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ABSTRACT: The multi-vector generalization of a rigid, partially-broken N/ = 2 supersym-
metric theory is presented as a rigid limit of a suitable gauged A/ = 2 supergravity with
electric, magnetic charges and antisymmetric tensor fields. This on the one hand gener-
alizes a known result by Ferrara, Girardello and Porrati while on the other hand allows
to recover the multi-vector BI models of [4] from N = 2 supergravity as the end-point of
a hierarchical limit in which the Planck mass first and then the supersymmetry breaking
scale are sent to infinity. We define, in the parent supergravity model, a new symplectic
frame in which, in the rigid limit, manifest symplectic invariance is preserved and the elec-
tric and magnetic Fayet-Iliopoulos terms are fully originated from the dyonic components
of the embedding tensor. The supergravity origin of several features of the resulting rigid
supersymmetric theory are then elucidated, such as the presence of a traceless SU(2)- Lie
algebra term in the Ward identity and the existence of a central charge in the supersymme-
try algebra which manifests itself as a harmless gauge transformation on the gauge vectors
of the rigid theory; we show that this effect can be interpreted as a kind of “superspace
non-locality” which does not affect the rigid theory on space-time. To set the stage of our
analysis we take the opportunity in this paper to provide and prove the relevant identities
of the most general dyonic gauging of Special-Kaehler and Quaternionic-Kaehler isome-
tries in a generic N’ = 2 model, which include the supersymmetry Ward identity, in a fully
symplectic-covariant formalism.
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1 Introduction

Much attention has been recently devoted to the Born-Infeld (BI) theory and its multi-
vector generalization, in relation to supersymmetric theories. These non-linear theories
emerge from a low-energy limit of partially-broken U(1)" rigid N' = 2 supersymmetric
theory [1], in which the supersymmetry breaking scale is sent to infinity [2—4]. This mecha-
nism, as it was originally shown by [5] (APT model), requires the introduction of magnetic
Fayet-Iliopoulos (FI) terms besides the electric ones, with the condition that the dual FI
terms be not mutually local. On the other hand the rigid, partially-broken N = 2 the-
ory with one vector multiplet of [5] was obtained as a rigid limit of a suitable N' = 2
supergravity in [6]. This defines a N' = 2 supergravity origin of the one-vector BI theory.

The aim of our investigation is to embed the partially-broken, rigid N' = 2 theory of
n (abelian) vector multiplets in supergravity. This would elucidate the supergravity origin
of the multifield BI theory of [4] and, in particular, to understand the origin of the dyonic
FI as deriving from electric and magnetic charges in the supergravity gauged model.

In the original rigid limit devised in [6], the gauging was electric and partial super-
symmetry breaking required the use of a specific choice of symplectic frame in which the
prepotential of the special geometry does not exist. More general, partially-broken N = 2
supergravities were constructed in [7] using an analogous choice of symplectic frame. This
restriction, which is forced within the framework of standard (i.e. electric) gaugings by



some no-go theorems [8, 9], can be avoided in the context of dyonic gaugings [10-14]. It
was indeed shown in [15] that partial supersymmetry breaking can be achieved in any
symplectic frame (and in particular in one in which the prepotential does exist) using an
embedding tensor [16-18] with both electric and magnetic components. Consistency of such
gaugings requires the introduction of antisymmetric tensor fields dual to scalars [10-14].

General electric-magnetic gaugings of N/ = 2 supergravity have been constructed in
the framework of superconformal calculus in [19]. A generic gauged N' = 2 Poincaré
supergravity can then be obtained from this analysis by suitably fixing the superconformal
symmetry. However a direct construction of the most general electric-magnetic gaugings
in A/ = 2 Poincaré supergravity, using a coordinate independent, manifestly symplectic-
covariant description of the special-Kahler manifold, along the lines of [20], is still missing.

The general form of the gauge-invariant bosonic lagrangian, using the embedding tensor
formulation, was given in [12] while specific abelian gaugings were constructed in [10, 11].!
In this paper, to set the stage for the construction of the gauged model generalizing that
of [6], we make a step forward in this direction and give, in a self-contained form, all the
relevant identities related to the most general gauging of special Kahler and quaternionic
Kéhler isometries in a generic N' = 2 model. Some of these identities are known, other
were proven only for electric gaugings [20, 21] or within superconformal calculus [19].
Here we collect them and give for them a compact proof, for generic dyonic gaugings,
based on the coordinate-independent, symplectic-covariant description of the local special-
geometry and on the general constraints on the embedding tensor. Among these identities,
a prominent role in our analysis will be played by the potential Ward-identity [22-25],
which is required by the supersymmetry invariance of the gauged action. It follows from
the quadratic constraints on the embedding tensor and a proof of it within A" = 2 Poincaré
supergravity, for a generic dyonic gauging, has been missing so far. Besides the definition of
the rigid limit yielding a partially-broken N = 2 rigid supersymmetric theory of n abelian
vector multiplets, the general proof of the Ward-identity for generic dyonic gaugings is a
further result of our work. In order to present it in a self-contained fashion, we review in
the appendices the basic definitions and properties related to (local) special Kéhler and
quaternionic Kahler manifolds.

The starting point of our analysis is then the construction of a suitable dyonic gauging
of an N' = 2 supergravity coupled to n vector multiplets and to hypermultiplets which
allows for the definition of a rigid limit to a multi-vector APT model, thus generalizing [6].
The definition of a rigid limit in a N’ = 2 supergravity is not unique and is in general a
subtle issue [20, 26]: Rescalings of the fields and of the embedding tensor by powers of the
ratio p = Mp;/A of the Planck mass Mp; to the supersymmetry breaking scale A have to
be devised in order for the original supersymmetries to survive the limit y — co. Defining
such a limit is an important part of our analysis.

The supergravity origin of the rigid theory is made manifest through some characteris-
tic results of the limiting procedure: First of all, although they decouple for Mp; — oo, the
gravitini and the hyperini (the fermion fields in the hypermultiplets) have a role in defining

in reference [11] also non-abelian gaugings were considered, however only of electric type.



the general features of the resulting partially-broken rigid supersymmetry: Their super-
symmetry transformation laws survive the rigid limit and contribute a non-trivial traceless
constant matrix C4? to the scalar potential Ward identity of the final supersymmetric
theory:

n
VS5 +CaP = 6N PoNia, (1.1)
i=1

where V is the scalar potential and AA and Mg = 9i7 )\fi4 are the chiral and anti-chiral
components of the gaugini. The constant matrix C'4”, which in [6] was put in relation to a
central extension of the supersymmetry current algebra, is an essential ingredient in order
for the partial supersymmetry breaking to occur in the rigid theory. In [6] it was shown, for
a one-vector-multiplet model, that (1.1) originate from the supergravity Ward identity and
that partial supersymmetry breaking in the rigid theory can occur even if supersymmetry is
completely broken in the hidden sector, consisting of the decoupled gravitational multiplet

and hypermultiplets. We show the same feature in our generalized dyonic setting.
Moreover, a direct generalization of the construction in [6] to n vector multiplets leads
us to relate the FI terms of the rigid theory partly to (dyonic) components of the embedding
tensor, and partly to constants entering the metric of the scalar manifold. As we shall
show, by an appropriate (electric) symplectic rotation we can reformulate the theory in a
symplectic frame where the supergravity interpretation of the FI terms is more transparent:
In this new frame, as opposed to the original one, in performing the rigid limit manifest
symplectic invariance (which reduces from Sp(2n+2) to Sp(2n)) is preserved and the electric
and magnetic FI terms of the resulting theory fully originate from the components of the
embedding tensor and not from constants entering the geometry of the scalar manifold.
More specifically, if we denote by A//} = (Ag, Ai), the n + 1 supergravity vector fields, in
the new symplectic frame, Ag is consistently identified with the graviphoton while Aﬁ with
the vector fields of the resulting rigid theory. Moreover, denoting by ©,"" the components
of the embedding tensor which define the gauge generators X, in terms of the isometry
generators t,, of the scalar manifold and by ©*™ their magnetic counterparts, consistency
of the supergravity gauging requires the following locality condition to be satisfied [10-12]:

erMme M =0, A=(0,1)=0,1,---n. (1.2)

In the rigid limit the electric and magnetic FI terms can be directly identified with ©;™
and ©1™ respectively, and the gauging is such that

olmg," = —_gmeyml £ 0. (1.3)

The fact that in the supergravity framework ©1m©;" fails to vanish, however, does not
imply a failure of locality in the rigid theory on space-time. Indeed it turns out that on
space-time the theory is perfectly local, the aforementioned “non-locality” being confined
to superspace, thereby posing no obstruction to a correct definition of the vector fields AfL
in the rigid theory which we shall discuss in section 4. There we will explicitly show an
interesting mechanism which is at work in the rigid limit. It is related to the well known
property of magnetic gaugings in supergravity that the vector fields Aﬁ corresponding to



non-vanishing magnetic components ©A™ of the embedding tensor, are not well defined
since the corresponding field strengths F ;ﬁ/ are not covariantly closed [10-14]

DF* x @M dB,, +--- #0, (1.4)

B, being antisymmetric tensor fields. This poses no problem because such vector fields,
in a vacuum, are “eaten” by the tensor ones B,, by virtue of the “anti-Higgs” mecha-
nism [27]. This is the case of the vectors Aﬁ which are thus not well defined in the chosen
supergravity gauging. In the rigid limit however, as we shall show, the antisymmetric ten-
sor fields decouple, thus preventing the anti-Higgs mechanism from taking place, so that
the vectors Alﬂ survive and, at the same time, become well defined.

As we shall illustrate in the same section, the magnetic character of the FI parame-
ters ©/™ in the rigid theory can be also related, besides to their position within the
Sp(2n, R)-covariant parameter vector (©;™, ©/™), to the following feature of the vector
field-strengths: While dF! vanish in space-time, they do not vanish in superspace since:

dF! = %@fmp,;g (0%)AB D5 AYabA AVE£0. (1.5)

This equation is the superspace counterpart of the fact that on space-time the commutator
of two supersymmetries acts on the gauge field AfL as a harmless gauge transformation, as
stressed in reference [28].

The paper is organized as follows:
In section 2 we give the general proof of the Ward identity for a generic electric-magnetic
gauging of N = 2 supergravity. We also comment on its rigid limit for the specific gauging
to be dealt with in the subsequent sections;
In section 3 we give a generalization of the analysis in [6] in order to derive a partially-
broken N = 2 rigid supersymmetric theory of n abelian vector multiplets from a gauged
N = 2 supergravity with electric and magnetic charges. We also derive the rigid Ward
identity from the supergravity one;
In section 4 we start from a different symplectic frame in which the supergravity origin of
the electric and magnetic FI terms resulting from the rigid limit is more transparent. The
issue of non-locality associated with the magnetic FI terms is also discussed;
In section 5 the rigid limit is discussed in detail and performed on the supergravity La-
grangian, thus obtaining the multi-vector generalization of the APT model.
In appendix A we review the definition and properties of (local) special Kéhler and quater-
nionic Kahler manifolds, giving for the latter a simple geometric characterization of the
momentum maps associated with their isometries in the homogeneous symmetric case.
In appendix B we prove some symplectic-covariant identities related to the general gauging
of isometries of local special Kéahler manifolds. We also give the computational details of
the proof of the Ward identity;
In appendix C we summarize our rescaling prescription for the definition of the rigid limit.



2 General N = 2 gauging identities

The aim of the present section is to give and prove identities which hold for the most
general gauging of N' = 2 supergravity involving both electric and magnetic charges. These
include the Ward identity [22-24] which is required by the supersymmetry invariance of
the gauged Lagrangian. We shall derive these identities, as it was done in N’ > 2 models
(see, for instance, [13, 29]) from linear and quadratic constraints on the embedding tensor
defining the gauge group.

The most general electric-magnetic gauging was considered in N' = 2 conformal super-
gravity in [19]. Here we shall work in Poincaré supergravity using the symplectic covariant
description of the special Kédhler manifold and generalize the identities given in [20] to
electric-magnetic gaugings and the analysis in [10] to non-abelian gauge groups. We be-
lieve it is useful to give, in this context, a comprehensive discussion of the identities which
are relevant to the most general gauging, some of which are not present in the literature.
These results will then be applied, in the later sections, to the very specific electric-magnetic
abelian gaugings in which the rigid limit of spontaneously broken A/ = 2 supergravity is
discussed. Some of the new relations presented here require rather technical proofs; the
proofs will be explicitly given in appendix B, leaving in the text only the corresponding
results.

We start from an N = 2 supergravity coupled to n vector multiplets and ngy hy-
permultiplets. The scalar sector consists of n complex scalars z' and 4ng hyperscalars
q" parametrizing a special Kdhler manifold Mg [21, 30, 31] and a quaternionic Kéhler
manifold Mg [32-34], respectively, so that the scalar manifold has the form:

Mscal - MSK X MQK . (2.1)

We refer the reader to [20] for a self-contained review of the properties of special Kéhler
and quaternionic Kéhler manifolds. We recall the main concepts in appendix A.

Some relevant relations of the sigma-model geometry. A special Kdhler manifold is
locally described by a choice of complex coordinates z* and a section of the flat holomorphic
bundle defined on it:

QM(z):@AA((;)) L A=0,...,n, M=1, 2n+2, (2.2)

in terms of which the Kéahler potential reads:

K(z,2) = —logli Q(2)"CQ(2)], where CMY = ( 01 é) : (2.3)
In terms of © and K one defines the covariantly holomorphic section VM = es QM , see
appendix A, which transforms under a Kéhler transformation (A.8), (A.9) through a U(1)
transformation (A.11).



A holomorphic function f;(z) and a constant symplectic matrix M[g] = (M[g]p/") are
associated with each element g of the identity-connected component Ggx of the isometry
group of Mgy such that, if g : 2 — 2" = 2/1(2):

Q) ="M T Q(2) & K(2,7)=K(22) - f,(2) - f,(2), (2.4)

where M—T = (M~HT. If {t,} are the infinitesimal generators of Gy and k, = ki (2)0; +
kL (2)0; the corresponding Killing vectors satisfying the closure conditions:

[taa tb] = fabc te, [kaa kb] = _fabc kca (2'5)
equations (2.4) imply:
laK = KLOK + k0K = —(fa + fa) (2.6)
(M = KL 9,0M = —t, M QN + fu(2)QM
VM = (Ko + K o)V = —t MV 4 Ja=Ja 5 f“ . (2.8)
where f, = 0;f k! and t,n" is the symplectic matrix representation of the generator ¢, on
covariant vectors: ta[NP(CM]p =0, (teOM = —t,nMQN,

Let us denote by P,(z,z) the momentum map corresponding to k,, defined as fol-
lows [21]:
ki =1ig7 0Py, ki =—ig" 0iPa, (2.9)

and satisfying, under general assumptions on Ggr [21],
. 7 1
19iy fa kljy] = _5 fabC (Pc - Cc) 5 (2.10)

where C. is constant vector in the adjoint of Ggx which can be reabsorbed by a redefinition
of P.. In what follows we shall make this redefinition: P, — C. — P..
Equations (2.9) are solved by (see appendix A):

Po = % (KK — K20,K) +Tm(f,) =
= i kLK i fo = —i KLOK — i fa, (2.11)
On the other hand, using (2.8) and (2.11) we find:
KUM= —t yMVN 4 ip, VM (2.12)

Contracting the above equation with CV and using the special geometry relations VI CV =
i, VICU; = 0, see appendix A, we find:

Po= VNtV = TVt VM, (2.13)

where we have defined t,na = tan? Cpar = tamN-
Let us now prove the general property [19, 40]:

tapnQMON =0, t,. (2.14)



This property immediately follows by contracting (2.12) with CQ and using the third
of (A.13), i.e. VI'CU; = 0, which implies

Qf'con=0. (2.15)

The geometry of the quaternionic Kahler manifold is briefly reviewed in appendix A where
the general properties of the quaternionic isometries ¢,, and their description in terms of
Killing vectors ky, and tri-holomorphic momentum maps P}, are recalled.

Symplectically-covariant gaugings of N/ = 2 supergravity. Let us now consider the
gauging of a subgroup G of the isometry group of the scalar manifold. The gauge generators
are conveniently written as components of an electric-magnetic vector Xp; = (X, X1),
according to the notation of [12] and expanded in the generators {t, t,,} of the isometry
groups of Mgk and Mgk through the embedding tensor:

X =00 %a +O0Ou b, . (2.16)

The symplectic electric-magnetic duality action of X, is described by the symplectic ma-
trices: Xyn? = On%ton? . Consistency of the gauging is guaranteed by the following set
of linear and quadratic constraints on the embedding tensor:

Xoune) = Xun9Copy = 0, (2.17)
O ON’ fur + Xun' ©p° =0, (2.18)
On"ON" frn® + Xnn" OpP = 0, (2.19)
C_)Ma(cMN@Nb — @Ma(cMN@Nn _ @Mm(cMN@Nn —0. ( )
Conditions (2.18), (2.19) are closure constraints, i.e. are equivalent to

X, Xn] = —Xun? Xp. (2.21)

The first two equalities in (2.20) follow from (2.17) and (2.18), (2.19) while the last one
has to be imposed independently [12]. We can define gauge Killing vectors and momentum
maps as follows:

Ky =Oum"ky, kir=Ou"ky, Pu=0Ou"P., Pi=0u"P. (2.22)

From the quadratic constraints and eqs. (2.10) and (A.47) we find the equivariance condi-
2

tions:
. i .7 1
igiz kin Koy = B Xun" Pp, (2.23)
2KZ, Ky kX + €V PY, Ph = Xun' PR, (2.24)
Using the linear constraint (2.17) on the embedding tensor we can prove the following
identities:
PuQM =0, kK,0M=0. (2.25)
2By setting the parameter A of the quaternionic geometry to A = —1.



The proof is presented in appendix B.

From (2.25) it also follows, as shown in appendix B, that the generalized structure
constants Xyt are antisymmetric in the first two indices only if contracted to the right
by ©p: XuntOp=—-XyvutOp. By virtue of this feature we find:

VM, UPOp = —XunE VM VNOp = Xy P VM VNOp = — VMR, T 0. (2.26)

The identities (2.25) and (2.26) were proven in the electric case in [21]. Here, for the first
time, we give a general, compact proof in local special geometry of their generalization to
a generic dyonic gauging, showing that they directly follow from the linear constraint on
the embedding tensor.

The general Ward identity. Consistency of N' = 2 supergravity is based on the su-
persymmetry Ward identity [22-24], which is required in order to cancel the terms in the
supersymmetry variation of the gauged Lagrangian, which are quadratic in the embedding
tensor. It expresses a relation between the fermion shift matrices and the scalar potential
V(z, Z,q) and has the following form:

9 WHACT 0 + 2N A N — 1257 Spe = 68 V(2. 2,q) (2.27)
where W*AC | N% S,p are the supersymmetry shift-matrices of the chiral gaugini A’, hy-
perini ¢* and gravitini ¢4 respectively, Who = (Wi BC)*, N4 = (NY), GA¢ = (Sac)*
being their complex conjugates:3

SOINA = Wi ABey (2.28)
54, = iSapYue?, (2.29)
5O = NGet, (2.30)

where 5§@) denotes the term in the supersymmetry transformation rule of the field which

is proportional to the embedding tensor. For their definition in the electric case we refer
to [20, 21]. In particular Sap also enters the Lagrangian as the gravitino mass matrix
whose eigenvalues on a bosonic background are the gravitino masses. Let us now prove the
Ward identity [22-24] for the generic dyonic gauging of N' = 2 supergravity. In this case the

fermion shifts have to be generalized to the following symplectically-invariant expressions:*
Sap = 5 (") a%ec PRV, (2.31)

WiAB — (AB k}\/l vM (O'I)CBGCA’P]Q\C/[ g”ﬁéw , (2.32)

No® = 22Ul ke, VM | Ny = (NJA) = =2 Uy kY VM (2.33)

3We use the following convention for rising and lowering symplectic indices:

B A _ BA
va =eapv®, v =Phup, v =Capr®, v =CPup.

“Note the relative sign between the two terms in W' 4% which corrects a typo in [20].



where (0%) , ¢ are the standard Pauli matrices. We shall evaluate each term in the left
hand side of (2.27) separately in appendix B. Explicit calculation gives, for the left hand
side of the Ward identity, the following decomposition in a singlet and a triplet of SU(2):

Gy WHACT L 4+ 2N AN — 125°  Spc = 68 V(2,2,q) +i 2% (6%) 5%, (2.34)
where
V(z, 7, q) = (Kiky gis + 4 huokigkS) VY VN 4 (UMN 3y My Yyprpr, - (2.35)

is the general symplectic invariant expression of the scalar potential given in [12] as a
generalization to dyonic gaugings of the one given in [20], and

7% = (=2Xpn " PE + 267 PY PE 4+ A KT kY k) VI VY (2.36)

From the equivariance condition (2.24) it follow that Z% = 0, so that the Ward identity is
proven.

Abelian gauging of quaternionic isometries. Let us now make contact with the
gauging considered in this paper which involves an abelian group of quaternionic isometries.
Being only quaternionic isometries gauged, the generalized structure constants vanish:
Xunt =0, so that (2.24) implies:

1
K kY kY = -3 eV PY P - (2.37)

Using this identity, it is easy to explicitly show that, in this case, the three fermion-shifts
all contribute to Z* and that they cancel against one another:

Gig WA 3 — —e™¥2 P%P]Z\,VMVN , (2.38)
2N AN — —2ev Py PRV YN (2.39)
—125% S0 — 3evEpt PRV VN (2.40)

We shall be interested, in what follows, in the limit of a gauged N' = 2 supergravity of
this kind to a rigid supersymmetric theory of n vector multiplets [1] (rigid limit), along the
lines of [6]. We wish here to make few general comments on the rigid limit of the Ward
identity (2.27) [5, 6, 39, 46]. This will be in fact a crucial point in our analysis.

The Ward identity of an N/ = 2 (abelian) rigid supersymmetric theory of n vector
multiplets is given by the general expression [5, 6, 39]:

o 13 ACTIS APT),  _
Gy WA 5o = sa VAL (2, 2) + O, (2.41)
here VIAET) (2, 2) s the A = 2 scal ial in th ly broken rigid th
where V);—," (2, 2) is the N = 2 scalar potential in the spontaneously broken rigid theory,
which reproduces the APT one in the one-vector case, Cp? is a su(2)-traceless matrix, Gi7
is the metric of the rigid special Kihler manifold describing the scalar fields 2° in the vector
multiplets and W*AC are the gaugini shift-matrices of the rigid theory.



As shown in [5, 6], partial breaking of rigid supersymmetry is possible only if Cp* # 0.
This happens in the presence of mutually non-local electric and magnetic Fayet-Iliopoulos
terms [5].

The symplectically-covariant relations (2.38), (2.39), (2.40) allow to clarify the meaning
of the matrix Cz* by relating the rigid Ward identity (2.41) to the supergravity one (2.27).
To this end let us rewrite the supergravity Ward identity in the form:

9 WHACT o = 68 V(2,2,q) — 2 NoA N + 1257 Sc, (2.42)
As we shall illustrate in detail in the next section, all squared fermion-shift matrices
in (2.42) survive in the rigid limit in which the Planck mass Mp; is sent to infinity. In
particular the left-hand-side of (2.42) reproduces that of (2.41), while the constant matrix

Cp? receives contribution from the terms in N4 N@ B, S ACSpo proportional to o, which
are given in (2.39), (2.40). More specifically we will find that:

M =M
A _ : Pl (_,; _zyz pY pz N x\y A
Cp M}l)lgOO A4 ( i eV PYL PRV VT (0")B ) , (2.43)

where A is the supersymmetry-breaking scale. The same hyperini and gravitini shift-
matrices also contribute terms proportional to 5;‘ which affect the form of the scalar
potential in the resulting rigid theory. These terms are explicitly computed in (B.14)
and (B.15) so that we can identify:

PAPT) _

. M?Dl = U 7,V z pr M N
e lim —[V(z,z,q)—(4hw/<:MkN—377MPN)V vy . (2.44)

MPLA)OO A4
As we shall prove in the next section, in the rigid limit the leading order terms in © "V
are independent of 2%, 7', so that:

M4
VJ(\}L‘:;T) = lim —Z¢

pim e Pz 291+ Alg). (2.45)

Since the fluctuations of g* are suppressed by a factor M};ll, see section 5, in the rigid theory
the hyperscalars are non-dynamical, i.e. constants. As a consequence of this, the NV = 2
scalar potential of the rigid theory VJ(\’;‘:;T) is given by the rigid limit of the supergravity
potential ¥ modulo an unphysical additive constant. This was already observed in [6] for
the particular model considered there.

3 Generalization of the APT model to n vector multiplets

In this section we present an A/ = 2 supergravity model which, in the low energy limit,
gives rise to a rigid supersymmetric theory corresponding to the generalization of the APT
model [5] to a generic number n of vector multiplets. In particular, this procedure admits
a well defined limit to many-vector supersymmetric Born-Infeld theory.

The minimal underlying supergravity model, considered here, consists of N = 2
supergravity coupled to n vector multiplets and a single hypermultiplet, whose scalars
parametrize the quaternionic manifold

SO (4,1)

Mok = W (3.1)
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Following the procedure adopted in [6], let us consider a special geometry symplectic
section A( )
- X (2
M (1 _ _ L
Q (Z)_<FA(zi)> A=0,I, Ii=1,...,n, (3.2)
(where i are holomorphic-coordinate indices) in a symplectic frame where a holomorphic
prepotential exists. Using special coordinates 2% = 6§X 4 /X0, it takes the form:

F (XM = =i (X% f (X7/X0) (3.3)
so that, choosing X° = 1:
1
M _ 7
CUE 2 - sa) (3.4)
—i0; f

In particular the Kahler potential becomes
K=-In[i (X Fy — X F,)]
— _In [2(f+f) —(z—2) (aif—@)} .

In order to generalize the procedure in [6] to the case of n vector multiplets, we should
consider a rigid limit (u = Mp;/A — oo, where Mp; denotes the Planck scale and A the
supersymmetry breaking scale), leading to partial breaking N' =2 — N = 1 in a rigid
supersymmetric theory. A crucial point, in the derivation of [6], was the presence of a
linear term (in the holomorphic special coordinate z) in the expansion of the prepotential

f(z):i+2’1+(gij2) O(i”)' (3.5)

In the case of many vector multiplets, we shall adopt for the holomorphic prepotential a

f(2) in powers of %:

simple generalization of the above expression which involves a set of n constant parameters
n; and has the form

a1 om2t | e(zY) 1
f(z)—4—|—2u+2u2—|—0 ) (3.6)
Using the standard formula for the Kihler potential one derives, up to order p =3
o= mEra L ¢+ —(z—2) 90 =09 _ (m(Hz)i)Z (3.7)
I T 2 2 '
so that
L. 1 1,
9i7 = 8@—16 = Egij— = E N — 5 ((9,-j¢ + &-jqﬁ) , (3.8)

where g;; corresponds to the rigid special Kéhler metric. Let us note that the rigid special
Kéhler metric can be derived, in terms of the (rigid) Sp(2n)-symplectic section

AV G T . M=1,--,2n, 3.9
(81']:) (5(7%?7%]—3@)) (3.9)
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from the (rigid) prepotential

F = [(nizi)z — 2¢} . (3.10)

| .

Indeed, defining
E)i@]]:E 7'1,'](2’,5) —i—iTgm(Z,E) (3.11)
we find
Giz = 272i5(2, 2)
where g;7 is defined in equation (3.8).
The covariantly holomorphic symplectic section VM = ¢&/2QM has the following ex-
pansion

1— ﬁm (z + E)i + 0 (1/u2)
o =g (z+2) 2 +0(1/u?)
—i [% + 95 {mzi —ini(z + 5)1}] +0 (1/1?)
—ga1i + O (1/p?)

In this framework, the physical meaning of the constant parameters 7; appearing in the

(3.12)

symplectic section QM and in the metric g;7 of the rigid theory needs to be clarified. We will
see in section 4 that a natural interpretation of 7; can be given in supergravity, as charges
associated with the gauging procedure, by performing a different choice of symplectic frame.
Postponing this issue to next section, let us consider, for the time being, a gauging
of two translational isometries in the hypermultiplet sector involving both electric and
magnetic charges [10, 11]. This gauging can be described in terms of a (redundant) sym-
plectic vector of gauge generators X = (X, XA), expressed as linear combinations of the
isometry generators t,,, m = 1,...,dim @G, of the quaternionic Kahler manifold through an
embedding tensor [12, 18]:
Xuy=0u"tm. (3.13)

We choose the gauging only to involve two translational isometries t,, (m = 1,2) and the
embedding tensor to depend on constant charges e, o, m’ as follows

Oy' 6y” e/u® o/
0. = (0,1,0,2) = &12& -1 o o] (3.14)
ol @2 mi/p 0
satisfying the locality condition
cMNg,me =0. (3.15)

The embedded Killing vectors k;; = (kA“, kA “) are related to the geometrical ones
k' (m=1,...,dimG) generating the isometry group G of Mgx by:

byt =0,k v (3.16)

The fermion shifts 5§®), entering the supersymmetry transformation laws (2.28)—(2.30)
of the fermion fields, are written in terms of the embedding tensor in a symplectic covariant
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way in (2.31)-(2.33). To obtain their explicit form for the N' = 2 gauged supergravity under
consideration, we should set k‘}w = 0, since our gauging does not involve special Kéahler
isometries.

Denoting by ¢ and ¢ = {¢', ¢, ¢*} the four hyper-scalars in the solvable parametriza-
tion, the metric of the quaternionic Kahler manifold has the form:

1
ds* = 5 (dg® + > dq - dq) , (3.17)
and the corresponding vielbein U3, reads 6]:
« « u 1 afs . > = A
Ui = Uy, dg =—5¢ [dpdga +iefdq- 5" . (3.18)

The metric (3.17) is invariant under constant translation of the three axions: ¢ — ¢+ ¢.
We choose to gauge the two translations ¢, acting on ¢?, ¢>. The quaternionic momentum

maps P associated with translational isometries have the general form:5
Py = —k, wy (3.19)

where wj denotes the SU(2)-connection on Mgg. For the gauging under considera-
tion (3.14) which involves the two traslational isometries t,, the momentum maps can
be explicitly computed to be

Pr, = (P1,P3) = 0pe%,
with

,Pf = (07 L, O) €<p7 (320)
Py =(0,0,1)e”. (3.21)

Later, in section 4, the two hyperscalars ¢, ¢ will be dualized into antisymmetric tensor
fields By -

3.1 The rigid limit and partial supersymmetry breaking

The partial supersymmetry breaking is recovered considering the limit p = % — 00. We
will follow here the prescription in [6]. Later, in section 5, we will consider the low energy
limit of the Lagrangian starting from a different, u-dependent, symplectic frame of the
supergravity theory where the rigid limit of the symplectic structure is more transparent,
and which will require a different rescaling of the physical fields. To explicitly perform
the limit on the fermionic shifts (which are written in natural units ¢ = A = Mp; = 1)
we will first reintroduce the appropriate dependence on the Planck scale Mp; and on the
supersymmetry breaking scale A, due to the gauging, in the supergravity expressions.
Taking into account that the scale A is related to the gravitino mass via A2 = Mp; ms,

5For homogeneous quaternionic K#hler manifolds this relation holds only for those isometries whose
action on the coset representative does not imply a compensating transformation in the isotropy group, see
appendix A for a general proof. These include translational isometries.
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and that the Special-Kéhler sigma-model metric rescales according to (3.8), the canonically
normalized kinetic terms are recovered by the rescaling [6]:

H — Mpla?“, € — Mllgé26,
- —-1/2 o - «
Up = My, A= (MpA2) 7PN o MR
(3.22)

Using the rescaling of eq. (3.22) we find that in the rigid limit the shifts of the fermions read

6)\1'A _ iAZGCA

. i
g (e;f - lekmk "E) +-m' ‘T} (U"B)CB e’ep,

2
2 n
= ——5€BC [ew - iEJmJ x] (ax)AC e“"y“eB,
6C = N2 [ex - ’L%]m] x} (%) qePel, (3.23)

where we have used the following definitions

eI = (07 e’ U) = (07 em) b
m'* = (0,m",0) = (0,m"™), (3.24)

r __ T
e; =mne’.

As we will see in detail by the analysis of the lagrangian in the rigid limit in section 5, the
hypermultiplets decouple in the rigid theory so that ¢ becomes a constant and 6\ get
the characteristic form of the gaugino shifts in a rigid theory in the presence of electric-
magnetic Fayet-Iliopoulos parameters P*M = (mm, ef). The precise relation between the
momentum maps P*™ and the FI terms can be directly read from the gaugino shift:

L ¥ L ) . Y
0N Pi = [ (e = mpant ) + ' *] = UM (35)

where UM are related to the rigid symplectic sections introduced in (3.9) by UM = 9;QM.
We emphasize here that in this formulation of the rigid limit, the FI terms are expressed
not only in terms of the parameters e, o, m* defining the embedding tensor (the gauging
parameters), but also in terms of the parameters n; characterizing the special geometry
through the choice of the prepotential (3.6). We shall discuss in the next section a different
formulation in which the FI terms fully descend from the supergravity gauging parameters
codified in the embedding tensor.

For the case of one vector multiplet, n = 1, eq. (3.23) reproduces the results of [6]
leading to the APT model.

Partial supersymmetry breaking. Applying the general discussion at the end of sec-
tion 2, we find that the gaugino shifts in the rigid theory satisfy the rigid Ward identi-
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ties (2.41) where [39]:6

2¢
APT € _
VA — 5 Mz MV BB

1 )
Ot = e ¢ (07)p", € = SV PYBRCMY = evimbier (3.26)

In the rigid theory, as explained earlier, the hyperscalars are non-dynamical constants. In
particular the factor e2# can be absorbed in a redefinition of the FI terms. For this reason
we shall neglect it in the discussion below.

Partial supersymmetry breaking [1, 5-7, 23, 28, 35, 37, 38] in the rigid theory requires
5\ to vanish along a suitable direction in the supersymmetry parameter space. This
in turn implies that the 2 x 2 matrix on the left hand side of (2.41) should have, on the
vacuum defined by 2§, z}, one zero eigenvalue. As explained in [39], this condition can be
cast in the following symplectic invariant form for the scalar potential:

Vit (20, 20) = VI, (3.27)

where [, = 22:1 £P¢" is a quartic symplectic invariant defined in terms of the FI param-
eters. Being ngf‘i};T) positive definite, we can have partial supersymmetry breaking only if
Iy # 0, that is if €2 = €®¥*m¥Y%e? # 0, in which case eq. (3.27) would fix 2§, 2} in terms of

the FI parameters. In this case the effective A/ = 1 potential is
APT . APT _
V/Ef:l )(z, z) = V,/\(/’:2 )(z, zZ)— 14,

and the infra-red dynamics is captured by a multi-field Born-Infeld action, as shown in [4].
If £ = 0, condition (3.27) could only be satisfied if P§, = 0 or at the boundary of the
moduli space, in which case the vacuum would preserve the full N' = 2 supersymmetry. A
non-vanishing matrix C4 2, or equivalently £, is therefore a crucial ingredient in order to
have partial supersymmetry breaking in the rigid theory, thus evading previously stated
no-go theorems [8, 9.

Notice that partial supersymmetry breaking in the parent supergravity theory is a
more stringent condition: On a bosonic Minkowski vacuum it can occur only if the super-
symmetry transformations of all the fermionic fields vanish along a same spinorial direction
e, Since the eigenvalues of S AchC (which is proportional to N¢ NB) are:

i\ 2
e + (U:l: m;n > ] , (3.28)

partial supersymmetry breaking in the hidden sector (defined by the gravitational multiplet

e2p
Ay = —
Ty

and the hypermultiplet) can occur only if m?®, ey

in (3.24) are not generic but satisfy the
condition:
e=0; mm'=+20. (3.29)

SRecall that in the rigid special Kihler geormetry the matrix M is defined by the relation
UMY — 9,0Ma,0N §i7 — % (MMN B Z.(CMN) 7

and is positive definite.
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Therefore for generic m'?, e7, provided £ # 0, we can have partial supersymmetry break-
ing in the visible sector albeit all sypersymmetry is broken in the hidden one. An analogous
phenomenon was observed in [6] in one vector multiplet case.

As a final remark, the same multi-vector, U(1)"-rigid supersymmetric theory could be
obtained from an N = 2 supergravity with a more general quaternionic Kahler manifold,
including the vast class of manifolds in the image of the c-map [48]. In the latter case, the
gauging should involve abelian generators in the universal Heisenberg algebra of isometries
of these manifolds [15, 49-51].

4 Interpretation of the constant parameters n; as charges

As we have recalled in the previous section, partial supersymmetry breaking in rigid su-
persymmetry crucially requires the quantity £* in (3.26) to be different from zero

YV PYMPNC 4\ = €V mYle? £ 0, (4.1)

N |

£ =

)

where €7, m?* are given by (3.24). This relation looks like a non-locality condition. However,

the choice of embedding tensor (3.14) implies that the locality condition
oo CcMV = 20!l — ¢ (4.2)

is satisfied in the rigid theory so that, recalling the definition of the momentum maps
Piy = PrO%Y, the condition YEPYMPNC - = 0 is satisfied in the chosen frame.
This is not in contradiction with (4.1) since the Fayet-Iliopoulos parameters P%, of the
rigid theory are mot the simple restriction of the supergravity momentum maps to the
Sp(2n, R)-index M, but P}, and IP{ are rather related through (3.25), which non-trivially
involves the contribution from the index 0 of the symplectic section, keeping memory of the
graviphoton. Moreover, as emphasized earlier, egs. (3.8) and (3.9) show that the geometry
of the rigid theory in the chosen coordinate frame depends in a non-trivial way on the
constant parameters 7;, also appearing in (4.1) through the charges e = e¥n);.

As we are going to see, the embedding of the theory in supergravity allows to clarify
the topological role of all the constant parameters involved in the gauging, showing that
the n; required in the special geometry of the rigid theory in order to implement partial
supersymmetry breaking (with its BI low-energy limit) can be traded with charges via a
symplectic rotation involving a redefinition of the special coordinates in the underlying
supergravity theory.

Indeed, let us consider the (electric) symplectic transformation in supergravity:

Lni/p 0 0
0i1, 0 0

S(n,p) = 0 “0 T (4.3)
0 0 —n ply
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inducing the following rotation in the symplectic section (3.12):

X%+ %mXi X0

LB -

- 1xi X
0O=5.0= W — - . (4.4)

F() Foy

pk; —niFo F;

The new holomorphic prepotential is F(X) = F(X). Since the new special coordinates 3
are related to the old ones by

i
. 1 .
A —— —w', (4.5)
ptmniz o p

then the reduced prepotential f(2) is related to f(z) by (see (3.3)):

for = (1+ imzj>2f(z) (4.6)

that is
1 1 1

fo = (3+ 5000 +0( ) (4.7
where ¢(2) is related to ¢(z) by ¢(2) = ¢(z) — $(m:2")* = ®(w). We note that in the new
frame the contribution linear in Z has disappeared from (4.7) (to be compared with (3.6).).
Moreover, after the symplectic rotation, the covariantly holomorphic symplectic sections
VM = ¢50OM and []}M = D;VM can be written in a generic coordinate frame with holo-
morphic coordinates w’ and behave, in the rigid limit p — oo, as:

X0 0
~ 0 1| X7
PV (w) = PO o (1)
Fy o
0 F](w)
0
- 1| 9, x!
Gl =217y | Tow). (4.9)
O Fr
where QM = (X!, F}) (I = 1,---n) denotes the symplectic section or the rigid theory (in
special coordinates X! (w) = w', Fi(w) = gg)i). We observe that in the new frame the

symplectic structure Sp(2n + 2) of the supergravity theory flows in the rigid limit to a
manifest Sp(2n) structure. In particular, the 0-directions have a different p-rescaling with
respect to the M-directions. They are then directly associated with the Hodge-bundle of
the local special geometry (that is to the graviphoton direction) which is projected-out
in the low energy limit. Still, the special-geometry sigma-model metric in supergravity is
related to its counterpart g;; in the rigid limit by:

1,
gi; = Egija (4.10)
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while the relations of special geometry imply a low-energy rescaling of the vector-kinetic-
matrix AMjy corresponding to the following identification of the matrix My of the
rigid theory:
° ° 1 -
Noo =Noo, Nij=Nr;, Nor= ;/\/’01- (4.11)

The symplectic transformation (4.3) also acts on the embedding tensor (3.14) as

O = 0% - (5™ = :2 (™, —nie™, pim™, m"™) = :2 O (4.12)
where we have introduced the tensor @’A’}, whose components in the M directions will
define the FI parameters of the rigid theory.

In the new frame the parameters 7); play the role of charges, since (:);n = n;e"™ are the
electric charges associated with the vector multiplets and ©%" = p;m™ are the magnetic
charges associated with the graviphoton. Note that in the old frame both of them were zero.

As a consequence, the new embedding tensor (4.12) of the supergravity theory obeys
the same locality condition (3.15) as the old one, but now

- - U T 1 A
eMmeY =0 = O'm@Y = _gimeY = Emmz[me"} £0. (4.13)

Furthermore, as already observed, in the new frame the graviphoton is identified with
the 0 direction of the vector field strengths, which is not true in the old frame; we will
explicitly show this in the next section, see in particular eq. (5.9). Since in the rigid
limit the graviphoton decouples from the spectrum, we find that the rigid supersymmetric
theory found as low-energy limit of supergravity in the new frame exhibits a non-locality in
superspace, which means that, as we are going to discuss in the following, the non-locality
only affects the fermionic directions of superspace, while it does not emerge as a non-locality
on space-time. This clarifies the meaning of (4.1), as expressing indeed the non locality
of the rigid theory, when all the constant parameters needed for the partial breaking of
supersymmetry are expressed as electric and magnetic charges in the embedding tensor.
In what follows, for the sake of notational simplicity, we shall denote the embedding tensor
O in the new frame simply by ©.

Let us analyze the effects of the non-locality (4.13), which is intimately related to the
supersymmetric structure of the theory:

e Since the superspace non-locality of the rigid theory is related to the non-triviality of
the fiber bundle associated with the graviphoton in the rigid limit, the supergravity
modes associated with the underlying N = 2 supergravity theory (the gravitini and
hyperini, together with their bosonic partners) still freely propagate in the rigid
theory (see (3.23)) even if decoupled from the visible sector, as already observed
in [6]. This justifies the presence of the SU(2)-Lie algebra valued term C4” in the
supersymmetry Ward-identity of the spontaneously broken rigid theory, which is
understood as the contribution to the rigid Ward identity from gravitini and hyperini,
as explicitly shown in section 2.
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e It is known [10, 12, 14, 44] that, in the presence of magnetic charges m?”

in super-
symmetric theories, the natural symplectic frame to deal with them is rotated with
respect to the purely electric one, allowing for the presence of antisymmetric tensors
By yws coupled to the gauge fields AN in the combinations F! lﬁ\y =F }fy + 2mA”BnW
and realizing the so-called anti-Higgs mechanism for the gauge fields.” The N = 2
supersymmetric Free Differential Algebra in four dimensions contains in particular, in

the case where the antisymmetric tensors dualize scalars in the quaternionic sector®

FON = dAN 4 2m™ B, + (LM2)Ya A g € + hec) (4.14)
H = dB, + 5 Pi (0")aP 9" A A V" (4.15)

where LA are the upper-part of the special geometry symplectic sections V™ and P
are functions of the hyperscalars [11]. From (4.14) and (4.15) we get that the closure
of the free differential algebra requires

dFA = 0M (2H, — P2 (6™) AP Ayaop AV (4.16)

where we have identified m?” with ©A™. As discussed above, in the low energy
limit the hyperscalars are not suppressed but tend to constants, in such a way that
Oy PE(q) become constants © ;"% £ 0 whose restriction to the non-zero indices
Om"PE yield the FI parameters. Then, from eq. (4.16), taking into account the
decoupling of the tensor fields, the closure of the supersymmetric free differential
algebra gives

dF! oc i®1MPE (6%) ABPA A ygpp AVE4 - #£0. (4.17)

As previously discussed this equation is the superspace counterpart of the fact that
on space-time the commutator of two supersymmetries acts on the gauge field Aﬁ as
a gauge transformation proportional to the magnetic FI parameters, as stressed in
reference [28].”7

"The fermionic shifts, found in [6] and generalized to n vector multiplets in section 3.1 of the present
paper, are in fact naturally recovered in the symplectic frame where some of the hyper-scalars are dualized
to tensor fields, as one can explicitly check by comparison with section 3 of [10], and in particular eqs.
(3.13) - (3.15) there.

8In [25] the index I was used for our index n, to label the quaternionic scalars to be dualized into
antisymmetric tensors. Moreover the corresponding field strengths were defined as:

H® = dB, — wn aAZ 0" Ayatbs AV,

where wn a” = L wi kf (07)a”.

Taking into account that P = —wy, k,;, and that here k;. = §,;, the definition (4.15) follows.

“Recall that, according to (4.12), @™ = élm/MQ, so that one would expect that the right hand side
of (4.17) vanish in the rigid limit. However, in the same limit, the leading component of 14 along the
fermionic directions is Mp; df 4, so that

OT™PZ, (6%) AP Avathp AV = TP, (6®) AP d0™ Avadfs AV #£0.
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5 The rigid limit of the N=2 Lagrangian

In this section we want to recover the rigid limit of the N' = 2 supergravity lagrangian
corresponding to partial breaking of supersymmetry, and whose gauge structure has been
discussed in the previous section.

We will work in the symplectic frame defined in section 4, where the gauging structure
of the theory is unveiled and shown to involve the presence of magnetic charges (and where
it is not necessary to rely on a particular choice of coordinates in the special-geometry
sigma-model). According to this, the natural framework to perform the limit is the version
of the lagrangian where some of the scalars of the hypermultiplets are Hodge-dualized to
antisymmetric tensors B,,,,, [10-12, 14, 44]. We will then refer to the lagrangian in [11].

In order to perform the rigid limit, it is convenient to reintroduce in the lagrangian,
which is usually written in natural units ¢ = A = 1, but with also Mp; = 1, the appropriate
scale dimensions, as anticipated in section 3.1. This will be performed in two steps: We
will first explicitly write the correct Planck-mass dependence of the physical fields in the
supergravity lagrangian and then, after considering the low energy (1 — oo) behavior of
the special-geometry sigma-model sector, we will get the appropriate redefinitions of the
physical fields appearing in the rigid supersymmetric theory.

e The canonical scale dimensions of the fields of the theory in natural units c=h =1
are:

[da*) =M~ (B =M, [d6"] =[] =
[Aﬁ] = [B;zw] - M’ [z%can.)] - [quccm.)] -

while the embedding tensor is dimensionless. Since the scalars 2%, ¢" appear in the
theory through non-linear sigma-models, we will keep them dimensionless (that is we

will consider z* = Zécan.)/Mpl, = q%tcan')/Mpl).

According with this prescription, the supergravity lagrangian can be organized in
terms of Planck-scale powers and reads, up to four fermions terms:

L= Ly + Ly +Lay + Loy + Ly (5.1)
where
Ly = MpV(2,9) (52)
L) = Mg, <]§ + 91702 0,7 + huvauquauqv) (5:3)
Lyy = Mp {ig [zﬂm‘,,mA;”auqu ~ 2B, O " (Ji“pAU — Mp© A”Bn\pg)} +

+ (2SaBY A VE + gy WAB N,y + 2iN 2y,
F MO0l + MECaNB + MiajpNANE + h.c.> } (5.4)
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Loy = i (Nas B F75 = Ny A5 ) s GM™ Hiyy M1 +
6uu)\a B B ; .y . B i
NE (¢£7Vp14\)\0' - ¢A|M%pfa) - 5gij ()\ A'Y”Vu)‘gq + )‘ZAWMVMA A) +
—i (CYMV Co + GV i) +
—gis0u " (PANA = XA 4, b)) —2USADuq" (W4 Ca—Cay v +hc.)
(5.5)

i : e 1 it s
Loy = Mpll{fWAIAz [szAM/)ByﬁAB_ZMsz Uy WéGABJriVif]Z)\ZAV“ MBe,pt

+

—foaw”gﬂcaﬁ} + h.c. +

oMM e [u;‘a (3it ApTvpCa + BapCa) +iA,2 gm,wpga} } , (5.6)

where hy,, Al', M™" are the components of the quaternionic metric after dualizition
of the scalars ¢" to antisymmetric tensors By, ]:'!/L\l, = f;}u + 2Mpy @Ambm are
the gauge field-strengths undergoing the anti-Higgs mechanism introduced in (4.14)
(in our case ©A™ = mAm = ﬁmmim), ]:MiVA = %(fli\yzt%ew,pg]:/x"") denotes
projection on (anti)self-dual part. For the definition of the mass-matrices we re-
fer to [20] and [11]. We will present their symplectic-covariant generalization, to-
gether with their relation with the quantities appearing in the rigid theory, in
egs. (5.14), (5.15), (5.16) below.

To perform the rigid limit % = i — oo of the lagrangian, where A denotes the scale

of supersymmetry breaking defining the gauging, we should first consider the limit of
the kinetic terms for the various fields which should appear in the rigid lagrangian.
This will define the relation between supergravity fields and their rigid counterparts.
We will generally identify the fields of the rigid supersymmetric theory with an upper
ring, to distinguish them from the supergravity fields.

According to the discussion in section 4, the special-Kéhler metric rescales, for p —
00, as (4.10), so that the kinetic terms of scalars and spinors in the vector multiplets
in the rigid limit read (from (5.3) and (5.5):

1. A A - ,

b [szgla“zzauzj -3 (N AN N, + AJAW”VM)\’A)}
This implies that the gaugini and of the rigid theory should be related to their
supegravity relatives as:

XA = )4 (5.7)

p
while the holomorphic scalars should not be rescaled (2! = 2%), so that

Lrig="""Gij [A23“§i8“§] — % ();\iA*y“V“j\f:l + )F\QVMVHS\"A)} +---

Furthermore, the components of the gauge kinetic matrix Ny rescale as (4.11) so
that the gauge kinetic term reads, at low energies:

o o 2.
Ing FO PRI = Joo FO FOW 4 [ L R ;IOIFSVFI L O/ u?)
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where we defined Iy = Im(MNy). This implies that no redefinition of the gauge
vectors should should be applied:

Al = Al (5.8)

and that the interaction term between FO and F! goes to zero in the limit.
Given (4.8), (4.9), (4.12) and (5.8), we can then identify the low energy limit of the
self-dual components of the graviphoton 7, and of the matter vectors G;l’, We find:

o oo 1
T,, = L F,” — IooXF,0 + O (u) (5.9)
7 B 4 o oro 1

showing that, in the rigid limit, the gauge-index 0 corresponds to the graviphoton
direction, while the gauge-index I to the matter-vectors directions.

The rescalings of the fermion shifts and spinor mass matrices follow from the low
energy limit of the symplectic sections and embedding tensor discussed in section 4.
They are:!°

1
Wz AB Wz AB ’ (511)
ol
1
Sap = ESAB : (5.12)
1 o
1 -
M = YSAUBB e 5O 7V VMY = ?Maﬁ, (5.14)
o = —AUR, 0, kL UM = ;M1B7 (5.15)
— mpx 1 .-
Miajp = (026 ") 5 OV PEVUM = Mz (5.16)

Consequently, the scalar potential rescales, for u — oo, as V = %V

The various contributions to the lagrangian (5.1), when written in terms of the

9The matrices (5.11)-(5.16) are related to one another by differential “gradient-flow” equations [25].
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rescaled fields, read:

Ly =A"V(z,q) (5.17)
R e
L) = M3, (—2 + huvauq“(‘)“q”) + A%g@“é’@ﬂj (5.18)
ehrpe m u 2 N\ m A Mpy ¢ An
= Mpy { F |:2Hm|VpUAu 8,uq - EBmmV@A (Fpa - 7@ Bn|pa +
1 - co 137ABNT . o
+ 5 (28anii "ol + i W PNl + 22N:;‘< Yl +hie.) +
1 aBF o = \iB y YiA3jB
+o (M Calp + MEGCAB + h.c.) A (MiAjBA VB h.c.) .
(5.19)
Ly =1 (NAzf'_VAﬁ_E“” - NAzﬁjVAﬁ+E“”> + 6M ™ M H™P +

6,uy/\o B _ i ) o o . N
F (d}u 7VpA|/\0' ¢A|,u,’71110§o') - §gzj <)\ZA"YMV‘U‘>\;74 + A%'}’uvﬂ)\lA) +

—i (Ca uquoc + Ca’yuvuga) +
L. =7 (1 YA YiA v @ w (T =
~2 (0,7 («ij A_NiAu ¢Ay) thee] = UMD, q" (PHCo—Ca* P av+hec.)
(5.20)

_l’_

L= A_lf;ffou[ Vi f‘]A“‘ mAIBeap + h.c.] +
FMpH{ Fulloo 0[G40 P ea — Lt (o + hc] +
~Fod I |47 Xy wlge? + e
F2MTH TP [UnAa (i apyvpla + Vaula) +i0,5 g‘mm,pga} } . (5.21)

and it reduces, in the limit 4 — oo, to:

Ly = AV(z,q) (5.22)
Ly = My <—]; + huvauqua"q”> + A%G;;02"0, 7 (5.23)
Loy = zijTMpmmh,p‘,Amauq +A (/\ZiAjBiiAijB + h.c.) : (5.24)
Loy = i (Nas T F75 = Ny FEAF ) e 6M ™™ iy Mol +

+ S Fupane — aurords) — Sy (V99,3 + Fr,00) +

—i (Ca'yuv,uga + Ca'yuvuga) - QUSAa,uqu (&i(& - éa’YuV@Z}Ay + h.C.)
Ly =A1F, IIJ[ fJ)\ZA mWAIBe g+ h. c} : (5.26)

Note that the supergravity lagrangian reduces to an observable sector corresponding
to the rigid lagrangian of [5], undergoing spontaneous breaking to /' = 1 supersym-
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metry, plus an hidden sector, fully decoupled from the observable sector:

Lsugra — 'CAPT =+ *Chz'dden (527)

where!!

i
2
i (N1l F I — Ny P FH ) 4

Lapr = M40 20,5 = 500y (N0, + N 0,40 +
+ATY + A (/\;lz‘AjBiiA/O\jB + h.c.) T
o 11 _ aye, o
AT g |GV A P ean + e (5.28)

R e o
Lhidden = Mp, (—2 + huvauquauqv> + i (Noofwo]: O _/\/’00]-':”0_7+0W> +

eHvpo

—|—6anHm|quHn’uyp +2 = MPZHm|upUALn8uqu +
e,u,uka

\/jg (1;;1?’YVPA|)\J - &A\u’ﬁpfa) —1 (EQVMVMCa + EQV#VMCQ) +

—2U340,uq" (V4 Ca — CaV"ay + h.c.) (5.29)

_l’_

Note that in the low energy limit the space-time metric, the graviphoton, the anti-
symmetric tensors and the scalars of the hypermultiplet sector, together with their
fermionic super partners obey the field equations of free waves not interacting with
the rest. In particular, the metric should be chosen as a constant background and
the hyperscalars set to constant values.

6 Conclusions and outlook

In this paper we have investigated the supergravity origin of a U(1)™, rigid, partially-broken
N = 2 supersymmetric theory whose infra-red limit is described by the multi-field BI ac-
tion of [4]. The high-energy supergravity is characterized by a wvisible sector described by
the n vector multiplets surviving the rigid limit, and by a hidden one consisting of the
gravitational multiplet and by a hypermultiplet, which decouple as the Planck mass is sent
to infinity. This model also features a dyonic gauging of two translational quaternionic
isometries which, for suitable choices of the embedding tensor, allows for a spontaneous
partial supersymmetry breaking. In this parent gauged supergravity we have devised a
symplectic frame in which the electric and magnetic FI terms of the resulting rigid theory
directly descend from the embedding tensor defining the dyonic gauging. The mutual non-
locality of the electric and magnetic FI terms, which is essential for the partial breaking
of rigid N' = 2 supersymmetry, is shown to be related, by the locality condition on the su-
pergravity embedding tensor, to a the simultaneous presence of both electric and magnetic
charges for the graviphoton.

1 As observed in section 2, the scalar potential of the APT-model differs from V for an additive term,
function of the hyperscalars only.
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It would be interesting to extend this analysis to allow for the presence of hypermulti-
plets in the rigid model. An other direction of further investigation would be the extension
of the rigid limit studied in the present work to spontanously broken A > 2 supergravities
which could allow to derive from them, in a suitable limit, the multi-field BI theory of [4].
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A Special Kahler and quaternionic Kahler manifolds

Special Kihler manifolds. A special Ké&hler manifold [20, 21, 30, 31] Mg is a Hodge-
Kahler manifold endowed with a flat, symplectic, holomorphic bundle satisfying certain
defining properties. If Q(z) = (2M(z)) denotes a section of the holomorphic bundle,

M =1,...,2n 4 2, in some local trivialization:
XA (2)
Q(z) = , A=0,...,n, Al

then in the same patch the Kéhler potential reads:
K(z,2) = —logli Q(2)TCQ(2)], (A.2)

where C = (Cpsy) is the Sp(2(n + 1), R)-invariant matrix;

(01
c= (_1 0) . (a3)

As in all Kihler manifolds the metric has the form:
giy = 005K, (A.4)

so that the Kahler 2-form
K =igzd2' NdZ, (A.5)

is closed: dK = 0 so that, in the given patch,
K =dQ (A.6)

where @ is the U(1) Kéhler connection 1-form

Q= —% [(%IC dz' — c.c.] (A7)
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The transition functions connecting overlapping coordinate patches Uy, Urmy on Mg,
act on €(z) as follows:

m,n =T
Q(m) = ef( m) M(m,n Q(n) 5 (A8)

)
where fmn) = fnn)(2) is a holomorphic function and M, 5y is a constant Sp(2(n + 1),R)
matrix. The corresponding action on K amounts to a Kéhler transformation:

K@ =K@ = fan = fan - (A.9)

We can define a covariantly holomorphic section V(z, z) as follows:

A K
V(z,2) = (VM(z,2)) = (J\ZJ =5 0. (A.10)

The action of the transition functions on V' amount to a constant symplectic transformation
combined with a U(1)-phase related to the Kéhler transformation:

Vi) = e'™Vaa) ML V) (A.11)

(m,n)
We define the following U(1)-covariant derivatives on V:

oK
2

Ui:DiV5<8i+ >V, DZVE<85—8;IC>V:O, (A.12)

the last equality follows from the definition (A.10) of V' and implies that V is covariantly
holomorphic. From the definition of V and (A.2) it follows that VI CV = i.

In a special Kéahler manifold the section V and its covariant derivative U; need to
satisfy the following properties:

oK

Din = ain‘FT Uj—Ffj Uk = ZC’L]k‘ ng UE s Din = gijV, VT(CUi = 0, VTCU]; = 0,
(A.13)
the last equality being a consequence of VI CV = i.
Using V' and its covariant derivatives, we can construct the following matrix:
L(z,2)My = (VM &/TY, VY, e/ UM), (A.14)

where e’ are the inverse vielbein matrices Gi5 = Y 11 e;! éjj ,and N is a holonomy group
index. Egs. (A.13) imply the following property of L [52]:

LICL = @, (A.15)

. ({1 0
w=—i (O _1> . (A.16)

If we change the complex index NN into a real one by means of the Cayley matrix A, thus

where

defining:

B _ 1 (11
Lsp, =LA , A:ﬁ<1 _Z_1>, (A.17)
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eq. (A.15) expresses the condition that the real matrix LLg, be symplectic since @ = ACAT.
As a consequence of this also Lgp is symplectic and this implies an other set of identities
which can be cast in the following compact form:

LwlL! =C. (A.18)

In terms of L we define the following symmetric, negative-definite, symplectic matrix which
encodes all information about the coupling of the vector fields to the scalars:

M(z,2) = (Muyn) = CLLIC = M(z,2)7,
MCM = C. (A.19)

Under an isometry transformation g : z — 2’ in Ggg, using (2.4), we find that M trans-
forms linearly:

M(z,2) = M(Z,Z) =M[g]T M(z,z)M][g]. (A.20)

From the above properties of V' and U; we find the following general symplectic covariant
relation: 1 :
UMN = gTUMUN = S MMN %(CMN My, (A.21)

where MMN are the components of M~! = —LLT.
If k, is the Killing vector defining an infinitesimal isometry, invariance of the Kéahler
form K, ¢, K = 0, implies:

(oK = d(1eK) =0 = 1,K = —dP,, (A.22)

where ¢, denotes the contraction of K with k,. The last equation defines the momentum
maps and is equivalent to egs. (2.9).
The Killing vectors satisfy the Poisson-bracket relation:

. i 7 - k7 1 1 c
K (ka, ky) = igi ki, k) = g9, POk Py = 3 Pas Po} = =5 fauPe (A.23)

where the last equality was proven in [21].
Finally let us prove equation (2.11). To this aim, let us invert the metric in one of
eq.s (2.9):
giskl, =i 0;Pa, (A.24)
and use (A.4). Recalling the general condition on Kihler-manifold isometries 9; k% (z) = 0,
we find:
0;(k: 9:K) = i 0;P,, (A.25)
which implies
koK =i Py + C(2). (A.26)
This would reproduce (2.11) if C(z) = f(z). To fix the holomorphic function C(z), it is
sufficient to consider the holomorphic derivative of (2.6), which implies:

gizks + 0;(ke0iK) = —9; fa (A.27)
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that is, using (2.9):
— i 0Py + 0;(kLO:K) = —0; fs . (A.28)

By inserting now (A.26) in (A.28), one finally finds the identification C(z) = f(z), modulo
an additive constant that, as discussed in section 2, can be absorbed in the definition of P,.

Quaternionic Kahler manifolds. Here we briefly recall the definition of a quaternionic
Kahler manifold!2 Mok [25, 32-34] and fix the notations. Mg is a 4npy-dimensional real,
Riemannian manifold with holonomy group:

H=SU(2) xH , H CSp(2ng,R), (A.29)

where SU(2), together with the group U(1) of Kéhler transformations in the holonomy
group of Mgy, define the U(2) R-symmetry group of the supersymmetry algebra.

The positive definite metric is denoted by hy,(q), where ¢* are the coordinates de-
scribing the scalar fields of the hypermultiplets. The action of the SU(2) generators on the
tangent space defines three complex structures J*%,, x = 1, 2, 3, satisfying the quaternionic
algebra:

JEJY = =6 4 €"YF JF. (A.30)
In terms of this quaternionic structure, a triplet of hyper-Kéahler 2-forms are defined:
K* =K, dq" Ndq" , K, = hywJ""y. (A.31)
The above definition and eq. (A.30) imply the following relation:

KT W KY, = —6% hy, + €7 K7

uv

(A.32)

where, as usual, h*? are the components of the inverse metric. One of the defining properties
of quaternionic Kéhler manifolds is that K* be covariantly constant with respect to the
SU(2)-connection w®:

VK* =dK* 4+ "W ANK*=0. (A.33)

In terms of the connection 1-forms w® we define the SU(2)-curvature Q*:
1
O = dw® + 56“” wY Aw®, (A.34)

The other defining property of a quaternionic Kahler manifold is that the hyper-Kéhler
2-forms be proportional to the SU(2)-curvature:

O = \K", (A.35)

where X is a real coefficient depending on the normalization of the metric. Choosing
the standard normalization of the kinetic term for the hyperscalars ¢* amounts to fixing

12We shall be interested in non-compact quaternionic Kéhler manifolds with negative curvature as only
these are relevant to supergravity.
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A = —1. The above equation is consistent with (A.33) by virtue of the covariant constancy
of QF:
V' =dO" + e wy ANQF =0. (A.36)

Property (A.29) implies that we can define the vielbein 1-forms as follows:
UAY = YA~ dg* (A.37)

where A = 1,2 is the SU(2)-doublet index labeling the supersymmetries and « = 1,...,2ng
labels the fundamental representation of Sp(2ng, R). In this basis the rigid tangent space
index u is a composite one u = (A, o) and the rigid metric is nuv = €4Cqp, where Cpp is
the Sp(2ny, R)-invariant matrix, so that:

UUBP e 45 Cop = - (A.38)
These 1-forms satisfy the following relations which we shall need in our discussion:

Une = (U)* = e4pCopUUP?,
1 i
UpouUP* = 5 N 5 Ko (0) 4B, (A.39)
where the relative sign between the two terms on the right hand side of last equation is

fixed by (A.32). Moreover the vielbein 1-forms are covariantly constant, namely the satisfy
the condition:

VUA = U+ L (07) 5w AUPY S AT AUATC =0, (A.40)

where A = AP denote the H' C Sp(2ny, R)-connection 1-forms.

The Riemann tensor of a quaternionic manifold has the general form:

1
5 (Jx)AB Qfs Z’[zfmuBa\v + Ra,@hﬁs u{:‘auﬁ

Ruv|ts - 2

(A.41)

v

Rop denotes instead the H' C Sp(2ng, R)-curvature, defined in terms of the connection
one-form A®? as follows
Rap = dAY + C5A%7 A A% (A.42)

Consider now infinitesimal isometries generated by t,,, whose action on the scalar fields
is described by Killing vectors ky, = k% 0,. They close the isometry algebra:

[tma tn] = fmnp tp y [km, kn] - _fmnp k’p, (A.43)
and leave the 4-form Ei:l K* A K* invariant [21]. This condition amounts to requiring:
U, K* = e KYW], (A.44)

where W7 is an SU(2)-compensator. Equation (A.44) is solved by writing the Killing
vectors k, in terms of tri-holomorphic momentum maps Py as follows [21]:

1nK® = —VPE = —(dP2 + €V PY), (A.45)
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provided
P2 = A" — W) = W2 — 1,0°, (A.46)

where we have used A = —1. The above equation was derived in [34], see also [21]. For
those isometries with vanishing compensator, W7 = 0, the momentum maps have the
simple expression: Py, = —k} wy.

Just has for the special Kéhler manifolds, (see equation (A.23)), the momentum maps
satisfy Poisson brackets described by the following equivariance condition:

2 Ky k4 kY, — N2 PYPE = — fr P PE (A.47)

For homogeneous symmetric manifolds &,, and P;; can be given a simple geometric charac-
terization. Indeed if Mgy has the general form:
Gk

where Gy, is the isometry group, denoting by gg and $) the Lie algebras of Gy, and H,
respectively, we can write the Cartan decomposition of g, into compact and non-compact

generators:

gk = H D R, (A.49)
where [$), H] C 9, [9, K] C R and [], 8] C H (symmetry). The coset space 8 is generated
by a basis of non-compact generators Ky, u =1,...,4nyg be the rigid tangent space index.

The generators of H split into the generators J* of SU(2) and Jug = Jg, of H', according
to the decomposition (A.29). The symmetry property of the manifold implies [R, K] C 9,
or, in components:

1
[Kua KV] = fuvx J* + §fuvaﬁ Jaﬁ . (A5O)
We can normalize the generators so that the Cartan-Killing form (, ) of gy is
(Ku, Ky) =0uv , (J*, JY) = —=0", (Jag, Jy5) = =2 CavCs)s - (A.51)

The vielbein and connections are, as usual, defined by decomposing the left invariant one-
form in components along K and $:

1 1
I=L"Y"L=V"K,+ ST 5A“ﬁ Jug s (A.52)
where L is the coset representative in some representation of G, so that
VU= (K, ), w*=-2(J%T), A% =(J* T). (A.53)

From the Maurer-Cartan equations dI' + ' AT' = 0 we can read off the expression for the

curvature and the 2-forms K?%:
1
0" = dw® + 56’”3’2 W AW = —fu VUEAVY = - K%, (A.54)

where we have used (A.50) and (A.35) with A = —1. From this we derive the holonomic
components of K%:
quy = fuvauu VoV (A.55)
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We can give the following useful characterization of the Killing vector k, and the momentum

map P associated with the isometry generator ¢,, € gq:

1 1
L%, L=k V," Ky — SPa "+ 52% Jog - (A.56)
We prove below that k,, and P¥ defined in (A.56) do satisfy (A.45). From (A.55) and (A.52)
we find:

kY K =2 fu " KUV, B VY = —2([L7 ', L, L7, L], J®) 4 "% PYw? . (A.57)
Now let us evaluate VP

V,P% = 0,P% + €W*wY P? = 2(90, L t,L + L™1,0,L, J) + €¥*w¥ P? =
= 2([L7 YL, L7, L], J%) + €®¥3wY PZ = —2k* K*

uv

(A.58)

where in the last equality we have used (A.57).

Let us now prove (A.46). From basic coset geometry we know that the left action of an
isometry on the coset representative L yields L computed in the transformed point, mul-
tiplied to the right by a compensator in H. For an infinitesimal isometry this is expressed
by the property:

tn L =k, O,L+LW,. (A.59)

where W,, € § is the infinitesimal generator of the compensating transformation, which
can be expanded as follows

1 1
Wi = =5 WiJ” + §W§‘B Jug - (A.60)
Multiplying (A.59) to the left by L~! we find:

1 1 1 1
LML=k Ty + W, = kY V," Ky + Shnws I+ Sk w2 Jop — S Wi+ §W5‘5 Jug -

(A.61)
Comparing the above expansion with (A.56) we find:
Py =W7 —kjwy, (A.62)

which is (A.46). Equations (A.46) and (A.45) then imply (A.44).

Consider now a solvable (or Iwasawa) parametrization of the coset for which we describe
the quaternionic Kéhler manifold as globally isometric to a solvable Lie group generated
by a solvable Lie algebra Solv [41, 42]:

Mo ~ exp (Solv) . (A.63)
The coset representative is then an element of exp (Solv):

L(q) = 7" T ¢ exp (Solv), (A.64)

— 31 —



where T), are the generators of Solv. Being L(q) an element of a group, the action on it of
any other element of the same group has no compensating transformation:

Vg € exp (Solv) : gL(q) = L(¢) . (A.65)
Therefore for any t,, € Solv we have W, = 0, i.e.

Py =—k,w (A.66)

T
w

Transformations in exp(Solv) comprise translational isometries.

B Proofs of some symplectically-covariant relations on the gauging

Let us prove here the identities (2.25):

Py =0, K, QM =0. (B.1)
To prove the first one we write (2.13) for the gauge-momentum maps:

Pur = = Xanp @ QF. (B.2)

Contracting both sides with QM we find:
M K oM SNap _ N M@OP
Q PM = —e™ Q) XMNPQ O = 7(2 XNMPQ O = 0, (BS)

where we have used the linear constraint (2.17) and the symplectic property of the matrices
Xant:
2X(mup)n = —XNmp, (B.4)

being Xynp = XMNQ(CQP. Last equality in (B.3) then follows from (2.14).
Let us now prove the second of (B.1)

QM KL =i g7 QM 0Py = i g7 0;(M Par) =0, (B.5)

where we have used the first of (B.1).
From (B.1) we can deduce the following relations:

Di(VMPy) =0 = UMPy+VMOP=0 = UMPy +igyk,VM™=0. (B.6)
Contracting (2.12) with the embedding tensor we find:
ki UP = XN VN +ipy v7E. (B.7)
Contracting both sides with 7 and using the first of (B.1) we find:
VM, UP = — XN P 7MY (B.8)

Next we contract both sides with ©p, where Op can be either Op® or ©p™ and use the
quadratic constraints (2.21) which imply that the generalized structure constants Xprn®
are antisymmetric in the first two indices only if contracted to the right by ©p: Xy v Op =
—XnufOp. By virtue of this feature we find:

VM, UPOp = —Xun P VM VVOp = Xy P VY VVOp = —VMEL, T 0p.  (B.9)
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The general Ward identity. Let us now prove the Ward identity [22-24] for the generic
dyonic gauging of N' = 2 supergravity. We shall evaluate each term in the left hand side
of (2.27) separately. From the above definitions we find:

+(o%a¥) gt PEPLUMN (B-10)

where UMV = UiN gijﬁj—v, see (A.21). On the right hand side of the above expression we
split the terms proportional to 0 from those proportional to (0%)p“ and use eq. (2.26) to
find:

WA bogis = 0 (KarkgsV VY + PEPRUMY) +i(0”) g (~2Xarn "V VPRt
+ esz}QPf\,U[MN}) . (B.11)
Now use egs. (A.21) and the locality constraint (2.20) to write:
P PRUMN = —% Py piCMN _py pr My N — _py pz IMyN (g9
so that we finally find:
WA pogi = 0 (KarkhgsV VY + PEPRUMY) +i(07) g (~2Xan "V VI Pp+
- e Py PV VY (B.13)
Let us now move to the evaluation of the square of the hyperini shifts:
INL AN A= SUNUy ok k3T VN =4 (§p g + (07) g KE)) KRSV VY. (B.14)
where we have used eq. (A.39). Finally let us compute the square of the gravitini shifts:

—125% Spe=—3(0"0¥) g2 Py, PLVMTV N = 3Pz, pryMTY 4 3iervept PR VN (07) g4,
(B.15)

We can now compute the left hand side of the Ward identity:

G WHACT e + 2N AN — 1257 Spe = 04V (2, 2,q) +i 2% (6%)57*,  (B.16)
where

V(2 2,q) = (Kirkhgiy + 4 huokli k3 VY VN 4 (UMN —3vMyNypepr, - (B.1T)

is the general symplectic invariant expression of the scalar potential given in [12] as a
generalization to dyonic gaugings of the one given in [20], and

7% = (=2Xyn" PE + 262 PY,Ph + A KT kY KOV VY (B.18)

From the equivariance condition (2.24) it follow that Z% = 0, so that the Ward identity is
proven.
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C Rescalings

Let us summarize here the relation between the couplings and fields of the rigid-
supersymmetric thery, identified with an upper ring, and the corresponding supergravity
fields. We find that the resscaling only affects the vector-multiplet sector, and in particular
the gaugini:
jia = Ly (C.1)
1
the special geometry sector, in a generic coordinate frame:

X0 0
0 1| X1(z,2)
VM= = ’ O (1/1?) ; C.2
P Il I IR O (C2)
0 F](Z,E)
0
~ 1| oxT=f!
oM == Il vo (1/p?) , (C.3)
I 0
OiF1 = hy;
from which we get, in the limit p — oo:
— L Cijr — ! C
Gi7 — —=Gir = — Ol
AR ij 21
1 -
Rizir — ERiij
. o . 1 o
[l — Tl Q %EQ,
together with the embedding tensor:
1 -
O = — O - (C.4)
I
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