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Abstract

In this work we describe an analytic method able to give the
multiplication table(s) of the set(s) involved in an S-expansion process
(with either resonance or O-resonant-reduction) for reaching a target Lie
(super)algebra from a starting one, after having properly chosen the
partitions over subspaces of the considered(super)algebras. This anaytic
method gives us a simple set of expressions to find the subset
decomposition of the set(s) involved in the process. Then, we use the
infrmation coming from both theinitial (super)algebra and the target
one forreaching the multiplication table(s) of the mentioned set(s). We
aso give someinteresting examples of application which check and
corroborate our analytic procedure and generalize some result already
presented in the literature
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Summary

This thesis is based on the reconstruction of the S-expansion method [5] on an analytical
way. This means to convert the method in an analytic one without random proccess or the
needed to use computational algoritms to find a Lie (Super)algebra from another one, the
key is the use of a general disjoint union of discrete and finite sets wich elements have in
principle the closure property (Magma) and a very especial element (also been closed un-
der the internal binary set operation) whose job is to abelianizate those commutation rules
that are nedded to obtain the exact description of the wanted Lie (Super)Algebra. The steps
to carry out along the use of this analytical method can been summarizated as follows:

1) Get the required information from the starting and arrival Lie (Super)Algebras, this is;
The total dimensionality and the subspace dimensionality of both in an equivalent alge-
braic partition (Spliting).

2) Put this data on the linear equation system that we have constructed wich give us just
one exact solution in terms of a set of numbers that must belong to the atural numbers,
if it's not the case (solution containing numbers belonging to other algebraic fields like
rationals for example) the immediate answer is the starting algebra and the arrival one
are not connect by means of an S-expansion procedure.

3) If the solution is natural we proceed to construct the commutation rules of the S-expan-
ded structure. The very interesting thing is that the linear system of equations provide us
also the cardinality of the unique set of the partition that must be multiplied whit its spe-
cific subspace (coming from the starting algebra). In this manner the new commutation
rules (the S-expanded ones) contains the information about the way in which the original
subspaces commutes among them and this information is traspassed to the way in which
the several subsets of the partition must be multiplied using what we call the composed
index. Untill this point we have used all the information that we need from the starting
algebra. It's necessary to recall that in all the S-expanded commutation relationships is
present the zero element taken axiomatically from the non analytical version of the me-
thod. This very important element is used in the next step.

4) Having to our disposition the S-expanded commutation rules we use what we call The
identification criterion, this is a tool that take allow us to identify the S-expanded genera-
tors with generators of the arrival algebra using the fact that the S-expansion procedure
doesn't produce changes in the internal structure of the generators as tranformation opera-
tors, so a rotation, translation or supersymmetry transformation, among others in the arri-
val algebra must be costructed in base of a rotation, translation or supersymmetry transfor-
mation coming from the starting one. This finally allow us to discover wich commutators
becomes abelianized by the selection of the zero element in the linear combination (right
side) that defines the subspace where falls the commutators product of two generators.

With the step 3 we find the way in wich the different elemententering the partition are re-
lated under the internal binary multiplication of the closed set and with the step 4 are foun-
ded in detail the binary multiplication rule for each pair of set elements lying inside each
element (subset) of the partition. In this way we have obtained the suitable set that bring us
from the starting algebra to the required one, this set could be a semigroup or not depending
on the implementation of theorem 3.

So now it's more simple to perfom the S-expansion procedure in an analytical and elegant
way.
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Chapter 1

Introduction

The relation of given Lie (super)algebras among themselves, and in particular the derivation
of new (super)algebras from other ones, is a problem of great interest, in both Mathematics
and Physics, since it involves the problem of mixing (super)algebras, which is a non-trivial
way of enlarging spacetime symmetries.

One method to connect different (super)algebras is the ezpansion procedure, introduced
for the first time in [1], and subsequently studied under different scenarios in [2—4]. In 2006,
a natural outgrowth of the power series expansion method was proposed (see Ref.s [5-7]),
which is based on combining the structure constants of the initial (super)algebra with the
inner multiplication law of a discrete set S with the structure of a semigroup, in order to
define the Lie bracket of a new S-expanded (super)algebra. From the physical point of
view, several (super)gravity theories have been extensively studied using the S-expansion
approach, enabling numerous results over recent years (see Ref.s [8-32]) in this context.

The S-expansion method replicates through the elements of a semigroup the structure of
the original (super)algebra into a new one. The basis of the S-expansion consists, in fact,
on combining the multiplication law of a semigroup S with the structure constants of a Lie
(super)algebra G [5]; The new Lie (super)algebra obtained through this procedure is called
S-expanded (super)algebra, and it is written as Gg = S ® G.

There are two facets applicable in the S-expansion method, which offer great manipulation
on (super)algebras, i.e. resonance and reduction. The role of resonance is that of transferring
the structure of the semigroup to the target (super)algebra, and therefore to control its
structure with a suitable choice on the semigroup partitions. Meanwhile, reduction plays a
peculiar role in cutting the (super)algebra properly, thanks to the existence of a zero element
in the set involved in the procedure, which allows, for example, the Inonii-Wigner contraction
(see Ref.s [33,34]).

A fundamental task to accomplish in the S-expansion is to find the appropriate semigroup
connecting two different (super)algebras, but this task involves a non-trivial process, due to
the fact that until today there is no analytic procedure to unequivocally derive the semigroup
performing the required expansion.

With this in mind, in the present work we describe an analytic method to find the correct
semigroup(s) allowing S-expansion (involving either resonance or 0g-resonant-reduction) be-
tween two different (super)algebras, once the partitions over subspaces have been properly
chosen.

This work is organized as follows: In Section 2, we give a review of S-expansion, reduc-
tion, Og-reduction (and Og-resonant-reduction), and resonance. In Section 3, we develop an
analytic procedure to obtain the semigroup(s) multiplication table(s) linking different Lie
(super)algebras. Then, examples of application are presented in Section 4. Section 5 contains
a summary of our results, with comments and possible developments. In the Appendix, we
give the detailed calculations for reaching the results we have obtained.



2 Review of S-expansion, reduction, Os-reduction and resonance

Chapter

Review of S-expansion, reduction, (Os-reduction (and
Os-resonant-reduction), and resonance

The expansion of a Lie (super)algebra entails finding a new (super)algebra starting from
an original one. The so called S-expansion, that is an incarnation of the expansion method
described in [2], involves a finite abelian semigroup S to accomplish this task, and it has
the feature of being very simple and direct (see Ref. [5]). The S-expansion method allows
to obtain new Lie (super)algebras starting from an original one by choosing an abelian
semigroup leading to resonant, reduced or resonant-reduced subalgebras.

2.1 S-expansion of Lie (super)algebras

The S-expansion procedure consists in combining the structure constants of a Lie (su-
per)algebra G with the inner multiplication law of a semigroup S, to define the Lie bracket
of a new, S-expanded (super)algebra Gs = S ® G.
Let S = {\,}, with « = 1,..., N, be a finite, abelian semigroup with two-selector Ka/;
defined by
Ko { 1,  when AgAg = Ay,
af 0, otherwise.

Let G be a Lie (super)algebra with basis {T4} and structure constants C 4, defined by the
commutation relations

(2.1)

(T4, Tg] = C 5 T (2.2)

Denote a basis element of the direct product S®G by T4 .) = A\oT4 and consider the induced
commutator

[T(A,a)v T(B,ﬁ)} = Aa)‘ﬁ [TAv TB] . (23)
Then one can show (see Ref. [5]) that the product
Ggs=5®¢ (2.4)
corresponds to the Lie (super)algebra given by
[Tae): Tis)] = Ko Cass” Tica, (2.5)
whose structure constants can be written as
(Cry) c
O(A,oc)(B,B) v — Ka’YCAB . (26)
The product |-, -] defined in (2.5) is also a Lie product, since it is linear, antisymmetric and it

satisfies the Jacobi identity. This product defines a new Lie (super)algebra characterized by
(Gs, [+, ]), which is called S-expanded Lie (super)algebra. This implies that, for every abelian
semigroup S and Lie (super)algebra G, the (super)algebra Gg obtained through the product
(2.4) is also a Lie (super)algebra, with a Lie bracket given by (2.5) .

'However, as we will show in the present work, there exist some exception in which, in order to reach
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Reduced Lie (super)algebras 3

2.2 Reduced Lie (super)algebras

In [5], the authors gave a definition in order to introduce the concept of reduction of Lie
(super)algebras. It essentially reads as follow: Let us consider a Lie (super)algebra G of the
form G = Vi @ V4, where Vj and V; are two subspaces respectively given by Vy = {7,,} and
Vi = {T,,}. When [V;,Vi] C V4, that is to say when the commutation relations between
generator present the following form

[Tag, Thy] = CopTey + Cope Ty s
[Taw Tbl] = CaobflTCN
[TCH?Tbl] = OmbeTCO + Calbfchl’
one can show that the structure constants C, ,* satisfy the Jacobi identity themselves, and
therefore
(Tao> Too) = Crayps Ty (2.10)

itself corresponds to a Lie (super)algebra, which is called reduced (super)algebra of G.
In spite of the similarity of the concepts, a reduced algebra does not, in general, correspond
to a subalgebra (see Ref. [5]).

2.3 0g-reduction (and 0Og-resonant-reduction) of S-expanded Lie
(super)algebras

The concept of reduction of Lie (super)algebras, and in particular Og-reduction, was in-
troduced in [5]. It involves the extraction of a smaller (super)algebra from a given Lie
(super)algebra Gg, when certain conditions are met.

Now, in order to give a review of Og-reduction, let us consider an abelian semigroup S
and the S-expanded (super)algebra Gg = S ® G. When the semigroup S has a zero element
0s € S (in the following, we will adopt the notation 0g = Ay, in order to make clearer
the multiplication rules of the semigroup(s) involved in the process), this element plays a
peculiar role in the S-expanded (super)algebra, as it was shown in [5]. In fact, we can split
the semigroup S into non-zero elements \;, ¢ = 0, ..., N, and a zero element Ay, = 0g = Ag,.
The zero element )\, is defined as one for which

Mosda = Aados = Ao, (2.11)

for each A, € S. Under this assumption, we can write S = {A\;} U {Any1 = Aoy}, with
i=1,...,N (here and in the following, the Latin index run only on the non-zero elements of

a target Lie (super)algebra, is not always necessary to use a semigroup, but just an abelian set, since the
procedure can be performed without requiring associativity. This is due to the fact that, in that cases, the
Jacobi identity is trivially satisfied (each term of the Jacobi identity is equal to zero).
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4 Reduction, Os-reduction (and Os-resonant-reduction) of S-expanded Lie (super)algebras

the semigroup S). Then, the two-selector satisfies the relations

Ki,NJrlj - KN+1,¢j =0, (2.12)
Ki,NHNH - KN+1,¢N+1 =1, (2.13)
Kyinid = 0. (2.14)

KN+1,N+1N+1 = 1 (2.15)

which mean, when translated into multiplication rules,

)\N+1)\i = )\N+17 (216)

AN+1>\N+1 - )\N+1. 217)

Therefore, for Gg = S ® G we can write the commutation relations

[Tian: Tsg) = Ki"Cag Tiow + K" 048 Tion s (2.18)
[Tian+1), Tisj] = Cas Tien+1), (2.19)
[Tians1), T nen] = Car Tien+1)- (2.20)

If we now compare these commutation relations with (2.7), (2.8), and (2.9), we clearly see
that
[T(A,i)vT(B,j)] = KijkCABCT(C,k) (2.21)

are the commutation relations of a reduced Lie (super)algebra generated by {T(4, }, whose
structure constants are K;; *C, .
The reduction procedure, in this particular case, is equivalent to the imposition of the
condition
Tant1 = AogTa = 0. (2.22)

We can notice that, in this case, the reduction abelianizes large sectors of the (super)algebra,
and that for each j satisfying K Nt = 1 (that is to say A\ogA\j = Ay+1), we have

[Tta), Tis] = 0. (2.23)

The above considerations led the authors of [5] to a definition which essentially reads:
Let S be an abelian semigroup with a zero element )\, € S, and let Gg = S ® G be an
S-expanded (super)algebra. Then, the (super)algebra obtained by imposing the condition

AoTu =0 (2.24)

on Gg (or on a subalgebra of it) is called Og-reduced (super)algebra of Gg (or of the subalge-
bra).

When the Og-reduced (super)algebra Gg, presents a structure which is resonant with
respect to the structure of the semigroup involved in the S-expansion process, the procedure
takes the name of Og-resonant-reduction.
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Resonant subalgebras for a semigroup 5

2.4 Resonant subalgebras for a semigroup

As we have seen, the S-expanded (super)algebra has a fairly simple structure. Furthermore,
with the reduction procedure we can arrive to a more interesting (super)algebra, where it is
possible to demand some abelian commutators.

Additionally, there is another way to get smaller (super)algebras from S ® G, which
strongly depends on the structure of semigroup, that we shall see below.

Let G = @pe ; Vp be a decomposition of G in subspaces V,,, where I is a set of indices. For
each p,q € I it is always possible to define the subsets i, C I, such that

Vi,V € € Vi, (2.25)

T€i(p,q)

where the subsets i, 4) store the information on the subspace structure of G.
Now, let S = UpE ; Sp be a subset decomposition of the abelian semigroup S, such that

Sp-S,c |J S, (2.26)

T€l(p,q)

where the product S, - S is defined as
Sp - Sq =M | Ay = A, Aay, With Ay, € Sy, Ao, € Sg} C S, (2.27)

When such subset decomposition S = Upe ; Sp exists, then we say that this decomposition
is in resonance with the subspace decomposition of G, G = @pe 1 Vo

The resonant subset decomposition is crucial in order to systematically extract subalgebras
from the S-expanded (super)algebra Gg = S ® G, as it was enunciated and proven with the
following theorem in Ref. [5] *:

Theorem 1. Let G = Upel V, be a subspace decomposition of G, with a structure described
by equation (2.25), and let S = Upel Sy be a resonant subset decomposition of the abelian
semigroup S, with the structure given in equation (2.26). Define the subspaces of Gg = S®G
as

W,=5,8®V,, pel. (2.28)

Then,
Gr=EPW, (2.29)

pel

s a subalgebra of Gs = S ® G, called resonant subalgebra of Gs.
The proof of Theorem 1 can be found in Ref. [5].

2This theorem corresponds to “Theorem IV.2” given in Ref. [5].
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6 Theoretical construction of the analytic method for finding the semigroup(s)

Chapter 3

Theoretical construction of the analytic method for
finding the semigroup(s)

In this section, we develop an analytic method to find the semigroup(s) involved in the S-
expansion procedure (with either resonance or Og-resonance-reduction) for moving from an
initial Lie (super)algebra to a target one, once the partitions over subspaces of the considered
(super)algebras have been properly chosen.

To this aim, let us consider a finite Lie (super)algebra G, which can be decomposed into
N subspaces Vy, with A = 0,1,..., N — 1, and can be written as their direct sum, namely
G =@, Va. Then, let us consider a target Lie (super)algebra Gs,,, (where the label “Sgg”
stands for “S-expanded, (0g-)resonant-reduced”), which can analogously be decomposed into
N subspacesj/A, with A = 0,1,..., N — 1, and can be written as their direct sum, namely
gSRR = @A Va .

Let us also consider an abelian, discrete and finite set §, with P elements, including
thezero element, \gvhich can be decomposed into N subsets S4, A=0,1,..., N — 1.

We will denote each of this subsets with Sa,, where the composed index A4 expresses
both the cardinality (number of elements) of each subsets (capital Greek index, A), and the
subspace associated (capital Latin index, A, B, C,...). The association between the subsets
and the (super)algebra subspaces is unique (under the resonance condition), and we will see
that for each value of A we will have a unique value for the corresponding index A. This is
the reason why we are using this composite index.

Thus, let us consider the decomposition of the set S in terms of its subsets partition

S =Ua,Sa,, (3.1)

where with the symbol LI we mean the disjoint union of sets.
We can now use this general partition and perform a 0g-resonant-reduced process *, linking
the original Lie (super)algebra G and the target one Gg,,. In this way, we get

Ospn =VoeVi® - dVy_1=
= (Sa, @ Vo) ® ({Nog} ® Vo) &
(3.2)
® (Sa, @ V1) ® ({Aog} @ V1) @

S---D (SAN_1 &® VN—l) @ { Mg} @ V1),

3Here and in the following, the quantities with a “tilde” symbol above will refer to quantities of the target
(super)algebra.

4A process which involves only resonance would be a simpler one, and it will be briefly treated in the
following.
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Theoretical construction of the analytic method for finding the semigroup(s) 7

Since we can factorize the zero element, the above relation can be simply rewritten as

Gopn =Vo®Vi® - - ®Vy_, =

(3.3)

= [(Sae @ Vo) ® (Sa, @ V1) @ -+ ® (Say_, ® Vv-1)] @ ({Aos} ©G).

As we have said above, equation (3.3) comes from the study of a Og-resonant-reduced process,
which we can be written in a more formal way as

gred—res

{Ua, {Sa,} @ Vo — (Uaus {Sa,} @ Vo +0.0) } & ...

B {Un,u, {Sa,t ® Vi — (Uaga, {Sa} @ Vi +0,01)}

D... & {Ua, {92, ® Vo1 — (Uanun .y {Sa.} ® Vo1 + 0,V_1) }
{Ua{Sa} = (Uaza, {Sa} +0.)} ® Vo

@ {Ua{Sa}t — (WA,p, {Sa}+0,)} @ W

@ {Ua{Sa} — (Wazay_, {Sa} +0,) @ Vy_1}

{S* O (Uayz {Sant + 05)} ® Vo

D {3@ (I_IAA;él {Sa,}+ 03)} %

D...H {5 O (Uausn_ {Sa,}+0y) ®} V-1
N-1 ~

(56 (UauurSan ®Xoy)| @ Vi,
T=0
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8 Theoretical construction of the analytic method for finding the semigroup(s)

where we have denoted with @& and & the direct sum and subtraction over subsets, re-
spectively.

From expression (?77?), taking into account the dimensions of the subspaces involved in
the partitions of the considered (super)algebras, the following system of equations arises:

dim (%) = dim (Vp) <]5— 1 —NZIAA> )

A0

dim (V1) = dim (1) (15— 1 —NzlAA> ,

A#1

(

(3.4)

/N

N-1
dim VN,l) = dim (Viy_1) <15 —1- > AA> ,

A#N-1

N-1
P=> As+1,
A

\

where in the expression P = Zﬁfl @ 4 + 1 we have P > P (let us remember that P is the
total number of elements of the set S), and the +1 contribution is given by the presence of
the zero element \g,.

We can rewrite the system above in the following simpler form (which comes directly from
relation (3.3)):

.

dim (%) = dim (Vp) (Ao),
dim (fﬁ) = dim (V1) (A1),

: (3.5)
(‘N/N—1> = dim (VN—l) (AN—l) )

1

P:ZAAH.
A

If this system admits a solution (which, if exists, is unique), then we will immediately
know, for construction, that it is possible to reach a S-expanded, 0g-resonant-reduced (su-
per)algebra Gg,, . starting from the initial Lie (super)algebra G with the considered partition
over subspaces, and we will also know the way in which the elements of S are distributed
into different subsets, i.e. the cardinality of the subsets associated with the subspaces of the
initial Lie (super)algebra.

In fact, knowing the dimensions of the partitions of both the initial and the target (su-
per)algebra, the system (3.5) can be solved with respect to the variables

=

di

\

P, Ay, A=0,...,N—1, (3.6)

9
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Theoretical construction of the analytic method for finding the semigroup(s) 9

and the solution (3.6) admits only values in N* (the value zero is obviously excluded).

We can observe that the system (3.5) admits solution if and only if the dimensions of
the subspaces of the target (super)algebra are proportional (multiples) to the dimensions
of the respective subspaces of the initial one °. Furthermore, this system admits solutions
only if the number of subspaces in the partition of the target (super)algebra is equal to
the number of subspaces in the partition of the starting one. These considerations offer a
criterion to properly choose a partition over subspaces for both the initial and the target Lie
(super)algebras, namely:

e The number of subspaces in the partition of the target (super)algebra must be equal
to that of the starting (super)algebra;

e The dimensions of the subspaces of the target (super)algebra must be multiples of the
dimensions of the respective subspaces of the initial one.

Once these two conditions over the partitions are met, one is able to develop our analytic
method and find all the semigroup(s), with respect to the chosen partitions, linking the
considered (super)algebras.

We can also observe that the system (3.5) can also be solved when considering an S-
expansion including just a resonant processes, since it also contains the subsystem

( dim (%) = dim (V5) (Ay) ,
dim (‘71) = dim (V1) (Ay),

(3.7)

dim

N71) = dim (Vy_1) (An-1),

1

VR
|2<j!

AA)

5
I
-]

\

in which we can clearly see that we are now considering the variable P = Zﬁ_l A 4 without
the +1 contribution, whose presence was due to the inclusion of the zero element \¢,. In
this case, the solution to the system (3.7) is unique again, and the considerations done for
the Og-resonant-reduced case still hold.

At this point, we know the cardinality of each of the subsets of the set S involved in the
process. Now we can understand something more about the multiplication rules of the set
S, by studying the adjoint representation of the initial Lie (super)algebra with respect to
the partition over subspaces.

Thus, we construct, for each subspace, the adjoint representation with respect to the
subspaces. This construction is based on the association

Vi, Vel C Ve — ()95, (3.8)

>This is the reason why, if the system (3.5) admits a solution, this solution is trivially unique.

10
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10 Theoretical construction of the analytic method for finding the semigroup(s)

where the index A, B, C can take the values 0, ..., N — 1, and where the matrix (C)Gp give
us the adjoint representation over the subspace A, which can be written as

(@ (o -+ (O)hg
(O)gB: (C.)gu (C.)}éll ) (3'9)
@ o (ONR

In this way, the matrix (C)4p is written by exploiting the commutation rules between the
different partitions over the subspaces of the initial (super)algebra, and it contains the whole
information about these partitions.

e The S-expanded adjoint representation in detail will aquire the following form:

("To) ("Tr) R
(K(QAA)>(ZA(;) (CA)S I (K(QAA))(;AIS) (Ca)o
() (1 \C (Ktaan) () (Ca)y (Koo)' (C)Y
vy a . «
(K(O‘AA))(ﬁAZ) (CA)B — A ('/6/\1) 1 A (/‘BAI) 1 (310)
(:YF ) 0 ("T'r) R
(K(QAA))(gAl) (CA)R ) (K(aAA))(,BAR) (CA)R
In particular:
("T0) 0 AT ! 0
(K(QAA))(ﬁA(;) (Ca)y = <<<<K(QAA))5A(;> (Om)n>A>0
AT 0 T dim(V,
((Kwan)h) (€ ((Kiaan)p ) (Co)g™
r 0 T dim (V¢
| ((ean) i) @) ((Kan)j) (Co) ™
T 0 ~T dim(Vp)
((K(QAA))BA(;) (Cm)aimeey <(K(QAA>),6AZ> (Con)aion(v5)

so as we can see this has the structure

((((Kaan)i) €ah) A)E — (((Kean)i) @ () A)E (3.11)

and where®

6The index #A 4 represent the cardinality of the subset A 4.

11
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Theoretical construction of the analytic method for finding the semigroup(s) 11

(K(OAA))Z;i(; AU <K(QAA))($EO)FO
t . (#To)T
(K(QAA))gi?) - (K(IA.A))ZAZ . <K(CVAA)')BA00 ' (3.12)
(K((#AA)AA))?;(/)\O)AO R (K((#AA)AA))EiiZ))IXE)

so we have show here the interesting structure of the remain representation for the S-
expanded Lie algebra

T
(Kaan) s = (Cn)r - Cip (3.13)

For the case of low dimension Lie algebras we propose the following procedure that puts
into practice part of the theorical machinary expossed previously. This is because the adjoint
representation for this cases is not to enormous and is handly to write it and recongnize the
correspondingly separation between the S-expanded subspaces. After this we are going to
make use of the full theoretical construction for the supersymmetryc case in wich we’ll note
the true scope by using it.

From this adjoint-like representation over the subspaces of the initial (super)algebra, we
can now write, according to the usual S-expansion procedure (as it was done in [5]), the
relations

[(SAA ® VA) © ({/\Os} ® VA) J (SAB ® VB) S ({AOS} ® VB)] =
= (KB (©)5n) [(Sae ® Vo) & ({hog} ® Vo)

where we have also taken into account the presence of the zero element in the set S, since
we have considered a 0g-resonant-reduction process 7. Here, the composite index Ay, Ap,
and Ac label, as said before, the cardinality of the different subsets (labeled with the capital
Greek index A), uniquely associated with the different subspace partitions (labeled with
capital Latin index). In order to write the relation (3.14), we are also taking into account
the following theorem:

(3.14)

Theorem 2. In the S-expansion procedure, when the commutator of two generators in the
original Lie (super)algebra falls into a linear combination involving more than one generator,
all the terms appearing in this resultant linear combination of generators must share the same
element of the set S involved in the procedure.

Proof. The demonstration of this theorem can be treated as a proof by contradiction (reductio
ad absurdum). In fact, if the linear combination of generators were coupled with different

TA process involving only resonance would be a simpler one, and it would require a similar (but simpler)
analysis, since, in that case, one would relax the reduction condition.

12
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12 Theoretical construction of the analytic method for finding the semigroup(s)

elements of the set S involved in the procedure, we would have

[Tia0ys Tip)] = NaTas AsT) = A Aﬁ[TA,TB] =
= K’YI C(ABC TCl ’71) K’YQ C CQTCQ 2) + - K’ynCAB T(Cn,“/n) (3'15)
= K CABCI M Te, + K2 CA302 MoTe, + -+ K Cus" Mo Te,,s

where {Aa, Ag, Ay Aygs ooy Ay } € S, {Ta} € Va, {TY € Vi, {Ten, Teys -, T, } € Ve 8, and
where

KMy # K% # - # K (3.16)

Equations (3.15) and (3.16) would mean that different two-selectors were associated with
the same resulting element, and, according to the definition of two-selector given in (2.1),
this would imply

)\04)\5 = )\’Yl = )‘72 = )"yna (317)

with 1 # 72 # - - - # v, which would break the uniqueness of the internal composition law
of the set S.

But this cannot be true, since the composition law associates each couple of elements
Ao and Az with a unique element A, (as we can see in the definition (2.1)). Thus, we can
conclude that when the commutator of two generators in the original Lie (super)algebra falls
into a linear combination involving more than one generator, the terms appearing in this
resultant linear combination of generators must be multiplied by the same element. ]

Theorem 2 reflects on the commutators involving the subspaces of the partition of the
original Lie (super)algebra and the subsets of the set S.

In fact, if the subspaces involving the linear combination of generators were coupled with
different elements of S, we would have

(Paan} ® V) ® (Do} © Vi) ((Asay} © Vi) © (Do} @ V)] =
= (K250 (O058) [(Panact © Vo) @ (s} @ Vo)) +

+ (KR s (©55) [(Praact © Vo) & (s} © Vo) + (3.18)

(K5 8 (©)52) (Panack © Vo) © (o} © Vo),

where with A, A, we denote an arbitrary element )\, contained in the subset Sy, associated
with the subspace Vy, with cardinality A ?, and where

(71,A¢) (v2,A¢) (%AC)
Kaan@an 7 Badnean 7 F Kadl)e.am)- (3.19)

Equations (3.18) and (3.19) would mean that different two-selectors were associated with
the same resulting element, which would break the uniqueness of the internal composition

8Here we denote with V4, Vi, and Vi the subspaces of the partition over the original Lie (super)algebra.
9The same notation has been adopted in equation (3.18) for all the other elements of the set S.
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Theoretical construction of the analytic method for finding the semigroup(s) 13

law of the set S. Thus, since the composition law associates each couple of elements in S
with a unique element of the set S, we can finally say that

[((ona} ® V) & (Dhog} @ Vi) ((As.ap} @ Vi) @ (Ao} © V)] =
= (K394 (©)58) [(ract © Vo) © (o} ©V0)].

By exploiting the statement of Theorem 2, we can also say that when the commutator
of two generators of the original Lie (super)algebra falls into a linear combination involving
more then one generator, the intersection between the subsets of the set S could be a non-
empty set, which means that the same element(s) will appear in more than one subset of
the set S 10

Furthermore, we can also observe that the S-expansion procedure does not always re-
produce an Inonii-Wigner contraction, and this is due to the fact that in the Inoni-Wigner
contraction there are some terms in the commutation relations which can go to zero sepa-
rately, while this cannot happen when one is dealing with the S-expansion, where, in fact, the
combination of two-selectors appearing in the left-hand-side of equation (3.15) can only give
either zero or a single two-selector. Thus, one can apply our analytic method with the ez-
ception of the cases in which the S-expansion procedure cannot reproduce the Inénii-Wigner
contraction.

We may observe that equation (3.14) can be rewritten in a simpler form (due to the fact
that the left hand side produces commutation relations that trivially conduce to the zero
element of the set S), which reads

(3.20)

[San © Vi, Sap @ Vi) = (K80, (€)%5) [(Sac @ Vo) @ (o} @ Ve)], (3:21)

so as to highlight the information we need to know about the multiplication rules between
the elements in the set S.

We can now proceed with the development of our analytic method. The relation (3.14)
gives us a first view on the multiplication rules between the elements of the set S, since it
tells us the way in which the different subsets of S combine among each other, that is to say

(SAA U {)‘Os}) ' (SAB U {)‘Os}) C SAC U {Aos}a (3'22)

where the product “” is the internal product of the set S , and thus between its subsets.
According to the relation in (3.21), equation (3.22) can also be rewritten as

SAA . SAB C SAC U {)\OS}. (323)

We have thus exhausted the information coming from the starting (super)algebra G, and
we have gained a first view on the multiplication rules of the elements of the subsets of
S. Now we can exploit the information coming from the target (super)algebra, in order to
fix some detail on the multiplication rules and to build up the whole multiplication table
describing the set S. This step is based on the following identification criterion.

10Tn the example given in Subsection 4.4, and in particular in Appendix D, we have used this statement;
The reader can find the explicit application of this observation in equations (D.57) and (D.58).

14


mitzein@hotmail.com
Texto tecleado
_____________________________________________________________________________________________________________________

mitzein@hotmail.com
Texto tecleado
13

mitzein@hotmail.com
Texto tecleado
Theoretical construction  of  the  analytic  method for finding the semigroup(s)


14 Identification criterion

3.1 Identification criterion

Until now, we have exploited the information coming from the original (super)algebra.

It is now necessary to understand the structure of the whole multiplication table of the
set S. To this aim, the other pieces of information we need to know come from the target Lie
(super)algebra. In fact, since at this point, we already know the composition laws between
the subsets of S, we can now write the following identification between the S-expanded
generators of the initial Lie (super)algebra and the generators of the target one:

TA = TA@ = )\QTA, (324)

where Ty are the generators included in the subspace V4 of the starting (super)algebra and
T, are the generators in the subspace V4 of the target (super)algebra, and where A, € S is
a general element of the set S 1.

We have to perform the identification (3.24) for each element of the set S, associating
each element of each subset with the generators in the subspace related to the considered
subset, that is to say, in our notation,

Th = NaanTa, (3.25)

where Ao a,) = Ao € Sa,-

We can observe that in the development of our analytic method, we can perform the
whole procedure of association and identification without affecting the internal structure of
the generators of the starting (super)algebra.

With the identification (3.24), we can link the commutation relations between the gener-
ators of the target (super)algebra with the commutation relations of the S-expanded ones,
and, factorizing the elements of the set S, we have the chance of fixing the multiplication rela-
tions between these elements. To this aim, we first observe that for the target (super)algebra
we can write the commutation relations

[TA,TB] — C, ST, (3.26)

where T4, T , and T¢ are the generators in the subspaces Vi, Vg, and Vo of the partition
over the target Lie (super)algebra, respectively (A, B,C € {0,...,N — 1}). Here, with C,,§
we denote the structure constants of the target Lie (super)algebra, that is to say C ¢ =
C’( Ao (B, /3)(0’7), in the usual notation. Then, by following the usual S-expansion procedure

(see Ref. [5]), since for the initial (super)algebra we can write
[T, Ts] = Cy To, (3.27)

where we have adopted the same notation used in the case of the target (super)algebra, and
where C' 4% are the structure constants of the initial Lie (super)algebra, we are able to write
the relations (2.5). We also report them here for completeness:

[T(A,a)a T(B,,B)} = Ka/;CABC Ticms (3.28)

R 1We have to remember that when performing our analytic method, we are just talking about a general set
S, since we do not know yet whether it is, or is not, a semigroup. However, the final check for associativity
will tell us if the set S is or is not a semigroup.
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Identification criterion 15

namely

MNaTa, AsTs] = K5 Cups’ AT, (3.29)

where the two-selector is defined by (2.1).

We now write the structure constants of the target (super)algebra in terms of the two-
selector and of the structure constants of the starting one, namely, reporting equation (2.6)
here for completeness,

. .
Cai = Crumpay ) =K, JCuf (3.30)

and we exploit the identification (3.24) in order to write the commutation relations of the
target (super)algebra (3.26) in terms of the commutation relations between the S-expanded
generators of the starting one, factorizing the elements of the set S out of the commutators.
In this way, we get the following relations:

MNaTu AsTs) = K5 Cous MTe, — Aas[Ta, Tp) = K5 Cys M Te. (3.31)

If we now compare the commutation relations (3.31) with the ones of the starting (su-
per)algebra in (3.27), we are able to deduce something more about the multiplication rules
between the elements of S, that is to say:

Aads = A (3.32)

We have to repeat this procedure for all the commutation rules of the target (super)algebra,
in order to sculpt the multiplication rules between the elements of the set S.

We observe that, during this process, the possible existence of the zero element in the set
S, namely Ao, can play a crucial role, since, in the case in which the commutation relations
of the target (super)algebra read

[TA,TB} —0, (3.33)
and at the same time from the initial (super)algebra we have
(T4, T] # 0, (3.34)
putting all together the relations
NaTa; AsTB] = Aads [Ta, Tg] = Co s A\ Te =0 (3.35)
and (3.34), we can conclude that
AaAg = Aog- (3.36)

Thus, at the end of the whole procedure, we are left with the complete multiplication
table(s) describing the set(s) S involved in the S-expansion (with either resonance or Og-
resonant-reduction) process for moving from an initial Lie (super)algebra to a target one.

The final step consist in checking that S is indeed an abelian semigroup. This is done by
checking the associativity of the multiplication table(s) (one of the properties required by a
set to be defined as a semigroup is, in fact, the associative property).

16
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16 Identification criterion

Another very important thing is that in the set of equations (3.4) has another piece of
infor-mation to give us. For the cases in wich we are requiring to this equations the
following procedure, for example

dim(Vo)s—exp, .r. = dim(Vp) (P —1—m), (3.37)
dZ'TI’L(‘/l)S_emp7 R.R. — dZm(Vi) (P —1-— l) s (338)
P =1l+m+1 (3.39)
where
dim(Vy) =0 (3.40)
we’ll have

dim(‘/l)S—emp, R.R. — 0

no matter the possible values on the factor (P — 1 —1[) it will always be zero, so the
remaining sistem of equations becomes degenerated as follows (for example)

dim(‘/g)s_ezp, R.R. — dlm(‘fo) (P —1- m)
dim(Vl)g,exp, R.R. — 0 (341)
P = I1l4+m+1
so we have to think on the above in a rather different way to have as equations as unknowns

as is possible. This is done realizing our selves that the only way to create the new subspace
V} is to extract some generators of the non zero part in the original algebra. This is traduced

in the set (3.4) like this

dim(Vo)s—eap, r.r. = dim(Vp)m, (3.42)
dim(V1)s—cap, r.r. = dim(Va)l, (3.43)
dim(Vp) = dim(Va) + dim(Vp), (3.44)
P = l+m+1 (3.45)
simplifing the unknown labels
A = am (3.46)
B = bl (3.47)
P = 1l4+m+1 (3.48)
C = a+b (3.49)
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Identification criterion 17

we have the fisrt solution:

1 1 3 [
P=——(2°+21—1 = — (6l — = - = — .
25—1(l+l ), a l(ﬁz 3), b M= 5 (3.50)
then, as b most belong to naturals it's necessary that 1 aquires the numeric values

[ = 1,3 wich make exact the equation system, so we have the second solutions:

P =3 a=30=31=1m=1 (3.51)
13 3
= E,azﬁ),b:l,m:g (3.52)

from wich just (3.51) is consistent with the naturals condition. This represent the case
ofthe Inonti-Wigner for the proccess so(2,2) — iso(2(1),1(2)) using the semigroup SS)

Now if we have a more general case in wich the unique initial space that composites the
original algebra we’ll find the following system of equations

P = 1l4+m+n+1

dim(Vo)s—eap, r.r. = dim(Vg)m, (3.53)
dim(V1)s—eap, r.r. = dim(Va)l, (3.54)
dim(Va)s—eap. r.r. = dim(Vo)n, (3.55)
dim(Vy) = dim(Vy) + dim(Vg) + dim(Ve), (3.56)

(3.57)

3 = am (3.58)
3 = bl (3.59)
6 = cn (3.60)
P = l+m+n+1 (3.61)
9 = a+b+c (3.62)

The first two solutions are:

18
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18 Identification criterion

P:m(52n2+52 — 9bn® — 3bn + 6b — 27n + 18),
a———(bn—9n+6)
1) s
=h
3bn In+6
(3.63)
p=:
a=—b
moyZy (3.64)
b
==
=2
3

this is not at all undefined because we have on hand the fact that all the terms in

most belong to naturals numbers so this implies that /] are discarted and

cn = 6 (3.65)
b = 3 (3.66)

so as we know all the variables belong to naturals so it’s naturally necessary that [=1.3
and b = 3,1 correspondingly. Is important to emphatize that here we obtain at the same
time two unknown variables despite the undefined system of equations and the fact that we
have more than one option is convenient because we ensure a little more that an answer will
be finded. So let’s choose the first answer [ =1 and b =3

3 = am (3.67)

6 = cn (3.68)

P = 14+m+n+1 (3.69)

9 = a+3+c. (3.70)

Solution is:
p - (2m* + 5m — 2) (3.71)
2m — 1 ’

3

_ 3 72

a — (3.72)
1

= —(6bm—-3 3.73

c = (6m-3), (3.73)

2m
= .74
n — (3.74)
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so using the naturals condition we get inmediatelly the full set of numeric values for the
unknown variables

2m

om—1 < N
=
m = 1
= n=2,¢=3, a=3, P=5 (3.75)
withn =1,2,...,00. For the other branch [ = 3 and b = 1 we get the two exact solutions

P—351,a—30—5n—5andP 7a—1C—7n—$
so that branch is discarded by the naturals condition. In summary the system of equation

aquires analytically the unique numeric solution

a=3,b=3c=3m=1n=21=1, P=5 (3.76)

this implies that there are a possible S-expansion for to pass from the (sample) Lie algebra
G =VotoGs_exp = VO eV, &V, with a semigroup at least P = 5 elements, with a partition
LA {Sia} = {Sm. FU{S, U {Sn.} = {S1,} L{S1, } U {5, } and that way to split the original
algebra in three subspaces Vp & Vi @ V, with cardinality a = 3, b =3, ¢ =3, m =1
correspondingly.

Let’s go beyond in the generalization of the possible procces that we can achieve with the
S—expansion, now in the case that there are two subspaces Vj, Vi, for example:

dim(Vo)s—eap, r.r. = dim(Va)m, (3.77)
dim(V1)s—eap, r.e. = dim(Vp)l, (3.78)
dim(Va)s—eap, r.r. = dim(Vo)n, (3.79)
dim(Vs)s—cap, r.r. = dim(Vg)l, (3.80)
dim(Vy)s—cop. r.r. = dim(Vp)l, (3.81)
dim(Vp) = dim(Vy) + dim(Vg) + dim(Ve), (3.82)

dim(Vy) = dim(Va) + dim(Vg) + dim(V¢) (3.83)

P = 1l+m+n+1 (3.84)
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2 = am (3.85)
3= (3.86)
b= o (3.87)
L =7 (3.88)
2 = g0 (3.89)
3 = a+b+c (3.90)
3 = f+g (3.91)
P = 1l4+m+n+o+1 (3.92)
The solution is:
O it —go+2#0 (3.93)
and
6m — 20
—6mo?® — 15m2o
P =g 2o+9mo2 5mo+302 ( +9mo® + 9Im*o® |,
—10mo + 6m?
+20* + 30° —go+2=0
I % if A (3.94)
- % 90 —6), 0#0
C=$(6m—20—6m0),
f=50Bo-2),
l= 35
n=2mg—2—o—
according to this we know that
0 1
L= 355 N b=2(9-6)
—
o = {1}no=1{1,2,3,6) (3.95)
_—
o =1 (3.96)
bo=3 (3.97)
fo= (3.98)
g = 2 (3.99)
m = {1,2} (3.100)
o = 121} (3.101)
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but, by the naturals condition

¢ = —(6m—20—6mo) €N
mo
—
-2 € Nm
—
m ¢ (3.102)

wich is contradictory so this sistem doesn’t have a natural solution and has to be

discarted. This implies that there are not a possible S-expansion to pass from the (sample)
Lie algebra G = Vj @ V] to Gg_exp = Vo Vi & Vo @ V3 & V) by means of a S-expansion
following the given above requirements.

Whit this analisis we can finally know that it’s possible in some cases to obtain a different
quantity of subspaces between the original Lie algebra and the S-expanded one but always
respetting the identification criterion, that means, the S-expanded subsapces that we create
from the original ones and that exede the number of subspaces of the original Lie algebra
must be considered as the same nature in the sense of the action that perfomr over a vectorial
space. For example if in the original one we had one subspace of rotations the new subspaces
created from this must be rotations too.

3.2 A note on associativity

A note on associativity

The last step consists in analyzing the associative property of the set S. The check
for associativity can be rather tedious if performed by hand, but, fortunately, it can be
implemented by means of a simple computational algorithm. In fact, by mapping the ele-
ments )\; of the set S to the set of the integer numbers ); <+ i € N, it is possible to store
the multiplication table of S as a matrix M, in a form in which its elements are given by
XA = A = M(j, k) = i, where ¢ is the index associated with the element );. Associativity
can now be easily tested by checking that, for any ¢, j, and k, the following relation holds:

MM, §), k) = M(i, M(j, k). (3.103)

After the check for associativity, the degeneracy of the multiplication table(s) obtained in
the analytic procedure after having applied the identification criterion is fixed, and we are
left with one (or more) semigroup(s).

However, in Section 4, we will develop a particular example of application of our analytic
method in which, in order to reach the target Bianchi Type II algebra from the Bianchi Type
I algebra, the structure of semigroup is not necessary, since the procedure can be performed
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22 Examples of application

with abelian set(s), without requiring associativity. This is due to the fact that, in that
case, the Jacobi identities of both the mentioned algebras are trivially satisfied (each term
of the Jacobi identities is equal to zero). In this work, we just mention this particular case,
generalizing the result presented in the literature (see Ref. [20]).

4 Examples of application

In this section, we give some example of application of the analytic method previously
developed. We start with a simple example involving the Bianchi Type I and the Bianchi
Type II algebras, and then we move to more complicated cases. In particular, the last
example presented in this section involves the supersymmetric Lie algebra osp(32/1) and
the hidden superalgebra underlying D = 11 supergravity, largely discussed in [38,39].

The details of the calculations are treated in the Appendix, while in the following we
report and discuss our main results.

4.1 From the Bianchi Type I algebra (BTI) to the Bianchi Type
IT one (BTII)

In the following, we apply the method developed in Section 3 in order to find the possible
semigroup(s) leading from the non-trivial Bianchi Type I algebra (BTI) to the Bianchi Type
IT (BTII) one. To this aim, we first of all analyze the structures of the initial algebra and of
the target one. The only commutator different from zero for the BTI algebra is

[X1, Xo] = Xi, (4.1)

where X; and X, are the generators of the BTT algebra. For the BTII algebra, instead, we
have

Y1, 2] =0, (4.2)
[Y1,Y35] =0, (4.3)
Y2, Ys] =Y1, (4.4)

where Y7, Y5, and Y3 are the generators of the BTII algebra. The details of the calculations
are treated in Appendix A, while in the following we report our results.
Performing the steps described in Section 3, we obtain the multiplication tables

Ao b Ae Ao
)\a Aa,Os /\Os )‘b )\OS

Ao | Aog Aaos Aaog  Aog (4.5)
)\C >\b )\a,OS )\a,OS )\05
Mg | Ao Aos Aog Aog
We can now perform the following identification:
Aa=2X2, M=2A3, A=A, Aog =\ (4.6)
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From the Bianchi Type | (BTI) to the Bianchi Type Il one (BTII) 23

Thus, we can rewrite tables (4.5) as follows (where the elements are written in the usual
order):

At A3 N

At doa A3 Ao M

A2 | Az Aoa Asa Mg (4.7)
Az [ A2a Aoa Asa Mg

Ml A A A A

These are the multiplication tables of the possible sets S’s involved in the S-expansion,0g-
resonant-reduced procedure from the BTT algebra to the BTII one. Here we clearly see that
the tables described in (4.7) also include abelian sets that cannot be defined as semigroup,
since they do not possess the associative property. Fortunately, for both the BTI and BTII
algebras, each term of the Jacobi identity is equal to zero (thus, the Jacobi identity is trivially
satisfied), and thus each possible combination of elements in (4.7) is valid for describing
an expansion procedure involving both resonance and reduction, without the necessity of
requiring associativity. Thus, the multiplication tables (4.7) generalize the result previously
obtained in [20].

We can also perform a last step, in order to find the table(s) in (4.5) which describe
semigroup(s). This step consists in exploiting the required property of associativity, in order
to fix the degeneracy on the multiplication tables (4.5) and finding the semigroup(s) involved
in the process. The calculation is rather tedious to be performed by hand, and we have done
it with a computational algorithm. For completeness, here we report only the significant
relations for checking associativity by hand and understanding which are the semigroups in
(4.5):

AA) A = Ac(Acds) = Ahp = Aoy, (4.8)
(AcAa)Aa = Ae(Aada) = Ao = Aog, (4.9)
()\c)\b)/\b = )\c(/\b)‘b) = /\b)\b = )\OS‘ (410)

After having checked associativity, we are thus left with the only degeneracy
AeAe = Aa0g- (4.11)

We can now substitute the index a, b, ¢, 0g with numbers. We perform again the identification
(4.6), and we write the multiplication tables thus obtained in terms of \;, with ¢ = 1,2, 3, 4,
in the usual order:

AL A A3 A
At A2a A3 A A
Aol Az A A Mg (4.12)

As| A M A Mg
YR EP.VERRD VERD.VERD VI

We observe that the abelian, commutative and associative tables (4.12) include the multi-
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24 From the Bianchi Type | (BTI) to the Bianchi Type Il one (BTII)

plication table of the semigroup Syo described in [20], namely

A A Mg
M A A M M
Al As M M M (4.13)

Az | A A A A
) VR IP.VERD. VIR VRV

which represents a possible semigroup for moving form a BTI algebra to a BTII algebra,
through a Og-resonant-reduction procedure. The degeneracy appearing in (4.12) (namely
AA1 = Aag4) shows us that there are two possible semigroups able to give the same result
(one of them is the same described it [20], Sy, while the other one is a new result that we
have obtained with our analytic procedure).

We have thus given an example in which the method described in Section 3 allows us to
find the semigroups for moving from the BTI algebra to a S-expanded, 0g-resonant-reduced
one (BTII), once the partitions over subspaces have been properly chosen.

We can now try to achieve the same result, by considering an S-expansion with only a
resonant structure (relaxing the reduction condition). To this aim, we study the system
(3.7), which, in this case, is solved by

P == 3, AO == 1, Al = 2. (414)

Then, performing the usual procedure (see Section 3) and assuming the same identification
presented in the detailed calculations for the previous case (see Appendix A), namely

A Xo =VY5 (4.15)
X1 =Y (4.16)
A X =Ya, (4.17)

we can reach the multiplication rules between the elements of the set S , after having faced
the particular situation in which

[Y1,Y¥3] =0, (4.18)
[)\le, )\an] - 0, (419)
Moo [ X1, Xo] =0, (4.20)

where [X, Xo] = X; # 0. As we can see in equation (4.18), the generators Y; and Y3 of
the target algebra must commute, while the generators X; and X, of the starting algebra
do not commute; so, the only way for reaching a consistent multiplication rule between the
elements A, and )\, consists in adding a zero element in the set S involved in the process,
such that

Mg = Aos- (4.21)

The inclusion of the zero element is consistent, since this modification just affects the variable
P in the system (3.7), which increases of +1 (namely, P = 4). In this way, the multiplication
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From the Bianchi Type | (BTI) to the Bianchi Type Il one (BTII) 25

table of the set S acquires both a new row and a new column, without affecting associativity,
in the case of a semigrup table.

We can thus conclude that, in this case, our analytic method shows us the necessity of
including a Og-reduction to the resonant process too. Thus, we can reach the following
multiplication rules:

AaAa =g,
AcAa =Ap,
AbeAbe =Aa,
A Ao =Aog, (4.22)

and the multiplication table, after having performed the identification

Ao = A2, Ay = A3, A, =\, with the extra zero element Ao, = A4, (4.23)
reads
‘>\1 N s Al A2 Az A\
VDY VD Al A2 A3 A A\
RS R D Y D VD VD VIR VI (4.24)
A2 | A3 A2 Ay
)\ A )\ )\ A3 )\2 )\4 AQ )\4
172 A2 )YEDVED VD VW

Let us finally observe that table (4.24), which is abelian (but not associative), is included in
the multiplication tables (4.7), previously obtained in the context of 0g-resonant-reduction.

This last table has its significance because lead us to a very interesting conclusion accord-
ing to the ref [5] , in particular to the theorem I71.1:

Theorem III.1 Let S = {A,} be an abelian semigroup with 2-selector K,3 and G a Lie

(super)algebra with basis {7},} and structure constants C,,". Denote a basis element of the

direct product S®G by T(,a) = AaT, and consider the induced commutator [T{,.q), T(q,5)] =

AaAg [T, Ty Then S ® G is also a Lie (super)algebra with structure constants
Craias) ™ = Kap"Cry’

For the present example we have to make the following obsevation looking at the Jacobi
identity

[Tpa [Tqa Tr” + [Tqv [TrvaH + [Trv [TvaqH =0

for the S-expanded version

[)‘anv [)‘BTqv )"yTr]] + P‘BTqv P"YTT? )‘anH + [)WTH P‘aTq? )‘BTPH =0
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to demonstrate that S ® G satisfy the Jacobi identity and consecuenty (a fundamental
property of a Lie algebra) it has been said that a necessary condition over the set of elements
S = {\} is the associativity because htis property allow us to rewrite the above expression
in the following form

)‘a/\ﬁ)‘v [Tp7 [Tq7 TTH + )‘B)"Y)\Oé [Tq7 [Tr» Tp” + )‘7/\06)‘/3 [Tra [Tq’ Tp“ =0
)‘a)‘ﬂ)‘v [Tm [Tq> TTH + )‘a)‘ﬁ)‘v [Tm [Trv Tp“ + Aa)‘ﬁ)‘v [Tra [Tqa Tp]] =0

AaAsAy ([T, [To, T )] + [Ty, [T, T)) + [T, (T4, Trl]) = 0

J

~~
=0

where in the second row we have used the associativity property imposed over the set
S = {\} to factorize the triple multiplication A,Ag\, and ensure the last equality.

However this is not always a necessary condition as we will see form this example.

form [X;, Xs] = X7 we have

[Th, (11, )] + [Th, (T2, Th]] + [T, [T1, Th]] = 0
[T, [, D)) + [Ty, [T, 1] + T3, [T, 1] = 0

so we will have for the S-expanded version

AT, (AT, AVI]] + [NsTh, [A Ty A Th]] + [N T2, [ANTh, AsTH]] = 0
Aa s A [T, [T, To]] + Ag A Aa[Th, [To, Th]] + A Ao 1o, [T, Th])] = O
=0 =0 =0

so the last equality is ensured without impose associativity on the set S = {A}. In base
of this we stablish the following theorem:

Theorem 3. Let S = {\,} be an abelian, discrete and fnite set (magma) S = {\} and G a Lie
(super)algebra with basis {T},} and structure constants C,,". Denote a basis element of the

direct product S®G by T(,a) = AaT) and consider the induced commutator [T{,.q), T(q,3)] =
AaAg [T, T,]. If there are two subsets of gneratos in G denoted by Z = {7;} and Ty = {1, },
where:

4T
#1o

AV,
—
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is0(2,1) from the Os-resonant-reduction of so(2,2) 27

T3 To,] = 0
1515 = To,

ko # 4,
Lok € 1

holds and Z NTy = ) is suffitient but not necessary. Then the product space S ® G will
be a Lie algebra without imposing complete associativity on the set S.

Proof:
[AaTis Na T A Th]] + [N Ty, (AT, AaT]] 4 (AT, [N T AT]] = 0
(AaAsA) [T, [T5, Tel] + (AsAyAa) (15, [Th, Til] + (A Aads) [T, [T3, T3] = 0O
(AQABAV)CkaLzéé?£l4—(AgAvAa)C%f”izzigﬁl—%(AvkaAﬂ)CkaEZEigﬁi =0
= -0 =0

for every set Z € G and without the necessary factorization of the triple set product. This
implies that the condition (for factorization)

AaAsAs = AsAda = A dadg

It is not necessary either. o
So the associativity of the set(s)S = {A} is sufficient but not necessary.in all this cases.

4.2 iso(2,1) from the Ogs-resonant-reduction of so(2,2)

In this example, our aim is to find the multiplication table(s) of the semigroup(s) connecting
the Lie algebras so (2,2) and iso (2, 1) in three dimensions, through a 0g-resonant-reduction
process, after having properly chosen the partitions over subspaces.

We can write s0(2,2) = {J;, P,}, with i = 1,2,3, and iso(2,1) = {J;, P}, with i =
1,2,3, where we have considered J* = 1% J;, according to the notation used in [44]. The
commutation relations between the generators of the starting so(2, 2) algebra can be simply
written as

[ i Jj] = €ign ", (4.25)
[P, Pj] = €ijn", (4.27)
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28 The Maxwell algebra as a Os-resonant-reduction of the Anti-de Sitter Lie algebra

where 7, 7, k,... = 1,2, 3, and the commutation relations between the generators of the target
iso(2,1) algebra can be written as

'j,éﬂzzqﬂﬁ*, (4.29)
éjﬂ:a (4.30)
where, again, i, j,k,... = 1,2,3. Thus, following the procedure described in Section 3, we
reach the multiplication table
‘ Ao A1 g
A | Ao A1 Ag
MA A A (4.31)
Ao | Ao Ao Ao

The detailed calculations are treated in Appendix B, while in the following we discuss our
result.

Table (4.31) is an abelian, commutative and associative multiplication table (the check
for associativity in this case is simple). Thus, we are left with the semigroup that allows us
to move from the Lie algebra so(2,2) to the Lie algebra iso(2,1) one through 0g-resonant-
reduction, just performing the analytic procedure described in Section 3. We have found out
that a single semigroup (with respect to the chosen partitions) is involved in the process,

and it corresponds to the well known semigroup Sg), which is given by

(4.32)

N e — Aatp, Whena+ [ <2,
anh = Ao, when o + 8 > 2.

As we can see, table (4.31) perfectly fits this description.

4.3 The Maxwell algebra (M) as a Og-resonant-reduction of the
Anti-de Sitter (AdS) Lie algebra
With the analytic procedure described in Section 3, we can find the semigroup linking the

Anti-de Sitter (AdS) and the Maxwell (M) algebras, through the S-expansion (0g-resonant-
reduction) procedure. In the following, we will show that it is exactly the one obtained

in [22-24], that is to say the semigroup Sg), which satisfies the multiplication law

Aa+ 8 h <3,
&Mz{ +8  whena+p (4.33)

A3, when a + 8 > 3.

We start with the analysis of the two mentioned algebras. The generators of the AdS
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The Maxwell algebra as a 0s-resonant-reduction of the Anti-de Sitter Lie algebra 29

algebra are {Ju, P,}, and they satisfy the commutation relations

[Jaln ch] - nchcd - nacjbd - 77bd<]ac + nadjbcu (434)
[Jaln Pc] = 77bcPa - nacpba (435)
[Pay Pb] = Jab- (436)

The generators of the Maxwell algebra M are {Ju, Py, Zas}, and they satisfy the following
commutation relations

:jab; ch] = MoeZea — NacZva — MoaZac + Nad Zve, (4.37)
'Zab,ﬁa] =0, (4.38)
Zav: Zet) =0, (4.39)
:jaba jcd} = Moeded — NacIbd — MbdJac + TadJoe, (4.40)
jab, ]50] = chpa - nacpln (4.41)
_Pa,ﬁb] = Zup. (4.42)

We observe that a particular characteristic of the Maxwell algebra is given by the relation

[Pa, Pb} — T, (4.43)

and that Z,, commutes with all generators of the algebra, except the Lorentz generators Jp.

Interestingly, the Maxwell algebra M can be obtained with an Inéni-Wigner contrac-
tion of the AdS-Lorentz algebra '3 (of which the Lorentz type algebra £ = {Ju, Za} is a
subalgebra), whose supersymmetric extension was deeply studied in Ref. [35] in the context
of the supersymmetry invariance of a supergravity theory in the presence of a non-trivial
boundary.

The details of the calculations involved in this example are reported in Appendix C, while
in the following we discuss our main results.

By performing the analytic procedure described in Section 3, we reach the multiplication
table

Mo M A A
Mo ho M A s
A M A A A (4.44)

)\2 )\2 )\3 )\3 )\3

As | A3 A3 Az Ag
This table represents an abelian, commutative and associative semigroup, that is exactly the
well known semigroup S](;) found in [22-24].

13This can be easily proved by performing on the AdS-Lorentz (super)algebra (the supersymmetric ex-
tension of the AdS-Lorentz algebra is displayed in Ref. [35]) the following redefinition of the generators
Jab = Jab, Zap — E%Zab, P, — %Pm (Qa — éQa), which provides us with the Maxwell (super)algebra
(s)M in the limit € — 0 (here we have relaxed, for simplicity, the notation with the symbol “tilde” above
the generators).
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30 supergravity

4.4 From the supersymmetric Lie algebra osp(32/1) to the hidden
superalgebra underlying D = 11 supergravity

With this example, we move to superalgebras, and in particular we concentrate on the super-
symmetric Lie algebra osp(32/1) and on the hidden superalgebra underlying supergravity in
eleven dimensions.

Simple supergravity in D = 11 was first constructed in [36]. The bosonic field content
of D = 11 supergravity is given by the metric g,, and by a 3-index antisymmetric tensor
Ay (v, p, ... =0,1,..., D —1); The theory also presents a single Majorana gravitino ¥, in
the fermionic sector. By dimensional reduction (as it was shown in [37]), the theory yields
N = 8 supergravity in four dimensions, which is considered a possibly viable unification
theory of all interactions.

An important task to accomplish was the identification of the supergroup underlying the
theory, and allowing the unification of all elementary particles in a single supermultiplet,
since a supergravity theory whose supergroup is unknown is an incomplete one.

The need for a supergroup was already felt by the inventors of the theory, and in [36]
the authors proposed o0sp(32/1) as the most likely candidate. However, the field A,,, of the
Cremmer-Julia-Scherk theory is a 3-form rather than a 1-form, and therefore it cannot be
interpreted as the potential of a generator in a supergroup.

The structure of this same theory was then reconsidered in [38,39], in the Free Differ-
ential Algebra (FDA) framework, using the superspace geometric approach. In [38], the
supersymmetric FDA was also analyzed in order to see whether the FDA formulation could
be interpreted in terms of an ordinary Lie superalgebra (in its dual Maurer-Cartan formu-
lation), introducing the notion of Cartan integrable systems. This was proven to be true,
and the existence of a hidden superalgebra underlying the theory was presented for the first
time (the authors got a dichotomic solution, consisting in two different supergroups, whose
1-form potentials can be alternatively used to parametrize the 3-form).

This hidden superalgebra includes, as a subalgebra, the super-Poincaré algebra of the
eleven-dimensional theory, but it also involves two extra bosonic generators Z@, Z®
(a,b,--- =0,1,---10), commuting with the 4-momentum P, and having appropriate com-
mutators with the D = 11 Lorentz generators J,,. The generators that commute with all
the superalgebra but the Lorentz generators can be named “almost central”.

Furthermore, to close the algebra, an extra nilpotent fermionic generator () must be
included. In the following, we will replace the notation in [38,39] as follows

Zab _>Zal77 (445)
Zal.uas _>ZOL1,~--(157 (446)
Q/ _>ij (447)

in order to be able to recognize the generators of the target superalgebra from the generators
of starting one, as we have previously done along the paper.

The bosonic generators Z% and Z% % were understood as p-brane charges, sources of
dual potentials [40,41]. The role played by the extra fermionic generator )’ was much
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less investigated, and the most relevant contributions were given first in [42], and then in
particular in [43], where the results in [38] were further analyzed and generalized.

Recently, in [39], the authors have shown that, as the generators of the hidden super
Lie algebra span the tangent space of a supergroup manifold, then, in the geometrical ap-
proach, the fields are naturally defined in an enlarged manifold, corresponding to the super-
group manifold, where all the invariances of the FDA are diffeomorphisms, generated by Lie
derivatives.

The extra spinor 1-form involved in the construction of the hidden superalgebra allows,
in a dynamical way, the diffeomorphisms in the directions spanned by the almost central
charges to be particular gauge transformations, so that one obtains the ordinary superspace
as the quotient of the supergroup over the fiber subgroup of gauge transformations.

We now want to show that, with the analytic method developed in Section 3, we are able
to find the semigroup which is involved in the S-expansion (0g-resonant-reduction) procedure
for moving from the original osp(32/1) Lie algebra to the hidden superalgebra underlying
supergravity in eleven dimensions.

This achievement tell us that the method described in [38,39], which is based on the
development of the FDA in terms of 1-forms (the Maurer-Cartan formulation of the FDA
has a dual description in terms of commutation relations of the considered Lie algebra, as it
is shown in [7]), lead to the same result (that is to say, to the same hidden superalgebra) that
can be found performing a S-expansion (Og-resonant-reduction) procedure from osp(32/1),
with an appropriate semigroup. We will display the multiplication table of the mentioned
semigroup in the following, and we will see that it is the semigroup SS’), which satisfies the
multiplication rules

(4.48)

N e — Aatp, Whena+ <4,
anh Ad, when o + 8 > 4.

The same result was previously achieved in [5], where the authors showed how to perform
a S-expansion from osp(32/1) to a D’Auria-Fré-like superalgebra (with the same structure
of the D’Auria-Fré superalgebra, but with different details), using Sg’) as semigroup. This
analogy confirms and corroborates the analytic method developed in the present work.

In this example, we also analyze the link between osp(32/1) and another superalgebra
included in the dichotomic solution found in [38,39], in which the translations and the
fermionic generators, respectively denoted by P, and Q, commute. We will see that the
supersymmetric Lie algebra osp(32/1) and this particular hidden superalgebra are linked by
a S-expansion (Og-resonant-reduction) procedure, in which the semigroup involved in the

process is the semigroup Sg), which satisfies the multiplication rules

Aass, wh <3,
MM—{ +p  whena+p (4.49)

A3, when o + 5 > 3.
We now want to find the correct semigroup leading from osp(32/1) to the hidden super-

algebra underlying D = 11 supergravity through our analytic method. Let us start from
collecting the useful information coming from the starting algebra osp(32/1). The generators
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of 0sp(32/1) are, with respect to the Lorentz subgroup SO(1,10) C osp(32/1), the following
set of tensors (or spinors)
{Pm Jaba Zal...am Qa}a (450)

where J, P,, Q. can be respectively interpreted as the Lorentz, translations and supersym-
metry generators, and where Z,, ,. is a 5-index skew-symmetric generator associated with
the physical A,,, field appearing in D = 11 supergravity.

Now we have to take into account the information coming from the target superalgebra,
that is to say the hidden superalgebra underlying the eleven-dimensional supergravity [38,39].
The generators of the mentioned superalgebra are given by the set

{pmjabaZabaZal...ayQaaQ/a}7 (451)

where Zab,Zal...% are two extra bosonic generators, and where Q’ is an extra fermionic
generator that controls the gauge symmetry of the theory and allows the closure of the
algebra.

We perform the detailed calculations in Appendix D, while in the following we summarize
our results.

At the end of the whole procedure, we are left with the following multiplication table:

)\0 )\1 /\2 )\3 )\4
/\0 )\0 )\1 /\2 )\3 )\4
/\1 )\1 /\2 /\3 )\4 )\4
)\2 )\2 )\3 /\4 )\4 )\4
)Y D EP.VERD.VERD VERD. V)
DV V. VERD. VIR VERD.VERD V!

(4.52)

which is the multiplication table describing the semigroup SS’), that, as it was also shown
in [5], is exactly the semigroup leading, through a S-expansion procedure (0g-resonant-
reduction), from the osp(32/1) algebra to the hidden superalgebra described in [38, 39].
Thus, we have shown that our analytic method immediately allows us to discover that these
two superalgebras can be linked through a S-expansion procedure (0g-resonant-reduction),

) ) . 3
involving the semigroup SJ(E).
We now make some consideration on the case in which

[Q, Pa] — 0, (4.53)

that is one of the commutation relations the other superalgebra presented in [38]. In this
case, from the relation

20,0 = PP AQ) = A [P Q1 =0 = A= Doy, (4.54)

we observe that we have to fix
A = Ae, (4.55)
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as we have done (see Appendix D) in the previous case, and also
Ad = Aog; (4.56)

in order to have consistent multiplication rules. Thus, following the usual procedure, we can
build the multiplication table of the set S, which in this case reads

Mo M A Ag
Mo h M A s
A A A A3 A (4.57)

A2 [ A2 A3 A3 A
Az | Az A3 Az Ag

This is exactly the multiplication table describing the semigroup S](;), which satisfies the
multiplication rules

(4.58)

Ao+,  when a+ < 3,
Aadg =
A3, when o + 5 > 3.

In Ref. [5], the authors showed that Sg) is the semigroup allowing the S-expansion from
0sp(32/1) to the M-algebra (the algebra of the M-theory). We have now shown that the
same result is reproduced when we are dealing with a S-expansion (0g-resonant-reduction)
from 0sp(32/1) to a particular subalgebra of the hidden superalgebra obtained in [38, 39]
(that is to say, in the case in which Q and P, commute).

Thus, a strong relation between the D’Auria-Fré superalgebra and the M-algebra is ev-
ident. Both of them, as it was shown in [5], can be reached with a S-expansion from
0sp(32/1), respectively with the semigroup Sg) and SS) (and this fact furnished us another
corroboration of the analytic method developed in Section 3).

Furthermore, in our work we have interestingly shown that the particular subalgebra
(where P, and Q commute) of the hidden superalgebra underlying D = 11 supergravity is
linked to osp(32/1) by the semigroup Sg), which, in [5], was proven to link osp(32/1) to the
M-algebra through S-expansion.

Finally, we conclude our observations saying that, previously in [43] and later in [39)],
the authors also found a singular solution, which, in our notation, corresponds to consider
the singular limit @’ — 0 in the target superalgebra. In this case, the authomorphism
group of the FDA is enlarged to Sp(32), and the whole procedure resembles an Inonii-
Wigner contraction. Thus, we can clearly see the existence of a strong link between the
mentioned superalgebras, given by the S-expansion (0g-resonant-reduction) and the Inonii-
Wigner contraction procedures. However, we will not treat the case involving the Inoni-
Wigner contraction in our work, and we leave these considerations for the future.

5 Comments and possible developments

As we have previously said in the Introduction, a fundamental task to accomplish when
dealing with the S-expansion is to find the appropriate semigroup linking two different

34


mitzein@hotmail.com
Texto tecleado
_____________________________________________________________________________________________________________________

mitzein@hotmail.com
Texto tecleado
33

mitzein@hotmail.com
Texto tecleado
Comments and possible developments


34 Comments and possible developments

(super)algebras, but this procedure is not a trivial one, and usually requires a kind of “trial
and error” process. In this paper, we have presented an analytic method able to give us the
multiplication table(s) of the set(s) involved in an S-expansion process (with either resonance
or Og-resonant-reduction) for reaching a target Lie (super)algebra from a starting one, after
having properly chosen the partitions over subspaces of the considered (super)algebras. The
analytic method described in this work gives a simple set of expressions to find the partitions
over the set(s) involved in the process. Then, one can use the information coming from both
the initial (super)algebra and the target one, in order to write the multiplication table(s)
of the set(s). At the end of the procedure, one can check associativity by hand or with
a simple computational algorithm (as we have done in this work), and thus end up with
the complete multiplication table(s) of the semigroup(s) involved in the process. We have
then given some interesting examples of application, starting from simple cases and ending
with a particular case involving supersymmetric algebras. With these examples, we have
reproduced well known results, which have already been presented in the literature, and
we have also generalized some of them. We can thus conclude that our analytic method is
reliable, and it can also be used in more complicated cases.

Future work can include the study of the particular cases in which the number of subspaces
partitions of the target (super)algebra is different from the number of subspaces partition of
the starting one, and the extension (and generalization) of our analytic method to the case of
infinite algebras and semigroups. Furthermore, our analytic procedure can be used in future
works for understanding the possible links that could exist between different (super)algebras
(also in higher dimensional cases) that have not yet been analyzed in the S-expansion context.

Apendix

A Detailed calculations for moving from the Bianchi Type 1
algebra (BTI) to the Bianchi Type II algebra (BTII)

The BTI and BTII Lie algebras have two and three generators, respectively. The only
commutator different from zero for the BTI algebra is

[X1, Xo] = X, (A.1)
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Apendix A 35

where X; and X, are the generators of the BTI algebra. For the BTII algebra we have

Y1, Ya] =0, (A.2
Y7, Y] =0, (A.3)
[Y2, Y3] =11, (A.4)

where Y7, Y5, and Y3 are the generators of the BTII algebra.
Let us consider the following subspaces partition for the BTT algebra:

[Vo, Vol Vo, (A.5)
[Vi, Vi] Vs, (A7)

where we have set V5 = {0} U {Xs}, and V; = {X;}. Similarly, we can write the subspaces
partition for the target BTII algebra:

Vo, o] <V, (A.8)
—%a ‘71_ C% @ ‘717 (Ag)
-‘717 ‘71- C%J <A10)

where we have denoted with V4, A = 0,1, the subspaces related to the target algebra and
where we have defined Vy = {0} U{Y3}, and V; = {Y, Y2}. Let us observe that, in this way,
we have the same partition structure both for the initial algebra and for the target one.
We now follow the steps described in the analytic procedure of Section 3, in order to
obtain the possible abelian set(s) (with respect to the chosen partitions) leading from the
BTTI algebra to the BTII one.
First of all, we solve the system (3.5), that in this case reads

1=1-(A),
2=1-(A), (A.11)
P=Ag+ A +1,
since
dim(Vp) =1, dim(Vy) =1, (A.12)
dim(Vy) =2, dim(V;) =1, (A.13)

neglecting the zero element of the subspaces V; and Vo. Here we have denoted, as usual,
with Ay, A = 0,1, the cardinality of the subsets Sa, associated with the subspace A, i.e.
the number of elements in Sa,. Solving the system above, we get the unique solution

P=4 Ay=1 A =2 (A.14)
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Now, since S = {S),} LI {S,} U{Ao,}, where Aog is the zero element of the set S, we can
write the following partition structure over the set S:

Slo :{Aa}7
521 :{)\ba )‘c} (A15)

Here the index a, b, ¢ identify general elements of the set S, and they are not running index.
We do not yet identify them with numbers, because there still exists the possibility of having
the same element in different subsets.

The next step consists in finding the multiplication rules between the elements of each
subset in (A.15). Thus we write the adjoint representation of the BTT algebra with respect
to the subspaces partition:

where the index B, C can assume the values 0 or 1, labeling the different subspaces involved
in the partition of the algebra. Thus, we are now able to write the relations (3.14), which,
in this case, read

[(S1, @ Vo) & ({Xog } @ Vo), (S1, ® Vo) @ ({Aos} @ V)] =
= <K((113))(10) (C)go> (51, ®@ Vo) & ({Aos} ® Vo),
[(S2, @ V1) © ({Mog} ® V1), (S1, @ Vo) @ ({Nos } @ V)] =
= (K200 () (S @ ) & (o} @A),
[(S2, @ V1) ® ({Aog} @ V1), (S, @ V1) @ ({Aog} @ V1)] =
— <K((21f))(21) (0)21) (S1, @ Vo) @ ({Mos} ® Vi)

(A.17)

These relations (which can also be rewritten in a simpler form, such as the one in (3.21))
give us a first view on the possibilities allowed by the multiplication table of the set S. In
fact, we can now write

Slo . Slo CSlo U {)‘05}7 (A18)
Sgl . Slo CSQI U {)\QS}, (Alg)
521 : 521 CSlO U {)‘05}7 (AQO)

where we have taken into account the presence of the zero element A\ of the set S, Thus,
we are now able to write the possible multiplication rules between the elements of the set S,
namely

)\a)‘a :)\a,OSJ (A21)
>\b,c)\a :)\b,c,Osa (A22)
)\b,c>\b,c :)\a,Osa (AQB)
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Apendix A 37

where we have already taken into account the triviality of the multiplications rules

)\OS)\OS :/\057 (A24)
)\05 /\a,b,c :/\O (A25)

S*

We have exhausted the information coming from the initial algebra, thus we now use the
information coming from the target one, in order to build up the complete multiplication
table of the set S.

We proceed by writing the relations between the S-expanded generators of the initial
BTTI algebra and the generators of the target BTII one, according to the usual S-expansion
procedure described [5]. According to the identification criterion presented in Subsection
3.1, we can perform the identification

XXz =Ys (A.26)
X, =Y (A.27)
A X, =5, (A.28)

We now write the commutators of the target BTII algebra in terms of the commutators
between the S-expanded, resonant-reduced generators of the BTT one:

[Ya, Y3] =Y,
[)\cha /\aX2] :)\lea
Ay (X1, Xa] =2 X1 (A.29)

Since for the BTT algebra we have [ X7, X5] = X7, from equation (A.29) we obtain
Ada = Mo (A.30)

This simple analysis can be performed in order to find the correct multiplication rules be-
tween the elements of the set S, thus we proceed in this way, computing the other commu-
tators and factorizing the product between the elements of S, in order to end up with the
complete multiplication table.

Let us observe that the commutator

[V1,Y3] =0 (A.31)

does not give us any further information about the multiplication rule between \, and A, due
to the fact that, when we write it in terms of the commutator between S-expanded generators
and we factorize the product between the elements of S, we are left with A\, [X1, X1] = 0,
which reproduces a trivial identity, since [Xi, X;] = 0 in the BTI algebra. On the other
hand, from the study of the last commutator we have to consider, we get

[Y1,Y3] =0,
P\lea )\aX2] :Oa
M [X1, Xo] =0, (A.32)
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38 Apendix B

Since, from the initial BTI algebra, we know that [X;, X5] = X # 0, from equation (A.32)
we clearly see that the the zero element \og is naturally involved in the procedure, and we
can finally write

AbAa = Aog - (A.33)

Summarizing, by following the identification criterion described in Subsection 3.1, we have
obtained the multiplication rules

)\c>\a :)\ba (A34)
Mha oo (A.35)

Let us notice that these multiplication rules are consistent with those previously obtained
along the procedure, when we have exploited the information coming from the initial BTI
algebra.

We are now able to write the following multiplication tables for the sets S’s involved in
the procedure:
/\a )\b )\c )\O
/\a >\a,03 /\05 /\b )\O
)\b )\05 )\a,OS /\a,OS )\0
)\c )\b )\a,OS >\a,Os )\0
Aos  Aos Aog Ao

(A.36)

S

These are the multiplication tables of the possible sets S’s (with respect to the chosen
partitions) involved in the S-expansion, Og-resonant-reduced procedure for moving from the
BTT algebra to the BTII one.

B  Detailed calculations for reaching iso(2, 1), startingfrom so(2, 2)

Both iso(2,1) and so(2,2) have six generators. The commutation relations between the
generators of the starting so(2,2) algebra are

[J'h Jj] = €iijk, (B-l)

[P, Pj] = e ", (B.3)

where ¢, 7, k,... = 1,2, 3, and the commutation relations between the generators of the target
algebra iso(2,1) read

~z'7 jj:| == Eijkjk, (B4)

_j'h ~j] = Eijkpka (B.5)

LN (B.6)
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where, again, 7,7, k,... = 1,2, 3.
We can write the following subspaces partition:
[Vo, Vo] CVa, (B.7)
[Vo, V1] CV4, (B.8)
Vi,Vi] ¢V (B.9)

for so(2,2), where we have set Vo = {J;} and V; = {P;}, and

Vo, Vo Vo, (B.10)
Vo, Vi| v, (B.11)
VRARS? (B.12)

for iso(2,1), where, in analogy to what we have done for the initial algebra, Vy = {0} @ {J:}
and V; = {P;}. Thus, we can now write:

dim(Vy) =3, (B.13)

dim (V1) =3 (B.14)
for the so(2,2) algebra, and, similarly,

dim(Vy) =3, (B.15)

dim(Vy) =3 (B.16)

for the iso(2,2) one. Now we have all the information we need to know for proceeding. Thus,
we move to the study of the system (3.5), which, in this case, reads

3=3-(Ag),

3=3-(4A), (B.17)
P=A+ Ay +1.

This system admits the unique solution

P=3 Ay=1, A =1. (B.18)

Thus, we now know that the set S = {S;,} U {S1,} U {)os}, involved in the Og-resonant-
reduction process to reach the algebra iso(2, 1) starting from so(2, 2), must have the following
partition structure:

S1o ={Aa}s (B.19)
Sty ={ o} (B.20)
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We can now write down the adjoint representation of so(2, 2) with respect to the subspaces
partition:

%= (‘Do )@= (& D). (B.21)

11

where the index B,C can assume the values 0 or 1, labeling the different subspaces, and,
subsequently, we are now able to write relations of the type (3.14), which, in this case, read

[(S1,® Vo) & ({Mos} @ Vo), (S1, ® Vo) & ({Aos } @ Vo) =
= (K09, (©)0) (S 8 V) & ([} © 16,
[(S1, @ V1) @ ({ Mo} @ V1), (S1, @ Vo) @ ({Aos} @ Vo)) =
= (K500 (O) (St @ W) & (o} @ Vh),
[(S1, @ V1) & ({Xog } @ VA), (51, @ V1) @ ({hog } @ VA1) =
- (Kgf;(h) (0)21) (S1, @ Vo) @ ({Mos} ® Vi)

(B.22)

These relations (which can also be rewritten in a simpler form of the type (3.21)) lead us to
a first view on the multiplication rules between the subsets of the set S, namely

510 : Slo CSlO U {)\OS}, (B23)
Sll . Slo CSll U {)‘05}7 (B24)
Sh : 811 CSlO U {)\QS}, (B25)

where we have taken into account the presence of the zero element Ao, of the set S.
In terms of the elements of the subsets, we can now write

AaAa =Aa g, (B.26)
AoAa =Ab0g5 (B.27)
oAb =Aa045 (B.28)

where we have already taken into account the triviality of the multiplications rules

)\OSAOS :)\OS, (B29)
AosAas =Nog- (B.30)

Then, by exploiting the information coming from the target algebra, we will be able to
fix the degeneracy present in the above multiplication rules.

To this aim, let us perform the following associations between the S-expanded generators
of the starting algebra and the generators of the target one (according to the identification
criterion described in Subsection 3.1):

> >
& g
T &~
Il

(B.31)
(B.32)

Il
T S

4

—_
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Now we can write, according to the S-expansion procedure [5], the commutators of the
target iso(2, 1) algebra in terms of the commutators between the S-expanded generators of

the so(2,2) one:
|:ji7 j]:| OCjk?
P\aJi; )\an] O(/\ajk,
AaAa [ iy J;] g Jg.

Since [J;, J;] < Ji, equation (B.33) tells us that
Aada = Aa.
Similarly, since [J;, P;] o< Py, the analysis of
[jz,f’]] Odsk,
[)\aJia )\bpj] XA P,
Aoy [Jiy Pj] och Py

gives us
AaXp = Ap.
Finally, from
B =0,
(AP, M Pj] = 0,
Moy [P, Pj] = 0,
we can write
)\b)\b = )\037

since [P;, P;] o< Ji # 0.

Summarizing, we are left with the multiplication rules

)\a)\a = /\aa
AaAp = A,
ApAp = Aoy

(B.33)

(B.34)

(B.35)

(B.36)

(B.37)

(B.38)

(B.39)

(B.40)
(B.41)

In this way, we have completely fixed the degeneracy appearing in the multiplication rules
between the elements of the set S and we are finally able to write the multiplication table

of the set S, which reads
‘ )\CL )\b /\OS

)\a )\a )\b /\05
)\b )\b AOS /\OS
Aos | Aog Aog Aog

42
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Here we have completed the multiplication table with the zero element \o,, by exploiting
the definition Ao Ay = Aos-
After having performed the identification

Ao € Ao, (B.43)
Ap > A, (B.44)
)\OS <~ )\2, (B45)

we can write the above multiplication table as follow:

Mo A A
Ao | Ao Ar Ao
)\1 )\1 )\2 )\2
A2 [ A2 Ao Ao

(B.46)

Table (B.46) is an abelian and associative one (the check for associativity can be performed
either by hand or using a simple computational algorithm), and thus it describes the semi-
group leading from the so(2,2) algebra to the iso(2,1) one (with respect to the partitions
over subspaces that we have chosen).

C Detailed calculations for moving from the Anti-de Sitter (AdS')
algebra to the Maxwell algebra
The AdS Lie algebra has ten generators, while the Maxwell algebra (M) counts sixteen gen-

erators. The generators of the AdS algebra are {J,, P,}, and they satisfy the commutation
relations

[Jab7 ch] = nchcd - nachd - ndeac + nadecu (Cl)
[Jaln Pc] = nbcpa - nacpba (CQ)
[P, By| = Jup. (C.3)

The generators of the Maxwell algebra M are {J,;, Py, Z,}, and they satisfy the following
commutation relations:

Jub, ch] = MoeZea — NacZbd — MoaZac + NaaZse, (C.4)
Za Pu] =0, (C.5)
Z abs ~cd} =0, (C.6)
Jub, ~cd} = Meded — NacIbd — MbdJac + TadJoe, (C.7)
Nab; ~c:| = nbcpa - nacpln (C.8)
P, ~b] = Zu (C.9)
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The subspace structure of the AdS Lie algebra can be written as

[Vo, Vo] CVo, (C.10)
[Vo, V1] V4, (C.11)
[Vi, Vi] C Vo, (C.12)

where Vy = {Ju} and Vi = {F,}.
The subspace structure of the Maxwell algebra M, in analogy to what we have done for
the AdS algebra, may be written as

Vo, Vol T, (C.13)
Vo, Vi| cVoa Vi, (C.14)
-‘717‘71- C%a (015)

where Vy = {0} U {Ju, Zop} and Vi = {P,}. Thus, we have

dim(Vy) =6, (C.16)
dim(Vy) =4 C.17)
for the AdS algebra, and
dim(Vy) =12, (C.18)
dim(V;) =4 (C.19)
for the Maxwell one.
Now, we can solve the usual system (3.5), which in this case reads
12=6-(A),
4=4-(Ay), (C.20)
]5 = AO + Al + 1
This system has the unique solution
P=4, A=2, Aj=1. (C.21)

Thus, we now know that the set S = {So,} U {S1,} U { o}, involved in the Og-resonant-
reduction procedure to reach the Maxwell algebra M starting from the AdS Lie one, must
have the following partition structure:

Say ={Xa> Mo}, (C.22)
Sty ={Ac}- (C.23)
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By following the usual method (see Section 3), now we write down the adjoint represen-
tation of the AdS algebra with respect to the subspaces partition, namely

%= (‘Do )@= (& D). (C.21)

11

where the index B, C' can take the values 0 or 1, labeling the different subspaces.
Consequently, we can write relations (3.14) as follows:

[(S2o ® Vo) & ({Aos} @ Vo), (S2, @ Vo) & ({Xog} @ Vo)] =
= (K80 (Ch) (52 © Vo) © (Ao} ® Vi),
(51, © V2) & (Phos} © VA), (52 © Vo) & ({hos} © Vo) =
= (K0 (O) (S @ W) @ (Do} @ ),
[(S1, @ V1) ® ({Mos } @ V1), (S1, ® Vi) @ ({Xog} @ V)] =
= (K&, (O)0) (S5 8 V) @ ({h,} ©10).

These relations (which can be rewritten in the simpler form described in (3.21)) tell us the
composition rules of the subsets of the set S, which read

(C.25)

Sy, - Say CSa U {hos ), (C.26)
SQO . 511 CSll U {)\OS}, (027)
Sll . 511 CSQO U {)‘03}7 (028)

where we have explicitly taken into account the presence of the zero element Agg.
Thus, we can write the following multiplication rules for the elements of the set S:

>\a,b)\a,b :)\a,b,057 (629)
)\a,b/\c :)\0,057 (030)
AeAe =Aab0ss (C.31)
where we have already taken into account the triviality of the multiplications rules
AosAog =Aog, (C.32)
)\05>\a,b,c :AOS- (C33)

Then, by exploiting the information coming from the target algebra, we will be able to
completely fix the degeneracy still appearing in the above multiplication rules.

Thus, we write the generators of the Maxwell algebra M in terms of the S-expanded
generators of the AdS Lie algebra, performing the following identification (according to the
identification criterion of Subsection 3.1):

)\at]ab :Jaba (C34)
NoJab =Zap, (C.35)
AP, =P,. (C.36)
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Apendix C 45

Consequently, according to the S-expansion procedure described in [5], we can write the
commutators of the target Maxwell algebra in terms of the commutators between the S-
expanded generators of the AdS one, taking into account the commutation relations of the
initial AdS Lie algebra (in the following, we will neglect, for simplicity, the index labeling
the generators, since we just need to exploit the commutators structure).

We get

[J, j} o],
Ao, AaJ] XA,
Aada [, J] 0chad = Agda = Ag; (C.37)

[j, 15] P,
[)\aJ, )\CP] XAP,
Aade [J, Pl AP = Aade = s (C.38)

J.7] x2,
I:)\ae]7 )\bJ] O()\bj,
)\a)\b [J, J] O()\bJ = )\a)\b = /\b; (039)

[P, ]5] P,
AP, AP AP,
AAP, Pl 0P = Ak = A (C.40)

[z, 15} —0,
(Ao, AcP] =0,
=0

A [, P = A = Ao, (C.41)

since [J, P] = P # 0;
[Z, Z} 0,
Ao, ApJ]| =0,
Mo [L ] =0 = Ay = Aogs (C.42)
since [J, J] = J # 0. From the above relations, we can write the multiplication table

PR VIR VD ¥
PV 1D VRN VIR VR V)
M | X Aos Aos Ao (C.43)
)\c >\c /\05 >\c )‘Os
/\03 /\Os /\Us /\Os /\Us
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46 Apendix D

in which we can see that all the degeneracy has been fixed. Then, after having performed
the identification
)\a <~ )\07 )\b — /\2, )\c <~ )\1, >‘OS <~ A27 (044)

we can write the following multiplication table (where the elements of the set S are written
in the usual order):

Mo A A A
Mo Mo M N N
MIAL A A3 N (C.45)

A2l A2 A3 Az A3
Az | As Az Az As

Table (C.45) represents an abelian, commutative and associative semigroup, named Sg). As

said in [22-24], Sg) is the semigroup involved in the S-expansion (0g-resonant-reduction)
procedure performed in order to reach the Maxwell algebra M starting from the AdS Lie
algebra, and we have reproduced this result with our analytic method.

D Detailed calculations for reaching the hidden su- peralgebra
underlying D=11 supergravity, starting from the supersymmetric
Lie algebra osp(32/1)

In the following, we display the detailed calculations for moving from the supersymmetric
Lie algebra osp(32/1) to the hidden superalgebra underlying D = 11 supergravity, through a
0g-resonant-reduction procedure, and we show how to find the set(s) involved in the process,
once the partitions over subspaces for both the considered superalgebras have been properly
chosen.

The generators of osp(32/1) are

{PGH Jaba Zal...a57 Qa} (Dl)
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Apendix D 47

The commutations relation between these generators can be written as

[P(mpb] - Jab7
[J® P.] = 62P°,
(I Jed) = ey I,

ecd

1' C1+-C5
[ a c1..~<:5] _5|6ab1-~~b5c1“.05 71 5,
1
|:Jab7 ch,_.c5:| — 5abel...e4Zd

4' dc1~~~cs e1--eyq?
ai--as _ [a1-+-as][c1--c5] e ai--ese 1d
[Z , Zb1-~b5] =7 €cyoesbybse P 6db1~--b5 Jo+

_Lg a1---e5C4C5C6 [c1czcg}[d1d2d3}ZC7...CH
313151 c1ren didadsby--bs ! ,

[PaaQ] = _%FaQa

1

[JabaQ] = _§FabQ7

1

[Zabcd&Q] = _§FabcdeQ

@) = —g ey - ey ) +

1 1 abede — 7
_ﬁ [g (F bed C 1>P Zabcde:| ) (DQ)

where C), is the charge conjugation matrix and I'y, I'ss, I'gpcde are the Dirac matrices in eleven
dimensions. Let us perform the following subspaces partition for the osp(32/1) algebra:

Vo, Vol € W, (D.3)
[Vo,Vi] € Vi, (D.4)
Vo, Va] C Vi, (D.5)
Vi.Vi] € Voe Vs, (D.6)
Vi, V] C Vi, (D.7)
Vo, Vo] € Vo Vs, (D.8)

where we have set Vo = {Ju}, Vi = {Qa}, and Vo = {P,, Z,, 4 }- Thus, the dimensions of
the internal decomposition of osp(32/1) read

dim (V) = 55, (D.9)
dim (V;) = 32, (D.10)

dim (V) = _11 + 462 =473 (D.11)
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48 Apendix D

The generators of the superalgebra underlying D = 11 supergravity are given by the set
{payjabaZabaZal,..a5aQaaQ:)¢}' (D12)

These generators satisfy the following commutation relations:

5 A e D ]'a~ ial...a~
{Q,0} = - <1F P, + 51“ °Z o+ aF 5Za1..‘a5) , (D.13)
{@.Q} = 0,
{Qa Ql} = 07
|:Q7 Na- = —2i (5> FGQ/7
] 0
[Q’ Zab_ _ _41-\(117@/ ’
L 1 .
[G.zm] = a0 () e
- 72
[ 2] = —ssliz,".
[Jun Z95) = =208 252,
~aba Q = _Faan
_jaln Q,— = _Fabélv
-PCHQ/- = |:Zab7c~2/] - |:Zab,@,:| - |:Za1...a57©/i| - [pavpb] = 07
B = s
Jab T ] abf Te
[J bach_ = 5606{ J s
|:Zab7 Zbc = |:Zab7 Zal...a5:| - [Zab7 pc:| = 07

where the free parameter Fy appearing in Ref. [39] has been consistently fixed to the value
1 (this is due to the possibility of fixing the normalization of the differential form associated
with the extra fermionic generator Q’ ).

We observe that the above algebra actually describes two superalgebras, due to the de-
generacy appearing in the commutation relation (D.13), from which we clearly see that the
generators Q and P, can also commute. In the following, we will discuss the S-expansion,
Og-resonant-reduced procedure for both these superalgebras.

Let us also observe that, in the description of the hidden superalgebra, the coefficients are
written following the notation and conventions presented in Ref.s [38,39], while, when con-
sidering the supersymmetric osp(32/1) Lie algebra, we have adopted the notation presented
in Ref. [5]. However, the coefficients appearing in the mentioned algebras are not relevant
to our discussion, since we just need to know the structure of the algebras for applying our
analytic method.
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Apendix D 49

We can thus proceed, giving the internal decomposition of the target superalgebra (we
first consider the case in which [@, ]-:’a] # 0). For the target superalgebra underlying D = 11

supergravity, we can write

dim<~0> = 10, (D.14)

dim(]> = 6L, (D.15)

dim (1@) = L+ 462 =413 (D.16)
Pi Zayoas

where we have clearly set Vg = {0} U {jab, Zab}, Vi = {Q, Q’}, and V, = {]5(1, Zal,_,as}. The
subspaces partition for the target superalgebra satisfies the following relations

Vo Vol < Th, (D.17)
Vol ©¢ e, (D.18)
Vo V| ¢ Voo, (D.19)
VL] c e, (D.20)
V| ie W, (D.21)
V| C Vo Th, (D.22)

analogously to what we have done for 0sp(32/1). We can now move to the study of the usual
system (3.5), which, in this case, reads

110 = 55(P — 1 — Ay — Ay),

64 =32(P —1— Ay — Ay), (D.23)
AT3 =473(P —1— Ay — Ay), '

p:Ao—i-Al—i—AQ—f—l,

where Ag, A1, As respectively denote the cardinality of the subsets related to the subspaces
Vo, Vi, and V5. This system admits the unique solution

P - 67 AO - 2, Al = 2, AQ - 1 (D24)

Thus, we are now able to write the following decomposition over the set S involved in the
process:

S20 = {Aas Mo}, (D.25)
Sa = A Adt, (D.26)
S, = {Ae)- (D.27)
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50 Apendix D

Now, we build up the adjoint representation with respect to the subspaces partition of the
starting osp(32/1) algebra, namely

Coo 0 0 0 (C), O
(O)OCB: 0 (C)(ln 0 ’ (C)ch_ (C)(l)l 0 (Cﬁl )
0 0 (O 0 (O)y O
0 0 (O)y
(O)QCB: 0 (C);l 0
(C) 0 (O3

Thus, one can now write the usual relations (3.14) (or their simpler form, given by (3.21))
for the case under analysis, and find the following product structure for the partitions over

the set S

Sy, - Say C Say U{Nos}, (D.28)
Sy +S2, C Sz, U{ g}, (D.29)
Sy - S1, € Si,U{os}, (D.30)
Sg, - Sa, C (S2, N S1,) U{Aos}, (D.31)
Sy, - S, C S, U{Nos}, (D.32)
S1,+S1, C (S9N S1,) U{Aog}, (D.33)

where we have explicitly taken into account the presence of the zero element \g,. This allows

to reach the multiplication rules

)\a,b)\a,b = /\a,b,Osu (D34)
)\a,b)\c,d = /\c,d,Oga (D35)
/\a,b/\e = /\e,Osa (D36)
)\b,c)\b,c = /\a,b,€,057 (D37)
>\b,c)\e = )\6,057 (D38)
ABAE = A(l,b,e,osa (D?)g)
where we have already taken into account the triviality of the multiplications rules
AogAog =Aog, (D.40)
)\05/\a,b,c,d,e :/\05- (D41)

We can now fix the degeneracy appearing in the above multiplication rules, by analyzing
the information coming from the target superalgebra. According to the usual S-expansion
procedure (see Ref. [5]), we have to write the commutation relations between the generators
of the target superalgebra in terms of the commutation relations between the generators
of the S-expanded osp(32/1). After having performed the identification (according to the
identification criterion presented in Subsection 3.1)

)\aJab = Jab7 /\CQ = Qa AdCQ = Q,7 )\ePa

Nodab = Zap,

Paa /\eZal...ag, - Zal...%:
(D.42)
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we are able to write the commutation relations of the superalgebra underlying D = 11 su-
pergravity in terms of the commutation relations of the S-expanded generators of osp(32/1).
In the following, we will just consider the structure of the commutation relations, since
the explicit values of the coefficients are not relevant to our analysis. For performing this

calculation, we consider the case in which [Q, ]5,1] # 0.

Thus, taking into account the commutation relations for the initial algebra osp(32/1), we
have:

{Q', 6:2,} = { M@, M@} = MA@, Q} =0 = Agha = Aog, (D.43)
{Q,Q"} = {AQ, \Q} = AA{Q,Q} =0 = A Aa = Ao, (D.44)
P B = AP AR = AA [P Bl =0 = A\ = Aoy, (D.45)
[ﬁa, jbc} = NePa Aaid] = Aeda [Pa Joe] X ABPPE = ANy = A, (D.46)
[jab, jcd] — Dadas Aaded] = Aada o Jea] 5 MB2L TS = Ada = Ag,  (D.AT)
[Par Q] = PePa MQ) = AAalPo Q) =0 = Ak = g, (D.48)
[Nab, Q'} = Dot MQ) = M [T Q1 =0 = Myha = Ao, (D.49)
[ﬁa Q] MNP AeQ] = AAe [P, Q] < M@ = AAe = g, (D.50)
:Zab, Q] Dodas AeQ] = Mode [Juns O] o M@ = Ahe = Mg, (D.51)
|:jab7 ch] = NaTabs Med] = Aad [Jab, Zea) o< A0S Z% = X=X, (D.52)
o Q] = Paduns AQ) = Xade i QM@ = Aade =X (D:53)
[jab,c}} Dadars MQ] = Aada [Juns Q] X M@ = Aaha = Aa, (D.54)
[Zab, ch} = Doty Moed] = Moo [Japs Zeal =0 = Apdp = Ao (D.55)
[}b,ﬁ] Doduns APl = MAe s P1 =0 = Mde = dog, (D.56)
(D,0} = {2Q. AQ} = AAAQ, Q} X APy + My + AeZabede — (D.57)
— AeAe = Ay, Where we have set A\, = A,
and the other commutation relations give us results that agree with the above ones.
We observe that, in equation (D.57), we must set
Ay = Ao, (D.58)

in order to get consistent relations. For performing this identification with consistency, we
have also exploited the statement which follows from Theorem 2.
This procedure fixes the degeneracy of the multiplication rules between the elements of
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the subsets of S, and we are now able to write the following multiplication table

Aa b A Ad )\OS

A | A AN Ac g Aoy

)\b )\b >\OS )\d )\OS )\05
VR D VS VI W (D-59)

A | Ad Aos Aos Ao Aog

Aog | Aos Aog Aog Aog Ao

Then, after having performed the identification

a0, b2 ce1, d<3, 0q< 4, (D.60)

we can finally rewrite the table above as follows (in the usual order):

Ao A Ao Az Ay
M| Ao A A Az Ay
A AL A A3 A Ay
Ao | Ae A3 A A Ay
)\3 )\3 )\4 )\4 )\4 >\4
A A A A A A

(D.61)

This is exactly the multiplication table of the semigroup SEE?’), which leads, as it was shown
in Ref. [5]) through a S-expansion procedure (Og-resonant-reduction), from the osp(32/1)
algebra to the hidden superalgebra underlying the eleven-dimensional supergravity theory,
described in Ref.s [38,39].
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