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A large time increment method applied to an interface

cohesive crack growing in compression-shear conditions

Silvio Valentea,∗, Andrea Albertoa, Fabrizio Barpia

aDep. of Structural, Geotechnical and Building Engineering, Politecnico di Torino,
Corso Duca degli Abruzzi,24, 10129 Torino,Italy

Abstract

When the long-time behaviour of a concrete dam is analysed, the Interna-
tional Commission of Large Dams recommends to neglect the tensile strength
of the dam-foundation joint and to include the uplift pressure due to the wa-
ter penetrating into the crack. In this context a non-linear problem of contact
with friction occurs in the vicinity of the point which separates the damaged
part of the joint from the undamaged one. In these conditions the solution
depends on the stress path followed during the quasi-static incremental pro-
cess. Therefore the classical Newton-Raphson fails to converge and has to be
replaced by a Large Time Increment method. In this way it was possible to
obtain realistic solutions for three different mechanical regimes.
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Nomenclature

c dam-foundation joint cohesion (N/m2)
h water level above the dam-foundation joint (m)
hovt water level above the dam crest (m)
H softening module (N/m3)
K1, K2 stress intensity factors (N/m3/2)
Pmax maximum value of the water pressure applied on the upstream edge (N/m2)
wn normal component of the displacement discontinuity (m)
wt shear component of the displacement discontinuity (m)
w effective value of the displacement discontinuity (m)
wc for w > wc the cohesive stress vanishes (m)
wnc for wn > wnc the full water pressure is applied (m)
γ specific weight of water (N/m3)
φ friction angle applied to the dam-foundation joint
σn pressure applied to the dam-foundation joint (N/m2)
τ shear stress applied to the dam-foundation joint (N/m2)
τp max value of shear stress applied to the FCT (N/m2)
τr residual value of the shear stress applied to the dam-foundation joint (w > wc)(N/m

2)
COD Crack Opening Displacement, wn (m)
CSD Crack Sliding Displacement, wt (m)
FCT Fictitious Crack Tip. Point between damaged and undamaged part of the joint
FPZ Fracture Process Zone, where the non-linear phenomena are localized.
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1. Introduction

In dam engineering it is often necessary to model a closed crack growing
in shear conditions. This is for example the case of the quasi static analy-
sis of a crack growing at the interface between a gravity dam and the rock
foundation. In this case, since the crack starts at the upstream edge of the
dam, the water can penetrate and wash away the smallest aggregates of the
concrete. This phenomenon can be considered as a corrosion which reduces
the resisting material properties compared to the same properties measured
during a short-time laboratory test. Looking at the long-time behaviour
of the structure, the International Commission of Large Dams (shortened
ICOLD,see [1]) recommends to neglect the tensile strength of the joint. In
what follows, in order to remember that the numerical analysis is based on
a reduced set of resisting properties, the term subcritical crack propagation
is used.
After this preliminary remarks, following the terminology of the cohesive
crack model, it is possible to observe that a shear displacement discontinu-
ity (Crack Sliding Displacement, shortened CSD) starts growing at a point,
called Fictitious Crack Tip (shortened FCT), which is still subjected to a
compression stress (see Fig. 1). The normal component of the displacement
discontinuity (Crack Opening Displacement, shortened COD) will appear at
the same point later on. Therefore the asymptotic expansion for a cohe-
sive crack [2], [3], [4] or other techniques [5], [6], [7], [8], [9], [10], [11],
[12], [13], [14], [15], [16] cannot be applied. Therefore the cohesive crack
model has to be re-formulated with the focus on the shear stress compo-
nent [17]. In this context the solution depends on the stress path followed
during the quasi-static incremental process. Therefore the classical Newton-
Raphson fails to converge and has to be replaced by a Large Time Increment
Method [18], [19] described in the following sections.

2. The mechanical model

One of the main differences between a model related to a specimen tested
in the laboratory and a model related to a large structure is due to the effects
of the self-weight. The analysis of the gravity dam shown in Fig. 1 begins from
an initial state, which is a static equilibrium configuration of the dam and of
an appropriate portion of the rock foundation. The equilibrium state includes
both horizontal and vertical stress components in both materials (concrete
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Figure 1: Gravity dam model proposed as a benchmark by ICOLD.
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and rock). It is important to establish these initial conditions correctly so
that the problem begins from an equilibrium state. In this initial state the
reservoir is empty , the only load applied is the self-weight, the dam/rock
contact is frictionless [20], the incremental solution is unique, the classical
Newton-Raphson method converges and the interface is free from tangential
stresses.

2.1. Traction-Separation law applied to the Fracture Process Zone

Once the equilibrium state is achieved in this initial phase, following the
classical hypothesis of the cohesive crack model , a critical condition at the
FCT is looked for. With reference to Fig. 1, the points on the right side
of the FCT are tied, so that no displacement discontinuity can occur after
this operation. With reference to the cohesive crack model, this portion of
the interface plays the role of an undamaged ligament. On the contrary, the
portion of the interface on the left side of the FCT is called Fracture Process
Zone (shortened FPZ). All the non-linear phenomena occurring afterwards
are localized into the FPZ. Concrete and rock outside the FPZ behave lin-
early.

This implementation of the cohesive crack model is based on two stages :

a) a global one in which the FCT is moved ahead of one increment;

b) a local one in which the non-linear conditions occurring in the FPZ are
taken into account.

This two-stage approach is known in the literature as a Large Time Incre-
ment approach [18], [19]. The main consequences of this two-stage approach
are:

a) A previous converged load increment is not required.

b) The iterations done during the local stage are characterized by displace-
ment and stress fields which are not real. They are just a way to reach
a critical condition at FCT and can be forgotten. In this case the node-
to-segment friction contact problem is solved by means of the Lagrange
multipliers [20].

Once the critical condition has been reached, it has to be saved and plot-
ted as a step of the global stage, which has a clear physical meaning.
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Since the model outside the process zone behaves linearly and includes a
crack, a generic load increment occurring during the local stage can induce a
singular stress increment at the FCT. The following two assumptions, related
to the FPZ, prevent the onset of such a singular stress increment:

a) as long as the FPZ is closed, the normal component of the displacement
discontinuity vanishes, and therefore the stress intensity factor is K1 = 0.
In these conditions, following the Coulomb law (see Fig. 2) , the peak
value of the tangential stress is :

τp = c+ σntan(φ) (1)

Figure 2: Mohr-Coulomb strength criterion on the interface.

b) since a new step in the global stage starts only when the FCT is in critical
conditions, since a rigid-plastic traction-separation law is assumed (Fig.
3), the stress intensity factor remains K2 = 0 during the iterations of the
local stage.
The effective displacement discontinuity is assumed as:

w =
√
w2

n + w2
t (2)
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Figure 3: The rigid-softening cohesive law applied to the interface.

The value assumed for the joint properties c, φ and H are shown in Tab.
1. Tab. 2 shows the material properties.

Parameters Unit Value

Peak cohesion c MPa 0.7
Residual cohesion MPa 0
Tensile strength MPa 0
Friction angle φ deg 30

Softening module H MPa/mm -0.7
Critical value wc = −c/H mm 1

Table 1: Properties of the concrete-rock interface.

2.2. Crack growth conditions in the closeness of the Fictitious Crack Tip

The above mentioned hypotheses are related to a surface: the dam-to-
foundation interface. On the contrary, the following hypotheses are related
to a volume of dam concrete and a volume of rock foundation. Since the
expected strain field is smooth, special tip elements are not used. Both
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domains are meshed by means of triangular elements of constant strain type.
As shown in Figg. 4 and 5, the dam is divided into 2205 elements and the
foundation into 5673 elements. In the closeness of the interface, the triangles
are assumed as equilateral, with a side of 0.06 m. Figg. 8, 9, 10 show that
this size is sufficiently small to obtain that the FPZ is always divided into 6
elements at least. The four stress components are computed in two elements
connected to the joint and to the FCT: one for the dam and another for
the foundation. The stress level is compared to the Mohr-Coulomb criterion
shown in Fig. 2.

2.3. The hydro-mechanical coupling hypothesis

Fig. 1 shows the assumed distribution of uplift pressure in the case of
complete drain efficiency. The pressure is assumed constant up to the point
where the crack opening displacement is larger than a threshold value of
wnc = 10−6 m. Elsewhere the pressure is a linear function of the position,
vanishing at the downstream edge.

Parameters Unit Rock Concrete

Young module MPa 41000 24000
Poisson ratio - 0.10 0.15

Tensile strength MPa 2.6 1.3

Table 2: Properties of rock and concrete.
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Figure 4: The Finite element mesh used.

Figure 5: Deformed mesh for FCT position 24 m; displacements enlarged 700 times.

9



  

2.4. The frictional contact model

Since both materials are discretized by means of linear elements, in the
node-to-segment contact problem , the slide line segment is linear, too. In
the frictional contact problem it is necessary to determine whether a node
sticks or slips. To solve this problem the following tests are used. If the node
is currently sticking, it is checked whether the magnitude of the frictional
stress exceeds the critical value. Hence, if it is:

τ > c(w) + σntan(φ) (3)

the state is changed to slipping. If the node is slipping, the direction
of slipping is compared with the frictional stress applied at the start of the
iteration. If, at the end of the iteration, it is:

τẇt < 0 (4)

the state is changed to sticking (a dot denotes the time derivative).
The above mentioned conditions are applied through a Lagrange multipliers
formulation (see [20]).
During the Newton-Raphson process an alternate stick-to-slip or closed-to-
open transition can prevent the convergence. Therefore a dual stage approach
is used and each second stage starts just after the self weight application on a
frictionless joint. The loading path is presented hereafter. The conventional
time is assumed as T = 0 when the reservoir is empty and T = 1 when the
water level reaches the dam crest. During this phase a proportional loading
is assumed and T is the external load multiplier.
For T > 1 the overtopping water level hovt plays the role of external load
multiplier. In this case a uniform load distribution γhovt is applied to the
upstream edge.
For T < T1 all contact nodes are sticking and closed.
For T1 < T < T2 only stick-to-slip transitions occur.
For T2 < T < T3 both transitions (closed-to-open and stick-to-slip) occur.
In both cases (T ≤ 1 and T > 1), the external load is increased monotonically,
and the above mentioned transitions start at the upstream edge and move
monotonically to the FCT, without reverting.
Since the displacements are large when compared to the segment length, a
finite sliding formulation is applied.
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Since the Coulomb’s law of friction is included in the model, a non-symmetric
solver is used.
As an example, Fig.6 shows the maximum value of a wt increment computed
during the local stage iterations when the distance of the FCT from the
upstream edge is 18 m and the external load multiplier T is increase from
0.90 to 0.95. In this case both transitions occur. When the above mentioned
distance is increased to 36 m, when hovt is increased from 0.4 to 0.8m more
transitions occur as shown in Fig.7.

Figure 6: Local stage iterations when the external load multiplier T is increased from 0.90
to 0.95.

It is worthwhile noting that:
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Figure 7: Local stage iterations when the external load multiplier hovt is increased from
0.4 to 0.8 m.

• each transition shown in Figg.6 and 7 induces an increment in the stress
level occurring at FCT. When this level reaches the critical value shown
in Fig. 2 the local stage ends.

• the friction angle φ remain unchanged during the stick-to-slip transi-
tion.

• as long as the FCT moves towards the downstream edge the fraction of
undamaged joint shrinks. As a consequence the increments of wt and
wn become larger, as shown in Fig.7.
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3. Results

Fig. 8 shows the results at the end of the local stage when the distance
of the FCT from the upstream edge is (a) 7.2 m. (b) 12 m.

Similarly, Figg. 9 and 10 refer to a distance respectively of 18,24,30 and
36 m.

It is possible to observe that the method applied is able to manage three
different regimes:

a) in Fig. 8a the FPZ is not completely developed (w < wc everywhere),

b) in Figg. 8b, 9, 10a, the point where the tangential cohesive stress vanishes
is open. In other words, the condition w = wc is achieved in a point where
it is wn > 0 (wc is shown in table 1),

c) in Fig. 10a the point where the tangential cohesive stress vanishes is closed
(σn > 0). In other words, due to large wt values, the condition w = wc is
achieved in a point where it is wn = 0.
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Figure 8: Results for the global stage step n.1(a) and n.2(b)

14



  

Figure 9: Results for the global stage step n.3(a) and n.4(b)
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Figure 10: Results for the global stage step n.5(a) and n.6(b)
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Fig. 11 shows the length of the compressed part of the FPZ as a monotonic
increasing function of the FCT distance from the upstream edge. The tensile
strength of the rock foundation (2.6 MPa) is enough to prevent a crack
branching downwards.

Figure 11: Length of the compressed part of the FPZ
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Fig. 12 shows the water level evolution during the subcritical crack pro-
pagation.

Figure 12: Water level above the dam crest during the subcritical crack propagation.
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Fig. 13 shows the water penetration during the subcritical crack propa-
gation.

Figure 13: Water penetration during the subcritical crack propagation.
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4. Conclusions

1) The cohesive crack model can be used in the context of a large-scale
engineering problem.

2) The uplift pressure induced by the water penetrating the open part of the
crack can be taken into account.

3) The corrosion induced by the water penetrating the closed part of the
crack can be taken into account through an appropriate reduction of the
joint strength properties (subcritical crack propagation).

4) In this case the phenomenon cannot be modeled through a continuous se-
quence of load increments in the context of the Newton-Raphson method.
On the contrary, it is necessary to divide the whole process in a sequence
of LArge Time INcrements (shortened LATIN). Therefore each large time
increment can be simulated independently from the previous one.

5) This two-stage approach is able to model three different mechanical regimes
occurring during the crack propagation process.
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HIGHLIGHTS

The corrosion induced by the water penetration reduces the joint strength 
properties.

The hydro-mechanical coupling can be taken into account.

The cohesive zone model can be used in the context of large scale engineering 
problems

The two-stage approach proposed is able to control three different mechanical
regimes.


