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Abstract: In this work, a mathematical model is presented for the prediction of the crystal size 
distribution of ice over the entire height of products frozen in vials. Unlike previous 
approaches, which were all based on empirical observations, the present one makes use of 
principles of chemistry and physics. In particular, we focus on a simplified version of such 
model and show its applicability to typical pharmaceutical formulations. The model 
predictions have been validated analyzing with Scanning Electron Microscopy the pore 
dimension of freeze-dried products, which corresponds to the ice crystal dimension of frozen 
products. 
 
Keywords: freezing, crystal sizing, mathematical modeling, freeze-drying, pharmaceutical 
solutions 
 
Introduction 
 

Prediction of the crystal size of solvent in frozen products is a fundamental issue in 
several fields of technology. For example, the ice crystal dimension of products to be freeze-
dried is a critical aspect [1, 2, 3, 4], as it is linked to the thermal stresses for the product as 
well as to the processing times [5]. Larger crystals, in fact, will result in a shorter primary 
drying, while secondary drying will be longer. Thus, an optimal dimension has to be found in 
order to improve the process as a whole. From this viewpoint, the possibility to predict ice 
crystal size would be extremely advantageous.  

As a consequence of the importance of the subject, many research works have been 
developed to obtain a quantitative relationship that correlates the thermal history with the size 
of the ice crystals, but these are all empirical formulas and lack of physical explanation. Many 
of such works relate the ice crystal dimension, Dp, with the temperature gradients within the 
frozen zone θ and the freezing front velocity ν [6, 7, 8]: 

 
  (1) 

 
Where α, λ1 and λ2 are adjustable coefficients that vary according to the type of product and 
process, covering a wide range and sometimes changing even within the same application, as 
shown in Table 1. 

 
Table 1. Empirical laws for crystal sizing 

Application Correlation Reference 
Freezing of apples  Bomben and King [6] 
Alloy solidification at high rates  Kochs at al. [7] 

Metal solidification at low rates  
 

Kurz and Fischer [8] 
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The aim of this work is the discussion of a mechanistic model capable of providing 
physical insight into the process and of predicting the ice crystal size distribution in wide 
ranges of conditions. The mathematical derivation explains from a physical point of view the 
previously assumed relation between Dp, ν and θ. The model has been developed in both a 
detailed and a simplified version, but we will focus here on the simplified one. The simplified 
model is easier to implement, but it is valid for dilute solutions only. In spite of this limitation, 
it was able to predict with good accuracy the ice crystals dimension of typical pharmaceutical 
formulations. The validation was performed using SEM images of freeze-dried products, 
whose pore dimension corresponds to the ice crystal size of the frozen product.  

 
Mathematical formulation 
 

The domain under investigation is the cylinder of product, having height ∆z and diameter 
D, where crystal growth is occurring. A picture of the domain under investigation is shown in 
Figure 1. 

 
Fig. 1. Scheme of the domain under investigation. 

 
In order to determine ice crystals size, an energy balance is written that describes the 

crystal growth process, once nucleation occurred. The domain considered changes its position 
during the process, as it follows the freezing front. Thus, the product height needs to be 
discretized into a finite number n of intervals, which will be denoted by subscript i.  

During the process, the temperature of the freezing front and of the zone where freezing 
has not yet completed is almost constant and equal to the equilibrium value. Thus, it is 
reasonable to model our domain considering steady state conditions, as well as absence of 
energy exchange with the unfrozen zone. As a result, the following energy balance can be 
written: 

heat removal heat transferred ice released hentalpy change

     by the      from the      by ice      due to new

frozen product lateral surface crystallization surface generat
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(2) 

 
 By approximating the derivatives with the corresponding finite increments, we get: 

 
 

(3) 

 
where aS,i is the ratio between the real ice surface area and the fictitious one calculated 
considering the ice crystals as perfect and smooth cylinders. 

 We can then combine the energy balance with the following mass balance: 
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(4) 

 
where m is the mass of water which crystallizes.  

 If we then assume that the mass of ice which crystallizes is proportional to the heat 
removed, we obtain the following equation: 

 
 

 
 

(5) 

where the term b accounts for surface irregularities and the real ice crystal habit. 
This is the general result of the model.  
However, we could assume that the solution is dilute, so that we can neglect heat 

transferred from the lateral surface. Moreover, we could write the following approximated 
mass balance: 

 

 
 

(6) 

where ε is the ratio between the volume of ice and the total volume of the system.  
 If we make these two approximations, we obtain a simpler equation: 
 

 
 

(7) 

 
The product γb cannot be calculated theoretically and has therefore to be estimated by 

fitting of experimental data for crystal size vs product thickness. However, it has a physical 
meaning and was found to be independent of operating conditions, such as cooling rate and 
nucleation temperature.  

We will focus here on the simplified model, Equation 7, which is easier to implement. 
We will show that it is valid for formulations and operating conditions which are typical of 
pharmaceutical processes. 

 
Materials and Methods 

 
The formulations investigated were mannitol or sucrose solutions. Mannitol and sucrose 

were purchased from Sigma Aldrich and used as supplied. The vials employed (type 1, 10R, 
45x24 mm, Schott AG, Germany) were accurately filled with 3 ml of sample solution. A 
freeze-dryer LyoBeta 25 (Telstar, Terrassa, Spain) was used for the freeze-drying cycles. In 
order to monitor the temperature of the shelves and of the product a system of T-type 
copper/constantan miniature thermocouples was used. 

The experiments were performed using the traditional shelf-ramped freezing technique. 
The vials were loaded onto the freeze-dryer shelves and then the refrigerating fluid 
temperature was decreased with a precise cooling rate until a value of -45°C was reached.  

Table 2 lists the details of formulations and operating conditions investigated. 
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After freeze-drying, the pore dimension of the product obtained, which corresponds to the 
ice crystal size formed after freezing, was evaluated using SEM analysis (SEM, FEI type, 
Quanta Inspect 200, Eindhoven, the Netherlands). An example of SEM images is shown in 
Figure 2. 

 
Table 2. Details of experimental tests 

 Formulation Cooling rate, K min-1 Nucleation temperature, K 
A Mannitol 5% w/w 0.8 260.5 
B Sucrose 5% w/w 0.8 258.2 
C Mannitol 5% w/w 0.8 266.4 
D Mannitol 5% w/w 0.1 261.0 
E Mannitol 10% w/w 0.8 261.3 

 

Fig. 2. SEM images at top, center and bottom of product for test E of Table 2. 
 

The product temperature profiles during freezing were obtained using the model 
developed by Nakagawa et al. [9] and compared with the experimental value. The 2D 
axisymmetric model for temperature prediction was solved using the commercial software 
COMSOL Multiphysics. While the experimental measure provided the temperature value at a 
single point of the sample, Nakagawa’ s model allowed the estimation of temperature within 
the whole product. Thus, it provided the information required for the evaluation of ν and θ, as 
described in Nakagawa et al. [9]. In fact, at the freezing front the temperature is equal to the 
equilibrium value and thus its position can be easily known; thus, ν can be evaluated as the 
ratio between the variation of the freezing front position ∆zf and the time interval ∆t: 

 

 
 

(3) 

 
Then, the temperature gradient θ is equal to the slope of the curve, at a given time, below 

the equilibrium freezing temperature.  
An outline of the procedure employed is summarized in Figure 3. 
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Fig. 3. Outline of the procedure employed to predict crystal size using temperature profiles. 
 
Results and discussion  
 

In this work we focused on the simplified model, Equation 7. The aim is to demonstrate 
its validity for formulations and operating conditions which are usually employed for 
pharmaceuticals.  

The values of the parameters used in the model are listed in Table 3. 
As can be seen from the Table, the numerical value of parameter γb is much higher for 

sucrose than for mannitol.  
 
 

 Table 3. Numerical values of the parameters employed 
ks 2.5 W m-1 K-1 
h 5 W m-2 K-1 
ρice 918 kg m-3 
∆Hf 333500 J kg-1 

γb (mannitol) 7·104 J K2/3 m-8/3 
γb (sucrose) 23·104 J K2/3 m-8/3 

 
  
The model for crystal sizing was validated using two different solutes, mannitol and 

sucrose, which represent an amorphous and a crystalline system respectively. Figure 4 shows 
that for both solutes, tests A and B, the model predicted fairly well the crystal size distribution 
as measured by SEM analysis.  
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Fig. 4. Comparison between simplified model predictions (-∆-) and SEM observations (■) for 
the average crystal size in the case of tests A and B (5% w/w mannitol or sucrose 
respectively). The histograms refer to the pore size radial distribution observed with SEM 
analysis. Insets show the temperature profiles at the product bottom as predicted by the model 
(solid black line) and as measured experimentally (black triangles). 

 
 
The models were then tested for different operating conditions and concentration, but 

using mannitol as model solute. In particular, nucleation temperature, cooling rate and 
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concentration were changed. The product morphology, as measured using SEM analysis and 
as predicted by the model, was characterized using the crystal diameter averaged over the 
vertical direction. As can be seen in Table 4, the simplified model could predict with good 
accuracy the product morphology.  
 
Table 4. Mean crystal size for tests A, C, D and E, as evaluated experimentally (Exp.) and by 
the simplified model (Sim. model) 

 Mean crystal size, µm 
 Exp. Sim. model 

A 24 23 
C 29 27 
D 35 36 
E 22 24 

 
Tests A and C were performed using the same cooling rate, but the two samples had 

different nucleation temperatures. On the contrary, tests A and D had similar nucleation 
temperatures but were conducted using different cooling rates. As can be seen from the Table, 
the model could effectively predict the crystal size increase with increasing nucleation 
temperature (tests A and C), and with decreasing cooling rate (tests A and D). In fact, 
nucleation temperature and cooling rate are taken into account by the model in the ν and θ 
terms.  

Moreover, it is remarkable that the model worked fairly well even at the higher 
concentration of 10% w/w employed for test E. This means that the simplified model can be 
effectively applied to typical pharmaceutical formulations, whose concentration is generally 
smaller than 10% w/w.  
 
Conclusions 
 

In this paper, a model for the prediction of ice crystal size distribution in frozen products 
has been discussed. The model predictions have been validated upon experimental 
observations collected analysing with SEM microscopy the pore dimension of freeze-dried 
products. The validation has been performed for different operating conditions and 
concentrations, showing that the model developed can be efficiently applied to typical 
pharmaceutical solutions. 

The dimension of ice crystals is a remarkable feature of products to be freeze-dried. For 
example, it strongly affects the duration of the primary and secondary drying phases, as well 
as the maximum temperature reached within the product. The model developed is therefore a 
solid starting point for a more conscious design of the freeze-drying process. 

However, not all the problems have been solved. In the model developed there still is a 
term that must be evaluated from experimental data. Thus, further work is needed to make 
crystal size completely predictable from theoretical considerations, without need of 
experiments. 
 
List of Symbols 
 
aS empirical coefficient that accounts for the real ice crystals surface, - 
b coefficient that accounts for surface irregularities and crystal habit, K2/3 m-2/3 
D vial base diameter, m 
Dp crystals diametfor er, m 
h heat transfer coefficient, W m-2 K-1 
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∆Hf latent heat of crystallization, J kg-1 
ks thermal conductivity of the solid, W m-1 K-1 
m mass of crystallized water, kg 
n number of discretization intervals, - 
N number of crystals, - 
Sice surface of ice crystals, m2 
T temperature, K 
∆T temperature difference between air and product, K 
t time, s 
∆t time interval, s 
Vice volume of ice crystals, m3 
z axial coordinate, m 
zf axial coordinate of the freezing front, m 
∆z axial interval, m 
∆zf variation of the freezing front position, m 
 
Greek letters 
 
α empirical coefficient of Equation 1, - 
γ solid-solid interfacial tension, J m-2 
ε ratio between the volume of ice and the total volume of the system, - 
θ temperature gradient within the frozen zone, K m-1  
λ1 exponent of Equation 1, - 
λ2 exponent of Equation 1, - 
ν freezing front velocity, m s-1 
ρice density of ice, kg m-3 
τ tortuosity, - 
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