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SLICE REGULAR SEMIGROUPS

RICCARDO GHILONI AND VINCENZO RECUPERO

ABSTRACT. In this paper we introduce the notion of slice regular right linear semigroup in a
quaternionic Banach space. It is an operatorial function which is slice regular (a noncommutative
counterpart of analyticity) and which satisfies a noncommutative semigroup law characterizing
the exponential function in an infinite dimensional noncommutative setting. We prove that a
right linear operator semigroup in a quaternionic Banach space is slice regular if and only if its
generator is spherical sectorial. This result provides a connection between the slice regularity
and the noncommutative semigroups theory, and characterizes those semigroups which can be
represented by a noncommutative Cauchy integral formula. All our results are generalized to
Banach two-sided modules having as a set of scalar any real associative *-algebra, Clifford
algebras R,, included.

1. INTRODUCTION

1.1. The problem of analytic semigroups in the noncommutative setting. A linear
operators group, or more generally a linear operators semigroup on a real or complex Banach
space X, is a mapping T : [0, 00[ — £ (X) such that T(0) is the identity and the deterministic
law

T(t+s)=T(@)T(s) Vi, s >0 (1.1)
is satisfied, .Z(X) being the space of bounded linear operators on X. For the general theory
of operator semigroups we refer to [21] and we recall here that, under the mild assumption
that y := T(-)z is continuous for every z € X, it is well-known that there exists the derivative
y'(0) =: Az for every x belonging to a dense subspace D(A) of X, and y solves the Cauchy
problem in y/(t) = Ay(t), y(0) = 2 € D(A). The linear operator A : D(A) — X is the so-called
generator of T. If T is also continuous from [0, oo into .Z(X), then A turns out to be a bounded
operator defined on the whole X and T(t) = e := > . (tA)"/n!, so that (1.1) reads

t+s)A tA sA

6( =€ e .

Linear operators semigroups are a crucial tool for several topics in mathematics like partial
differential equations, quantum mechanics, stochastic processes, control theory, and dynamical
networks; applications to other theoretical and applied sciences are also important, e.g. to open
quantum systems, population dynamics, Boltzmann equations (cf. [21, Chapter VIJ).

The famous paper [44] of M.H. Stone “On one-parameter unitary groups in Hilbert spaces’
can be considered as the starting point of the modern theory of operator semigroups, whose
development is witnessed by the fundamental monographs [34, 18, 41, 32, 38, 45, 21| and by
their references. Motivated by quantum mechanics (cf. [40]), the paper of Stone, together with
J. von Neumann’s paper [39] “uber einen Satz von Herrn M.H. Stone”, are a crucial step for the
definition of the exponential map in infinite dimension.

G. Birkhoff and von Neumann in their celebrated paper [6] “The logic of quantum mechanics’
pointed out that quantum mechanics can be formulated not only in the nowaday classical setting
of complex Hilbert spaces, but also on Hilbert spaces whose set of scalars is H, the skew-field

)

4

2010 Mathematics Subject Classification. 47D03, 30G35, 47A60, 47A10.
Key words and phrases. Slice regular semigroups; Analytic semigroups; Functions of hypercomplex variables;
Quaternions; Functional calculus; Spectrum, resolvent.



2 RICCARDO GHILONI AND VINCENZO RECUPERO

of quaternions (cf. [43] for details). This remark originated the study of quantum mechanics
in the quaternionic framework (see, e.g., [22, 20, 35, 7, 1]), whose natural setting is a Hilbert
two-sided H-module X, and where .Z(X) is replaced by the set .Z"(X) of bounded right linear
operators acting on it (all the precise definitions will be recalled in Section 2). However, the
full development of the quaternionic formulation of quantum mechanics was prevented by the
lack of a suitable quaternionic notion of spectrum (cf. [10, 25]). A first rigorous formulation of
quaternionic quantum mechanics has been started only in 2007 when the concept of spherical
spectrum of a quaternionic operator was introduced in [9]. This new concept provides the basis
for a proper application of the spectral theory to quaternionic quantum mechanics. Indeed, it
permits to construct a noncommutative functional calculus for right linear operators on a Banach
two-sided module over H (and over a Clifford algebra as well, cf. [16, 12, 13, 10, 11, 17, 25])
and to deduce spectral representation theorems for normal operators in the quaternionic Hilbert
setting (cf. [3, 26]).

The mentioned noncommutative functional calculus strongly relies on the theory of slice regu-
lar functions, recently introduced in [24]. Slice regular functions extend to quaternions the
classical concept of holomorphic function of a complex variable. They form a class of functions
admitting a local power series expansion at every point of their domain of definition (cf. [23]),
including polynomials with quaternionic coefficients on one side.

In order to recall the notion of slice regular function let us first observe the fundamental fact
that H has a “slice complex” nature. This fact can be described as follows. If S C H is the
set of square roots of —1 and if, for each j € S, we denote by C; the Euclidean plane of H
generated by 1 and j, then H = UjeS C; and C; N Cx = R for every j,k € S with j # £k.
Therefore if D is an open domain of C invariant under complex conjugation and 2p = UjeS D;,
where D := {r+sj € C; : r,s € R,r +si € D}, a function f : Qp — H of class Clis
called right slice regular (resp. left slice regular) if, for every j € S, its restriction fj to Dj is
holomorphic with respect to the complex structures on Dj and on H defined by the right (resp.
left) multiplication by j, i.e. if 9f;/0r + 0f;/0sj = 0 (vesp. 0f;/0r + jOf;/0s = 0) on Dj. This
definition is naturally extended to functions with values in any Banach two-sided H-module,
e.g. Z"(X). A remarkable property of slice regular functions is a Cauchy-type integral formula
(cf. [8]). Let us consider first the left slice case. If D is bounded with a piecewise C' boundary,
and f: Qp — H is left slice regular and continuously extends on the closure of {2p in H, then

it holds:
1

flo) =5 -~ Cy(p)i~'dq fla) VYpeQp, Vies, (1.2)

where Cy(p) denotes the (left) noncommutative Cauchy kernel

Cy(p) := (p* = 2Re(@)p + la) @ — ).
the line integral in (1.2) being defined in a natural way (see (6.7)). The noncommutative Cauchy
kernel Cy is a left slice regular function, while for any fixed p the function ¢ — Cy(p) is right
slice regular. The unusual fact that the differential dq appears on the left of f(q) depends on the
noncommutativity of H. If instead f is right slice regular the noncommutative Cauchy integral
formula reads f(p) = 5= [, f(2)i™" dg Cj(p), where Cj(p) := (7 —p)(»* — 2Re(q)p + [¢*) .

As observed in [10, 25], the classical notions of spectrum and of resolvent operator are not
useful in order to define a noncommutative functional calculus. Cauchy integral formula (1.2)
indicates a way to define new notions of spectrum and of resolvent operator, suitable for the
noncommutative case: these notions are the spherical spectrum and the spherical resolvent ope-
rator. If A is a right linear operator on a Banach two-sided H-module X, then its spherical
resolvent set is the set of quaternions ¢ such that the operator

Ay(A) := A% — 2Re(q) A + |g|* Id
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is bijective and its inverse is bounded, where Id is the identity operator on X. Accordingly, the
spherical spectrum is the complement of the spherical resolvent set and the spherical resolvent
operator C,4(A) is defined by

Cy(A) = Aq(A)_lq - AAq(A)_l

for every g in the spherical resolvent set of A.

The noncommutative functional calculus based on the spherical resolvent operator is exploited
in [14] in order to prove the counterpart of the classical generation theorems by Hille-Yosida
and by Feller-Miyadera-Phillips for a strongly continuous right linear semigroup, i.e. a mapping
T :[0,00] — Z*(X) such that T(-)x is continuous for every z € X. Their statements are
analogous to the real and complex cases: the generator of A has the same formal definition
and in particular we still have that A is bounded if and only if T is uniformly continuous, i.e.
T € C([0,00[ ; £7(X)); in this case T(t) =) ,~o(tA)"/nl.

In paper [30] we show that the above-mentioned generation theorems for quaternionic right
linear semigroups can be actually reduced to the classical commutative case by means of a simple
technique, so that the functional calculus is not needed at this stage. In [30] we also introduce
the class of spherical sectorial right linear operators and we prove that such operators generate
a semigroup which can be represented by a Cauchy integral formula. Let us recall that a right
linear operator A on X is spherical sectorial with vertex w € R if its spherical resolvent set
contains a set of the form w + Q5 5, where

Qo465 = {q € HNA{0} : arg(q) < 7/2 + d}

for some 0 € ]0,7/2], with arg(q) := 0 € ]0,x[ if ¢ € H\R and ¢ = re¥ € Cj, arg(q) := 0 if
q € 10,00[, and arg(q) := 7 if ¢ € |—00,0[. We prove that, if A has this property and satisfies
the estimate

M
[Cq(A)]l < ol Vg € w+ Qrjays (1.3)
for some M > 0, then the formula
1
T(t) = — / C,(A)jtehdq vt >0, (1.4)
2 o

defines a strongly continuous right linear semigroup generated by A, where j is an arbitrarily
fixed element of S and ~; is a suitable path of Cj, surrounding the possibly unbounded spherical
spectrum of A (in [30] we dealt with the case w = 0, the general case being proved in Theorem
6.9 below). As a consequence, the integral in (1.4) is independent of j and the semigroup T(¢) is
analytic in time. Formula (1.4) is clearly related to the Cauchy integral formula (1.2), where the
Cauchy kernel appears on the left: indeed the functions ¢ — Cy(p) and ¢ — Cy(A) turn out
to be both right slice regular. We underline that the noncommutative setting prevents from the
possibility of applying the classical strategy for sectorial operators (see, e.g., [21, Proposition
4.3, p. 97]) and a different technique is needed (cf. [30]). We also point out a crucial difference
between the scalar and operatorial quaternionic cases: if in (1.2) pg = gp (i.e. when p, g belong
to the same Cj), then Cy(p) = (¢ — p)~!, and we find again the form of the classical Cauchy
kernel for holomorphic functions, while in the operatorial case the commutation Ag = ¢A is in
general false if ¢ is not real, so that the operatorial commutative and noncommutative cases are
extremely different.

At this point there arises the problem to identify which kind of regularity characterizes the
class of semigroups generated by spherical sectorial operators, in other terms we aim to find
the class of right linear semigroups which can be represented by the noncommutative Cauchy
integral formula (1.4). A major result in classical semigroups theory states that in the classical
complex case this class is represented by the w-exponentially bounded analytic semigroups, i.e.
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mappings z — T(z) which are holomorphic in a sector Ds C C with lim, ;o T|p,, (2)r = z,

Sup.ep,, [IT(2)[[e™ Re(2) < 0o for every subsector Dy, x € X, and satisfying the semigroup law

T(z4+w) =T(2)T(w) (1.5)

for z,w € Dg. This result strongly connects the concept of operator semigroup to the theory of
holomorphic functions (cf., e.g., [38, 45, 21]).
The present paper is devoted to study this problem in the noncommutative case.

1.2. A solution of the problem. If we first consider the simpler case of a bounded ope-
rator A € £7(X), then it turns out that the proper definition for T(gq) is given by T(q) =
Y nso(A™/nl)g" since it uniquely extends T(t) in a right slice regular manner (in the analogous
theory for left linear operators we would find Y om0 " (A™/n!)). Anyway it turns out that T(p+q)
is different from T(p)T(q) even if p and ¢ commute, and this occurs for any other “reasonable”
extensions of T(t), i.e. Y <o q"(A"/n!), > (Ag)™/n!, >, (gA)"/nl.

In order to understand what is the point here and to find the proper semigroup law in the
noncommutative framework, let us consider again the concept of slice regularity with values in H,
or in .Z"(X), or generally in a Banach two-sided H-algebra Y, i.e. the natural noncommutative
quaternionic counterpart of a Banach algebra (cf. Definition 3.5 below). One fundamental
observation is that the pointwise product of two right slice regular functions is not a right slice
regular function. The proper notion of product is instead given by the slice product, which can
be easily illustrated for polynomial functions or power series. Indeed if we consider for instance
series with coefficients in Y on the left of the indeterminate ¢, then it is well-known that the
proper way to perform the multiplication consists in imposing commutativity of ¢ with the
coefficients (cf. [37]). Thus if f(q) = >, ang" and g(q) = >, b,q", then their Cauchy product
(or convolution) is defined by

(f*9)(q)=>_ < > akbh>qn- (1.6)

n k+h=n

Note that this product is different from the pointwise product of f and g. This happens even
when one of the two polynomials is constant, indeed if g(q) = by the pointwise product is
f(@)g(q) = >, ang"bo, while (f x g)(¢) = >, anbog™. The general notion of slice product
between two right slice regular functions f and g, which is given in Definition 4.9 below and
will be denoted simply by f - g, turns out to be the natural generalization to functions of the
product (1.6) of power series. Since we are particularly interested in operator-valued functions
(e.g. T(t) = >, (A"/nl)g™ if A is bounded), let us consider the case ¥ = Z"(X) where the
product is the composition of operators. If F: Qp — Z*(X) and G : Qp — Z*(X) are two
given right slice regular operatorial functions, then the function ¢ — F(q)G(q) is not right slice
regular in general, and the correct notion of product turns out to be the slice product F - G, that
in the special operatorial case Y = Z"(X) will be denoted by the symbol F ® G. For simplicity
let us consider again the case of power series: if (A,,) and (B,,) are two sequences in .Z"(X) and
if F(q) =>_,, Ang" and G(q) = ), Bnq¢", then we have

Foo=Y ( X )

n k+h=n

We are now in position to describe the main result of our paper. We prove that if A is a spherical
sectorial operator with vertex w satisfying (1.3), then it generates an w-exponentially bounded
right slice reqular semigroup, i.e. a mapping T : Qs U {0} — Z7(X) such that T|q, is right
slice regular, limg—0 Tloy, (¢)z = @, sup,cq,, [T(g)|le™ Re(a) < oo for every q € Qg, 8 € 10,6],
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x € X, and the following noncommutative right linear operator semigroup law holds

Tlp+q)=Tp) ©p,T(q)  Vp,q € Qs with pg = qp, (1.7)

where T(p) ®, T(q) means that we are considering the slice product with respect to p, with ¢
fixed. Vice versa we prove that if T is an w-exponentially bounded right slice regular semigroup,
then its generator is spherical sectorial with vertex w. Thus we have obtained the following
theorem.

Theorem H. Let X be a Banach two-sided H-module, let T : [0,00] — £7(X) be a strongly
continuous right linear semigroup and let A : D(A) — X be its right linear generator. Then
A is a spherical sectorial operator with vertex w satisfying (1.3) if and only if T extends to an
w-exponentially bounded right slice reqular semigroup.

This theorem implies that right slice regular semigroups provide the class of semigroups which
can be represented by Cauchy integral formula (1.4), namely the infinite dimensional exponential
in a noncommutative framework.

Theorem H is a particular case of our main result, Theorem 7.1, which is valid in a very general
noncommutative setting when the set of scalars H is replaced by an arbitrary associative real
*_algebra A, including e.g. all the Clifford algebras R,,. Indeed the relevant subset of this kind
of algebras is the so-called quadratic cone @4, which enjoys the same slice complex nature of H,
ie. Qp = UjESA C;, where Sy :={g € A : ¢* = -1, ¢° = —q}, ¢ — ¢° being the operation
of *-involution (conjugation), and C; denotes again the Euclidean plane of A generated by 1
and j. This fact allows to employ many arguments of the quaternionic case, even if additional
difficulties may arise, due mainly to the existence of zero-divisors. A central point of this analysis
is the introduction of the general definition of a slice regular function with values in a Banach
two-sided A-module. This new notion requires the concept of vector stem function (see [27] for
the scalar case) and unifies all the different notions of slice regular function disseminated in the
literature (cf. [24, 27, 15, 2]). The passage to the vector framework introduces a difficulty which
is not present in the classical commutative complex case, since when we evaluate a right slice
regular operator-valued function ¢ — F(gq) at a vector z, we obtain that ¢ — F(¢q)z is not
right slice regular anymore (cf. Example 5.5 below). This difficulty is evident in handling the
noncommutative counterpart of the Laplace transform (see Section 6.2), an important tool for
the proof of Theorem H.

We point out that our results comprise the classical ones as a particular case. Indeed, if
A = C and X is a usual complex Banach space in which zz = xz for x € X and z € C, then
(1.7) reduces to (1.5) and (1.4) coincides with the standard Cauchy integral formula for analytic
semigroups, because C,(A) = (z1d — A)~1.

1.3. Structure of the paper. The next section is devoted to some preliminary notions and
properties concerning real *-algebras A. In Section 3 we recall the precise definition of Banach
two-sided A-module, we introduce the natural notion of Banach two-sided A-algebra and we
describe an important example of this kind of algebras, the one of right linear operators acting
on a Banach two-sided A-module. In Section 4 we define the general concept of slice regular
function with values in a Banach two sided A-module and we prove its main properties, while
in the following Section 5 we provide a list of relevant examples, including right power series,
noncommutative exponentials, slice compositions of operatorial functions and spherical resolvent
operators. In Section 6 we recall the definition of right linear operator semigroups and we
introduce the new class of right slice regular semigroups. The last section is devoted to prove
that right slice regular semigroups represent precisely the class of semigroups generated by a
spherical sectorial operator.
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2. PRELIMINARIES
Let us assume that
A is a nontrivial real algebra with unit 14, (2.1)

i.e. we are given a real vector space A # {0}, endowed with a bilinear product A x A —
A : (p,q) — pq whose unit is 15. The simplest examples are provided by the set of real
numbers R and by the complex plane C, but in general we will admit that the product in A is
noncommutative, as in the case of the skew-field H of quaternions, whose precise definition will
be recalled in Example 2.6 below. From the bilinearity of the product it follows that

r(pq) = (rp)g=p(rq)  VreR, Vp,qeA. (2.2)

In this way we can identify the algebra of real numbers R with the subalgebra of A generated
by 14, thus 1 = 14 and the notation rq is not ambiguous if r € R and g € A. Notice that

rq = qr VreR, Vqe€A. (2.3)
We can therefore consider the following well-known generalization of the complex conjugation.

Definition 2.1. Assume that (2.1) holds. We say that a mapping A — A : ¢ — ¢° is a
*_involution if it is R-linear and

() =q Vg € A,
Pq)c =qp°  Vp,q €A,
r¢=r Vr € R.

If A is endowed with a *-involution, we also say that A is a real *-algebra.

In the remainder of the paper we will assume that A is associative and its real dimension is
finite. We will summarize this and the previous assumptions by saying that
A is a finite dimensional associative nontrivial real *-algebra with unit, (2.4)
and we will endow A with the (Euclidean) topology induced by any norm on it.

Definition 2.2. Assume that (2.4) holds. The imaginary sphere in A is defined by

Sa = {qu :¢¢ = —q, q2:—1}, (2.5)
and we set
Ci:={r+sjeA : rsecR}, j € Sy,
i.e. Cj is the real vector subspace of A generated by 1 and j € Sy or, equivalently, the real
subalgebra of A generated by j. The quadratic cone Q4 is defined by

Qu:=J G (2.6)

Finally the real part Re(q) and the imaginary part Im(q) of an element q € A are defined by
Re(q) == (¢ +4¢)/2, Im(q):=(q—4¢)/2, q€A (2.7)

Observe that Q4 is a real cone and that every ¢ € Q4 satisfies the real quadratic equation
¢®> — 2Re(q)q + qq¢ = 0, which justifies the name “quadratic cone”. In general, Q4 is not a real
vector subspace of A (cf. Remark 2.7 below).

In general Re(q) and Im(q) are not real numbers, at variance with the customary complex
notation. If z € C then we set R(z) := (2 +2Z)/2 € R and 3(z) := (2 — 2)/2i € R.

In the remainder of the paper, except for Section 3, we will assume that

Sa # 2, (2.8)
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in particular this removes from consideration the set of real numbers R. For the reader’s con-
venience, in the following proposition, we give the proof of some useful properties enjoyed by a
real *-algebra.

Proposition 2.3. Assume that (2.4) and (2.8) hold. Then

(a) For every j € Sy we have that 1 and j are linearly independent and
rseR, qg=r+sj = ¢ =r—sj, q¢=q°q=r>+s>
paeC = pg=qp.
(b) The following properties hold:
"€Qa VgeQn, VneN,
g€ Qu~{0} = 3¢7"=(g¢") "¢ € Qu~{0}.
(¢c) We have that
CiNnCx=R Vi, k € Sy, j # tk. (2.9)
(d) The following set equalities hold:

Sa={g€Qn : ¢#=-1},
Qs =RU{ge A : Re(q) €R, ¢¢° €R, q¢° > Re(q)2}.

In particular if ¢ € Qa~\R, then Im(q)Im(q)¢ > 0, j := Im(q)/+/Im(q) Im(q)¢ € Sy, and
q = Re(q) + /Im(q) Im(q)¢j € C;.

(e) Qa = A if and only if A is (a real *-algebra) isomorphic to C or H. In this case, if
p,q € A =Qp, then

pg=qp <= dkeSy : p,geCy. (2.10)

Proof. (a) If r,s € R, s # 0, and r + sj = 0, then (r/s)? = (—j)? = —1, a contradiction leading
to the linear independence of 1 and j. The properties of the *-involution yields, for r,s € R,
(r+sj)°=r+sj¢ =r — sj. The formula for g¢¢ and the equality pg = gp are easily verified.

(b) The two properties follow from an easy induction and a direct computation.

(c) If (Cj N Cx)\R # @ then there are 7,5 € R, s # 0, such that k = r + sj, therefore the
equality —1 = k2 = 12 — 52 4 2rsj yields r = 0 and s% = 1. It follows that k = =+j.

(d) If ¢ € Qa and ¢> = —1, then there are r,s € R, j € Sy such that ¢ = r + sj, » = 0,
and s?> = 1. Therefore ¢° = —q and the characterization for Sy is proved. Concerning the
second equality, from (a) it follows that, for every ¢ € Q4 R, we have Re(q) € R, g¢° € R and
qq° > Re(q)?. On the other hand if ¢ € A\ R satisfies these three conditions, then Im(q) # 0
(otherwise ¢ = (¢+¢)/2 = (¢+¢°)/2 € R) and q¢° = q(q+¢°)—¢* = (q+q°)g—q* = ¢°q, therefore
Im(q) Im(q)° = g¢°~Re(q)* > 0, j := Im(q)//Im(q) Im(q)° € Sa, ¢ = Re(q)++/Im(q) Im(q)°j €
C; and (d) is proved.

(e) By the second part of (b), if A = @4, then A is a division algebra and hence Frobenius’
theorem implies that A is isomorphic to C or H (cf. [19, § 8.2.4]). The converse implication and
(2.10) are evident if A = C and well-known if A = H (cf. Example 2.6 and Remark 2.7). O

Remark 2.4. Part (d) of Proposition 2.3 shows that definitions (2.5) and (2.6) are consistent
with the apparently different definitions given in [27]. m

Definition 2.5. Assume that (2.4) and (2.8) hold. If j € Sp, we define the real *-algebra
isomorphism ¢; : C — C; by setting

¢5(r + s1) :=r + sj, r,s € R.
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Given a subset D of C, invariant under complex conjugation, the circular set associated to D is
the subset Qp of Qa defined by

Qp:= ] #(D)={r+sicQu:rscR r+sicD, jeS,}.
JESA

A subset of Qa is said to be circular if it is equal to Qp for some set D as above.

Observe that if D is open in C, then 2p is a relatively open subset of D4, because the function
Qa — C: g+ Re(q) + i\/Im(q) Im(q)¢ easily extends to a continuous function on the whole
A.

We recall that a real algebra A satisfying (2.4) is said to be Banach if it is equipped with a
(complete) norm | - | which is submultiplicative, i.e. |pg| < |pl||g| for every p,q € A, and [1| = 1.

In what follows, we will often assume that

A is Banach with a norm | - | such that, for every j € Sa, |pq| = |p||q| if p,q € C;. (2.11)

Observe that (2.11) implies the compactness of Sy. Indeed, by definition (2.5), Sy is closed in A.
Moreover Sy is contained in the compact sphere {g € A : |q| = 1}, because |¢|* = |¢?| = |-1| =1
if g € Sp. As an immediate consequence of the compactness of Sy, one obtains that ()4 is closed
in A. We remark that (2.11) is ensured by the following condition

A is Banach with a norm | - | such that |g|> = q¢° for every q € Qa. (2.12)

Notice that under assumption (2.12) ¢; is an isometry. It is worth also observing that (2.11)
and (2.12) are equivalent if the norm | - | is induced by a scalar product on A (cf. [19, §10.1]).

Example 2.6. A remarkable class of associative real *-algebras is the one of Clifford algebras (cf.
[31, 33] and [29, Section 1]). Let p,q € N, let n = p+ ¢ and let P(n) be the family of all subsets
of {1,...,n}, where P(0) = @. Identify R with the vector subspace R x {0} of R?" = R x R?"~!
and denote by {ek } kep(n) the canonical basis of R?" where ey := 1. For convenience, indicate
eqr) also by ey if k € {1,...,n}. Let us define a real bilinear and associative product on R?" by
imposing that

e 1 is the neutral element;

ec2=1ifke{l,...,plandei =—-1ifke{p+1,...,n}

o exep = —epeg if k,h € {1,...,n} with k # h;

o cx =ep, e, if K € P(n)~{@} and K = {k1,...,ks} with k1 < ... <ks.

This product on R?" defines the so-called Clifford algebra Ct,q of signature (p,q), which is
denoted also by R, ,. Evidently, such an associative real algebra is not commutative if n > 2.
The Clifford conjugation of R, is the *-involution  — 7 which fixes ex if K has s elements
and s = 0,3 mod 4 and sends ex into —ex if s = 1,2 mod 4. Endowing R, , with Clifford
conjugation, we obtain a real *-algebra satisfying (2.4). However, such an algebra R, ; does not
have both properties (2.8) and (2.11) if p > 1:
® Sry, = @ (Roo = R indeed) and Sg, , = @, so Ry and Ry o do not verify (2.8).
® Sg,, and Sg, , are 2-hyperboloids in R* (recall that Ry and Ry are isomorphic) and
hence they are not compact. It follows that R, , does not admit any norm with property
(2.11) if p>2or p=1and g > 1, because in these cases Sg,, C Sg,, or Sg,; C Sg, .
Let us consider the case p = 0 and n = ¢ > 1. For simplicity, we use the alternative
notation R,, instead of Ry ,. By direct inspection, one verifies that a point z = ) KeP(n) TKEK
of R,, with xx € R belongs to the quadratic cone Qg, of R,, if and only if it satisfies the following
polynomial equations

zg =0 and (z,zeg) =0 for every K € P(n)~{@} with e% =1,
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where (-,-) denotes the standard scalar product on R,, = R%?". On R,, it is defined the following
submultiplicative norm, called Clifford operator norm:

|z|ce := sup{|za| €R : |a] = 1},

where | - | indicates the Euclidean norm of R,, = R?". It turns out that:
e Qr, =R, if and only if n € {1,2}. In particular, Ry and Ry are division algebras.
o |x|cr = |z| = VaT for every x € Qr, and hence |- |cp = | | if n € {1,2}. If n > 3,
the Euclidean norm |- | of R,, is not submultiplicative (e.g. [(1+eg23))% = V8> 2=
1+ eq1,23)/*) and R, has zero divisors (e.g (1+eg123y)(1 —eg1235) = 0).
Endowing R,, (n > 1) with Clifford conjugation and Clifford operator norm, we obtain a

Banach real *-algebra satisfying (2.8) and (2.12). In what follows we always consider R,, equipped
with such a structure of Banach real *-algebra. The cases n = 1 and n = 2 are very important:

e R coincides with C endowed with the standard conjugation, if we set e; = 1.
e Ry is called algebra of quaternions. Usually it is denoted by H and one writes 4, j and k
in place of ey, ez and egy oy, respectively. m

Remark 2.7. Two quaternions p, ¢ € H commute if and only if they belong to the same slice
C;. Let p,q € H\R and let j, k € Sy such that p € C; and ¢ € Cy. The equality pg = gp is
equivalent to jk = kj. Since jk—kj = (j—k)(j+k) and H has no zero divisors, we conclude that
p and ¢ commute if and only if j = £k, i.e. p and ¢ belong to the same slice C;. This is not true
in Ry, if n > 3; indeed, e3, ey 91 € Sgy, €3 # eqy o1, but ezeq; 91 = gy 91e3. The reader observes
that Qg, is not a real vector subspace of Ry, if n > 3. Indeed, since ez and ey 5y commute,
e3 + eq1,2) does not belong to Qr,, because (e3 + eq12))(e3 +e12y) =2+ 2ef123 ZR. =m

3. TWO-SIDED A-ALGEBRAS

3.1. Two-sided modules and algebras. Let us recall that, if A satisfies (2.4), an abelian
group (X, +) is a left A-module if it is endowed with a left scalar multiplication A x X — X :
(¢, ) — qx such that

g(z+y)=qr+qy Ve,ye X, VqeA,

(p+q)r =pr+qx Vo € X, Vp,q € A,

lr=ux Vo e X,

p(qz) = (pq)x VieX, Vpg€eA.
An abelian subgroup Y of X is a left A-submodule if qr € Y whenever x € Y and ¢ € A. If A
is a field we obtain the classical notions of (left) vector space and subspace.

The definition of right A-module is completely analogous: it is required that the abelian group

(X, +) is endowed with a right scalar multiplication X x A — X : (x,q) — xq such that

(r+yg=zq¢+yq Vr,yeX, VgeA,

z(p+q) =xp+ xq Vo e X, Vp,q € A,

rl==x Vo e X,

(zp)g = z(pq) VieX, Vpg€eA.

An abelian subgroup Y of X is a right A-submodule if zq € Y whenever z € Y and g € A.

Definition 3.1. Assume that (2.4) holds and let (X,4) be an abelian group. We say that
X is a two-sided A-module (or A-bimodule) if it is endowed with two scalar multiplications
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AxX — X : (¢x) —> qx and X x A — X : (x,q) — zq such that X is both a left
A-module and a right A-module and

p(zq) = (pr)q Vee X, Vp,q€eA,

T =T Vee X, VreR. (3.1)

An abelian subgroup Y of X is a two-sided A-submodule if it is both a left and a right A-
submodule of X.

If A were simply a ring, then (2.2) and (2.3) make no sense, thus condition (3.1) should be
omitted (see, e.g., [5, Chapter 1, Section 2, p. 26-28]). In our case A is an algebra and it is
natural to require (3.1).

In [5] it is suggested a self-explanatory notation which is useful when we consider different
sets of scalars simultaneously: if X is an abelian group then

AX means that X is considered as a left A-module,

X, means that X is considered as a right A-module.

Definition 3.2. Assume (2.4) and (2.11) hold and let X be a two-sided A-module. A function
|-l : X — [0,00][ is called an A-norm on X if

lz]| =0 <= z=0,
4yl <zl + llyll Va,y € X,
lgzll < lglllzll, [lzqll <lqlll=]]  VoeX, VqeA. (3.2)

Equipped with this kind of norm, X is called a normed two-sided A-module and we endow it
with the topology induced by the metric d : X x X — [0,00[ : (z,y) — ||z — y||. Finally, we
say that X is a Banach two-sided A-module if this metric d is complete.

Observe that if ¢ € Qa~{0} and € X, then (2.11) implies that ||zq|| < ||lz||¢| = [lxqq~!|||q| <
llzqlllg=|lq| = ||zql|, therefore ||xq|| = ||=|||g]. A similar argument applies to ||qz||, therefore we
have the following result.

Lemma 3.3. Assume (2.4) and (2.11) hold, and let X be a normed two-sided A-module. Then

lgzll = llzqll = lglll=]l Ve e X, VgeQa.
Remark 3.4. If X is a normed two-sided A-module whose A-norm is || - ||, then, since R C Q4,
the preceding lemma implies that || - || is a norm on g X in the usual real sense. Therefore the
metric on X is the one induced by || || as a standard norm on g X. Finally observe that X is a

Banach two-sided A-module if and only if g X is a real Banach space. m

Definition 3.5. Assume that (2.4) holds. A two-sided A-module X is called (associative) two-
sided A-algebra if it is endowed with an associative product X x X — X : (z,y) — xy such
that

x(y+z2)=xy+xz Vx,y,z € X,

(r+y)z=xz+yz Va,y,z € X,

q(vy) = (qz)y Vz,y € X, VgeEA,

(xy)q = z(yq) Ve, y € X, Yq € A.
If we also assume that (2.11) holds, then we say that X is a normed two-sided A-algebra provided
X is endowed with an A-norm ||-|| such that ||zy| < ||z||||ly|| for every x,y € X. If X is complete

we say that X is a Banach two-sided A-algebra. If in addition X is nontrivial and has a unit
1x such that |[1x|| = 1, then X is called a Banach two-sided A-algebra with unit.
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Example 3.6. Assume A satisfies (2.4) and (2.11), e.g. A = R,,. Given a nonempty set S,
the set of bounded A-valued functions on S, equipped with the pointwise operations of sum, of
product, of left and right multiplications by scalars in A, of *-involution f¢(s) := (f(s))¢ and
endowed with supremum norm || f||s = sup,cg |f(s)], is a Banach two-sided A-algebra with
unit. In particular, this is true for each power A™. If S has a topological structure, then the
same pointwise defined operations make the set of bounded continuous A-valued functions on S
a Banach two-sided A-algebra with unit. m

Another example of Banach two-sided A-algebra with unit, which is of crucial importance in
this paper, is the one of right linear operators on a Banach two-sided A-module. We present
this example in Section 4.

3.2. Right linear operators. Let us recall the concept of right linear operators acting on a
two-sided A-module. Assume that

A satisfies (2.4) and X is a Banach two-sided A-module.

Definition 3.7. Let D(A) be a right A-submodule of X. We say that A : D(A) — X is right
linear if it is additive and
A(zq) = A(x)q Ve D(A), Vqe€A.

As usual, the notation Az is often used in place of A(x). We use the symbol End"(X) to denote
the set of right linear operators A with D(A) = X. The identity operator is right linear and is
denoted by ldx or simply by Id if no confusion may arise. Moreover, if X is a normed two-sided
A-module, then we say that A : D(A) — X s closed if its graph is closed in X x X. As in the
classical theory, we set D(A") := {x € D(A"™ 1) : A1z € D(A)} for every n € N~{0}.

Let us also recall the following definition (see, e.g., [5, Chapter 1, p. 55-57]).

Definition 3.8. Let D(A) be a right A-submodule of X and let ¢ € A. If A: D(A) — X is a
right linear operator, then we define the mapping gA : D(A) — X by setting

(qA)(z) :== gA(z),  x € D(A). (3.3)
If D(A) is also a left A-submodule of X, then we can define Aq : D(A) — X by setting
(Aq)(z) := A(qx), x € D(A). (3.4)

The sum of operators is defined in the usual way.

It is easy to see that the operators defined in (3.3) and (3.4) are right linear.

Definition 3.9. Assume X is normed with A-norm || - ||. For every A € End"'(X), we set
Ax
Al = sup 1] (35
z£0 ||zl

and we define the set

LX) :={A € End(X) : |A]]| < o0}.

Observe that ||A|| can be equivalently defined as the operatorial norm of A as an element of
End(rX), therefore
Z"(X) ={A € End(rX) : A is right linear, ||A] < oo}

={A € Z(rX) : Ais right linear},
where Z(rX) = {A € End(gX) : ||A]| < oo} is the usual normed R-vector space of continuous
R-linear operators on gX. The sum of operators, the scalar multiplications (3.3) and (3.4),

the composition, and (3.5), make Z"(X) a normed two-sided A-algebra with unit Id. If X is
Banach, then .#"(X) is Banach. Let us recall the following lemma (cf. [30, Lemma 2.19]).
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Lemma 3.10. Let X be a normed two-sided A-module with A-norm ||-||. The R-vector subspace
LX) of Z(rX) is closed with respect to the topology of pointwise convergence and hence with
respect to the uniform operator topology of £ (rX).

It is also useful to consider the following complex structures on the two-sided A-module X.

Definition 3.11. Assume (2.8) holds and let j € Sy. We endow the abelian group (X,+) with
the complex scalar multiplication C x X — X defined by

zx = xdj(2), reX, zeC. (3.6)

The resulting complex vector space will be denoted by X;. If A : D(A) — X is a right

linear operator, then we define the complex subspace D(A;) of X; and the C-linear operator
A;j: D(A;) — Xj by setting D(A;) := D(A) and Aj(z) := A(z) for every x € D(A;).

Remark 3.12. (i) Fix j € Sy. Since C; C Q4, if X is normed with A-norm || - ||, then Lemma
3.3 ensures that || - || is a norm on Xj in the usual complex sense. It is immediate to verify that
(X, ]| - ) is a Banach two-sided A-module if and only if (Xj, || - ||) is a complex Banach space.

(i) Let j € Sy and let || - || be an A-norm on X. Denote by .Z(Xj;) the C-vector space
of continuous C-linear operators defined on the whole Xj, equipped with the usual pointwise
operations of sum and scalar multiplication. We have that £"(X) C Z(Xj) C Z(rX), the
second inclusion being strict if X # {0}. If X # {0} and there exists ¢ € A such that jq — ¢j
is invertible in A (this is true if, e.g., A = H), then the operator X — X : z — zj belongs to
L(X;)NZ"(X) and the first inclusion is strict too. Furthermore, if A coincides with the real
subalgebra generated by Q4 (e.g. if A is equal to some R,,), then Z"(X) = mieSA Z(X;).

(iii) There would be no need to introduce the notation Aj, the notion of mapping being a
set-theoretical one. Anyway this is convenient to shorten some statements about A considered
as a linear operator on a complex vector space. m

4. SLICE FUNCTIONS WITH VALUES IN A TWO-SIDED A-MODULE

The aim of this section is to introduce the notion of vector-valued slice regular function and
to study its properties. We assume that

A is a real algebra satisying (2.4), (2.8) and (2.11).

and that
X is a Banach two-sided A-module with A-norm || - ||.
In order to introduce the notion of X-valued slice function, we consider X as a real vector space,

i.e. gX, and we define in X x X a structure of complex vector space by defining the standard
componentwise sum and the scalar multiplication C x (X x X) — (X x X) : (z,v) —> zuv:

(r+si)(z,y) = (rx — sy,ry + sx) (4.1)

for z =r+si,v=(z,y), r,s € R, x,y € X. Endowing X x X with this complex vector space
structure, we obtain the so-called complexification X ®r C of X. The complex conjugation of
v=(x,y) € X ®g C is defined by
V= (:Ev _y)
We make X @r C a real Banach space by defining ||(z,y)| := max{||z|, ||y||} for (z,y) € X ®rC,
thus if D is a nonempty open subset of C ~ R?, then C*(D; X ®g C) will denote the set of real
continuously differentiable functions from D into X ®g C in the sense of differential calculus in
real Banach spaces. If in addition

X is a Banach two-sided A-algebra with unit 1y,
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the following product makes X ®gr C a complex algebra:

(z,y) (@', y) = (za’ —yy/, 2y +ya').
By setting 1 := (1x,0) € X g C and i := (0,1x) € X ®r C, every v = (z,y) € X ®r C
can be uniquely written in the form v = 21 + yi = = 4 yi, and i is called an imaginary unit:
XerC=X+Xi={v=x+vyi : z,y € X} and i2 = —1. Observe that iv = iv = vi for every
v € X ®g C and the structure of real vector space induced by the scalar multiplication (4.1)
with s = 0 is the same of g X X pX.

Remark 4.1. Let D be a nonempty open subset of C. Using [42, Theorem 3.31, p. 79|, the
vector Cauchy integral formula and standard complex analysis arguments for scalar functions,
it is easy to check that the following statements are equivalent:
(i) F e CYD; X ®g C) and 4 +idE = 0.
(ii) F is complex differentiable in D.
(iii) z — (L, F(z)) is holomorphic in D for every C-linear continuous L : X g C — C. m

In the remaining part of this section, D will denote a nonempty subset of C invariant under
complex conjugation.

Definition 4.2. A function F = (F1,Fy) : D — X ®g C is said to be a stem function if
F(zZ)=F(z) Vze D,

i.e. F1(Z) = Fi(z) and F5(Z) = —F5(z) for every z € D.

Let Qp be the circular subset of Qa associated to D and, for every j € Sy, let ¢;: C — G
be the isomorphism ¢;(r + si) = r + sj (cf. Definition 2.5). We say that f : Qp — X is a
(X-valued) right slice function if there exists a stem function F' = (Fy, Fy) : D — X @r C such
that

f(95(2)) = Fi(2) + Fa(2)j Vze D, VjéeES,. (4.2)
In this case, we write f = J,(F'). In the reminder of the paper we will set f; := fop;: D — Xj.

The right slice function f is well-defined and it is induced by a unique stem function. Indeed,
if r € R, then Fy(r) = 0 (being F5(Z) = —F»(2)) and f(r) = Fi(r) independently from the
choice of j € Sy. If ¢ € Qo R, then it admits two representations ¢ = ¢;(z) = ¢_;(z) with
z € D\R and j € Sy. However, f(q) is uniquely determined by F:

f(95(2)) = Fi(2) + Fx(2)j = F1(Z) + F2(2)(=]) = f(¢—;(7))-
The stem function F' is in turn uniquely determined by f:
1 C 1 C ]
Fi(2) =5 (f(@+ f(@),  Fa2)=—5(f(a) = fd))] (4.3)

if z€ D, j €Sy and ¢ = ¢j(2). The latter equalities imply the following representation formula
for right slice functions f:

Flr+ k) = 5 (7(0) + £(a)) — 5 (F(a) — Fa")) ik (1.4

ifg=r+sjeQp, r,s€Rand jk €S,.
We now introduce the notion of slice regularity for vector-valued mappings.

| =

Definition 4.3. Let D C C be open and let f : Qp — X be a right slice function with f =
J,(F). We say that f is right slice regular if F is holomorphic in D, i.e. if F € C1(D; X ®g C)
and

OF  OF
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where (r,s) denote the real coordinates in C. If F = (Fy, Fy), then (4.5) is equivalent to

OF OF,  OFR _ OF,
or  9s’ ds  or’ (4.6)

Definition 4.4. The notions of left slice and left slice reqular functions are completely analogous
to the right ones. We say that f : Qp — X is a left slice function if there exists a (unique)
stem function F' = (Fi, Fy) : D — X @r C such that f(¢;3(2)) = Fi(2) +jFa(2) for every z € D
and j € Sy. In this case, we write f = Jy(F). If D is open in C and F is holomorphic in D,
then f is called left slice reqular.

Example 4.5. (a) If ¢ € X, then the constant function f : Qp — X : ¢ — ¢ is obviously
both left and right regular. In the reminder of the paper we will denote the constant functions
by its constant value: f = c.

(b) If X is a Banach two-sided A-algebra, ¢ € X, and f : Qp — X is right slice regular
with f = J,(F), then g : Qp — X : ¢ — c¢f(q) is right slice regular, since g = J,(G), where
G(z) = cF(z) is a holomorphic stem function. On the other hand, in general ¢ — f(g)c is not
a right slice function, but it is left slice regular if f is. m

Proposition 4.6. Let D C C be open and let f: Qp — X be a right slice function. Then the
following statements are equivalent.

(i) f is right slice regular.
(ii) fj:= fo¢;: D — Xj is holomorphic for every j € Sy.
(iii) There exists j € Sy such that f; : D — Xj is holomorphic.

Proof. Assume thatf = J,(F) with F' = (Fy,Fy). Since fj(z) = f(¢5(2)) = Fi(z) + F2(2)],
recalling (3.6), if f satisfies (i), then it holds

af; ~.0fy OF1 0F3, OFy 0F.\.
E—FZE—@T—'—@T‘H— * J

Js 88‘]

8F1 8F2, 8F1, 8F2

or + 87“]+ 83‘]_ Os
OF, OF 0F, OF,

=— 2+< 2 + 1>j:0.

or  0Os or Js

This proves (ii). The implication (ii) = (iii) is evident. Finally, suppose (iii) holds, i.e.

% + %j = 0 for some j € Sy. Thanks to (4.3), we infer that
0Fy O f; fj of;, . Ofj _.. OF
2—— = — — = - I =92 =
)=y 4 ey = I8y - gy =222
for every z € D. Similarly, we obtain also the second equality of (4.6), and (i) follows. O

Remark 4.7. If A = H and D C C is connected, then Proposition 4.6 entails that a function
f:Qp — H is slice regular if and only if it is regular in the sense of [24, Definition 2.2]. m

For X-valued slice regular functions the following extension lemma holds.

Lemma 4.8. Let D C C be open and connected, and let f : Qp — X be a right slice reqular
function. If f(q) =0 for all g € Qp NR, then f = 0.

Proof. Since D is connected and invariant under complex conjugation, then DNR # &. Assume
that f = J,(F) with F' = (F1,Fy). Let r € DNR. Since F(Z) = F(z), we have Fy(r) = 0.
Choose j € Sp. Then

0= f(¢5(r)) = Fi(r) + Fa(r)j = Fi(r),
thus F(r) =0 for every r € D NR. Hence F' =0 in D and the lemma follows from (4.2). O
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If X is also a Banach two-sided A-algebra with unit, then one can perform the pointwise
product of two right slice functions. However, it is not in general a right slice function. On
the contrary, it is immediately seen that the pointwise product of two stem functions is a stem
function. Therefore it is possible to define the following notion of slice product which generalizes
the convolution product between power series with coefficients in X.

Definition 4.9. Let X be a Banach two-sided A-algebra with unit, and let f : Qp — X and
g : Qp — X be two right slice functions with f = J,(F), g = 3:(G) and F = F; + Fyi,
G = G + Gyi. The (right) slice product of f and g is the right slice function f - g := J.(FG),
where F'G is the pointwise product of F' and G:

(FG)(2) := (F1(2)G1(2) — F2(2)G2(2)) + (F1(2)G2(2) + Fa(2)G1(2)) i Vz e D.

Since a real bilinear product of two holomorphic vector functions is holomorphic, we immedia-
tely get the following result.

Proposition 4.10. The slice product of two right slice reqular functions is right slice regular.

Some more words are necessary concerning the notation for the slice product. If we want to
stress the role of the independent variable, the following notation is convenient:

f(@) q9(q) == (f-9)(a)

This is especially useful when the functions f and g depend on several variables:

f(,a) q9(p;q) == (f(p,-) - 9(p, ) ()

Dealing with slice powers, the following notation will be also used for n € N:

flo,0)" = f(p,q) ¢ f(P;q) g+ ¢ f(Dy0),

n times

i.e. this n-th power is the slice product with respect to ¢ of f(p, q) with itself computed n times.

5. EXAMPLES OF VECTOR SLICE REGULAR FUNCTIONS

In this section we consider some fundamental examples of vector-valued right slice regular
functions, which will be exploited in the remainder of the paper. Throughout the section we
assume that

A satisfies (2.4) and (2.11).

5.1. Right power series. Let (¢,,) be a sequence in a Banach two-sided A-module X. Consider
the series s = Y _cng™ with ¢ € Q4. Thanks to Proposition 2.3(b) and Lemma 3.3, we
know that |lc,q"|| = |lcal/lg|”. This equality ensures the validity of Abel theorem for s. In
other words, if R € [0,+00c] is defined by 1/R := limsup,,_,, o, {/[/cn|| and if R > 0, then s
converges totally on compact subsets of the ball Qg := {q € Qa : |¢| < R}. The sum function
Qp — X :q+— Y >0 cnq" of s, we denote again by s, is right slice regular. Indeed, if Bp, is the
Euclidean open ball of C centered at 0 of radius R and S, 53 : B — X are functions defined
by S1(2) == > ,50 cnR(2") andS2(2) :== >, >0 cnS(2"), then S = (51, S2) is a holomorphic stem
function and s = J,(S). We have just seen that convergent power series with left coefficients in
X are right slice reqular. In general, convergent power series with right coefficients are not right
slice functions, but they are left slice regular functions.
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5.2. Noncommutative exponentials. In this subsection we introduce some noncommutative
generalizations of the complex exponential functions z — e*?, where a is a vector of a complex
Banach algebra. In what follows, we also give the definition of the “slice translation” of these
exponential mappings. First we recall that there exists a positive constant C', depending only
on A, such that

(p+ )| < C((Re(p) + Re(q))® + (| Tm(p)| + | Im(q)])?)"">

for every p,q € Qa and for every n € N (cf. [28, Inequality (3.2)]). Therefore the series in the
following formula (5.1) is convergent on the whole Q4.

Definition 5.1. Let X be a Banach two-sided A-algebra, let x € X and let p € Qs. We define
the right slice regular function expy : Qa — X by setling

™ .
expj(e) =)+, q€Qu. (5.1)
n>0
For p =0 we simply set exp” := expyj, t.e.

n

x
exp”(q) := expy = Z Fq”, q€ Qa.
n>0

We will also write e* := exp®(1) =, 5 %L, i.e. the usual exponential function in g X.
Here are the properties of the “non-commutative” exponential.
Lemma 5.2. Let X be a Banach two-sided A-algebra, let x € X and let p € Qa. Then the

following propositions hold.
(i) Let q € Qp with p+q € Qu. If either 22 = 0 or pq = qp, then

expy(q) = exp”(p +q). (5.2)

A partial vice versa is true. If expy,(tq) = exp®(t(p + q)) for every t € R, then either
22 =0 or pg = qp or pqg — qp is a left zero divisor of A (that is, pq — qp # 0 and
(pq — gp)a =0 for some a € A~{0}).

(i) Assume xp = px. Let q € Qu with p+ q € Q. If either 2 = 0 or pq = qp, then

exp”(p + q) = exp”(p) exp”(q). (5.3)
In particular this equality holds if p,q € R. A partial vice versa is true. If exp”(t(p+q)) =
exp®(tp) exp®(tq) for every t € R, then either 2 = 0 or pq = qp or pq — qp is a left zero
divisor of A.
(ii) If zq = qx for some q € Qa, then

exp”(q) = ™. (5.4)

A partial vice versa is true. If exp®(tq) = e* for every t € R, then either xq = qx or x
is a left zero divisor of X.

(i) expy is the unique right slice reqular function on Qp such that expy(t) = >, < I (p+t)"
for every t € R.

(iv) Ift € R then Qpn — X : q— expy(t) is right slice regular.

Proof. Let q € Qp with p+ q € Qa. Since

z? "
expy(q) —exp™(p+) = S (pa—ap) + Y ((p+ )" = (0 +9)"),
n>3
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if either 22 = 0 or pg = gp then (5.2) holds. Suppose that E(t) := exp{,(tq) — exp®(tp + tq) =0

for every t € R. Observe that

22
2

for some continuous (real analytic indeed) function h; : R — X. Thus we have

0= lim 2Bt 2 = 2%(pq — qp).
im (t) x*(pq — qp)

——(pq — qp) + t*hy (1)

If 2 # 0 and p’ := pg — qp # 0, then p’ must be a left zero divisor. Otherwise, being A finite
dimensional, there would exist ¢’ € A such that p'¢’ = 1 and hence 22 = (z%p’)¢’ = 0, which is
a contradiction. This completes the proof of point (i ( ).

Let us prove (i'). Suppose zp = px. Thank to this hypothesis, we have that exp”(p + ¢) —
exp®(p) exp®(q) = 2%y for some y € X. Thus, (5.3) is satisfied if 22 = 0. If instead p commutes
with ¢, then

—k
exp®(p + q) — exp”(p) exp™( Z Z()’”’“ sz,p — q —k=o.

n>2 n>2 k=0

Suppose that F(t) := exp®(tp + tq) — exp”(tp) exp®(tq) for every t € R. We have that
c
2
for some continuous function k, : R — X, and hence 0 = limg=;—,o 2F (¢)t~
can now conclude as above.

The proof of point (ii) is similar. If zq¢ = gz, then (5.4) is evident. Suppose that G(t) :=
exp®(tq) — e = 0 for every t € R. Since

F(t) = = (qp — pq) + t*ka(t)

2 =2%(gp—pq). We

n 2
G(t) = (¢"q" - (f@")% = %w(xq — qu)q + t°£,(t)
n>2

for some continuous function ¢, : R — X, it follows that 0 = limgs 0 2G(t)t ™2 = x(xq — q7)q
and hence 0 = z(xq — qz) if ¢ # 0. Thus either xq = qz or x is a left zero divisor of X.

Point (iii) is a consequence of (i) and Lemma 4.8, while point (iv) follows from (i) and (iii),
being expy (t) = exp®(q +t) = exp; (q). O

5.3. Operatorial slice composition. Assume that
X s a Banach two-sided A-module.

The slice product deserves a particular attention when functions take on values in the set .£*(X)
whose product is the composition of operators. In order to avoid any notational ambiguity we
explicitly state we consider the following product

LX) x LX) — LX) : (A,B) —> AB := Ao B,

i.e. (AB)(z) = A(Bz) for every = € X, which makes .Z"(X) a Banach two-sided A-algebra with
unit. In this special case we will adopt a new symbol for the slice composition of operatorial
functions, i.e. the slice product of operatorial functions ¢ — F(q),q — G(g) will be denoted
with the symbol “©” rather than the dot *“”. For the sake of clarity we formalize this notation
in the following definition.

Definition 5.3. Let D be a nonempty subset of C invariant under complex coniugation and let
Qp be the circular subset of Qp associated to D. Consider two right slice functions F: Qp —
LX) and G: Qp — LX) with F =3.(F), G=7,(G) and F = (F1,F2), G = (G1,G2). The
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slice product of F and G will be called (right) slice composition of F and G and will be denoted
by FOG:Qp — Z"(X). In other terms

FoG:=7,(FG9),
1.e.

(F©G)(95(2)) = (F1(2) 0 G1(2) — Fa(2) 0 Ga(2)) + (Fa(2) 0 Gu(2) + Fi(2) 0 Ga(2))]  (5.5)

for every z € D and for every j € Sy.

Example 5.4. Let A € Z"(X) and let F: Qp — Z"(X) be a right slice function. We know
from Example 4.5(b) that the function ¢ — AF(q) = A o F(q) is a right slice function. In
general, instead, the mapping ¢ — F(q)A is not right slice. If we consider A as a constant

function, then the slice composition F ® A is a right slice function. Explicitly if F = J,(F) with
]: = (]:1,]:2) then

(FOA)(95(2) = Fi(2)A+ Fa(z)A] VzeD, VjES,. m

In the following remark we show that, given a right slice function F : Qp — Z"(X) and
x € X, in general we cannot conclude that Qp — X : ¢ — F(¢)z is right slice (nor left slice).

Remark 5.5. Let x € X, let F : Qp — .ZI"(X) be a right slice function and let (Fi, )
be the stem function inducing F. Define F, : Qp — X by Fz(¢) := F(q)z. Therefore we
have that F,(¢;(2)) = (Fi(2) + Fa(2)j)zr = ]:1( Jr + Fo(z)(jx) if z € D and j € Sy. Given
j € Sa, if Fp = J,.(F) for some stem function F': D — X ®g C with F' = (Fy, F»), then (4.3)
implies that Fj(z) = Fi(z)x and Fy(z) = —Fa2(z)(jxj). It follows immediately that F, is right
slice if and only if, for every z € D and for every j,k € Sp, Fa(z)(kz) = —Fa(2)(jzj)k or,
equivalently, F5(z)(kzrk — jrj) = 0. A concrete example in which the latter equality fails is as
follows. Denote by {1,1,7,k} the standard real vector basis of H and define A := H, X as H
with its standard structure of Banach two-sided A-module (cf. Example 3.6), z :=j € X = H
and the function F : H — Z*(H) by setting F(q)p := igp for every p € H = X. Observe that,
in this case, Fa(z)p = iS(2)p and hence, if z =i € C,j:=j€ A=Hand k:=k € A = H, then
Fo(z)(kzk — jxj) = 2k # 0. It follows that F, : H — H, F,(q) = iqj, is not right slice. It is
immediate to easy that F, is not left slice as well. m

5.4. Integrals. Here is a result on the slice regularity of integrals depending on a parameter.

Proposition 5.6. Let X be a Banach two-sided A-module, let I be an interval of R, let D be
a nonempty open subset of C invariant under complex conjugation and let f : I x Qp — X
be a map such that f(-,q) € L'(I;X) for every q € Qp and f(t,-) is right slice reqular with
ft,-) = 3.(F(t,-)) for every t € I. Suppose there ea:z'stj € Sa and g,,gs € L'(I;R) such
that, if fj : I x D — X denotes the map fi(t,z) == f(t, ¢ ( ), 1(0f;/0r)(t, 2)|| < gr(t) and
1(0f;/0s)(t, 2)|| < gs(t) for every t € I and for every z = r +is € D. Then the function
h:Qp — X defined by

:/f(t,Q)dt, QEQD
is right slice reqular and h = J3.(H), where H(z fI (t,z)dt if z € D.

Proof. It F(t,-) = (Fi(t,-), Fa(t,-)) for every t € I, then representation formulas (4.3) imply
that Fp,(-,2), m=1,2, is integrable for every z € D, therefore the definition of H makes sense.
If H= (H, Hy), then Hy(2) = [; F(t, z) dt for every z € D, m = 1,2, H is a stem function,
and

Hy(2) + Ha(2)j = /1 (Fi(t,2) + Falt, 2)j) dt = /1 £t 65(2)) dt = h(dy(2)
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for every j € Sy and every z € D, i.e. h = J,(H). Using again formulas (4.3) we also infer
that there exist Gy, Gsm € L'(I;R), m = 1,2, such that ||(0F,/0r)(t,2)| < Grm(t) and
|(0F:,/0s)(t, 2)|| < Ggm(t) for every (t,z) € I x D. In this way we can perform derivatives
under the sign of integral, obtaining

oOH OH oF OF
W(z) + Zg(z) = /I <E<t’ z) + Z%(tv Z)) dt =0,

therefore H is holomorphic and we are done. O

5.5. Spherical resolvent operator. The notions of spherical spectrum and of spherical resol-
vent operator was given for the first time in [9] for quaternions and in [16] for arbitrary Clifford
algebras R,,. Here we consider the general case introduced in [30, Definition 2.26].

Assume that

A satisfies (2.4), (2.8) and (2.12), and X is a Banach two-sided A-module.

Definition 5.7. Let D(A) be a right A-submodule of X and let A : D(A) — X be a closed
right linear operator. Given q € Qu, we define the right linear operator A, (A) : D(A%) — X
by setting
A, (A) := A% — 2Re(q) A + |g|* Id.
The spherical resolvent set p;(A) of A and the spherical spectrum o,(A) of A are the circular
subsets of Qa defined as follows:
ps(A) :={q € Qu : Ay(A) is bijective, Ay(A)™' € £7(X)}
and
os(A) == Qa~ps(A).
For every q € p;(A), we define the operators Qu(A) € L"(X) and Cy(A) € L"(X) by setting
Qq(A) = Ag(A)™

and

Cy(A) := Qq(A)g" — AQq(A). (5.6)

The operator C4(A) is called spherical resolvent operator of A at q.

Observe that the boundedness of C,(A) follows from the closed graph theorem on .2 (g X) (cf.
[30, Proposition 2.28]). We also mention that a definition that has some similarities with the
spherical spectrum was given in [36] in the context of real *-algebras.

Remark 5.8. Let A = H and let X = H? with standard left and right multiplications by scalars
in H (cf. Example 3.6). Define A € .#*(H?) by setting

Q)= )0-() (e

By direct inspection, one easily verifies that A = A\g+ A1i+ Aoj + A\sk € H with Ag, A1, A2, A3 € R
belongs to og(A) if and only if A3 = £ and A} + A3 + A3 = 3. In other words, we have

1 1 1 1
os(A) = (= 4 —Su ) U=+ —Su ).
W=~ %) v (5 + 7%)
It is also immediate to see that the operator Ald — A € #*(H?) is not invertible if and only if
A€ {p, uc}, where p:= %(z—k]) Observe that {u, u°} No;(A) = @. This shows that in general
there is no relation between the notion of spherical spectrum and the noncommutative version of
the classical concept of spectrum. Indeed, A, (A) is invertible, but xld — A and x°ld — A are not.

Moreover, if A = %(1 + 1), then AMld — A and A°Id — A are invertible, but Ay (A) is not.
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It is worth recalling that, in the quaternionic matricial case, the spherical spectrum coincides
with the set of right eigenvalues (cf. [25, Proposition 4.5]): A € o,(A) if and only if Az = x\
for some x € H?~.{(0,0)}. The spherical spectrum is equal also to the set of left eigenvalues,
provided H? is endowed with a suitable left scalar multiplication (cf. [26, Example 7.3]). m

In our next result, given j € S,, we describe the deep connection existing between the notions
of spherical resolvent set and of spherical resolvent operator of an operator A on X and the
classical complex ones of resolvent set and of resolvent operator of the operator A; on Xj.

Theorem 5.9. Let A : D(A) — X be a closed right linear operator, j € Sy, and let p(A;)
denote the resolvent set of the operator A; : D(A;) — Xj (cf. Definition 3.11). Then the
following equivalent assertions hold.

(i) Given X € C, we have that ¢;(\) € p,(A) if and only if both X and X belong to p(A;).

(i) ps(A) is equal to the circular subset of Qp associated to p(Aj)Np(A;), where p(A;) denotes
the set {\ € C: X € p(Aj)}.

Furthermore, if X € p(A;) N p(A;),
Qg0 (A) = Rx(Aj)RA(A;). (5.7)

Proof. The equivalence between (i) and (ii) is evident. Let us prove (i). If A = r + si € C with
r,s € R and ¢ := ¢;(A\) € Qa, then for every z € D(A?) we have

(Aldx; — Aj)(Aldx; — Aj)x = ((r + si) Idx; — Aj)((r — si) ldx; — Aj)z
= (A} — 2rAj + 7% Idx; + s ldy, )z
= A%z — Az(2r) + 2(r? 4 5%) = A (A)x. (5.8)
Suppose that {\,A} C p(A;). If y € D(A), then there is © € D(A) such that Ajz = Az — y,
therefore Az € D(A) since D(A) is a complex vector space. This proves that (Ald—A;)(D(A?)) =
D(A), which together with (5.8) implies that A,(A) is onto X. Moreover from (5.8) we also infer

that Ay(A) is injective and (5.7) holds. This also implies that Q,(A) is continuous. Moreover
Qq(A) is right linear by virtue of [30, Lemma 2.16], thus ¢ € ps(A). Suppose now that ¢ € p,(A).

From (5.8) it follows that (Aldx; —Aj)(Aldx; — Aj)Qq(A)x = x for every x € X, thus Ady; — A;
has a right inverse, which is provided by the operator

(Mdx; — Aj)(Qq(A));
Let us prove that it is also a left inverse. Consider a point y in D(A;) = D(A). Since
A (A)(D(A?) = D(A) and Ay (A)A = AA,(A), we infer that AQ,(A)y = Qu(A)Ay, indeed:
AQ,(A)y = Qu(A)AL(A)AQ (A)y = Qu(A)AAL(A)Q,(A)y = Qq(A)Ay. Tt follows that
(Mdix; = Ap(Qq(A)); (M dx; — Aj)y = (Aldx; — Aj) ((Qq(A));(Ay) — Qq(A)Ay)
= (Mdx; — A (MQq(A) (1) — AQq(A)y)
= [APQq(A)y — MAQq(A)y) — AA;(Qq(A)y) + AAQq(A)y
= (JAI* = 2R(\)A = A%)Qq(A)y
= (lgI* — 2Re(q)A — A*)Qq(A)y
= 0q(A)Qy(A)y = y.
This proves that A € p(A;) and (XIde —A;)(Qq(A)); = Rx(A;). Interchanging A and A we obtain
also that A € p(A;) and we are done. ]
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Remark 5.10. Let A : D(A) — X be a closed right linear operator and let j € Sy. Choose

A € p(Aj) N p(A;) and define g := ¢5(A) € p,(A). Since (Xldx; — Aj)Rx(A;) = Idx;, we have that
AjRx(A;j) — ldx; = ARx(A;). In this way, thanks to (5.7), given any = € X, it holds:
Cy(A)z — Ru(Aj)x = R5(Aj)RA(A;) (¢°z) — (AjRx(A;) — Idx;)RA(Aj)x
= Rx(Aj)RA(Aj)(q°x) — AR5 (Aj)RA(Aj)z
= Rx(AjRA(A) (¢ — 2¢°).
It follows that
Ve X : C(A)z=Ry\(A))z = ¢z =uaq,
Cy(A) =Ry\(A;)) = (rv=x2¢" VrelX

In particular, we have that C,.(A) = R,.(A;) for every r ¢ R. m

Proposition 5.11. Let A : D(A) — X be a closed right linear operator such that p;(A)NR # @.
Then the mapping ps(A) — L7(X) : ¢ — C4(A) is right slice regular.

Proof. Following the proof of Lemma 2.36 of [30], one obtains that, if A\ € p,(A)NR, B :=
—Cy\(A) € Z5(X) and @ : Qp~{\} — Qa~{)\} is the inversion map ®(q) := (¢ — \)~*
then ®(p,(A)~{A}) = ps(B)~{A} and Cy(A) = —BCqy(B)®(q) for every q € ps(A) \ {A}.
Since [30, Lemma 2.31] ensures that p,(B) is nonempty and open in @4, we infer that p,(A) is
a nonempty open circular subset of Q4. Let D be the nonempty open subset of C invariant

under complex conjugation such that Qp = p,(A). Fix j € Sy and define the stem function
F=(F1,F2): D — ZL"(X) ®@r C as follows:

Fi (Z) = quj(z) (A)?R(Z) - AQ¢j(z) (A)7 (59)
Fa(z) = = Qg2 (A)S(2). (5.10)

For every z € D, we have that F(z) = F(z) and
F1(2) + F2(2)j = Qgy(2) (A)R(2) — AQy;(2) (A) — Qu;2) (A)S(2)]
= Q¢J(Z) (A)¢J(Z)C - AquJ(z) (A) = C¢J(z)(A)7 (511)

therefore ¢ — C4(A) is right slice. From [30, Lemma 2.32] it follows that the map D —
(Z7(X)); + 2 /> Cy,(z)(B) is holomorphic. Since Co(A) = —BCqy)(B)®(g), the map 2 —
C¢j(z) (A) is holomorphic as well. Now we can conclude by invoking Proposition 4.6. (]

If w € R a straightforward computation shows that A,(A—wld) = A4, (A) for every g € Qa,
therefore we can relate the spherical resolvent operators of A and of A — wld as in the classical
case (this is not true if w is not real).

Lemma 5.12. If w € R then Aj(A —wld) = Ayyo(A) for every ¢ € Qa and ps(A —wld) =
ps(A)—w. Moreover Qu(A—wld) = Qgtw(A) and Cj(A—wld) = Cypy(A) for every g € p,(A—wld).

6. RIGHT LINEAR OPERATOR SEMIGROUPS

Throughout this section, we will assume that

A satisfies (2.4), (2.8) and (2.12), and X is a Banach two-sided A-module.
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6.1. Strongly continuous semigroups. We first recall the natural definition of right linear
operator semigroup (cf. [14] for the quaternionic case and [30] for the general case).
Definition 6.1. A mapping T : [0,00] — £"(X) is called (right linear operator) semigroup if
T(t+s)=T()T(s) Vt,s > 0,
T(0) = Id.
A semigroup T is called uniformly continuous if T € C([0,00[; L (X)). A semigroup T is called

strongly continuous if T(:)z € C([0,00[;X) for every x € X. The generator of T is the right
linear operator A : D(A) — X defined by

D(A):={z € X : 3lim(1/)(T(h)x - x) = (d/ AT (e, }.

1
Az = }ILILI%) E(T(h)a: —x), x € D(A).

Remark 6.2. By Lemma 3.10, we could also say that T is a uniformly continuous (resp. strongly
continuous) semigroup in X if and only if T is Z"(X)-valued and T is a uniformly continuous
(resp. strongly continuous) semigroup in g X. m

Here is the generation theorem relating generators and semigroups (cf. [14, Section 4] for the
quaternionic case and [30, Theorem 4.5] for the general case).
Theorem 6.3. The following assertions hold.

(a) Let A : D(A) — X be a closed right linear operator with D(A) dense in X. Suppose
that there are constants M € [1,00[ and w € R such that Jw,o0[ C ps(A) and

M

GAY € —— VneN, VA>w. 6.1
QAN oo neR, Wasw (6.)
Then A is the generator of the strongly continuous semigroup T : [0,00[ — Z7(X)
defined by
T(t)z = li_)m ez, re X, where A, :=nAC,(A) € Z"(X).

Moreover, | T(t)|] < Me“" for all t > 0.

(b) Let T : [0,00[ — Z"(X) be a strongly continuous semigroup such that there are con-
stants M € [1,00[ and w € R with the following property: ||T(t)| < Me™ for all
t > 0. Then the generator A of T is closed, D(A) is dense in X, |w,o0[ C ps(A) and

ICA(A)™] < % for alln € N and for all A > w.

In both cases (a) and (b), we have that
Cr(A)z = / A TH)zdt  YA>w, VzeX.
0

6.2. Noncommutative Laplace transform. In the noncommutative setting a natural notion
of argument of a number is provided by the following definition (cf. [30, Definition 5.1]) that we
will use also in the complex case.

Definition 6.4. Define the argument function arg : Qa~ {0} — [0,7] on Qa as follows. If
g € Qa~R, then there exist, and are unique, j € Sp, p € 0,00 and § € 0,7 such that
q = pe € Cj. Thus, we define arg(q) := 0. Moreover we set: arg(q) := 0 if ¢ € ]0,00[ and
arg(q) :=7 if ¢ € |—00,0].

We need to introduce the following classes of open subsets of C and of Q4.
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Definition 6.5. Ifn € |0, 7| we define
Dy :={z € C\{0} : arg(z) <n}
and the associated circular set
Q= Qp, = {g € Qu~{0} : arg(q) < n}.

Now we prove that the spherical resolvent operator can be written as a suitable Laplace
transform. This result is stated in [14, Theorem 4.2] in the quaternionic setting and for n = 1.
Here we provide a different proof which also allows to get an integral representation for all the
integer slice powers of the resolvent operator, confirming the central role of the slice composition
defined in Definition 5.3. It is worth noting that Proposition 5.6 does not apply since the mapping
q— (T(t)e ')z is not right slice regular even if ¢ — T(t)e™? is (cf. Remark 5.5).

Theorem 6.6. Let T : [0,00] — Z"(X) be a strongly continuous semigroup. Suppose there
exist M € [1,00[ and w € R such that |T(t)|| < Me“t for allt > 0. If A is the generator of T
then w + Q9 C ps(A) and, for every n € N, we have

(€A F)e = o= 11)'/ (T leadt  Vgcw+Qp YreX.  (6.2)
A
In particular
n M
Al < ——— 9) . :
ISR S oo YIE@H QYN (63)

Proof. Fix j € Sy and let S; : [0,00] — Z(Xj) be defined by S;(t) := T(t). It follows that S; is
a strongly continuous semigroup satisfying the estimate ||S;(¢)|| < Me** for every ¢ > 0 and its
generator is the operator A; : D(A;) — Xj defined by D(A;) := D(A) and Ajx := Az for every
x € D(Aj). Therefore from the classical theory we have that w + D /5 C p(Aj), the resolvent set
of Aj, hence w + Q5 C p,(A) by virtue of Theorem 5.9.

IfneN, g€ w+ Q) and z € X are fixed, then a standard 2e-argument shows that ¢ —
(T()t"te M)z = T(t)(t" te~¥z) is continuous. Moreover we have that | T(¢)(t" e tz)|| <
Mt tetw=Re(@) || z|| for every t > 0, therefore we can define the following X-valued Lebesgue
integral

Lo(q)e = / (Tt edt,  qew+Qy zeX (6.4)
0

Now we show that (6.4) defines a right slice regular function L, : w+ /5 — Z7(X). From the
right linearity of T(¢) and from the definition of X-valued Lebesgue integral it follows that L, (q)
is right linear, moreover ||L,,(q)z|| < [;° | T(6)t"te™"a| dt < ||| M [5° "~ Let@—Re(@) q¢, thus
actually L,(q) € Z(rX) for every ¢ € w+ Q5. By a direct computation, it is immediate to
verify that [;° " let@=Re(@) d¢ < (n — 1)I(Re(q) — w)~™. In particular, we have that

M(n —1)!
L@l < e (6:5)

(q) —w)™
For every fixed t € ]0,00], let F, = (F} |, F},) : C — A ®g C be the stem function such that
" Lexp™ = J(FL): Foi(z) = t" e ™) cos(13(2)) and Fpo(z) = —t""Le @) sin(13(2)).

Thanks to (4.3) it makes sense to define L,y : w + Dy /o — Z7(X), k= 1,2, by

Ly k(2)r = / (T(t)Ff;k(z))x dt, z2€w+ Dy, we€X.
0
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Then L, := (Ln,1,Ly,2) is a stem function and for every j € Sy, 2 € w+ Dyjp and z € X, we
have that

(Lo, <>+&ﬂ<Mw—Amnuwz<n+Tm J(2)jz) dt
=Ameu%aa+Eb@mxm
N / T T e O nd = Ly(gy(2)e,
0

therefore L,, = J,(L,,) is a right slice function.

Consider j € Sy and the map (L,,); : w+ Dy — (ZL7(X)); defined by setting (L,); := Ly, 0.
Let us show that (L,); is of class C'. Denote by (r,s) the real coordinates in C, and by 9, and
s the partial derivatives 9/0r and 9/0s, respectively. Observe that, since C — C : 2z — e~ *
is holomorphic, we have that d,e~'%(2) 4 9,e~1¢i(2)j = 0 for every z € C. Define the mappings
Drnjrs Dnj,s : W+ Do — (L7(X)); by setting

Dyjr(2)z = / Tt Y (e N dt, Dpj(2)r = / Tt (815 dt,
0 0

for all z € X, 2 € w+ Dy/p. A 2e-argument shows again that D,, ;- and D, j s are continuous.
Moreover, for every z € w + Dy and for every h € R~\{0} such that z + h € w+ Dy, we find

“ 1) = ()

— ij’r(z)

—tgj(z+h) _ o—t9;(2)
0

= sup
llzll <1

o0 iy (h) _ gty (2)
< sup/ Tttt ¢’ c — et ) 2|l dt
e <1 /o0 h
00 —tg5(z+h) _ o—td;(z)
§/ Mt |€ 7 - ¢ — 0, 13| q, (6.6)
0

where the last integral is finite because
e—t(r-i—h-i—Sj) _ e—t(r-i—sj)
h

M Lewt - are—t(r—l—sj)

—th
— _ i), | € -
— Mt" 1ewt’e t(r-i—s_])‘

+ t‘ < Mt e emtrop — ot

Moreover the last integrand in (6.6) converges to zero as h — 0, therefore we can apply the
dominated convergence theorem, obtaining that 0, (L, )j = Dy, j. The proof that 0s(L,); = Dy j s
is entirely analogous. It follows that (L,); € C'(w+ D, /2; (Z7(X));). Moreover, for every x € X,
we have

(0r(Ln)j(2) +i0s(Ln)j(2)) 2 = Or(Ln)j(2) + Os(Ln)j(2)(Jz) = Dnjrz + Dpjjs(i)
:/OO (T (9,4 + 0,e %) j)z) dt = 0.
0

From Proposition 4.6 we infer that L,, is right slice regular. Thanks to Proposition 5.11 the
function ¢ — C,4(A)®7 is right slice regular as well, and from [30, Theorem 4.5] we have that
C,.(A) = R, (A) = Li(r) for every r > w. Furthermore, from (5.9), (5.10), (5.11) and from (5.5), it
follows that the value of C,(A)® at ¢ = r, which we denote by C,.(A)®", coincides with C,.(A)"
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for every r > w. From the classical semigroup theory applied to T : [0,00[ — L (rX), we
know that (n — 1)!R,.(A)" = L,(r) (cf. Remark 6.2 and [21, Corollary 1.11, p. 56]). Therefore
(n — 1)!IC.(A)®" = L, (r) for every r > w, thus Lemma 4.8 implies (6.2), i.e. (n — 1)!IC,(A)®1 =
L,.(q). Estimate (6.3) is now an immediate consequence of (6.5). O

6.3. Uniformly continuous semigroups. Strongly continuous semigroups are somehow the
less regular class of semigroups. At the other extreme there are the uniformly continuous semi-
groups. We have the following result.

Theorem 6.7. Let T : [0,00] — Z"(X) be a strongly continuous semigroup and let A be its
generator. Then T is a uniformly continuous semigroup if and only if A € £L"(X). In this case
T(t) = e for every t > 0 and the mapping exp” : Qp — L*(X) defined by

An
expPg) =) —rd". 4 €Qua
n>0

18 the unique right slice reqular extension of T.

Proof. The fact that A is bounded if and only if T(t) = 4 for every ¢ > 0 is proved in [30,
Thereom 4.3|. The last statement follows immediately from Lemma 5.2(i') and Lemma 4.8. [

6.4. Slice regular semigroups. While uniformly continuous semigroups admits a power series
representation by means of the exponential function, in the strongly continuous case this repre-
sentation is not possible, since the generator is not bounded. As in the classical complex case it
is possible to develop a quaternionic functional calculus (cf. [16]) that allows to represent e*A via
a Cauchy integral formula if A is bounded. However the counterpart of this functional calculus
for unbounded operators (cf. [11]) does not apply to the exponential function el ie. to semi-
groups. Nevertheless in [30] we show that a Cauchy integral formula representation is possible
if the generator of the semigroup is spherical sectorial, a natural quaternionic generalization of
complex sectorial operators. Now we recall the definition of spherical sectorial operator and
in the next section we are going to prove that the semigroups generated by spherical sectorial
operators are exactly those who can be extended to a right slice regular operatorial functions on
a spherical sector of A. Moreover this extension satisfies a suitable “noncommutative semigroup
law”, originating what we call the class of right slice reqular semigroup. This result casts a
bridge between the theory of semigroups on Banach two-sided A-modules and the theory of slice
regular (operatorial) functions.

Definition 6.8. Let A : D(A) — X be a closed right linear operator, let 6 € 10,7/2] and let
w € R. We say that A is a spherical d-sectorial operator with vertex w if

Wt Qupaes = {1 € Qun{w) © analg —w) < 7/2+ 8} C pu(A).

If A is a spherical §-sectorial operator with vertexr w for some 6 € |0,7/2], then we say that A
is a spherical sectorial operator with vertex w. If in addition w = 0, we simply say that A is a
spherical sectorial operator.

The starting point of our analysis is the next result (cf. [30, Theorem 5.6]) where we prove
that a spherical sectorial operator generates a strongly continuous semigroup represented by a
suitable noncommutative Cauchy integral formula. We state here this theorem in a form which
is slightly more general than in [30]. In order to do this, we need some preparations.

Let j € Sp. Recall that, given an interval I of R, a C'-path v : [ — Cj,amap f:y(I) — X
and a function g : v(I) — A, one can define the integral f,y fla)ydag(a) € X (if it exists) by
setting

/ f(a) darg(a) == / FO®)Y (Da(4(1)) dt. (6.7)
ol 1
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If {v¢ : Iy — Cj}}, is a finite family of C'-paths of C;, I is the formal sum Z?:l ~;, and f and
g are defined on (J;_; 7¢(I¢), then we define fr da g9(e) =3 [, fla f Jdag(a). If the

image of g is contained in C;, then we write fF a)da in place of fr da g(a), because
v, (t) and g(e(t)) commutes for every ¢ € {1,. n} and for every t € I. We refer the reader
to [30, Section 6] for more details concerning this kind of integrals.
Let 7 € ]0,00[ and let n € ]0,7[. Denote by Z~(j;r;—n) : |—o0,—r] — C;, €(j;m;n) :
[—n,n) — Cj and Z*(j;r;n) : |r,00] — Cj the C'-paths of C; given by
A (Jir;—n)(t) == —te_"j vt € |00, 7],
( )( ) vt € [_77777]7
( :n)(t) == te™ Vt € [r,o0].
Define I'(j; r;n) as the following formal sum of C'-paths of C;:
L(srsn) =2 [Gsrs—n) +Csrin) + 2 ([G5r5m).
The mentioned slightly more general version of [30, Theorem 5.6] reads as follows.

Theorem 6.9. Let A : D(A) — X be a spherical 0-sectorial operator with vertex w. Suppose
that D(A) is dense in X and there exists K > 0 such that

1C, (A < Vg € w+ Qrjoys.

K
g =«

Ifje Sy, re 0,00 and n € |7/2,m/2 4 [, then the integral

1
T(t) = — / Co(A)jlet"da VE>0 (6.8)
2T Ju T rim)
is convergent in ZL"(X) and is independent of j, r and n. If we set T(0) := Id, then (6.8)

(6.
defines a strongly continuous semigroup T : [0,00] — Z7(X) which is real analytic in 10, 00|
and whose generator is A.

Proof. Here we show how to reduce to the case w = 0 which is dealt with in [30, Theorem
5.6]. Define B := A —w Id. By Lemma 5.12, we know C,(A —w Id) = C,i(A) for ev-
ery ¢ € ps(A—wld) = p;(A) — w. In particular we get that B is spherical sectorial and
IC,(B) < K/|q| for every ¢ € Q/515, thus Theorem [30, Theorem 5.6] applies and we
get that B generates the strongly continuous semigroup S : [0,00] — Z*(X) defined by
S(0) = Id and S(t) := (1/27) fr(j ) Coa(B)jteda for t > 0, and real analytic in ]0, oo,
where the integral is independent of j, » and 7. Therefore, since e*! € R, we obtain that
[0,00] — ZL7(X) : t —> e*!S(t) is a strongly continuous semigroup generated by B +wld = A
and we have

1 1
e“'S(t) = e“t—/ Co(B)j teda = — Co(A)jre da = T(2)
21 Jr(irm) 270 Jeot v imim)
for all £ > 0. This completes the proof. O

In the next result we introduce a class of line integrals which extend (6.8) to suitable spherical
sectors of A and allow to infer the noncommutative semigroup law (1.7).

Lemma 6.10. Let A : D(A) — X be a spherical §-sectorial operator with vertexr w such that
D(A) dense in X and there exists K > 0 with

K

C,A)| < ——
H q( )”—’q_w’

Vg€ w+Qrioys
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Ifj €Sy, r€]0,00[, n € |7/2,7/2+ 0] and p,q € Qs, then the integral

, 1 . N
Tp(ismim,q) : / (Ca(A)j ™" da expf(q))
wHT'(§3m5m)

T or

is absolutely convergent and defines a right slice reqular function Ty(j;r;n,-) : Q5 — ZL7(X)
such that

V&' €10,6] IMy e [1,00] : ||ToG;mmq)| < Mye?BePrd vy g e Qg (6.9)

(Mg is independent of q). Moreover Ty(j;r;n,q) does not depend on j € Sy, r € ]0,00[ and
ne|n/2,7/2+ 0.

Proof. If o, p,q € Cj then points (i) and (ii) of Lemma 5.2 imply that expg(q) = exp®(p + q) =
e(Pta) ¢ Cj. Thus, if v : ]0,1[ — C;j is a piecewise C' reparametrization of I'(j;7;n), we have
L' K

()]
hence the absolute convergence of T,(j;r;n,q) and (6.9) follow from the same argument of the
complex case (see, e.g., [21, Proposition 4.3, p. 97]). Now we assume that p = p; + pok € Cxg
and q = q1 + g2h € Cy, for some k, h € Sy, pp, ¢ € R, m = 1,2. Let us set p; := p1 +p1j € C;j,
g = q1 + g2 € Cj, and gk := ¢1 + g2k € Cx. Since expj, is a right slice function, we can apply
(4.4) twice and we find constants by, ¢, dp, € A, m = 1,2, such that

1
/0 | Comy®)3(0) expyy O (g)] | dt < @ Re+ /0 [y ()| O gy,

exps (q) = expy (qi)b1 + expy (g ) b2
= exp”(p + qu)b1 + exp(p + qi)b2
= exp®(pj + gj)c1 + exp®(py + ¢f)d1 + exp® (pj + qf)c2 + exp®(p§ + gj)da,
— Pt e, 4 ea(p§+qjc)d1 + ea(pj+qjc)c2 + ea(pj”rqj)dz_

This formula allows to reduce to the previous case when p, g € C;j, thus the absolute convergence
of T,(j:7;m,q) and estimate (6.9) are completely proved.

Fix s € ]0,00[. Let us show that Qs — Z7(X) : p — T,(j;r;7n,s) is right slice regular.
Consider the map fs:]0,1] x Qs — £"(X) defined by

fs(t,p) := Cw+7(t)(A)j_1’y’(t) exp}j’*'”(t)(s) = (Cw+,y(t) (A)j_lfy’(t)) o (Id exp;H"Y(t)(s))

By Lemma 5.2(iv), the function p — epoJr'Y(t)(s) is right slice regular for every t € ]0,1[. It

follows immediately that, for every t € |0,1[, p — Id exp;)+’y(t)(s) is right slice regular and
hence the same is true for f,(¢,-) (cf. Example 4.5(b)). Thanks to Proposition 5.6, we infer that
p—> Tp(j;r;n,s) is right slice regular as well. Observe that

Te(Gsmimss) = To(Gimm,t+s) = i/ Ca(A)j e da vt > 0.
27 Jot T srm)
Thanks to Theorem 6.9, we know that To(j;7;n,t + s) is independent of j, » and 7. Therefore,
by Lemma 4.8, for every s € ]0, oo[ and for every p € 5, we get that T,(j;7;n, s) is independent
of j, r and . Now we fix p € {25. Since expy is right slice regular for every «, proceeding as
above, we obtain that ¢ — T,(j;r;7,q) is right slice regular. Furthermore, we proved that
T,(;7;m,q) is independent of j, » and n when ¢ € ]0,00[. Thus, by Lemma 4.8, we get that
T,(;7;m,q) is independent of j, r and n for every p,q € 5. O

The previous Lemma 6.10 allows us to give the following definition.
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Definition 6.11. Let A : D(A) — X be a spherical §-sectorial operator of vertex w. Suppose
that D(A) is dense in X and there exists K > 0 such that

1C (A < Vg € w+ Qrjoys.

g — wl
For every p € Q5 U{0}, we define Tp, : Qs — L"(X) by setting

1 _ .
Ty(q) : / (Ca(A)J Mo exp, (q)) , q € Qs,
w+T(j;m5m)

T o
where j € Sy, r € |10,00[ andn € |7 /2,7/2 4 §] are arbitrarily chosen. Moreover we set T := T,
i.€.

1

" or

T(@)i=Tolo) = 5- | o (€A e @) gen
w Jirin

Since in general C,(A)j # jCa(A) and Cyo(A) exp®(q) # exp®(q)Ca(A), the classical semigroup
law fails for T. In the following definition we introduce a new noncommutative semigroup law.

Definition 6.12. If § € ]0,7/2], then we say that T : Qs U {0} — ZL"(X) is a right slice
regular semigroup (of angle ) if the restriction T|q, : Qs — L7(X) is right slice reqular and

Tlp+4q)=Tp)©pT(q)  Vp,q € Qs with p+ q € Qs and pg = qp,

T(0) = Id,
lim Tlo,, (q)r == v§' €]0,0[, Vze X. (6.10)
q—0

If T is a slice regular semigroup of angle 6 for some 6 € 0,7/2], then we say that T is a right
slice regular semigroup. Moreover we say that a right slice regular semigroup T of angle & is
bounded if

V&' €]0,8] IMg € [1,00[ :  sup [|T(q)]] < My.
qEQ(gl

Lemma 6.13. If T : Qs U{0} — Z"(X) is a right slice reqular semigroup, then its restriction
T‘[O,oo[ 18 a strongly continuous semigroup.

Proof. Let T = (T1,7T2) : Ds — Z"(X) ®r C be such that T = J,(7). Since T is right slice we
have that T2(s) = 0 for every s > 0, thus we get, if j € Sy,

T(t+s) =T 0 T(s) = (TOT(s))(t) = (T ©T(s))(¢5(t))
=Ti(®)T(s) + Ta(O)T(s)j = T (t)T(s)
= (Ti(t) + Ta(D)i)T(s) = T(H)T(s).
The continuity of T|(g o[(-)z for z € X follows from (6.10). O

Thanks to the latter lemma, we can give the following definition.

Definition 6.14. Give a right slice reqular semigroup T : Qs U {0} — £"(X), we say that an
operator A : D(A) — X s the generator of T if it is the generator of the strongly continuous
semigroup T|[07oo[. We say also that A generates T.

7. SPHERICAL SECTORIAL OPERATORS AND SLICE REGULAR SEMIGROUPS

Throughout this section, we will assume that
A satisfies (2.4), (2.8) and (2.12), and X is a Banach two-sided A-module.

The main result of this paper reads as follows.

Theorem 7.1. The following assertions hold.
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(a) Let A: D(A) — X be a spherical §-sectorial operator with vertex w. Suppose that D(A)
is dense in X and there exists K > 0 such that

K
CAN < —— Vg ew+Qrays.
IS < = ot
Then A generates a right slice reqular semigroup T : Qs U {0} — L7(X) such that
Vo' €10,0] IMy e [loo] : |T(Q)] < Mype*RD  vgeQy.

(b) Let T : Q5 U {0} — Z"(X) be a right slice reqular semigroup and let A : D(A) —
ZL*(X) be its generator. Suppose there exist ' € 10,6], M € [1,00[ and w € R such that
IT(q)|| < Me* B for every ¢ € Qz. Then A is a spherical n-sectorial operator with
vertex w for some n € 0,7/2]. Moreover, there exists K > 0 such that

1€ (A < Vg € w+ Qrjopy.

g — wl
Notice that bounded right slice semigroups are exactly those generated by spherical sectorial
operators with vertex w = 0. We will give the proof of this result in the following two subsections.

7.1. From spherical sectoriality to slice regularity. Let us show that a spherical sectorial
operator with vertex w generates an exponentially bounded right slice regular semigroup.

Theorem 7.2. Let A : D(A) — X be a spherical 0-sectorial operator with vertex w. Suppose
that D(A) is dense in X and there exists K > 0 such that

1€ (Al <

Vq€w+Q7r2 S-
g — wl /2

Let T, : Qs — ZL7(X) be as in Definition 6.11. Then T, is right slice regular for every
p € Qs U{0} and
Tp(q) =T(q) ©q T(p)  Vp,q €.
The function T = Tq is the unique right slice reqular function from Qs to ZL"(X) which

coincides with the semigroup generated by A on ]0,00[. Moreover, it holds

T(p+4q) =T(p) ©p T(a) = T(q) ©g T(p) Vp,q € Qs with p+ q € Qs and pq = qp,
1.€.

Tlp+4q) =(ToOT(q)(p) =(TOT(p)(e) Vp,q€ Qs withp+q € Qs and pq = qp,

where in the second term T(q) is the constant function p — T(q) and in the last term T(p) is
the constant function g — T(p).

Proof. We already proved in Lemma 6.10 that T,, is a right slice regular function. Let us explicitly
write its stem function in the particular case p = 0. Given o € A, we define E* = (Ef, ES) :
Ds — L*(X)®rC by setting B (2) == 3,50 S R(2") and ES(2) =3, -0 % S(2"). It follows
immediately that expj = exp® = J,(E*). Then, from Proposition 5.6 and Example 4.5(b), we
obtain that T = To = J,(7), where 7 = (71, 72) and

Ton(z) = — / (Ca(A)j ' daEC(x))  VzeDs, m=1.2

for some fixed j € Sy, 7]0,00[ and n € |7/2,7/2 4 6[. Thanks to Lemma 5.2(ii), we have
1
T(t) = —/ Co(A)j'eda VYVt >0,
27 JutT (G irim)
therefore from Theorem 6.9 it follows that
T(t+s)=TE)T(s) =T(s)T(t) Vt, s > 0. (7.1)
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Now for any ¢ > 0 let us consider the mappings
T, =Tt+): Qs — LX) :p—T(t+p)
(cf. formula (5.2)) and
Up:=T@)T() : Q5 — LX) : pr— T()T(p).

Clearly Uy is right slice regular (cf. Example 4.5(b)) and from (7.1) it follows that T.(s) = U(s)
for every s > 0. Therefore, since Ty is right slice regular by Lemma 6.10, we obtain that T; = Uy,
hence

Tlp+t)=TE)T(p) Vp € Qs, Vt > 0.

Now we fix p and consider the slice right regular function T, : Q5 — £*(X). If p,q € Q5 with
p+q € Qs and pg = gp, then Lemma 5.2(i) implies that

_ 1 :—1 et
N0 =gz |y (ClAI o i)

B % WD imin) (CalW)j™" da exp®(p+ ) = T + ) (7.2)
in particular T,(t) = T(p+t) for every ¢t > 0. Thus from (7.1) we obtain
T,(t)=T®T(p)  VpeQs, Vt>0.
For every p € Qs, define the right slice regular function V,, : Q5 — Z"(X) by setting
V, =ToT(p)

(according to our notation T(p) is here the constant function ¢ — T(p)). If z € Ds and
q := ¢j(2), then we have
(63 [e3% s an n an n s
() T0) + B T3 = 3 TRET0) + Y 286 T0)
n>0 n>0

=3 Z—TT(p)?R(z") +> Z—TT(p)%(Z")j

n>0 n>0
an n mnys an n
= ZgT(p)(%(z )+ 3" =2 Tp)d",
n>0 n>0

hence

(TOTM@)(9) =Ti(2)T(p) + T2(2)T(p)j

1 L o
== (Cal)§ ™ da BE(2)T(p)
T Jw+T(r5m)
1 . o .
+5- Ca(A)J ™ da ES (2)T(p)j
T Jw+T(jsrm)
1 s — « o P
-5 (CalA)™ do (B () T(p) + B3 () T(p))
T Jw+T(3r5m)
1

(CalA)y ™ da 3= 2o T)g).

2 w+I(jsmim) n>0 n
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Therefore if £ > 0 we get

1 a”
ToOTE)E) = — / CalA)j da 3 T ()

27 St T srim) ;) n! >
1 a”

=— Ca(A)j ' da Y —t"T(p)
27 JeotT(Girim) nEE:O n! >
1

=— Co(A)j~ da exp®(t)) T(p)
2 wHT(§3m5m) ( )

=T()T(p),

thus
Vp(t) = Tp(t) vt > 0.
Since V,, and T, are both right slice regular, Lemma 4.8 yields

To(@) = (TOTE))  Vpges
and, by virtue of (7.2),

Tp+q)=(ToOTP)(9)  Yp,qe Qs with p+ g € Qs and pg = gp.
This completes the proof. O

7.2. From slice regularity to spherical sectoriality. Our final task is proving that a right
slice regular semigroup is generated by a spherical sectorial operator. We need the following
lemma providing the estimate (7.3) for the spherical resolvent operator of the generator of a
semigroup. As in the classical case, the Laplace transform (6.2) is a crucial tool for this proof,
but in our noncommutative framework things are complicated by the fact that ¢ — (T (¢t)e %)z
is not right slice regular even if ¢ — T(t)e ' is (cf. Remark 5.5).

Lemma 7.3. Let 6 € 10,7/2] and let T : Q5 U{0} — Z"(X) be a function such that T|q; is
right slice regular and T|(o o i5 a strongly continuous semigroup. Suppose there evist 6" €10,4],
M € [1,00] and w € R such that | T(q)|| < Me* R for every q € Qs. If A is the generator of
T, then ps(A) C w + Qr/p and there exists K > 0 such that

K
g — wl
Proof. Thanks to Theorem 6.6, we know that p,(A) C w+ €5 and (7.3) is true for ¢ € Jw, oof.
Fix ¢ € (w+ Qﬂ/z)\R. Let j € Sy and r,s € R be such that s > 0 and ¢ = r + sj. Define
X € Ds by X :=r +is, thus ¢ = ¢5(\). The function T; : D,, — (£"(X)); is holomorphic by
Proposition 4.6, hence T | € C([g,00[;.Z"(X)) for every ¢ > 0. Using again Theorem 6.6,
we infer that

1C4(A)]| < Vg € w+ Qo (7.3)

C,(A)z = /0 (T(e)wdt + / T (T (et )z dt

= /:(T(t)e_tq)x dt + </:o T(t)e " dt> x
= /()E(T(t)e_tq)xdt + </:O e—MTj(t)dt> z. (7.4)

The mapping z — e~*Tj(2) is holomorphic from Dy into (£7(X));, hence a standard argument
allows us to change the path of integration in the last integral in (7.4) from [e, 00| into . :
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[0,00] — C : p— e + pe? where 6 is a fixed element of |—¢’,0[. Therefore we get

/ e_w‘Tj(t)dt:/ e_Z)‘Tj(z)dz:/O eeie_A(Eereei)Tj(E—i—peei)dp,
3 €

thus, if C':= —M/sin 6, then the following standard estimate can be obtained on the interval
[e,00[ (rather than in [0, 00]):

/moe—ﬂwgu)d4‘gl/”OA4e—deAr«oe—un—wnm%>dp
€ 0

< / Me—p((r—w) cos f—ssinf) dp
0

B M M ¢ _C
(r —w)cos® —ssinf — —ssinf s |Im(q)|
In this way, for every x € X, we find
€
C
C,(A)z S/ Tt)e Mz|| dt + ——— ||z
ISl < [T el dt + ]

. o | esloRel@) @
< [ de 4 ol = (M T 2,
; A Ty Re o [ ) !

hence, by the arbitrariness of £, we obtain

IC(A)] <

[ Im(q)|"
Collecting together (6.3) with (7.5) we find (7.3). O

Theorem 7.4. Let A : D(A) — X be a closed right linear operator with D(A) dense in X.
Suppose that A generates a strongly continuous semigroup T : [0, 00[ — Z*(X) and there exist
M € [1,00[, w € R and L > 0 such that | T(t)|] < Me“" for all t >0, and

IC(A)] <

Vg € w+ Qya. 7.6
T (o) 7 (0
Then A is a spherical d-sectorial operator with vertex w for some 6 € 10,7/2]. Moreover, there
exists K > 0 such that K

C,(A)| < —— Vg ew+Q, .

IS < = Joss
Proof. If B := A — w Id, then B generates the strongly continuous semigroup S(t) = e “'T(t)
statisfying the estimate [|S(¢)|| < M. Therefore Q5 C ps(B) and (7.6) yields

L
CoB)| = ICor(A)| < ——— Vg e Q.. 7.7
IC® = [€31aA) < s " (7.7
Moreover, thanks to (6.3), for every ¢ € Q5 we have [|C,(B)|| < M/Re(q), which together with
(7.7) yields

C
1C,(B)II < Tal Vg € Qo (7.8)

for some C' > 0. Fix p € Q.. By definition of spherical resolvent operator we have C,(B) =
Q,(B)p®—BQ,(B) and Cpe(B) = Qpe(B)p—BQye(B) = Qpe(B)p—BQ,(B). Hence, subtracting the
two identities, we get Cpe(B) — C,(B) = Qu(B)(p — p°) = Qp(B)2Im(p). Therefore if Im(p) # 0
then

Qp(B) = (Cpe(B) — Cp(B))(2Im(p)) ",
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therefore it follows that
C

1
1Qp(B)Il < m(llcpc(B)ll +1GB)) < TTm ()|l

Now fix z € X, j € Sy and let p € C be such that ¢j(u) = p. From (5.6) and (5.7), we infer the
following chain of equalities:
Ru(Bj)z = (Eldx; — Bj)Qu(B)x
= 1Qp(B)z — B; Qp( )z
= (Qp(B)z)p® — B(Qp(B)x)
= Qp(B)(zp®) + Cp(B)z — Qy(B)(p°),
7.9) we get

(

IRu(By)z ]| < [1Qu(B)(xp) | + ICp(B)z|| + [|Qp(B) ()
(
(

(7.9)

therefore from (7.8) and

)
< 1Qu(B) 22 + Bzl + 1y (B 2]
— 1Qu(B) 2l lp] + G (B) 2]l + [Qp(B)] uxmpr
Chl ¢ O B
(rhn(p)up\*rp\ Tm(p mm)” o < (i <>r” 1= T <>\” Il

Hence, by the arbitrariness of p € 2,/ and of x € X, we have proved that

3C
IRu(By)Il < TmQy] M€ Dr2

m()|
Therefore the classical complex theory of analytic semigroups (see, e.g., [21, Thereom 4.6])
applies to Bj and we find that there exists d; € |0,7/2] such that Dy 55 C p(B;), the resolvent
set of Bj. This fact allows to apply Theorem 5.9 and to deduce that B is spherical sectorial of
angle 0 := supjcg, 9j, i-e. Qr/o15 C ps(B). Moreover, we have that D, /5,5 C p(Bj) for all j € Sy
(in other words, we can assume that J; does not depend on j € Sy). Now let ¢ € Q545 and
let A € Dy/a,s be such that ¢ = qu()\). From the classical theory we also have that there is a
constant N > 0 such that ||[R\(B;)|| < N/|A| = N/|q|, hence (5.7) yields
NN

AR [g?”
therefore, observing that BR.(B;) = BjR.(Bj) = 2R.(Bj) — Idx; for every z € p(B;), we get

ICq(B)Il = [1Qq(B)g” — BQy(B)I| < [[Qq(B)g°[l + [[BQy(B)]
= [1Qq(B)g°[| + [IBRx(B;)RA(Bj)|

(B)

(B)

1Qy(B)II < [IRxBy)IIRA(By)| <

= [1Qq(B)Illa°[ + l(ARx(B;) — ldx;)RA(By)]

< [1Qq(B)Hg°I + IMIIRx(Bi)RA(B;) || + [[Rx(B;)l

NIl Nlal , N _ 3N

lal> 1l gl lal”

Now we conclude by invoking the equalities p;(A) = w + ps(B) and C4(A) = C;—w(B). O
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