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LOCALIZATION EFFECT FOR A SPECTRAL PROBLEM IN A
PERFORATED DOMAIN WITH FOURIER BOUNDARY
CONDITIONS*

V. CHIADO PIAT!, I. PANKRATOVA}, AND A. PIATNITSKIS

Abstract. This paper is aimed at homogenization of an elliptic spectral problem stated in
a perforated domain, Fourier boundary conditions being imposed on the boundary of perforation.
The presence of a locally periodic coefficient in the boundary operator gives rise to the effect of
localization of the eigenfunctions. Moreover, the limit behavior of the lower part of the spectrum
can be described in terms of an auxiliary harmonic oscillator operator. We describe the asymptotics
of the eigenpairs and derive estimates for the rate of convergence.
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1. Introduction. This paper deals with a spectral problem for a second order
divergence form elliptic operator in a periodically perforated bounded domain in R<.
Assuming that on the perforation border a homogeneous Fourier boundary condition
is stated and that the coefficient in the boundary operator is a function of “slow”
argument, we arrive at the following eigenvalue problem:

—div(a(z/e)Vu(z)) = Au(z), =€ Q.
(1.1) a(x/e)Vus(z) -n = —q(z)u®(x), =z € 3.,
uf(z) =0, x € 0

here ¢ is a small positive parameter defined as a microstructure period.

We impose some natural regularity and connectedness conditions on the perfo-
rated domain €., as well as usual periodicity and uniform ellipticity conditions on the
matrix a(y). These conditions are specified in detail in the next section.

Our crucial assumptions are as follows:

e ¢ € C?Q), and q(x) > go > 0 in Q.

e The function ¢ has only one global minimum point in . The global minimum
is attained at an interior point of (2.

e The Hessian matrix 9%¢q/02? evaluated at the minimum point is positive
definite.

Under the first two assumptions the localization phenomenon holds. Namely, for
any k € N the kth eigenfunction of problem (1.1) is asymptotically localized, as ¢ — 0,
in a small neighborhood of the minimum point. In particular, the properly normalized
principal eigenfunction converges to a d-function supported at the minimum point.

In this paper, assuming that all the above conditions are fulfilled, we construct the
first two leading terms of the asymptotic expansions for the kth eigenpair, k = 1,2, .. ..
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These asymptotic expansions have a number of interesting features. First, the
expansions are in integer powers of €'/4. Then, the localization takes place in the
scale €'/%. In this scale the leading term of the asymptotic expansion for the kth
eigenfunction proved to be the kth eigenfunction of an auxiliary harmonic oscillator
operator. If ¢ € C3(Q), then we also obtain estimates for the rate of convergence.

The localization in the scale £!/4 is not standard and appears due to the specific
scaling in the Fourier boundary condition. It is interesting to compare this asymptotic
result with the results that hold for two different scalings, namely, for the cases when
there is a factor € and e~ in front of the function ¢(x) in the boundary condition. In
the former case the surface integral in the variational formulation of the problem is of
the same order of € as the volume integral, and the classical homogenization methods
apply. This scaling does not lead to the localization phenomenon (see Remark 2.2
and Theorem 2.4).

The case when 7! is presented in front of ¢(z) is similar to that studied in [5]:
the ratio between the surface integral and the volume integral is of order £~2, and
the localization is observed. Namely, the kth eigenfunction is asymptotically given
as a product of a function periodically oscillating at the scale € and an exponentially
decaying function localized in an e/2-neighborhood of the minimum point of ¢. This
result is also discussed in Remark 2.2. We formulate the corresponding statement in
Theorem 2.5 and then provide a sketch of the proof of this theorem.

We suppose that ¢ does not oscillate just for presentation simplicity. The tech-
niques developed in the present work also apply to the case of locally periodic coef-
ficients ¢ = q(z,z/e), a = a(x,z/e) with ¢(x,y) and a(z,y) being periodic in y; see
Remark 2.1 and Theorem 2.3.

Previously, the localization phenomenon in spectral problems has been observed in
several mathematical works. In [5] the operator with a large locally periodic potential
has been considered. It has been assumed that the first cell eigenvalue attains a unique
minimum in the domain and at this point shows nondegenerate quadratic behavior.
The authors prove that the kth original eigenfunction is asymptotically given as a
product of a periodic rapidly oscillating function and a scaled exponentially decaying
function; the former function is the first cell eigenfunction at the scale ¢, and the
latter is the kth eigenfunction of the harmonic oscillator type operator at the scale
V€. The localization appears due to the presence of a large factor in the potential
and the fact that the operator coefficients depend on the slow variable.

In [3] the result of [5] has been generalized to the case of transport equation
posed in a locally periodic heterogeneous domain. Under the assumption that the
leading eigenvalue of an auxiliary periodic cell problem attains a unique minimum, the
homogenization and localization have been proved. The effective problem appears to
be a diffusion equation with quadratic potential stated in the whole space. This gives
an interesting example of a nonelliptic PDE for which the localization phenomenon
holds.

Localization phenomenon for a Schrodinger equation in a locally periodic medium
has been considered in [4]. The authors show that there exists a localized solution
which is asymptotically given as the product of a Bloch wave and of the solution of a
homogenized Schrédinger equation with quadratic potential.

In [6] the Dirichlet spectral problem for the Laplacian in a thin two-dimensional
strip of slowly varying thickness has been studied. Here the localization has been
observed in the vicinity of the point of maximum thickness. The large parameter is
the first eigenvalue of one-dimensional Laplacian in the cross-section.
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In the mentioned works, under natural nondegeneracy conditions, the asymptotics
of the eigenpairs was described in terms of the spectrum of an appropriate harmonic
oscillator operator. However, the localization scale was of order 1/ with & being the
microscopic length scale.

The localization in the scale /% that is observed in the present paper is not
standard. It should also be noted that although the operators in (1.1) do not contain
a large parameter, such a parameter is presented implicitly because (d—1)-dimensional
volume of the perforation surface tends to infinity.

The homogenization of spectral problem (1.1) with constant or periodic functions
a and ¢ has been addressed in [12].

Spectral problems in perforated domains with Dirichlet and Neumann boundary
condition at the perforation border are now well studied. There is a vast literature
on the topic; see, for instance, [13], [11].

In the paper we combine asymptotic expansion techniques with various variational
and compactness arguments and scaled trace and Poincaré type inequalities.

1/4

2. Problem statement. We start by describing the geometry of the domain.
Let K = [0, 1)d, d > 2, and suppose that E C R? is a K-periodic, open, connected
set with a Lipschitz boundary ¥; the complement R? \ E is denoted by B. We also
assume that K N F is a connected set, and K N B € K, so that B = R%\ E consists
of disjoint components. In what follows, Y = K N E denotes the periodicity cell
and X% = K NdB = K N'Y the boundary of the inclusion. The symbols |Y|; and
|21 stand for the measures of Y and the (d — 1)-dimensional surface measure of
9, respectively.

For every i € Z% we denote Y = ¢(i +Y), L = eX NY., and B. = eBN Y.,
Given , a bounded domain in R? with a Lipschitz boundary 9, we introduce the
perforated domain

Q.=0\J B, L={iez": Y/ca}
el

Notice that ). remains connected, the perforation does not intersect the boundary
092, and

Fic. 2.1. Domain Q..
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In the perforated domain €2, we consider the following spectral problem:

—div(a®(2)Vu(z)) = Nu(z), =€ Q.,
(2.1) af(x)Vus(x) -n=—q(z)u®(z), x€ X,
u®(z) =0, x € 0.

Here € is a small positive parameter, a°(x) = a(x/e) with a(y) being a d x d matrix,
and n is an outward unit normal; the usual scalar product in R? is denoted by «-”.
In what follows we assume that the following conditions hold true:
(H1) a(y) is a real symmetric d x d matrix satisfying the uniform ellipticity
condition

d
Y a()&s = AlEP, geRr
ij=1
for some A > 0.
(H2) The coefficients a;;(y) are Y-periodic and, moreover, a;;(y) € L>=(R%).
(H3) The function ¢(z) € C3(R?) is positive.
(H4) The function ¢(r) has a unique global minimum attained at z = 0 € .
Moreover, in the vicinity of x =0

@) = 4(0) + 5 " H() + of )

with the positive definite Hessian matrix H(q).
It is convenient to introduce the notation

Hi(Q:,09) = {uc HY(Q.) : u=0on 0Q}.

The weak formulation of spectral problem (2.1) reads as follows: find A* € C (eigen-
values) and u® € H}(Q., ), u® # 0, such that

(2.2) / aEVus-Vvdx—F/ qusvda:/\s/ uCvdr, ve Hi(Q).
QE ZE Q

€

LEMMA 2.1. For any € > 0, the spectrum of problem (2.2) is real and consists of
a countable set of points

D<A <A3 < <A< v = oo,

Every eigenvalue has a finite multiplicity. The corresponding eigenfunctions normal-
ized by

/ uj u dx = 0;;
Q.

form an orthonormal basis in L?(£).).

We omit the proof of Lemma 2.1, which is classical.

Under the assumptions (H1)—(H4) we study the asymptotic behavior of eigenpairs
(X, uf), as e — 0.

To avoid excessive technicalities for the moment, we state our main result in a
slightly reduced form, without specifying the rate of convergence. For the detailed
formulation of the main result see Theorem 3.17.
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In what follows we assume that uj is extended to the whole domain €2 in such a
way that

(2.3) U5 [ @) < Cllu§ | (0.

the existence of such extension is justified in [1], and we keep the same notation for
the extended function.

THEOREM 2.2. Let conditions (H1)-(H4) be fulfilled. If (A5, u5) stands for the jth
eigenpair of problem (2.1), then for any j, the following representation takes place:

B ey — oo (E
NG uj(z) = Uj(€1/4)’
where (u5,v5(2)), the jth eigenpair of the rescaled spectral problem, is such that
o u5 converges, as € — 0, to the jth eigenvalue p; of the effective spectral
problem

A =

1|29,
Ll )

[Y1a

(2.4) —div(a“"Vu(2)) + (2TQ2) v(2) = pv(z), v € L*(RY),
where a*™ is a positive definite matriz (see (3.19)); Q is defined by

129421

with H(q) being the Hessian matriz of q¢ at x = 0.

o If ; is a simple eigenvalue, then, for small ¢, 5 is also simple, and the
convergence of the corresponding normalized eigenfunctions (extended to the
whole R?) holds:

||1~)§ — f)j”L?(]Rd) —0, —0,

where

14
e U -

V: = 77— v 7Uj
HU;HL?(Rd)’ ! ||Uj||L2(]Rd).

J

It should be emphasized that the homogenized spectral problem (2.4) has been
obtained in the coordinates z = x/£1/4, and thus the eigenfunctions conver-
gence holds in these rescaled coordinates.
Remark 2.1. Theorem 2.2 can be generalized to the case of locally periodic
coefficients in (2.1).
Namely, let us consider the following problem:
—div(a®(z)Vu(x)) = Au(z), z€Q.,
(2.5) af(x)Vus(z) -n=—q¢(z)u(z), =€,
uf(x) =0, x € 01,

with
a’(z) = a(z,z/e), ¢ (z) =q(z,z/e).

Assume the following:
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e a;i(z,y) and g(z, y) are Y-periodic in y functions such that a;;(x,y), ¢(z,y) €
C?**(R4;,C*(Y)) with some o > 0.

e The matrix a(z,y) satisfies the uniform elipticity condition.

e The local average of ¢ defined by

1
SN d
q(z) 1204, /20 q(z,y) doy

admits its global minimum at = 0.
e In the vicinity of x =0

a(w) = 4(0) + 5 " H(@)w + of )

with the positive definite Hessian matrix H(q).
e 2 = 0 is the only global minimum point of g in Q.
Then the following convergence result holds.
THEOREM 2.3. If (A5, u$) stands for the jth eigenpair of problem (2.5), then for

J
any j, the following representation takes place:

%41 _ 15
T a0+ @) =0 (7).

1
7€

where (5, v5(2)) are such that
e u5 converges, as € — 0, to the jth eigenvalue p; of the effective spectral

problem
(2.6) —div(a*"Vv) + (2T Pz)v = pv, v L*(RY),
where
1204
— 3t Hig)
and a°® is a positive definite matriz defined by

1
sl = Vi /Yaik(O,C)((Skj + OkN;(€)) d¢,

with the functions N; solving auziliary cell problems

—din(a(O, C)vg‘Nk(C)) = dnga.k(O, C), k=1,..,d, C €y,
a(O,C)VCNk n = _aik(oac)nia C S 207

e The normalized functions v§ (extended to the whole R?) converge, up to a
subsequence, to the normalized eigenfunction v; of (2.6) corresponding to ;:

0 —

H’UJ ’LN)j||L2(Rd) — 0, g — 0,

where
£
€ Y ~ Uj

’Z}, = — Vg = —— .,
! ||U§||L2(Rd)7 ! ||Uj||L2(Rd)
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Remark 2.2. In the variational formulation (2.2) of the original spectral problem
the ratio between the surface integral and the volume integral is of order e~ (see
Lemma 4.1). Changing the scaling factor in front of the function ¢(z) in the bound-
ary condition might change essentially the asymptotic behaviour of the eigenpairs.
Namely, if we take the boundary condition

a®(x) Vus (z) -n = —eq(z)u(z), =€,

then the volume and surface integrals are of the same order of €. In this case the
problem admits classical homogenization, and there is no concentration effect.

On the other hand, if we consider the boundary condition with a large parameter
1/e in front of ¢(z), that is

a®(x) Vu(z) -n = —% q(z)us(z), =€,
then the kth eigenvalue will be of order e=2 and the kth eigenfunction will be the
product of a rapidly oscillating function and a scaled exponentially decaying function.
The homogenization results for both cases are presented below. We recall that uj
is extended to the whole domain € in such a way that (2.3) holds.
THEOREM 2.4. Let (\;,u5) be the jth eigenpair of the problem

—div (a (g) Vus(x)) = Nu(x), =€,
(2.7) a®(z)Vus(z) -n = —eq(x)u(x), x€ X,
ut(z) =0, x € 0N
Under the assumptions (H1)—-(H4), the following convergence result holds:
e For any j, A; converges to Aj, as e — 0.

o The sequence us, up to a subsequence, converges wealky in H(Q) to u; being
an eigenfunction of the effective spectral problem

¥00a—1
—div(a**Vu) + |
( ) Y|4

u =0, x € 01,

(2.8) =Au, x€I,

eff

that corresponds to \;. Here the homogenized matriz a° is given by

1
af = / ao () (50 + BN (y)) dy,
Yia Jy

where the periodic functions Ny are solutions of (3.17).

Proof. We present just main ideas of the proof since it is classical.

Using the minimax principle for eigenvalues (see, for instance, [7] Jone can see that
for any j, the jth eigenvalue is bounded by some constant which depends on j but is
independent of . Thus, up to a subsequence, Aj converges for a subsequence to some
Aj, as € — 0. We assume the following normalization condition for the eigenfunctions:
[u5llL2(.) = 1. From the variational formulation corresponding to (2.7) it follows
that [|u5| g1y < C(j). By the classical two-scale compactness results (see [10], [2]),
u(x) x(x/e) two-scale converges to u; () x(y), and Vu§(x) x(x/e) two-scale converges
to (Vuj(z) + Vyvi(z,y)) x(y), as € — 0, where x(y) is the characteristic function of
the perforated cell Y.
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Due to the boundedness in H'(f2), u§ converges to u; strongly in L*(2) which,
thanks to the normalization condition for u;, guarantees that the limit function u; is
not zero.

Choosing appropriate test functions in the weak formulation of the problem and

passing to the limit yield the following representation for the functions v;(z,y):
vj(@,y) = Ni(y) Ou;(x),

where Ny, solve auxiliary cell problems (3.17). Then one can derive in the standard
way that A; is the jth eigenvalue of the effective spectral problem (2.8), and function
u; belongs to the finite dimensional eigenspace corresponding to ;. d

In the presence of a large parameter in front of ¢(x) in the boundary condition,
the following auxiliary cell eigenproblem plays an important role:

(2.9) {—diV(a(y)Vp(y)) =vp, yevy,
aVp-n+q0)p=0, yeodY.

The spectrum of the last problem is discrete, the first eigenvalue v is simple, and the
corresponding eigenfunction p(y) is Holder continuous and can be chosen positive.
Now we formulate the homogenization result in this case.
THEOREM 2.5. Let the assumptions (H1)—(H4) be fulfilled and let (A5, u5) stand
for the jth eigenpair of the problem

—div (a (g) Vua(x)) = Nu(z), =€,

(210) CLE(ZII)VUE(ZE) n = —é q({l})us(ﬂf), T € Esa
uf(x) = 0, x € 0.

The following representation takes place:

Rz (T x
K=o+t ww=r(2)y (7) !

where (v1,p(y)) is the first eigenpair of the cell spectral problem (2.9), and (u5,v5(2))
are such that
e u5 converges, as € — 0, to the jth eigenvalue p; of the effective spectral

problem
(2.11) —div(a*"Vv) + (2T Dz)v = pv, ve L*(RY),
with
1 ||p||2L2(20)

= 2PN 55 000),

72 HpHiz(y) !
and a°® is a positive definite matriz defined by

1
i = o [ P a0) G + 0N, ) dy
p”Lz(y) Y

with the periodic functions N; solving auxiliary cell problems (3.17).
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e Being normalized by ||u§||L2(QE) =1, the corresponding eigenfunctions uj, for
a subsequence, are approximated by p(%) vj(%), that is,

[ @ -n(2)u ()

where p is the first eigenfunction of (2.9), and v; stands for an eigenfunction
of the homogenized spectral problem (2.11) corresponding to pi;.
Proof. The proof of the theorem follows the lines of Theorem 4.1 in [5], so we just
present the main ideas.
Let (A, u®) be an eigenpair of (2.10). We perform the change of variables (so-
called factorization)

2
dr — 0, &—0,

where p(y) is the first eigenfunction of the auxiliary cell spectral problem (2.9).
We obtain the following problem for the unknown function u°:

i (o () 0 (2) V@) = (v - 4) 0 () wn s
@ (g) p (E)2 Va©(z) - n+ é(q(x) —q(0))p (g)z @ (z) =0, z€X.,
0 x € 0.

In order to balance the volume and surface integrals in the weak formulation of this
problem we rescale the variable by introducing

R (7) |
Then the new unknown function v* satisfies the problem
(2.12)

—div ( (%) P <%>2V1}5(2)> = p (%)2 v (2), seeT3QE,

a <%> » <\/ig)2Vv€(z) n+ WL\/;’(O)YQ (%)2 vi(z) =0, z€c 7Y,

ve(z) =0, zee 200
Here p° is given by
151
(2.13) W=e ()\5 - 5—2) .

Notice that the domain ¢~'/2Q tends to the whole R? as ¢ — 0, and thanks to
assumption (H4), in e~1/2Q¢

q(Vez) — q(0) =e2" Dz +o(|Vez*), Dij= %8j8jq(0).

Passing to the limit in the weak formulation of (2.12) repeats the steps of the proof of
Theorem 4.1 in [5], so we do not reproduce it here. As a result one gets the effective
problem (2.11). Returning back to the original unknowns (A%, u®) completes the
proof. |
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3. Proof of Theorem 2.2.

3.1. Preliminaries. Estimates for Aj. In this section we estimate the first
eigenvalue A of problem (2.1). To this end we use the variational representation for
A§. Let us recall that, due to the classical min-max principle (see, for example, [8]),

atVuv - Vudrx + v)2do
(3.1) = i o ; Je.a @)
veH(Q.,00) ||v|\L2(QE)

LEMMA 3.1. The first eigenvalue of the spectral problem (2.1) satisfies the
estimate

120,
40) 1 0(1) < x; < L Bl

Vs T q0)+0EY, e=o0.

Proof. We start by proving the estimate from below. By (3.1),

A > inf {/ a®*Vv - Vv dz + ¢(0) / (v)? dcr} .
vEHG(Qe,09Q) Q. 3.

ol L2 (g )=

The last infimum is attained on the first eigenfunction of the following spectral
problem:

—div(a®(x)Vw®(x)) = v°w(x), =€ Q,

af(x)Vw® (z) -n = —q(0)ws(z), =€ X,

we(z) =0, x € 0N

It has been proved in [12] that the first eigenvalue of this problem admits the following
asymptotics:

1]3%4-1
T=- 0) +0(1), e—0.
1 e |Y|d q( ) ( )
Thus,
1]3%4-1
A > - 0) +0O(1), e — 0.
1 e |Y|d q( ) ( )

We proceed to the derivation of the upper bound for Aj. Choosing v € C§°(2) as
a test function in (3.1), one can obtain a rough estimate

(3.2) A <Cet

with a constant C' independent of . To specify C one should choose a “smarter”
test function. Let us take v € C§°(R?), [|v]|p2ray = 1, and choose v(z/c®) as a test
function in (3.1), 0 < a < 1/2. Note that if suppv C Br(0) for some R > 0, then
suppv(x/e®) C Beag(0). Then we obtain

¢ < 1) o) do + Oty
st |”(5%)| dx



1312 V. CHIADO PIAT, I. PANKRATOVA, AND A. PIATNITSKI

Taking into account assumption (H4) and using Lemma 4.1, one has

1 IEI(;I“”; q(0) st |U(E%) |2 dr + O(e207 1 gdo) 4 Q720 gdo)
€T 2 :
st |”(a_a)| dx

Notice that the best estimate is obtained for « = 1/4. Finally,

X <

120041

Vs q0)+0(E"V?), =0 0

(3.3) X<t
€

Remark 3.1. When deriving the upper bound for Aj, we used a test function
which is concentrated at z = 0, namely, the test function of the form v(e~/4x). This
observation turns out to be very helpful for the construction of the asymptotics of
eigenpairs (A%, u®).

The next definition explains the notion of concentration.

DEFINITION 3.2. We say that a family {w.(z)}e>0 with 0 < ¢1 < [Jwe|p2(q.) < c2
is concentrated at xq, as € — 0, if for any v > 0 there is €9 > 0 such that

/ |w|* dr < v for all e € (0,¢0).
Q\ By (o)

Here B, (x0) is a ball of radius y centered at xo.

LEMMA 3.3. The first eigenfunction u§ of problem (2.1) is concentrated in the
sense of Definition 3.2 at the minimum point of q(x), that is, at x = 0.

Proof. Assume that uj, normalized by |luf||z2(o.) = 1, is not concentrated at
x = 0. Then, there exists v > 0 such that for any ¢y, we have

(3.4) / [u|? dx > v
Q:\B,(0)

for some ¢ < €.
Estimate (3.2) together with (3.1) implies the estimate

/ |Vus|?de < Cet.
Q.

Then, using Lemma 4.1, we obtain

1294
/\fz/ aEVui-Vuidx+—| |d 1/ q|u§|>dz + O(e1/?)
Qe e [Y]a .
1329,
f—| a1 min q/ |us|? dx

e |Y]g Q:\B,(0) Q:\ B (0)
1329,

Bl [ e [ ) - a0l e
e |Yla Q.NB, (0) Q.NB, (0)

+0(e71/?).

Since z = 0 is the global minimum point of ¢(z),

1 |Eo|d71 . / 2 2 —1/2
Al > - min ¢ u§ d;v—l—qO/ uS|Pdx y + O~ ?).
T Y4 2\ By (0) QE\B,Y(O)| il ©) Qsmb(o)| i ( )
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By (3.4),

1[%%g-1
3.9 Al > -
( ) 1= c |Y|d

1%%4-1 (
g

(0) + 2 St ( min = a(0)) 7+ 0,

Q.\B,(0)

which contradicts (3.3). The lemma is proved. O

Remark 3.2. The min-max principle allows us to compare the eigenvalues of
Dirichlet, Neumann, and Fourier spectral problems. Namely, denote by A}, , the kth
eigenvalue of the Dirichlet problem (u® = 0 on X.) and by A ;. the kth eigenvalue of
the Neumann problem (the case ¢ = 0 in (2.1)). Then, one can see that

(3.6) Aur SN <Aop k=1,2,....
It is well-known (see [13]) that A%, = O(1) and A, ;, = O(¢7?), ¢ — 0. Lemma 3.1
specifies estimate (3.6) for the first eigenvalue A5.

3.2. Change of unknowns. Rescaled problem. For brevity, we denote

2%

120421
A=, i

q(z), Q=3 Vi,

H(q),

where H(q) is the Hessian matrix of ¢ at © = 0.

Note that Lemma 3.1 suggests studying the asymptotics of (A; —e~! 5(0)), rather
than of Aj, itself. On the other hand, when deriving the upper bound in Lemma 3.1,
we used the test function v(x/e/4), which allowed us to get the “optimal” estimate.
Bearing in mind these two ideas, we first subtract e~* 5¢(0) u®(z) from both sides of
the equation in (2.1) and then make the change of variables z = ¢~ '/%z in (2.1).
Then, the rescaled problem is stated in the domain

Q\; 2671/4967 f;:é—il/zlzaa

and takes the form

—div(a®(2)Vv©(2)) — %(2) v® = pf vt (x), z e,
(3.7) a®(2) Ve (2) -n = —eW/4q(e'/*2) v° (2), z €.,
v¥(z) =0, z € e 1490,

Here

g

B @ =@, @ =a(ag). w=vE (-2

The weak formulation of problem (3.4) reads as follows: find (p®,0v%) €
R x H}(Q.,e~14090), v° # 0, such that

(3.9) We(v°, w) = p®(v°, w)LQ@;) for all w € H&(Q;, e 1490Q).

Here the bilinear form W¢(u,v) is given by

(3.10) W¢(u,v) = /N a*Vu - Vudz — % /~ uwvdz +et/* /~ q(e*2)uvdo,.
Q. Qe B
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Remark 3.3. According to [1], for all sufficiently small e, there exists an extension
operator

P?: HY (Qe,e7140Q) — H (e71/4Q)
such that
1P 0l aeray < Cllvllarys IV paesragy < C V0l oy

where C' is a constant independent of e.

Letting v = 0 in R?\ Q, we assume that the extended function (for which we keep
the same notation) is defined in the whole R.

PROPOSITION 3.4. The spectrum of problem (3.9) is real and discrete and consists
of a countable set of points

0<pf<py<--<pj<-- = o0

The corresponding eigenfunctions can be normalized by

(3.11) We(v5,v5) = by
with We(u,v) defined by (3.10).

Proof. For any fixed € > 0, the bilinear form W¢(-,-) defines an equivalent scalar
product in H}(Q.,e~/49Q). For brevity, we denote

(3.12) HY yw(Q2) = {w € HY(Qe,e71/109) + [[0]2 4 = WE(w, w) < oo}.
Let G : L%(Q.) — H,}W@;) be the operator defined as follows:
(3.13) WG fow) = (f,w) oy, w € Hy(Qe,e7/400).

Obviously, G¢ is a positive, bounded (uniformly in ¢), self-adjoint operator. Since

H&W(Qs), for each fixed e, is compactly embedded into L2(£2), then G¢ is compact

as an operator from L?(Q) (ng(fl;)) into itself.

Thus, the spectrum o (G¢) is a countable set of points in R which does not have any
accumulation points except for zero. Every nonzero eigenvalue has finite multiplicity.
To complete the proof of the proposition, it is left to notice that in terms of the
operator G°¢ the eigenvalue problem (3.7) takes the form

1
G v® = —°. a
I
We proceed with auxiliary technical results that will be useful in what follows.
Define the following norms in H*(Q.):

2= /~ a*Vu - Vodz — =) /~ [v)? dz + /4 /~ q(et*2) |v? do;
’ Q. Ve Ja. .

1
(3.14) |2, = /~ a*Vu - Vodz + — /~ (se(e¥*2) = 3(0)) |v]?dz;
Ve Ja

€

o]

HU||§Q = /g’f a*Vv - Vudz + /~ (27Qz) |v|*dz.

€ €
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LEMMA 3.5. The norms || - |le,w, |- lles, and || - ||s,q are equivalent. Morover,

Crl[vlIZ .. < [lvllZ w < Ca|Jv]2

€, = €,30)

(3.15)
Cs vl2.. < vl2q < CallvlZ..

with constants C1,Co,Cs, and Cy that do not depend on e.
Proof. Indeed, by Lemma 4.2 and by the Poincaré inequality,

o2 = 1020l < €7 [0l oy 190l oy < Cre™* 1ol

and thus the first inequality in (3.15) holds for sufficiently small .

The second inequality follows easily from hypothesis (H4) and Lemma 4.3 of
section 4. d B

Remark 3.4. If v € H'(€).) decays exponentially, namely,

vl p2ra\BR(0)) < Me R,

for some constant M, then the norms defined in Lemma 3.5 are asymptotically close.
In particular, the following estimate holds:

o2 w = IIvll2 ol < C el

with the constant C = C(M, o) independent of .
LEMMA 3.6. Let p§ be the first eigenvalue of the spectral problem (3.7). Then
there exist two positive constants Cy and Co such that

Cy < p§ < Cs.

Proof. The upper bound follows from (3.8) and Lemma 3.1. The lower bound
is the consequence of the boundedness of the operator G¢ (see the proof of Proposi-
tion 3.4). O

3.2.1. Formal asymptotic expansion for the rescaled problem. Following
the classical asymptotic expansion method and bearing in mind Lemma 3.6, we seek
a solution of problem (3.7) in the form of asymptotic series

p= ety 4Py e

(3.16) .

v =v(2) +e vy (2, Q)+ e Pup (2, )+ oy (5, + o (= o

where the functions vk (z,¢) are Y-periodic in ¢, k=1,2,....

Substituting ansatz (3.16) into (3.7) and collecting the terms of order e~%/* and
e~1 in the equation and of order e~1/2, ¢=1/4 in the boundary condition, we see that
the functions v1 and v1 do not depend on the fast variable (. Then, collecting the
3/4 we obtain that

03 (2,¢) = Ni(Q) Buvo(z) + ws(2),

terms of order e~

where the vector function N(¢) solves the problem
_diVC(a(C)chk(C)) = div<a.k(C), k= 1,..., d, C €y,
(3.17) aV¢Ng-n=—ayn;, (€X°
Ni(¢) € Hy(Y).
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The effective spectral problem comes out while collecting the terms of order € and
writing the compatibility condition for the resulting problem. It reads

(3.18) —div(a*"Vv) 4+ (2T7Qz)v = pv, v e L*(RY),

where a°® is given by

1
(3.19) a;;f = m /Yaik(y)(akj + OkN;) dy.

The effective problem describes the eigenvalues and eigenfunctions of d-dimensional
harmonic oscillator. In R' an explicit solution can be given in terms of Hermite
polynomials. In the case under consideration the following statement characterizes
the spectrum of problem (3.18).

LEMMA 3.7. The spectrum of the effective problem (3.18) is real and discrete,

0<pr <pg<---<pye-r — F00.

The corresponding eigenfunctions vj(z) can be normalized by

(3.20) (vi,vj)o = / a*"Vu; - Vojdz + / (27 Qz)v;vj dz = 6;;.
R R

We omit the proof of Lemma 3.7, which is classical.
It is well known that the eigenfunctions of the harmonic oscillator operator have
the form

\/5 Ql/z (acff)—l/Q
2 )

(3.21) vi(z) = Pj_1(z)e™* B* R=

where Py (2) is a polynomial of degree k.
To summarize, the formal asymptotic expansion for v¢ takes the form

z

v(z) + ¥4 N (63/4) -Vo(z),

where v is an eigenfunction of the limit spectral problem (3.18) and N is a periodic
vector function solving (3.17).
Notice that we can neglect the summands v1 and v1 since they do not depend

on the fast variable ¢, and thus their H'-norm is of order e!/4.

3.2.2. Justification. Denote J(j) = min{i € Z* : pu; = p;}, and let k; be the
multiplicity of the jth eigenvalue p; of the harmonic oscillator operator (3.18).
The main goal of this section is to prove the following theorem.
THEOREM 3.8. Let hypotheses (H1)—(H4) be fulfilled. If (u5,v;) stands for the
pth eigenpair of problem (3.7), then the following statements hold true:
1. For each j = 1,2,..., there exist €; > 0 and a constant c; such that the

eigenvalue p5 of problem (3.7) satisfies the inequality
15 — pil < cjet’t, e€(0,¢),

where p; is an eigenvalue of the harmonic oscillator operator (3.18).
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2. There exists a unitary k; X k; matriz 3° such that

J()+k;—1
(3.22) log— >0 B VE|| <CieVt p=J0) . JG) a1
k=J(j) £,Q
where
~ z
(3.23) VE = up(z) +&%/4 N(m) - Vog(z).

Here the vector function N(C) solves problem (3.17); eigenfunctions vy(z) of
the limit problem are defined in (3.18); the norm || - ||c,q is defined just before
Lemma 3.5. N

Moreover, almost eigenfunctions {V} satisfy the following almost orthonor-
mality conditions:

(3.24)

/~ a*VVE - VVE dz + /~ (zTQ2) VEVE dz — bjm| < C V4.
Q.

€

Proof. The justification procedure relies on Vishik’s lemma about almost eigen-
values and eigenfunctions (see, for example, [14] and [9, p. 319, Lemma 1.5]). For the
reader’s convenience, we formulate the mentioned result.

LEMMA 3.9. Given a self-adjoint operator K¢ : H — H with a discrete spectrum,
let v e R and v € H be such that

ol =1, 0=[K°v—volly <[]
Then there exists an eigenvalue pj of the operator K¢ such that
lup —v| <.

Moreover, for any 61 € (0,|v|) there exist {a5} € R such that

)
\U—Za ||H<2—

where the sum is taken over the eigenvalues of the operator K¢ on the segment [v —
o1,v + 61], and {u?} are the corresponding eigenfunctions. The coefficients a5 are
normalized so that Y |a5|* = 1.

Let p; be an eigenvalue of the effective problem (3.18) of multiplicity s;, that is,
let pij = pjp1 =+ = pjsg—1 and {v,(2)}, p = 4, ..., j+3;—1, be the eigenfunctions
corresponding to y;. Denote

(3.25) Vi) = 0p(2) Xe(2) + €4 () N (5 ) - Ve2),

where v, is the pth eigenfunction of the limit spectral problem (3.18), N is a solution
of (3.17); x<(2) is a cut-off which is equal to 1 if |z| (0,00), equal to 0 if
(0,042), and is such that

k1

(3.26) 0 < xe(z) <1, |Vxe| < Cet/4.
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We apply Lemma 3.9 to the operator G¢ : H,}W@;) — H&W(ﬁ;) constructed in
Proposition 3.4 (see (3.13)). The normalized functions V; = V;/||V;|lc,w and the
numbers p; will play the roles of v € H and v € R in Lemma 3.9. Notice that v;
need not be equal to zero on the boundary e~1/499Q; the cut-off function has been
introduced in order to make approximate solution (3.25) belong to the space Hg ,(€2)
(see (3.12)).
LEMMA 3.10. Almost eigenfunctions V; are almost orthonormal. Namely, the

following inequalities hold:

(WE(V, V) = 8pl < O,
(3.27)

|(V;, V:;E)EQ — pg| < C€1/4a

where W (u,v) and (-,-)q are defined by (3.10) and (3.20), respectively.
Proof. We calculate first the gradient of the function V7,

vvps = Jlsp(z) Xe(2) + g3/4 Jgp(z) + J§p(2) Vxe(2),

where
Tiplz) = Vop(2) + VN (O w2 __ 0
T5,(2) = Xe(2) VL(N(C) - Vo (2));
J5(2) = vp(2) + 83/4N(83%) - Vou,(2).
One can show that
}W%v;, Ve — / 0 (2) (e (2))2 5, - J5, dz + @ / vp(2) g (2) (xe(2))2 d2
e / 20 (2) vg(2) (xe(2))? do | < C VA,

On the other hand, using Lemma 4.5, exponential decay of the eigenfunctions v,(z),
and the normalization condition (3.20), we can prove that

€ 25-52—@ vp(2) vy (2 2))? dz
‘/ﬁsa (2)(xe(2))” Jip - Jig d W /~ p(2) vg(2) (Xe(2))" d

QE

el / G40y (2) 1y(2) (xe(2))2 o — bpg| < C V1,

€

Combining the last two estimates yields

}WE(V;DE,‘/;) _ 5pq| < 051/47
which is the first estimate in (3.27).
The second estimate in (3.27) follows from the first one and Remark 3.4. O
LEMMA 3.11. Let V, = Vi /||Vy ||le.w with V7 defined by (3.25). Then the follow-
ing estimate holds:

(3.28) IGVE — () Villew < Cpe'/, p=i ... itr;—1.
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Proof. Simple transformations result in the following relations:

HGEVZEJ - (Hj)_l V;HE,W = ||V;||5_‘1/V sup WE(GEVPE _ ('uj)—l Vps,w).

wlle,w=1
By the definition of the operator G¢ in (3.13),

IG=V; = (1)~ Vs llew

=Mi|| Vil s {0 = [ vy s
/ Vywdz — 1/4/ (61/42)V;wdaz}
=l s {1+ I ),
Joup
Here
1=y [ xel@) vl ) de - — / (e/12) — 54(0)) x=(2) (=) w(=) d2

= [ al(T0n(a) + VeN Q) Ty - Vel o

QS

5= % /QV (Y4 2) vy (2) X (2) w(z) dz — e'/* /ZN q(e¥*2) vp(2) xe(2) w(z) do;

€ €

=[xV () o wE d = [ oV Tur@)l e

€

- [ a9 N Q) - Vaple) - V|

€

+51/4%(o)/ﬂ~><5(z)zv( ) V(2 w(z) dz

€

_ /4 /ivq(gl/‘lz)xa(z)N( 5/4) Vo, (2) w do.

Integrating by parts in the last integral in I, and taking into account (H4), (3.17),
and (3.26), we obtain

F=ny [ oo d - [ 6700 x() v () ds

€ Qe

- div. (a(Q)(I + VN (Q))Vup(2))| , jeara w(2) xe(2) dz

+0@EYY, e—o.

Here we have also used Lemma 3.5 and the fact that ||w|.w = 1.
Bearing in mind the definition of the effective diffusion (3.19) and (3.18), by virtue
of Lemma 4.5, one has

(3.29) 1] < C 4 o] g -
By Lemma 4.2,

(3.30) 151 < Co e [[vpll  ray [0l a1 ey
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Using the boundedness of a;; and the regularity properties of N, v,, x., one can show
that

(3.31) 5| < C3 | Vop|l L2y [[wl 1 ma)-
Using Lemma 3.10 we see that for small enough ¢,

1
(3.32) IVEIIZw > 3

Finally, combining (3.29)—(3.32) we obtain the desired estimate (3.28). Lemma 3.11
is proved. 0

By Lemma 3.9, in view of the estimate obtained in Lemma 3.11, for any eigenvalue
; of the effective problem (3.18) there exists an eigenvalue of the original problem
such that

(3-33) gy — 1l < Cj e/t

where ¢(j) might depend on e.

Moreover, letting d; in the statement of Lemma 3.9 be equal to ©; gl/4 (the
constant ©; will be chosen below), we conclude that there exists a K;(¢) X x; constant
matrix a® such that

Ji+K;(e)—1 Cel/4
(3.34) |Vo— > af,u <2— <CiHO,)7Y, p=j,.. iR -1
1
k:JJ‘

g,

here p5, k = J;(),...,Jj(e) + Kj(¢) — 1, are all the eigenvalues of operator (G¢)~!
which satisfy the estimate

(3.35) i — 1] < €M%

Since the eigenvalues p; do not depend on &, one can choose constants €; > 0 so
that the intervals (u; — ©;e'/4, p; + ©;e'/*) and (u; — ©;e'/*, p; + ©;6'/*) do not
intersect if p; # p; and € < min(ej, ;). Then the sets of eigenvalues {u5 } related to
different p; in (3.35) do not intersect for sufficiently small €.

In the following statement we prove that K;(e) > ;.
LEMMA 3.12. The columns of the matriz of, that is, the vectors {a?p}g(:j}g){j_l
of length K ;(g), are linearly independent. As a consequence, K () > k;.

Proof. A simple transformation gives

T+ Ky (e)—1
(V€ VI € € € € €
WeVe V) =we (Vie Y ainl Vg
k=J;
Ji+Kj(e)—1 Ji+Kj(e)—1
€ e & x 5 e .
+ W E AppU s Vg — E AUk
k=J; k=J;
Ji+K(e)-1
§ : e ¢
+ Oéprékq.

kJ:Jj
Taking estimates (3.27) and (3.34) into account, we obtain

Ji4+K(e)—1

> b0k~ 0| SCOTY pa=J(0) JG) Ry - L,
k=J;
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and, in other words,

(3.36) |(a5)" ol = 0| <COFY, pa=J3), . TG) + 55— 1,
where af, denotes a pth column in the matrix a®. The last inequality means that the

e J()+ri—1
vectors {a-p}p:J(j)

property implies the linear independence of the vectors {as,} for sufficiently large ©;.

are asymptotically orthonormal, as ©; grows to infinity. This

Indeed, assume that {a?p};ij}?;'){jfl are not linearly independent. Then there exist
constants c;(jy, ..., Cj(j)+r,—1 such that
J(@)+r;—1
Z ek, = 0.
k=J(j)

Without loss of generality we assume that c;(;y = 1 > maxy |cx|. Then

ozi,(j) + Z cp a5, =0.
k>J(35)

Multiplying the last equality by af ; ;) and using (3.36) we obtain the inequality

|(@%) " eS| < Ci 657,

which contradicts (3.36) if @j_l is sufficiently small. Thus, the vectors {a?p};(:j}z;';j !
of length K ;(¢) are linearly independent. Obviously, it is possible only in the case
KJ (E) 2 Kj. O

LEMMA 3.13. For any q, 0 <m < MZ < M,.

Proof. The estimate from below is the immediate consequence of the boundedness
of the operator G° constructed in Proposition 3.4.

To obtain an upper bound for pg, we recall estimate (3.33). For any j, there
exists an eigenvalue of problem (3.7) converging to the jth eigenvalue of the effective
problem. Namely, the estimate

|5y — Hagy| < Cjet/

holds, where J(j) = min{i € Z* : pu; = p;}. Obviously, ¢-(j) > J(j). Thus,

150y < oGy < pag) + Cietl?,

which implies the desired bound. d

Our next goal is to prove that any accumulation point of the sequence ug, as
e — 0, is an eigenvalue of (3.18).

LEMMA 3.14. If up to a subsequence, jig — p*, as € — 0, then p* is an eigenvalue
of the effective spectral problem (3.18).

Proof. Since pg is bounded, then

||UZ||€,W < Cy

with || - ||lc,w defined in (3.14). In view of Lemmata 3.5 and 4.4, the eigenfunction

vg (extended to the whole R?) converges weakly in H'(R?) and strongly in L?(R%)

to some function v*. To prove that (u*,v*) is an eigenpair of the effective problem
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(3.18), we pass to the limit in the integral identity (3.9). Using standard two-scale
convergence arguments we obtain

/ a**Vv* - Vwdz —|—/ (zTQz) v wdz = p* /v* wdz, w e HY(RY).
R Ré
R4

The last equality is the weak formulation of (3.18). Since pg — p*, as e — 0, then
considering (3.9) and (3.11) we conclude that lim._,q ||1;Z||2L2(§~2 )= w*. Using the
strong convergence of v7 in L*(R%), we see that ||v*|\%2(Rd) > p*. By Lemma 3.6 we

have p* > 0. Therefore, v* # 0. This completes the proof. O

LEMMA 3.15. Let p; be the jth eigenvalue of problem (3.18) of multiplicity k;,
that is, p1; = pj41 = -+ = Wjtwn,—1- Then there exist eractly k; eigenvalues of the
original problem (2.1) converging to it.

Proof. First, we prove that there are not more than k; eigenvalues of problem
(3.7) converging to ;. Assume that there exist x; + 1 eigenvalues ¢ () such that

Bz () = My k=1,...,k5; +1.

By Lemma 3.14, the corresponding eigenfunctions v JE()s extended to the whole R?,
converge weakly in H!(R?) and strongly in L?(R?) to the eigenfunctions v} of the
effective problem (3.18), k = 1,...,k; + 1. Passing to the limit in the normalization
condition (3.11) yields

1
?‘ * :—i6i7 ‘,k:]_,..., 1 ].
(vl7vk)L2(Rd) |Y|du k ? KJ] +

Therefore, eigenfunctions {v} };~ ng corresponding to y; are linearly independent. Re-
calling that the multiplicity of u; is x;, we arrive at a contradiction. Thus, there are
not more than x; eigenvalues of problem (3.7) converging to p;.

On the other hand, by Lemma 3.12, there exist at least ; eigenvalues of (3.7)
converging to p; of multiplicity ;. Lemma 3.15 is proved. d

Combining Lemmata 3.13-3.15 completes the proof of the first statement of
Theorem 3.8.

We turn to the proof of the second statement in Theorem 3.8.

First, let us notice that the orthogonality and normalization condition (3.24)
follows directly from Lemma 3.10 and the exponential decay of vy (z) as eigenfunctions
of the harmonic oscillator.

In order to prove estimate (3.22), we recall the estimate obtained in Lemma 3.11
and apply the estimate in Lemma 3.9 with §; = ¢j, ¢; being a sufficiently small
constant. This estimate reads

€ e € 081/4 1/4 . .
Vp — Z Qlp U, <2 5 <Cje’, p=4,...,5+K;—1,
,U«iES(j,E) e, W
where S(j,¢) is the set of eigenvalues pf, satisfying the estimate
k. — w5l < s
the constant matrix af is such that

(3.37) [(a5,)T a8, = bpq| < Cie™, poa=J(), ..., J(j) +r; — 1.
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From the first statement of Theorem 3.8 we deduce that the set S(j, ) coincides with

the set of eigenvalues {ui}jggﬁ”*l for sufficiently small €. Therefore,
J(G)+r;—1
(3.38) vV, — Z Qhp Ve §0j51/4, D=7, j+K; —1,
k=J(j)

e, W

with a constant k; X x; matrix o° which satisfies inequality (3.37).
It remains to use the following simple statement.
LEMMA 3.16. For any n x n matrix A satisfying an equality

|ATA =Tl c@n ry = 7 € (0,1),
there exists a unitary matriz B such that
|AB — Il crr mmy <3
here 1 is a unit matriz, and

| Dl z @ mmy = sup [|DE].
el

We omit the proof of this lemma, which can be found in [9]. According to (3.37)
and Lemma 3.16, there exists a unitary x; x x; matrix 8¢ such that

(3:39) la® 6° =l e sy < Cje/™.
Taking into account Lemma 3.10 and estimates (3.38), (3.39), one can show that

J(G)+k;—1

v > B Vi <Gt p=J3G),...,J(j) +rj— 1.
k=J(5) oW
Due to the exponential decay of the eigenfunctions vy(z) defined in (3.18), one can
replace V¢ defined by (3.25) with (3.23). Then, by Lemma 3.5, a similar estimate
holds for || - ||¢,@ norm. Theorem 3.8 is proved. O
Bearing in mind the result obtained in Theorem 3.8, we formulate the main result
of the present paper characterizing the asymptotic behavior of eigenpairs ()\j, uj) of
problem (2.1).
THEOREM 3.17. Let conditions (H1)—(H4) be fulfilled. If (A5, u5) stands for the
jth eigenpair of problem (2.1), then for any j, the following representation takes place:

12041 K5 x
T a0+ @) =0 (7).

where the eigenpairs (u5,v5(z)) of problem (3.7) are such that the following hold:
1. For each j =1,2,..., there exist €; > 0 and a constant c; such that

1
7 e

15—yl < et/ e € (0,ey),

where p; is an eigenvalue of the harmonic oscillator operator (3.18).
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2. Let pj be an eigenvalue of (3.18) of multiplicity r;, that is p; = --- =
Mjtr;—1- Then, there exists a unitary k; X k; matriz 3° such that

J()+r;—1 _
G- > BRVE| SCiEYh p=T0) TG 4R L
k=J(j) o)

where

z

VE = up(2) + 4N (53/4> - Vug(2).
Here the vector function N () solves problem (3.17); eigenfunctions vi(z) of
the limit problem are defined in (3.18); the norm || - ||c,q is defined in (3.14).

4. Auxiliary results.
LEMMA 4.1. For any w®(x) € H}(Qe,0Q) the following estimate holds:

‘1 120041

wEZdZIJ—/ 'UJEZdO'}SC w Vs
e |Y|a /Qs| | . |w?| w20 2200

€

with a constant C independent of €.
Proof. Introduce a Y-periodic vector function x(y) as a solution of the following
problem on the periodicity cell Y:

|2%0a-1
Y]a
x-n=-1, yexo

—divyx = y ey,

Notice that x is a smooth function. Then

2 P

. T
—ElemX(g)— Via .

Multiplying the last equality by |w®|? and integrating by parts over €. yields

1320
- | |d 1 / |wa|2 dx _/ |wa|2 do :/ % (f) . V|w€|2 dz,
e [Yla Jo. = Q. ¢

which easily implies the desired estimate. The lemma is proved. o
LEMMA 4.2. Let Q. = e %Q,, Y. = ¢ °%.. Then, for ¥(z) € H}(Qe,e7200)
and ¢ € C*(R?), the following estimate holds:

1 |20|d—1 o 2 a 2
=yt [P = [ e ) d

€ e

< CllYl Loy IVl L2ar)

with some constant C independent of €.

Lemma 4.2 is proved in the same way as Lemma 4.1.

LEMMA 4.3. Suppose two nonnegative functions f1, fo € C3(B), defined on a
bounded domain B, are such that x = 0 is the global minimum point for both of them,
and f1(0) = f2(0) = 0. Moreover, assume that

H(fi)(0) >al, a>0,
where H(fi) is the Hessian matriz of fi, k = 1,2.
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Then there exists a constant C' such that
CHh<f<C i

Proof. Assume that there exists a sequence x; € B such that
fi(z;)
fa(z5)

Since fo is bounded, fi(z;) — 0, as j — oo. And consequently, z; — 0, as j — oo.
Recalling that H(f1)(0) is bounded from below, we arrive at contradiction. The
lemma is proved. a

LEMMA 4.4 (compactness result). Denote

— 0, 7 = o0.

Hé(Rd) = {w € HY(RY) : ||v||é = /Rd |Vv|2dz+/ (zTQz2) [v|*dz < oo} ,

Rd

where Q is a positive definite symmetric matriz.
Then Hé(Rd) is compactly embedded into L?(R). In other words, any {v,} C

HY(R?) such that ||v,|lg < C converges strongly along a subsequence in L?(R?).
Proof. Obviously, v, up to a subsequence converges weakly in L?(R?) to some
function v*, n — co. Let us prove that |[v,||z2ra) = [|v*]|L2(ra), as n — o0.
Since

/ (ZTQZ)|vn|2 dz < C,
Rd

one can show that for any 0 > 0, there exists a ball Br(s)(0) such that

/ |vn |2 dz < 6.
R4\ Bg(s)(0)

Without loss of generality we assume that ||v, || 2grey = 1. Then

(4.1) vl 22 (B 0) = 1 = lvnllTa@apn Ba @) = 1 — 0%

Since [[vn |51 (Bres (0)) < C, then [[vn —v*|[L2(By s (0)) = 0, @8 n — 0. Passing to the
limit in (4.1), we have

10" |2 ey 2 10" 122 (s o)) = 1 — 0%
On the other hand,

0¥ [l 2 () < Timinf [[v, | p2ge) = 1.

Combining the last two inequalities yields [[v* || 2(gey = 1. The lemma is proved. O
LEMMA 4.5 (mean-value theorem). Let ® € L*(Y) be such that [, ®dy =0 and
V € CY(R?) satisfy the estimate

(4.2) ID*V(2)| < Ce ™ >0, k=0,1.

Denote by x(z) a cut-off which is equal to 1 if x| < 1dist(0,09), equal to 0 if
2| > £ dist(0,0%2), and is such that

(4.3) 0<x(z) <1, |Vx<C
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Then, for any a such that 0 < a < 1, the following estimate holds:

Lo () v () dow ()
Q. € gx gx

for all W € HY(R?).
Proof. Since [, ® dy = 0, there exists a periodic vector function ¢(y) such that

< Coe' e @ L2y Wl a1 (ra

—div, o(y) = 2(y), yeY,
Y- -n = 07 AS EO;

and ||l¢||z2(v) < C||®[|L2¢y). Changing the variables we have

eiws(2) 3 ().

x

Multiplying the last equation by V(%) x-(z) W (%), integrating by parts over €.,
and using (4.2), (4.3) we get

[ () v(E) e w (L) a
[ o) v (E) rew (2)] @
gcgl—agda/ﬁ\w(gf_a)‘ eI W] 4+ VW] dz

l-a da i 2 —270|2|? 12
< Ce 9 ||W||H1(]Rd) ~ ‘('O(El—a>‘ e - dz
Qs

1/2
- (6% - Z2
< O Wlhingen lellzzn ([ e as)

=€

The integral in the parentheses converges. Lemma 4.5 is proved. d
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