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Abstract: We compute the evolution equation of the Cotton and the Bach tensor under the Ricci flow of a
Riemannian manifold, with particular attention to the three dimensional case, and we discuss some appli-
cations.
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1 Preliminaries

The Riemann curvature operator of a Riemannian manifold (M", g) is defined, as in [6], by

Riem(X, Y)Z = VyVXZ— vayZ + V[X’y]Z .

1o _

In a local coordinate system the components of the (3, 1)-Riemann curvature tensor are given by Rijk s =

Riem(%, %) ﬁ and we denote by Ry = g1, Rjj its (4, 0)-version.

With the previous choice, for the sphere S™ we have Riem(v, w, v, w) = Rgpcqv? wb

vewd > 0.
In all the paper the Einstein convention of summing over the repeated indices will be adopted.

The Ricci tensor is obtained by the contraction R;, = g'! Rjjiand R = g'*R;;, will denote the scalar curva-
ture.
We recall the interchange of derivative formula,

Viwy - Viwg = Rjpg’lwg,
and Schur lemma, which follows by the second Bianchi identity,
2gPIVpR4i = ViR.
They both will be used extensively in the computations that follows.

The so called Weyl tensor is then defined by the following decomposition formula (see [6, Chapter 3,
Section K]) in dimension n = 3,

1 R
Rijia = m(Rikgjl - Rugji + Ru8ik — Rjx&in) - m(gikgjl - 8u8ji) + Wijiq - (1.1)

The Weyl tensor satisfies all the symmetries of the curvature tensor, moreover, all its traces with the metric
are zero, as it can be easily seen by the above formula.
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In dimension three W is identically zero for every Riemannian manifold. It becomes relevant instead when
n > 4 since its vanishing is a condition equivalent for (M", g) to be locally conformally flat, that is, around
every point p € M" there is a conformal deformation g;; = ef gi; of the original metric g, such that the new
metric is flat, namely, the Riemann tensor associated to g is zero in Uy (here f : Up — R is a smooth function
defined in a open neighborhood Uy of p).
In dimension n = 3, instead, locally conformally flatness is equivalent to the vanishing of the following Cotton
tensor

Cijk = ViRij = VjRy - ﬁ (ViRgij - ViRgik) , (1.2)

which expresses the fact that the Schouten tensor

~ Rgj
Y 2(n-1)

Sij =

is a Codazzi tensor (see [1, Chapter 16, Section C]), that is, a symmetric bilinear form Tj; such that V;T;; =
By means of the second Bianchi identity, one can easily get (see [1]) that

n-3

l
v Wlijk )

Cir - (13)

Hence, when n > 4, if we assume that the manifold is locally conformally flat (that is, W = 0), the Cotton
tensor is identically zero also in this case, but this is only a necessary condition.
By direct computation, we can see that the tensor Cyj; satisfies the following symmetries

Cijk = —Cikj» Cijkc + Cjki + Cij = 0, (1.4)
moreover it is trace—free in any two indices,
g7Ci = g% Cy =g Cy = 0, (1.5)

by its skew—symmetry and Schur lemma.
We suppose now that (M™, g(t)) is a Ricci flow in some time interval, that is, the time—dependent metric

g(t) satisfies

o
3¢50 = ~2Ry;.

We have then the following evolution equations for the Christoffel symbols, the Ricci tensor and the scalar
curvature (see for instance [7]),

9 rk

Sl = -8 °ViRjs - 8°V;R;s + g VsR;;

0

&RU = ARU - 2Rkleiﬂ - ZquRipqu (16)
%R = AR+ 2|Ric)*.

All the computations which follow will be done in a fixed local frame, not in a moving frame.

Acknowledgments. The first and second authors were partially supported by the Italian FIRB Ideas “Analysis
and Beyond”.

Notel.l. We remark that Huai-Dong Cao also, independently by us, worked out the computation of the evo-
lution of the Cotton tensor in dimension three, in an unpublished note.
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2 The Evolution Equation of the Cotton Tensor in 3D

The goal of this section is to compute the evolution equation under the Ricci flow of the Cotton tensor Cyj in
dimension three (see [5] for the evolution of the Weyl tensor), the general computation in any dimension is
postponed to section 4.

In the special three—dimensional case we have,

R
Rijkt =Rix8j1 — Rugjk + Ru8ix — Ri8it - i(gikgjl - 8u8ji) » (21)
1
Cijk = ViRyj — VjRy - " (ViRgi; - ViRgix) » (2.2

hence, the evolution equations (1.6) become

o
&F{(j = - gViRjs - g°VR;s + 8°VsRy;

0 .

ERU =AR1'}' - 6gquipqu + BRRU + 2|R1C|2gij - Rzgii
o 5
&R =AR + 2|Ric|”.

From these formulas we can compute the evolution equations of the derivatives of the curvatures assuming,
from now on, to be in normal coordinates,

%V;R = VAR + 2V |Ric|?,
%VSRU = VsﬂRij - 6V5Ripij - 6R,-stij + 3VSRR1] + BRVSRU

+2Vs|Ric|’g;; - VsR2gij + (ViRsp + VsRip — VpRis)Rjp + (VjRsp + VsRjp = VpRis)R;p
= VsAR; - 5VsRiR;p — 5Rip VsRjp + 3VsRR;; + 3RVsR;;

+2Vs|Ric|’gj - VsR’gij + (ViRsp — VpRis)Rjp + (VRsp — VpRis)Rsp
= VsAR; - 5VsRiyR;p — 5R;, VsRjp + 3VsRR;; + 3RVsR;;

+2Vs|Ric|gij - VsR?gij + CspiRjp + CopjRip + Rip[ViRGsp — VpRgisl/4 + Rip[VjRgsp - VpRe;sl/ 4,

where in the last passage we substituted the expression of the Cotton tensor.
We then compute,

%Cijk = %VkRij - %ijik - %(kagij - ViRgy)/4

= VidR; - 5V4RpR;, - 5Rip ViR, + 3ViRR;; + 3RV R;;
+2V[Ric|*gyj ~ ViR?gyj + CigpiRjp + CigpjRip
+Rjp[ViRgkp — VpRgikl/4 + Rip[ViRgkp — VpRgji]/ 4
~VARy + 5VRipRyp + 5RipViRy, — 3V;RRy - 3RV;Ryy
-2Vj|Ric|*gi + ViR ik — CipiRip — CipiRip
~Rip[ViRgjp — VpRgiil/4 ~ Rip[ViRgjp — VpRgyi1/4
+(Ryj V4R — Ry V;R) /2 - (V4AR + 2V Ric|?) g;;/4 + (V;AR + 2V |Ric|*) g/ 4

= ViAR; - 5V;R;,Rj, — 5Rjp ViR + 3ViRR; + 3RVRy;
+3V[Ric|’g;j/2 - ViR?gi; + CipiRjp + CpjRip
+RjyViR/4 - R, VpRgii /4 + Ry V;R/4 — Rip VpRgji /4
~VARy + 5VRipRyp + 5Rip VjRy, — 3V;RRy - 3RV;Ry,
-3V;[Ric|’gix/2 + V;R?gix — CipiRep — CipiRip
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~RyjViR/4 + Ry, VpRgi/4 — RyjViR/4 + Riy VpRgyi/ 4
+(R;j ViR - Ry V;R) /2 - Vi ARgji/ 4 + VjARg [ 4

= VidRy - 5ViRipR;p - 5R;, ViR, + 13V, RR;;/4 + 3RV R;;
+3V|Ric|*gij/2 - ViR’gij + CipiRjp + CipiRip — Rip VpRGi/4
~VjARy + 5V;RipRyy + 5Rip ViRyy — 13V;RRy /4 - 3RV Ry
-3V;|Ric|*gix/2 + V;R?gix - CipiRep — CipkRip
+Rip VpRij/ 4 — VARG i/ 4 + V;ARg 1 [ 4

and

AC,-}-k = Akai]' - AV]-R,-k - AkagU/ll + AV]Rglk/lt s

hence,

5¢Cik ~ACik =

Now to proceed, we need the following commutation rules for the derivatives of the Ricci tensor and of
the scalar curvature, where we will employ the special form of the Riemann tensor in dimension three given

by formula (2.1),

vaRij _Akaij =

VidR;; - VjARy — AV Ry + AVRyy

-V ARgij/4 + VjARg; /4 + AV Rgi;/4 — AV;Rg /4
~5ViRipRjp — 5Riy ViR + 13V, RRj/4 + 3RV R
+3V|Ric|’gij/2 - ViR?gij + CipiRjp + CipjRip — Rip VpRgur /4
+5VRipRip + 5Rip ViR — 13V;RRit /4 - 3RV, Ry
-3V;|Ric|*gix/2 + V;R*gix - CjpiRep - CipiRip

+Riy VpRgi;/ 4

ViR = ViaRij + VigRi = ViR

~Rip VpRyj + Rigip ViRjp + Rigjp ViRip + VigRij = ViuRys

-Rip VpRy; + RiijR/Z + R]-kViR/Z

“Rip ViRjp = Rip ViRip + Rip ViRjpSik + Rip ViRip ik

-RiViRjx - R;jViRi - RV;Rgir/4 - RViRgji /4

+RViR]-k/2 + RVjRik/Z + vl(RklipRpj + Rklijpi)

—Rip VR + RiijR/Z + RjkViR/Z

“Rip ViRjp = Rip VjRip + Ry ViRjp8ik + Rip ViR, 8ji

-R;iViRji = R;jV{Rix = RV;Rg;i/4 - RVRgji /4

+RV1~R]~k/2 + RVle-k/Z

+V1(RiRyj = RiRyj + RyiRp;8ik — RpiRp;gir - SirRRy/2 + gy RRjx /2
+RjiRyi — RjRiq + RyiRpigik — RpiRpigji — gk RRyi/ 2 + g;RR;/2)
~Rip VpRjj + Ry VjR/2 + Ry ViR /2

~RipViRjp = Ry ViRip + Rip ViRp&irc + Rip ViRip i

-R;iViRjx = R;jV Ry - RV;Rg;i /4 - RV Rgji [ 4

+RV;Rji/2 + RV;Ry /2

~ViRpiRpj + ViRR;i /2 + 8 R, ViR

-RpiViRpj — ikRV;R/4 + RV;Rj /2

~V;RyiRpi + ViRRy/2 + g1 Ry V Ry

Ry V;Ryi - g1RV;R/4 + RV;Ry/2
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= —RkapRij + R,-ijR + RjkViR
—2Rka,-ij - 2Rkpijip + ZRlplejpgik + ZRlpleipgjk
—-RiiViRjk = RjjViRix = RpjViRpr — Rpi VjRpi
—RV]Rglk/Z - RV,Rg]k/Z + RViRjk + RV]-Rl-k
and
ViAR - AV(R = Ry VpR = -Ry, VpR.
Then, getting back to the main computation, we obtain

%Cijk -ACj. = -RipVpRyi + Ry VR + Ry ViR
—2Rip ViRjp = 2Ry ViRip + 2R ViRjp ik + 2Ry ViRip ik
—-RiiViRjk = Rjj ViRix = Rpj ViRpr — Rpi VjRpi
—RVjRgik/Z - RVijok/2 +RVRj + RVRy
+Rjp VpRix - Rjj ViR - Ry ViR
+2R;p ViR + 2Rjp ViRip = 2Ry, ViR 8 — 2Ry ViRip 8
+R;; ViR + Ry ViRyj + Rpi ViR + Rpi ViR
+RVRgi;/2 + RVl-ngj/Z - RViRy; - RV R
+Rip VpREii/4 - Rijp VpRgi /4
-5V RipRjp - 5Riy Vi Rjp + 13V, RR;i/4 + 3RV, R;;
+3V|Ric|’gij/2 - ViR?gij + CipiRjp + CipjRip — Rip VpRgik /4
+5VRipRyp + 5Rip ViRep — 13V;RRy /4 - 3RV Ry,
~3Vj[Ric|*gik/2 + ViR = CipiRip — CipiRip + Riy VpREy/4

= CipiRjp + CipRip ~ CipiRigp — CipiRip
+[2R;, V/R;, + 3RV;R/2 - R;, V,R/2 - 3V;|Ric|*/2]gi
+[~2R;, V Ry, = 3RV4R/2 + Ry, VpR/2 + 3V Ric|?/2]g;;
~RypViRjp + Ry ViRiy = 3ViRipRjp — 4Rip ViR + IViRR;j/4 + 2RV R;;
+3V;R;pRyp + 4Riy VjRip — 9V;RR; /4 — 2RV Ry
Now, by means of the very definition of the Cotton tensor in dimension three (2.2) and the identities (1.4),
we substitute

Ckpj - ijk = - ijp - Cjpk = Cpki
1
ViRjp =VjRyp + Cpjy + 4 (ViRgp; - VjRgp1)

1
ViRip = ViR + Cppg + @ (ViRgpk - ViRgp1)

1
ViRjp = VjRip + Cpji + 7 (ViRgjp ~ VjRgip)

1
ViRip =ViRip + Cpii + 4 (ViRgip - ViRgip)

in the last expression above, getting

%Ciik ~ACjk = RjpCrpi ~ RipCipi + RipCpy
+[2Ry, (VjRyy + Cyji + ViR8/4 — ViRep/4)
+3RV}R/2 - R;p VR/2 - 3V [Ric|* /2| g
+[ = 2Ry, (ViR + Cora + VIR8k/4 — ViRep/4)
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then, we substitute again

finally obtaining

9
ot

Cijr — ACjj

~ 3RVR/2 + Ry VpR/2 + 3vk|Ric|2/2}gi}-

—Ryp (VjRip + Cpji + ViRgjp/4 - ViRgip/4)

+Rjp (ViRip + Cpii + ViRgky /4 ~ ViRgip/4)

~3V,RipRjp - 4R;, ViRjp + 9V, RRi/4 + 2RV Ry;

+3V;RipRyp + 4Rip ViRyy — 9V;RRy/4 — 2RV;Ryy
= Ryp (Cipi + Cpii) = Rip (Cipi + Cpji) + RipCp

+2R;, Cpi8ik — 2R Cpra8ij

+[RV;R - V;[Ric|*/2] i — [RV4R - Vi |Ric|*/2] gy

~2VRipRjp - 4R;, ViRjp + 2V, RR;; + 2RV R;;

+2V;RiyRyp + 4R;p V;Ryy - 2V;RRy; — 2RV Ry .

1
VkR]' = Vka]- + Cipk + Z (VkRg]-p - VPjok)

1
ViRip =VpRjic + Cipj + (ViRgky — VpREK)

1
ViRij = ViRyj + Gy + 4 (ViRgij - ViRgj)
1

ijik = ViRjk + Cki]' + 4

(ViRgix - ViRgyj) »

Rjp (Ciepi + Cpii) = Ry (Cipi + Cpjit) + RipCpiy
+2Ryp Cpjigin = 2Ry Cpia8ij
+[RV;R - V;[Ric|*/2] gix - [RViR - Vi [Ric|*/2]g;;
-2VRipRjp = 4Rip (VpRy; + Cipk + ViRgjp/4 — VpRgji/4)
+2VRR;; + 2R(VRy; + Cjix + ViRg;i/4 - ViRgji/4)
+2V;RipRp + 4Rip (VpRjx + Crpj + VjREkp /4 — VpREy;/4)
-2V;RRyx - 2R(VRjx + Cyij + VjRgix/4 — ViRgyj/4)

= Rip (Cipi + Cpii) = Rigp (Cjpi + Cpjt) + RipCpg
+4Rip (Crpj = Cipi) + 2R (Cjik = Crij)
+2R, Cp8ik — 2Ry Cpra8ij
+[RV,R/2 - Vj|Ric|*/2] g - [RViR/2 - Vi |Ric|*/2] g
~2VRipR;, + 2V;R;p Ry,
+ViRR;; - V;RRy

= Rjp(Cigpi * Cpii) = Riep (Cjpi + Cpji) + 5RipCpij
+2RCyjr + 2Ry Cpji8ik — 2RppCpua8ij
+[RV;R/2 - V}|Ric|*/2] gix - [RV4R/2 - V|Ric|*/2] g;;
+2V;RipRyp - 2ViRpR)p
+ViRR;j - V;RRy ,

where in the last passage we used again the identities (1.4).

Hence, we can resume this long computation in the following proposition, getting back to a generic coordinate

basis.
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Proposition 2.1. During the Ricci flow of a 3—dimensional Riemannian manifold (M>, g(t)), the Cotton tensor
satisfies the following evolution equation

(0¢=A)Cijk =  8PIRyj(Crgi + Cyrt) + 587 IRy Cupj + 87 Rk (Ciig + Cyi) (2.3)
+2RCjt + 2RV Ciigix — 2RYC g
+%Vk\RiC|2gij - %VﬂRiC\zgik + %viRgik - %kagij
+28P9R ViR - 2879R,ViRyi + R ViR - Ry VR
In particular if the Cotton tensor vanishes identically along the flow we obtain,
0 = VyRic|’g; - Vj|Ric|’gi + RV;Rgi — RV, Rg;j .4)
+4gP IR ViRyi — 487 TRV iRy + 2Ry ViR - 2Ry ViR

Corollary 2.2. If the Cotton tensor vanishes identically along the Ricci flow of a 3—dimensional Riemannian
manifold (M?, g(t)), the following tensor

. 7
Ric|*gij — 4Rp;Ryi + 3RR; - ngg,.,.
is a Codazzi tensor (see [1, Chapter 16, Section CJ).

Proof. We compute in an orthonormal basis,
4RkajRpi -4 Rpjkapi + ZRi]'VkR - 2RikV]'R

= 4V,~(Rkapi) - 4Vk(Rijp,~) - 4Rpiijpk + 4Rpikapj + ZRiijR - 2Rikij

= 4V}'(Rkapi) - 4Vk(Rijpi) + Rp,-(4Cp]~k + kagpi - V}Rgpk) + ZRI]ka - Zlele

= 4vj(Rkapi) - 4vk(Rijpi) +3R;j ViR - 3Ry VR

= 4V (RpkRpi) = 4V (RpiRpi) + 3Vi(RRy) - 3V;(RRy) — 3R(ViR;; — VR

=4Vj(RpiRpi) = 4V i(RpjRpi) + 3V (RRy;) - 3V;(RRy) — 3R(4C;5 + Vi Rgi; — ViRgi) /4

3 3

=4V (RprRpi) — 4Vi(Rp;Rpi) + 3V (RRyj) = 3V;(RRy) - ngRzgij + ngRzgik .

Hence, we have, by the previous proposition,
. . 7 7

0= Vk\R1c|2g,-j - Vj‘R1C|2gik + 4V}'(Rkapi) - 4Vk(Rijpi) + 3Vk(RRi]-) - BVI'(RR”() - gkazgij + ngRzgik ’
which is the thesis of the corollary. O
Remark 2.3. All the traces of the 3—tensor in the LHS of equation (2.4) are zero.

Remark 2.4. From the trace—free property (1.5) of the Cotton tensor and the fact that along the Ricci flow there
holds
(0¢-A)g” = 2RY,

we conclude that the following relations have to hold

g700r-ACy = -2RUCy,
g™ (¢ - ACyj = _ZRikCijk ,
40 -MCy = 2R Cy=0.

They are easily verified for formula (2.3).
Corollary 2.5. During the Ricci flow of a 3—-dimensional Riemannian manifold (M>, g(t)), the squared norm of
the Cotton tensor satisfies the following evolution equation, in an orthonormal basis,
(0¢=A)[Ciiel* = =2|VCijl® ~ 16CipiCigiRpg + 24CipiCiqiRpg + 4R|Cijp|*
+8CiijkajRpi + 4Ciijijka .
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Proof.

(0c=A)[Cyiel* = =2|VCij|* + 2CTRip 8" Cyjic + 2CT R} g Cigre + 2C7* Ry, 87Cyq
+2Cijk[ PAR ](qul + quz) + 5g Rzpch] + g pk(cfiq + quj)
+2RC,-}-k + ZRq qulgik - ZRq qulgij

1 . 1 . R R
+§Vk|R1c|2gi]- - §Vj|R1c|2gik + jVjRg,-k - jkagif
+28PTR, V;Ryi - 28" TR,V Ry; + Ry ViR - R,-kv,.R}

= —2|VCy|? +2(CH + TM)R;,gP9(Crgs + Cirg)
+2Ciijjpgquiqk + 2CiijkpgpqCiqi
.
+2CY ngquj(ckqi + qui) + Sgquiqukj}
+4R|Cy* + 8PICTRy VjRy; + 4CT°Ry VR
= =2|VCipl* = 16CipiCigiRpg + 24C;piCrgiRpg + 4R|Cyje|*
+8Ciijka]-Rpi + 4Ciijijka

where in the last line we assumed to be in a orthonormal basis. O

3 Three-Dimensional Gradient Ricci Solitons

The structural equation of a gradient Ricci soliton (M", g, V() is the following
Rij + V;Vjf = Agij, (3.1

for some A € R.
The soliton is said to be steady, shrinking or expanding according to the fact that the constant A is zero, positive
or negative, respectively.

It follows that in dimension three, for (M?, g, Vf) there holds

ARif = VIR,-}-VIf + ZARU - 2|R1C|2g1} + Rzgi}' - BRRU + 4Risst (32)
AR = VRV +2AR - 2|Ric|? (3.3)
ViR = 2R,;V/f (3.4)
Ri8i Rij8ik Rg; Rgj
Cjr = > A } SVIf + Ry Vif - RyVif + ‘g’k Vif - 2” Vif (3.5
ViR V;j R R
= Tkgi] glk + ( ij — ZgU)ka ( ik — igik) V]‘f.
In the special case of a steady soliton the first two equations above simplify as follows,
ARU = leijvlf - 2|R1C|2g1} + Rzgij - BRRU + 4Risst
AR = VRV,f-2Ric*.

Remark 3.1. We notice that, by relation (3.5), we have
VkRij VjRka

CjuVif = A +RyVifVif - *V]kaf leszVJer kaV,f
ViRV  ViRVf
4 4
where in the last passage we used relation (3.4).
It follows that ,
Cuvifvif = LR gy p - Mg,
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Hence, if the Cotton tensor of a three—dimensional gradient Ricci soliton is identically zero, we have that at
every point where VR is not zero, Vf and VR are proportional.

This relation is a key step in (yet another) proof of the fact that a three—dimensional, locally conformally
flat, steady or shrinking gradient Ricci soliton is locally a warped product of a constant curvature surface on
a interval of R, leading to a full classification, first obtained by H.-D. Cao and Q. Chen [4] for the steady case
and H.-D. Cao, B.-L. Chen and X.-P. Zhu [3] for the shrinking case (actually this is the last paper of a series
finally classifying, in full generality, all the three-dimensional gradient shrinking Ricci solitons, even without

the LCF assumption).

Proposition 3.2. Let (M?, g, f) be a three—dimensional gradient Ricci soliton. Then,

AlCi|* = Vi|Cijkl*Vif + 2|V Cijx|* - 2R|Cyix|*
—-6C;;iRij ViR + 8Cj51 GixRsi — 16C;CiijRsi — 8Cij Ry ViR; -

Proof. First observe that

AlCijil* = 2CijrAC, + 2|V Ciji.

Using relations (3.5), (3.2) and, repeatedly, the trace—free property (1.5) of the Cotton tensor, we have that

CijrACjx

where we used the identity

ARV if = R Vif)Cijic

(AR;Vif + RyAVf + 2V R;; V1 Vif)Ciji
~(ARy Vif + Ry AVif + 2V RV Vif)Ciji
(VsRi]'st - 3RR; + 4Risst)kaCijk
+R,~]-AkaCijk + ZVIRi]'VIkaCijk
—(VsRi Vsf = 3RRy; + 4RisRsk)vijijk
“RiAVjf Ciji = 2V 1Ry V Vif Cijic
(VsRyjVif = VsRu Vif)VsfCiji
=3R(RyVif - R Vif)Ciji

+4Ris(Rsj Vief = Rt Vif)Cijic
+RyViViVif = R ViViVif)Ciji
+2(VRiV Vif = VIRV V;f)Ciji
(VsRyiVif = VsRy Vif)VsfCiji
+(=3R)|Cyjl

+4Ris(Rsj Vief = Rt Vif)Cijic
+RyViViVif = R ViViVif)Cik
+2(ViR;V Vif = VIRuViVif)Cijic »

(R Vif = RieVif)Cij = [Cij|® (3.6)

which follows easily by equation (3.5) and the fact that every trace of the Cotton tensor is zero.
Using now equations (3.1), (3.5), (1.5), (1.4), and (3.4), we compute

(VsRyjVif = VsRy Vif)VsfCiji

(VsR;jVif) = R;j Vs Vif)VsfCiji
~(VsRyVif) = Ry Vs Vif)VsfCiji

= (VsRyVif = R Vif) + Rij(Rs)) Vs f Cyji

~(Rix(Rsj))VsfCij

= VsCijiCijr Vsf + RijRax VsfCijk — RixRsj Vsf Cije
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1 1 1
= Evs|Cijk|2st + ERi}'kaCiik - ER,-kV,-RCi]-k

4Ris(RejVif — R Vif)Ciji = 4R;s(Cgjp — %kagsj + %ijgsk + %kagsj - %vjfgsk)cijk
= 4Ris(=Cjrs — Cpsj)(=Ciji — Cij) — Ry Vi RCj
+R VjRCyjp + ZRRi]-kaCijk - ZRRikV]-fCijk
= 8RysCjskCjik — 8RisCjsi Crij
~R;jVxRCjjt + Ry V;RCyjy. + 2R|Cyie|*

RyViViVif =RaViViVif)Cie = (RyVi(-Rp) = R Vi(-Ryj))Cijc
1 1
= _iRiijRCijk + ERikijCi]'k

2(ViIRiViVif = VIRgViVif)Cije = 2((Cyjr + VjRy + %Vleij - %VjRgil)(_le))Cijk
=2((Citq + ViRy + %Vleik - %kagil)(_le))Cijk
= —2C;CypRy - 2C Ry ViRy + %Ciijikij
+2C;Cijic Ry + 2G5 Ry Vi Ry - %Ciiji}'ka
= —2Cy;CipiRy — 2C; Ry ViR + %Ciijikij
—2CnCijicRyj + 2G5 Ry Vi Ry - %Ciiji}'ka'

Hence, getting back to the main computation and using again the symmetry relations (1.4), we finally get
1
CindCije = 5Vs |Ciji|* Vsf - R|Cyj]?

3 3
_Eciijl']'VkR + E CiijiijR

+4C;5 CjixRsi — 8Cjsi CijRsi
—2C; Ry ViRy + 2Ci5 Ry ViRy
1
= 5 Vs|Cil*Vsf -~ RiCinl”
=3C;i Ry ViR + 4C;51 CjirRsi — 8Csi CrijRsi — 4C5 R ViRy

where in the last passage we applied the skew—symmetry of the Cotton tensor in its last two indexes. The
thesis follows. O

4 The Evolution Equation of the Cotton Tensor in any Dimension

In this section we will compute the evolution equation under the Ricci flow of the Cotton tensor Cy, for every
n-dimensional Riemannian manifold (M", g(t)) evolving by Ricci flow.
Among the evolution equations (1.6) we expand the one for the Ricci tensor,

0 2n 2n 2 . 2
&Rﬁ =AR1'}' - 7?’1 — zgquipqu + (n ~ 1)(n — Z)RRU + — |R1C‘ gi]'
2 2
T DR 8T R Wy
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Then, we compute the evolution equations of the derivatives of the curvatures assuming, from now on, to be
in normal coordinates,

0

5iVIR = VidR+ 2V, |Ric|?,
0 2n n 2n
2n 2 2
+—— _RVsR; + V R - VsRg;;
CREV PR oIR8~ Dy VR

—zvstkaiﬂ - ZRklvkuiﬂ + (ViRsp + VsRip - VPRiS)ij
+(v]'Rsp + VSij - vafS)Rip

n+2 n+2 2n
= VsARU ne ZVSR pij = lepvsR]p mVsRRU
2n .2 2 2
2 Ry, + —2 VslRiclg; - —— 2 ViR2g;
to Do Rkt 7 VeIRIA 8y - =5y VoR 8y
=2V sRigWyiji = 2RigVsWiji + (ViRsp = VpRis)Rjp + (VjRsp = VpRjs)Ryp
n+2 n+2 2n
= VsORy - T3 VsRpRy — [ TRy VaRy ¢ it VoRRy
2n 2 2 2
———RV;sR; V R ————VsRg;;
=2 g VIR g TR
—2V5Rlekiﬂ - 2Rle5Wk,-]-l + Cspiij + Csijip
1 1
+2(n ) R, [ViRgsp — VpRgis] + -1 Riy[ViRgsp — VpRgjsl,

where in the last passage we substituted the expression of the Cotton tensor.
We then compute,

0 0 0 1 0

S¢Sk = 3 ViR = 57 ViR - -1 ot (ViRgij - ViRgix)

n+?2 n+?2 2n
= VidR; - VkR,pR]p R,kaR,p 7@ Dn=2)

+$ 2
(n-1)(n-2) (n-1)(n-2)
—ZVkR leijl -2R Ikapiﬂ + Ckpiij + Ckijip
Rjp Rip
2m-1 2(n-1)
~V;ARy + *2 S ViRipRig + nT ZR,pv Ry -

VRR;;

2 .
Rkaij + mvk|Rlc|2g,~j - VkRzg,-,-

[ViRgip — VpRgil + [ViRgipy — VpRgjil

2n
M Y.RR:
(- Dn=2) ik
2n 2
- an V.R%g.
- D(n-2) =1 " Sk
=2V RpWp - 2R IVkWpijl = CjpiRyp - CikaiP
R
2(n 1)
+71(Rijka - R]kV]R)
8ij
2(n-1)

n+?2 n+?2
= VidR; - VkR,pR)p R,kaR,p

5n - 2 2n
- Dn-2) Rt T M-

RV;Ry - 2 V |R1c| 8ik+

R;
[V Rg]p VPRgij] - 2(n —

7p1)[Vkjop - VpRgyl

+ (V;AR + 2V Ric]?) - Sik

- (VAR + 2V, |Ric|?) TCEE)

Rkaij

n .2 2 2
—— ViR ii— ——~——— ViR g
+(n—1)(n—2) KIRic|"s; n-1)(n-2) K By

+Ckpiij + Ckijip = ZVkRp,Wp,-ﬂ - ZRpIVkWpijI
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_ﬁRpjvagik
~VjARy + T Mt 29 RyRyy + gRlpv]Rkp
‘sz'iixf-z)vf““‘fk - mvaRfk
D=2 VRS Gy VR
~CipiRep — CipRip + 2V R Wit + 2RV Wiyigg
+ﬁlelegij - ﬁVkARgij 20 ! 1)VjARgik
and 1 1
ACjic = AV Ry = ARy = 5o AViRgyy + 50— AVRey,
hence,
%cijk ~ACj = VilRy - VAR - AVR; + AVRy
5 =13 (VARe; - VjARg - AViRg; + AV,Ry)
S (VlepRm +Rip ViRjp) + 2(n Eri)_(:_ z)kaRii
+mm
+Wr;n_2)vk|Ric|2gij - mkazgﬁ

+ChpiRjp + CrpjRip
1

-~ R.V,Re:

2()1 1) }pvp Sik

n +2

=5 (ViRjpRep + Rip VjRe) -

_27"

(n-1)(n-2)
_ n

(n-1)(n-2)
~CipiRip

RV;R;

V;[Ric|’gi + @

+ RkPVpRgU

1
2(n-1)

2(n-1)(n-2)

2
-1)(n-2)
- Cikaip + ZV]'RPIW ikl 2R IV W pikl

kaRpleijl = ZRplkapijl

5n-2
V;iRRi

Vijgik

Now to proceed, we need the following commutation rules for the derivatives of the Ricci tensor and of
the scalar curvature, where we will employ the decomposition formula of the Riemann tensor (1.1).

ViAR;; - AV R ViR = ViaRy + VigRyj - ViRR;;

—Rip VoRij + Rutip ViRjp + Rigjp ViRip
3 3
+ViRij - VllkRii

—RkapRi]' + (leV R+

2(n-2)

R;iViR)

1
—j(Rkaiij +Rip ViRip = Rjp ViRjpgik — Rip ViRipgijii)

—72(R11V1Rjk + R ViRy) - (

(RV,-R]-k + RV]le)

1
Tm-Dm-2)
+V1(RitipRpj + RigjpRpi)
+WklijlRip + Wklipv]'ij

1
2n-1)(n-2

)(RVjRgik +RV;Rgj)
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= _RkpvPRij + — (leV]R + R]kle)

1
2(n-2)
1
~ =5 RipViRjp + Rip ViRip ~ Rip ViR 8it = Rip ViRip i)

_j(Rlilejk + leleik) - (RV]Rglk + RV,Rg]k)

1
2(n-1)(n-2)

1
(RV,'Rjk + RVjRik)

iCE D=2
+Vl( (Rklglep] +R nglRp] - RllgkpRp] - RkpgllRpj)

1

_m(RRpjgkiglp - RRp;gip&it) + WiiipRpj

+72(RkjglpRpi + Rip8iiRpi — Rij8ipRpi — Rip&1jRpi)

1
_m(RRpigkjgpl - RR,i81p8y5) + Wklijpi>

+Wigjp ViRp + szipV'ij

= _Rkpvai}' + ( 2) (R kV R+R; kV R)
1
—j(Rkaiij +Rip ViRip = Rip ViRjp ik — Rip ViR, 8jk)
1

—j(RliVIRjk + RV Ry) - (RV;Rgji + RV;Rgji)

1
2n-1)(n-2)

1
=~ (RViR, +RV.R;
=D =2y RViR + RVjRa)

RkiRpj + Rklle/Z + VpngiRpj/Z
+Rlplepjgik - VIRR]k/Z - Rinka]' - ViRkpRp]-
_RkpviRpj)

1
—m(vaRpjgik + RVjRgik/z - ViRRkj - RviRjk)

n-3
=5 ChipRpj + Whiip ViR,

+72(vaij171' + Rk]VIR/Z + VpngjRpi/Z
+Rlpgkjlepi - V}RRkl/Z - RpijRki - V,—RkpRpi - RkaiRp,-)
1
(n-1)(n-2)
=3 Ryi + Wi, ViR
=5 ChipRpi + Wiajp ViRpi
+Wklipleip + Wklipv'ij
n+1
2(n-1)(n- 2)
RIleRplg]k Rp]VPle

(VpRRyigkj + RViRgji/2 - VjRRy; — RV;Ry;)

= Rkpvp ij + Rk]V iR— Rka Rlp

-2

1
- D=2 Rk

n+1 2

2( -1)(n-2)
——R,iVpR;

+mRijik +

—=RpViRy;gik -

2
n-1)(n-2)
4 n-3
2(n-1)(n-2)

n-3
2 (CklpRpJ + CijpRpi) - (V iRipRpj + ViR Rpi)

1
-~  _RV.Re:
KT - Din=2) VR8s

RViRjk + Zwkljplepi + 2Wkliplepj

2
-2 2

(VpRgiRp;j + VpjokRpi)
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and
ViAR - AV R = Ry, VpR = ~Ry, VpR.

Then, getting back to the main computation, we obtain

0 n+1
&Cijk —ACjx = -RipVpRji+ 2n-1)n-2)

2 2
ijpijip + leleRp,-gjk

RijiR

1 1
jijVpRik - mRVijok
2 n+1
% RVR, 4+ "t
YD -2 N - - 2)
2 2
Tn— 2N ViRp T

V;RRy

Rip ViRy;8ik

1
72 Rinkaj - RV]Rglk

-
(n-1)(n-2)
2
+mRViR}-k + ZWHH,VIRpi + ZWinPVIRpj
n-3
+7
2(n-1)(n-2)

n-3
o5 n (CklpRp1+Ck1p Rpi)

(VpRgikRyj + VpRgjRy:)

—72 (ViRkpij + VijpRpi)

n+1 2
+prvaik - mRk]V iR+ 2R Vlep
1
leplepigkj + mekvaij
1 2
————RV;Rgjx - ———————RViR;
-2 ( “Dn-2) K
n+1
_mkaR” * R,pv Rip
Rlpvapkgl) Rp,vak]
1
— 5 RViRgj - 7}{ R,:
D=2 T o)
_2lekalRpi - zwfliplepk
n-3
_m(vagiiRpk + VpRgjiRyi)

1
( ]lp pk + CjkpRpi) + 7(VR R pk + VkijRpi)

—t ( 5 Rip VRS ~ RipVpRei) - (kap,Rp, + Ry ViRy)
+mvk|mc|2gﬁ . z(nf’;i)‘('f_z)kaRﬁ
T G TR
—2ka,,,wpi,-, = 2R, VWi
+CraiRyj — 2 1)VIRRl]g1k+Ckl)Rll

"2 (U RpiRok + Ryt ViR)
1= VIR 8k i = VR
DR G VR S
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+2ijpleikl + ZRplvinikl

=CjjiRy + ViRR;8i5 = CiuRyi

1

2(n-1)
1

= =5 RpiCitp + RpiCjip ~ ChipRpj — CijpRpi)

2 2
+| -SSR ViR, + VR

3
2(n-1)(n-2)
1 n

TR M A T
2 3
|5 R iRy + - D=2

__1 " g Ric?] e
( Z)VPRRpk ( _1)(n_2)vk|Rlc‘ i|gl]

_n-3 -3
szprR + 2R iVpRix
+1

-2
ijR,-k -

V;[Ricl | gix

VR?

n
+7_ p) Rka,-Rp,- +

B 4n-3
2n-1)(n-2)

—=V; Rkap, ——=RV;Rjx

n-2

1
72 RkaiRp]- + 7)’1 — szjV,-Rpk

+1 2
—— kaijRip + 7n )
kaRij + ZWkliplep]' + zwkljplepi

n
N 4n-3
2(n-1)(n-2)

- ijlkplepi

Kk~ zkapleiil = ZRpIVkWpijl + ZVjRPIWpikl + ZRPIVI-Wpik,

63

Now, by means of the very definition of the Cotton tensor (1.2), the identities (1.4), and the symmetries of

the Weyl tensor, we substitute
= Ciip = Cjpk = Cpij

1
2n-1) (legpi - viRgpl)

Chpj = Cjpi =

lejp = Vlep + ijl +

1
ViRip =ViRp + Cppg + -1 (ViRgpk — ViRgp1)

1
ViRjp = VjRip + Cpji + 2n-1) (ViRgjp - VjRgip)

1
m (Vingp - VkRgip)
1
30— 1) (VPRSI ~ ViRep)

ViRip =ViRip + Cpii +

VpRi]' = ijpl' + Ci}'p +
1

VpRix =ViRpi + Cypp + -1 (VpRgii — ViRgpi)

in the last expression above, getting

)

3¢ Ciik ~ ACijk

1
=5 RpiCpij + RpiCjip = CripRpy)
2
+ [lep <ij1p +Cpji +
1
-~ VR
2= 1)V] gp,)) +
1 _.n
2(n-2) (n-1)(n-2)

- [lep (kap, + Cp +

1
2(n 1)V’Rgpf
3 2
> VR

2n-Dn-2) "

VpRR,; - Vj[Ricl? | i

1
2(n-1)

1 2
— R ) R
20— 1)Vk 8p1 ) + Vi

3
2(n-1)(n-2)

L .. n 12| o
3 =2) PRk~ Ty oy VRIS |
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n-3
szp (Cijp + VjR,‘p + 2( )(vagl] V]'Rgip)>
n-3
+n 2R (Cikp + VkRip + ﬁ(vagzk kaglp))
Rka Rpl + V Rkapl - n-2 ZRV]le
4n 3
- "M72  .RR:
2= D(n-2) Rk
L R, (ViRip + Cpji + ——— (ViR R
P (Vf ip *Spii F 50 1)(Vi 8jp = Vi gip))

1 1
+me}- (kaip + Ckpi + m(vingp - kagip)>
n n+1 2
7= 28 ViRip = 5 ViRjpRip + - — RViRy;
4n-3
- 1m-2) R

+2C Wikt = 2CouWpijt = 2CpaWiiap
—ZWiklpViRpl - 2Rplkapiﬂ + ZRI,IVij,-kl

1
=5 (RpiCpuj + Rpi(Cjip = Cpji = (1= 3)Cijp) + Rpj (Cpii = Ciip + (1= 3)Citp))

2 2
+ﬁcp]l p1Sik — ZCkaR 18ij = 2Cpi Wik + 2Co1Wpiji = 2CuWikgp
+ [ V]'Rz 1
Sk[n-Dn-2)  (n-1D)(n-2)
~ [ ViR? ~ 1
Sili- D=2 m-1n-2)

2 n+1 3n-1
72 ijkaip VkR]pR,p + 72('1 ~ 1)(n _ 2)

2 3n-1
e zR"PVfRiP 2 2(n-D(n-2)

—2ij1pV,-R,p - ZRlpkapijI + 2Rplvjwpikl .

vj|Ric|2}

vk|Ric|2]
ViRR;; + RVle,

ijkpR,-p - V;RRj - ——RV;Ry;

2
-2
then, we substitute again

1
Vkij = Vkaj + Cipk + — 2( -1 (kagjp - vagjk)

Vijp = VpRjk + Ckpj + ) (V]'ngp - Vpngi)

_1
2(n-1

) (ViRgi; - ViRgjx)

1
VkRi]' = ViRkj + Cjik + 7(

ViRik = ViRje + Cuij + 5075 (ViRgik - ViRgyj) ,

finally obtaining

0 1
acijk ~ACy = 5 (RpiCpij + Ryr(Ciip — Cpji — (1 = 3)Cijp) + Rpj(Cpi — Ciipp + (1 = 3)Citp))

2 2
+n7Cp]lR 18ik — CpklR 18ij = 2CpiWhpik + 2CpiWpiji = 2CoaWikgp

Vij 1 .2
| . JRic?]
+g’k[(n—1)(n—2) TR M
ViR? 1 .2
P _ R }
g”[(n—l)(n—z) - D=2 VR
2 n+1 n+1
7= 2R ViRip = - 5 Rip VpRyg = - = Rip G
n+1 n+1
__"*1  RviR+—"*1 R V,Rg;
2= Din = 2) VR S Ty - 2) Rir VRS
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3n-1 2 1
+mkaRu + =5 R(ViRjx + Cjirc + 2= )(VkRgu ViRgji))
2 n+1 1 n + 1 n+1
n+1 3n — 1
-—— R Rgy - —— = _V.RR;
2(n-Dn—2) VPRI 30— Dy - z)v] ik

2 1
-—2 _R(ViRy + Ci
2 iNjk kl] ( )
ZRlka Wp,ﬂ + ZRplv}' Wpikl

(ViRgix - ViRgji))

—2W]-klpViR1p -
1
= n_z(Rpk(Ciip Cpji (n 3)Cl}p) R](Ckrp Cpki — (n 3)C1kp)

)+ (Cp]l p18ik — CpuR 1g1])+ RC,},<

+(n + 2)Rp,~Cpk]
Wpiklcpil +2 pl}lcpkl chll jklp

n2
ik [Z(n —Vlj)Izn -2) (n- 1)1(n - 2)Vj|RiC|2}
2
8ij [Z(n —vlk)lin -2) (n- 1)1(n - 2)vk|Ric|2}
2 S RpViRip + ! —— ViRR;
+%2Rkpv,~R,~p - mijRik

+2R1pV,-Wp,~kl - ZRIkaWpijl s

where in the last passage we used again the identities (1.4) and the fact that

Wip ViRip = Wity ViRpr = Wi ViRyp = -Wiig, ViRy,

Hence, we can resume this long computation in the following proposition, getting back to a generic co

ordinate basis.
Proposition 4.1. During the Ricci flow of a n-dimensional Riemannian manifold (M", g(t)), the Cotton tensor

satisfies the following evolution equation

1
(0c-A)Cyie = n-2 [877Rp;(Cigi + Cqi + (1 = 3)Cixg)
+(n + z)gquiqukj - 8" Ryi(Cjgi + qui +(n=3)Cijq)]
RC,]k + R Cq]lglk - 7R qulgll
Vj‘RiC|2gik

*mvk'm‘ 8ij m

. R
(n-1)(n-2)

R
Roy——— — v,Reo:
V} Sik (Yl 1)(7’1 2)vk 8ij

ok ViRgi - 2g TRy ViRgi + —5 Ry ViR - ! 2R,kv R
-28PTW ,i1iCyjt + 287 Wpijlchl -2g* ijlpcqil +2gF RpIVquikl - 2gPIRy Vi W51 -
In particular if the Cotton tensor vanishes identically along the flow we obtain
0 = o VKR8 ~ Gy ViIRic
D=2 VR mw
2 58" Ry ViRgi + Rl,ka 1 SRR

8" Ry ViRgi -

+2gqup1Vqu,'k1 - Rplvkwqijl ’
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while, in virtue of relation (1.3), if the Weyl tensor vanishes along the flow we obtain (compare with [5, Proposi-
tion 1.1 and Corollary 1.2])

1 .2 1 s 12
0 = — — _V|Ricl’g;i - ——V;Ric’g;

(n — 1)(n — 2) Vk‘ 1C| 8ij (n — 1)(7'1 — 2) v]| IC‘ Sik
R R

_ YRey-—— > ,Re:

- Dm-2) T - D(n-2) e

2 2 1
+n_ gqukaqui_ Zg Rp]Vqul+ Rl]VkR ZleVR

Corollary 4.2. During the Ricci flow of a n—dimensional Riemannian manifold (M", g(t)), the squared norm of
the Cotton tensor satisfies the following evolution equation, in an orthonormal basis,

16

24
(d¢-A)|Ciul> = —Z\Vcijk|2 - jczpkclqupq + chpkckquPq

8 4
R|C1]k| + Cl]kR kViRpi + CllkR,]VkR
+8C1}lepV Wplkl 8C11kcp)lwp1kl 4C]plcl]k pikl -

(0c =) [Cl* = -z|vcl-,-k|2 +2C7*R;,gPICj1 + 2CT*R;, P ICig + 2CT* Ry 8P Cigic
+2Cz)k [ [(Rp](ckpl + Cpkl + (n 3)Clkp)
+(n + Z)Rpicpkj = Rpi(Cjpi + Cpji + (n = 3)Cyjp))

2 2 2
T RC;j + — quC jI8ik = 7= ——=RyiCyui8ij

+mvk|Ric\ 8- mwqugik
*ﬁvﬁgl’k - WR(nz)VkRgﬁ
+$quVqui = Rq,Vqu, o RUVkR ! —5RuV;R
WoikiCpji + 2Wpi5iCpia — 2ijlpcpil + ZRpIVijikz - 2Rp1VkWpik1}
= —2|Vcijk|2 - %Cipkciqupq + %Cipkckqiqu

8 4
R\C,]k\ + CUkR kViRpi + CUkRUVkR
+8C1]lepv}Wplkl 8Cl]kcp]lwplkl 4C}plcl]kvvplkl .

Remark 4.3. Notice that if n = 3 the two formulas in Proposition 4.1 and Corollary 4.2 become the ones in
Proposition 2.1 and Corollary 2.5.

5 The Bach Tensor

The Bach tensor in dimension three is given by
Bik = V;Cij -

LetS;; = Rgj; be the Schouten tensor, then

ij 2(n 1)
Bix = VCijk = Vj(ViSij = VjSix) = V;ViS;; - ASjy . (5.1)
We compute, in generic dimension n,

V]-C,-]-k = vjkai}' Vkag,] AS,-k

1
2(n-1)
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1

= +Rjkilel + Rjkleil + VkV]RU 2( 1)

ViV Rg,] AS;

1
=t (Rijgkl - Rjigwi + Ruu8ij — Ruigji - - )(gugkl g]lgkl)> Ry + WjiRyy

1 1
+RiRi + jvkv,—R ( 1)Vkv iR— AS,k
1 . R R?
= =5 Rk - IRic|” gy + RiqRy — RRye) -

D=2 - D= 2)5*

“2 g, ViR- A4S

+WikiRj + RigRyr + ﬁ

n n 1 2 Rz
- R:iRy: — RRj - Ric|"gik + ——7 578
—5RijRyg (n—1)(n—2) ik ~ = IRic|"8ix + - D 2)5ik
-2
+Wjki Ry + 2(n 2= 1) VkViR~4Sic

From this last expression, it is easy to see that the Bach tensor in dimension 3 is symmetric, i.e. B;, = By;.
Moreover, it is trace—free, that is, g'¥By = 0 as g*VC;j = 0

Remark 5.1. In higher dimension, the Bach tensor is given by
Bix = (V iCijk = RgWija) -

We note that, since RyWj; = RyWyg;; = jkajil, from the above computation we get that the Bach tensor

is symmetric in any dimension; finally, as the Weyl tensor is trace-free in every pair of indexes, there holds
ik

8"By =0

We recall that Schur lemma yields the following equation for the divergence of the Schouten tensor

n-2
ViS;i = iR. 2
12 = 5 2 )V (5.2)
We write
ViViCijk = ViV;ViSij = ViV;V;Sik = [V}, Vil V;Sik
therefore,
ViViCik = RiuiViSik + Rjkit VS + Rixaa VjSii

= Rklvls‘k + Rjit ViSue — RjV;jSii

R(gijgii — gik&j1) + Wjkit | VjSik

1
= 5o 2 (Rijgxi — Rugik + Ruugij — Rigjn) - CECEP))

= ( i1V iSit + R ViSka) + Wik ViSik
1

= ijl(vislj - V;Sit) + Wikt VjRy
1

= o RiCji + Wi ViR »

where we repeatedly used equation (5.2), the trace—free property of the Weyl tensor and the definition of the
Cotton tensor.

Recalling that
-3 n-3
ViWijia = VWi = . Clu Czﬂ ,
the divergence of the Bach tensor is given by
1 1 n-
ViBi = mvk(vjcijk - RyWyj) = =272 R;iCjii — o 2)2 CiiRyy
n-4
BRI

In particular, for n = 3, we obtain V;B;, = V;By; = R;;Cy; and, for n = 4, we get the classical result V; By, =
VB = 0.
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5.1 The Evolution Equation of the Bach Tensor in 3D

We turn now our attention to the evolution of the Bach tensor along the Ricci flow in dimension three. In
order to obtain its evolution equation, instead of calculating directly the time derivative and the Laplacian of
the Bach tensor, we employ the following equation

(0¢ = A)Byy = Vj(0r = A)Cyji - [A, V;ICijic + 2Rp; VpCijie + [0¢, V1 Cijic » (5.3)

which relates the quantity we want to compute with the evolution of the Cotton tensor, the evolution of the
Christoffel symbols and the formulas for the exchange of covariant derivatives. We will work on the various
terms separately.

By the commutations formulas for derivatives, we have

ViViVaCijk = ViVaViCijk = Vi(RigipCpjk + RigjpCipic + Rigip Cijp)

vlquSCijk - VqVIVSCi]-k = qusprCi]-k + qu,-stCpl-k + quistC,-pk + qukasC,-jp,
and putting these together with g = jand I = s, we get

[4, V;1Ciji

Vi(RyjipCpji = RipCipi + RyjipCijp)
+ijvpcijk + leipVIijk - RlpVICipk + lekaICi}-p

R
=V |:(Rligjp - Ryp8ji + Rip&ii — Rjigip — j(gzigjp - gngji)) Cpjk

“RypCipic + (legjp - Rp8jk + Rip8u — Rix81p - g(glkgjp - gngjk)) Cijp]
+Rjp VpCijk + Ryjip ViCpjk = Rp ViCipie + Rijip ViCijp

= _%Vpchik -RpViChik + ViRjpCpj + Rjp ViChji = VpR;iCpjic = Rji Vp Cpjic
+%vacpik + %vpcpik - %VPRCipk -Ryp ViCipi - %vacikp -RpViCixp
+9R;pCiip + Rip ViCijp ~ VpRiCifp ~ RVpCip + 5 VpRCty + 5 VpCig
+Rjp VpCijk = Rip ViCpik + Rjp ViCpji = Rji Vp Cpjic + %Vpcpik

~RipViCipk = Rip ViCikp + Rjp ViCijp = R VpCijp + %V,,C,-kp
= ViRjpCpjk = VpR;iCijp = VpRiiCijp = VpRjiCijp = 2R, ViCpi
+2R;, ViCpik = 2R} VpCpjic + RVpCpitc + %VPRCikp + 2R, ViCijp
—2R;jVpCijp + RVpCixp + Rjp VpCiji
= ViRpCpi = VpRiiCpi + ViR Citp = VpRyCigp
2Ry ViCpik + 2R, ViCppie + 2R;iByig — 2R;;Bye + 2R, Vi Cigy
+2Ry By + Ry VpCinie — RBjy + %VpRCikp + RB;; - RBjy
= ViR Cpi = VpRiiCpire + ViR Citp = VpRiCigpy
Ry VpCitk + 2Ry, ViCpii + 2R Vi Cigp — 2Ry, Vi Cipie
1
2
The covariant derivative of the evolution of the Cotton tensor is given by

+ VPRCikp + ZleB” - RBik .

5
Vj(0t - A)Cyjpe = EVPRCipk + VpRCpyii + Rip VpCiai + Rip VpCiii = VR Cpys
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=VpRyiCipi = RipBpi + 5VpRyCiy — 5RipBpi + 2RBj
+2VsRyiCpsi8ik + 2RpBpi8ik — 2ViRpiCorr — 2Ry ViCpi
+%(\VR|2 + RAR - ARic])gyy - %(viRka + RV, VR - V;V4[Ric|?)
+24R;, R + 2V/RipV Ry — 2V, ViRpRyp - ViR, VR
+V, Vi RRy; + %kaviR - ARRy - VRV Ry.
Finally, the commutator between the covariant derivative and the time derivative can be expressed in terms

of the time derivatives of the Christoffel symbols, as follows

[06, VilCije = =0T Cppic - 0cTECisp
= ViRjpCpji + ViRipCpjic = VpR;iCpjic + ViR Cijp + ViRjp Cijp = Vo R Cijp
= ViRjpCpjk + VpRijCipi + VpRijCpij + VpRyiCipj + ViRjp Cijp + Vp Ry Cipj
= ViRipCpjk - VpRiiCpij — VoRiChjp + VpRiiCpri + 2VpRiCipj
= ViRiyCpjk — VpRijChjp + 2VpRy;Cip; -

Substituting into (5.3), and making some computations, we obtain the evolution equation

Proposition 5.2. During the Ricci flow of a 3—dimensional Riemannian manifold (M>, g(t)) the Bach tensor
satisfies the following evolution equation
(a[ - A)Bik = [BVpRCipk + VpRCpki - VpRVkRip}
+ [—ZRplvPCikl - 3RpkBpi - SRpink + ZARikap
_2vlkapiRpl + vlkaRli - ARRHJ
+  [-2VpRuCipi = 2VpRiCitp = 4VpR;Cipic = 2ViRpiCpia
+ [BRBlk + szRpleslgik + 2Rpprlgik
+2(VRP + RAR - ARic])gy - 3 (RV; VR - V;V[Ric)
+2V R ViR - leleik} .
Hence, if the Bach tensor vanishes identically along the flow, we have
0 = BVPRCipk + vaCpki - VpRkaip - ZRvapCikl
+2ARikap - zvlkapiRpl + VlkaRli - ARRik
=2VpRyiCipi = 2VpRiCigp = 4VpRiyCipi = 2ViR,1Cpi
1 .
+2VsRpCps18ik + E(|VR|2 +RAR - A\R1c|2)gik
1 .
-5 RV; ViR - V;Vi[Ric|*) + 2V R, V iRy = VIRV Ry

Remark 5.3. Note that, from the symmetry property of the Bach tensor, we have that the RHS in the evolution
equation of the Bach tensor should be symmetric in the two indices. It is not so difficult to check that this
property is verified for the formula in Proposition 5.2. Indeed, each of the terms in between square brackets
is symmetric in the two indices.

As a consequence of Proposition 5.2, we get that during the Ricci flow of a 3—dimensional Riemannian man-
ifold the squared norm of the Bach tensor satisfies
O - D)Byl* = -2|VByl® - 12ByBigRx + 6By VpR - 4ByRpy VpCig
+4B VpRitCpit — 8Bix VpRuiCipi — 4By ViRyCppg + 6R|By |
2B VpRV Ry + 4By AR Ry, — 4B ViViRpiRp + 2Bj Vi Vi RRy;
-2BjxARR;; — BixRV;V R + Bl-kV,-Vk|Ric|2 - 2B VIRV R
+4Bi; ViRip ViRyp -
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5.2 The Bach Tensor of Three-Dimensional Gradient Ricci Solitons

In what follows, we will use formulas (3.1)-(3.5) to derive an expression of the Bach tensor and of its diver-
gence in the particular case of a gradient Ricci soliton in dimension three.
By straightforward computations, we obtain

Bix = V;Cix
ViViR AR i
= sz = 8ik = ViRuVif + %VjRij
R R
+ (Rij - jgij) ViVif - (Rik - Egik) Af
1 1 1
= ZVleR - ZARglk - VleV]f + fVRV]fglk - Ri}'Rjk + ARik
1 A 1
+§RRik Rglk - 3AR; ik T RRzk + ARglk gzk

1 A /1
= ivilevlf - ileRli + ERik - ZVIRVIfgik - iRgik

1. 1 L
+§|R1C|2gik - VRxVif + —ijijgik =~ RyjRjic + ARy + 5 RRyx
A
—jRgik 3AR;; + RRy + ARglk R’gik

1 3
= SViRpVif + Zv'Rvjfgik - V'Rikvjf_ *Rinjk ~ 5ARik

3 A
+§RRik + iRgik + 5 |R1C| ik — SR8k -

A more compact formulation, employing equations (3.2) and (3.3), is given by

sz = Ev levlf"' ARgzk ARzk

Moreover, as we know that VB, = Cj;;R;;, we have

ZV levjf zk + ZRUR

1 1 . 1 1
Vi Bik —~RV;R- -R;;V;R+ |R1C|2Vif— Eszlf - Rilvijlj + ERRiiij

4 4
1 3 .2 1.2
= ijlR— ZR”VIR+ |R1C| V,-f— ER Vlf

Therefore, if the divergence of the Bach tensor vanishes, we conclude
%RViR - %Rikka + |Ric|2V,f - %sz,f -o0.
Taking the scalar product with Vf in both sides of this equation, we obtain
= JR(VR, Vf) - 2 [VRP? + Ric? /| - JR?|Vf]
and, from formulas (3.5) and (3.6), we compute
R Vif =R Vif) (kagij Yi Rgzk + ( ij 2g'1> Vif - ( ik~ %&k) ij>

R
= 4VkRka Rk]V RV, f + [Ric|*|Vf|* - \Vf\ ~RyVifRuVif + 5 Rk,kaV,f

2
Cyji|

R R . R?
Zijvjf - R ViR Vif + §Rjkvjkaf+ IRic|?|Vf|* - 7|Vf|2

= 2[RIV - R2|Vf]2 + RV, RV,f %|VR|2 ,

1
—ZRjkV,-kaR +

where we repeatedly used equation (3.4).
Therefore, we obtain

1 2
ViBuVif = 5 Cijiel”»
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so, if the divergence of the Bach tensor vanishes then the Cotton tensor vanishes as well (this was already
obtained in [2]). As a consequence, getting back to Section 3, the soliton is locally a warped product of a
constant curvature surface on a interval of R.
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