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WINDOW-DEPENDENT BASES FOR EFFICIENT
REPRESENTATIONS OF THE STOCKWELL TRANSFORM

ABSTRACT. Since its appearing in 1996, the Stockwell transform (S-transform)
has been applied to medical imaging, geophysics and signal processing in gen-
eral. In this paper, we prove that the system of functions (so-called DOST
basis) is indeed an orthonormal basis of L2 ([0, 1]), which is time-frequency
localized, in the sense of Donoho-Stark Theorem (1989). Our approach pro-
vides a unified setting in which to study the Stockwell transform (associated
to different admissible windows) and its orthogonal decomposition. Finally, we
introduce a fast — O (Nlog N) — algorithm to compute the Stockwell coeffi-
cients for an admissible window. Our algorithm extends the one proposed by
Y. Wang and J. Orchard (2009).
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1. INTRODUCTION

Let f be a signal with finite energy, that is f € L? (R), and let ¢ be a window
in L2 (R). Then, following M. W. Wong and H. Zhu [34], we define the Stockwell
transform (S-transform) S, f as

(L1)  (Sef)(b,€) = (2m) " fR eI ()€l (E(t—Db))dt, b EeR.

It is possible to rewrite the S-transform with respect to the Fourier transform of
the analyzed signal:

2 B¢ f(C +OP (g) d¢, b,£eR, £#0,

where J? is the Fourier transform of the signal f, given by

12 GHeo- |

R

7 =FneE=eo"? ff fd,  €eR.

We fix some notation: we denote with f or F~! f the inverse Fourier transform of a
signal f. N = {0,1,...} is the set of non negative integers, Z = {...,—1,0,1,...,}
is the set of integers.
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The S-transform was initially defined by R. G. Stockwell, L. Mansinha and R.
P. Lowe in [29] using a Gaussian window

g(t) = e_tz/Q, teR.

In this case,

(1.3)  (Sgf)(b,€) = (2m) ™ j e 2 f (1) e e DTER g b eeR,
R

which, in the alternative formulation, becomes
(1.4) (Sy ) (b,€) = f 2 F (e 4 €)e 2 ge, beeR, €£0.
R

The natural discretization of (|1.4)), introduced in [29], is given by
N-1

(1.5) (Sy f) (G,n) = Z 2 mi/N F () 4 ) ¢-2ntm?n?
m=0

where j =0,...,N—landn=1,...,N — 1. For n =0, it is set

1 N—-1
(Sg)(5:0)= 5 X f(h),  j=0,.. . N-1L
k=0

In the literature, is called redundant (discrete) Stockwell transform. Un-
fortunately, the redundant Stockwell transform has a high computational cost
-0 (N2 log N). To overcome this problem, R. G. Stockwell introduced in [27],
without a mathematical proof, a basis for periodic signals with finite energy, i.e.
L2 ([0,1]), given by

(1.6) U Dy = U {Dp,'r}f(ngil :

pEZL peZL
This basis, precisely defined in Section [3] is adapted to octave samples in the fre-
quency domain. The decomposition of a periodic signal f in this basis is called in
the literature the discrete orthonormal Stockwell transform (DOST). The related
coefficients

For = (F: Do) 2o

are called DOST coefficients.

In this paper we prove that this basis is not suited to the standard S-transform
with Gaussian window , rather to an S-transform associated with a characteris-
tic function (boxcar window). This fact was already pointed out by R. G. Stockwell
himself in [27] and [28]. The computational complexity of the algorithm suggested
by R. G. Stockwell was still high: O(N?). In 2009, Y. Wang and J. Orchard [33]
proposed a fast algorithm which reduces drastically the complexity to O(N log N);
the same complexity of the FFT. This achievement allowed a wider application of
the S-transform to image analysis.

We provide an adapted basis of L? ([0, 1]) on which to decompose the Stockwell
transform with a general admissible window . Assume that we can find such a
basis E¥ of L?([0,1]), depending on the choice of ¢. Then, by linearity, we can
write

(1.7) (Sp f) (0,) = > 8 (Sp EF) (b,€)

where
f=>ctE?.
J

An ideal basis would satisfy the following properties:
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(i) B¢ is an orthonormal basis of L? ([0, 1]), so that

= (1B 2oy

( ) (b,€) is local in time;
(S<p Ep) (b,€) is local in frequency;
(iv) we can find a fast algorithm — O (N log N) — to compute the coefficients

U B2) oy

We prove that is indeed an orthonormal basis of L? ([0, 1]) satisfying conditions
(i), ( and ifo=x=F" X(,%,%) In particular, we prove tha

X
Ep,r - Dpw‘f'

Moreover, in Proposition [T1] we clarify the connection between the Stockwell coef-
ficients and the value of the S-transform with window Y.
Let ¢ be an admissible window, we introduce the basis

(1.8) By,
such that?
(1.9) (Sg, Ep T) (b,v(p)) = Dy, (b),

where v (p) is the center of the p-frequency band where the basis D, - in ([L.6]) is
supported. In Section @ we introduce a fast — O (N log N) — algorithm to compute
the coefficients

(£ BE2) Loy -

Unfortunately, for a general admissible window ¢, the basis (|1.8) fails to be orthog-
onal. Nevertheless, under a mild condition on ¢, we prove that it forms a frame,
which in general is not tight. So, by abstract theory of frames, we obtain that the

coefficients in (1.7)) are
(f’ T ) 2(10,1]) ’

where Ep - 1s the dual frame of Ezf

This paper is organized as follows: in Section [2] we provide a brief survey on the
S-transform in the context of time-frequency analysis. In particular, we point out
the similarities and the differences between Fourier transform, short time Fourier
transform and wavelet transform. In Section [3] I, we prove that (| is a basis of
L?([0,1]) and we highlight its time-frequency local properties. In Sectlon l we
decompose the Stockwell transform with a general window using . Moreover,
we determine the explicit expression of (S, Dp r). In Section [5, we provide a dis-
cretization of the S-transform. In Section @ we determine the basis adapted
to a general admissible window go We propose an algorithm which evaluates the
coefficients related to the basis (1.8)) of computational complexity O(N log N). This
algorithm extends the one proposed by Y. Wang and J. Orchard in [33].

1See Remark [3] for the precise statement.
J

2Equality (1.9) must be interpreted with care, we refer to Section |E| for the precise statement.
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2. A BRIEF SURVEY ON THE S-TRANSFORM

In many practical applications it is important to analyze signals, i.e. extracting
the time-frequency content of a signal. Given a signal f in L? (R), we can precisely
extract its frequency content using the Fourier transform F

7O =FnE=en" jf fydt,  €eR.

Unfortunately, due to uncertainty principle, it is impossible to retain at the same
time precise time-frequency information. In the past years, many techniques arose
trying to deal with the uncertainty principle in order to obtain a sufficiently good
time-frequency representation of a signal. The short-time Fourier transform

(STFT, ) (b6) = m) ™ | e f T Dat  beeR
R

is one of the standard tools. Loosely speaking, taking the short-time Fourier trans-
form of a signal f at a certain time b is like taking the Fourier transform of the
signal f cut by a window function ¢ centered in b, see for example [13], [I7]. It is
possible to invert the short-time Fourier transform using the following theorem.

Theorem 1. Let f be a signal in L? (R) and ¢ a window in L? (R). Then
Fo-| st negm cer

Notice that the width of the analyzing window remains fixed. Due to the Nyquist
sampling theorem, it would be natural to consider a window whose width depends
on the analyzed frequency. To accomplish this task, in [29], the S-transform S, was
introduced as

(2.1) (S, f) (b,€) = (2m) 2 |¢] JRe—%itff(t) e (=02 g eR.

Notice that the width of the Gaussian window e~ (*=°€*/2 ghrinks as the analyzed
frequency increases, providing a better time-localization for high frequencies. It is
possible to rewrite the Stockwell transform with respect to the Fourier transform
of the signal f as

2712 2

22 SN0 [ SOFCre T a  beer ¢4
R
In [29] it has been stated an inversion formula similar to Theorem

Theorem 2. Let f be a signal in L? (R). Then
Fo-[snoom  cer
R

Many extensions of this transform have been suggested in the last years. See for
example [10, 18] [19] B4, [35]. We here recall the one introduced in [34].

Definition 1. Let f be a signal in L? (R) and let ¢ be a window function in L? (R).

Then, we call

23) oGO =0 | L @EFET-Dd  heeR
the Sy -transform of the signal f with respect to the window .

It is possible to recover the original definition ([2.1)) taking ¢ to be the Gaussian
window ¢ (t) = ¢=’/2. The S-transform has been recently extended to the multi-
dimensional case by the second author [26]. Theoremstill holds for the S-transform

23).
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See [ [7), 12} [T6], 201, 22], 241 [36] for some applications of the S-transform to signal
processing.

Heuristically, we can think at the S-transform as a short-time Fourier transform
in which the width of the analyzing window varies with respect to the analyzed
frequency. Therefore, the S-transform can also be interpreted as a particular non
stationary Gabor transform, see [I].

We can give an equivalent definition of the S-transform using the following propo-
sition.

Proposition 3. Let f be a signal in L? (R) and let ¢ be a window in L? (R). Then
(S5 ) (5,6) = ™2™ (FL, fe) (), b.EER, €£0,
where

fe(Q) = f<<>(<55), CER, € #0.

The following inversion formula has been proven in [34].

Theorem 4. Let ¢ be a function in L' (R) n L? (R) such that

f'A 2|r£+1| *

We say that ¢ is an admissible window for the S-transform and we call c, the
admissibility constant. Then

o (P oy = | [ S0 00T GO @
for all f and f' in L? (R).

dg
1’

At this point, it is useful to recall the wavelet transform W, f of a signal f in
L? (R) with respect to the window ¢

(W, f) (b,a) = fR F@®)la ™o @ T (t—b)dt, VbacR.

See for example [3] 9] 23] for details on wavelet analysis and filter banks.

Theorem 5. Let ¢ be a window in L? (R) such that

o= [ lpOrE <

We say that ¢ is an admissible wavelet and we call c, the admissibility constant.
Then

o (£ ) oy = [ | Ve ) 0 TV P ) b

for all f and f' in L? (R).

Notice the similarities between Theorem [land Theorem 5] This follows from a deep
connection among Stockwell transform, short-time Fourier transform and wavelet
transform. In fact, these transforms are related to the affine Weyl-Heisenberg group
studied in [21]. This connection has been highlighted in the multi-dimensional case
by the second author in [25]. In [I5] [30], the connections between Stockwell trans-
form and wavelet transform are pointed out. The affine Weyl-Heisenberg group is
also connected to the definition of a-modulation spaces, see [2] [8, [14], which rep-
resents, at the level of coorbit theory, a sort of interpolation between Modulation
spaces and Besov spaces. A different group approach to the Stockwell transform
has been studied in [0].
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F1GurE 1. DOST basis functions in increasing frequency p-bands.
Black line = real, red line = imaginary. See Figure 2 in [27] for a
comparison.

3. A TIME-FREQUENCY LOCALIZED BASIS

In this section, we prove that the system of functions (1.6]), proposed by R. G.
Stockwell in [27], is indeed an orthonormal basis of L? ([0, 1]).
For p = 0, we define

forp=1

for all p > 2
v(p) =2+ 2072 Bp) =271, T(p)=0,...,8(p) — L
Setting, for each p, the p-frequency band

18).28) — 1] = [vip) ~ 22 vy + 224 ]

we obtain a partition of N; notice that v(p) is the center of each p-frequency band.
We recall here the definition of the so-called DOST functions, introduced in [27]:
Dy (t) =1, teR,
Dy (t) =™t teR,
and
Dy = {Dpr(t)}, 0. s(p)-1- teR,

where

v(p)+B(p)/2—1

1 o2 fte—QTrifT/ﬂ(p)7 teR.

Dp,r(t) =
BP) rouim)=r)/2
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FIGURE 2. DOST basis functions in the same p-band (p = 5).
Black line = real, red line = imaginary. See Figure 1 in [27] for a
comparison.

For all negative integers p, we set

Dy 7(t) = D_p - (1), B (lpl) — 1.
For each p e N, v(—p) = —v(p) and S(—p) = S(p). In the sequel we call

(3.1) Dy

pEZ

T=0,...

Stockwell basis.

Notice that, in the original paper [27], each D, , had a multiplicative factor
e”™. Since this factor is not crucial in proving that is a basis of L2 ([0,1]),
we have decided to drop it. In , we clarify the role of this multiplicative
factor. In Figure [l and Figure [2] we draw the DOST basis functions without this
multiplicative factor. In Figure [2| notice that, with our choice, these functions are
self-similar in each p-band, in contrast to the ones defined in [27]. Moreover, we
have slightly changed the notation in the frequency domain. The kth element of
the Fourier basis is 2™ **_ while, in the original paper, the kth element is e=27*¢,
The convention we adopt seems closer to the standard Fourier analysis.

Theorem 6. | J,.;, D, is an orthonormal basis of L* ([0, 1]).

Proof. In the sequel, we consider positive p. For negative p, all results hold true
using the adjoint property. We recall that {€2>™#*}, 7 is an orthonormal basis of
L% ([0,1]) and we notice that D,, ,(¢) is a finite linear combination of e>™** with k
in the p-frequency band

I, = [V(p)ﬂgm7V(p)+”6€m ]

Hence, we can conclude that

(Dpﬂ"Dp/ﬂ'/)L?([OJ]) =0, ifp#yp, vr,7,
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since the p-band and the p’-band are disjoint. So, we can focus on the case p = p'.
The proof is divided into three steps.

Step I - | Dprl 2017 = 1-

Consider the inner product

2
”DP,THL2([O,1]) (Dp 'er ) L2([0,1])

1 1 [v(p)+B(p)/2—1 v(p)+B(p)/2—1
_ J o2 ft o—27i f7/B(p) 3 o270 [/t 27 f'T/B(p) | gt
B Jo \ s s Fr=v(p)—B(p)/2

Since {€?™kt}, 7 is an orthonormal basis,

1f—(

2
HDP,T|L2([071]) = 5(]9)

+B(p)/2-1
Z Jldtzl.

f=v(

Step II - |J,ez Dp is an orthonormal set.

If p # p’ the L2-scalar product vanishes, so we can suppose p = p’. It is convenient
to consider j = f — B(p).

B(p)—1

D, (t) = F Z

1 (p)71 . ) o
(3.2) — 3! 2 )+t g=2mni/B),

B(p) =0

The orthonormality of the Fourier basis implies

270 (B(p)+7)t o —27i (B(p)+4)7/B(b)

B(p)—1

3 el =nifsw),

(3.3) (Dp,rs Dy, )L2([071]) = m

Now, we need the following lemma.

Lemma 1. Let k € N\{0}. Then

2k_1
(3.4) NP2t — 0, m= 41, (25 - 1),
=0

Proof. Notice that (3.4) is a truncated geometric series with ratio e2 "/ 2" There-
fore, the well known formula for geometric progression implies that

281 27t m2k 2"
Z p2mijm/2" _ 1 — e2mim2/ -0
T e2mim/2k T
§=0
Since m = +1,...,+(2F—1), the denominator in the above equation never vanishes.

O
Let (7' — 7) = m in (3.4), then Lemmal[l] implies that
(Dp T,D ) £2([0,1]) — éo(p*p/)BO(T*T,)a
i.e. Upez Dp is an orthonormal set.

Step II - | J,ez Dy is a basis of L2 ([0,1]).
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Notice that

27i k
Dy < span{e”™ M e () 26() -1
Hence, to prove the assertion it is sufficient to show that the elements of the set
{Dpr}, o B(p)—1 are a basis of span{e?™ Yy 1500) 28(p)—1]- Since we deal with fi-
nite dimensional vector spaces, we prove that the functions {Dpﬂ.}f 29371
independent; that is

B(p)—1
(35) Z CT-Dp,T:():CT:Oa VTIO,,ﬂ(p)_l
7=0

are linearly

Since {e2™ (B(p)+j)t}j=0w’ﬁ(p)71 is a basis, we can consider the projection of (3.5))

on each term {e2™ (B@)+1},_; 50 1 of the Fourier basis. We obtain the system

,,,,,

B(p)—1 o
(3.6) D1 e TR~ j=0,...,8(p) - 1.
7=0

Notice that (3.6)) can be written as the linear system

1 1 e 1 Co 0

1 e—2mi/B(p) L. e—2m(B(p)—1)/B(p) 1 0
(3.7) 1 e—2mi2/B(p) ... e 2m2(B(p)-1)/B(p) | es _lo

1 =27 (B(p)—1)/B(p) =2 (B(p)—1)%/B(p) CB(p)—1 0

The square matrix in (3.7) is a Vandermonde matrix with entries

{6_2””/5(17)}15:(2)_1. Since the entries are all distinct the determinant of the

Vandermonde matrix is non zero and the unique solution of the linear system (3.7

is the zero vector. That is the functions {DpyT}f(fo)fl

are linear independent. O
Lemma (1| implies the following corollary.

Corollary 1. For eachp € Z and each 7,7 =0,...,B(|p|) — 1 we have

D, <5€p)> = /B(p)do(r" — 7).

Proof. Let us suppose p positive. Then
B(p)— .

e () = s 8 ems )

1 B(p)—1

(27 (7' =7)/B(p).
-5 &

Letting (7' — ) = m, we apply Lemma|l]and we obtain the assertion. For negative
p we use the adjoint property. O

The DOST functions are not dilations nor translations of a single function. Nev-
ertheless, for each p,

B(p)—1
Z 2 (B(p)+3) (t—7/B(p))

Dp (t) =

is formed by translations of 7/8(p) of the same function. Roughly speaking, we can
state that the DOST basis is not self similar globally, but it is self similar in each
band, see Figure[2] Hence, the S-transform in this setting appears different from the
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wavelet transform because the mother wavelet changes as the frequencies increases,
in contrast to the usual formulation.

R. G. Stockwell proposed this basis because it is an efficient compromise between
frequency localization in low frequencies and time localization for high frequencies.
The price to pay is that, on one hand, for high frequencies, we do not have a
precise frequency localization, but just a localization in a certain band, which is
wider as the frequency increases and, on the other hand, in low frequencies, we lose
time localization. In fact, for high frequencies, the basis D, , are, in large sense,
local at t = 7/B(p). It is not true that D, ; has compact support in time, but the
energy is concentrated near the point ¢t = 7/5(p). We prove that basis D, , are
0.85-concentrated in the neighborhood

I [ T 1 T, 1 ]

T LB 28(p) Blp)  2B(p) ]’
in the sense of the Donoho-Stark Theorem [IT], [5].
Proposition 7. For each D, (t) we have

2741

1/2
26 (p)
HDP»T|L2(IP,T) = (J ! |Dp,7—|2dt> > 0,85,

27—1
28(p)

i.e. the L%-norm is concentrated in the interval
o [ T 1 T, 1 ]
BT 1B 28(p) Bp)  28(p) |

Since | Dy - | = 1, we can also state that the L*>-norm of D, ; is less that 0,15 out
of Ip+. For 7 =0, I, o must be considered as an interval in circle, that is

Proof. Since in each p-band the basis functions are a translation of 7/5(p) of the
same function, we can prove the property for a fixed 7. For simplicity, we consider
7 = 0. In order to take in account just one integral, we extend by periodicity the
function for negative ¢t and we evaluate

T]ip) 2
(3.8) J D, (0 dt.

T 2B(p)

Notice that

|Dyol* =Dypo(t) - Dyo(t)
__L B(%ile%i(ﬁ(p)ﬂ')t . B(%ile—%i(ﬁ(p)%)t
() j=0 k=0
1 B(p)—1 _
(3.9) ) > (Bp) = Iml)e*™
m=—3(p)+1

Equation (3.9) can be proven by induction on the size of the band. Writing (3.9)
in terms of cosine and sine we obtain
2
[ Dyp,ol

1 B(p)—1

= (B(p) — |m|)(cos(2mmt) + isin(27tmt))
Bp) m__%p) .
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B(p)—1
1
=1+ EI0) Z (B(p) — m) ((cos(2mmt) + cos(—2mmt)) + i (sin(27vmt) + sin(—27mmt)))
p m=1
9 Plp)-1
=1+ — (B(p) — m) cos (2mmt) .
Bp) mZ:l
Therefore
261(19)
|77 s
~2B(p)
B 2 we PRT
= J dt + — J Z m) cos(2mtmt) dt
EEO) Ap) B m=1
1 2 7 (”Z): ! sin(2mmt) | 55
5w TR & i
B(p)—1 sin ( 270 )
1 4 28(p)
— o 3 (B() —m) )
B(p) 2, (6w)—m) 2mtm
By the Maclaurin expansion of sin(x),

25y Blp)-1 2t s + Ry ()
B 2 . 1 4 B "25() "
J Dol =505+ By 2, (6w m)< 2mtm )

T 28(p) m=1

where R,,(n) is the Lagrange rest. Using Leibniz summation formula we obtain

-1

Eo) 1 2
|77 e Pars ()/pp S

p

E

I m=1
1 1
ot @ —1—&@@@%&0
1 1
“5) "B W) -

We have to take in account the rests R,,(n). Since
dS

sup w0 [sin(Zﬂmt)]‘ = (2mtm)?3,

we can conclude that

4 B(p)—1 Ron(n)
B & (Blp) —m) =5
o1 B0 —m) e
Blp) = 2mm 6(28(p))°
2 B(p)—1 ,
<364(p) mzzl (5(}7) - m)m
(B B(p)*?
<% 6ww—mww—n—4<my4@
™ (B(p) — 1)
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Bl
36 B(p)?

2

T
<— < 0,275.
36

Hence, finally

1
2B8(p)
1

“2B8(p)

1/2
Dy (1) dt) > (1-0,275)%2 > /0,725 > 0, 85.

4. DIAGONALIZATION OF THE S-TRANSFORM

In this section, for the sake of clarity, we write S,-transform instead of S-
transform to emphasize the window dependence. We focus our attention to
L?([0,1]). Using Fourier series, it is well known that if f € L? ([0, 1]), then

50 = 3 f0e M, ae.,

keZ
and

1F N2 go,1my = (Z |f(k)|2> :

keZ
We define the Hilbert space (Y,( , )y,| [y):

Y- {2 (@ ) e 12 (R ) and Y aliage ) < oo} ,

keZ keZ <l

/ _ ! ,7@ ’
(9,9)y —L ng(b,fS)g (b,§)|§|db, 9,9 €Y,

lgly =+/(9:9)y = (Z gk||2L2(]R7é)> g(b,8) = D ge(©)em O e
keZ keZ

In view of Theorem {4} we introduce (Z,( , ),,| |[,) the Hilbert space of admis-
sible windows:

_ , o dE
(@) z={oer®| 10 Prg <=}
/ P d /
(%s@)zzjw(f)w(ﬁ) |1f£|, 0,¢' € Z,

ol = ooz = (12025 )"

Theorem 8. We define
S:L*([0,1)) x (Zn Z (R)) — Y

(f,¢) = (Z f (k) ezm’“,w) — > F (k) (S (28 (b, €)
keZ keZ

where, in view of Proposition[3, we set

(Sp ™5 ) (b,€) =M F L, (@ (%)%(C)) (b).
Then S : L? ([0,1]) x (Z n . (R)) —> Y is continuous.
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Proof. We start considering S(e*™ % @) = (S, e2™*"). By definition,

(S<P e27rik-) (b7 f) :ef2nib£ FEi»b (CP (C f 5)51@(0) (b)

k
Qm*F@w<w( 5f)m@0<w
:6727tib§$ (kg£>62nikb

e (k=&
_p2mib(k—¢) < >
7\ e

We observe that

J—TP]
() L) e
oy i
L
- B i B L
Jo[Fe=l R
= 2 dw 2
(42) | 170 g — e

Therefore,
ik 2 ik (12
I8 (™5, 9) [y = 8¢ ™ [y, = Il -
The functions {e?™**} reg re orthonormal in L? ([0,1]). Notice that

(Sq,eQ"ik',S@eka/')Y :L 27t (k— k)bdeR (kg §>@( : f)dé

(4.3) = [l 8ok — K').
Using the definition of S and equation (4.3)), we conclude that if

Z f 2711 kt a.e.,

keZ

then
[ (S ) ()T = (8¢ .84 fy
_ Z Z (f 27‘(1 f(k/) Stpeink')Y

keZ k'eZ

= 3 (F) S, e f(k) S, e

keZ

= N F R[S, e F 5

keZ
= lel% 15132 q0,17)-
Therefore, S : L2 ([0,1]) x (Z x . (R)) — Y is a continuous operator. O

Lemma 2. Let S: L?([0,1]) x (Z n .7 (R)) - Y defined as in Theorem[§ Then,
since . (R) n Z is dense in Z, we can extend by continuity S to the whole of Z.

Remark 1. Theorem [§ is the discrete counterpart of Theorem [3 in the case of
periodic functions.
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In Section |3 we proved that the DOST functions form an orthonormal basis of
L?([0,1]). Let us assume that ¢ belongs to Z defined in (4.1]). Then, by Theorem
Sy : L2 ([0,1]) — Y is continuous. So, we can write

(S51) = (S5 (f: Dy 2o,y Doir)
ZZ £ pﬁT)LQ([O,l]) (S¢ Dp,r)
(4.4) = > for (Sg Dyr)

where

fp,‘r = (fv p‘l')L2 ([0,1])

and the sum in is over all D, , functions. Hence, in order to understand the
Se-transform of a general function f € L?([0,1]), it is sufficient to evaluate the
coefficients fy,  and determine once for all the S,-transform of D, ;.

Notice that, for p > 0,

1 B(p)—1

ﬁ(p)—l
= 750) ;} T 7 /8(0) Mp(p)+51 (1)
Hence, we can write
1 B(p)—1
(FDypr) (€) = (FT—7/8() M(s(p)+) 1) (6)
B(P) =0
1 B(p)—1
VR & (M_r/50) T—p(p)—; F 1) (€)
1 B(p)—1
Vi) & (M—r/5(0) T—(p)—j S0) (€)
1 B(p)—1 i ’
= e TEE 80 (€= B(p) — )
ﬁ(p) =0
B(p)—

(4.5) Z 7 (B(P)+7) 55y 66(p)+j(§)~

Let us compute the Sw—transform of a basis function D, , with a general window
© belonging to Z. We assume ¢ continuous. By Theorem [§] and equation (4.5)), we
obtain

>t (Sy Dp,r)

—rL, (5 “) (F D, ) <<>) (b)

—~

b,¢)

§

e (B(p)—l =2 (B)+)T/BW) ¢ €\
S

)

NED) ( : )%(mm(() (b)
j=0

BP)=1  _omi(B(p)+4)7/B() B( i
e p)+j—¢&
< ¢ )5(5(p)+j)(<) (b)

)

= B(p)
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PR =2m (BW)1)T/B®) "7 B(p) + 5 — €Y arib(s(m)s)
(4.6) = € e (d).
We set, for each fixed window ¢, c; ;i R—>Ras
~(Bp)+3j—
(4.7 a6 = (T=E) cv0

Hence, (4.6) simplifies into

B(p)—1 27 (B(p)+4) (b—7/B(p))
= B(p)

Equations and provide an explicit expression of the S,-transform of
a periodic signal f in terms of its Stockwell coefficients f, r. Notice that if ¢ is
not a continuous function then equation , and equation must be
understood as a.e. equivalences.

(4.8)  (Sp Dp,r) (b,€) = e 2T C;f,j &1, &#0.

5. DISCRETIZATION OF THE SSO—TRANSFORM

Let us consider an admissible window and a dyadic decomposition of the fre-
quency domain (see Section . We study the S,-transform of the periodic signal f
at £ = v(p). Some conditions on the window ¢ are necessary in order to evaluate
S,-transform punctually.

Assumptions 1. Let ¢ be a function in L®(R) such that @\(
and such that

~1.1) 1S continuous,
373

B %0, I <3,
pO=0 Ig>35 ae
lim @(§) =c< 0.

E>-37
Notice that ¢ belongs to the set of admissible windows Z.

In the sequel we want to evaluate @ punctually. So, we need to perform a regu-
larizing procedure.

Lemma 3. Let ¢ be an admissible function satisfying Assumption [1 Then it is
possible to construct a sequence of continuous functions {¢r}p_, such thatﬂ

QR 1s continuous ,

(5.1) Pr(§) = @(&), punctually,
(5.2) wr (&) = (&), in the set of admissible windows Z.

Moreover, we can suppose that

1 2 1
o e=R (5 g )

6.4 -2, ¢35

(5-3) @

2
—
oy
~
Il

3Notice that, if ¢ satisfies (5.3) and (5.4), then (5.1) implies (5.2) by means of Lebesgue’s

Convergence Theorem.
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Proof. We can consider the smooth function
0, ¢eR\
1, €€ (—
Since ¢ satisfies Assumption [l we can define

5(5)_{11111@?@(5) e<—4
3"

_1 1)
37 33(R)’3 )"

WR(&): 1 9 )
'3 T 3B(R) ) -

W= /\

@), £> -
Then ¢p(t) = ngt <wR €) o (5)) has the desired properties. O

Let ¢ be an admissible window satlsfymg Assumptlonl and {¢Rr}5_, asequence
as in Lemma |3 l Then, by equation (4 , we can write

BEN=1 ami(B(p')+4)(t—/B())
—27miby e
(5.5) (Syp Dy.r) (bv(p)) = e 20 Z ) e (v(p))

Clearly, it is crucial to understand the values Cg,Rj(l/(p)), which depend on the
window ¢ only if [p| < R and |p'| < R

Proposition 9. Let ¢ be an admissible window satisfying Assumption [1] and
{SDR}R 1 be the assocmted sequence defined in Lemma@ Then

(5.6) () =0, Vi=0,....80) -1 ifp #p, [p| <R || <R

Proof. We restrict ourselves to positive p’. For p’ < 0, it suffices to consider the
adjoint.

Let |p| < R, as in (5.6)). In view of the properties of ¢g, in particular (5.3)), the
condition

6 (M) e (- gt )
p#p,i=0,...,8(p)—1

implies relation (5.6). If p is negative, then v(p) < 0 and
, )
(mm+a>_304<_1_2
v(p) 3 3B(R)

hence (| is fulfilled for all j =0,...,8(p) —
Ifp posmve recalling the deﬁmtlon of B(p’

) o
(58) §<Bﬁ((l;>) y 6{19)) -l <_; B 1)

]:Oaaﬁ(pl)_lap7épl

(p'), condition (5.7)) turn into

If p # p/, then we have to consider two cases.
Case I - p' <p.
The definition of ( ') implies that S(p’) < B(p)/2. Therefore,

2 J

3 <5 ﬁ(p 3 ( 5@)

2.2 z+2m “1_ 2.1 2 _ 1 2
3 3B8(p) 3 3 Bp) 33 38 3 368(R)

Case Il - p' > p.
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We have B(p) < 5(p')/2, so we can write

2 (B) J ) 2 ( J ) 1,2y 1
z 2 )1z (24— )-1>-4+22_ >,
3 (B(p) B(p) 3 B(p) 3 38k 3
Thus, (5.8)) is fulfilled in both cases. O

Let ¢ be an admissible window satisfying Assumption [l and {pr} be as in
Lemma |3] Then, by Proposition EI, the expression (5.5)) assumes a simplified form
since it vanishes for all p’ # p, provided [p’| < R and |p| < R. When p = p’ we have

B(p)—1 27 (B(p)+3) (b—7/B(p))
(%2}

(5.9) (Sgn Dpr) (b,v(p)) = e 2 0®) cpi (v(p))
o B(p)
Assume that ¢/ (v (p)) = 1 for all j =0,...,3(p) — 1, then, via (5.9)

(5.10) (Spr Dp.r) (b,v(p)) = e 2™ @D, _(b).
In order to extend (5.10) to all D, ,, we introduce the following proposition.

Proposition 10. Set Y = F~! x be such that

—_— _ 0 € (—oo,—1] Ui, 40
(5.11) Gw»@>—x@>—{l §EE, qH VL)
Then X satisfies Assumption |1 and
(5.12)
(Sir Do) (0, v(p) = 2D, - (0)80 (p— 1), for all |p| < R, |p'| < R,
where {XR};?:l is a sequence converging to X as in Lemma @

Proof. Tt follows from the definition of ¢ ; and by (5.10). O

In order to extend the punctual evaluation (5.12)) to all periodic signal in
L?([0,1]) we need to introduce another regularizing procedure in the frequency
domain.

Definition 2. We define the Fourier multiplier

(5.13) Tr : L*([0,1]) — L2 ([0, 1])
(5.14) f= Z (k) Xkt Z F (k) e2mikt,
kez |k|<2B(R)

Proposition 11. Let f be a periodic signal and {%R}ﬁzl defined as in Proposition
and Tr as in Definition[3 Then

(5.15)
@%ﬂm(dbw@)—vnww@nm P08k -1 <R
where

for = (f, Dp,T)LQ([O,l]) ’

Proof. Since the functions (D, ;) form an orthonormal basis of L? ([0, 1]), we have

F(t) = 35 (f: Dy ) oo,y Do (), acee.
p/77—/
Notice that
B(p)—1

(Trf) ()= >, D, fooDyo(t),

lp'|<R 7'=0
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where fp = (f,D )LZ([ 17)- By linearity,
g . BP)-1 .
s L — v = 't U .

If |p| < R, by Proposition

(5.16) (SXRTRf)<6(p ) %1pr o(ﬁzp)w@))-

In Corollary [T] we proved that

Dy, (Bz—p ) \B(p)So(T — 1)

Therefore, (5.16) turns into

(S%R Trf) <ﬁ(Tp)’ V(P)) = 3727[”(1))%]01777 Dyp,r (ﬂ(;))
_ ef2ﬂiV(p)T/B(p)mfp,T,
Since v(p) = +3/2 B(p),
e—2mv(p)T/B(p) _ F3mT _ (-1)".

Therefore, finally,

(5.17) (S Ti) (mp) u<p>) (B e bl <R

The definition of Xg in (5.11) implies that
IXr =Xl z — 0.
Moreover, it is immediate that, for all f € L? ([0,1]), |[Trf — flz2(jo,7) = 0. There-
fore, by the continuity properties of S, proven in Theorem [8] for all f e L? ([0, 1])

(5.18) [(SxsTrf) = (Sxf)ly = 0, R — 0.

Equations and clarify the representation of the S-transform of a peri-
odic signal f via the Stockwell coefficients f, .. Moreover, explains the role
of the multiplicative factor (—1)7 in front of the basis functions D, , used by R. G.
Stockwell in [27].

Remark 2. In the paper we have always considered a symmetric partition of the
frequency from the positive and negative side. Actually, the algorithm is slightly
different: see [311, 32, B3] for details.

6. WINDOW ADAPTED BASiS CONSTRUCTION

In this section we determine a basis of L?([0, 1]) adapted to an admissible window
¢ satisfying Assumption [[] As explained in the introduction, we want to find a
basis £ such that S, E is local both in time and in frequency and such that the
evaluations of all coefficients f7 = (f, Ef)r2([0,1]) is fast — O (N log N). In Section
we proved that D, ; is a basis of L2 ([0,1]) which is local both in time and
in frequency. Moreover, in Section [5] we showed that the natural discretization of
the time-frequency domain in this setting is given by the dyadic decomposition in
the frequency domain and the 7/8(p) grid in the time domain. So, it is natural to
change our task in finding a basis £ such that

(6.1) (Sp E2.) (bv(p)) = e 2P D, _(b).

Y —p,T
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EO o Gaussian u=0, c=1 E1 o Gaussian p=0, o=1
4
2
0 iiiiiiiiiiiiiiiiii
-2
-4
0 2000 4000 6000 8000 0 2000 4000 6000 8000

time time

E2 » Gaussian u=0, o=1 E3 o Gaussian p=0, o=1

0 2000 4000 6000 8000 0 2000 4000 6000 8000
time time
E4 " Gaussian u=0, o=1 E5 g Gaussian p=0, o=1

0 2000 4000 6000 8000 0 2000 4000 6000 8000
time time

FIGURE 3. EY . basis functions in increasing frequency p-bands.
Black line = real, red line = imaginary. ¢ is a truncated Gaussian
window with ¢ = 0 and ¢ = 1. Notice the similarities with Figure
1. Indeed, in this case the ratio (6/M)2 is approximately 0.8836
and (M /68)? is approximately 1.13173, see Theorem

As in the previous section, in order to obtain the punctual evaluation (6.1]), we
introduce a sequence {p R}gz1 as in Lemma In order to keep the notation easier,
we set

ey i (vp) =% (wp), Ipl<R
Notice that this definition makes sense in view of (5.4)).

Theorem 12. Let ¢ be an admissible window satisfying Assumption [1] and

1 B(p)—1 1 s N
(6.2) BY (1) = o) [ (v (p))] " 2T B+ 557)
=0

Then
(6.3) (Ser EZ.) (b,v(p)) = e 2@ D, _(b), |p| <R
Moreover,

U &

pEeZ
where

E;f = {EKT}T:O,...,ﬁ(Ipl)—l
is a basis of L* ([0, 1]).

Remark 3. Take X as in (5.11)), then

e, () =1,
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Gaussian u=0, o=1 Gaussian p=0, o=1

55’ 56’

5
n
0 /\I‘l
0 2000 4000 6000 8000 0 2000 4000 6000 8000
time time

57, Gaussian u=0, o=1 58, Gaussian p=0, o=1
5
0 oo

v

-5 -5
0 2000 4000 6000 8000 0 2000 4000 6000 8000
time time
Gaussian u=0, o=1 Gaussian u=0, o=1

59’

510’

|

0 vl

5 5 !

- 0 2000 4000 6000 8000 - 0 2000 4000 6000 8000
time time

FIGURE 4. Ef_ basis functions in the same frequency p-band
(p = 5). Black hne = real, red line = imaginary. ¢ is a truncated
Gaussian window with ¢ = 0 and o = 1. See Figure 2 for compar-
ison.

for all p and j. So, by (6.2) and ,
B(p)—

. 1 _ B
E])j(ﬂ_( — Z [p,] ] eQWI(B(P)JFJ)(t*W)

B(p)—
2 271i ( (tfﬁ)

:D 7—( )
Hence, the functions Ef . are a proper generalization of the DOST functions.

Proof. By equation (4.8), it follows that the functions £ do satisfy (6.3)). So, we
only need to prove that | J ., B¢ is a basis of L? ([0,1]).
Notice that

pEZ

o 27 kit -

Ef < span {e }ke[g(p),zﬁ(p)q] =span{Dpr}, o a1
It is sufficient to check that Ef is a linear independent set. Let us assume that
there exist {aT}f(:pg_l such that

B(p)—1
> arEf () =0.
7=0
Then, by (6.3)), for |p| < R, we obtain

Bp)—1
0= SAPR Z aTE;)D,T (b,V(p))

7=0
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E4!4 = D4’4, characteristic function (DOST)

0 1000 2000 3000 4000 5000 6000 7000 8000
time

44, Gaussian p=0, =1

0 1000 2000 3000 4000 5000 6000 7000 8000
time

44, Gaussian u=0, 6=0.2

0 1000 2000 3000 4000 5000 6000 7000 8000
time

E4 o Gaussian p=0.2, 0=0.2

0 1000 2000 3000 4000 5000 6000 7000 8000
time

FIGURE 5. EJf . basis functions with p = 4 and 7 = 4 with differ-
ent windows. Black line = real, red line = imaginary. The Fourier
transform of @ is x(—1/3,1/3) in the first plot, then a truncated
Gaussian with varying p and o.

B(p)—1
= 2 Qr (S<,0R EKT) (b7 l/(p))
7=0

. B(p)—1
o2 br(p) Z ar Dy - (b).
7=0
Hence,
B(p)—

(64) Z O‘T p,7 =0.

Since D, - is a basis, (6.4) implies that «, are all zeros. That is, Ef_ are linear
independent. U

Proposition 13. Let Ef . as in Theorem and let f be a finite signal. Then the

evaluation of the coefficients
(f’ )LQ([O 1))
has computational complexity O(Nlog N), where N is the length of f.

Proof. By Plancharel’s Theorem we can write

5= (f,Ef ) ([0,1]) (f’ )12(2)

Using the explicit expression of the basis £, we obtain

B(p)—1
¢ _

P,T \/7 Z

_1 e 2 B@HNT/BENE ()

12(z)
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test signal

SN LML T

200 400 600 800 1000
Stockwell coefficients — characteristic function (DOST)

100 200 300 400 500 600 700 800 900 1000
Stockwell coefficients — Gaussian pu=0, c=1

100 200 300 400 500 600 700 800 900 1000
Stockwell coefficients — Gaussian pu=0, 6=0.2

100 200 300 400 500 600 700 800 900 1000
Stockwell coefficients — Gaussian u=0.2, 6=0.2

100 200 300 400 500 600 700 800 900 1000

FIGURE 6. Decompositions of a given test signal on different win-
dowed basis.

1 st T o ,
—s—])[cf,j(u(p))] 2 (B(p)+3)(7/8(p))
j=0
1 s —2mi T
= Z 27 (B(p)+3)( /B(p))éﬂ( ()
' = 12(2)
= (F'R?f,D
f T ) 2([0,1]) '
where R¥ is a sequence in Z such that
. -1
(6.5) R?(B(p) + ) = [cf ;(v(p))]
for all p and related j. Hence,
v ©
(6 = (B oy = (F o)

where f = F~! R“’f. Given f, computing using the ~FDOST—algorithm intro-
duced in [33] has complexity O (N log N) and computing f via FFT has complexity
O (Nlog N). So, the computational complexity remains O (N log N). O

Remark 4. It is worth checking explicitly the computational complexity of the
algorithm. To perform this task, we start evaluating the column vector f given by

£ ={fe 0wt
B(p)—1
{(f’ p"')L2([ ])}T=o

o Bp)—1
= {(f’EKT)zz(Z)}Fo
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B(p)—1

o, B 1

\ Ve Y e )] e 2mBEHEDEEENs L ()
p 7=0 o .

1 B(p)—1 R - B(p)—1

- (B(p) + )|, (v(p))] 2™ C@+DE/B@)
VB0 5 )

1 Blp)-1 _— B(p)—1
= (B(p) + 4)[cf;(w(p))] > I /P

Blp) ;=

7=0

- (F;,T ((R f) 6),.. (p>71(j))) (1)

where R¥ is defined as in . Therefore, first we have to perform the FFT of the
signal f (O (Nlog N)), and the multiplication by R? (O(N)), then at each p band
we need to use the FFT to perform the anti Fourier transform with computational
complezity O (8(p)log B(p)). Summing up the contribution of each p-band we obtain
the computational complexity of O(N log N).

The basis {EI‘ﬁT}p _ is in general not orthogonal nor normal. Nevertheless, we
can normalize it setting

By _(t)
6.7 Fr ) = 1o —
(6.7) 5 = B [ qon
so that
HngT r2([o,1]) L.

Notice that

¢ = |E? = Ny
(6.8) 128 o oy = |ESH oy

depends just on the p-band, not on 7.
The basis {szT (t)}p,T fails in general to be orthogonal. Nevertheless, assuming
a mild condition on ¢, we can prove that it is a frame.

Theorem 14. Let ¢ be an admissible window function satisfying Assumption
and such that

(6.9) @‘ >6>0

inf ’
ce(~1/3,1/3)
(6.10) sup ’@(g)‘ <M<
ce(~1/3.1/3)

then the basis | J ¢ is a frame of L? ([0, 1]), where

pEZL p
Ff = {F?}

p PT)r=0,....8(lp)

In particular

M\? o
( > ||f||L2 ([0,17) Z‘ IE pT L3( 01])‘ <5) HfHLz([(JJD

Proof. Notice that under the hypothesis , (6.10)), by

1 1
1 ¢ < - )
(6.11) S N <5 VpeZ
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Observe, by a slight variation of , that
@ — (F'Ref
(7 FP’T)L2([071]) (F R f’D”’T)Lz([m])

where R? is a sequence such that

RP(B(p) +5) [Cﬁﬂ”@”]_l

R#(B(p) +j) =

Ny a NY ’
where N is as in .
If the window ¢ satisfies condition (6.10]), by (6.11)), we have
~ M
(6.12) sup{‘R‘P(k)‘} < — <o,
keZ b
~ 5
1 inf {|Be(0)|} > 7 > 0.
(6.13) inf Re (k) 7 0

Hence, since UPGZ D, is an orthonormal basis and since F is a unitary operator
from L2 ([0,1]) to I*(Z), we obtain

2
B 1
;’(f’Fﬁf)m[o,m‘ _; (71 R2F. Dy )m ([0.1) HF gl L2([0.1)
~ A [ M 2
1l = (TN 1 = () 10
and
£ ’ F'Ref, D P Re
pz; ‘(f» p,r)m([o,u)‘ = ; ( Ref, ”’T>L2([o 1)) H f L2([0,1])
. S 6 2
> (a0 1 > (5
O

Since | J ez Fy forms a frame, it is possible to obtain abstractly the canonical

dual frame, we denote sz +. S0, following the same scheme of Proposition [11] and

equation , we have
T
(SerTrS) <ﬁ(p)al/(p))

_ - @ T
- (SwTR p,ZT, (f’ Fp/’T/>L2([0,1]) F”"T'> <ﬁ(p) ’ V(p)>
Bp)-1

Z Z ( ) £2([0,1]) (SWF;’T') (/B(TZJ)’V(p))

\p/|<R =0

- o —27'(1%1/(;0’) r
: T o, ()
2 Z <f PoT ) L2 ([o,1]) Ny P\ B(p) ®)

p’<R 7'=0
(£.5%)
- L2([0,1
= (-7 VB ———L, <R

Remark 5. Notice that, when in equations and (6.10) &6 = M, we a have
a tight-frame. In the case of the DOST basis, i.e. EX = Dy, il is clear that



WINDOW-DEPENDENT BASES FOR EFFICIENT REPRESENTATIONS OF THE STOCKWELL TRANSFOR23

=M =1. So D, ; is a tight-frame. Actually, we have proven more: D, ; is an
orthonormal basis.
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