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ABSTRACT

The aero-thermo-elastic analysis of functionally
graded material is presented in this paper. A unified
approach based on the Carrera unified formulatin has
been used to derive the model using a compact no-
tation. Refined two-dimensional theories have been
used as structural model while the piston theory has
been used to evaluate the aerodynamic forces, there-
fore only supersonic velocities have been considered.
The in-plane normal stresse due to the thermal load
have been included in the analysis. The present
model has been used to analyze FGM panel con-
sidering different boundary conditions and material
configurations. The model is able to investigate both
panel flutter and thermal buckling instabilities. The
results, compared with those from literature, confirm
the ccuracy of the model. The instability boundaries
of different FGM panel have been investigated and
compared.

Key words: Panel Flutter, FGM, Aero-thermo-
elasticity.

1. INTRODUCTION

Panel flutter is an aeroelastic phenomenon that
can cause failure of panels of wings, fuselages and
missiles. It happens mostly at supersonic regime
even though it can be observed in subsonic ranges.
The panel flutter phenomena may appear in space
structures during the coasting phase. Some non-
destructive aeroelastic phenomena were detected on
Saturn V rockets, and analytical and experimental
test was carried out as shown by Nichols [1]. The
new launchers generation requires the use of ther-
mal protections able to preserve the structural in-
tegrity during the coasting phase when the struc-
tures are subject to thermal, mechanical and aero-
dynamic loads. Some numerical and experimental
investigations on the aeroelastic response of thermal

insulation panels were performed during the Future
Launchers Preparatory Program, FLPP, promoted
by the Europe Space Agency, ESA. The results,
[2, 3], show that the design of such structure has to
include the aeroelastic behaviour because panel flut-
ter may occur during the atmospheric flight of space-
craft. The work by Carrera and Zappino[4] present
a numerical approach to the solution of this problem
using a refined beam model. The introduction of ad-
vanced materials, such as the Functionally Graded
Material (FGM), allows the requirements of mechan-
ical strength and thermal protection to be fulfilled.
The thermo-mechanical properties of the FGM are
variable through the thickness without discontinuity
such as in the composite or sandwich materials. The
analysis of FGM panels requires the use of advanced
structural models [5, 6, 7] because they take into ac-
count the deformation through the thickness of the
panel while classical model neglect it. In this work,
the aero-thermo-mechanical analysis of FGM panels
is performed by using a refined shell theory [7, 8].
Both the structural model, including the thermal ef-
fects, and the aerodynamic model, based on the pis-
ton theory [9] in its linear formulation, are derived
in the framework of the Carrera Unified Formulation
CUF [10]. Equivalent Single Layer (ESL) and Layer
Wise (LW) models are considered. The effects of the
thermal load and the influence of the FGM prop-
erties on the aeroelastic instability are investigated.
Only supersonic regimes are considered in accord-
ing with the Piston theory assumptions. The results
show that the thermal loads can deeply afflict the
aeroelastic behaviour of the panel. The use of the
refined shell elements appears to be mandatory for
the analysis of such structures.

2. AERO-THERMO-ELASTIC MODEL

The aero-thermo-elastic model used in the present
paper can be written in its general formulation us-
ingthe Principle of Virtual Displacements, PVD:

δLint + δLine + δLσT = δLext (1)



where: Lint is the internal virtual work due to the
elastic forces, Line is the work due to the inertial
forces, and Lext is the work due to the external
forces; δ denotes virtual variations. If none of the
external loads, except the aerodynamic forces, are
considered, the terms δLext can be written as δLa

where La stands for the work of the aerodynamic
loads.
LσT is the work done by the initial stress distribu-
tion due to the thermal load. If the FEM is used to
solve the problem, the virtual works can be written
in matrix form. Equation 1 therefore becomes:

([K] + [Ka] + [K
σ

T ]) {q}+
[Da] {q̇}+ [M ] {q̈} = 0 (2)

where [K] is the stiffness matrix, [M ] is the mass
matrix, [Ka] is the aerodynamic stiffness matrix and
[Da] is the aerodynamic damping matrix. [KσT ] is
the geometrical stiffness due ti the thermal load. The
structural damping and the flow inertia can be ne-
glected. Each of these matrices is derived in explicit
form in the following sections. The solution of Eq.2
in the frequency domain leads to the solution of a
Quadratic Eigenvalues Problem (QEP). The details
of the solution approach are herein omitted for the
sake of brevity, but can be found in the work by Car-
rera and Zappino [4].

2.1. Advanced plate elements

The refined plate model used in the present pa-
per is derived using the Carrera Unified Formula-
tion (CUF). when a two-dimensional formulation is
considered, a generic three-dimensional displacement
field can be expressed as a contribution on the ref-
erence surface and a contribution on the thickness.
The displacement field assumes the following for-
mula:

uk(x, y, z) = Fτ (z)u
k
τ (y, x) τ, s = 1, ..., N (3)

where (x, y, z) is the cartesian reference system and
k identifies the layer. Fτ is the so-called thickness
function which only depends on z, and it is used to
approximate the thickness deformation. The choice
of Fτ is discussed above, τ goes from 1 to N where
N is the number of terms in the expansion. The
function uk

τ (x, y) can be approximated with the FEM
method. If the shape functions are denoted with Ni,
the Equation 3 becomes:

uk(x, y, z) = Fτ (z)Ni(x, y)q
k
iτ (4)

τ = 1, ..., N ; i = 1, ..., Nn

where Nn is the number of nodes used in the finite
element formulation. The virtual variation of dis-
placement can be expressed as:

δuk(x, y, z) = Fs(z)Nj(x, y)δq
k
js (5)

s = 1, ..., N ; j = 1, ..., Nn (6)

The thickness functions (Fτ and Fs) and the Finite
element formulation (Ni and Nj) are discussed in the
following sections.

2.1.1. Thickness approximation (CUF)

Many different functions can be chosen to approxi-
mate the thickness deformation. Two different ap-
proaches are here dealt with: the Equivalent Single
Layer (ESL) and the Layer-Wise (LW) approxima-
tion.
In the case of Equivalent Single Layer (ESL) mod-
els, a Taylor expansion is employed as the thickness
functions:

Fτuτ =

N
∑

τ=1

zτ−1uτ−1 = z0u0 + z1u1 + . . .+

+ . . .+ zN−1uN−1 (7)

In the case of Layer-Wise (LW) models, the displace-
ment is defined at a k-layer level:

Fτu
k
τ = Ft u

k
t + Fb u

k
b + Fr uk

r uk
s ,

τ = t, b, r , r = 2, ..., N. (8)

Ft =
P0 + P1

2
, Fb =

P0 − P1

2
, Fr = Pr − Pr−2.

(9)
in which Pj = Pj(ζk) is the Legendre polynomial of
the j-order defined in the ζk-domain: −1 6 ζk 6 1.
The top (t) and bottom (b) values of the displace-
ments are used as unknown variables and the follow-
ing compatibility conditions can be imposed:

uk
t = uk+1

b , k = 1, Nl − 1. (10)

The LW models, with respect to the ESLs, allow the
zig-zag form of the displacement distribution in lay-
ered structures to be modelled. In this paper the
models based on the ESL approach will be indicated
using the acronym ESL − N where N is the num-
ber of terms of the expansion. The LW models will
be named using LW −N where N is the number of
terms of the expansion in each layer. As example, an
ESL2 model is a linear ELS model while and LW3 is
a quadratic LW model.

2.1.2. FEM approximation

The FEM is used to approximate the solution over
the reference surface. It allows the unknowns uk

τ ,
introduced in equation 4, to be written as follows:

uk
τ (x, y) = Ni(x, y)q

k
iτ τ = 1, ..., N ; i = 1, ..., Nn,

where Ni are the FEM shape functions. The index
i denotes the node in which the function is centred.



In the case of a 9-node element, the shape functions
are written as:

N1 =
1

4

(

ξ2 − ξ
)(

η2 − η
)

N2 =
1

2

(

1− ξ2
)(

η2 − η
)

N3 =
1

4

(

ξ2 + ξ
)(

η2 − η
)

N4 =
1

2

(

ξ2 + ξ
)(

1− η2
)

N5 =
1

4

(

ξ2 + ξ
)(

η2 + η
)

N6 =
1

2

(

1− ξ2
)(

η2 + η
)

N7 =
1

4

(

ξ2 − ξ
)(

η2 + η
)

N8 =
1

2

(

ξ2 − ξ
)(

1− η2
)

N9 =
(

1− ξ2
)(

1− η2
)

(11)

The membrane and shear locking are here corrected
using the Mixed Interpolation of Tensorial Compo-
nents technique, MITC9. This approach allows the
strain components to be computed using an interpo-
lation of the strain over the element instead deriving
them directly from the displacements. The details
of the MITC9 approach are not reported for sake of
brevity, but can be found in the work by Cinefra et
al. [8]

2.1.3. Stress and strain formulation

The strain vector can be written as:

ε = (εxx εyy εxy εxz εyz εzz)
T (12)

It can be written in terms of displacements using the
relation:

ε = Du (13)

The matrix [D] contains the geometrical relations
between the displacements and the strains. In this
case, matrix D is also a function of the interpolation
functions introduced by the MITC9 technique. The
explicit form of matrix D can be found in the works
by Cinefra et al. [8], or in the book by Carrera et
al. [10]. The stress vector can be derived using the
constitutive equations,

σ = Ck(z)ε (14)

where Ck(z) is the matrix of the material coefficients
and σ is the stress vector,

σ = (σxx σyy σxy σxz σyz σzz)
T (15)

when FGM materials are considered the material co-
efficients must be considered variable through the
thickness in according with the FGM variation law.
in the next section the FGM properties will be dis-
cussed deeply.

2.1.4. Thermal stresses

The initial thermal stresses can be written as:

σθ
xx = λxx∆T ;σθ

yy = λyy∆T, (16)

Where ∆T is the temperature change. The coeffi-
cients λ can be obtained from the formulation:

[

σθ
xx

σθ
yy

]

=

[

C11 C12 C16

C21 C22 C26

]

[

αxx(z)
αyy(z)
αxy(z)

]

(17)

where α denotes the thermal expansion coefficients
that, when FGM materials are considered, must be
considered not constant through the thickness.

2.1.5. Elastic Work: Stiffness Matrix [K]

The internal work, δLint, can be expressed in terms
of elastic energy using the equations introduced in
the section above.

δLint =

∫

V

(δεTσ)dV =

= δqkT

τi

[

∫

V

DT
(

Ni(x, y)Fτ (z)I
)

Ck(z)

(

Nj(x, y)Fs(z)I
)

DdV
]

qk
sj

(18)

The variation of the internal work can be written,
in terms of the fundamental nucleus of the stiffness
matrix, as follows:

δLint = δqkT

τi k
kijτs

qk
sj (19)

where kkijτs is the stiffness matrix in the form of
the fundamental nucleus. The explicit forms of the
9 components of kkijτscan be found in the book by
Carrera et al. [10].

2.1.6. Inertial Work: Mass Matrix [M ]

The mass matrix formulation id derived from the
variation of the work made by the inertial forces:

δLine =

∫

V

δuk · ük · ρk(z)dV (20)

where the dot denotes derivatives with respect to
time and the double dot denotes acceleration. Af-
ter substitution of eq.5 in eq.20, one obtains:

δLine =δqkT

iτ

[

∫

V

(

Fτ (z)INi(x, y)ρ
k(z)

Nj(x, y)Fs(z)I
)

dV
]

q̈k
sj =

=δqkT

iτ mkijτsq̈k
sj

(21)



where mkijτs is the mass matrix, which is a function
of the shape functions Ni, Fτ and of the material
density ρk(z), which is not constant through the lay-
ers thickness.

2.1.7. Initial thermal stress [Kθ
σ]

The effects of the initial thermal stress can be in-
cluded in the analysis considering the work done by
the variation of the virtual non-linear strain, εnl,
given by the von Karman Formulation, with the ther-
mal initial stress, σθ.:

δLσθ =

∫

V

(δεxxnl
σθ
xx) + (δεyynl

σθ
yy)dV (22)

when only the in-plane stresses are considered, the
fundamental nucleus becomes:

δLσθ = δqiτ

[

∆T
∫

V

(

Fτ (z)INi,x(x, y)λ
k
xx(z)Nj,x(x, y)IFs(z)+

(

Fτ (z)INi,y(x, y)λ
k
yy(z)Nj,y(x, y)IFs(z)

)

dV
]

qsj =

= δqiτ∆Tk
σ

θ
kijτsqsj

(23)

Where k
σ

θ
kijτs is the fundamental nucleus of the

stiffness matrix due to the initial thermal stress.

2.2. Aerodynamic model

The aerodynamic model used in the present work is
based on the Piston Theory. This model was first
used in aeroelastic analysis by Ashley and Zartar-
ian [9]; it has an easy formulation and it provides
accurate results in the supersonic range, for Mach
numbers greater than 1.7. The piston theory as-
sumes that the flow on a panel is similar at a one-
dimensional flow in a channel (e.g. in a piston). The
flow velocity is assumed to be parallel to the sur-
face and the vertical velocity u̇z can therefore be ex-
pressed in two dimensional from as:

u̇z =
∂uz

∂t
± V∞

∂uz

∂x
(24)

There are two contributions: the former is due to
the vertical displacement, and the latter is due to
the surface slope. The sign of velocity V∞ depends
on its direction: it is positive if V∞ is in the positive
x − direction and negative if V∞ is in the negative
x−direction. The differential pressure across a panel
can therefore be expressed as:

∆p(α, t) =
2q

M

{∂uz

∂x
+

1

V∞

∂uz

∂t

}

. (25)

Eq.25 shows that the local differential pressure is a
function of the velocity of the normal displacement
and of the slope of the surface. A refined formu-
lation has been proposed by Krumhaar [11] for low
supersonic ranges:

∆p(y, t) =
2q√

M2 − 1

{∂uz

∂x
+

M2 − 2

M2 − 1

1

V∞

∂uz

∂t

}

(26)
It is easy to see that when the Mach number goes to
infinity, the eq.26 coincides with eq.25. In this work,
eq.26 is used to compute the virtual work related
to the aerodynamic forces. The differential pressure,
acting on the panel, given by eq.26, can be expressed
as the sum of two terms:

∆p(y, t) = ±A
∂uz

∂x
+B

∂uz

∂t
(27)

where:

A = ± 2q√
M2 − 1

; B =
2q√

M2 − 1

M2 − 2

M2 − 1

1

V∞

.

(28)

The first term, (±A
∂uz

∂α
), represents a contribu-

tion to the stiffness of the problem, and it is there-
fore called aerodynamic stiffness. The second term,

(B
∂uz

∂t
), depends on the vertical velocity and it may

be interpreted as a damping; it is therefore called
aerodynamic damping.

2.2.1. Aerodynamic Stiffness Matrix [Ka]

The aerodynamic stiffness matrix may be derived by
evaluating the work, δLaer, made by a differential
pressure, ∆p, due to the slope of the surface in the
flow direction.

δLA
aer =

∫

Λ

(δuk∆pA) dΛ (29)

where index A indicates that only the contribution of
the slope is considered, and Λ is the surface where the
pressure acts. Considering the formulation proposed
in eq.27, and introducing the displacement formu-
lation reported in eq.5, differential pressure can be
written as:

∆pA = A
∂uz

∂x
= A · I∆p

∂Ni

∂x
Fτ q

k
iτ (30)

where:

I∆p =

[

0 0 0
0 0 0
0 0 1

]

(31)

Since dΛ = dα · dβ, and substituting eq.30 in eq.29,
the virtual work of the differential pressure can be
written as:



δLA
aer = δqk

T

js

[

A
(

FsFτ

)

∫

Λ

Nj

∂Ni

∂x
I∆p dαdβ

]

qkiτ =

δqk
T

js k
kijτs
a qkiτ

(32)

where kkijτs
a is the aerodynamic stiffness matrix

which may be written in the form:

kkijτs
a =

2q√
M2 − 1

FτFs







0 0 0
0 0 0

0 0

∫

Λ

Nj

∂Ni

∂x
dxdy







(33)

2.2.2. Aerodynamic Damping Matrix [Da]

The aerodynamic damping matrix may be derived
by evaluating the work, δLaer, made by a differen-
tial pressure, ∆p, due to the vertical displacement
velocity of the surface.

δLB
aer =

∫

Λ

(δuk∆pB) dΛ (34)

where index B indicates that only the contribution
of the vertical displacement velocity is considered.
Considering the formulation proposed in eq.27 and
introducing the displacement formulation reported
in eq.5 , differential pressure can be written as:

∆pB = B
∂uk

z

∂t
= B · FτNiI∆p

∂qkiτ
∂t

(35)

δLB
aer = δqk

T

js

[

B
(

FτFs

)

∫

Λ

NiNjI∆p dαdβ

]

∂qkiτ
∂t

= δqk
T

js dkijτs
a

∂qkiτ
∂t

(36)

where Dijτs
a is the aerodynamic damping matrix

which may be written in the following form:

dkijτs
a =

2q√
M2 − 1

1

V∞

(M2 − 2

M2 − 1

)

∫

x

(

FτFs

)

dx







0 0 0
0 0 0

0 0

∫

Λ

NiNj dαdβ







(37)

3. NUMERICAL RESULTS

This section shows some results obtained using the
aero-thermo-elastic model introduced in the sections
above. Different FGM material are considered but
all of them are built using two materials, aluminium

Aluminium Alumina
E 70 380 Gpa
ν 0.3 0.3 -
ρ 2700 3940 Kg/m3

α 23×10−6 7.4×10−6 1/K

as metallic and alumina as ceramic, the mechanical
and thermal properties are reported in Table 3.

The volume fraction formulation used in the present
model is

Vc =

(

z

h
+

1

2

)ng

(38)

where ng is the volume fraction index. Figure 1 show
the behaviour of the parameter Vc for different values
of ng.

-0.4

-0.2

 0

 0.2

 0.4

 0  0.2  0.4  0.6  0.8  1

z/
h

Vc

n g
=0.2

n g
=0.5n g

=0.8n g
=1

n g
=1.25n g

=2

n g
=5

Figure 1. Volume fraction behaviour for different val-
ues of volume fraction index.

Three different analysis are performed. The thermo-
elastic and aero-elastic models have been assessed
comparing the critical instability temperatures and
the panel flutter speed with results from literature.
Finally the aero-thermo-elastic analysis of a FGM
plate is performed.

3.1. Thermo-Elastic model assessment

A simply supported panel is considered to assess the
thermo-elastic model. The geometry of the panel is
reported in 2.

0.002 [m]

1[m]

x

z

y

1[m]

Figure 2. Geometry of the simply supported pane



The FGMmixtures law considered in this assessment
is:

E(z) = (Ec − Em)Vc(z) + Em

α(z) = (αc − αm)V (z) + αm

ν(z) = ν0

where the subscript c stand for the ceramic material
and m for the metallic.

ng

0 0.5 1 2 5
ESL2 105.55 59.21 48.55 43.05 44.40
ESL3 68.22 38.72 31.75 28.14 29.02
ESL4 68.22 38.71 31.74 28.14 29.02
LW2 105.55 59.21 48.55 43.05 44.40
LW3 68.33 38.72 31.75 28.14 29.02
LW4 68.22 38.71 31.74 28.14 29.02

Ref. [6] 68.02 38.65 31.70 28.09 28.96
Ref. [12] 70.7 39.48 32.27 28.53 29.33

Table 1. ∆Tcr for different volume fraction index,
ng, evaluated using different structural models.

Table 1 show the critical temperature of the panel for
different values of volume fraction index evaluated
using different structural models. The results are
compared with those from literature. The present
model provide a good accuracy in the evaluation of
the critical temperature variation. When linear mod-
els are used, ESL2 and LW2, the results are non ac-
curate therefore, at the least a quadratic model is re-
quired to achieve the expected results. When a single
layer is considered LW models do not introduce any
advantages with respect the ESL. When the volume
fraction index increases, the percentage of aluminium
in the FGM composition increases therefore a lower
value of critical temperature is obtained.

 0
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Figure 3. First natural frequency Vs temperature.

Figure 3 shows the evolution of the first natural fre-
quency when the temperature is increased for dif-
ferent value of volume fraction index. This analysis
shows that increasing the ng the natural frequency

decrease. also when the temperature increases the
natural frequency decreases, when the temperature
reach the critical value the frequency becomes zero.

3.2. Aero-Elastic model assessment

The panel flutter speed of a simple isotropic panel,
see Figure 4 has been investigated in order to as-
sess the aeroelastic model. The panel is built using

0.002 [m]

1[m]

x

z

y
V8

0.5[m]

Figure 4. Geometry and reference system of the panel
use in the aeroelastic assessment.

an aluminium alloy. The results in terms of critical
Mach number and frequency are reported in Table
2. Different structural models have been considered.

Model Macr fcr
Krause [13] 4.5 66.03
ESL2 4.39 65.46
ESL3 4.36 65.31
ESL4 4.36 65.31
LW2 4.36 65.31
LW3 4.36 65.32
LW4 4.36 65.32

Table 2. Panel flutter critical Mach and frequency
fro different structural models.

The results shows that both ,the ESL and the LW
models, provide a good agreement with the refer-
ence results. A linear formulation is enough to en-
sure a good accuracy. Figure 5 show the evolution of

-20

 0

 20

 40

 60

 80

 100

 2  3  4  5  6  7  8

Mach Number

Eigenfrequencies [Hz]
Damping

Figure 5. Evolution of the natural frequencies and
damping of the panel at different Mach numbers.



the natural frequency and damping at different Mach
numbers. The results show the classical aeroelastic
instability, two frequency merge together and at the
same speed the damping become positive making the
panel unstable.

3.3. Aero-Thermo-Elastic Analysis of a
FGM panel

In this section the aero-thermo-elastic model is con-
sidered. A square panel, see Figure 6, is consid-
ered. Two side are simply supported and two are
free, therefore only the σxxθ is considered. The FGM

0.008 [m]

1[m]

x

z

y
V8

1[m]

Figure 6. Geometry and referecne system used in the
aero-thermo-elastic analysis

mixture equation are reported below, with B is de-
noted the bulk modulus taht is strictly related with
the elastic modulus. µ dentes the shear modulus.

B −Bm

Bc −Bm

=
Vc

1 + (1 − Vc)
Bc−Bm

Bm+ 4

3
µm

(39)

µ− µm

µc − µm

=
Vc

1 + (1− Vc)
µc−µm

µm+f1

(40)

α− αm

αc − αm

=
1

B
− 1

Bm

1

Bc

1

Bm

(41)

Figure 7 show the instability boundaries of the panel
when ng is equal to 5. In the lower part of the di-
agram are reported the evolution of the natural fre-
quency before and after the critical temperature. If
a non critical temperature is considered, the only
instability which is present is the panel flutter in-
stability, point A. When the temperature is greater
than the critical value, in the first part of the dy-
namic pressure domain, from zero up to point C, the
panel is buckled. Between the point C and B the
panel is stable while, after the point C a panel flut-
ter phenomena arises. If all the temperature range is
investigated a stability diagram can be drown, as the
bigger one in Figure 7. The upper limits is given by
the panel flutter phenomena, while the lower bound-
ary arises from the buckling phenomena. Figure 8
show the stability boundary for different values of
the volume fraction index. Higher is the alumina
percentage, higher are the stability margin. This be-
haviour is due to the higher mechanical properties of
the alumina with respect ti the aluminium.
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Figure 8. Stability boundaries for different ng values.

4. CONCLUSION

An advanced structural model able to deal with the
aero-thermo-elastic problem has been developed in
this work. The formulation has been developed in
the framework of the Carrera Unified Formulaiton
that allows the matrices to be written in compact
form. Different structural models, Equivalent Single
Layer and Layer-Wise, have been considered. The
FGM material has been introduced in the formula-
tion considering the mechanical and thermal prop-
erties not constant through the thickness. From the
results it is possible to state that:

• The present model is able to include FGM ma-
terial properly;

• The analysis of the aero-thermo-elastic problem
require at the least a quadratic model;

• Aero-thermo-elastic analysis results show that a
stability region can be detected where the panel
is stable also at temperature higher that the crit-
ical temperature.

• The volume fraction index strongly afflict the
performance of the panel.

the present model appears to be very promising
in the analysis of FGM material and future works
should be devoted to the refinement of the aerody-
namic model and the introduction of non constant
temperature over through the thickness.
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