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Memoryless Multiple Access Channel with Asymmetric Noisy
State Information at the Encoders

Nevroz Sen, Student Member, IEEE, Fady Alajaji, Senior Member, IEEE, Serdar Yiksel, Member, IEEE and
Giacomo Como, Member, IEEE

Abstract—The problem of reliable communication over the
memoryless state-dependent multiple-access channel (MAC) is
considered where the encoders and the decoder are provided with
various degrees of asymmetric noisy channel state information
(CSI). For the case where the encoders observe causal, asymmet-
ric noisy CSI and the decoder observes complete CSI, inner and
outer bounds to the capacity region, which are tight for the sum-
rate capacity, are provided. Next, single-letter characterizations
for the channel capacity regions under each of the following
system settings are established: (a) the CSI at the encoders are
asymmetric deterministic functions of the CSI at the decoder and
the encoders have non-causal noisy CSI; (b) the encoders observe
asymmetric noisy CSI with asymmetric delays and the decoder
observes complete CSI; (c) a degraded message set scenario with
asymmetric noisy CSI at the encoders and complete and/or noisy
CSI at the decoder. The main component in these results is a
generalization of a recently introduced converse coding approach
for the MAC with asymmetric quantized CSI at the encoders
and herein considerably extended and adapted for the noisy CSI
setup.

Index Terms— Asymmetric channel state information, capacity
region, converse coding theorem, Shannon strategies, State-
dependent multiple-access channel

I. INTRODUCTION
A. Literature Review

Modeling communication channels with a state process,
which governs the channel behavior, fits well for many physi-
cal scenarios. For single-user channels, the characterization of
the capacity with various degrees of channel state information
at the transmitter (CSIT) and at the receiver (CSIR) is well
understood. Among them, Shannon [1] provides the capac-
ity formula for a discrete memoryless channel with causal
noiseless CSIT, where the state process is independent and
identically distributed (i.i.d.), in terms of Shannon strategies
(random functions from the state space to the channel input
space). In [2] Gel’fand and Pinsker consider the same problem
with non-causal side information and establish a single-letter
capacity formula. In [3], noisy state observation available at
both the transmitter and the receiver is considered and the
capacity under such a setting is derived. Later, in [4] this
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result is shown to be a special case of Shannon’s model
and the authors also prove that when CSIT is a deterministic
function of CSIR, optimal codes can be constructed directly
on the input alphabet. In [5], the authors examine the dis-
crete modulo-additive noise channel with causal CSIT which
governs the noise distribution, and they determine the optimal
strategies that achieve channel capacity. In [6], fading channels
with perfect channel state information at the transmitter is
considered and it is shown that with instantaneous and perfect
CSI, the transmitter can adjust the data rates for each channel
state to maximize the average transmission rate. In [7], a
single letter characterization of the capacity region for single-
user finite-state Markovian channels with quantized state in-
formation available at the transmitter and full state information
at the decoder is provided. In a closely related direction,
finite-state channels (with memory) with output feedback is
investigated in [8]. In particular, [8] shows that it is possible to
formulate the computation of feedback capacity as a stochastic
control problem. In [9], finite-state channels with feedback,
where feedback is a time-invariant deterministic function of
the output samples, is considered.

The literature on state dependent multiple access channels
with different assumptions of CSIR and CSIT (such as causal
vs non-causal, perfect vs imperfect) is extensive and the main
contributions of the current paper have several interactions
with the available results in the literature, which we present
in Subsection I-B. Hence, we believe that in order to suitably
highlight the contributions of this paper, it is worth to discuss
the relevant literature for the multi-user setting in more detail.
To start, [10] provides a multi-letter characterization of the
capacity region of time-varying MACs with general channel
statistics (with/without memory) under a general state process
(not necessarily stationary or ergodic) and with various degrees
of CSIT and CSIR. In [10], it is also shown that when the
channel is memoryless, if the encoders use only the past k
asymmetric partial (but not noisy) CSI and the decoder has
complete CSI, then it is possible to simplify the multi-letter
characterization to a single letter one [10, Theorem 4]. In
[11], a general framework for the capacity region of MACs
with causal and non-causal CSI is presented. In particular, an
achievable rate region is presented for the memoryless state-
dependent MAC with correlated CSI and the sum-rate capacity
is established under the condition that the state information
available to each encoder are independent. In [12], MACs
with complete CSIR and noncausal, partial, rate limited CSITs
are considered. In particular, for the degraded case, i.e., the
case where the CSI available at one of the encoders is a
subset of the CSI available at the other encoder, a single



letter formula for the capacity region is provided and when
the CSITs are not degraded, inner and outer bounds are
derived, see [12, Theorems 1, 2]. In [13] state-dependent MAC
in which transmitters observe asymmetric partial quantized
CSI causally, and the receiver has full CSI is considered
and a single letter characterization of the capacity region is
obtained. In [14], memoryless state-dependent MACs with
two independent states (see also [15] for the common state),
each known causally and strictly causally to one encoder, is
considered and an achievable rate region, which is shown to
contain an achievable region where each user applies Shannon
strategies, is proposed. In [16], another achievable rate region
for the same problem is proposed and in [17] it is shown
that this region can be strictly larger than the one proposed
in [14]. In [14], it is also shown that strictly causal CSI
does not increase the sum-rate capacity. In [18], the finite-
state Markovian MAC with asymmetric delayed CSITs is
studied and its capacity region is determined. In [19], the
capacity region of some multiple-user channels with causal
CSI is established and inner and outer capacity bounds are
provided for the MAC. Another active research direction on
the state-dependent MAC regards the so-called cooperative
state-dependent MAC where there exists a degraded condition
on the message sets. In particular, [20] and [21] character-
ize the capacity region of the cooperative state-dependent
MAC with states non-causally and causally available at the
transmitters. For more recent results on the cooperative state-
dependent MAC problem see references [22], [23], [24] and
[25]. Finally, for a comprehensive survey on channel coding
with side information see [26] and for other recent results on
the multi-user channels with side information see [27], [28],
[29], [30] and [31].

B. Main Contributions and Connections with the Literature

We consider several scenarios where the encoders and the
decoder observe various degrees of noisy CSI. The essential
requirement we impose is that the noisy CSI available to the
decision makers is realized via the corruption of CSI by differ-
ent noise processes, which give a realistic physical structure of
the communication setup. We herein note that the asymmetric
noisy CSI assumption is acceptable as typically the feedback
links are imperfect and sufficiently far from each other so that
the information carried through them is corrupted by different
(independent) noise processes. It should also be noted that
asymmetric side information has many applications in different
multi-user models. Finally, what makes (asymmetric) noisy
setups particularly interesting are the facts that

(7) No transmitter CSI contains the CSI available to the other
one;

(#¢) CSI available to the decoder does not contain any of the
CSI available to the two encoders.

When existing results, which provide a single letter capacity
formulation, are examined, it can be observed that most of
them do not satisfy (i) or (i¢) or both (e.g., [13], [10],
[11], [12], [18]). Nonetheless, among these, [10] discusses the
situation with noisy CSI and makes the observation that the
situation where the CSITs and CSIR are noisy versions of the

state .S; can be accommodated by their models. However, they
also note that if the noises corrupting transmitters and receiver
CSI are different, then the encoder CSI will, in general, not
be contained in the decoder CSI. Hence, motivated by similar
observations in the literature (e.g., [11]), we partially treat the
scenarios below and provide inner and outer bounds, which
are tight for the sum-rate capacity, for scenario (1) below and
provide a single-letter characterization for the capacity region
of the latter scenarios:

(1) The state-dependent MAC in which each of the transmit-
ters has an asymmetric causal noisy CSI and the receiver
has complete CSI (Theorems 2.1, 2.2 and Corollary 2.1).

(2) The state-dependent MAC in which each of the trans-
mitters has an asymmetric non-causal noisy CSIT which
is a deterministic function of the CSIR at the receiver
(Theorem 2.3).

(3) The state-dependent MAC in which each of the transmit-
ters has an asymmetrically delayed and asymmetric noisy
CSI and the receiver has complete CSI (Theorem 2.4).

(4) The state-dependent MAC with degraded message set
where both transmitters transmit a common message and
one transmitter (informed transmitter) transmits a private
message. The informed transmitter has causal noisy CSI,
the other encoder has a delayed noisy CSI and the
receiver has various degrees of CSI (Theorems 2.5 and
2.6).

Let us now briefly position these contributions with respect
to the available results in the literature. The sum-rate capacity
determined in (1) can be thought as an extension of [11,
Theorem 4] to the case where the encoders have correlated
CSI. The causal setup of (2) is solved in [13]. The solution
that we provide to the non-causal case partially solves [12] and
extends [11, Theorem 5] to the case where the encoders have
correlated CSI. Furthermore, since the causal and non-causal
capacities are identical for scenario (2), the causal solution can
be considered as an extension of [4, Proposition 1] to a noisy
multi-user case. Finally, (4) is an extension of [20, Theorem
4] to a noisy setup.

C. The Converse Coding Approach

The most relevant paper to this work is [13] which provides
a converse coding approach for the state-dependent MAC
where asymmetric partial state information available at the
encoders. In this work, we adopt and expand on the converse
technique of this paper and use it in a noisy setup. The
converse coding approach of [13] is based on team decision
theoretic methods [32] (see also [33], [34] and [35] for recent
team decision and control theoretic approaches) where the
authors use memoryless stationary team policies which play
a key role in showing that the past information is irrelevant.
As the authors mention in [13, Remark 2], for the validity
of their arguments, it would suffice that the state information
available at the decoder contains the one available at the two
transmitters. In this way, the decoder does not need to estimate
the coding policies used in decentralized time-sharing.

For the noisy setup, we need to modify this approach to
account for the fact that the decoder does not have access



to the state information at the encoders, and that the past
state information does not lead to a tractable recursion. This
difficulty is overcome by showing that a product form on the
team policies exists in the noisy setup as well.

The rest of the paper is organized as follows. In Section II,
we formally state scenarios (1)-(4), and present the main
results and several observations. In Section III, we provide
two examples in one of which we apply the result of [5] and
get the full capacity region by only considering the tightness
of the sum-rate capacity. Finally, in Section IV, we present
concluding remarks.

Throughout the paper, we will use the following notations.
A random variable will be denoted by an upper case letter
X and its particular realization by a lower case letter . For
a vector v, and a positive integer ¢, v; will denote the ¢-th
entry of v, while v;;; = (vi,---,v;) will denote the vector
of the first ¢ entries and vj; j = (vi,---,v;), @ < j will
denote the vector of entries between i, j of v. For a finite set
A, P(A) will denote the simplex of probability distributions
over A. Probability distributions are denoted by P(-) and
subscripted by the name of the random variables and condi-
tioning, e.g., Py rv,s(u, t|v, s) is the conditional probability
of (U = u,T = t) given (V = v,5 = s). Finally, for a
positive integer n, we shall denote by A™ = (J,_,_, A°
the set of A-strings of length smaller than n. We denote the
indicator function of an event E' by 17z . All sets considered
hereafter are finite.

II. MAIN RESULTS

Consider a two-user memoryless state-dependent MAC,
with two encoders, a, b, and two independent message sources
W, and W, which are uniformly distributed in the finite
sets W, and W, respectively. The channel inputs from the
encoders are X € X, and X® € A, respectively, and
the channel output is Y € ). The channel state process is
modeled as a sequence {S;}72; of ii.d. random variables
in some finite space S. Let (S¢,S?) denote a pair of ran-
dom variables available at two encoders, a, b, respectively, at
time t. Throughout the paper, by symmetric side information
we will refer to the case where S¢ = S, Vt and by
asymmetric side information to when this does not occur.
Furthermore, by noisy side information will refer to the case
where (S2,5?.S;) are correlated according to a given joint
distribution Pga gv 5(s%, s, s).

A. Asymmetric Causal Noisy CSIT

Let the two encoders have access to a causal noisy version
of the state information S; at each time ¢ > 1, modeled by
St e S, Sf € Sy, respectively, where the joint distribution
of (Si, S¢, SY) factorizes as

Psg,sf,st (st 855)7 st) = PS;*\Sf,(Sﬂst)Psﬂst (Sg\st)PSt(St)- L

The system is depicted in Fig. 1. Let S; be available at
the receiver and let {(S;, S¢, S?)}52, be a sequence of i.i.d.
triples, independent from (W,, W}). Hence, for any n > 1,

a b
PS[ 1S Sm,Wme(S[n]’ S[n]» S[n]’waawb)

S

Wa Encoder X

(Wa7 Se) A
[t] v W
Channel | 't | Decoder |22,
> ) v
P(Y't‘Xta, th7 St) St 1Z)(Y[n], S[n] W,
Wy ; ncoderb
¢t (Wb1 S[t]) ng
Sy
Fig. 1. The multiple-access channel with asymmetric causal noisy CSI.

1;[ ‘W ‘ |W ‘PS |Sr($?|8t)PSf\St(8?|St)PSt(St)'(z)

The channel inputs at time ¢, i.e., X;* and Xf, are functions
of the locally available information (W,, Sﬁ]) and (W, S[t),)
respectively. Let W := (W,,W},) and X = (X7, X}),
respectively. Then, the laws governing n-sequences of state,
input and output letters are given by

a b
PY[7L]|W-,X[7L]7S[”] SeSh, (y [n] |W’ X[n]s S[n]s S[n]» S[n])
n
H PYt|X

where Py, xa xb, s, (e, 2%, s), the channel’s transition
probability distribution, is given a priori.

Definition 2.1: An (n,2"F 27f) code with block length
n and rate pair (R,, Rp) for a state-dependent MAC with
causal noisy state information consists of

b8y yt|$t7$t’5t) 3)

(1) A sequence of mappings for each encoder
(D SEXW, = Xy, t=1,2,..m;
O SEXx W, = Xy, t=1,2,..m.
2) An associated decoding function
P : S X YT = W, X W,
Let Pey := P (¢(Yn), Spn)) # (wa, ws)|W = w) The sys-

tem’s probability of error, P:"’, is given by

gnRa onRy

P = 2n(Rq+Rb) Z Z Pey-

we=1wp=1

A rate pair (R,, Rp) is achievable if for any € > 0, there exists,
for all n sufficiently large an (n, 2"« 2"f%) code such that
Liog[W,| > R, > 0, Llog|W,| > R, > 0 and P <
The capacity region of the state-dependent MAC, Crg, is the
closure of the set of all achievable rate pairs (R,, R},) and the
sum-rate capacity is defined as Cl;s ‘= Max(g, Rr,)eCrs (Rat
Ry).

Before proceeding with the main result, we introduce mem-
oryless stationary team policies [13] and their associated rate
regions. Let the set of all possible functions from S, to &,
and Sp to A be denoted by T, := Xa‘sﬂl and 7, 1= Xb‘s”‘,
respectively. We shall refer to 7,-valued and 7,-valued random
vectors as Shannon strategies.



Definition 2.2: [13] A memoryless stationary (in time) team
policy is a family

I = {m = (wra (), 77+ (-)) € P(Ta) x P(To)}

of probability distribution pairs on (7, 7).
For every memoryless stationary team policy 7, let R pg()
denote the region of all rate pairs R = (R, Rp) satisfying

“

R, < I(T%Y|T"S) 6)
R, < I(T%Y|T%S) (6)
R.+ Ry, < I(T*,T"%Y|S) (7

where S, T%, T® and YV are random variables taking values
in S, T,, Ty and Y, respectively, and whose joint probability
distribution factorizes as

PS,T“,Tb,Y(Sv tav tb7 y)
= PS(S)Plea,’Tb’S(y|ta7 tb, 5)7TT:1 (ta)ﬂ'Tb (tb) (8)

Let Cin = @o| U, Rrs(mw) | denote the closure of the

convex hull of the rate regions Rps(m) given by (5)-(7)
associated to all possible memoryless stationary team polices
as defined in (4).
Theorem 2.1 (Inner Bound to Crgs): Cin C Crs.

The achievability proof (which we omit) is based on a random
code construction with Shannon strategies and follows the
standard arguments involving joint e-typical sequences (e.g.,
cf. [36, Section 15.2]). Let

Cour = {(R(MRZ)) eRT xR*":

R, + Ry < sup

7 (£9) 0 ()

I(Ta,Tb;wS)},

where R is the set of positive reals.
Theorem 2.2 (Outer Bound to Crg): Crs C Cour.
Proof of Theorem 2.2: We need to show that all achiev-
able rates satisfy

R, + Ry < sup I(Ta,Tb;Y\S),

mra (8*)wps (1)

i.e., a converse for the sum-rate capacity. Following [13], for
1<t<n,let

1 €
Qy = EPS[FH (1) and n(e) :== T log [V] +
Observe that lim._,o 7(e) = 0 and

S o= Y P =1,

HESM™) 1<t<n peSt-1

H(e)
1—e¢

C))

where S(™) is the set of all S-strings of length less than n.
Recall that X¢ = (%) (Wa, Sf;]) _— (Wa, St Sg)

and X} = ¢! (Wb, Sf;]) = ¢ (Wb, b, s;’), for all
t > 1. Then, we can define the Shannon strategies T € T,
and T} € T, by putting, for every s, € S, and s, € Sp,

Tf(sa) = tha) (Waasﬁ_u’sa)

Ttb(sb) = Eb) (Wb7 S[Zflp Sb) . (10)

We now show that the sum of any achievable rate pair can
be written as the convex combinations of mutual information
terms which are indexed by the realization of past complete
CSI.

Lemma 2.1: Let T¢ € T, and T} € T, be the Shannon
strategies induced by qﬁ@ and d)Eb), respectively, as shown in
(10). Assume that a rate pair R = (R,, Rp), with block length
n > 1 and a constant € € (0,1/2), is achievable. Then,

Rit+ Ry < > auI(TTL Y|S0, Siy = w) + n(e).(11)
neSM)

Proof: Let T := (T2, T}). By Fano’s inequality, we get
HWIY, Spp) < HO +clog(WalWl). (12)
Observing that

I(Way[n]as[n]) = H(W)_H(Wpf[n]as[n])
= log(IWalWs|) — H(W Y, Sp)- (13)

Combining (12) and (13) gives
(1 =€) log(|Wal[We|) < I(W; Y, Snp) + H(e)

and
1
R,+ Ry, < g log(|Wa||Wb|)
1 1
—€en
Furthermore,
I(W; Y], Spny)

= Z[H(K,Sﬂs[tfmy[tq])
t=1

—H(Yt, St|W7 S[tfl]a)/[tfl])]
> [H(Y:|S, Yie-1) — H(Yi|W, Sy, Yie-)]
t=1
(i5)
> [HMi|Sy) — H(YA[W, Spy, Yie—1j, T¢)]

t=1
n

3" [H(YilS) — H(Y:lSy, To)]

t=1

= ZI(Tt§Yt|S[t])

t=1

(iti)

15)

where (i) is implied by (2), in (i) T; := (T2, T?) are Shan-
non strategies whose realizations are mappings t: : S — X!
for i = {a,b} and thus (4i) holds since conditioning does not
increase entropy. Finally, (ii¢) follows since

a 1b
Py wW.8,,8p 1 Voo T 10 (el W5 865 S1e—1) Y1), 1 1)

_ a _b ja 4b
= E Py, 5,,50,50 70 10 (Ye|St, 875 8¢, 1 17)
s?,si’
a _b
Xpsg,sf\st(3t75t|5t)

= Py, 15,10 10 (Utlse, 17, 7) (16)



where the first equality is verified by (3) and (2), where z,ﬁ =
ti(st) for i = {a,b}. At this point, it is worth to note that
by (16), one can remove S};_1) from (15) in the conditioning.
However, we will soon observe why it is crucial to kee%) it
when we prove the product form. Now, let x(e) := )
and combining (14)-(15) gives

Ra+Rb
1
~log([Wal W)

n(l—e)

IN

s(l_e—Zth,T:,mstp) X0+ (n— Dx(©)

(a) 1 .
< 1_EnZI(Tt7Tt7}/t|S[t) ()
e 1 a
17€E [( thf7th|S[t])
t=1

1 n

— EZI(T&TZ’;WSM) +n(e) 17)
t=1

where (a) is valid since I(T}*,T}; Y;|Spy) < log|Y|. Further-
more,

I(T{, T Y| Spy)
=n Y o (T8 T} Y4|Se, Spmy = 1), (18)

peSt—1

and substituting the above into (17) yields (11). |
Note that, for any ¢ > 1, I(T{, T7; V3| Sy, Sp—1] = p) is a
function of the joint conditional distribution of channel state
S, inputs T, T and output Y; given the past realization
(Sjg—1y = n). Hence, to complete the proof of the outer
bound, we need to show that Pra 75 v, g,15,_,, (11", s[1)
factorizes as in (8). This is done in the lemma below. In
particular, it is crucial to observe that the knowledge of the
past state at the decoder, S|;_1), is enough to provide a product
form on T'® and T°. Let

Yo, () = {wa: & (wa, sy = pa) = 3,
T, () = (w6} <wb,s[t7u:ub>=tb} (19)
and
1
ﬂTa(ta) = Z W,
wa €Y (ta)
. 1
ﬂéﬁ,’(tb) = Z Dk
wbETb (t%)
Tr’;]{a(ta) = Zﬂ- t )PS[\‘ 1]|S[t 1](:”‘3‘#)
(%) = Zvr Pgy 5y (iln),  (20)
where 115 and py, denote particular realizations of S% (t—1] and

Sf)tfl] respectively.
Lemma 2.2: For every 1 < t < n and p € S*7!, the
following holds

b
PTg,Ttb,n,S,Js[t,l] (tuﬂf 'Y 5|N)

= Ps(s)Pyis,raro (yls, t*,1°)mpa (%), (7). 21

Proof: Let S := (S;, 52, S?) and s :
that

= (s, 8¢, s). Observe

b
Pra rp v, 8,15,y (%, y, s|u)
b
= E Fsra v viis, (s, 2,1, y|u)

a b
s¢,s¢

= Z Pys 1o 1p (y|5ataatb)Ps,Tf,Tf\s[t,l] (s,%,"|1) (22)

ca ob
St15¢

where the second equality is shown in (16). Let us now
consider the term Fy pa 1p(g,,_,, (S: t2, %) above. We have
the following -

a b
Fs 1o 015, (s, t", ")
Wa€EWo wpEWYL Ha  Hb

t’l,Ttb\S[t,l] (Wv Ha; 1o, S, tav tb‘ﬂ)

Py ca
W,S b ST

[t—1]

Bls) D > 2.0

W €EWo wp €W Pa  Hb
b
[t—1]° N T |S[f 1](W lua’/’bb7t t |lu‘)

@) Ps(s) Z Z Zzl{t‘:aﬁil)(wlw)» I=a,b}

Wq €EWa Wp€EWp Ha b
1St 180- 1 (Ws Has b 12)

PS(S) Z Z Zzl{tl:¢§l)(wz,m), l=a,b}

Wa €EWo wp €W Ha  Hb

1 1
Wal Wl

Ps($) D Psg_ 150y ualu)z st 157y (10 ]12)

Ha

S

—
.
=

P
WSt St

Pw,s[",f
(i)

PS{;,I],SE’FI]IS[FH (fa, pb| )
(iv)

1
ZW \Wa|1{ta:¢£“’(wa,ua>}
Wa €Wa

1
> \Wb|1{tb:¢§b>(wb,ub)}

wy EWY
1
PS(S)ZPSF,,,H\SH—U (pal ) Z Wl

fim wa€Ts (ta) ¢

>,

Wy
Wp Gsz (t?)

Z st 1Sy (Fb 1)

9 py(s) Z Pss_
Z PSI

By (s)mipa ()

13l81— 1] Maw)ﬂua (t*)

18t ()T (2)

e ()

(23)
where (i) is due to (2) and (10), (i%) is valid by (10), (i3)
is due to (2), (4v) is valid by (1) and (10), (v) is valid due
to (19) and (vi) — (vii) is valid due to (20). Substituting (23)
into (22) proves the lemma. |



We can now complete the proof of Theorem 2.2. We have

R, + Ry
< Y (T, T Y3 Se Spay = 1) + 1(e)
neSm)
= > (T, T Vil 1) s, (1 u, ey +1(e)
neS ™)
< sup I(T}, T3 Ya|Se) + (e),
(mra (t2)mp (1) ETT)

where I(Tta,Ttb;}Q|St)ﬁ;a(ta)w;b(tb) denotes the mutual in-
formation induced by the product distribution /., (t*)m%., (t*)
and the second step is valid since I(T{", T}; Y3|St, Spp—1) = )
is a function of the joint conditional distribution of channel
state Sy, inputs 7%, T and output Y; given the past realization
(Sj—1) = ). Hence, since lim. o 7(¢) = 0, any achievable
pair satisfies Ro + Ry < Supy, sa)r_, 10y (T 7% Y|S). m
As a consequence of Theorems 2.1 and 2.2, we have the
following corollary which can be thought of as an extension of
[11, Theorem 4] to the case where the encoders have correlated
CSL
Corollary 2.1:

CFS

I(T*, T%Y|S). (24)

= sup

mra (t@)my ()

Proof of Corollary 2.1: We need to show that

3 (Ra, Ry) € Cin achieving (24). We follows steps akin to

[36, p.535] where discrete memoryless MACs are considered.

Let us fix mpa(t%)7ps (%) and consider the rate constraints
given in Cyn

I(T%Y|T® S) = H(TYT® S)— H(T*T"Y,S)
= H(T*) — H(T*T"Y,S) (25)
(T Y|T%,8) = H(T'|T*,S) — H(T"|T*,Y,S)
= H(T®) — H(T"T*,Y,S) (26)
and
I(T*, T%Y|S)
= H(T*,T") — H(T*, T"|Y, S)
= H(T*) + H(T®) — H(T*|T*,Y,S) — H(T"|Y, S), (27)

where (25), (26) and (27) are valid since 7% and T are inde-
pendent of each other and independent of .S. Observe now that
for any mra (t%) s (%), I(TY|T%, S) + (T YT, S) >
I(T*, T%Y|S) since H(T®|Y,S) > H(T®T*Y,S). There-
fore, the sum-rate constraint in Cy v is always active and hence,
there exists (R,, Ry) € Crn achieving (24). [ ]
We conclude this section with a number of remarks.

Remark 2.1: One essential step in the proof of Theorem
2.2 is that, once we have the complete CSI, conditioning
on which allows a product form on 7% and T b there is
no loss of optimality (for the sum-rate capacity) in using
associated memoryless team policies instead of using all the
past information at the receiver.

Remark 2.2: For the validity of Corollary 2.1, it is cru-
cial to have the product form on the pair (7%, 7°). If
this is not the case, we would get that I(T%;Y|T" S) +

I(TbY|T*,S) = H(T*T*)+H(T*|T*)—H(T*|T"Y,S)—
H(T*|T%,Y,S) and I(T*, T%Y|S) = H(T*|T) + H(T®) —
H(T*|T®Y,S)— H(T"|Y,S). Therefore, it is possible to get
an obsolete sum-rate constraint in C; and hence, achievability
of CI;S is not guaranteed. Note that the channel inputs are not
independent since X = T%(5%) and X® = T?(S?).

Remark 2.3 (Cases of partial and no CSIR): In the situa-
tion where the receiver has partial information about the state
at time ¢ in the sense that it is provided with process {(V;)}52,,
Vi € V, which is independent of (W,, W}) and satisfies the
following

a5t Vi (510 50 51 V1)

= P(sm|v[t]) (s[t]\v[t] P(Sm,vm), 1 <t< n, (28)

Pg,

it can be shown that the sum-rate capacity admits a similar
expression as in (24) with S replaced by V', see [37, Theorem
5.2.3]. Furthermore, inspired by the coding schemes of the
lossless CEO problem [38] as well as of a recently proposed
achievable region [14], an inner bound, which demonstrates
the rate required to transmit the above partial information
about the state in the case where the receiver has no CSI,
is shown in [37, Theorem 5.3.2].

B. CSITs as Deterministic Functions of CSIR: Non-Causal
Case

In this section we consider the situation where the trans-
mitters have access to partial state information available at the
decoder. In particular, let S} = f*(S7), where f*: S, — S;,
i = {a,b} and S” € S, such that

b
Wa, Wy (S[n]v S?n]v S[n]7 87[477,] y Wa, wb)

Sb

P a
SinysS [n]

[/n’] ) 7ST

[n]’
B H —LPS so.sb.gr(st, 88, 80,87). (29)

o Wal W] 2rmeme=
The channel is driven by the state process {5 }$2; and hence,

Py[nﬂw,x[n],s[n],sa st (y [n] |W X[n]» S[n]»s[n]vs[n] S[n])

[n]’

s

[n)’

= Hpmx,?,xf,st(yﬂx?v%gaSt)- (30)

t=1

Note that one can define an equivalent channel with condi-
tional output probability

eq
PY\X“,X’?,ST

= Z Py |xa xb,5(ylz?, 2, 5)Pgsr(s|s"). (31)
sES

(yla®, 2, s")

Hence, the causal setup of this problem is no more general
than the setup in [13] and the main result of this subsection
is to show that the result of [13] also holds for non-causal
coding.

We keep the channel codes definition identical for the causal
and non-causal cases, except for the non-causal case we have;

DSt X W = AP i = {a,b}, t = 1,--- ,n. Let C¥g
denote the capacity region. We need to modify Definition 2.2
in order to take the current CSI into account.



Definition 2.3: A memoryless stationary (in time) team
policy is a family

= {7 = (mxesa (1F(s"), mxoys (1 (s7)))

EP(X) x P(X4)}  (32)

For every 7 defined in (32), R% 5(7) denotes the region of
all rate pairs R = (R,, Rp) satisfying

R, < I(X%Y|Xb 8™ (33)
R, < I(X%Y|Xx% 8" (34)
R, +R, < I(X*XbY|S") (35)

where S”, X%, X® and Y are random variables taking values
in S, X,, &, and ), respectively, and whose joint probability
distribution factorizes as

Pgr xa xvy(s", 2%, z°, Y)
= Psr(s") Py |xa xb, g7 (y]2?, zb,s")
XTxeiga (2] f4(s7))m x50 (2] f0(7)). (36)

Let co( U- R%S(ﬂ')> denote the closure of the convex hull

of the rate regions R%s(ﬁ) given by (33)-(35) associated to
all possible memoryless stationary team polices as defined in
(32).

Theorem 2.3: C]%S =co| U= ’R%S(ﬁ) .

For the achievability proof, see [13, Section III] and observe
that any rate which is achievable with causal CSI is also
achievable with non-causal CSI. For the converse proof of the
non-causal case see Appendix A. The proof for the non-causal
case is realized by observing that there is no loss of optimality
if not only the past, as shown in [13], but also the future CSI
is ignored given that the receiver is provided with complete
CSI. A similar observation for independent CSIT is also made
see [11, Theorem 5].

Consider now the setup in Section II in order to observe that
for the non-causal case the optimality of Shannon strategies is
not guaranteed. Recall that, we have

(W3 Y, Sp)< > [H (V2| Sy Yie—y)—
t=1

H(}/tlwvs[n]ayv[t—lhTt)] (37>
where T; := (T2, T?). Consider now the right hand side of
(37) and observe that

Py, 1w, Yoy 11 We W 8] e 17 )

_ a b ja ;b
= E Py,s,,50,50 10 10 (Ue|se, ST, 8¢, )
HeH

a _b
XPSg,ngt_l],st(St ) St \Z/[t—u’ st),

and therefore, the past channel outputs cannot be eliminated.

C. Asymmetric Noisy CSIT with Delays

Consider the problem defined in Section II-A where the
two encoders have accesses to asymmetrically delayed, where
delays are d, > 1 and d;, > 1, respectively, and noisy versions

of the state information S; at each time ¢t > 1, modeled
by ngda € S,, Sfﬁdb € 8, respectively. The rest of the
channel model is identical and hence, (1), (2) and (3) are
valid throughout this section. We also assume that .S; is fully
available at the receiver. A code can be defined as in Definition
2.1, except now

Ea) (Sl x W, = Xy, t=1,2,.m;
gb) : S;idb XWp = X, t=1,2, nt

Let Cpy denotes the capacity region of the delayed setup.

In the main result of this section the team policies are
composed of probability distributions on the channel inputs
rather than Shannon strategies.

Definition 2.4: A memoryless stationary (in time) team
policy is a family

= {7 = (mxa(-),mxs(-)) € P(X*) x P(X")}.  (38)

For every memoryless stationary team policy 7, Rpn (7)
denotes the region of all rate pairs R = (R,, Rp) satisfying

R, < I(X%Y|X"%S) (39)
R, < I(X%Y|X%59) (40)
R,+ R, < I(X*X"Y|9) (41)

where S, X*, X® and Y are random variables taking values
in S, X%, X’ and Y, respectively and whose joint probability
distribution factorizes as

PS,X“,Xb,Y(Sa xav 'Z'b7 y)
= Ps(s)Py|xa xv s(ylz", z?, s)mxa(x®)Txn (rb).(42)

Let ¢o ( Ux Rpn () | denotes the closure of the convex hull

of the rate regions Rpn (7) given by (39)-(41) associated to
all possible memoryless stationary team polices as defined in
(38).

Theorem 24: Cpn = E(UT~r RDN(fT)>.

Achievability can be shown via random coding arguments. For
the converse, see Appendix B.

Remark 2 4 (Strictly Causal CSIT): When d, = dp = 1,
Theorem 2.4 is the capacity region of the setup with strictly
causal CSITs. This case was considered in the literature,
e.g., see [14], [16], [15] and [22], where it is shown that
strictly causal side information is helpful. Theorem 2 .4 verifies
that since the full CSI is available at the receiver and since
the decoder does not need to access the current CSI at
the encoders, there exists no loss of optimality if the past
information at the encoders are ignored.

D. Degraded Message Set with Noisy CSIT

Assume a common message is provided to both encoders
and one of the encoders has its own private message. As-
sume further that the encoder with the private message has
causal noisy CSI, whereas the encoder with the common

10bviously, when d; > t, | = a,b then X¢ = ¢{*)(W,) and X} =
b
3" (Wy).
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Fig. 2. MAC with degraded message set and with noisy CSI.

message only observes noisy state information with delay
dg > 1. Let the common and the private messages be W,
and W, respectively, and Sﬁf da]’ d, > 1, and S[bt] denote
the CSI at encoder a, b, respectively, where (S, S¢,S?)
satisfies (1) and (2). Hence, X = {" (W,,S%_, ) and
Xt = §b)(Wa,Wb,Sf’t]); see Fig. 2. Let Cc denote the
capacity region for this channel. Recall that 7, = Xb‘sb‘.

Definition 2.5: A memoryless stationary (in time) team
policy is a family

M= {#=(rxer(,)) €PX*xT"}

of probability distributions on (X,, 7).

Let for every 7, Rc(7) denote the region of all rate pairs
R = (R4, Ryp) satisfying

R, < I(T%Y|X*S)

R.+ Ry, < I(X%T%Y|S)

(43)

(44)
(45)

where S, X%, T? and Y are random variables taking values
in S, X,, T, and ), respectively and whose joint probability
distribution factorizes as

Ps xa oy (s,2%,t",y)
= Pg(s)Py|Xu7Tb7S(y|xa7tb,s)ﬂ'xa’Tb(za,tb). (46)

Let @ U, Re(7)

of the rate regions R¢(#) given by (44) and (45) associated
to all possible memoryless stationary team polices as defined
in (43).

Theorem 2.5: Cc =7to| |- Rc(ﬁ')> .

See Appendix C for the proof.

Remark 2.5: Theorem 2.5 shows that when the common

message encoder does not have access to the current noisy
CSI (since the delay d, > 1), by enlarging the optimization
space of the other encoder, via Shannon strategies, the past
CSI can be ignored without loss of optimality if the decoder
is provided with complete CSI.
One important observation to be made in the degraded message
set scenario is that we do not require a product form on the
pair (X, T?) (see (46)). In connection with this observation,
let us consider the following noisy CSIR setup.

Let the encoder with the private message causally observe
the noisy state information, whereas let the encoder with the

denotes the closure of the convex hull

Encoder |X{
v

Wil o Encoder J_)

—{ 6" (Wy, Wa, Sf)[xb

[st

MAC with degraded message set and with noisy CSIT and CSIR.

i Decoder |—4%>

Channel
lp(l/[n] s S[’tn]) i

P(Yi|X{, X7, 81) ST

Fig. 3.

common message have no CSI, ie., X = Ea)(Wa) and
X = gb) (Wa, W, Sf’t]), and let the decoder also have access
to noisy CSI at time ¢, S} € S,; see Fig. 3, where,

T b
P, Sty Sty Was W (S(n» Sa]» S[n]> Was W)

n
1 1
B A A
t=1 @

and let C& denote the capacity region for this setup.

Let for every memoryless stationary team policy 7 defined
in (43), R&(7) denote the region of all rate pairs R =
(Rq, Ry) satisfying,

R, < I(T%Y|X*S")
R,+R, < I(X*T"Y|S")

(48)
(49)
where S™, X, T? and Y are random variables taking values

in S, X,, Ty and Y, respectively and whose joint probability
distribution factorizes as

PST,XQ,Tb,Y(Srv xa’ tba y)
= PST (ST)PY‘X(I,7T})7ST (y\xa,tb, ST)T('XG’TI) (.Ta, tb)(SO)

Let E( U Rg(fr))
the rate regions R&(7) given by (48) and (49) associated to
all possible 7 as defined in (43).

Theorem 2.6: CS = EQUﬁ RE(7) ).

Proof: The achievability proof is identical to that of
Theorem 2.5. The converse proof is also similar and therefore,
we only provide a sketch. In particular, observe the following
lines of equations for the converse proof of the condition on
Rbi

I(Wy; Yiny, Siy))
< I(vayin]asﬁl]|Wa)

denote the closure of the convex hull of

— Z[H(Yt,s:|s[z,l],m_u,wa)
t=1

H(Y:, S7IS] -y, Vi), W W)

3

—~
.
=

[H(E‘S[;], }/[tfl]a Wa)

t=1

—H(Y;,‘S[Z],Yr[tflp Waa Wb):|

|
NE

(Y218, Yieony, Wa, X)

t

1



*H(ift|5[§], Yr[tfl] s Waa va ngl)i|

3

(i1) o
|H(¥iISE, X7)

t=1
~H(YiISy, Vi, Was Wi, X7, T7)]

3

(i)

[H YISy, X7) - HGISp X0, 70)]

t=1

3

= I(TY3 YAl XT, Sfy)
t=1

(1)

where (i) follows since state is i.i.d., where 7} is the Shannon
strategy induced by encoder b at time ¢ as shown in (105), and
(47) is valid since conditioning does not increase entropy, and
(#7) is valid since

r a 4b
PY,,\S" Y[t,l],W,Xt“,Ttb(yt|5[t]vy[t—l]awaxtvtt)

[t

_ b _a 4b
= E Py, s,,s0,xa, 10 (Ye|se, 8¢, 2 1))
51€8,57€8,

b r a b
XPsf,st\s[g],Y[,,_H,W,Xg,Ttb(St, $t|5[t] Yl—1], Wy Ty s

- >

5t€8,57€8)

b _.a 4b
PYt|St,Si’,X,7,T£’ (yt|8t7 Sty Ty 7tt)

Xpstb,st(si’a stlst)
= Py, s xo,10 (Yelst, xf 1)) (52)

where the first equality is valid due to (3) and the second
equality holds due to (47). Hence, one can directly obtain that

Ry < > au I(T) Vil X[, S7,Sf 1y = pe) +1(e) (53)

peeS™
R, + Ry
< D I T YA Sy = ) + n(e) (54)
prest™
where «y,, = %Ps{;,u (pr). We now need to show that the

(z, 1%, y, s"|uy) satisfies
(2, 1°|uy) and ob-

joint distribution PX;Z TP Y,,57| ST

[t—1]
. by .
(50) Let ﬂ'él‘(a.’T;, (.Ta7t ) = PX{L7Ttbls[r;71]
serve that

a b T
PX;},T,F),)@,SHS[QA]@ Ay, 8" )

= Z Zmey,xf,s,,(y|$a»tb(sg)75)

s’;esb st€S

b b
XPsg,st,s,,.(stv St ST)PXt“,TtﬂS{Fl] (x| pr)

= 7Tl;(a7Tb(:ra7tb)PS{(ST)PYt‘Xta’Ttb7Str(y|ma,tb7ST) (55)

where the first equality is verified by (3) and by the fact that
(X2, TP) is independent of (S, S?, ST). [ |
Remark 2.6: 1t should be observed that unlike Theorem
2.5 and results in the previous sections, for the validity of
Theorem 2.6, it is not required to have a Markov condition on
Pg, v sr(st, s%, s7). Furthermore, the result also holds with
no CSIR, ie., S, = 0 is allowed, and in this case Theorem
2.6 is as an extension of [20, Theorem 4] to a noisy setup.
Note that for the setup given in [20, Theorem 4], Theorem
2.6 provides an equivalent characterization. Recall that in

[20, Theorem 4] the informed encoder has full CSI, ie.,
Xb = gi)gb) (Wa, Ws, Spy), both the uniformed encoder and the
decoder have no CSI and the capacity region, C4g, is given
as the closure of all rate pairs (R,, Ry) satisfying

< I(U;Y]X%)
< I(U,X*%Y)

Ry
Rb + Ra

(56)
(57)
for some joint measure on S X X, x X}, x Y x U having the
form
PY‘Xa,Xb,S(y|$a7mb,s)PXb|U7Xa7S(l‘b|u, %, s)
X Ps(s)Pxa (2%, u),

(58)
where |U| < [S|[Xa]|A| + 1. On the other hand, for

this setup, Theorem 2.6 gives the capacity region, C%gy, as
E( U Ro(7) | where Ry, (#) denotes the region of all rate
pairs R = (R,, Rp) satisfying

< I(T;Y]X%)
< I(T,X%Y)

Ry
Ra + Rb

(59)
(60)

where Py 1 xa xb 5(y, t, 2%, 2", s) factorizes as

Py xa xv,5(ylz®, 2, 8) Pxos (2|s, t) Ps(s)ixe o (z 1),
(61)

and T :S — X.

Although the relation between an auxiliary variable and
Shannon strategies is well understood for the single-user
case (e.g., see [26, Section 3.2]), we believe that it requires
more attention in the multi user case; in particular, note the
difference between || and |T|. Hence, we provide a proof
for Cgs =Cags, see Appendix D.

We conclude this section with the following remark.

Remark 2.7: For the validity of converse proof of Theorem
2.6 it is crucial that X only depends on W,. To be more
explicit, let us assume S, = () and consider the following
steps of the converse

I(Wln Yv[n])

< Y H Y1, X)) — HY Ve 1), W, X, TY)

t=1

> HY Y1, Xfy) — HY Yoy, X0, TP). (62)

t=1

Since S; is not available to the decoder, the above equality
is valid if X [OL] does not provide any information about S.
Hence, in other words, whether CSITs are noisy or not, if
there is no CSI or noisy CSI at the decoder, the arguments
above would fail if the uninformed encoder observes some
degree of CSI, ie., d, < co so that Xa} carries information

[n
about (S, S?, SI).

III. EXAMPLES

We present two examples. In the first example we discuss
the state dependent modulo-additive MAC with noisy CSIT
and complete CSIR (as in Section II-A) and show that the



proposed inner and outer bounds are tight and yield the ca-
pacity region. In the second example we consider the problem
defined in Section II-B where the channel is a binary multiplier
MAC whose state is an interference sequence.

A. Modulo-additive State-dependent MAC with Noisy CSIT

Recall that the results of Section II-A are given in terms
of Shannon-strategies. Hence, their computation requires an
optimization over an extended space of the input alphabet
to a space of strategies and is often hard; in fact, very few
explicit solutions exist even in the single-user case. In [5]
modulo-additive single-user channel with complete CSIT is
considered and a closed-form solution for the capacity is
derived. Based on this result, we now consider the modulo-
additive state-dependent MAC with asymmetric noisy CSIT
and show that for the sum-rate capacity, the optimal set
of strategies has uniform distribution. This enables us to
determine the entire capacity region by observing that under
the uniform distribution both inner and outer bounds are tight.

To be more explicit, we consider a two-user state-dependent
MAC in which the channel noise, defined by a process
{Z,}2,, is correlated with the state process. The channel
is given by Y = XD X"® Z where X, = X, = Y =
Z ={0,---,q— 1} and Z, is conditionally independent of
(X2, X") given the state S and in the sequel addition (and
subtraction) is understood to be performed mod-q. Assume
further that we have the setup of Section II-A. The following
theorem is the main result of this example and can be though
as an extension of [5, Theorem 1] to a noisy multi-user setting.

Theorem 3.1: The capacity region of the modulo-additive
state-dependent MAC defined above is given by the closure
of the rate pairs (R,, Rp) satisfying

R, <logq— Huin
Ry < logq — Huin

R, + Ry <logq — Hpin (63)

where Hyyin := minga o H(Z + t7(5%) + t°(S%)|S).
Proof: First, recall the rate condition given in Theorem
2.2;

R.+ Ry, < H(Y|S)—H(Y|T*T"S). (64)

The proof composed of two steps; we first determine the
optimal distributions of ¢¢, t®, the distributions achieving the
sum-rate capacity, and then we show these distributions yield
the same inner bound. Let us first consider H (Y |T%,T?,S).
Clearly, Pygxaﬂxbﬂs(y|$a,$b7 5) = Pzis(y — 2% — 2%|s) and
HY|T*T°S) > mina. . HY|T* = te, T = t° ).
Observe that

Py a0 s(y]t*, 1", 5)
= Z Py pa v sa sv s(y[t* 1%, %, 5", 8) Pga goys(s%, s%|s)

sa,sb

=" Pys(Z =y —1*(s") — t*(s")|s) Psa sny5(s”, s"]s)

sa gb
s%.s

= Pyia(g0)4t5(s0)|5(Yl9)- (65)

where the second step is valid since Z is conditionally inde-
pendent of (5%, S?) given S. Therefore, H (Y |T® = t%, T =
t,S) = H(Z + t2(S%) + t°(S)|S). Let (t*,t**) be two
mappings from S, to X, and S to X}, respectively, for which
H(Y|T* = t»*,T* = t**,8) = Hp,. Now recall that, by
Corollary 2.1, we have

Cgs = sup [H(Y|S) _H(Y‘Ta7TbaS)]
wra (£9)m o (E0)
< sup H(Y|S) - Hrnin; (66)

mra (t)mps (80)

and we now determine the policies {77« (t*), t* € 7.} and
{7 (t?), t* € Ty} achieving the supremum above. Let us
first define the following class of strategies

Tooi= (ks (") =t () 47 T=1,-- g (6])
T o= ) () =t (")~ T=1 g (68)
Note that H(Y|T® = t*, T® = ** §) = H(Y|T* =

t2, T = 2. 9) since H(Y|T® = t*, T = t*,8) = H(Z +
t(S%) 4+ t°(S%)|S). Note that H(Y'|S) < log|Y| = log g, but
if we choose 7% and T uniformly distributed within 7.* and
T, , respectively (with zero mass on strategies not in 7. and
T,), we would get

Py 5(yls)
(%)
=00 > P seses(yltts s, s s)
59,80 tOET S P Ty

1
q—QPs",Sb|S(Sa75b|3)

1
= Z PS“,Sb|S(Sa7Sb|S)q_2

sa,sb
ST Py —t2(s%) — (s0)ls)
tocTr theTy
(i%) 1
= ZPSzx’Sb‘S(Sa,Sb|S)—2 Z 1
sa sb tecTx
(i) 1
q

(69)

where (i) valid since 7% and T° are uniformly distributed,
(i1) is due to (68) (i.e., follows from the fact that t* € 7,*
traces all possible values of Z) and finally, (4i7) is valid since
|7.5| = q. Therefore, we get that CI;S = log ¢ — Hpyj, which
is achieved by
a 1 a * b 1 b *
ﬂ'Ta(t):a, vt 67;7 WTb(t):g, Vi 67;. (70)
Let us now consider the inner bound. In particular, we need

to show that the sets of policies in (70) give H(Y|T%,S) =
H(Y|T?,S) =logq. Consider H(Y|T?,S) and observe that

PY\T“,S(ylta75)
@) Z Z PY\Tb,Tb,Sa,Sb,S(y|taatbaSaasba5)

5,8t tbeT*

1
QPSG,Sb\S(Sava\S)



a 1

= ZPS‘I,SHS(S 7Sb|$)_

5%, sb q
> Pysly —t(s*) = t°(s")]s)

theTy

(v) 1
= Z Psa7sb‘s(sa7 Sb‘s)a

s%,sb

=- (71)

where (iv) is valid since T is uniformly distributed and (v)
is due to (68) (i.e., follows from the fact that t* € T;* traces
all possible values of Z). Thus, H(Y|T“,S) = logg. It can
be shown similarly that under (70) H(Y|T?,S) =logq. ™

Finally, it is easy to see that when there is no side informa-
tion at the encoders and at the decoder the capacity region of
modulo-additive state-dependent MAC is given by the closure
of rate pairs (R,, Rp) where

R, <logq— H(Z)
Ry, <logq— H(Z)

Ry + Ry <logq— H(Z). (72)

Observe that we have
H(Z +t%(5%) +t°(5%)|S)

< H(Z|S)+ H(t*(5%) +t*(S%)|9)
and

(Z +t2(S) +t°(SY)|9)

Hin = min
ta tb

< min [H(Z|S) + H(t*(S*) +t°(5")|9)]
tat

W H(ZIS)

(viz)

< H(Z)
where (vi) can be achieved with any deterministic mapping
and (vi7) is valid since Z and S (and hence S) are correlated.
Therefore, availability of state information strictly increases,
by an amount of at least 1(S; Z), the capacity region of the
modulo-additive state-dependent MAC.

B. Binary Multiplier State-dependent MAC with Interference

Consider the binary multiplier MAC with state process inter-
fering the output, namely Y = X*X° @ S where X, = &}, =
Y = 8§ = {0,1}. Assume further that the communication
setup is given as in Section II-B with S” = S @& Z” where
Z" ~ Ber(p,) is Bernoulli with P(Z" = 1) = p,. Clearly, in
this setup we have

b
Psg,stb,sg',st (8¢5 8¢5 575 5¢)
= Psa|sy (s¢1s7) Pspjsy (s¢]57) Ps, sy (st, s7). (73)

We now show that the capacity region, with both causal and
non-causal coding, of this channel is given by the closure of
(Ra, Ry) where R, <1— H(S|S"), Ry <1— H(S|S") and
R, + Ry <1—H(S|S").

First recall the capacity region given in Theorem 2.3 and ob-
serve that H(Y|S™, X%, X%) = H(X*X’® S|S", X, X?) =

H(S|S", X X)) = H(S|S"), where the last equality fol-
lows from (73). Hence, input distributions do not effect
H(Y|S™, X2 X?). Clearly, H(Y|S") < 1, H(Y|S",X) < 1
and H(Y'|S", X?) < 1 and we now show that equalities can be
achieved. More explicitly, we have the following optimizing
distributions which can be obtained using basic inequalities

H(Y]5")

argmax
mxa|sa (@@ f(s7))m xb g6 (201 FP(sT))

= {7xa152(0f*(0)) = 7x|5a (0[f*(1)) = 0.5,
xo150 (01£7(0)) = mxe 50 (0[f°(1)) = 0.5} ,(74)
H(Y|S", X°)

argmax
mxa|sa (@ f(s7))m yp g6 (2P[fP(sT))

= {mxa54(0[f*(0)) = mxei52 (0 f(1)) = 0,
o150 (0[£°(0)) = w50 (0]f°(1)) = 0.5} ,(75)

argmax H(Y|S", Xb)

mxa|sa (@ fO(s7)) 7y g6 (2P1f0(sT))
= {7 x50 (0]f°(0)) = mxs150 (0 f°(1)) =0,
mxajsa (0 f°(0)) = mxey50 (0] f°(1)) = 0.5} (76)

and in the rest, let us show that these yield the equalities in the
conditional entropies. Let us start with R,, i.e., H(Y|S", X b).

Note that
HY[S",X") = Y > Pse(s )mxosn(a]f°(s7))
s7€{0,1} be{0,1}

xH(Y|S" = s", Xb = 2b). (77)

Substituting (76) in (77) gives
H(Y|S", X" = Ps-(0)H(X“® S|X"=1,5"=0)

+Ps-()H(X*@® S|XP=1,5" =1). (78)

We next show that under (76) H(X*® S|X?=1,5"=0) =

1, for which it is enough to show that Pyag g x» g-(0[1,0) =

0.5. We have

PX”@Sle,ST(Oll’ 0)

= Z Z Pxagsis,xa xb,57(0]s,2%,1,0)

s€{0,1} z>€{0,1}
Ps5-(5|0)mxaga (x| f*(0)) (79)
= Pg)5-(0[1) [0.5Pyagsg|s,xa,xv,5-(00,0,1,0)+
0.5Pxags|s, xe,xbs+(0[0,1,1,0)]
+Pg5-(1|1) [0.5Pxagg|s,xa, xv,5-(0]1,0,1,0)
+0.5Pxags)8,x4, x5+ (0[1,1,1,0)]
= 0.5,
where (79) is due to (73) and (32). We can similarly show
that Pyagg|xv s-(0]1,1) = 0.5 and hence, H(X* & S|X" =
1,8" = 1) = 1. Therefore, H(Y|S", X") = 1. Since the
above derivation is symmetric, under (75) H (Y| X%, S") = 1.
It now remains to show that with (74), H(Y'|S") is equal
to one. It should be observed that

Pxaxvgsise(-1s")

>

ze,zb s€{0,1}

anxb@S\Xa,Xb,S(‘|$a> l’b, s)



xaisa (2] f4(s7))m x50 (20| f0(s7)) Psysr (s]s7)

(@)

= 0.25 Z anxb®s|xa’xb’s(’|Ia,xb,S)
ze,z2{0,1}
Z Ps|sr(s]s")
se{0,1}
=0.5

where (¢) is due to (73) and (32), (i¢) is due to (74) and the
last step is valid since for given s, there are only two pairs
of (x*,2") for which Pxaxbgg|xa xv,s(-|2% 2% s) =1 (and
zero for the other twos). Hence, H(Y|S™) = 1.

Finally, it can be easily shown that the capacity region of
Y = X*X® @ S without CSIT and CSIR is given by the
closure of (R,, Rp) where R, <1 — H(S), Ry < 1— H(S)
and R, + Ry < 1—H(S). Therefore, availability of noisy CSI
at the encoders (both causal and non-causal) and at the decoder
increases the capacity region by an amount of I(S;S").

IV. CONCLUSION AND REMARKS

We have considered several scenarios for the memoryless
state-dependent MAC with an i.i.d. state process, asymmetric
noisy CSI at the encoders and complete and noisy CSI at the
receiver. When the encoders have access to causal noisy CSI,
single-letter inner and outer bounds, which are tight for the
sum-rate capacity, are obtained. In order to reduce the space
of optimization, from Shannon strategies to channel inputs, we
consider the case where CSITs are asymmetric deterministic
functions of noisy CSIR. The causal setup of this problem
is considered in [13] and a single-letter characterization for
capacity region is provided. Hence, we also considered the
non-causal setup and showed that the causal and non-causal
capacity regions are identical.

When the decoder does not have access to access the current
CSI at the encoder, which matches with the delayed scenario,
we observe that a single-letter characterization of the capacity
region can be obtained. We further discuss a degraded message
set scenario and show that when the common message encoder
does not have access to the current noisy CSI, due to delay, it
is possible to obtain a single-letter expression for the capacity
region. Since a product form is not required in this case, we
observed that as long as the common message encoder does
not have access to CSI, then in any noisy setup (the cases of
no CSIR or noisy CSIR) it is possible to obtain the capacity
region.

Finally, the following problems are worth exploring in the
future: the complete characterization of the capacity region
for the problem defined in Section II-A and its non-causal
extension, the state-dependent MAC with degraded message
set where either both encoders observe causal noisy CSI or
the informed encoder observes noisy CSI non-causally while
the other encoder observes noisy CSI with delay.

APPENDIX A
CONVERSE PROOF OF THEOREM 2.3: NON-CAUSAL CASE

Let
1

Yhpe = EPS[TM—H

o (ips pag)- (80)

[f+1

Observe that (pp : pg) € SP~1, where (v :
concatenation of two vectors v and w, and

1
Z Qpp e = = Z Z Psti o oSty (e )= 1.

(pp:pe) 1<t<n  pp,pe

w) denotes the

Lemma A.l: Assume that a rate pair R = (R, Rp), with
block length n > 1 and a constant ¢ € (0,1/2), is achievable.
Let O (ttp. ir) = I(XE3 Vil XP.ST,S)y) = i STpas g =

/Lf)’ @ (,LLp,,U,f) - I(thaY;«‘Xt 7Stan 11 — Mp»SE;+1 n] =

,Ltf) and @ (Hp,ﬂf) = I(Xtavth’Y;f|St’St 1] =
Hps S[’;H’n] = pg). Then,
Ry < ) 0, Of(pp, ) +1(e) 8D
(kpipg)
Ry < > 0, O up, ) +n(e)  (82)
(kpipe)
R+ Ry < Y 0,007 (up,ig) +1(e)  (83)
(kpipe)

Proof: Let us first consider the sum-rate. With standard
steps, we get
1 1
= (1(W; Y, ST + H ) (84
—— = (L(W: Y[y S1y) + H(O)) - 89)
Note that since S7, is independent of W; I(W;Y7,,, S[’;L]) =
I(W; Y}, |S],)) and

R, + Ry <

= Y [HOUSE) Vi) = HOAW, Shy, Yi)]
t=1

() &

< Y [HMUS,) - HOGW, STy, Yien)]
t=1

w [H YilShy) = H (YW, 7, Ve 1), X)|
t=1

WS [HYS) — HVISE) X))

~
Il
A

I
NE

I(X4; Y| Shy) (85)

t

Il
-

where (i) holds conditioning does not increase entropy, (77)
holds since X = " (Wi, f/(S},)). i = {a. b}, and (iid) is
due to (3). Combining (84) and (85) similar to (17), gives

1 n
Rq+ Ry < — 3 I(XE X5 Yi|S) + 11(e) (86)
t=1
Furthermore,
I(X{, X3 Y| Sty) = nox
Z aﬂp.fI(Xél7Xf;}/t‘S:7 E;& 1] — = Hp; S[Tt+1,n] = /J’f)(87)

Hp,He
and substituting the above into (86) yields (83).

Let us now consider encoder a. Using Fano’s inequality and
standard steps we first get,

1 1

Ry < 7—— (IWai Y, Sp) + HE) ). 89)



Furthermore,
(Wa? Y n])
(1)
< I(Wa; )/[n]IS[r:np Wb)

n

= 3 [HUS], Y1 Wo) = H(YilS], Ve 1, W)

t=1

i) &

< > {H(Yt\S{n],Wb) - H(}/t|S[Tn]a}/[tfl]aW)}
t=1

(i) .

= [H(Yi‘s[nw W, X))
t=1

—H(Yi|S],y, Yie 1 W, X))

NE

[H(YiIS7,y, XD) = HYISE), Ve, W, X

t=1

H(Y|Sy,

[n]»

s
<
HM:

(Y7, XP) - xp,xp)]

t=1

n
= ZI XYl XP, Shy) (89)
where ( ) is due to (2) and conditioning does not increase en-
tropy, (7¢) holds since conditioning does not increase entropy,
(iii) holds since X{ = ¢{")(W;, f*(S,)), i = {a,b}, (iv) is
valid since conditioning does not increase entropy and finally,
(v) is valid due to (3) and S}, i = {a, b}, being a function of
St.

Now combining (88)-(89) and following steps akin to (86)
and (87), we can verify (81). To verify (82) for encoder b it
is enough to switch the roles of encoder a and (b). [ |
Note that for any for any ¢ > 1, I(X®; Y;| X}, Sy Shyy =
:uva[tJrl n] = = pif), I(Xtht|X S{asﬁq] = vaS[tJrl,n] =
pe) and I(X7, XP Y| SE, Sy = /‘DvS[Tt+1.,n] = ug) are
functions of Px. xvy, s7|sr . (x¢, 28, yt, S| pps pig)
Hence, we need to show that this distribution factorizes as
in (36). Let

up uf(x “sN) =
{wa : O (wa, F*(ip, pie), F(s)) = 2},
Yo (@ (7)) =
{ws = 8" (wp, f(pp, pie), f2(57)) = 2"} (90)
and
Hp e a| pa/.r 1
ﬂ'xpa\sa( |f4(s") = W’

Wa€TE e (29, f2(57)

>

WhEh e (2P, f0(57))

Mruuf

mhae (@If0(s7) = 1)

Lemma A.2: For every 1 <t < n and (up : pug) € S 1,
the following holds

a b r
PXf,X Ye,S71ST, )08 [HM](I 2,y 8" |, pir)

:PST( )PY|S’ X“,Xb(y‘sraxa7xb)

T g (@0 1F (5T TE G (21 (7). (92)

Proof: First observe that due to (3) we have

a
-1 [t+1,n](x ’
:PYt‘ST Xz, Xb(y‘sraxavxb)

xa’ wba ST‘/J’IM luf)

b r
ng,x Y4, 87| x,Y,s |Np7ﬂf)

sr( (93)

PX” ,XP.Sr|ST [

[t—1]”

Let us now consider the second term in (93). We have

Pxa x%, 2, s"
X XE,STIST_1)Shhyn, n]( |bp, 1ig)
a b .r
E Pw xp xp SEISE 1y [,H,n](wvx ;278" | pp, pu)
Wa ,Wp

Z Z 1{Il:¢(1)(wlmfl'(STaMPaNf)% I=a,b}

Wa €EWo wp EWY

PWa,WbyS \S S[t+1,n] (waawbvs7‘|up7uf)

(#)
= 2 D et ), =)

Wa EWq wp EWY

[t—1]°

1 1
—_PSZ‘(S’I‘)
Wal Wl
. 1
=Ps;(s") e Ho =6 o (smsm e }

Wa €EWa

1
Z |Wb_| 1{zb:¢)(b) (wb’fb(sr’ﬂpyﬂf))}

wy €EW5

> o
| besz Mf(acb,fl’(s’"))

W
e (@ 1F0(s7)

wa €T, (22, f(s7))

Psy(s")m o lga (2| £ (s7))m
where (i) follows since X} = ¢V (thZ(Sf"n])), i = {a,b},
(i2) is valid since W, and W, are independent of Sp,, and
state process being i.i.d. and (ii¢) follows due to (90) and
(iv) follows due to (91). Substituting (94) in (93) completes
the proof. |
We can now complete the proof of Theorem 2.3. With
Lemma A.l, it is shown that any achievable rate pair can
be approximated by the convex combinations of rate condi-
tions given in (33)-(35) which are indexed by (up, pf) and
satisfy (36) for joint state-input-output distributions. Hence,
since lim_,on(e) = 0, any achievable rate pair belongs to

@ U, RYs(7)

(i) 1

(Wl

('LU) (94)

APPENDIX B
CONVERSE PROOF OF THEOREM 2 .4

Recall that o, is defined in (80).

Lemma B.1: Assume that a rate pair R = (R,, Rp), with
block length n > 1 and a constant € € (0,1/2), is achievable.
Then,

Ro< Y o l(X{Ya|XD, Se, Semyy = 1) +1(e) (95
peS™)

Ry < > auI(X)Yi| X7, Sy, Spoyy = p) +m(e)  (96)
peS™)

Ro+ Ry < Y o (X X[Vl Sy = 1) + 1(e).
pnesn)



o7

Proof:
Let us now consider encoder a. We have

R, <

1

—1 -

~ log(IWa)
1 1

<
1—en

( (Way Yv[n]v S[n]) + H(G)) (98)

Furthermore,

I(Wa; Y], Sin)
(@)
< I(Wa; Y
= Z |:H(}/t7St|S[t71]7YV[t71]7Wb7SFn])

t=1

|Wb’ S[n )

—]?(1@7 St|5[t71]7 Yv[t—l]a W7 Sfjn]):|

1=
(]

|:H(}/t7 St|5[t71]7Ytt71]7 Wb7 Sfjn]7X[lfn])

1

~+
Il

—H (Yz, St|Sp—1), Yir—1), W, Sy, X[l;z])}

M:

[H(Yz, S| Sp—1), X7)

~
Il
-

_H(Yvh St|S[t71]71/[tfl]aW7 Sf)an[Z]aX[il])}

Iz
7=

[H (Yz, Se| Spe—1y, X7)

1

o~
Il

—H(Yy, S| Spe—1y, X7, X))

3

= Y I(X{:Yi|X?,Sp)

t=1

99)

where (¢) is due to (2) and conditioning does not increase
entropy, (ii) is valid since X} = " (Wb,S[t 4 ]>, (ii7) is
valid since conditioning does not increase entropy and finally,
(iv) is valid by (3). Following similar steps such as (17)
and (18) verifies (95). Finally, (96) and (97) can be verified
similarly. ]

Lemma B.2: For every 1 < t < n and p € S'™!, the
following holds

PX X2 Y1, S¢S 1(90 T ,y,s\u)
= Ps(s)Py|s,xe xo (yls, 2%, 2°) 75 (a*) ., () (100)

Let
TL.(II) = {w; : gbgi)(wi,sft_dz] = ;) =2'}, i=a,b (101)
and
1
T (ah) = Z i

wi €Y}, (%)
@ .U'l
e (z E T

We can now verlfy (100) by following the same steps in
Lemma 2.2.
Lemmas B.1 and B.2 complete the proof of converse.

]‘S[r,fu ('ulllu')a 1= Cl,b.

'L
[t—dl

APPENDIX C
ACHIEVABILITY AND CONVERSE PROOFS OF THEOREM 2.5

Achievability Proof: Fix (R, Rp) € Re (7).

Codebook Generation Fix mx.(z®) and mpu|xa(t°]2).
For each w, € {1,---,2"%a} randomly generate T wa
each according to Hl 17rXa( w, ) Reveal this codebook
to encoder b and, for each w, € {1,- 2"R“} and wy, €
{1,---, 27} ‘encoder b randomly generates t[n] wp .0, » €8CH
accordmg to [T, Tob|xo (2 4,128 . ). These codeword pairs
form the codebook, which is revealed to the decoder.

Encoding The encoding functions are defined as follows:
z(w,) = ¢f(wa,s‘[1i_d ) and blwp) = ¢)’i’(wb,wa,s’[’i]) =
ti’ wpw, (57) where ¢ ~and ¢ denote the ith compo-
nent of :r[nL wa and t[n] wy g respectively. Therefore, to send
the messages w, and wy, transmit the corresponding x‘[ln]’wa
and t[n] wyw, » TESPECtively.

Decoding After receiving (Y], s[n)), the decoder looks for
the only (w,,wy) pair such that (3:‘[111]771111,t‘[’n]’wb7 Yinl» S[n))
are jointly e—typical and declares this pair as its estimate
(Wq,Wp).

Error Analysis Let Ea’gé{(X[n TP

(n),8,00 Yinl> Sin)) €

At ae{l,--- 2"} and B € {1,- -, 27f} and assume
that (w,,ws) = (1,1) was sent. Then
PP = PE, |J Eap)
(a,B)#(1,1)
< PES)+ Y. PBap)+ >, P(Eap)
a=1,6#1 a#1,p=1
+ Y P(Eap) (102)
a#l,B#1
Since {Y;, Si, X2, TP}e2, is iid., P(Ef ;) — 0 for n — oc.
Next, let us consider the second term
> P(Eazi521)
a=1,8#1
_ b n
- Z P((X 17T[n],ﬁa)/[n]75[n]) € Ae)
a=1,8#1
(i) b a
= > > Pre 1xe, (tlafa)

a=LAAL (2f 1,171 Y[n)»5[n]JEAL
Pxp Vin St (X1 Uil Sm1)
< Z |An‘27n[H(Tb|X“)7e]2fn[H(X“,Y,S)fe]
— €
a=1,8#1
< 2an2—n[H(Tb|X“)+H(Xa,Y,S)—H(X“,Tb,Y,S)—Se]

()[R, —I(T*:Y|S.X*)~3c] (103)

where () holds since T[i’l] s is independent of (Y]}, S[,)) given
X{,;1 and (iz) follows since

H(T°|X*) + H(XY,S) - H(X*T"Y,S)
= H(T’|X*)+ H(X*Y,S)
~H(Y|X* T S) - H(X*T"S)
= H(X"Y,S)- H(Y|X*TS)— H(X"S)
I(T%Y|S, X%)



where the second equality follows since T and S are inde-
pendent given X“. Next,

Y P(Eazips)
atl,B#1
= Z P((X[?n],a7T[l;L],63)/[n]vs[n]) € A?)
at1,B#1

Z Z PT[”TL],X["T'L] (tl[)n]V x([ln])

a#l,B#1 (1‘[1"] ,ti’"] Yn]»S[n]) EAD

(iii)

Pyip,801 (i) 81n))
Z |A:L|2—7L[H(Tb,Xa)—€]Q—H[H(Y,S)—E]

a#1,8#1
gn(Ra+Ry)9—n[H(T" X*)+H(Y,S)—H(X*,T"Y,S)~3¢]

IN

(i) onlRa+Ry—I(X*,T"Y|S)~3¢] (104)

where (iii) holds since for o, 8 # 1, (T[Z],wX[‘:L],a
independent of (Y7, S[,,)) and (iv) follows since
H(T®, X%) 4+ H(Y,S) — H(X*,T"Y,S)
= H(T*,X*) + H(Y,S)
—H(Y|X%,8,Tb — H(X%,5,T"
= H(T*,X*)+ H(Y,S)— H(Y|X* S,T"
~H(X*, T — H(S)
= I(X*,T%Y|S),

) is

and the rate conditions of the R¢(7) imply that each term
tends in (102) tends to zero as n — oo. Finally, observe that
the analysis for the errorevent |, 5_; P(Eq ) is identical
to the case of 3 5, P(Ea,3) which induces the same
sum-rate constraint. |
Note that the main motivation in indexing mutual informa-
tion terms by the past CSI, is to get a product form on the team
policies. In the degraded message set setup, we do not require a
product form and therefore, the convex combination argument
is not essential. However, we herein keep this indexing (see
(46)) to avoid the use of a time sharing auxiliary random

variable.
Converse Proof: Since X;’ = §”) (Wa, Wh, Sf’tfl], Sf),

we have

T =) (Wa,Wb,Sf’t_l]) € X150, (105)

Lemma C.1: Let TP € Ty be the Shannon strategy induced
by ¢§") as shown in (105). Assume that a rate pair R =
(Ra, Rp), with block length n > 1 and a constant € € (0,1/2),
is achievable. Then,

Ry < > ap (TP Yl X{, Sy, Spmyy = 1) +n(e)
nesSm)
(106)
Ry + Ry < Z a, I(X{, T Yq|S, Sie—1) = 1) +nle)
peS™)
(107)

where «, and 7(e) are defined in (9).
Proof: Let us first consider the sum-rate condition. Since,

I(W; Y], Spny)

[H(Y:|S) — HY;IW, S, Y1, XO TD)]

(108)

> (X TP Ya|S),

t=1

where (i) can be shown in a similar way as (16), we have,

1 n
Ro+ Ry < 3 I(XE T3 Y3 |Sp) +n(e)

t=1

(109)

and
I(X{, T3 Y| Sy) =
no Y (X, T YilSh, Sy = p)- (110)
pest—1
Substituting the above into (109) yields (107).

Let us now consider encoder b. With Fano’s inequality and
standard steps, we get

1 1
Ry < —— (I(Wb;Y[n],S[n]) —I—H(e)) )

111
<1 _en (111)

Following similar reasonings as in (99) we get,

I(Wy; Yin), Spnp)
< I(Wbyyv[n]v S[n]|Waa SE;])

= > [HOAISw, Y1, Was Sty)
t=1
_H(Y;&‘S[t]aif[tflb W, Wb7S[a;7,])i|
= |:H(Y;t|5[t]a}/[tfl]7Wa75ﬁ1]7X[q;L])
t=1

—HOHSMJ%AL”GJ”%S&MX&Q

3

IN

[H(}/t‘s[thta)

~+

—_

— H Vil i, Y13, Was Wo, S5, Xty )]

3

—~
=)
=

= I:H(Y;f‘s[thta)7H()/t‘s[t]7X£l>Ttb):|

~
Il
i

(112)

I
M:

(T} Y4 X{, Spy)

t=1

where (¢) is valid since

a a b
PYt\Sm,Y[,,,l],W,S&],X&],Tf (yt|5[t]a Yit—11> W5 S[n)s Ln)>» t7)
_ b _.a b
= E Py,s,,s0,xa, 10 (Yt|se, s, 2¢ 1))
S?GSb

b a a b
PS?‘S[t]vyv[tfl] WLSE X T (st |S[t]’ Ylie—11> W5 S[n)s Ln) ty)

b b b
= Z Py,s,,s0,xa, 10 We|se, s{, a8, 1)) Poyys, (s¢]s¢)
S?ES},

= Py, xo10 (Yelse, o, 17). (113)



where the first equality is due to (3) and the second equality
is due to (1) and (2). Following (16), we can directly verify
(106). ]
We now need to show that the joint conditional distribution
Py 10.v,,8,|8;_y) (%, 1, y, 5| ) factorizes as in (46). Let first
Thea go(2*,") := Pxa ro1g,_, (2%,°|) and observe that

b
Pxa 1 vi.8,05,_y (87, y, s|p)

= Z meg,xtb,st(ywaatb(sg),5)
stesh

Psyys, (st]5¢) Ps, (8)Pxg o5,y (25| 10)
= T 70 (2% t") Ps, (5) Py, xo 135, (]2, 1", 5) (114)

where the equalities are verified by (3), by (1) and by the fact
that (X, T?) is independent of S;. [ |

We can now complete the converse proof of Theorem 2.5.
With Lemma C.1 it is shown that any achievable rate pair
can be approximated by the convex combinations of rate
conditions which are indexed by p € S™) and satisfy (46)
for joint state-input-output distributions. Hence, any achievable
pair (Rq, R) € @0(U, Re(7)).

APPENDIX D
PROOF OF C%g = Cas

Let us first show that C%¢ C Cag. Recall that T € |T| =
|A |15 and |U| < |, ||A||S|+1. Hence, we have either [U/| >
[T or else. In the case where [U| < |T|, we note that [I/] is
limited to a finite set without loss of generality. Hence, we can
always take |U{| at least | 7| such that it satisfies (56), (57) and
(58). Then we can directly conclude that CbG“s C Cgg since
PXb‘S,T(ib‘S,t) = PXb|S’T(Ib|S,t, Iu) = ].{xb:t(s)} and this
is a special case of PXblU’Xa7S(xb|u,xa, s).

In order to prove the other direction, i.e., Cas C CSg, let
CE be the closure of all rate pairs (R, Rp) satisfying

R, < I(U;Y|X%
Ry+ R, < I(UX%Y)

(115)
(116)

for some joint measure on S X X, x A x ) X U having the
form

Pyixa,xv. 52" 2%, 8)1 {zomm(s pa,u)} Ps(8) Pxe v (2%, u),
(117)

for some m : U x Xy x S — Ay, where |U| < |S||X, |||+ 1,
and we first show that C4g = CES, and following this, we
show that C¥y C C%.
Lemma D.1: Cag = CES.
Proof: 1t is obvious that C E ¢ € Cas and hence, we need
to show that Cas C CHg. Let Pxs xa s(2% 2%, u, s) be a
joint distribution in the form of (58), i.e.,

PXb,Xa,U,S(Ib; % u,s) = pxb|xu,U,S($b|$aa u, 5)

x Ps(s)Pxa v(z%,u). (118)
Let A denote a |X,|[U||S|-by-|X;| matrix where A; jr =
Pyoxous(ili k1), 1 < i < X, 1 < j < |Xl
1 <k<|U and 1 < < |S|. Hence, A is a |X,|[U||S]-
by-|Ay| row stochastic matrix, ie., Aj e > 0, Vi, j.k,{

16

and Z‘Zf}l Aijr = 1, Vj k1. Let A denote a |X,||U||S|-
by-| ;| binary stochastic matrix, that is a matrix with each
row has exactly one non-zero element, which is 1. Observe
now that any row stochastic matrix can be written as a
convex combination of binary stochastic matrices (e.g., see
[39, Lemma 5] and [40, Proposition IV.1]). Therefore, we have

k k
A= Z)\iA(i), ZA,- =1,
=1 i=1

where A is a binary stochastic matrix and by [39, Lemma
51, k < (| Xal[U]]S])?. _
Let, for the joint distribution Pys xa 17 5(2, %, u, s),
R, < I(U;Y|X%)y, (120)
R, +Ry, < I(U,X%Y);. (121)

(119)

Hence, (R,,R;) € Cas. Now, observe that for a fixed
distribution Pxa (2%, u), both I(U, X% Y) and I(U;Y|X%)
are convex in Py|xey(ylz®,u) and hence, convex in
Py xa,u,5(-[2% u,s). This and (119) imply that

k

IU;Y|IX5 < D MU Y]XYp0,  (122)
i=1
k

IUX%Y)s < Y NI(UX%Y)aw,  (123)
i=1

where I(U; Y| X*) A and I(U, X*;Y) o) denote the mutual
information terms induced by A().
Now, let (R%, R}), 1 <i <k, be such that

Ry < I(U;Y|X) a0,
b4+ R < I(U,X%Y) a0,

and hence, (R%, Rl) € CEq, 1 < i < k. Let (R{,R]) =
S Mi(Ri, RE). Since a convex combination of achievable
rates is also achievable, so (RS, R]) € CZ%g. This obser-
vation and inequalities (120)-(123) complete the claim that
(Ru, Ry) € CEg. -
Up to now, we have shown that Cgs C Cas and CES =Cas.
In order to prove that Cgs = Cag, it remains to show that
Chy C €Y. Note that CHy still depends on Pxa 7 (x®,u) in
which || can be larger than |7|. Hence, in the next lemma
we basically show that for every Pxa y(z%, u), there exists
a 7rpa y(t*,u) which induces the same rate constraints as
induced by Pxa y(z%, u).
Lemma D.2: C¥y C CSs.

Proof: Fix a distribution P;,Xa,Xb,U,S(y? 2%, 2% u, s) sat-

isfying (117), i.e.,

P;X"’,X",U,S(yv z, xbv u,s) = P;\X“,Xb,S(ymaa xb> s)
1{mb:m(syma’u)}Ps(S)P)*(a’U(ZEa,u). (124)

Observe that for every m satisfying #° = m(u,z?,s), one
can define

b

2’ =m(u,z% s) = m(xz® u)(s), m(z* u)eT, (125)

where 7 is the set of all mappings from S to AX}. Now, let

(I(U7 Y‘XG)P* Y, z%,u) s I(U7 Xa; Y)P;YXQYU(y,.T“,u))

Y,XQTU(



be the mutual information pair induced by Py v. ;(y, 2%, u).

We have
IU, X% Y)py oy (yas )

= 2.0 > Axew

uEU yeY € X,

(y,z", u)

PYUXa(%U z?)
Py (y) Py xa(u, 2%)

= ZZ Z Z Py xo ur(y, 2%, u,t)

teET ueU yeY ze € X,

PYUXG(yvu z?)
5Py VPg xa (u, %)

= 220 > Plaewa(matut)

log

log

—~
.
=

teET ueU yeY ze€X,
log Py xa (Y, u, 2, 1)
P*( )PU7XQ,T(u,xa,t)

DSSST S Py, 2% u,t)

teT ueU yeY z2€X,
Py xe p Wl ) PG 1 o (u, T, 27)
Py ()P g xa (u,t, 2%)

= ZZ Z Z Py xo ur(y, 2%, u,t)

teT ueU YyeY z*€X,
og Pi)i’xa{(ywa;t)
v (Y)Pxa r(29,1)
= ZZ Z PY xa r(y,2%1)
teT yeY aeeX,
log PYXa T(yaT ;1)
* Py JPXa (2%, 1)
= I(T,X%Y)p; 0 () (126)

where (7) is valid since m(z%,u) € T, i.e., for each (z%, u)
there exists only one ¢ € 7 such that Ppjxa y(t[z®, u) = 1,
(47) is valid since

P;|Xa,T7U(y|$a7t’ u)

(i) . .
= ZPY\Xa,T,U,s(y\I st u, 8)Ps(s)

sES
(iv)
= Z Py xa 7 5(ylz?,t,5)Ps(s)
sES
Z P;,SlXO‘,T(y’ $|$a, t) == P;;‘Xa7T(y|-Z.a, t)(127)
sES

where (i7i) is valid since S and (X%, 7T,U) are independent
and (4v) is valid due to (3). Similarly, we have

I(U, Y|Xa)P}*,)Xa7U(y,za,u)

- ZZ Z Py xa y(y,z%,u)

ueU yeyY xreX,
P)t UlXa (y,ulz®)

y|Xa (y|x ) Ulxa (u|xa)

ZZ Z PY7X"'7U(y71‘ 0

uelU yey z2c X,

log

Py y xa(y,u,2%)
;\Xa(yk” )P o (u, %)
v ZZ Z Z P;,XG,U,T(yvmavuvw

tET uCU yeY x7€X,

Py xa, T(yvu z,t)
y\xa(ylx )Py U,Xe,T r(u,z%,t)
w ZZ Z Z Py xapr(y, 2% u,t)

teT ueld yeY z2eX,
P;\T xa (W, xa)Pf}TXa (u,t,2%)
y‘xa(ylx ) UTxa(u t, %)

- ZZZ Z PY,X“,U,T(y7mavu7t)

teT ueld yeyY x*eX,

log

log

log

vrixe (¥ tlz?)

y\xa(yu ) ;|Xa (t|lz®)

= ZZ Z Py xa r(y,2%1)

teT yeY zocX,

log

P;T‘Xa(y,ﬂxa)
v ixe Y12 Pryxa (t2)

yxa T(y,oc i)

log

= I(T;Y|X")p: (128)

where (v) and (vi) follow from the same reasonings of (7)
and (i), respectively. Let B, < I(U;Y|X%)ps . (y.20u)
anc/l RZ/, + R, < I(U, XG;Y)P;;‘XGYU(y,Ia’u) which imply
(R,, R,) € Ch. Observe now that for a distribution in the
form of Py y. p(y,2%1t), one can define 7ya (2% t) =
Pja (2, t). Therefore, since Cfig = @( U= R/C(fr)) ,

due to (126) and (128), (R,
claim.

and

' Ry) € CS., which completes the
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