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IMPROVED LP-POINCARE INEQUALITIES
ON THE HYPERBOLIC SPACE

ELVISE BERCHIO, LORENZO D’AMBROSIO, DEBDIP GANGULY, AND GABRIELE GRILLO

ABsTRACT. We investigate the possibility of improving the p-Poincaré inequality ||V~ u||h
> Ap|lu||b on the hyperbolic space, where p > 1 and A, := [(N —1)/p]” is the best constant
for which such inequality holds. We prove several different, and independent, improved
inequalities, one of which is a Poincaré-Hardy inequality, namely an improvement of the
best p-Poincaré inequality in terms of the Hardy weight r~?  r being geodesic distance
from a given pole. Certain Hardy-Maz’ya-type inequalities in the Euclidean half-space are
also obtained.

1. INTRODUCTION

Let HV denote the hyperbolic space of dimension N > 2, Vgw~,Agy and dogy its
Riemannian gradient, Laplacian and measure, respectively. It is well known that the L?
spectrum of —Apw~ is bounded away from zero. More precisely one has o(—Agny) =
[(N —1)%/4,4+00). As a byproduct, the quadratic form inequality

N —1)?
/HN |VHNU|2dUHN Z (4)/]}]1]\] ’LL2 d'UHN

holds for all u € C°(HY). See e.g. [14] for an elementary proof. Besides, another inequality
which one is very familiar within the Euclidean setting, namely Hardy’s inequality, holds
true as well on HY, so that one has, at least for N > 3,

N_22 2
/]HIN ‘VHNUPd’UHN Z (4)/]1_]1 uﬁd’UHN,

where 7 := o(x, z¢) denotes geodesic distance from a fixed pole zp. In fact, such inequality
holds on any Cartan-Hadamard manifold, where the latter are defined as those manifolds
which are complete, simply connected and have nonpositive sectional curvatures. See [12]
for details. Hardy-type inequalities have been the object of a large amount of research in
the past decades, see for example, with no claim of completeness, [3, 4, 8, 9, 10, 11, 13, 15,
16, 18, 21, 22, 23, 25, 27, 30, 32|.

A combination of these inequalities was given in [1| and then rediscovered by other meth-
ods in [6]. A simplified version of it reads

N —1)2 1 u?
/HN ‘VHNUIQdUHN - (4)/HN ’LLQd’UHN Z 4AN ﬁdeN (11)

for all u € C°(HY), and the constants in (1.1) are sharp (the sharpness of the constant
(N —1)2/4 in the Lh.s. being obvious), see [6]. The sharpness of related inequalities in more
general manifolds and similar improved inequalities of Rellich type, which are again sharp
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in suitable senses, are also proved in [6]. See also [5] for related higher order Poincaré-Hardy
inequalities.

No LP analogue of (1.1) is known for p # 2. It is our purpose here to initiate a study of
improved p-Poincaré inequalities on HY | where we take the attitude of looking for improve-
ments of the LP-gap inequality

N —1\?
/HN ’vHNU|pd’UHN Z <p> /H:HN ‘U|pd’UHN, (12)

p
valid for all u € C°(HY), where it is known that the constant (%) is the best one for

such an inequality to hold, see [28| (a simpler proof of this fact will anyway be given below
in Lemma 2.1).
In fact, let —A, g~ denote the p-Laplacian operator on HY, namely

Ap,HNu = diVHN (!VHNMP_QVHN U) (13)

It is well-known that HY is a p-hyperbolic manifold, i.e., —A, gy admits a positive Green’s
function by which the validity of a Hardy-type inequality follows. Less evident is the answer
to the following question:

Problem. Does there exist a nonnegative, not identically zero weight W such that the
following improved Poincaré inequality
N —1\?
|VnvulP dogy — [ —— |ulP dugn > W |ulP dogw (1.4)
HY p HY HN
holds for all u € C°(HY)?

A first affirmative answer to the above question was given in [7], see formula (5.25) there.
In fact, the authors prove the following result:

Proposition 1.1 ([7]). Let p > 1 and N > 2. Set r := o(x, ) with xg € HY fized. There
exists a radial weight 0 < W = W (r) such that for all u € C°(HY) there holds

N -1\’
/HN |V~ ulP dogy — <p> /IHIN |ulP dogn > /HN WlulP dogn .

Furthermore,

e near xg there holds

N — P
< p) — if N >p,
p rP
N N-1\" .
wo) S (M) kg V= (1)
1 i .
C O if N <p,
\ r p—1

where C = C(p,N) := (%)p (fooo(sinh s)_% ds) o for N < p.
e Near infinity, there holds
(N —1)p
PN —1+2(p—1))

W(r)=A sinh(r)™2 + o(e™")  asr — oo.
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Hence, the given improvement of the Poincaré inequality is stated in terms of a weight
which is power-like near a given pole but exponentially decaying at infinity.

In the present paper we construct different examples of weights W for which inequality
(1.4) holds and that are slowly decaying at infinity. In any case, due to their asymptotic
behavior the weights provided are not globally comparable. For instance, we prove the
existence of a weight which is bounded but does not globally vanish at infinity. Finally,
in a suitable range of p we improve the Poincaré inequality via the Hardy weight W =
m, where o(z, ) is the geodesic distance from zg € HY fixed and C = C(N,p) is a
positive constant. This choice seems to be the best compromise to capture the non euclidean
behavior of inequality (1.4) at infinity without losing too much information at the origin.
An uncertainty principle Lemma for the shifted Laplacian then follows immediately. The
techniques applied in the proofs are: hyperbolic symmetrization and p-convex inequalities
together with a suitable transformation which uncovers the Poincaré term. Furthermore,
super-solution technique and potential inequalities have been exploited.

The paper is organized as follows. In Section 2 we state our main results on HY, Theorems
2.2-2.5. Section 3 discusses a related result in the Euclidean half-space, which is the key
one to prove some of the results valid on HY but can have some independent interest,
see Theorem 3.2. Section 4 contains, for the convenience of the reader, a concise proof
of Proposition 1.1. Section 5 discusses the proofs of Theorem 3.2 and, consequently, of
Theorem 2.2, which is an improvement of the Poincaré inequality in terms of a weight having
different asymptotics in different “directions” and, in particular, not vanishing everywhere
at infinity. Theorem 2.3, which states a Hardy-type improvement of the Poincaré inequality
in the spirit of [1], [6], is proven in Section 6. Our final result, Theorem 2.5, deals with a
related weighted inequality on the whole HY. Even if it is not a direct improvement of the
Poincaré inequality for p # 2, it has an independent interest in itself due to the asymptotic
behavior of the involved weight. It is proved in Section 7, where as byproduct we obtain a
Poincaré type inequality on geodesic balls.

2. PRELIMINARIES AND RESULTS
We have mentioned before that inequality (1.2) holds, and that the constant

a= (1) (21)

p

appearing there is optimal. This is in fact a particular case of the work given in [28|, but
we provide a simple proof below for the convenience of the reader.

Lemma 2.1. Let N > 2, p > 1 and set Ay, as in (2.1). There holds

fHN |VHNU|p dUHN
weWtP(HEN\{0} g~ |ulP dugy

—A,. (2.2)

Proof. Considering the upper half space model for HY, namely RY = {(z,y) € RV "1 xR}
endowed with the Riemannian metric g;; = (;% and using the expression of p-Laplacian (1.3)
in these choordinates we have

A, gNu = yN 0, (PN | VuP205u).
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N-1

By computing —A, g~ for the function p(z,y) =y € I/Vl})f(HN) where o 1= 2=,

has

one

—Apgyp = ap*2a(N —1—alp— 1))y°‘(p*1) =0.

Now we are in the position to apply Theorem 2.1 of [13], obtaining

—1\P \V4 P
/ |Vi~yulP dogy > (p> / |u|pm dogny = Ap/ |ulP dvgw
HN p HN PP HN

for all u € C°(HY) and hence, by density, for all u € WP(HY).
On the other hand, for € > 0, set

N—1+¢
U,y) = [ —a— )
S\ T+ 92 + 2P
dzdy

Since in the coordinates (z,y) the volume element reads dvgy = SN and Vgyvu = y?Vu,

we get
) y N—1+e dxdy
‘UE‘ d'UHN = 1 LN 2 N
HN R+ JrN-1 \ (1 +9)* + |z Yy

/ Van U [P dvgy

HN

B (N—1+s>”/ / <(1—y2+!w\2)2+4\xl2y2>p/2( y )N‘HE da dy
- P R+ JRN-1 (1 +9)? + [2[*) (1+9)? + |2 yN

<<N1+5>p/ / ( y >N1+E dz dy
- P g+ Jryv-1 \ (1 +9)? + |z yN

Hence, Ue(z,y) € WIP(HY) for ¢ > 0 and Juy Vg Uel? dvgn < (%)p. By letting

Jan [UelP dvgn
€ — 0, this argument completes the proof of the lemma. O

and

Now we are in a situation to state our main results.

In first place, by exploiting the half-space model for HYV and following the approach of
[31], here below we provide a weight that does not globally decay at infinity but which is
bounded near xy. Hence, this choice turns out to be best suited to capture the non euclidean
behaviour of HYV which occurs at infinity. More precisely, we prove

Theorem 2.2. Let p > 1, N > 2 and set A, as in (2.1). There exists a bounded weight
0 <V <1 such that for all u € C°(HY) there holds

N —1\"7?
/ |V~ ul? dvgw —Ap/ |ulP dvgy > <) C(N,p)/ ViulP dvgny, (2.3)
HN HN p HN
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93 where C(N,p) is a positive constant that can be explicitely computed for which the following
94 estimates hold

C(N.p) 21, if 1<p<4/3,
P
-1
C(N,p) = (28— 3p) + 2/P(5—3p)) . if 4/3<p<2,
1 1 (2.4)
C(Nap) - = Zf2<p§2(N_1)27
V2 V2p+2\p
-1
C(N.p) = (Np_l op 42N 1)) L ifpmaAN 12
o5 where p' > 1 denotes the conjugate exponent of p.
96 Furthermore, set r:= o(x,xo) with xg € HY fived, we have
97 o for any 0 < a < 1 there exists an unbounded set U, C HY such that V|y, = a and
98 Ua N (B(z0,2r) \ B(zo,7)) # 0 as 1 — +00;
99 e for any B > 0 there exists an unbounded set Wz C HYN such that Viw, ~ \/ge_"/2
100 as r — +00.
101 It is worth noticing that the weight V' can be written, in the half-space model, as

w2 V(r1,..,xn-1,Y) = \/gﬂy+7x2’ see Theorem 3.2 in Section 3 from which the above state-
1

103 ments follow.

104 Even if both the inequalities provided by Proposition 1.1 and Theorem 2.2 are of the form
105 (1.4) they seem to lose too much information, respectively, at infinity or near the origin. To
106 this aim, a good compromise is represented by the following Poincaré-Hardy inequality

107 Theorem 2.3. Letp > 2 and N > 1+ p(p—1). Set Ay, as in (2.1) and r := o(x, xg) with
108 w9 € HY fized. Then for u € C°(HY) there holds

/ |V~ ulP dogw —Ap/ |ulP dvgn
HN HN

N-—1\"?/p-—1\2 ulP
>0-0(50) (55) L e

100 Remark 2.1. From the above Theorem, we can easily infer that the best constant in the
110 r.h.s. of (2.5), ie.

(2.5)

. it Jav [Vavul? dvgy — Ay [ [ulP dogy
p = )
Cee (HN)\{0} LT,

111 blows up as N — oo if p > 2. This does not happen in the linear case p = 2, where co = %,
12 see (1.1), where it is known that the constant ¢y is optimal. This issue was proved in [6]
113 by providing an explicit super-solution for the corresponding Fuler-equation, a construction
114 that also allows to determine a remainder term for (1.1) of the type ﬁ, see Remark 2.3.
115 Unfortunately, this argument carries over to the case p > 2 only partially thereby allowing

116 to prove Theorem 7.2 below on suitable geodesic balls.

117 As an immediate consequence of the previous result one gets the following uncertainty
118 principle for the quadratic form of the shifted Laplacian. For a similar result, when p = 2,
119 concerning the quadratic form of the Laplacian, see [23, Theorem 4.1].
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Corollary 2.4. Letp > 2 and N > 1+ p(p —1). Set A, as in (2.1) and r := o(z,zo) with
xg € HYV fized. Then for u € C°(HY) there holds:

[/ |V~ ulP dvgy — Ap/ |ul? deN] {/ |ufP r? deN}
HN HN HN
- p—2 o 2 p
e () ) s
p p HN

where p' > 1 denotes the conjugate exponent of p.

’ﬁ\‘»@

(2.6)

Remark 2.2. In Theorem 2.3, the restrictions p > 2 and N > 1+ p(p — 1) are technical. In
particular, the latter only comes from the last step in the proof. Nevertheless, the very same
assumption also appears in the Poincaré-Hardy inequality below where the constant A, in
(2.5) is replaced by a non-constant weight: A, H,(r). Here, H,(r) is a positive function
which is larger then one in (0,7,), smaller then one in (rp, +00), and that converges to one
as r — +00, see Figure 1 in Section 7. Since the proofs of the two theorems are completely
different, we are led to believe that a deeper relation between the dimension restriction and
the weight considered might exist.

Theorem 2.5. Let p > 2 and N > 1+ p(p — 1). Set A, as in (2.1) and r := o(x, xg) with
xo € HY fived. Then for u € C°(HN) there holds

/ |V~ ul? dvgy — Ap/ H,(r)|ul’ dvgy >
HN HN

(=D (N(p=2)+1) [ [uf
pp /I:HN P dUHN (27)
(NN = 1=plp=1)p— 12 [ _ul"
- pP /HN sinh? r dogy

r

where Hy(r) = (cothr - (%) l>p_2.

Remark 2.3. When p = 2, the statement of Theorem 2.5 includes that of Theorem 2.3
providing a further remainder term. Unfortunately, the weight H,, is larger than one only for
r small, hence (2.7) is not an improvement of the p-Poincaré inequality if p # 2. Nevertheless,
for functions having support outside large balls the inequality becomes very "close" to the
Poincaré one, see Lemma 7.1.

In Section 7, from Theorem 2.5, we deduce an inequality involving the same weight of
(2.5) but holding on geodesic balls.

3. RELATED HARDY-MAZ YA-TYPE INEQUALITIES ON HALF-SPACE

This section is devoted to the study of improved Hardy-Maz’ya-type inequalities on upper
half space. There have been an extensive research on Hardy-Maz’ya inequality (see [17, 19,
24, 26]). Our main goal here is to present some Hardy-Maz’ya inequalities strictly related
to our Poincaré-Hardy inequalities on the hyperbolic space. We begin with the counterpart
of Lemma 2.1:

Lemma 3.1. Let p > 1, N > 2 and set A, as in (2.1). Then for all u € CZ(RY) there
holds
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P P
/ / |VNU‘ dz dy > Ap/ / % dz dy, (3.1)
R+ JRN-1 YO TP R+ JRN-1 Y

where Vu denotes the euclidean gradient. Moreover the constant Ay, appearing in (3.1) is
sharp.

Proof. The proof of Lemma 3.1 follows by noticing that in the upper half space model for
HY, see the proof of Lemma 2.1, (2.2) readily writes as the Hardy-Maz'ya-type inequality
(3.1). Hence, the statement of Lemma 3.1 comes as a corollary of Lemma 2.1. (]

Next we turn to the main result of this section. We improve (3.1) by providing a suitable
remainder term.

Theorem 3.2. Let p > 1, N > 2 and set A, as in (2.1). For all u € CZ(RY) there holds

p
[Ty [ [ gy
R+ JRN-1 Y R+ Rle

—1\"? P
< > Np/ / ]u\ dxdy.
p R+ JRN- 1yN1 y—i—:v

where C(N,p) is a positive constant as in (2.4).

(3.2)

It’s worth noting that Theorem 2.2 turns out to be a consequence of the above theorem.
We postpone the proofs of Theorem 3.2 and, hence, of Theorem 2.2 to Section 5.

4. PROOF OF PROPOSITION 1.1

We recall for the convenience of the reader the proof given in [7], only the asymptotics at
infinity not being explicitly given there. The proof relies on the well known classical Hardy
inequality with respect to the Green’s function and exploiting its behavior on hyperbolic
space. More precisely, for N > 2 and p > 1, the following Hardy inequality holds (see [13],

VG,

)
fo st aen = (53] [

for u € C°(HY), where G, is the Green’s function of —A gz~ which, up to a positive
multiplicative constant, is given by

G,y(r) == / ~ (sinh s)”

Indeed, if p > N, then G, € W’lif(HN) and hence [13, Theorem 2.1| applies. For 1 <p < N
the inequality (4.1) holds for functions u € C°(H™ \ {z0}), and since {xo} is a compact set
of zero p-capacity, the claim follows from [13, Corollary 2.3].

The proof is then a calculus exercise involving the asymptotics of the function Gp(r).
Indeed, Eq. (4.1) may be rewritten as

/ |VgnvulP dogy — A / P dogn >/ W ulP dugw,

wi=(51)

]u\p dognw, (4.1)

N—
p—

1
=1 (s.

where

with Ay as in (2.1).
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First we claim that W > 0. From the expression of the Green’s function we have
< _N-1 R Nl
Gp(r) = / (sinhs) 7=1 ds = / (sinhs)” »=1T " " sinhs ds
T T

> . _N=1_ 4 O N1y
</ (sinh s)” »=1 " cosh s ds :/ t T dt
T S

inhr

-1 _N-1
= ]Z\)r_ 1(sinhr) =
174 Moreover, we also have G,(r) = —(sinh )~ 71 . Therefore,
Gy(r)|” (N -1V
Gp(r) p—=1)"
175 and hence this proves (E>p GUIF S A
° P p ) |G P

Let us turn to study the asymptotic behavior of W near the origin. First consider the
case when N > p. Then, G,(r) — oo as r — 0 and, using de L’Hoéspital’s rule, we obtain:

r G (r) _p-

li = if N >
0 Gp(r) p—1 ' P
and
r logr G (r
im r logr Gy (r) =1 if N=p.
=0 Gp(r)
176 Whence, the stated asymptotics easily follows.
N-—-1
177 When N < p, in the second term above one has [*(sinhs)” »=1 ds < oo as 7 — 0.

178 Hence, (1.5) follows immediately by exploiting sinhr ~ r as r — 0.

Finally, we study the asymptotics of W near infinity. For this we note that

o0

R _N-1 _N-1 g1
Gp(r):/ (sinhs) »-1 ds:/ tr T (14+t%) 2 dt

inhr

© _N-1 g 1 1
—/ [ l-g5+tolz])| d r—ox
sinh r 2t 13

-

179 hence we have

G (r)|P _ B . .
‘Giéri ) ]1\7[_11 B <2Jz\9[— 11 +4> (sinh7) ™+ o ((sinhr)~?)| =
_(N-1\* pﬁ . . | )
= (p -1 > (1 + m(&nhr) 2 + 0((Slnh7“) 3)> ‘

180 This completes the proof.
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5. PROOF OF THEOREM 3.2 AND THEOREM 2.2

Proof of Theorem 3.2

The key ingredients in the proof are the following Lemma 5.1 from [31] that we adapt
to our situation with a suitable choice of the parameters, and the inequality (5.3) which
represents an improvement of the analogous inequalities presented in [31].

Lemma 5.1. [31, Lemma 2.1] Let Q be a convex domain in RN and set §(z) :=dist(z, 0R)
for any z € Q. Let d € (—oo,mp — 1) where m € Ny and let F = (Fy,...,Fy) be a C1(Q)
vector field in RN . Furthermore, let w € C1(Q) be a nonnegative weight function and

mp —d—1\?
o (2

Then, the following inequality holds

|Vu|Pw |ulP w plulPAS w
> _
/Q §(m=1)p—d dz > hp,m,d Q Smp—d (mp —d- 1)5mp7d71 dz

p div F p—1 mp—d—1 g 2 »
—i—hp,m,d/ﬂ [mp—d—l + Smp—d (1 Vo —4§ F| 1> |ulPw dz (5.1)

mp—d—1\""" )

We will apply Lemma 5.1 with Q = Rf. Hence, z = (z1,...,xn-1,y) = (x,y) with
z € RV=1 y € RT, and §(z) = y. Furthermore, we fix w = 1, m = 2 and d = mp — N so
that d < mp — 1 for any p > 1 and N > 1 and we obtain A, 4 = A,. Then, (5.1) reads as
follows.

Lemma 5.2. Let p > 1, N > 2 and set A, as in (2.1). For any any C*(RY) vector field
F = (Fy, ..., Fy), the following inequality holds

W!p
dz dy — A, dx dy >
rt Jrv-1 Yl R+ JRN-1 y

for all u € C().

(5.2)
p divF p -1 Nl gl B
A 1— vy 0,1) — F|r-1 Pdx d
oL [ o (1 100,00 = R ey,
for all u € C(RY).
Lemma 5.3. Let b > 0 and s € [0,1] then
1—(1—5)°>bs—qyb—1)s? (5.3)
where
1 if1<b<2
qp : = f - (54)
b/2 if 0<b<1lor2<hb.
Proof. Taylor expansion of (1—s)® around 0 gives (1 —s)’ = 1—bs+5(b—1)s?+ R(s) where

the reminder term R(s) is given by R(s) = —s3b(b — 1)(b — )( )b 3/6 with a suitable
t€0,s]. For s€[0,1] and b >2o0r 0 <b <1, R(s) <0 and the claim follows.

For the case 1 < b < 2 the claim will follow by proving that the function g(s) :=
(1 —8)® =14 bs — (b—1)s? is nonpositive on [0,1]. To this end since g > 0 one deduces

that ¢” is negative on an interval ]0, so[ and positive on ]sg, 1[, which in turn, with the
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fact that ¢’(0) = 0 and ¢/(1) > 0, implies that ¢’ has only a critical point on ]0,1[. Since
g(0) = ¢g(1) =0 and ¢’(1) > 0 we obtain that the maximum of g is 0.

([
For sake of brevity we introduce the following notation
VulP p
I(u) ;:/ / IVl s dy—Ap/ / [ 4z g,
R+ JRN-1 YO R+ JRN-1 Y
and
wi= Y
VY2 + m%
Next, in the spirit of [31, Theorem 4.1], for any 0 < a < 1 we write (5.2) with F; :=
(0, - yﬁffﬂl>. Since 0 < w <1 we get
2
divF, > (2= N)a— — a—, (5.5)
Y Y
and, by using (5.3) with b = p’ and the fact that 0 < aw < 1, we have
1—100,..., 1) —yN 'R =1 (1 —aw)?” > plaw — gy (P — 1a*w?. (5.6)

By using (5.5) and (5.6) in (5.2), the square bracket in right hand side can be estimated as

pdiVF1 p—l( N—1 L)
1- ., 0,1) — Fy|r-1
N —1 + yN |(07 0, ) ) 1‘1)
b w ) 02 (5.7)
Zay iy oyt ey =S
Therefore, from (5.2) we obtain
I(w) > A, / / Sulul? dz dy (5.8)
R+ JRN-1

for all u € C(RY).
Similarly, for any 0 < ¢ < 1, choosing Fy = ¢ (2—%2, 0,...,0, %), by an explicit compu-

tation we obtain )

divFy = (2 — N);U—N (5.9)
and
10,...,1) —yV IRy 2 =1 — ¢(2 — c)w?. (5.10)

Evaluating the square bracket in r.h.s. of (5.2), by using (5.3) with b = p//2 and the fact
0 < ¢(2 —e)w? < 1, we have

div F —1 _p_
PR Lo (1 0 01) = Rl |

N -1 Y
2
P w p—1 2\P'/2
— N —=—+2%2 ~(1-(1— — 5.11
N 10(2 N)yN + N (1 (1—c(2—-c)w?) ) (5.11)
» N -1 w? ) S N
Z N_lc(l—cT)in —(p—l)c (2—0) qp//g(a—l)yw = 52

>From Lemma 5.2 we deduce

I(u) > Ap/ / SolulP dx dy (5.12)
R+ JRN-1
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Case 1 < p < 2. In this case since 0 <w <1l and p//2 - 1= 2((21;_191)) > 0 we have

where

fle)=ce (1 B CN2_ 1> —c*(2- C)QQp’/z(z_p)Q(;V_l)‘

Set M := max{f(c),c € [0,1]}. Since f(0) = 0 and f/(0) =1 > 0 we have that M > 0.
Hence we have

P w
S22 My n
which in turns yields
2
P w
I(u)>AN,——M — |ul? dz dy. 5.13
(U)_ PN_l /]:2+/]}{N—1yN‘u’ T ay ( )

For 1 < p <2, since gy = ﬁ (5.8) reads as

I(u) > A |u|p dz dy
—1 rt Jry-1 YN
_ w?
—A 1+ —— —|u|? dz dy. 14
e (rae) L L e >14
Multiplying (5.13) by 17 (1 + 21(\;;:1)‘1) and summing up to (5.14) we have
p
I(u) > A —|u|? dz d 1
W) = Mymta) [ [ Sl do ay, (515)
where
a
pa(a) =

a N-1 '
1+ M <1 + m&)
Setting C(N,p) := N L max{u1(a),a € [0,1]} we get the claim.

Now we proceed to obtam an explicit estimate on C'(N,p). To this end we first look for
some bounds on M = max{f(c),c € [0,1]}. Since ¢ > 0 and (2 — p) > 0 from the chain of

inequalities
N -1 1
< 1— <
f(c)c< “ )2(N—1)’
we deduce
1
M < 3 (5.16)

Next step is to estimate the maximum of p;. The function pg(a) for @ > 0 attains its

maximum at ag 1= 1/ 2p= 1)]\4 >From the bound M < 1/2, we immediately deduce that
0 < ap <1, and hence

N -1 N -1 M

p(ao) = =:(
p 1+ /2(1\17):11)]\4

C(Nap) =

M).
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Since « is incresing, a bound from below on M yields a bound from below on C(N,p).
Set 5: =N —1and ¢ := qp//QQ%p. For 0 < ¢ <1, f(¢) can be estimated as

Fo)=c (1 - cg(l 1 45) +285¢(1 — i@) > ¢ (1 - cg(l + 45)) |

That is, by choosing cg := m, we have
1
M > =—
and hence
1 1 1
C(N,p) =~(M) > = . 5.17
(N.2) = >_7<25(1+45)> 2p(14+46) 14 ((p— 1)(1 +48))~/? (5:17)

Now, taking into account that for 1 < p < 4/3 one has g, /o = pz/, while for 4/3 < p <2
one gets gy /o = 1, plugging J = %%pqp//Q in (5.17), we obtain the estimates.

Case p > 2. In this case we have for any ¢ € [0, 1]

P N —1 w? 9 9 2 —puwt
P N -1 w?
> l—c———)—=. 1
> N—lc( c— )yN (5.19)
Choosing ¢ = 1/(N — 1) we obtain
P 1 w?
Sy > — 5.20
T N-12(N—1)yN’ (5:20)
and hence we have
p 1 w?
I(u) > A —|ul? dz d 5.21
(u) 2 pN—12(N—1)/R+/RN1yN|u| v (5:21)
Since 1 < p’ < 2 we have that ¢y =1 and (5.8) reads as
I(u) > Appa/ / %|u|p dz dy
N -1 Jr+ Jgn-1y (5.22)
D N -1 w? '
—ANp——all —|ulP da d
(R [ e
Multiplying (5.21) by 2(N — 1)a (1 + %a) and using (5.22) we have
I(w) > A,—2 ug(a)/ / Ll da dy (5.23)
- pN— 1 R+ JRN-1 yN
where
a
ua(a) = Y
1—|—2(N—1)a<1+Ta)
Setting C(N,p) := % max{puz2(a),a € [0,1]} we get the claim.
Now we proceed to compute C'(N,p). The maximum of ug is achieved at ag := ﬁ £

if ag <1, at 1 else. That is,

-if2<p<2(N - 1)2 we have C(N,p) = %M(ao) = (ﬁ(ﬂp—i— 2\/13))_15
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~1
- if p > 2(N —1)? we have C(N,p) = %m(l) = % (1 +2(N—1) _|_2(N;1)2) .

This concludes the proof of Theorem 3.2.

Remark 5.1. Let 1 < p < 2. Here, we compute C(2,p), that is when N = 2. In this case,
with the same notation used in the proof of Theorem 3.2, the function f reads as

Flo) = ¢ (1 - %c - %c(z - 0)25> .

Consider first the case 4/3 < p < 2. In this case 6 €]0,1/2] and the only critical point of f
in [0, 1] is at ¢ = 1, therefore f attains its maximum at 1, that is M = f(1) = (1—-0)/2 < 1/2.
Therefore, by definition of C'(2,p) we have

L -0 1\
P [ 15 P2+ P
1+ 4(p—1) V2P VP
Next we consider the case 1 < p < 4/3. Now we have 6 €]1/2, 4o00[ and the function f has
in [0,1] two distinct critical value cg = 1 —4/1 — 55 and ¢; = 1. Since f”(1) =26 — 1> 0,
= &(< 1/4). Therefore

C(2,p) =

the maximum is attained at ¢, that is M = f(cp)

Clop L) 1 1
P O P22 p) VI
2(p—1)
Proof of Theorem 2.2
Letting V(z1,...,xN_1,Y) = \/ﬁ, the proof of (2.3) follows at once from (3.2) by
1

exploiting the half-space model for HY as explained in the proof of Lemma 2.1. Next, for any
a € (0,1], set Uy := {(x,y) € RY : 21 = ky with k? = (1 — a?)/a?}. Cleatly, V|y, = o and
Vg, = aasy — +oo. Set r := o((z,y), (0,1)). Since cosh(r(z,y)) = (1 + %), we

get that r(z,y) — 400 as y — +oo and the corresponding claim of Theorem 2.2 follows.
On the other hand, for any 8 > 0, take Wp := {(21,0,...,0,0) € Rf} Then, for any
B >0, one has V], — 0 as x1 — +o00. Furthermore, 7|y, — +oo if and only if 71 — +oc0

and Vw, ~ \/ge_T/Q as r — +o00.

6. PROOF OF THEOREM 2.3 AND COROLLARY 2.4

Before proving Theorem 2.3, we recall some known results related to the symmetrization
on the hyperbolic space. For any Q ¢ HY and zo € H" fixed, denote with Q* the geodesic
ball B(xg, ) having the same measure of 2. For u € C2°(2), the hyperbolic symmetrization
of u is the unique nonnegative and decreasing function u* defined in 2* such that the level
sets {x € Q* : u*(x) > t} are concentric balls having the same measure of the level sets
{z € Q:|u(z)| > t}. See [2| form more details.

Lemma 6.1. Let p > 1 and N > 2. For every u,v € C°(HY), there holds

/N |VHN’U/‘p dUHN Z /N |VHNU*|p d’U]HIN7
H H

/]HIN |ul? dogn = /]HIN |u*|P dogw,
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and
/ |uv| dogw S/ u*v* dogw,
HN HN
where x denotes the hyperbolic symmetrization.

Next we state a p—convexity lemma. The proof of the following lemma can be obtained
as an application of Taylor’s formula, we refer to [20] for further details.

Lemma 6.2. Let p > 1 and &, 1 be real numbers such that £ > 0 and & —n > 0. Then

_ max{(p — )n*¢" 2, [P}, ifp>2,
€= +pe - =4 " ,
Qp(p—l)w, if 1<p<2.

Now we turn to prove an optimal inequality which is one of the key ingredient in proving
Theorem 2.3.
Lemma 6.3. For all v € W'P(0,00) and 1 < I < p, there holds

/000 lw(r)|P~ (coth )P~/ (r)|! dr > <p;1>l/ooo CIGI (6.1)

rp

l
Furthermore, the constant (p%) in (6.1) is sharp.

Proof. We first prove the claim for v € C2°(0, 00). Write

P o L T d e g,
/ a | emr e a

P p—1
- (pf[) /0°° rv<r>|p:g§r>v'<r> W
_ <pl) [ )" RO T )]
p— 0 r% rpTl
() (M) (e

Since cothr > % for all » > 0, we conclude

/OOO |U(7“)]P—l(cothr)p_”vl(?“))v dr > <p;1>l/000 a "

rp

Now, noticing that by using Young inequality and the classical Hardy inequality with expo-
nent p, we have

Oovrpr Oov'rpr c OOv?"p_lco PP () |F dr
[ e [T mparz e [T ioe)rt oot i) ar

the claim follows by density argument.
Next we turn to the optimality issue. For € > 0 and § > 0, consider
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( p—1+6
T , O<r<e
p—1+46 1
€ e<r<
5 ) iy
Ve(r) = p—1+46
e r (2-71),1<r<2
0, r>2

266 Clearly, VO(r) € W'P(0, 00) for € > 0,6 > 0. Furthermore, we have

%) 1 P € ,.p—1+6 €
/ Lfs ()] dr > / r dr = / =1 dr.
0 rP o 1P 0

267 On the other hand, using the fact sinhr > r, we obtain

| WP oty vy ar -

— 146\ [f @100 (6-1)1
(p) / r P (cothr)P~lr 7 dr
p 0

2
+€p1+6/ (2—- r)p*l(cothr)p*l dr

( p—1+96

146 l e .p—1+5—1
< + ) (coshe)P™ l T. dr + ceP~ 119

P10 (coth )Pt dr + ceP1H0

0 (sinh )P~
p—1+5\
( + (coshe)P™ l 7,571 dr + cgP~ 119,
0
268 Hence,
p l thr)P— l ld 1 5 l
Q= inf Jo" I (co 7;) W)l dr < (p + ) (coshe)P~! 4 cdeP™,
veW L2 (0,00)\{0} fo Iv(r)\ dr p

260 First letting € — 0, and then with 6 — 0, we conclude that

o< (1)
p
270 This proves the optimality and concludes the proof.

271 ([
272 Proof of Theorem 2.3 and of Corollary 2.4

273 By hyperbolic symmetrization, i.e., in view of Lemma 6.1, we may assume u € C°(HY)
274 nonnegative, radially symmetric and non increasing. Hence, to prove (2.5), it is enough to
275 show the validity of the following inequality

/0 ()P (sinh )N dr — (N - 1),, /0 ~ u(r))? (sinh 1)V dr
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> (p—1) (Np_ 1>p_2 (p; 1>2 /OOO )" Cinhr)N-1 dp (6.2)

rp

Let us define a suitable transformation which allows to put the Poincaré term into evi-
dence:

N—-1

v(r) := (sinhr) » wu(r)
so that

wmzwwmmmﬁf+<N;%mmﬁﬁme%

hence v € W1P(0, 00), and

(W () (sinh 7) 7 = o (1) — <N ~ L (sinh )5 coth r) "

At this point we apply the p-convexity Lemma 6.2. By taking

N - 1 Ay
£ = <> (sinhr) % cothru >0  and n=1'(r)
p

and using Lemma 6.2 for p > 2, we obtain

N -1
b

p—2
|u/(r)|P (sinh r)Nﬁl >(p-1) ( > VP2 (1) (cothr)P~2(v/ (r))?

+ (‘Np_ly (sinh )V~ (coth r)PuP(r)

N -1\t (N=1)(p—1) bl ol

—p( 5 > (sinhr) (coth )P~ P~ (r)v'(r)
—1\P2

—o- 0 (F) om0

+ (*N;l)p (sinh )N~ (coth r)PuP (r)

_p <Np_ 1>p_1 (coth )P~ 1P~ (r)o! (r).

Integrating both sides of above inequality and applying Lemma 6.3 with | = 2, we get

h |u/(r)|P(sinh )N dr > (p — 1) N1 i vP 2 (1) (cothr)P~2(v/(r))? dr
0 p 0

- (N — 1>p/ooo(cothr)pvp(r) dr

p

_ (N_ 1>p_l/Ooo(cothr)p_lci(v(r))p dr

p
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SR [

T oy an

> (-
where F(r) := (cothr)P — pp=1) N1 (Coshg) and in the integration by parts we have used the

definition of v and the fact that N > p. Then, (6.2) follows by showing that F'(r) > 1 for
all r > 0 or equivalently that

F(r):= (N —1)cosh?r — (N — 1)sinh? r — p(p — 1) cosh? "2 > 0,
for all r > 0. By rewriting

F(r) = cosh? 2 7(N =1 —p(p — 1)) 4+ (N — 1) sinh? 7(cos? 27 — sinh?~2 ") ,
we immediately infer that F(r) is non negative provided that N > 1+ p(p — 1), and also
the condition is necessary. This completes the proof of Theorem 2.3. U

Proof of Corollary 2.4. It suffices to notice that, by Holder inequality:

/ [ul? dugw —/ el luP~ 1 dogs
HN HN T
1
» 1
< Jul® dogy | lulPr?’ dvgy
HN TP H HN H

The conclusion follows by using inequality (2.5). O

Y e

7. PROOF OF THEOREM 2.5

Before proving Theorem 2.5 we collect here below the main properties of the weight H,.
This will clarify also the meaning of inequality (2.7), see also Figure 1.

Lemma 7.1. Let H, : Rt — R be defined as in the statement of Theorem 2.5 with p > 2
and N > 1+ p(p—1). Then, the following holds

-2

(a) For allr >0, Hy(r) >0, Hy(r) ~ (%)p Tpl,Q asr — 0%, and Hy(r) — 17 as
r — 00.

(b) There ezz:ists a) unique rp € (0,00) such that Hy(r) > 1 for r € (0,7p] and Hp(r) < 1
forr € (rp,00).

Proof. We set

~ p—1\1
H,(r) := cothr — (N—l)r’ r>0.

Then, the property of H, can be readily deduced from that of ﬁp.
The sign and the asymptotics of H), follows from fact that

1 1
cothr > — in (0,00), cothr ~—asr— 0", and cothr — 1 asr — oco.
r r

To prove assertion (b), we note that

_(N — 1)1”2 =+ (p — 1) SinhQT) _. (N — 1)_1 h(T’) (71)

r2sinh?r

) = (v -1

r2sinh? r
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Since h"(r) = 8(p — 1) coshrsinhr > 0 for all » > 0, h”(0) = —2(N — p), and K'(0) =
h(0) = 0 one readily deduces the existence of a unique r9 > 0 such that h(r) < 0 in (0,79),
h(rg) = 0 and h(r) > 0 in (rp,c0). Hence, lEII’)(T) < 01in (0,r9) and IEII’)(T) > 0 in (79, 00).
This fact and assertion (a) gives the existence of a unique r, € (0,79) for which (b) holds
where 7, clearly satisfies

p—11

cothr, —1 — N 1= 0. (7.2)
—1r,

O

05

ITe)
N

FIGURE 1. The plot of y = Hy(r) for p =4 and N = 13. The dotted line is
y = 1 and the intersection point of the two curves is the point 7, as defined
in Lemma 7.1-(b).

Proof of Theorem 2.5
The p-Laplacian operator in radial coordinates on the hyperbolic space writes

Ay svu(r) = Apu(r) = (p — DI (NP2 (r) + (N — 1) coth ()72 (r)
= [u'(r) P Lyu(r),
where Lyu(r) = (p — 1)u"(r) + (N — 1) coth ru/(r).

N-1) p—N
Set g(r) = (SinThT) » and f(r) = re , some straightforward computations give

SRS ERNLEL TR R
p r p r

(7.3)

(7.4)

and
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Lf(r) = [N(N _;';)(p - 1):2 (V- l)cother_pi £r) (75)
517 Using (7.4) and (7.5), we deduce for §(r) = g(r)f(r),
Lypg(r) = (Lpg(r) f(r) + (Lpf(r))g(r)
+2(p—1) <_(Np_1> cothr 4 Np_ ! i) g(r) f'(r)
- [(Np— 1)2§ . —21)2741251+ (p—1)(p ]—)22)(N —1) <coihr> ; (7.6)

N-D((N—-1-pp-1) 1 ._
+( )( p p(p ))sinh%g]'

318 In view of Eq. (7.3) and Eq. (7.6) we obtain

o (N=1\?_ .
—Apg—<p> fgl‘p 29:

p—12%21 . .. p—1(p—2)(N—1) [cothr\ _, _o._
( - ) 72|g/|p 29+( )( - )( ) ‘g/|p 29 (77)
p r p T
N—-1H(N—-1—-pp-—1 1 )
LN DN Lopp 1) L
p sinh“ r
319 Furthermore, we have

(7.8)

320 Namely,
N -1
p

e = ( )H Hy () 2(r),

321 with Hp(r) as defined in the statement of Theorem 7.2. On the other hand, a further
322 computation using (7.8) and the fact cothr > %, gives

—1)P2 (N -1 P2
1§/ (r)|P~2 = (p—1) < rcothr — 1> P (r)

prirr = A p =1 (7.9)
-1 ) |
- pp_2 rp_Q )

323 Substituting (7.9) in (7.7) we conclude
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_ [N-1\? 1o (p—DP 1
= (5] g 2 B
—1
L= p =2V 1) <00th7"> { !
PP r P2
(N-1D(N-1-p(p-1)) 1 _
+ 2 : 2
P sinh” r
—1
> U NG ) Lo
T
LV =DV —1-pp=1) 1
p? sinh? r

N—-1 p-N
324 This proves that g(r) = (sinrhr) P p isasuper-solution of the equation corresponding to

325 (2.7). Hence, by Allegretto-Piepenbrink theorem for p-Laplacian setting, (for detail see [29,
326 Theorem 2.3]) inequality (2.7) follows immediately for functions in C2°(HM \ {z0}). To ex-
327 tend the inequality for functions belonging to C2°(H") one argues as in the proof of Proposi-
328 tion 1.1. Namely, since N > p, the set {z(} is compact and has zero p-capacity, therefore the
320 completion of C°(HY) and C2°(HN \ {zo}) with respect to the norm ( [y | Vv ul? dvgw ) e
330 coincides (see [13, Proposition A.1]). This concludes the proof.

331 As a consequence of Theorem 2.5 we have the following

332 Theorem 7.2. Letp > 2 and N > 1+p(p—1). Let A}, be as in (2.1) and r := o(z, xo) with
333 x9 € HY fived. Then for u € C°(B(wo,1,)) there holds

/ |VignulP dugn — Ap/ |ulP dogw
B(Io,’l”p) B(x()vrp)

— 1P YN(p—2)+1 ul?
L (D) <pp<p )+ 1) /B » U vy (7.10)
Zo,T"p
N—1)(N—=1—p(p—1))(p—1)r2 P
L (V=) o= D)1 / -
P B(mo,T'p) Sin T

334 where B(x,)p) is the geodesic ball of radius 1, centered at xo and where we let, for p > 2,
335 1, = 1p(IN) be the unique positive solution to the equation

p—11

N-1r, ’

cothr, —1—

336 whereas vy := 400 (namely B(zg,r2) = HY).
337 In particular, for every p > 2 the map N +— 1,(N) is strictly increasing in [1 + p(p —
338 1),+00) and limy_s o 7p(N) = +o00 while, for every N > 3 the map p — 1y is strictly
330 decreasing in (2, AN =3 “21]\[_:3]
Proof. The proof readily follows by combining the statements of Theorem 2.5 and Lemma
7.1. In particular equation (7.2) implicitly defines a map N +— r,(N). By differentiating in
(7.2) one gets
d (p — 1)r,sinh? 7,
2 (r (N)) = —
dN(Tp( )) (N_ 1)h(7"p) )
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where the function A is as defined in (7.1). Since from the proof of Lemma 7.1-(b) we know
that h(r,) < 0, we conclude that the map N — r,(NV) is strictly increasing. On the other
hand, equation (7.2) also implicitly defines a map p — 7,. In this case we get

d Tp sinh? Tp
Ty = P ),
" = N~ Dh(ry)
Hence, the map p — r,(N) is strictly decreasing. O
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