scalar field behaves at the boundary as
1 4 1

¥0 4 ¥$1 -3 2
=I*Z 4+ 15 10 =FL L
v r + 72 + (T ) + fnr+ 20n?r?

+0 (r %), (3.19)

where we have normalized ¢y and (1 to match their conformal and engineering dimension.
In the canonical coordinates, we can now easily read off the coefficients of the leading and
subleading terms in the scalar boundary expansion

1 l

2
— 3.20
900_?677’ ¥1 28507 ( )

which correspond to boundary conditions that are AdS invariant. In this case, since the
boundary conformal symmetry is preserved, the black hole mass [23] can be read off from
the metric (3.9). To do that, let us consider the asymptotic expansion of the other metric

components:
r? pa L _
g =3+ =10 (i) (3.21)
L? k+ @2/2 _
grr = =5 —LO ==+ 0 (), (3.22)
where )
vi—4 5 o, k)
pr ==+ ( a" L7 —— |, 3.23
and we have taken 1 > 0. Thus, the black hole mass is
M =t BTk (3.24)

87G '’
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where, for convenience, o, = L2 | dXj is defined to be dimensionless. Concretely the
values are o1 = 47 and 0_; = 8m(g — 1), where g > 2 is the genus of a compact negative
constant curvature manifold. When v < 2, only the positive branch exists and the mass is
positive, but for v > 2 both branches can have positive mass. The case with v = 2 should
be treated separately. In the boundary, after discarding the conformal factor, the dual field
theory lives on a manifold of radius L and, consequently, the energy density is

12

Location of the horizon. Let us, for the sake of simplicity, start focusing on the case
of spherical topology (k = L~2). The boundary is located at 2 = 1 where the conformal
factor blows up and the dilaton value vanishes. One way to check if there exist a horizon
is to investigate if f(z) changes its sign (in the boundary, f(z = 1) = 1). By verifying its
expression close to the singularities, we get

r<l1 v<?2 flz=0)=1-a’L?,
$2—1/
x <1 v>2 flz=0)=[n*k+’L* (v +2)] Rt (3.26)
x2+u
x>1 v#2 f(:E:—i-OO):[?]Qk‘—OéQLZ(I/—Q)] 3
From this analysis, we conclude that there are black holes only for ¢y < 0 and
"’k —ao’L?(v—2) <0, (3.27)
which requires that v > 2. The existence of a horizon implies that the energy density is
positive:
L (vP—-4 , , 1 1 v—1 1 v—1
Pooh = g0 < 3 T 77L2) > $G 3y O Gl v =3 OB

Hence, we have shown that on our configurations regularity implies positivity for the energy.
The energy is bounded from below uniquely in terms of the parameters of the action.
This has a form of a positive energy theorem without using spinorial techniques. Indeed,
this analysis needs to be complemented by showing that there is no additional branch of
solutions for this set of boundary conditions, but that lies outside the scope of our paper.

A detailed study of regularity. Let us consider the different values of the parameters
for which regular solutions in the family under consideration exist.

¢ k =0. The function f(x) has only one zero for v > 2 in the region x > 1, which
defines the position of the horizon. Positivity of the energy requires n > 0. For v < 2

there is no horizon.

¢ k= L"2. Let us define the parameter a = 2 + 52—7722 We have the following two

cases:

o v > a: the function f(z) has only one zero in the region = > 1. Positivity of
the energy requires n > 0. This implies the existence of a regular black hole;

o v < a: there is no horizon.
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¢ k= —L~%. With reference to the parameter a previously defined, we distinguish
among the following cases:
o v > max(|al,2):
the function f(x) has only one zero in the region x > 1. Positivity of the energy
requires 1 > 0;

o la] <v <2
we have a zero of f(z) for > 1 and the mass is positive for suitable values
of 7;

o —a<v<a:
f(z) can have no zeros or two zeros (which may coincide), for x > 1. In the
former case there is no regular solution. The mass is always negative;

ov<—aandv <2
f(z) can have either two zeros for z < 1 and one zero for > 1, or only one
zero for z > 1. The mass is positive for x > 1, 7 > L? /2 + v |al;

o V< —a and v > 2:
f(z) has one zero in the region x < 1 and one in the region z > 1. In the latter
case the mass is positive provided n > L2 /2 + v |a|;

ov=2and n? <4L>?
f(x) has only one zero in the region x > 1 and the mass is positive provided
0<n<2L;

ov=2andn?>4L%
f(x) has two zeros, one in the region z < 1 and one in the region = > 1.
Positivity of mass for z > 1 requires n > 2L;

o v = —a: there exists a zero of f(x) for x > 1 and the mass is positive there
for n > L%|af;

o v = a: there is just one zero of f(x) in the region x > 1 and the mass is
negative.

Thermodynamics. We can obtain the relevant thermodynamic quantities and show
that, as expected, the first law is satisfied without including scalar charge. The hair is
‘secondary’ in the sense that there is no additional integration constant associated with
it. Using the usual analytic continuation to the Euclidean section, the temperature of the
hairy black hole is given by the periodicity of the Euclidean time, S, as

1 L2 2 -1
T=_2= v—1

5= HW {(1/4—2) (a2L2 (v—2) —nzk) . —(v—2) (a2L2 (1/+2)+7]2k)],

(3.29)
where z is the solution of f(zy) = 0.

3The condition on 7 is ¥ 43_V2 LPla| <n< L*V2+v]al
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By a similar rescaling as in (3.25), the entropy density of the dual field theory becomes

2 v—1
vexy 1

and one can check that the first law is indeed satisfied:
op="T0s. (3.31)

Using the mass, entropy, and temperature computed before, we also obtain the free energy
density:

o?L? (v —4)  kv(@¥ +1)| opL*
a 613 2n (24 —1)| 887G~

F=M-TS= (3.32)

As an independent check, in section 4.2, we are going to compute the regularized action and
show that it matches the thermodynamic result (3.32). We would also like to emphasize
that, for k = L™2, the free energy is also bounded from below:
1 v—1
F>— —F. 3.33
6G |a| Vv —2 (3:33)
3.2.2 Family 2

The conformal factor Y (z) and the ansatz are the same as for the first family (3.15). Then,
we perform the symmetry transformation (3.7) to find the following new configuration:

L2V2 $V_1
_ p—1 _
Y= f ln(:x) ) T(.Z') - 772 (.’13"/—1)2 )
2-v (V] 2 .2 k 2
f(z) = ° (wlﬂ ) +14+(1—-a’L?) —l—i—% (v+2) 27" —(v—2) 2 +1°—4)

(3.34)

These two families are, in general, not diffeomorphic. In fact, in the limit o = 0, the
horizon disappears for k¥ = L~2 and the black hole solutions of Family 1 become naked
singularities. However, in the same limit « = 0, there still exists a horizon for x > 1 and
v > 2, and so the black hole solutions of Family 2 are regular in this limit. We emphasize
that the scalar field is now positive when x > 1 and negative when = < 1.

Boundary conditions. Using the change of coordinates (3.18), we can again explore
the boundary conditions of the new hairy black hole solutions. We see that the boundary

condition flips its sign:
9

P11 = ) ®o0 > (335)

while the source is still positive or negative, depending on whether the scalar field is positive
or negative. A similar computation for the mass yields the following expression:
(1/2 - 4) k

Ly o

M =
8StG
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Location of the horizon. The behaviour of g+ around the singularity can be extracted
from the analysis of Family 1 and from the symmetry transformation (3.7). Interestingly,
there exist regular hairy black hole solutions for ¢y > 0 and

k- (1-a’L?)(v—-2) <0, (3.37)

which again requires v > 2. In this case, and for spherical topology, we also found that the
existence of a horizon implies that the mass is positive, with a dual bound:

B L? [12—4
Poob = 506G | 30

1 - 1 v—-1 - 1 v—1
77L2 G 37] 247TGL\/1—0¢2L2\/1/—2.
(3.38)

(1—a’L?) —
The thermodynamics can be done along the same lines as discussed for Family 1.

4 Holography of hairy black holes

In this section we interpret the hairy black hole solutions in the context of AdS/CFT
duality. We start with a brief review of mixed boundary conditions for scalar fields and
their holographic interpretation. Then, after we obtain the regularized Euclidean action
that provides a valid variational principle on the gravity side, we show that the solutions
presented in the previous section correspond to RG flows generated by triple-trace defor-
mations of the dual field theory.

4.1 Dual field theory

The standard AdS/CFT dictionary identifies the saddle point approximation of the gravi-
tational action with the large N limit of the partition function of the dual field theory

() _ <€N3/2cfd3xj(x)0(x)ﬁ> :/[d@] G(B) = SIOHNY2C [ 2 0@) 0@ 7 (4.1

where Kk = 87G and the relation

2 3/2 11/2
L~ — \/§N12/K/ = N3/2¢C (4.2)
K ™

has been used, with K the Chern-Simons level of the ABJM theory [66, 67] (see [68] for
an earlier related work). The term %2 w(J) is the Euclidean gravitational action with the
conformal boundary metric representative v,, and, in the large N limit, w(J), O(x), and
J(x) are of order one.
Consider a single trace operator, O, dual to a bulk field:
1 ow(J)

-, =0 (43)

Since the path integral has a saddle point at large N, the corrections are suppressed as
1/N and so
(or) =(0)", (4.4)
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for any p € N. Using the large N factorization, whenever the function W (O) has a Taylor
expansion around its vacuum expectation value (VEV) (O) ; = ¢1, we have that?

(W(0)); =W(pr) + W (e1)((O—¢1)),, (4.5)

where we have kept the trivial (O — ¢1); = 0 linear term. We can then rewrite (4.1)

<6N3/26fd3mj(x)(9(m)> _ <6N3/2Cfd3m[J(9+W((’))—(W(<p1)+W/(Lp1)(O—gpl))]\ﬁ> ’ (4.6)

and, as in [70], we define the deformed current Jy = J — W’ (1) to obtain

oL w(w) _ o~ [w()—f dBx (W (p1)—e1 W' (1) vA] _ <6N3/26fd3a:(Jw O+W(O))ﬁ> @7

Let us now apply this ‘holographic prescription’ to the case of interest, namely a scalar
field with both modes normalizable. It follows that one can have two possible theories [69]:
the standard AdS/CFT prescription associates to the scalar field an operator of conformal
dimension 2, while the alternative theory associates an operator of conformal dimension 1.
In other words, the theories interchange the source ¢y and the expectation value 1, defined
by their fall-off in (3.19). Therefore, their generating functionals of connected correlation
functions must be related by a Legendre transform, which is analogue to the quantum
effective action. Correspondingly, we introduce the notation:

L(p1) = [w(%) + /d390 ©0 1 \ﬁ] : (4.8)

where we have used (O); = 1 and J = ¢g. The effective action, deformed by a function

W (o), is just

I(J) = w (o) + / @z [W (90) — 00 W' (0) + vo1] VA » (4.9)

where we have used the deformed source Jy; = @1 —W/'(ipg). However, it should be stressed
that the dictionary is slightly different in this case. Indeed, to identify (g as the VEV and
1 is necessary to flip the sign in the exponent of the CFT side of the correspondence (4.1)

B ) _ <6,Ns/chd3x(JW O(x) +W(O>)ﬁ> (4.10)

4.2 FEuclidean action and variational principle

In this section we closely follow [24] and consider the regularized Euclidean action

1 R 1 1
I"[g®, o] = 2%/Mal‘ix\/g?f [—2+2 (8@)2+V(¢)] — = /aMd?’x\/ﬁKJrICmLI@ (4.11)

KR

“In general, the right normalization for the CFT VEV is (O) ; = (A4 —A_)¢1, where ¢ is the coefficient
of the faster fall-off branch in the scalar field [69]. All the scalar fields of maximal gauged supergravity have
Ay — A_ =1 around the maximally supersymmetric vacuum in four dimensions.
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that renders the free energy finite and a well posed variational principle. The usual Einstein-
dilaton action was supplemented by the gravitational counterterm I [71-74] and scalar
field counterterm 1., [24, 70]:

2
Iy = — / Bxvh [ + = R(h)]
: . (4.12)
I, =~ / BovhE - / Pz [W(p1) — o1 We1)] -
K Jom 2L K OM
Our conventions are
2
hyw = G — nuny 2K, = Lphy = Vyn, +Vyn,, Vv = o Py (4.13)

where n,, is the outwards-pointing normal, h,, is the induced metric, K = h,,, K*" is the
trace of the extrinsic curvature, L is the AdSy radius, and 7, is the metric of the geometry
where the dual field theory lives. The local counterterm cancels the divergences and its
holographic interpretation is standard [69]. The finite counterterm is included as follows
from the large N factorization of the previous section.

It is instructive to check that the action (4.11) is stationary under all variations that
preserve the mixed boundary conditions of the scalar field. Let us start with the metric

ansatz

ds* = N(r)dt* + G(r)dr® + S(r) d%y, (4.14)

and the following asymptotic behavior:

2 4
_r o ML -3
L?> LS (p3+2k) L8 6
G(r)= ol 5 +5 o(r—), (4.15Db)
r? _3
S(r) = I3 +0(r ), (4.15¢)

The asymptotic expansion of the dilaton potential and fall-off of the scalar field are

Vip) = —— — 5=+ 0(p?h), L2 04 L4 + o(r™3), (4.16)

where the factors of L have been introduced to match the conformal and engineering
dimensions of ¢, 1, and . Thus, the variation of the action yields

1 . L?
§I° = = /d% Vhép (n“ D + f) + = / &Pz /5 o1 W (1) S¢p1 (4.17)
K L K Jom

By using the fall-off (4.15b) and (4.16), we obtain

Y 3 ¥1 -3
n* o, + = —L 2 +0(r =), (4.18a)
sp = 2000 | a0 ‘5‘“ +O(r ). (4.18b)
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We replace vVh = (%)3 /7 and the expressions (4.18a), (4.18b) in (4.17), then take the
limit for r — oo, and obtain
L? 3 ' L? 3
oI" = — [ ey [—0p0 +W"(p1) 6p1] 1 = - /d T\/Ye16Jdw, (4.19)
where we have identified the modified source Jy = pg — W/ (1) of the previous section.
Hence, the action has an extremum when the source is fixed:

w0 =W'(p1). (4.20)

The VEV of the operator with conformal dimension 2 is given by ;. However, following
the standard results of the previous section when the both modes are normalizable, one
can also consider ¢ as the source and g as the VEV. In this case, the corresponding finite
counterterm is
L2 3 T ¥/
b [ da [Wieo) — oW (o) + 1) (421)

and the variation of the action yields

. L? = L?
oI" = — /d?’xﬁ (601 — W (o) dp0] o = — /d?’x VY po 0y - (4.22)

Therefore, in the alternative deformed theory, ¢ is the VEV and the source is Jy, =
@01 — W(¢0). The boundary condition is

p1 =W (po). (4.23)

We end this section by pointing out that, as expected, the black hole free energy (3.32)
is related to the regularized Euclidean action by I® = S F, but we do not present the
details here.

4.3 Holographic interpretation

From the point of view of the field theory, the black holes induce a triple trace deformation
of the operator with conformal dimension A = 1:

o1 = £ g} = Wipo) = 2 5, (4.24)
where the upper sign corresponds to the first family of hairy black hole solutions, (3.20),
and lower sign to the second one, (3.35). Let us recall that for spherical and planar black
holes, the regularity condition implies that for the first family, ¢ < 0, and for the second
one, g > 0. Therefore, we conclude that the deformation yields sensible infrared dynamics
only when W (¢g) < 0. This boundary condition makes the on-shell Euclidean action of a
probe field more negative, as it is shifted by the quantity

L? -
Topr = Iopr + ? /\FY W(SOO) ; (4'25)
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Since the two possible deformations are mapped to each other by the bulk electromagnetic
duality, a self-dual deformation that contains the full space of black hole solution (with the
corresponding boundary conditions) can be written as

- l
W(go) = —¢ leol” . (4.26)
The existence of this kind of triple trace deformations, but without the absolute value,
was already argued to be necessary to fit the three point functions of ABJM theory at
Chern-Simons level K =1 [75].

5 N = 8 truncations

In this section we briefly discuss the embedding of our models within maximal four-
dimensional supergravity. The original SO(8) gauging of N' = 8, D = 4 supergravity [33, 76]
and its generalizations to non-compact/non-semisimple gauge groups CSO(p, q,7), p+ ¢+
r =38, [77, 78], were recently shown to be part of a much broader class of gauged maximal
theories [32, 60-63], also, somewhat improperly, referred to as “dyonic” gaugigns, see [4]
for a review. Their construction was effected by exploiting, in the maximal theory, the
freedom in the initial choice of the symplectic frame, namely of the basis of the symplectic
duality representation of the 56 electric and magnetic charges. By gauging, for instance,
the same SO(p, q) group, p+ ¢ = 8, in different symplectic frames, obtained by rotating the
original one of [76] by a suitable symplectic matrix, a one-parameter class of inequivalent
theories with gauge group SO(p, q) were constructed. These are named SO(p, ¢),, models,
or w-deformed SO(p, ¢) models, where w is the angular variable parametrizing the symplec-
tic frame. Although their string/M-theories origin is as yet obscure, they feature a much
richer vacuum structure than their original counterparts [33, 76-78] corresponding to the
value w = 0 of the angular parameter.

Global symmetries of the ungauged N = 8, D = 4 supergravity restrict the range of w
corresponding to inequivalent models:

we [o, g} ., SO(8) and SO(4,4),
w € [O, %} , all other SO(p, q) groups. (5.1)

The infinitely many theories we have described so far contain all the possible one-dilaton
consistent truncations of the w-deformed SO(8) gauged maximal supergravities. This can
seen with the change of variables

o= L1 sin(w). (5.2)
The scalar field potential now reads
V() = cos®(w) Qi) +sin’(w) Q(—) (5-3)
where
Qo) = _LV—22 (v — 1)2(V —2) Pl o2 1) et 4 % (v + 1)(v +2) e# LD
(5.4)
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Note that now the self-duality invariance of the potential is simply

w—>w+g, = —p. (5.5)

The truncations can be characterized by the breaking of the SO(8) gauge group to the
following stabilizers of the dilatonic field ¢

y:§—>so<7),

v =2— S0(6) x SO(2),
v =4— S0(5) x SO(3),
v =00 — SO(4) x SO(4).

When v = oo or v = 2 one must also set w = 0 to have an embedding in N' = 8 supergravity.
This allows to consistently uplift our solutions to corresponding w-rotated models. Exact
examples of these black holes have been analyzed in [79].

6 Conclusions

Since the paper is self-contained with detailed computations and interpretations, we briefly
discuss our results and present possible future directions.

An advantage of working with exact hairy solutions in gravity theories with scalar
fields (and developing techniques for constructing new ones) is that it is possible to directly
identify some of their generic features. For all exact solutions constructed in this paper,
there exists only one integration constant that is related to the black hole mass. As
expected, since the hair degrees of freedom are living outside the horizon, there is no
conserved charge associated to the scalar field and so the hair is ‘secondary’.

In flat space, it was shown [80] that once the boundary conditions are not fixed and the
asymptotic value of the dilaton, ¢, can vary, the first law of black hole thermodynamics
should be supplemented by a new term Y d¢,, where X is the scalar charge. One problem
with this proposal is that, in string theory, the scalar fields (moduli) are interpreted as local
coupling constants and so a variation of their boundary values is equivalent to changing the
couplings of the theory (see [81, 82] for a detailed discussion on scalar charges). In some
specific examples (when the boundary conditions break conformal invariance), attempts to
write the first law of AdS hairy black hole failed and so one could then ask if there should
be a similar term (depending of the scalar charge) in AdS spacetime [83]. The resolution
of the puzzle was given in [23], where it was shown that, when the conformal symmetry
of the boundary is broken, the Hamiltonian mass has a non-trivial contribution from the
scalar field and the first law is satisfied once this contribution is considered.’® Since the
hairy solutions presented in this paper preserve the conformal symmetry in the boundary,

®The same conclusion can be drawn from [84], where a concrete relation between the boundary and
horizon data was obtained for hairy black holes to show that there is no independent integration constant
associated with the scalar field and from [24] where the boundary conditions that break conformal invariance
were studied in detail.
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their mass can be easily read-off from the metric [23] and it can be explicitly checked that
there is no need to modify the first law by adding scalar charges.

We have obtained two distinct families of black hole solutions that correspond to
the static scalar field with triple-trace boundary conditions. In the limit when there is
no backreaction, if the boundary CFT is perturbed by an operator of dimension A the
corresponding coupling will have dimension d — A and, for our case A = 1, the deformation
W (¢o) = é]gp%] will increase the energy (see, also [85], for another concrete example but
for a double trace deformation). It is not clear whether the same conclusion can be drawn
in the backreacting case. The backreaction modifies the gravitational contribution to the
energy [84, 86]. We leave a more detailed analysis and possible AdS/CMT applications for
future work.

We now turn to consider a holographic application and put some emphasis on the
physical interpretation of dilaton potential’s parameters. Given the holographic connection
between the radius in the bulk and energy scale in the boundary theory, we can interpret
our black hole solutions as describing RG flows of deformed dual conformal field theory.
By considering a variation of the parameter v, which is a parameter of the theory (not
an integration constant of the solution), the deformation should be affected. Since the
conformal mass of the dilaton does not change, the conformal dimensions (A4 = 2,1) of
the operators are invariant, the exact black hole solutions can be interpreted as triple-trace
deformations of the dual field theory with the parameter v controlling its strength (4.24),
where (2 = 2/(v? — 1). Following [87] (see, also, [88] for a similar computation in four
dimensions), we use the null energy condition to compute the c-function on the gravity side

v+1 2

xr 2
v—1+a¥(v+1)

C@) = Co [ (6.1)

where Cj is a constant that can be, in principle, fixed by comparing the boundary value, at
x = 1, with the central charge of the dual field theory. This function is non-trivial, except
for the following values of the parameter, v = {—1,1}. As expected, this result fits nicely
with the supergravity embedding because the parameter v is related to the parameter n
in (2.29) as n =1+ 1/v and so, for n = {0, 2}, the metric of the moduli space vanishes. In
this case the flow is trivial and corresponds to the usual Schwarzschild black hole in AdS
spacetime.

It is important to emphasize that, unlike even dimensions, a definition of the c-function
for a three dimensional field theory is more subtle because the trace of the stress tensor
vanishes. However, a proposal for odd dimensions was put forward by Myers and Sinha
in [89]. That is, the central charge is related to the coefficient of a universal contribution
to the entanglement entropy of the dual field theory. Since we have a concrete embedding
in SUGRA for our exact hairy black hole solutions, it would be interesting to check the
result of [89] in this particular case. Another interesting direction for the future would be
to investigate consistent SUGRA truncations when the gauge fields are turned on and to
construct exact black hole solutions. In the extremal limit, the near horizon geometry of a
static black hole is AdSs x S? and one can apply, for example, the quantum entropy function

— 24 —



of Sen [90, 91] to get the central charge at the IR fixed point. Some similar examples, but
in a different context, were recently presented in [92-94] and their holographic microstate
counting in [95, 96].

We have shown that on the solutions we have presented here, regularity implies pos-
itivity of the energy. An open question is whether the same is true for all black hole
solutions of the theory for these boundary conditions. In the case of double trace defor-
mation and a truncation of type IIB supergravity this was shown to be the case for planar
black holes in [84]. It would be interesting to do the same for the maximal supergravity in
four dimensions.

Finally, we would like to emphasize that a similar potential can be used in five dimen-
sions to construct exact regular hairy black hole solutions [12], though a similar SUGRA
construction with FI terms is not possible and it is not clear yet if the scalar field potential
can be again obtained from a consistent SUGRA truncation.
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A Lagrangian and matrices

In this appendix we write the explicit form of the matrices Z 5, R,x in terms of the scalars.
The bosonic Lagrangian, with k = 87G = 1, reads

1 R 1 1 1
. Ly = 3 59 0,z 0 + 70w Fp, F2H 4 1 Raw " F (A.1)
D
*F;fu = %) €uvpo FAP7 (A.2)
Ri1 R
R = , A3
A (Rm 7322) (A-3)

with

7

Ri1 = gnzfn zZ7" (e — P$n)

Ri2 =Ra1 = %n (n—2) (zZ*" =T = (n—1) (27 - 2°) ) (A2 + Pr2) ,  (A4)

Raz = %(n —2)z7 " zZ7" (ghy — PBa2)

and

ATRVAY!
Ty = , A5
A <I21 Iz2> (A.5)
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1
I = -3 nz "z7" (1 + Pn) ,

1
Tio = Toy = gn(n B 2) (Zn F2-n _ 2-moan (n . 1) (2,2 N 22)> (%2 _ %12> , (AG)

1
Iy = —3 (n—2)z""z"" (ghs + PB22) ,

2 22 Zntl ((n —2)nz—(n—1)>2 2) +(n—2) 22222 _p otz

ahy =
2" ((n—2)(n—1)22+(n—1)n22—2n(n—2)22)+2z22"

o :2(222,2”—1—2" (n(n— 1)z2+(n—2)(n—1)22—2n(n—2)z2>>_1, (A7)

—22" gt <(n7 1)22771(7172)2) +(n—2)2222" —n? 7"
alry =

9

272 2n 4 zZn <n(n—1)z2+(n—2)(n—1)22—2n(n—2)z2>
P = d11(z & Z), PBro = H12(z ¢ Z) , By = (2 = Z).
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