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Augmentatlon through linear regressmn in
~ contact mechamcs

’ , —G. Zavarise* -

* Depart[rrent of Structural and Geotechmcal Engmeenng The Turin Polytechnic

Abstract. : e ‘ L | o
~The ' paper is fOCUSCd 011t0 a fast, non-conventional; augmeritation scherie. The basic starting

jcons1derat10n concerns the fact that a converged contact problem that requires an improvement |

of the contact constraints enforcément becomes ysually a very smooth problem with respect to .
- the ongmal one. Hence an estimate of the correct value of the-contact forces can be carried out”

using linear regression or mterpolatlon methods, Despite.the fact that special care has to be used | !

 to stabilize the prediction, a very- fast convergence rate can be obtained. With respect to a previ-
ously proposed formulation, the current enhariced one'is able to deal quite well .with the cited
"mstablhty within the iterative solution process. The resulting convergence path is hence very
smooth, and the conyergence rae is- superlmear ‘Tt has to be remarked that the method is also
quite 1nsen51tlve to the penalty parameter Several numerical tests have been carried out to check
the charactenshcs and the most interesting results ate hefe shown "

1. Introductlon

Penalty methods are w1dely used mcontact mechamcs Among the most important drawbacks, i
il condltromng and solution érror in'the constraints enforcements have to be cited. Consrdermg i
the last one, it could result into a non acceptable penetration of the contactmg surfaces. This
_ error can be reduced mcreasmg the penalty parameter but this choice usua]ly generates ] 111 condi- , -
¢ tioning problems The most common way to overcome the problem concerns the employment of -
. augmentation. techniques. The target of augmented schemes concerns the nnprovement of pen- -

alty solutions at very low cost, ~ _ Ao : a

: From the practrcal point of view augmented schemes try to get the best from the two most popu- '
", lar 'methods, i.e. Penalty and Lagrang1an Multiplier. Briefly speakmg, penalty is a very simple *
' method that provides in any case a solution that is affected by an error. Hence constraint condi-
n tions are satisfied in apprommated way. Contact forcestin this case are given as a function of the. .
L penetra’non On the cofitrary, the Lagrangian Multiplier method provides an "exact" solutron,- i
treating contact forces as new, additional unknowns. Augmentatron schemes try to move the ’
penalty solutlon toward the Lagra.ngran Mulnpher one by bu]ldmg a set. of contact forces corm-

i




puted as a function of the penalty solition. This results in a two-step scheme, in which the pen-
alty solution is computed first, and then used to update a Lagrangian-Multiplier-like set of
contact forces. The efficiency of classical augmentation schemes strongly depends on the pen-
-alty value. The drawback of the method is related to the linear convergence rate of the update

" scheme.

For more details, a detailed theoretical background can be found in [1-3]. Specific applications |

to contact mechanics within the fr’amevilork of Finite Element Methods can be found in [4-71.

2. Problem characterlstlcs

In trying to improve classical augmentation schemes we can beneﬁt from the context of the

problem. Our framework is not anymore a purely theoretical, mathematical one. We are focused
on solid mechanics problems within the framework of the Finit¢ Element Method. In such a con-
text, using an engineeristic approach there exist some pecuhantles that can be taken into
account. A genenc contact mechanics problem is usually a problem hard to be.solved. Often at
the start there is no knowledge about the amount of contact area that wrﬂ come into contact.
Contact force may vary within a wide range and several other non]meanues -could be mvolved
Within this context the iterative solution requires robust algorithms to converge. For this reasons
there are no heunstm methods till now proposed to improve the efficiency of the mathematlcal

_ones.

this case a first solution has been achieved. It is affected by too large penetrations in the active
contact area, but this means also that the achievéd solution is very close to the correct one.

A completely different scenario takes usually place when augmentation schémes are applied. In -

" Hence to improve the solution quality is a very easy task compared to the achievement of the o

first problem solution. This step is hence much more smooth and easy with respect to the previ-

ous ope. I this context it is reasonable to check if perhaps a non classical, heuristic scheme could
_give some help in predlctxng the final solution of the contact forces. This strategy has been out- -
lined in [8]. In such paper a simple mterpolatlon scheme has. béen used to predict the correct
value of the contact forces. A simple comparison ‘about the class1c augmentation scheme and the -

interpolation one for a 1-D problem is depicted in Figure 25-1.

1‘ target value

contact force

~ Figure 32-1. Classic and interpolated augmentation scheme.
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The method has shown very intéresting characteristics, with a ratio about one to ten concermngt

the number of augmentations required to minimize the penetration. However the minimization of
the normahzed penetration norm, defined as :

R, a

B P

where R; is the penetration norm computed before performing the i augmentation

=1 @
. aci?ve conracts_ .

.

presented a non-monotone béhavior. The target is then to unprove the above cited method by

trying to geta more smooth, path

We fully concentrate in this task and to do this we bneﬂy summarize the mathematlcal problem
‘ descnptron ‘ .

[#(x) = rmn ‘
b(x)=0 ' A -
g(x) =0 ¢ o v @y -

where x indicates the unknowns, and the functional p (x) descnbes the elasnc potentlal assoc1— .
ated to the continttum. The constraint set b(x) = 0 denotes the classwal boundary conditions
while the set g(x) £ 0 collects the unilateral contact constramts Thlsproblem is then solved by -

the rmmm12at10n of the functlonal

lf(x“%cuxmg&ﬂ%msn-_ o

where x md.rcates the unknowns, and the functional u(x) descnbes the' elastrc potenual associ: . '
ated to the continuum. The constraint set bx) =0 denotes the classical boundary conditions -

_while the set g(x)<0 collects the unilateral contact constramts Th.rs problem is fhen solved by
: the mrmrmzatlon ofthe functronal L N .

‘where c is the penalty parameter and AT i 18 the set of augmented forces. It has to. be remarked -

: that such forces are here computed through augmentatlon they are not new unknowns l1ke in the
" Lagrang1an Multrpher method A complete outlme of the problem can be found in [8]

r
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3. The Linear Regressmn concept

The problem charactenstlcs outlined in the previous sections permit to perform a step forward '
with respect to the interpolation method proposed in [8]. From the practical pomt of view by per-
forming thé Newton’s iterations till convergence before each augmentat10n step g1ves us‘a col— '
lection of equlhbrated solutions, S :

T

" where 7L a are the Lagrangian Multipliers set computed before perfomung the ath augmenta-
. tion; g g, are the related penetration set and a 1s the augmentatlon index. :

For each node,p, 1n contact we can now con51der an hyperspace Where to place the achleved
solution points, Pp

0
¢ :

- H’*(ﬁfa_éxl () Pa(Ba) - @

The pomt coordmates are given by the augmented contact force on the node and the penetra-
tions of all the active contacts. These points belong to an ideal hypersurface descnbmg the nodal -
contact force in p as a function of the penetrauons - ' ’

¥ orr(@) o a

Of coiirse the contact forcé presents a dependence ‘on the penetranons that varies from node to ‘
node. The strongest dependence takes place with the penetration of the node itself. Then the -
dependence on the surrounding becomes moré and more weak W1th 1ncrea51ng the dlstance from, ;
the node p; see also [8] for more detail in this concept A Immmal dependence can hence be set .

as

~

R T

This ch01ce is labeled as “uncoupled”, ie. for each node We assume that the augmented éontact
- force depends only on the related nodal penetration, as dep1cted also in Figure 25-1. From the
experience gamed in [8] we can say that the considearion of two of max 4 surroundmg nodes is
usually enough to get a 'good pred1ct10n Hence for each node, w1th respect to-(7) we cons1der a.
subset of the penetratmns as 1ndependent Vanables T o

~
~ .

.‘l_ - PEan , ’\’ - - - 3
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i” =f*(3,27.8"") , o

Z,P _fp( p+2,gpol,§ ’g,wyl §p+...) ) ) (10)

‘Thése kind of ch01ce is labeled as coupled” Regardless from the chosen dependence we can -

" say that the solunon of the problem is related to a zero penetratlon

A=fe) Av(u)—

Wrth tlus respec, due to the outlined charactenstrcs, t the hyperplane strategy outlmed in[8] can

- be “enhanced considering the problem as a regression ome. Several algorithms are available
swithin the family of linear regression methods. It has to be observed that only for the uncoupled
scheme we can use simple linear regression, methods. In general multiple linear regression meth-

~ods have to be considered for coupled schemes. - . :

We started considering first the classic multiple linear regressron scheme For each augmented
" foree estimate aft hyperplane equation is obtained usmg the least square criterion

¥ =ﬁog{’ +Bigt + Bosh Hot Bt + . m '

vwhere b are the regressron coefﬁcrents e are mdependently distributed normal efrors each with
mean zero and k is-the total number of penetrations, i.e. of contact nodes considered. Results
. computed using. this model were not satisfactory. This is due to the fact that least squares meth-
ods have desirable characteristics when the errors are normally distributed. In other cases a poor

. estimator can be obtained. The data set (6), used to build the regression,are obviously associated o
to different errors. We can simply consider the penetratlon norm (1) as an indicator of such asso-.

ciated error to easily get.the point. From a general point ofview a data set with a small penetra-
tion norm is much more reliable than another set with a brgger one. For this reason we used a
' lmear regression model with the least absolute values criterion. The criterion satlsﬁed is the min-

- imization of the sum of the absolutevalues ‘of the deviations of the observed response from the o

fitted" one. ‘Hence the regression coefficient estimate minimize

" 2|ﬂf~7¢’| N (- C -
inl - ‘ .. } i . T
This criterion has shown a really good behavior with respect to the previoils one.

4. Numerlcal setup and tesung o

The proposed method has been 1mp1emented in the ﬁmte element c¢ode FEAP I9] (courtesy of "
Prof. R.L. Taylor). A surtable collecuon of routines has beén developed to collect and organrze ,
the data talcmg into, account avatlable optrons The linear regressmn problem ‘has been solved by -

. 4. Numerical .S.etul,i :an

dtes'ting": | »-4_45« S




linking the IMSL scientific library to the FEAP code.To compare the performances a test prob-
lem with an elastic block on elastic foundat10n previously solved in [8], has been used. The

" material model is characterized by an extension of small strain linear elasticity to fin_lte deforma- -
tions as described by Simo (1992). The dimensions of the block, and of the foundation are,

- respectively,4x2 and 4.6x1. The material is characterized by an elastic-modulus equal to 104 and -
a Poisson's ratjo of 0.48. Vertical displacements on the top of the block and both horizontal and-.
vertical displacements at the bottom of the foundation are restrained. A vertical displacement is
then imposed on the left and right side of the top of the block to generate a strongly non-uniform .
contact pressure distribution along the contact area. The initial and deformed geometry at con- =
'vergence is depicted, respectively in Figure 25-2 and Figure 25-3.,

Figure 32-2. Prob_lem geometry and discretization.

.F igure 32-3. Geometry at convergence.

The results with the linear interpolation schemes obtained in [8] are depicted in Figure 25-4.

Here the c1ass1cal augmentation scheme is compared with the uncoupled mterpolatmn one-and -
_with_the coupled with 3 and 5 nodes in total. Results obtamed w1th the regress1on scheme a.re'
dep1cted in Figure 25- 5. _ o ; co : '

A companson of the dlagra.ms clearly show that there is almost no deference for the uncoupled;
_case. Both the direct interpolation and the fegression method present a very close, non-mono-
tone path.. On ‘the contrary, a remarkable difference takes place ,when‘ eouph_ng nodes. are

- 446 | g _ Augmentgﬁon through linear regression in contact mechanics
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involved. In this case the regression scheme is able to minimize the penetration norm in a much
more smooth way. Also, a value close to 10716 is obtained with 20 augmentations, instead of 40.
The regression scheme seems hénce a natural step forward of the linear interpolation one. These -
preliminary results have been confirmed also with several other test cases. For all the éxamples

- we got the same general trend. ' : ‘ '

’
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Figure 32-4. Penetration norm minimization— interpolation scheme [8].
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.. Figure 32-5. Penetration norm miﬁimizaﬁdn — regression scherﬁe.

v

5. Conclusions |
" The basic idea here outlined deals with'a technique to predict the Lagrangian Multipliers :
in contact mechanics problems. The paper presents a step forward with respect to ,theinterpbia— - ;
tion technique presented in [8]. The new prediction is based on régression methods. The unuspal’
couplirig between finite elements and regression models seems able to remarkably increase the '
performances Qf the classical augmentation scheme. . : e : -
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