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Abstract
This paper presents a new version of Wheelchair.q, a wheelchair with stair climbing ability. The wheelchair is
able to climb single obstacles or staircases thanks to a hybrid wheel-leg locomotion unit with a triple-wheels
cluster architecture. The new concept presented in this work represents an improvement respect to previous
versions. Through a different arrangement of functional elements, the wheelchair performances in terms of
stability and regularity during movement on stair have been increased. In particular, attention has been paid
to ensure a regular and comfortable motion for the user during stair climbing operation. For this reason, a
cam mechanism has been introduced and designed with the aim to compensate the oscillation generated on
the wheelchair frame by the locomotion unit rotation. A design methodology for the cam profile is presented.
Moreover, a parametric analysis on the cam profile and on the mechanism dimensions has been conducted
with the aim to find a cam profile with suitable dimensions and performances in terms of pressure angle and
radius of curvature.
Keywords: Stair-climbing wheelchair, triple-wheels, cam mechanism, mechanism design, architectural
barriers.

1.

Introduction

Nowadays, architectural barriers represent an unsolved problem for disable or people with reduced mobility.
According to [1] there are around 1.2 million wheelchair users in the UK, roughly 2% of UK population. As
regard U.S.A. population, about 3.3 million people (1.4%) use a wheelchair or similar devices and 10.2 million
(4.4 %) use a cane, crutches, or walker [2]. Only 28% of wheelchair users are under 60. Disability is strongly
related to age: 2.1% of 16-19 year olds; 31% of 50-59 years; 78% of people aged 85 or over [1]. This means
that the number of wheelchair users will increase according to the aging society, thus the architectural
barriers problem will become even more important. Moreover, the most common barriers to access buildings
for adults with impairments are related to physical obstacles [3]. From these data, it is evident that providing
autonomy to disabled people is an unsolved challenge.
Problems related to architectural barriers can be faced in two ways. From one side, governments try to
introduce standards in order to remove architectural barriers from buildings. From the other side, disable
people can be provided with devices able to climb obstacles when architectural barriers cannot be removed
for technical or economic reasons.
Some commercial stair-climbing devices already exist but most of them are complex, bulky, heavy, expensive
and/or they require a great number of sensors and actuators. Thus, in the research field, several architectures
have been proposed with the aim of improving the performances of existing stair-climbing wheelchairs in
terms of efficiency, simplicity and stair climbing effectiveness. Stair-climbing mechanisms for wheelchair can
be classified according to [4] in the same way as obstacle climbing mobile robots: wheel, leg, track and their
hybrid combinations.
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In [5] a purely legged wheelchair has been proposed. This solution is very effective for stair-climbing but it
has a high control complexity. In [6] and [7] a hybrid wheel-track solution is presented. Through a deformable
track, the wheelchair can be adapted for flat ground or for stair-climbing motion. The track guarantees the
stability and the regularity during stair-climbing, however, the efficiency is low. By adding a motorized wheel
locomotion system for flat ground motion the wheelchair efficiency rises but also the complexity of the
structure increases especially due to the necessity of a double motorization.
One of the most common architecture in research works is represented by wheelchairs using a leg-wheel
locomotion. This solution combines the high efficiency of wheel on flat ground with the high effectiveness of
legged locomotion on stairs as in [8], [9] and [10]. Other interesting solutions are [11] and [12] which present
a wheelchair able to climb obstacles through an articulated frame. One of the most interesting solution
among leg-wheel locomotion wheelchairs is the one presented in several papers such as [13 - 17]. The
prototype proposed in these papers allows each wheel to climb steps thanks to an articulated mechanism.
Even if the solution is effective, it requires a high number of motors and a complex control strategy.
Finally, another typology of locomotion system is represented by wheel clusters. In [18] and [19], a twowheels cluster mechanism is presented. This architecture is not statically stable but should be balanced
through a stability controller based on an inverse pendulum model. The high control requirements necessary
to maintain the dynamic stability and safety issues are the main drawbacks of this kind of solution. In [20]
and [21] a two-wheels cluster solution is presented. In these cases, the static stability is guaranteed by the
introduction of additional articulated mechanisms. Finally, [22] presents a triple-wheels cluster solution with
a hybrid wheel-track architecture. The wheel cluster is the locomotion unit and ensure the climbing ability
while the tracks allow the wheelchair static stability.
Also authors have worked on triple-wheels locomotion systems. In [23], [24] and [25] applications of a wheel
cluster system on mobile robots with step climbing ability are presented. The same locomotion unit structure
has been proposed also for application on a stair-climbing wheelchair: Wheelchair.q. Four versions have
already been designed. In [26] and [27], a first approach toward the problem is proposed. The rear triplewheels locomotion units are coupled with two front idle triple-wheels cluster units. This second units are
necessary only for static stability. A third version is presented in [28]. The front triple-wheels units have been
replaced with an idle track with the aim to generate a more regular motion for the wheelchair during stair
climbing.
Finally, in [29] a fourth developed version is presented and it is showed in Figure 1. This architecture
represents an evolution with respect to earlier concepts as regard dimensions, control and structure
simplicity, but it is still affected by unsolved issues concerning the static stability and the seat oscillation
during stair-climbing. In Figure 1 the free-body diagram of the wheelchair on stairs is represented.

Figure 1 – Free-body diagram of Wheelchair.q on stair
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The two contact points are the locomotion unit (on the rear) and the idle track (on the front). The front
contact force is oriented as the normal of the track surface on the contact point. In order to avoid slippage,
the friction force (Tcp) on the wheel must be almost equal to the horizontal component of the track contact
force (Nca). In general, especially for stairs with high slope, the contact force on the track can be high,
compromising the static stability. In order to avoid this condition, most of the wheelchair weight must be
loaded on the locomotion unit. A possible solution to this problem could be an inverted architecture with the
locomotion unit on the front, carrying most of the wheelchair weight, and the idle track on the rear.
The second issue is related to wheelchair oscillation during stair climbing. The use of a rotating leg locomotion
is the source of the wheelchair oscillation. During steady state step climbing, the locomotion unit center
advances with a not straight trajectory similar to a cycloid, represented in Figure 2.

Figure 2 – Trajectory of the locomotion unit center during steady state stair climbing

No active mechanism to control the seat orientation is expected on the wheelchair so the oscillating
movement is transmitted to the user reducing the comfort. In early wheelchair concepts, the problem has
been faced trying to minimize the oscillation amplitude by choosing appropriately the relative position
between locomotion units and track [28]. However, the oscillation cannot be totally canceled and their
minimization imposes important constrains to wheelchair design.
A complete compensation of the seat oscillation could be obtained with the introduction of a cam mechanism
between the wheelchair frame and the seat that could completely compensate the oscillation related to the
locomotion unit motion, at least in a nominal condition. For these reasons, a new wheelchair structure has
been designed.
The paper is organized as follow: in Section 2 the new wheelchair architecture is presented. The functional
elements are shortly described and the cam mechanism is introduced. Section 3 shows the cam mechanism
design process. The methodology for obtaining the correct cam profile, starting from the description of the
locomotion unit motion is illustrated. In Section 4 a parametric analysis on the cam mechanism is proposed.
The effects of the mechanism parameters on the performances of the cam profile are shown and a procedure
to identify the best dimensions for the mechanism is proposed. Finally, in Section 5 conclusions are stated
and future developments of the project are considered.

2.

Functional design

In this section the new wheelchair architecture is presented.
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2.1 Functional elements
All the wheelchair architectures developed till now are made by three functional elements plus the
transmission group. Also the new concept presented in this paper has the same components even if they are
arranged in a different way according to the considerations done in the introduction. In Figure 3 a comparison
between old and new wheelchair versions is given. The wheelchair functional elements are: locomotion unit
(element 1 in Figure 3), seat (2), track (3) and transmission group (4).
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Figure 3 – Wheelchair functional elements in old (left) and new (right) wheelchair versions

The characteristic element of all wheelchair versions and also of all mobile robots presented in [23], [24] and
[25] is the triple-wheels locomotion unit. It is composed of a triangular shaped frame with an internal
epicyclical transmission as represented in Figure 4.

Figure 4 – Detail of the locomotion unit structure

This structure has two degrees of freedom: the rotation of the solar gears and the revolution of the planet
carrier. This feature has been used to develop a smart architecture for mobile robots able to climb obstacles
in an autonomous way [23-25]: only one motor is used to control each locomotion unit which behavior is
determined by dynamic conditions. In particular, the most relevant result is that the planet carrier revolution
starts automatically when the robot hurts an obstacle and the contact friction is able to stop the wheels
rotation. For wheelchair applications, the same locomotion unit structure has been used but a different
actuation system has been implemented [29]. Due to safety issues, all the degrees of freedom must be
controlled and thus two different motors are used to control independently the wheels rotation and the
planet carrier revolution. The adopted architecture is represented in Figure 5. Both planet carriers are
4

connected to the same motor (Mp) in order to have a synchronous rotation while two different motors (Ms)
are used to control the solar gear rotation of each locomotion unit.

Figure 5 – Detail of the actuation and transmission system

2.2 Wheelchair structure
The wheelchair behavior is affected by the relative positions and connection between the functional
elements previously introduced. Indeed, starting from the same functional elements and keeping in mind the
considerations done at the end of the introduction, several structures can be designed. The innovation
presented in this paper is the introduction of the cam mechanism between the wheelchair frame and the
seat in order to filter the oscillation introduced by the locomotion unit motion.
Independently from the specific structure adopted, some preliminary considerations can be done:
 the cam mechanism should be integrated into the wheelchair structure in order to minimize the
number of link and coupling;
 the cam follower should be swinging to avoid sliding movement;
 the structure must be as simple as possible with the lower number of moving parts and actuators.
In Figure 6 an architecture for the wheelchair structure is proposed. The cam is fixed with respect to the
locomotion units. While the locomotion units rotate performing the step climbing sequence, the cam controls
the distance between points R and P according to the designed profile and allows to keep a constant
orientation for the seat. The seat moves with a translational motion along a straight line parallel to the line
connecting the step edges if the cam mechanism completely compensates the oscillation generated by the
locomotion unit motion. In Figure 7 the velocity vectors of remarkable points of the wheelchair structure are
presented.

(a)

(b)

(c)

Figure 6 – Wheelchair structure: (a) seat self-levelling cam mechanism; (b) equivalent functional scheme of the cam mechanism;
(c) pure translational motion of the seat obtained using the cam mechanism
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Figure 7 –Velocity vectors for remarkable points of the wheelchair structure

In Figure 8 the wheelchair is represented in the flat ground and stair-climbing configurations. A couple of
caster wheels are the rear footholds for the wheelchair during flat ground motions. Moreover, a
reconfiguration mechanism is required to set the wheelchair in a configuration proper to stair-climbing. The
relative position between the track and the locomotion units should be changed and the caster wheels must
be moved in order to avoid contact with step edges. The detailed analysis of these aspects is not the goal of
this paper and it will be discussed in future works.

Figure 8 – Wheelchair configurations for movement on flat ground and on stair

2.3 Project requirements
In this sub-section the wheelchair requirements are presented in term of stair typologies that can be climbed.
This step is fundamental for identifying the possible set of working conditions and for selecting some
reasonable nominal conditions through which generate the cam profile. According to UNI10804 - gen1999,
step proportions are unified depending on the application. The Blondel formula is presented in Eq.(1) and it
relates the step rise (h0) with the step tread (P) as represented in Figure 9.
(1)

2h0 + P = 620 ÷ 640 mm

e
αS

h0

P
Figure 9 – Schematic representation of a step
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Three different step proportions can be derived and are listed in Tab.1.
Table 1 – Standard stair dimensions

Low slope
Medium slope
High slope

h0 [mm]
145
170
190

P [mm]
350
300
250

αS

e [mm]

22.5°
29.5°
37°

378.8
344.8
314

The wheelchair actuation system has been sized to be able to climb all the possible standard stairs belonging
to Tab.1. For each stair, the trajectory of the locomotion unit center will be different. This means that it is
impossible to design a single cam profile able to completely compensate the seat oscillation in any case. Thus,
it is necessary to define a reasonable nominal stair with which design the cam profile. When the wheelchair
climbs non-nominal stairs, the oscillation will be only partially compensated by the cam mechanism but the
residual could be negligible for a proper choice of the nominal stair.

2.4 Nominal stair
In this sub-section the nominal step dimensions will be defined. Each type of stair can be completely defined
by two parameters: stair slope (αS) and step diagonal (e) as can be observed in Figure 10:

(a)

(b)

Figure 10 – (a) Stairs with the same step diagonal and different slope; (b) Stairs with the same slope and different step diagonal

In order to remove the dependence from the stair slope in the graphic representation, the stair will be
represented rotated by αS. In this configuration the line connecting the step edges is horizontal.
The trajectory of point P (center of the locomotion unit) is in general complex, as represented in Figure 2,
and it depends on the relation between the locomotion unit dimensions and the step proportions. The step
geometry that simplifies the process of cam design (i.e. the nominal stair) is the one that generates the
simplest trajectory for point P. This condition is obtained when the locomotion unit moves only with
consecutive rotations around the blocked wheel of the locomotion unit. It means that after a 120° rotation
of planet carrier the front wheel comes in contact with both riser and tread of the following step. In this
condition, the trajectory of the locomotion unit center is a sequence of circular arcs as represented in Figure
11 independently from the stair slope. This condition occurs when e is equal to the distance between two
wheels of the locomotion unit as stated in Eq.(2).

e = 𝑒𝑛 = lL √3 ≅ 277.1 mm

with lL = 160 mm

Figure 11 – Representation of the locomotion unit trajectory on nominal stairs with different slopes
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(2)

The value of the length of the locomotion unit arm (lL) has been obtained through the scheme of Figure 12
by considering the configuration in which the highest step is climbed with a safety margin in the upper wheel
contact. By applying geometrical relations on the scheme of Figure 12, Eq.(3) can be derived. By imposing the
maximum climbing step height (h0max) equal to 240 mm [28], the value of lL can be obtained as showed in
Eq.(4). The value imposed for h0max is bigger than the maximum step rise but it can occur with single step
climbing such as for sidewalk.

120°
lL √3

lL/2
lL

h0max

Figure 12 Scheme used to obtain the value of the locomotion unit arm length (lL)

lL 3
= l = h0max
2 2 L

(3)

2
240 mm = 160 mm
3

(4)

lL +
lL =

Comparing the nominal value of e (eN) from Eq.(2) with the values from Tab.1, it can be observed that the
nominal value is lower respect to any values of standard stairs.
From one side this means that the nominal condition cannot be obtained for standard stairs and, therefore,
the seat oscillation cannot be fully compensated by the cam mechanism. From the other side, it ensures that
the front wheel, after the locomotion unit rotation, leans on the step tread in a stable condition. This is very
important for preventing the undesirable behavior that occurs when the upper wheel touches the step riser
before the step tread.
Once the nominal eN value has been calculated, it is necessary to fix the nominal stair slope (αSN) to
completely define the nominal stair. For example, the maximum value among standard stairs (αS = 37°) can
be chosen and consequently the values of nominal rise (h0N) and nominal tread (pN) can be derived from the
scheme of Figure 9 and Eq.(5) can be written.
ℎ0𝑁 = 𝑒𝑁 sin(αSN ) = 166.8 𝑚𝑚
(5)
{
𝑝𝑁 = 𝑒𝑁 cos(αSN ) = 221.3 𝑚𝑚
The nominal stair is now completely defined and its dimensions are summarized in Tab.2.
Table 2 - Nominal stair dimensions

Nominal stair

h0 [mm]
166.8

P [mm]
221.3

αS

e [mm]

37°

277.1

When the locomotion unit climbs a step with non-nominal dimensions, its motion is no longer a pure rotation
around the blocked wheel of the locomotion unit. Referring to Figure 13 a reference configuration (labeled
1 in Figure 13) can be identified. This configuration is the one in which one of the locomotion unit arm is
perpendicular to the line connecting the step edges. From this reference configuration, the step climbing
sequence can be divided in three phases:
8

1. From 1 to 2 the locomotion unit has a finite rotation around the pole Q1 up to bring the front wheel
in contact with the step riser. The initial and final configurations are completely defined but the exact
trajectory cannot be known a priori because it depends on the control logic adopted to manage the
two degrees of freedom of the locomotion unit.
2. From 2 to 3 the motion is a finite rotation around the pole Q2 that is the center of the blocked wheel.
The rotation amplitude changes with stair dimensions.
3. From 3 to 1 the locomotion unit has a finite rotation around the pole Q3 up to the reference
configuration. As in the first phase, the initial and final configurations are known, but the exact
trajectory depends on the control strategy.
A possible trajectory for the center of the locomotion unit (point P) during the climbing of a non-nominal
stair is represented at the bottom of Figure 13 as a composition of the three phases described above.

Figure 13 - Representation of the locomotion unit motion on non-nominal stair

3.

Cam mechanism design

In the following paragraph the design of the cam mechanism will be presented. As stated in the previous
paragraph, the design process will be developed for the nominal stair and the proposed methodology is valid
only under this hypothesis. Starting from the mechanical structure presented in Figure 6, the schematic
representation of Figure 14 can be derived.

Figure 14 – Schematic representation of the mechanism during stair climbing sequence
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The point S, connected with the track that moves along the stair, moves on a straight trajectory parallel to
the line connecting the step edges. The cam profile must be designed such that the distance between point
P and R changes properly in order to maintain a constant orientation for the seat (i.e. a constant orientation
for the element RC). According to this hypothesis the point C moves on a straight trajectory parallel to point
S trajectory. At the same time, the locomotion unit rotates around the fixed wheel (point W) and its center
(point P) moves on a circular trajectory that can be described by Eq.(6) that has been derived from the scheme
of Figure 14.
(6)

ℎ𝑃 = 𝑙𝐿 sin(Θ𝑃 ) = 𝑙𝐿 sin(𝜃𝑃 − 𝛼)

For a generic locomotion unit rotation θP, the wheelchair frame (PC) rotates of Δ𝛼 = 𝛼 − 𝛼0 . Angle β is the
angle that must be controlled by the cam mechanism in order to compensate the seat oscillation. Starting
from the initial value β0 that will be chosen properly, for each position of the locomotion unit, Δ𝛽 = 𝛽 − 𝛽0
must be equal and opposite to Δα to maintain a constant orientation of the seat.
From the scheme of Figure 15, the relation between α and θP can be obtained: Eq.(7) and Eq.(8) can be
derived by applying the cosine and the sine theorem on triangle WPC. Finally, by considering triangle WHC,
the value of 𝛼 can be obtained as in Eq.(9).

C
H
P
θP-α

α

lPC
α
θP

μ

hC
d

lL
W

Figure 15 – Schematic representation of the mechanism during locomotion unit rotation on stair (detail)
2
𝑑(𝜃𝑃 ) = √𝑙𝑃𝐶
+ 𝑙𝐿2 − 2𝑙𝑃𝐶 𝑙𝐿 cos 𝜃𝑃

𝑙𝐿
𝜇(𝜃𝑃 ) = sin−1 ( sin 𝜃𝑃 )
𝑑
ℎ
𝐶
𝛼 = sin−1 ( ) − 𝜇
𝑑

(7)
(8)
(9)

A first consideration deals with the proper choice of the relative position between points P and C. The
wheelchair oscillation (represented by Δα) can be minimized with a proper choice of the position of point C.
The synthesis of the cam profile will be easier with small values of Δα because the resulting angular
displacement for the cam (Δβ) will be smaller. The two parameters that affect the wheelchair oscillation are
lPC and hC. It can be observed that the smaller values of Δα can be obtained with:
 lPC as higher as possible compatibly with the wheelchair dimension;
 hC as the mean value with respect to the minimum and maximum values of hP.
𝑙𝐿
3
ℎ𝑃 𝑚𝑖𝑛 =
ℎ𝑃 𝑚𝑎𝑥 = 𝑙𝐿 ℎ𝐶 𝑜𝑝𝑡 = 𝑙𝐿
2
4
The first statement can be justified observing that a higher value of lPC brings to a lower rotation Δα, starting
from the same variation of hP. The second statement can be understood observing Figure 16. During step
climbing the point C move along a straight line. By choosing a generic initial position C0 (i.e. choosing a value
10

for hC) the oscillation Δα can be evaluated in Figure 16 by drawing the line CP’’ that represents the initial
configuration (C0P0) with respect to CP’. The minimum value of oscillation Δα is obtained when the distance
P’P’’ is minimum. This condition is represented by the * configuration and occurs when ℎ𝐶∗ = ℎ𝐶 𝑜𝑝𝑡 .

Figure 16 – Graphic analysis for the choice of the best position for point C

Each step climbing can be modeled as a 120° rotation of the locomotion unit. In Figure 17 the initial, final and
intermediate configurations are represented with the parameter hC chosen at its most favorable value.

Figure 17 – Representation of the mechanism during an entire step climbing sequence

With this hypothesis, the total wheelchair oscillation is Δ𝛼 = 2𝛼0 and a qualitative trend for 𝛼(𝜃𝑃 ) is
represented in Figure 18. An important observation can be done on the asymmetric shape of the function.
The maximum value for hP (minimum value for α) is obtained after a rotation of 60° of the locomotion unit.
In this configuration 𝜃𝑃 = 𝜃𝑃′ and its value can be obtained through the set of expressions of Eq.(10) that has
been derived from Figure 17.
𝜃𝑃′ = Θ′𝑃 + 𝛼 ′ = Θ′𝑃 − 𝛼0
𝜃𝑃′ = Θ𝑃0 + 60° − 𝛼0
Θ𝑃0 = θ𝑃0 − 𝛼0
{𝜃𝑃′ = θ𝑃0 + 60° − 2𝛼0
11

(10)

This means that for a rotation of 60° of the locomotion unit, the angle θP increases of a lower amount than
60°. Moreover, at the end of the locomotion unit rotation 𝜃𝑃 = 𝜃𝑃′′ as expressed by Eq.(11) and its value can
be derived from Eq.(10) and the scheme of Figure 17 as expressed in Eq.(11).
𝜃𝑃′′ − 𝜃𝑃0 = 120°
𝜃𝑃′′ = 𝜃𝑃0 + 120°
𝜃𝑃′′ = 𝜃𝑃′ − 60° + 2𝛼0 + 120°
{𝜃𝑃′′ = 𝜃𝑃′ + 60° + 2𝛼0

(11)

In Figure 18 the trend of β(θP) is also represented. In order to completely compensate the oscillation
introduced on the wheelchair frame, for each value of θP the variation of the seat orientation should be equal
and opposite to the variation of the wheelchair frame orientation. Thus, the function that describes the trend
of 𝛽(𝜃𝑃 ) can be obtained from the function 𝛼(𝜃𝑃 ) as in Eq.(12).
Δ𝛽 = 𝛽(𝜃𝑃 ) − 𝛽0
{Δα = α(θP ) − 𝛼0
Δ𝛽 = −Δ𝛼

→

𝛽(𝜃𝑃 ) = 𝛽0 + Δ𝛽 = 𝛽0 − ∆𝛼 = 𝛽0 − 𝛼(𝜃𝑃 ) + 𝛼0

(12)

The initial value β0 is a parameter that should be chosen properly because it affects the shape and the
dimension of the cam profile. A first observation can be done on the minimum acceptable value for β. In
order to have a positive radius of the cam, β must be greater than zero for any values of θP. This affects the
choice of β0 that must be greater than Δα.

Figure 18 – Trend of α(θP) and β(θP)

Once these preliminary concepts have been fixed, the procedure for the cam design can be described.
In Figure 19 two different configurations for the mechanism are showed in the kinematic inversion in which
the locomotion unit and the cam connect with it are fixed. Variables with subscript zero refer to the initial
configuration of the climbing sequence. The notation with apostrophe indicates variable values in a different
and generic configuration of the mechanism. According to this kinematic inversion, during the locomotion
unit rotation the wheelchair frame PC moves around P with a rotation of Δ𝜃𝑃 = 𝜃𝑃′ − 𝜃𝑃0 . Meanwhile the
seat RC rotates around P and moreover the relative orientation between PC and RC changes according to the
12

desired angle β(θP), in order to remove the oscillation of the seat. The trajectory of point R around P describes
the desired cam profile.

Figure 19 – Scheme used to obtain the cam profile starting from β(θP) function

The cam profile can be described in polar coordinates (hCAM, δ) with respect to a reference frame fixed on the
locomotion unit and centered in P. By applying the cosine and the sine theorems on triangle P0C’R’ of Figure
19, Eq(13) and Eq.(14) can be derived. Finally, Eq.(15) can be written through geometric considerations on
the scheme of Figure 19. These equations define the polar coordinates of the profile, starting from the
mechanism and the wheelchair parameters (lPC, lRC, β0, hC).
2
2
ℎ𝐶𝐴𝑀 = √𝑙𝑃𝐶
+ 𝑙𝑅𝐶
− 2𝑙𝑃𝐶 𝑙𝑅𝐶 cos 𝛽

(13)

𝑙𝑅𝐶
𝜀 = sin−1 (
sin 𝛽)
ℎ𝐶𝐴𝑀

(14)

𝛿 = 𝜀 + 𝜃𝑝

(15)

In summary, the cam design process can be related to the synthesis of a motion generator cam mechanism
as defined in [30] that imposes a straight line translational motion to the output link RC.

4.

Parametric analysis on the cam mechanism

The procedure described in the previous paragraph defines a cam profile capable of removing the seat
oscillation at least for the nominal stairs. Different profiles can be obtained changing the mechanism
parameters. By following the proposed procedure, it is possible to obtain a constant orientation for the seat
during stair-climbing for any combination of parameters. However, the resulting cam profile will be different
and thus different performances should be expected. In this section a parametric analysis on the cam
mechanism will be conducted with the aim of analyzing the relations of the different parameters with the
cam dimensions and the mechanism performances. The results can be used to properly choose the best cam
mechanism. In Figure 20 the mechanism is represented in another kinematic inversion in two different
13

configurations: the initial one (P0C0R0) and the configuration associated with the maximum value for hP
(P0C0R’), that corresponds to the maximum value of Δα and to the minimum values of β and hCAM. The
wheelchair frame PC is fixed, the seat RC rotates around C and the cam and the locomotion unit rotate around
P. This representation can be associated with the generic representation of a cam mechanisms with swinging
follower.

Figure 20 – Generic representation of a cam mechanisms with swinging follower in two reference configurations

The mechanism (see Figure 19) has four independent parameters: lPC, lRC, β0 and hC.
The other quantities are functions of these parameters, as can be observed in Eq.(13), Eq.(14) and Eq.(15).
The parameter hC has been fixed to the best value according to Figure 16. The remaining three parameters
can be redefined by introducing the dimensionless quantities as in Eq.(16).
𝑙𝑅𝐶
𝑙𝑃𝐶
(16)
𝑅=
𝐼=
𝑙𝑃𝐶
𝑙𝐿
The parameters R and β0 change the cam shape while I affects the mechanism dimension respect to the
locomotion unit size.
A complete analysis of the cam mechanism cannot be done only focusing on the dimension and geometry of
the cam profile. Important quantities that must be taken into account are the pressure angle (θPRESS) and the
radius of curvature (ρ). According to [31], Eq.(17)-(20) can be written. These equations are known from the
cam mechanism synthesis theory and can be understood referring to Figure 19. In details, Eq.(17) allows the
computation of the pressure angle of the cam profile from the geometry of the mechanism. The angle 𝛽
represents the angle between the frame PC and the rocker arm RC, while K is the center of curvature of the
pitch curve. Then, further parameters can be introduced: the radius of curvature (𝜌), and the angle 𝜙 that
represents the angle between the segment KC and the direction defined by the frame PC. The Eq.(19) allows
calculating the radius of curvature while Eq.(18) and Eq. (20) define the angle 𝜙 and its first derivative. The
value of the pressure angle (θPRESS) and the value of the radius of curvature of the cam profile (𝜌) describe
the performances of the cam and will be used to evaluate the quality of the profiles designed through the
parametric analysis.
𝜋
−𝛽−𝜙
2

(17)

𝑙𝑅𝐶 sin 𝛽 (1 − 𝑦 ′ )
sin 𝛽 (1 − 𝑦 ′ )
=
𝑙𝑃𝐶 − 𝑙𝑅𝐶 cos 𝛽 (1 − 𝑦 ′ ) 1⁄ − cos 𝛽 (1 − 𝑦 ′ )
𝑅
𝑙𝑃𝐶 − 𝑙𝑅𝐶 cos 𝛽 (1 − 𝑦 ′ )
𝜌=
(1 + 𝜙 ′ ) cos 𝜙

(18)

𝑙𝑅𝐶 (1 − 𝑦 ′ )𝑦 ′ cos(𝛽 + 𝜙) − 𝑙𝑅𝐶 𝑦′′ sin(𝛽 + 𝜙)
𝑙𝑃𝐶 cos 𝜙 − 𝑙𝑅𝐶 (1 − 𝑦 ′ ) cos(𝛽 + 𝜙)

(20)

𝜃𝑃𝑅𝐸𝑆 =
tan 𝜙 =

𝜙′ =

14

(19)

The function representing the angular displacement is defined by 𝑦 = 𝛽(𝜃𝑃 ) and its first and second
derivatives are stated in Eq.(21) and Eq.(22).
𝑦′ =

𝑑𝑦
𝑑𝛽
𝑑(𝛽0 + 𝛼 − 𝛼0 )
𝑑𝛼
=
=
=
𝑑𝜃𝑃 𝑑𝜃𝑃
𝑑𝜃𝑃
𝑑𝜃𝑃
𝑦′′ =

𝑑2 𝑦
𝑑𝜃𝑃

2

=

𝑑2 𝛼
𝑑𝜃𝑃

(21)
(22)

2

For cam mechanisms with swinging follower the most critical issues are related to the pressure angle rather
than the radius of curvature. In order to avoid the mechanism block due to a critical force transmission, the
higher value of the pressure angle during the rising phase must be lower than 45°÷50° [31]. In this particular
application, the cam mechanism can rotate in both directions depending on whether the wheelchair is going
up or down stair. Referring to Figure 18 each of the two parts of the rocker arm motion can be either a rising
or a falling phase. In conclusion, the design condition as regard the pressure angle can be express by the
relation of Eq.(23).
(23)
max( | 𝜃𝑃𝑅𝐸𝑆𝑆 | ) ≤ 𝜃𝑃𝑅𝐸𝑆𝑆 𝐿𝐼𝑀𝐼𝑇
𝜃𝑃𝑅𝐸𝑆𝑆 𝐿𝐼𝑀𝐼𝑇 = 45° ÷ 50°
In general, the pressure angle decreases with the rise of the cam size. In order to reduce the number of free
parameters, the size of the cam can be fixed. A bigger cam is preferable for reducing the problems related to
pressure angle. Thus, it could be useful to impose the maximum acceptable dimension for the cam
considering the interference between the cam and the step edges. Referring to Figure 20 it can be observed
that the maximum cam radius (ℎ𝐶𝐴𝑀 𝑀𝑎𝑥 ) corresponds to the initial condition where the value of β is
maximum and equal to β0. In this configuration the relation expressed in Eq.(24) can be written by applying
the cosine theorem on triangle P0R0C0 of the scheme of Figure 20.
2
2
2
ℎ𝐶𝐴𝑀
𝑀𝑎𝑥 = 𝑙𝑃𝐶 + 𝑙𝑅𝐶 − 2𝑙𝑃𝐶 𝑙𝑅𝐶 cos 𝛽0

(24)

Introducing in Eq.(24) the dimensionless parameters from Eq.(16), one has:
(25)
𝐷2
ℎ𝐶𝐴𝑀 𝑀𝑎𝑥
= 𝑅 2 − 2𝑅 cos 𝛽0 + 1
𝑤ℎ𝑒𝑟𝑒 𝐷 =
2
𝐼
𝑙𝐿
This means that once the value of parameters D, R and I are chosen, a cam with the desired dimension can
be designed by choosing the proper value of β0 according to Eq.(26) that has been obtained by inverting
Eq.(25).
2

𝑅2 + 1 − 𝐷 ⁄ 2
𝐼 )
−1
𝛽0 = cos (
2𝑅

(26)

The desired cam dimension cannot be obtained with any choice of parameters D, R and I. Indeed, Eq.(26)
imposes a constrain on the acceptable values for R because the argument of the arccosine function must be
included between -1 and 1. Moreover, according to Figure 18, in order to have a positive cam radius, the
minimum acceptable value for β0 must be greater than 2α0. These two conditions applied on Eq.(26), bring
to the set of relations written in Eq.(27) that constrains the admissible values for R.
2
𝑅2 + 1 − 𝐷 ⁄ 2
𝐼 )
2𝛼0 < cos −1 (
2𝑅
(27)
2
2
𝐷
𝑅 +1− ⁄ 2
𝐼 ≤1
−1
≤
{
2𝑅
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In summary, the choice of a proper cam profile can be conducted following the flow chart presented in Figure
21.

Figure 21 – Flow chart for the choose of a proper cam profile

A proper cam profile satisfies the requirement for the pressure angle and it is suitable as regard the maximum
dimension. In order to perform a reasonable choice for the free parameters (D, I and R) a parametric analysis
must be conducted.
The first choice regards the parameter D. It has been observed that greater values allow reducing the
pressure angle. A first attempt can be done choosing D=1. This means that the maximum radius of the cam
is equal to the locomotion unit arm length. After this preliminary choice, the other parameters can be
evaluated according to the proposed flow chart.
The dimensionless pitch curve and the pressure angle (θPRESS) as a function of θP for different choices of I, R
and β0 are showed in Figure 22 and Figure 23. These figures allow to have a general overview of the influence
of the mechanism parameters over two fundamental aspects in the cam design: profile shape and pressure
angles.
Figure 22 illustrates some examples for the dimensionless pitch curves for different combinations of
parameters. Note that all the curves have some similarities: the maximum dimensionless radius is the same
and each pitch curve is composed of three identical profiles. This happens because the input for the cam
synthesis is the single step climbing that requires a 120° of locomotion unit rotation. This means that the
corresponding pitch curve will be developed in 120° and the complete shape is the juxtaposition of three
identical profiles that correspond to a 360° of locomotion unit rotation and three steps climbing.
Moreover, it appears that the geometrical parameters of the mechanism strongly affect the designed cam
shapes and its orientations. Thus, it is fundamental to verify that the chosen parameters are such that no
interferences with step edges occurs during stair-climbing.
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Figure 22 – Dimensionless pitch curve for different combinations of parameters 𝐼 =

𝑙𝑃𝐶
𝑙𝐿

, 𝑅=

𝑙𝑅𝐶
𝑙𝑃𝐶

, 𝛽0 with 𝐷 =

ℎ𝐶𝐴𝑀 𝑀𝑎𝑥
𝑙𝐿

=1

Figure 23 shows the trend of 𝜃𝑃𝑅𝐸𝑆𝑆 (𝜃𝑃 ) during a step climbing sequence. The changing in the mechanism
parameters (I, R and 𝛽0 ) causes significant modifications in the curves. Even if the shape of the curves is
almost similar, their positions about the horizontal axis change considerably, affecting the maximum and
minimum values for the pressure angle.

Figure 23 – Trend of θPRESS(θP) for different combinations of parameters 𝐼 =

𝑙𝑃𝐶
𝑙𝐿

, 𝑅=

𝑙𝑅𝐶
𝑙𝑃𝐶

, 𝛽0 with 𝐷 =

ℎ𝐶𝐴𝑀 𝑀𝑎𝑥
𝑙𝐿

=1

After these first general considerations, a deeper analysis was conducted to select the set of parameters that
minimize the maximum value for the pressure angle. In Figure 24 a synthesis of the results is given with a
greater number of sample for parameters I (that means for lPC) and R. The analysis of the results was
simplified by considering only the max(|θPRESS|) value instead of the entire θPRESS(θP) function. In fact, only the
maximum of the pressure angle absolute value is interesting from the parametric analysis point of view. The
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whole θPRESS(θP) function was analyzed only to get some general information about the influence of the
mechanism parameters on the pressure angle.

Figure 24 – Trend of max(|θPRESS|) for different combinations of parameters 𝐼 =

𝑙𝑃𝐶
𝑙𝐿

and 𝑅 =

𝑙𝑅𝐶
𝑙𝑃𝐶

with 𝐷 =

ℎ𝐶𝐴𝑀 𝑀𝑎𝑥
𝑙𝐿

=1

The trend of max(|θPRESS|) with respect to R have a minimum for any value of I. The value of R that
corresponds to the minimum changes with I. Also the minimum value of max(|θPRESS|) slightly changes with
I but is always between 43° and 45° as can be observed in the detail of Figure 24. In particular, this value is
lower for the higher values of I. Finally, Figure 25 represents the trend of the optimal β0 as obtained in Eq.(26),
with different combinations of R and I and with D=1. The circles identify the values of β0 for the minima of
Figure 24.

Figure 25 - Trend of optimal β0 for different combinations of parameters 𝐼 =

𝑙𝑃𝐶
𝑙𝐿

and 𝑅 =

𝑙𝑅𝐶
𝑙𝑃𝐶

with 𝐷 =

ℎ𝐶𝐴𝑀 𝑀𝑎𝑥
𝑙𝐿

=1

(the circles identify the values of β0 for the minima of Figure 24)

For each value of I, that means for each value of lPC, the results obtained show that a minimum value for
max(|θPRESS|) can be obtained with a specific pair of values R and β0 linked by Eq.(26).
In Figure 26, for each value of I, the pitch curve obtained with the pair of R and β0 that minimize max(|θPRESS|)
is represented. It is possible to observe that all the profiles have the same size and are similar in terms of
shape and orientation with respect to the locomotion unit frame. Thus, the choice of the best value for I
should be done through different considerations.
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Figure 26 – Optimum pitch curves for different values of 𝐼 =

𝑙𝑃𝐶
𝑙𝐿

Higher values of I are advisable for two reasons. First of all, for the nominal stairs, higher values reduce the
initial wheelchair oscillation (Δα) as can be observed in Figure 27. Thank to this effect the angular
displacement for the cam mechanism is reduced. Moreover, even for non-nominal stairs, higher values of I
reduce the amplitude of the uncompensated oscillation. Finally, the pressure angle is lower even if this effect
is less evident (see Figure 24).

Figure 27 – Trend of α(θP) for different values of 𝐼 =

𝑙𝑃𝐶
𝑙𝐿

In conclusion, an optimal choice can be done selecting the highest admissible value for I, that means the
highest admissible value for lPC, and choosing the other parameters with the algorithm described in this
section. With respect to the range of values taken into account for the parametric analysis, the choice of
lPC = 800 mm (I = 5) represents the best solution with respect to the overall wheelchair dimension.
Consequently, R = 0.96 and β0 = 11.5° complete the definition of the mechanism. In Tab.3, a summary of the
chosen parameters is presented.
Table 3 – Optimal set of mechanism parameters

Parameter

lPC

R

lRC
19

β0

max(|θPRESS|)

I

D

Value

800 mm

0.96

768 mm

11.5°

43.0°

5

1

The pitch curve, designed through the proposed algorithm, has been obtained considering a roller with zero
radius. The real mechanism must have a roller with finite radius, thus the cam profile must be calculated.
The pitch curve has also a problem related to cusps because it has a discontinuous derivative and generate a
self-intersecting cam profile. This is due to the shape of function α(θP) that has finite derivatives at initial and
final points. In order to solve this problem, it is necessary to create a smoothed function α*(θP) that must be
considered as the initial input to generate the cam profile. Referring to Figure 28.a, the α*(θP) curve has been
obtained by substituting a smoothing function to curve α(θP) in the initial and final parts for an interval that
is the 20 % of the total ΔθP as explained in Eq.(28).
𝜃𝑃1 − 𝜃𝑃𝑖 = 𝜃𝑃𝑓 − 𝜃𝑃2 = 0.2 ∙ (𝜃𝑃𝑓 − 𝜃𝑃𝑖 )

(28)

The curve smoothing can be improved by increasing this interval, but the error done in the approximation
will rise as drawback. Considering the function α*(θP) instead of α(θP) generates oscillation on the wheelchair
seat even on nominal stairs, because the cam profile is no longer able to completely compensate the
locomotion unit movement in its initial and final section. In Figure 28.b the amplitude of the seat oscillation
due to the proposed cam profile smoothing is showed and it can be observed that it is lower than 1°. The
benefits that the use of a smoothed function introduces in the dynamics of the mechanism prevail on the
small error generated on the compensation of the frame oscillation.

(a)

(b)

Figure 28 – (a) Comparison between real and smoothed function α(θP); (b) Amplitude of seat oscillation due to cam profile
smoothing

The α*(θP) function is composed of two fifth order polynomial curves with different coefficients. The fifth
order is necessary to allow choosing six coefficients and imposing the curve continuity, the first and second
derivatives continuity both in the external and internal boundary for each interval. The approach is identical
for both intervals and it will be showed just for the first section. By imposing the boundary conditions on a
generic fifth order polynomial for the angle (𝛼), the velocity (𝛼 ′ ) and the acceleration (𝛼 ′′ ) on internal and
external boundaries, the linear system of Eq.(29) can be written and the polynomial coefficients C1, C2, C3, C4,
C5 and C6 can be obtained by solving it.
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5
4
3
2
𝐶1 𝜃𝑃𝑖
+ 𝐶2 𝜃𝑃𝑖
+ 𝐶3 𝜃𝑃𝑖
+ 𝐶4 𝜃𝑃𝑖
+ 𝐶5 𝜃𝑃𝑖 + 𝐶6 = 𝛼(𝜃𝑃𝑖 )
5
4
3
2
𝐶1 𝜃𝑃1
+ 𝐶2 𝜃𝑃1
+ 𝐶3 𝜃𝑃1
+ 𝐶4 𝜃𝑃1
+ 𝐶5 𝜃𝑃1 + 𝐶6 = 𝛼(𝜃𝑃1 )
4
3
2
5𝐶1 𝜃𝑃𝑖
+ 4𝐶2 𝜃𝑃𝑖
+ 3𝐶3 𝜃𝑃𝑖
+ 2𝐶4 𝜃𝑃𝑖 + 𝐶5 = 0
4
3
2
5𝐶1 𝜃𝑃1
+ 4𝐶2 𝜃𝑃1
+ 3𝐶3 𝜃𝑃1
+ 2𝐶4 𝜃𝑃1 + 𝐶5 = 𝛼 ′ (𝜃𝑃1 )

(29)

3
2
20𝐶1 𝜃𝑃𝑖
+ 12𝐶2 𝜃𝑃𝑖
+ 6𝐶3 𝜃𝑃𝑖 + 2𝐶4 = 0

{

3
2
20𝐶1 𝜃𝑃1
+ 12𝐶2 𝜃𝑃1
+ 6𝐶3 𝜃𝑃1 + 2𝐶4 = 𝛼 ′′ (𝜃𝑃1 )

In Figure 29 a comparison between the pitch curve obtained using α(θP) function and the smoothed pitch
curve obtained using α*(θP) can be observed.

Figure 29 – Comparison between the pitch curve and the smoothed pitch curve

Finally, by introducing a roller with finite radius, the polar coordinates of the cam profile can be obtained
through Eq.(30) and Eq.(31) that are taken from the classical cam mechanism theory [31]. The polar
coordinates of the pitch curve (ℎ𝐶𝐴𝑀 , 𝛿) have been given in Eq.(13) - (15). The real profile coordinates can be
obtained by correcting the pitch curve coordinates taking into account a roller radius greater than zero.
ℎ𝐶𝐴𝑀 𝑟𝑒𝑎𝑙 = √(𝑙𝑅𝐶 sin 𝛽 − 𝑅𝑟 sin 𝜙)2 + (𝑙𝑃𝐶 − 𝑙𝑅𝐶 cos 𝛽 − 𝑅𝑟 cos 𝜙)2
𝛿𝑟𝑒𝑎𝑙 = 𝜃𝑃 + tan−1

𝑙𝑅𝐶 sin 𝛽 − 𝑅𝑟 sin 𝜙
𝑙𝑃𝐶 − 𝑙𝑅𝐶 cos 𝛽 − 𝑅𝑟 cos 𝜙

(30)
(31)

where Rr = 18 mm is the roller radius and φ can be obtained through Eq.(18). The smoothed cam profile is
shown in Figure 30 compared to the smoothed pitch curve.
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Figure 30 - Comparison between the smoothed pitch curve and the smoothed cam profiles

In Figure 31 the radius of curvature and the pressure angle of the smoothed cam profile are presented. The
selected roller radius (Rr = 18mm) is near to the maximum admissible value to avoid undercutting and thus
is yet at the correct value. As regard pressure angle, its maximum value is increased with respect to the
unsmoothed profile due to the local growth of the derivative of α*(θP) compared to the derivative of α(θP).
The maximum pressure angle is a bit higher than 50°, that can be considered as an upper limit. In order to
reduce the maximum value for pressure angle, all the algorithm described in this paragraph should be
repeated starting from a higher dimension for the cam. In other words, the design procedure should be
repeated using a parameter D greater than 1 that was the value used for the first iteration.

Figure 31 – Trend of radius of curvature and pressure angle for the smoothed cam profile
(the red dashed line represents the dimension of the roller radius)

A final analysis has been conducted in order to assess the influence of parameter D over the max(|θPRESS|)
value of the smoothed cam profile. This analysis is necessary in order to identify the proper value for D with
which repeat the cam synthesis algorithm. The maximum pressure angle decreases with the increase of the
cam dimension as can be observed in Figure 32. In order to obtain a maximum pressure angle equal to 50° it
is necessary to impose a dimensionless size of the cam D = 1.135.
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Figure 32 – Trend of max(|θPRESS|) with respect to D for pitch curve and smoothed cam profile

With this value of D, the procedure explained in this section can be repeated. The smoothed cam profile
obtained with the most favorable values for I, R and β0 it is showed in Figure 33 and the mechanism
parameters are summarized in Tab.4 in comparison with the parameters obtained from the previous
iteration. It can be observed that the cam dimension is adequate to avoid interferences with step edges and
so this profile can be considered verified under all the design requirements. In Figure 34 a step climbing
sequence with the best cam mechanism is presented.
Table 4 -Comparison between the best mechanism parameters for the profile obtained after the first iteration and after the
complete design process

Parameter

D

lPC

R

[mm]

lRC

β0

max(|θPRESS|)
pitch curve

max(|θPRESS|)
smoothed
cam profile

[mm]

[°]

[°]

[°]

I

First iteration
values

1

800

0.96

768

11.5

43.0

54.14

5

Final values

1.13

800

0.95

760

13.1

38.64

50

5
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Figure 33 – Comparison between smoothed pitch curve and smoothed cam profile with the best mechanism parameters

Figure 34 – Step climbing sequence with the best cam mechanism

5.

Conclusion

In this paper, a new version of the stair-climbing device Wheelchair.q has been proposed. This new concept
tries to overcome the unsolved problems related to previous versions through a different wheelchair
architecture. The main idea was to define a smart mechanical structure, able to reduce as much as possible
the number of the actuators and mechatronic subsystems, in order to guarantee lightweight, safety, comfort,
and reduced costs. The idle track that represents the rear foothold for the wheelchair during stair-climbing
is moved to the rear with respect to previous versions. This innovation allows to increase the static stability
and to reduce the seat oscillation during stair-climbing activity. In particular, the reduction of the seat
oscillation has been the focus of this new design. A cam mechanism with a swinging follower has been added
to the wheelchair structure with the aim to passively compensate the oscillation introduced on the device
frame by the locomotion unit rotation. Thanks to the cam mechanism action, the wheelchair seat moves with
a translational motion along a straight line, increasing the user comfort. The main topic of this paper has
24

been the description of the design process that has brought to the choice of a proper cam profile. In the first
part, the locomotion unit motion has been described and the algorithm necessary to obtain the cam profile
has been presented. In the second part, a parametric analysis on the mechanism has been conducted. The
results have been used to choose the most favorable parameters in order to have the smallest cam with
acceptable values for pressure angle and curvature radius.
Future works will regard the design and optimization of the other parts of the wheelchair structure that are
not already completely defined. In particular, the reconfiguration mechanism that should modify the
wheelchair configuration before stair-climbing must be analyzed.
Once the design process will be completed, a multibody analysis of the vehicle should be conducted in order
to finalize the design process before starting with an experimental activity on a prototype.
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