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Summary

A structural model can be defined as accurate if its response is in accordance with the
reality. The accuracy of a model depends on the initial hypotheses which, in general,
are related to the geometry, the displacement field and to the material response to the
external loads.

In the field of geometrical approximations, a plate or shell model can be employed
when a structure has two dimensions prevalent on the third dimension. The use of a
shell model is necessary when the curvature of a bidimensional structure is significant,
as a matter of fact a plate can be considered as a shell with infinite curvature. The
definition of the displacement field for a plate or a shell plays and important role
in the accuracy of a model. A number of theories are available, which are based on
different assumptions. In the scientific literature Kirchoff’s, Reissner-Mindlin’s models
are addressed as classical theories for plate analysis while Love’s models is addressed
as classical model for shell analysis.

In the last decades, the use of non-conventional materials such as carbon fiber rein-
forced laminates, metallic foams or layered ceramic-metallic structures has become very
common in several engineering sectors. These particular materials make it possible to
obtain very light and resistant structures: these characteristics are really appreciated in
the aerospace sector. A plate/shell can be made of several layers of non-conventional
materials: in this case, the plate /shell is defined as multilayered. The classical models
can be profitably employed to analyze thin one-layered structures, but the same models
are not proper to analyze the mechanical behavior of multilayered plates/shells since
the complicated effects that take place in a multilayered structure are not considered in
the classical models.

A further complication in the analysis of multilyered structures, comes from the
different nature of the loads that can act on a structure. As an example, a space vehicle
can be subjected to a mechanical and thermal load in the same time, or a structure can
be subjected to a thermal and electric loads combined together. In this case, an accurate
structural model should be able to incorporate the combined action of different type of

15



16 LIST OF TABLES

loads: these type of problems are referred as multifield problems.

A possibility to overcome the limitations of classical models and to take into account
multifield problems can come from the use the Carrera Unified Formulation (CUF). Ac-
cording to the CUF, the unknown variables are described via expansions of the thickness
coordinate of the plate/shell. The expansion order is a free parameter of the analysis.
Stiffness, mass and loading arrays are obtained through a set of fundamental nuclei
whose form does not depend on either the expansion order nor on the choice made for
the base functions. The CUF has been employed according to the Equivalent Single
Layer (ESL) and Layer Wise (LW) schemes: the former scheme analyze a plate/shell
as an equivalent single layer, the former approach considers separately each layer. An-
alytical models have been implemented and considered in this work.

The equilibrium equations for plates and shells can be obtained by means of two
different variational statements: the Principle of Virtual Displacement (PVD) and
the Reissner Mized Variational Theorem (RMVT). The PVD assumes a displacement
field and puts the 3D indefinite equilibrium and the related equilibrium conditions at
the boundary surfaces into a variational form. Refined bidimensional models can be
obtained by means of this variational statement. Multifiled problems can be obtained
by adding the thermal and electrical contributions to the PVD for the pure-mechanical
case. Mized plate/shell models can be obtained if some variables which cannot be ob-
tained correctly via post-processing (e.g transverse shear/normal stresses and normal
electric displacement) are assumed a-priori. The RMVT is obtained from the PVD by
adding opportune Lagrange multipliers and coherently rewriting the constitutive equa-
tions. A description of the classical plate and shell models, of the CUF and the varia-
tional statements is reported in the first part of this thesis.

In general, better accuracy can be obtained in the field of plates and shells analysis by
employing higher expansion order. As a drawback, higher computational cost is required
with respect to classical formulations. The possibility to lower the computational cost
without loosing in accuracy can come from the use of the axiomatic/asymptotic tech-
nique which aims to retain the non-relevant terms from a refined model. This technique
makes it possible to analyze the relevance of a model variable by computing the error in-
troduced with its suppression. The error is measure with respect to a reference solution.
The relevance of a term depends on the displacement/stress component considered, on
the geometry of the plate/shell and on the type of material. The aziomatic/asymptotic
technique and the results related to the plate/shell models for multifield cases are de-
scribed in the second part of this thesis.

A number of parameters affect the number of the retained variables, in particular the
level of accuracy of the model. As the accuracy of a bidimensional model varies, the
number of the retained terms may differ. A synthetic information of this fact is provided
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by the Best Theory Diagram, which reports in a “error vs term-number” (E/NDOF's)
Cartesian plane the effectiveness of a given theory in terms of accuracy and compu-
tational cost. The BTD represents the best theory for a given error, that is the least
cumbersome theory for a specific case. This type of graph is obtained by means of the
aziomatic/asymptotic technique, but differently from the previous cases the effective-
ness of an entire sequence of active/non-active terms is considered. A genetic algorithm
is employed to obtain the term combination for a specific plate/shell case without com-
puting the error of all possible terms combination. The third and last part of this thesis
is devoted to introduce and comment BTDs for multifield problems.
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Chapter 1

Introduction

Plate and shell analysis is based on several models which exhibit different level of accu-
racy. A number of assumptions can be adopted which can be proper or not depending
on the problem analyzed. In general, less restrictive assumptions offer the possibility
to perform an accurate analysis. An accurate bidimensional model should be able to
consider a multilayered plate/shell and multifield problems. Plates and shells can be
made of different layers, in this case these structures are defined as multilayered. In
general the material properties can be different form one layer to another one, since
homogeneous isotropic, orthotropic and piezoelectric materials can be employed. In this
case, refined models offer better accuracy than the classical formulations. A plate or
shell structure can be subjected to different loads, as a mechanical transverse pressure,
a temperature distribution (thermal load) or, in the case piezoelectric materials are
employed, an electric potential distribution (piezoelectric load).

A structural analysis can be performed by assuming some hypothesis on the solid
under exam. In general, these assumptions regard about, for example, the geometry
and the material behavior. In the field of geometric assumptions, plates and shells
configurations can be assumed. A shell can be defined as a three-dimensional body
bounded by two closely spaced curved surfaces [I]; in this case two dimensions are
prevalent with respect to the remaining third dimensions which can be defined as the
distance between the two surfaces. Shells are defined on the basis of a reference curved
surface, which can be described as the locus of points which lie midway between these
surfaces. An example of shell is reported in Fig. where the midsurface is 2 and
its boundary is denote as I'. The reference system used to analyze the shell is denoted
as o — 8 — z, a and [ belong on the surface {2. The third coordinate z is normal to
the surface 2. The thickness of the shell is equal to h and it is measured along the z
axis.

21



22 CHAPTER 1. INTRODUCTION

(a) Shell geometry (b) Plate geometry

Figure 1.1: Shell and plate geometry and notation.

A plate can be considered as a special case of shell, that is a shell with no curvature.
An example of plate is reported in Fig. [[.I(b)] The midsurface is denoted as Q and
its boundary as I'. A Cartesian reference system is employed to describe the plate,
the reference axes x and y belong to the surface {2 and the third coordinate is normal
to €. The length and the width of the plate are denoted as a and b respectively, the
thickness is denoted as

1.1 Shell/plate structural models

The analysis of the deformation process for a plate/shell is based on the definition of
the displacement field. In the field of classical models, it is possible to mention the
so-called Love First Approximation Theories (LFAT) which will be discussed in the
following. These assumptions are based on the well-known Cauchy, Poisson, Kirchhoff
and Love thin shell assumptions ([2], [3], [4], [5]). An improvement of the LFAT can be
obtained if at least one or more hypotheses are removed. This is the case of the Love
Second Approximation Theories (LSAT). These models were developed considering
single-layer isotropic structures. In the recent years new materials were employed
in shells and plates structures. In particular, multilayered plates and shells became
common in use: these structures are made of several layers whose material properties
can be different from one to another. An example of multilayered plate is reported in

Fig. [[.2]
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hy

Figure 1.2: Multilayered plate configuration.

The thickness of layer k£ is denoted as hj. The evaluation of transverse stresses
can be relevant for the analysis of failure of such a structure. Classical models are not
efficient for the analysis of such structures since they do not take into account these
stresses. In a multilayered shell/plate structure, transverse stress and displacement
components are continuous functions with z direction; these significant peculiarities
of layered structures were defined as C%-requirement in [6]: the zig-zag form of the
displacement components along the thickness coordinate is defined as Zig-Zag effect
(Z7) and the transverse stresses continuity at the interfaces is defined as Interlaminar-
Continuity (IC).

A complete overview on laminated shell structures contributions can be found in
the many survey articles and books available in the scientific literature, among them
the works of Ambartsumin [7, 8, 9], Grigolyuk and Kogan [10], Kapania [11], Grigolyuk
and Kulikov [I2], Norr and alii [I3], Fettahlioglu and Steele [14], Berdichevsky [15],
Berdichevskyand and Misyura [16] , Carrera [17, [I8] 19, 20] and the book by Reddy
[21]. In addition an in-depth analysis of plate models can be found in the excellent
works written by Ambartsumian [22], Librescu and Reddy [23] and Noor and Burton
[24].

It has to be highlighted that a distinction among plate models can be considered.
As reported in the work of J. Reddy [21] it is possible to define the Equivalent Single
Layer (ESL) and the Layer Wise (LW) approaches. According to the ESL approach a
plate/shell model can be analyzed considering it as a single equivalent lamina. In this
case the number of unknown is independent of the number of layers of the plate/shell.
In the LW approach the displacement field is defined as a continuous function with
the thickness direction. In this case the number of unknown depends on the number
of the layer of a plate/shell.
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1.2 Multifield problems

The deformation of a structure can be caused by several factors, such as a pressure
distribution. In some case, a temperature distribution or piezoelectric effects may be
the cause of the deformation state of a plate/shell. The inclusion of such phenomena
into the structural analysis is referred as a multifield problem. These problems are of
extreme interest since they are commonly present on the most recent and advanced
industrial sector, such as aerospace and nuclear industries. In the following thermal
and piezoelectric problems are discussed.

1.2.1 Thermal stress analysis

Whenever the operative temperature of a structure presents a significant differences in
space and/or in time it is recommended to take into account the effect of the thermal
stresses. As most critical case, it is possible to mention the effect of the temperature
distribution on the blades of a turbine, on the external surface of hypersonic vehicles
or on the walls of a nuclear reactor. In some other case the computation of thermal-
mechanical response of a structure is desired since the thermal deformation can alter
significantly the layout of a structure as can happen for optical mirrors or space reflector
antennas. In the case a shape memory alloy is employed a correct evaluation of thermal
- mechanical behavior is fundamental.

The analysis of such a phenomenon is a typical problem of the thermoelasticity.
This branch of the applied mechanics is relatively young, as noted in [25]. The first
paper on thermoelasticity was written by J.M.C. Duhamel, [26]. In that work, the
author reported the formulation of boundary value problems and also obtained the
equations for the coupling of the temperature field and the body’s deformation. In the
further years, other works on thermoelasticity were published. Navier’s and Fouries’s
works should be mentioned ([27], [28]), and also F. Neumann [29] in 1885, to E. Almansi
[30] in 1897, to O. Tedone [31] in 1906, and W. Voigt [32] in 1910.

Research on the thermoelasticity has been conducted in the recent years, exam-
ples are reported in [33], [34] and in [35]. In [33], the author conducted a survey
on the response of flat plates to thermal loadings. Isotropic homogeneous, as well
as anisotropic or heterogeneous plates were considered. The author in [34] focused
on the hierarchy of composite models, predictor-corrector procedures, the effect of
temperature-dependence of material properties on the response, and the sensitivity of
the thermomechanical response to variations in material parameters. The work pre-
sented in [35] describes the developments of the nonlinear thermostructural analysis
of laminated composite plates and shells of arbitrary geometry. Another author which
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covered the thermo mechanical analysis of plate is Reddy, his book [21I] can be con-
sulted. Another interesting work is reported in [36], where the authors present an
exact solution of the three-dimensional equilibrium equations for a plate under a given
distributed temperature.

An important note that should be considered whenever it is intended to develop
a structural model able to describe the thermal-mechanical response of a multilayered
plate comes from Murakami and it is reported in [37]: “the results indicate the need for
adopting a plate theory with a cubic variation of in-plane displacements in each layer
to improve the prediction of transverse normal displacement”. In other words due to
the intrinsic through-the-thickness variation of the variation of the thermal loading, the
author suggests to employ a Layer-Wise approach to correctly detect the deformation
and stress state of a layered plate.

1.2.2 Piezo mechanic stress analysis

Piezoelectric materials when subjected to a pressure load generate a positive or negative
charge distribution. This phenomenon was discovered in 1880-1881 by Curie brothers
(Jacques and Pierre Curie, [38]) for some kind of natural crystals. The known material
which exhibit piezoelectric properties are quartz and tourmaline (natural crystals) and
some synthetic crystals such as lithium sulfate, and several kinds of polymers and
polarized ceramics. The most common piezoelectric materials are the piezoceramic
barium titanate (BaTiO3) and piezo lead zirconate titanate (PZT).

It is possible to distinguish into direct and inverse effect: the direct effect means
the generation of a distribution of charge when the piezoelectric material is subjected
to a pressure load. Inverse effect, instead, means the deformation of the piezoelectric
material when a electric charge is applied to it. It is worthy to note that piezoelectric
materials can be used at the same time as actuators and sensors. In this case this kind
of material are defined as self-sensing piezoelectric actuator.

The piezoelectric phenomenon can be explained in terms of distortion of the crystal
lattice. The application of a mechanical load alters the the position of the atoms of
the crystal lattice generating a charge distribution. Instead when an electric charge is
applied to a piezoelectric material the heavier atoms move to the lower energy position
causing the deformation of the crystal. This phenomena can occur only if the tem-
perature is below a certain limit, called Curie temperature. Above this temperature,
the piezoelectric effect disappears due to high thermal agitation. Further details on
piezoelectricity can be found in the books [39], [40] and [41].

In the last 20 years the piezoelectric material were considered for the creation of
smart structures. The direct and inverse effects of such materials can be exploited in
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order to operate and as sensors (e.g. to monitor the health status of a structure) and as
actuators. This kind of structures are defined as smart structures. In 1988 a definition
of a definition of smart systems/structures was proposed ([42]):

A system or material which has built-in or intrinsic sensor(s), actua-
tor(s) and control mechanism(s) whereby it is capable of sensing a stimulus,
responding to it in a predeterminated manner and extent, in a short /appropriate
time, and reverting to its original state as soon as the stimulus is removed.

Example of application pf piezoelectric materials can be found in the monitoring
of the health status of structures. The strain measure of some location can offer vital
informations on the integrity status of a structure, such as a bridge. Another field of
extreme interest for the application of such devices is the aeronautical and space sector,
where a continuous detection of the health of a structure can help in the conduction
of the maintenance operations and in avoiding the crack propagation.

The actuation of structures is another field of application of piezoelectric materials.
The inverse piezoelectric effect can be used to deform piezoelectric patches embedded
in a structure, as a consequence the structure itself can deform. In this case this process
is defined as shape morphing. This kind of actuation offers several advantages such
as the abscense of complex mechanisms and the possibility to obtain very complex
shapes. The aeronautic sector can take advantage of such kind of actuation since this
technology can offer the possibility to create hingeless flight surfaces with a consequent
improvement of the aerodynamic of the vehicle. This can lead to increase the efficiency
requirements and reduce emissions. Anyway, this technology has yet to be applied on
a commercial vehicle, it has to be studied in order to verify its safety and effective
advantages. Another field of application is the attenuation of vibrations thanks to
their their high strain sensitivity ([43]).

Interested readers can be addressed to the paper written by Saravanos and Heyliger
[44] and by Benjeddou [45] for a more complete discussion on electromechanical analysis
of multilayered plates embedding piezo-layers.



Chapter 2

Preliminaries

The response of a body to applied loads can be evaluated by assuming some hypotheses.
In the following it is assumed a linear elastic behavior of the materials and infinitesimal
deformations are considered. The displacement state for a body is described and the
strain distribution is introduced. Then, constitutive equations are reported: generalized
Hooke’s law is described for several type of materials.

2.1 Deformation state of an elastic body.

The displacement field of a body under the effect of a load can be defined as

uac1 (xlu X2,X3, t)
u(xlax%x?nt) = uwz(‘rl’x%x?’vt) (2'1)
Uy g (xla T, X3, t)

Vector displacement u defines the displacement of a point P, in the undeformed
configuration into P in the deformed configuration. In Fig. deformed and un-
deformed configurations of a body are reported. In addition points P and P are
reported. The components of the displacement u are defined according to the Carte-
sian reference system reported in the same figure. If the static or quasi-static response
is considered the time dependency is removed, that is

u.rl <$17 Zo, x3)
u(l‘l,l‘g,l’g) = um(ml’x??x?’) (2'2)
Ugs (:Bla X2, 373)

27
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It is assumed that the displacement field does not show any discontinuity, i.e. no
laceration and no material overlapping are present; this is the congruence condition.

Underformed

configuration

Deformed
configuration

Figure 2.1: Undeformed and deformed configuration.

If the displacements are small it is possible to defined the infinitesimal strain tensor
as

1 (Ou; Ou, .
i — = 9 - 1727 2.
=5 <8xj 6%) nJ ; (2:3)

In the following the geometrical relations for shells and plates are introduced.

2.1.1 Geometrical relations for shells

A shell is defined as a three-dimensional body bounded by two closely spaced curved
surfaces [1]; in this case two dimensions are prevalent with respect to the remaining
third dimensions which can be defined as the distance between the two surfaces. Shells
are defined on the basis of a reference curved surface, which can be described as
the locus of points which lie midway between these surfaces. An example of shell is
reported in Fig. The reference surface is denoted as 2 and its boundary as I". On
the surface (2 the reference system o — 3 — z is defined. The curvature are R, and Rp.



2.1. DEFORMATION STATE OF AN ELASTIC BODY. 29

Figure 2.2: Shell configuration and notation.

The mathematical description of the deformation of a shell is based on the differ-
ential geometry relations. A complete review on this topic is reported in the book [I].
In the following few fundamental concepts are reported.

Differential relation for surfaces; first and second fundamental form The
deformation of a point of the shell can be completely described once the deformation
of its reference surface is known. Firstly, the displacement of the points of a generic
surface has to be described. Let us consider a generic surface €2y, as reported in Fig.

2.3

a4 curve

Figure 2.3: Middle surface coordinates.
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Its undeformed configuration can be described by the vector r and two independent
parameters oy and qs:

r=r(a,as) =ri(ag, as)e; + ro(ag, as)ey + ry(ag, as)es (2.4)

where [e; ey e3] are an orthogonal basis for the reference system x1—xo—x3 depicted
in Fig. On the surface ) it is possible to define a family of curves by fixing one
parameter in turn. In Fig. [2.3] these curves are reported. These curves are defined as
parametric curves of the surface. The vector r denotes a point P on the surface. A
point P’ located in the neighborhood of point P can be identified by the vector r + dr
as reported in Fig. 2.3] Vector dr can be defined as

dr =r 4, dog + 14, dos (2.5)
where we have introduced the notation
or
r, =
s 6&2

Vectors r,, and r,, are tangent to the parametric curves defined for oy and ay
and their length is

i=1,2 (2.6)

ra|=A  [re,|=B (2.7)

In this case the unit vectors tangent to the coordinate curves a; and ay can be
defined as

T o ra,
A I (2.8)

and it is

r7a1 r7a2

T (x) (2.9)

where y is the angle between the coordinate curves a; and as. In this case an
orthogonal local reference system can be defined as

- L - T, Lo ip X ig
“ A 7 B " sin ()
The distance of the points P and P’ can be computed considering the relation

above reported. Let the position of point P defined by the parameters (aq,as) and
the position of the point P’ by (ay + day, e + dag). The distance of the two points is

(2.10)
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dr =r ., dog + 1 ,dos (2.11)

and the length is

dr - dr =(r o, dog + 1 o,das) - (r o, dog + 1 o,dos)
=dr 4, - dr o, dad + dr , - dr o, dogdag + dr g, - dr ,,dod (2.12)

remembering the definition of the unit tangent vector proposed in eq. it is
possible to write

dr - dr = ds* = A* da? + 2AB cos () dayday + B*das (2.13)

The relation reported in eq. [2.13]is defined as the first quadratic form of the surface.
Quantities A%, AB cos (x) and B? are called first fundamental quantities; it is possible
to defined by means of the relation reported in eq. the infinitesimal lengths, the
angle between the curves, and the area on the surface, in other words the intrinsic
geometry of the surface. In order to find the curvature of a curve which lies on the
surface, the second quadratic form of the surface has to be introduced. A curve on a
surface €y ca be defined according to the equation

r=r(s) (2.14)

where s is the arc length from a certain origin. The unit tangent vector 7 along
the curve s can be defined as

dr doy doy

oy, faz 2.1
ds T ds Toa2 ds (2.15)

T =
The derivation of the vector 7 can be obtained by means of the Frenet’s formula
which states that

dr N
= (2.16)
ds P
where N is the unit vector of the principal normal to the curve and 1/p is curvature
of the curve. It is
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dr 0 8061 (9062
- = rali ra27
ds 0s \ "7 0Os 7 Os
(0, Par Ooi00y,
S 9s M 952 M2 9s Os
8042 2 62a2 8042 8@1
Tl Ty ) Thege Theag gy
. day 2—}—1‘ day 2—1—1‘ 820z2+r 32041+
- 9s 22N\ Js 9 52 2 952
Oay 0
where
Or Q=12 (2.18)

In this case it is

N 8041 2 8a2 2 62&2 82(11 aOél 8042
p:“MQJ+UMQS*“mg“mw*”wwmk@m

Let’s define ¢ as the angle between the vector i,, and the normal N. It is possible
to write:

i, - N = cos(p) (2.20)
If both member of equation [2.19] are scalar-multiplied by i, it is

cos(p)  Ldai+2M daydos + N das
0 ds?

(2.21)

where

L =r 4 0,1y
M =r 4, 0,in = T ay0,in
N =T 4,0,1n (2.22)
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It is remembered that r, i, = r,i, = 0 since r,, and r,, are normals to i,.
The expression Lda% + 2M day dag + N dag is defined as the second quadratic form
of the surfaces. It is possible to calculate the curvature p of the curves obtained by
intersecting the surface with normal plan. The vectors i, and N are either parallel
(¢ = 0) or have opposite directions (¢ = 7). The normal i, it is considered as outer
pointing, and the normal N Since a “plane” curve always leaves its tangent in the
direction of vector N and if one takes its outer normal as the positive normal to the
surface, ¢ = 7 results. Thus the normal curvature is

1 B Lda? +2M day das + N das
p  A2dad +2AB cos (x) doydas + B2do3

(2.23)

To obtain the curvatures of the oy curves and the oy curves take oy = constant
and oy = constant respectively, thus

1 L 1 N
_ _ 2.24
Ra, A2 R, B2 (224)

Strain-displacement relation for shells The position of a point P in a thin shell
can be defined according to the relation

R(a, 3,2) =r(a, B) + zi, (2.25)

where o and 3 express the position of the point P on the reference surface €2, z is
the distance of the point P from the reference surface {2 measured along i, (see Fig.
2.2). z varies from —h/2 to h/2, where h is the thickness of the shell. The magnitude
of the infinitesimal variation of the vector R is

dR - dR = (dr + dzi, + zdi,) - (dr + dzi, + 2 di,)
=dr - dr + dzdr - i,, + zdr - di,+
+dzi, - dr + dz%1i, - i, + zdz i, - di,+
+ zdi, - dr + zdz di, - i, + 2* di, - di, (2.26)

Remembering the above mentioned definition of i, and the chain rule derivation it
is possible to state that

oi,, oi,,

i = gada+ 533 (2.27)
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It is possible to write

ds* = g1do® + go 5% + g3d2? (2.28)

where

o = {A (Hé)} g = [B <1+R5>] g5 =1 (2.29)

The strain - displacement relations for a shell then are

0 i 1 i .
€ii = (u )—I— 0g; _t 1=1,2,3
oy \ / 29 i 8ak,/

i j=1,23 i#] (2.30)

e () o ()
Vij gigj i 8aj \/E gj 8041- \/E

where ¢;; are the normal strains, 7;; are the shear strains and u; are the displacement
components. The indices 1, 2 and 3 replace the coordinate reference system «, [ and
z. For a shell the explicit components of the metric tensor are

1 1 0uy  ug %—I—%
Ada ' ABIB ' R,

1+ £
1 u OB 18u5

EB'B_1+ZB<AB804 Bop )

€M:A(Hga)a e +B(1+P§B)a s
B(l+£)08 [A(1+£)] A(1+4)00 |B(1+4)
S auz+A<1+Z>a o

o A(l—i—ia) da R,/ 0z A(l_i_RL)
B 1 Ju, a ug

ks B(1+ %) 3B+B<1+Rﬂ>52 B(1+4)

_ (2.31)
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2.1.2 Geometrical relations for plates

Plates can be considered as particular case of shells with no curvature. In this case
the the geometrical relations can be considered as a particular case of those for shells.
In Fig. the geometry and the notation of a rectangular plate is reported. The
reference surface is denoted as €2 and its boundary as I'. The reference system axes
which belong to the reference surface €2 are denoted as x, y, and z is the reference axis
normal to the reference surface. The length side dimensions of the plate are indicated
as a and b and the thickness of the plate is defined as h.

Figure 2.4: Plate configuration and notation.

Considering a Cartesian reference system as reported in Fig. [2.4] the strains can

be defined as

€ = Du” (2.32)

where k denote the generic k layer of a plate and D is a differential operator whose
components are

0
£ 0 0
866 8% 0
0 0 Z
D=|, & A (2.33)
%’y ox
5 U %
0
0 5 G

Strain components can be grouped into in-plane (p) and out-of-plane (n) compo-
nents, that is
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T T
k_ [k k _k k_ [k _k _k
€, = {em €4y exy} €, = [em €y EZZ} (2.34)

The upper script T' denotes the transpose operation. In this case it is possible to
write

e]; =D,u" e’ =D,u” (2.35)
defining
2 0 0
D,=| 0 2 0 (2.36)
R4 0
oy Ox
Dnﬂ Dnz
0 o) el
D, = OE@:OO%%—O&O (2.37)
0 0 2 00 0 0o 0 2

2.2 Stress - strain constitutive relations

The description of the material reaction to an applied load is obtained by means
of the constitutive equations. In the following, elastic materials are considered that
is, materials whose constitutive behavior is only a function of the current state of
deformation. The material body can be divided into two categories: heterogeneous
and homogeneous. The former category includes all materials whose properties vary
throughout the body, the latter category includes all materials whose properties do
not vary throughout the body. The material body can be defined hyperleastic if the
work done by the stress distribution during the deformation process depends only on
the initial state and the current configuration. It is possible to divide materials body
as anisotropic if the material properties are directionally dependent, that is a material
body property varies at a point according to a considered direction. A material body
can be defined as isotropic if a material properties are not directionally dependent. A
material body is defined as ideally elastic if it can recover its initial configuration under
isothermal conditions. In this case it is possible to define a one-to-one relationship
between the state of stress and the state of strain in the current configuration exists.
Before introducing the constitutive relations for an elastic material let us define a
material body reference system
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TB T3

€33 Os33

1&~

(a) Strain state (b) Stress state

Figure 2.5: Material reference system.

In Fig. a material reference system 1 — 2 — 3 is introduced, which can have a
different orientation from the physical reference system z; — xo — x5 (see Fig. [2.1)).
Stresses and strain are denoted as

Om =[011, 022, 033, 023, 013, O12]

€n = €11, €22, €33, €23, €13, €12] (2.38)

The subscript m indicates that the stresses and strains are expressed in the ma-
terial reference system. In the following he relation between the strain state and the
stress state in defined according to the material reference system. For sake of brevity
subscript m is omitted. The generalized Hooke’s law relates the nine stress components
with the nine strain components:

Oy = Qijklekzl or o= Qe (2-39)

where @i are the material elastic coefficients. Matrix Q is defined as stiffness
matriz. ITn general 81 components have to be specified (3% x 3?); anyway the number
of independent material elastic coefficients can be reduced if the symmetry of o;; and
er is considered, as detailed in [2I]. In this case the number of independent constants
is reduced to 36 and it is

Qijkl = jSkl Qijkl = Qijlk (240)
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In this case equation [2.39 can be written as

01
02
O3
04
05
O6

[ Qll
Q21
QSl
Q41
@s1

L Qo1

Q12
Q22
QSQ
Qa2
@52
Qo2

Q13
Q23
QSS
Q3
Q53
Q63

Q14
Q24
Q34
o
Q54
Qoa
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Q15
Q25
QSS
Q15
Q55
Q65

Q16
Q26
Q36
o
Q56
Q66

€1
€2
€3
€4
€5
€6

(2.41)

The equation is written according to contracted notation or Voigt-Kelvin no-
tation:

01 =011 02 =022 03=033 04 =023 05=013 0 =012

(2.42)

€1 — €11 €9 — €99 €3 — €33 €4 — 2623 €y = 2613 €g — 2612 (243)

The number of independent elastic coefficient can be decreased if the material is
considered as hyperelastic, that is a an strain energy density function exist which per-
mits to state that Qiju = @Qri;- The number of independent elastic coefficients is
reduced to 21.

Monoclinic material The symmetry of the material body properties can offer a
further reduction in the number of independent material coefficients. In this case, one
or more material planes of symmetry exist. If the elastic coefficients have the same
values for every pair of coordinate systems which are the mirror images of each other
with respect to a plane, the material is defined as monoclinic material and it is

01 _Qn le Q13 0 0 QIG_ €1
02 Q21 Q22 Q23 0 0 Q26 €2

03 Q31 @32 Q33 0 0 Q@36 €3

= . 2.44
04 0 0 0 Qu Qs 0 €4 (2.44)
05 0 0 0 Qi @ss 0 €5

06 Q16 Q26 Q36 0 0 Q66_ €6

In this case the plane of symmetry is z and the number of independent elastic
constant is equal to 13.
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Orthotropic material

39

When three mutually orthogonal symmetry plane exist the

material is defined as orthotropic. In this case the number of independent parameters
is equal to 9 and it is

o1 [ Qu Q12 Qi3 0 0 0 ] €1
02 Q21 Q22 Q23 0 0 0 €2
03 _ Q31 Q32 Q33 0 0 0 €3
g4 0 0 0 Q44 0 0 €4
05 0 0 0 0 Q55 0 €5
O 0 0 0 0 0 Qes | €6

(2.45)

The 9 independent material coefficients in [2.45] can be expressed by 9 independent
material engineering constants:

where

Ela E27 E3a G237 Gl?)a G127 V12, V13, V23

FE,, E5, E5 are the Young’s moduli in 1, 2 and 3 directions respectively;

The relation between the coefficients in the equation are

1 — 3139 Vo1 + V31les V12 + V3al13
Gn="pEA YT T REA T BEA
2 L3 2 Lv3 113
Qs = V31 + Vo1lV32 Vi3 + Vigls
BT UUEEAN T EBA

L —v3vs _ Vsg T Vigl31 Va3 + U91li3
(2 = W’Q% T E\EsA T EEA
Qus =~ 22 Qui = G Qs = Gon, Qo = G
A — 1 — vigva1 — Vaglzp — V31113 — 2U01V30113

E1EsE3

For the Poisson’s ratio the same relation is valid

(2.46)

V12, Vi3, Va3 = V;; are defined as the the ration of transverse strain in the jth
direction to the axial strain in the 7th direction when stressed in the ith direction

Ga3, G13, G1g are the shear moduli in the 2—3, 1—3 and 1—2 planes respectively.

(2.47)
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(2.48)

Isotropic material A material is defined as isotropic if no preferred direction exists.
In this case the engineering constants are

with

E,=FE,=FE3=FE, G12:G13:G23:G7 Vig = V23 = Vi3 =V

The Hooke’s law is

01
02
03
04
05
06

where

(1+v)(1—2v)

2.2.1 Material coordinate transformation

N =

o O O O

(1—2v)

(2.49)

(2.50)

€1
€2
€3
€4
€5
€6
(2.51)

(2.52)

The material elastic coefficients can be expressed according to a local reference system
(material reference system 1 — 2 — 3), while the problem is formulated according to
a different reference system (physical reference system z; — x5 — z3), as discussed in
[21]. In this case in order to solve the problem a coordinate transformation is needed.
In general the stiffness matrix Q defined in the material reference system 1 —2 — 3 is
transformed into the matrix C expressed according to the physical reference system
x1 — xo — x3. A typical problem configuration is reported in Fig.
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Figure 2.6: Material reference system transformation.

The material properties of a unidirectionally reinforced lamina are expressed ac-
cording to the reference system 1 — 2 — 3 which is aligned with the fibers orientation.
The lamina lies on the 1-2 plane. The axis 3 of the material reference system and the
axis x3 of the physical reference system coincides: the material reference system can
be transformed into the physical reference system by rotating the axes 1 and 2 by an
angle # about the x3 axis. The transformation matrix in this case is

[ cos*(6) sin?(6) 0 0 0 —sin(26) ]
sin?(0) cos?(6) 0 0 0 sin(20)
o 0 0 10 0 0
N 0 0 0 cos(f) — sin(h) 0
0 0 0 —sin(0) cos(0) 0
sin(f) cos(f) —sin(#) cos(f) 0 0 cos?(6) — sin?(6)

(2.53)
The material stress o, can expressed according to the physical reference by means
of the following transformation

o="To, (2.54)

In a similar manner it is possible to express the material strain state €,, according
physical reference state as

€, =T e (2.55)

o and € are the stress and strain state expressed according to the physical reference
system. Considering the Hooke’s law it is possible to write

o ="To,, =TQe, =TQT e (2.56)
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The transformed material stiffness matrix can be defined as

C =TQT” (2.57)

2.3 Thermal constitutive relations

A temperature distribution can cause the deformation of a structure. The possibility to
include the temperature effect in the stress computation can be performed considering
the temperature as a primary variable, this is the approach followed in the fully coupled
approach. On the contrary it is possible to consider the temperature distribution as
an external load, this is the partially coupled approach. In this case the temperature
distribution must be assumed a-priori or calculating it by solving the Fourier heat
conduction equation. In the following the partially coupled approach is employed.
Thermal stresses are computed as follows:

or = Cler (2.58)

where e are the strains due to a temperature gradient, that is

€T = [€1T €21 €37 €4T €5T GGT] (2-59>

The strains components are defined according to the reference system depicted in
Figure 2.1} Considering the thermal expansion coefficient vector e, it is possible to
write that:

er = {aq, ag, a3, 0,0, 0} - 0(x,y,2) = - O(x,y, 2) (2.60)
where (z,y, z) is the temperature distribution inside the body.

2.4 Piezoelectric constitutive relations

In a body, some piezoelectric layers can be present. These layers can act as sensors or
as actuators. In the first case as a load is applied to the body and an electric potential
distribution is originated. If the piezoelectric layers act as actuators, they deform all
body as an electric potential distribution is applied. It is assumed that the linear
elastic range of the materials and the physical limits of the piezoelectric layers, like
Curie temperature and depolarization potential, are not exceeded by any deformations
or loadings.
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3

A

Piezoelectric
layers

1

Figure 2.7: Material reference system - piezoelectric layers within the body.

For the sake of simplicity, the constitutive equations for the piezoelectric case are
reported for the body depicted in Figure[2.7] In the followings, the engineering notation
is used for stresses and strains with the indices 11, 22, 33, 13, 23, and 12. The directions
of the piezoelectric material are named in the standard manner with 1-3, axis 3 being
the polarization direction of the material (see Figure . In the following, an uniform
modeling is implemented: all £ layers are assumed piezoelectric, and the pure elastic
layers are obtained by setting to zero the piezoelectric coefficients. Direct and converse
piezoelectric effects define the coupling effect between stresses and electric field, the
constitutive equations are defined according to the IEEE standard [46]:

o_k — Ckek o ekEk
D" = "t + "EF (2.61)

k is a generic layer of the body (see figure . The meaning of the operators
indicated in eq. are reported in the following list:

« e is the matrix of the piezoelectric constant:

0 0 0 efy e 0
e"=1 0 0 0 ek e o (2.62)

k k k
e3; €3 €35 0 0 ez

o+ €" is the matrix of the permittivity coefficients of the k-layer:
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el € 0
eh=1¢ek 5 0 (2.63)
0 0 &k

« DF is the dielectric displacement and E* is the electric field:

=k Ak Pk Hk]T k k ok k]l

D :[DlaD2aD3} E" = E17E27E3} (264)
Superscript T represents the transposition operation. Matrix C* is the matrix of

the elastic constants of the generic k-layer previously introduced and e is vector of
strains. The electric field strength E* can be derived from the Maxwell equations:

E" = D.®* (2.65)
where D, is
—0, 0 0
D.=| 0 -9, 0 (2.66)
0 0 —0.

(a Cartesian reference system is used) and ®* is the potential distribution for the
generic k layer.



Chapter 3

Classical and refined plate models
review

A brief review of the classical theories is presented in this chapter. In particular, the
Kirchhoff and Mindlin plate theories are presented. In addition, a refined plate model
is presented. It is shown that it is possible to construct a refined plate theory in a
similar manner of the classical model, in particular it is demonstrated that is possible
to define the governing equations of a plate in a unified manner.

3.1 Analysis of plate/shell structure

The solution of 3D elasticity equations for structure offers the most accurate evaluation
of the elastic response but the computational cost can be significantly high. If a
structure can be considered as a plate or a shell, a 2D approach is preferred. In this
case, a 3D problem is reduced to a 2D problem: the problem defined in each point P
of the 3D continuum is reduced into a problem defined in each point P, which belong
to the reference surface Q (see Figure [2.4).

A number of models exist for the plate/shell analysis, which present different levels
of accuracy. These models are based on some assumptions which are related to the
displacement field and to the material behavior. In the following, the behavior of the
material is considered as elastic. The definition of a 2D model can follow two different
approaches: asymptotic or axiomatic.

According to the asymptotic approach, the analysis of a plate/shell can be per-
formed by expanding the equilibrium equations in terms of a perturbation parameter
0. As an instance, in the case of a plate this parameter can be defined as the relation

45
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between the thickness of the plate and the length of a side of the plate (§ = h/a). The
equilibrium equations Eyx, can be written as

Es ~ Ep0" + EL6” + Exd? + - - + E§ 6PV (3.1)

where p; are the exponents of the perturbation parameter ¢ (in general p; are real
numbers). This approach makes it possible to obtain the 3D solutions when 6 — 0.
It should be mentioned that this approach may give rise to further difficulties when
applied to multilatered structure, since in this case the effect of other parameter should
be taken into account, as the orthotropic ratio of the lamina Ej/E7p. An in-depth
description of the asymptotic approach applied to shell analysis can be found in [47]
and [48].

Another approach that can be followed is the axiomatic approach. In this case, the
displacement /stress distribution along the thickness is postulated as

f(x1, mo13) = ;fi(l’la@)ﬂ(%) (3.2)

where x1, x5 and x3 are the coordinates of a point on the domain considered. In
general, the function f can be the displacement components (u = [u; ug us)), the strain
or stress vector components. In these cases, displacement, strain or stress formulation
are considered respectively. In addition, mixed formulation can be employed, that is
formulation which consider the axiomatic expansion of different quantities, as displace-
ment and stresses. It is possible to affirm that this type of approach is based on the
intuition of the plate/shell behavior.
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A Exact 3D

Asymptotic

>
h/a

Figure 3.1: Representation of the accuracy for axiomatic and asymptotic process - 2D ap-
proaches and 3D exact solution.

In the Figure [3.1] the accuracy with respect to the 3D exact solution is represented
for asymptotic and axiomatic solutions considering a generic function f. In the follow-
ing, axiomatic models for plates are introduced.

3.2 Classical theories

The classical models have been developed for single-layer isotropic thin structures. It
is possible to divide these theories into two groups: Love First Approximation Theories
(LFAT) and Love Second Approximation Theories (LSAT). The LFAT models are base
on the well-known thin plate/shell hypotheses, that is

1. transverse normals to the midsurface (2 in Fig. [2.4]) before deformation remain
straight after deformation;

2. the transverse normals are inextensible;

3. the transverse normals rotate such that they remain perpendicular to the mid-
surface after deformation.

A second group of models can be obtained removing one of these hypotheses, in this
case Love Second Approximation Theories (LSAT) theories are obtained. In general
an hypothesis that can be removed is the perpendicularity of the transverse normals
the midsurface after deformation.
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3.3 Plate models review - Kirchhoff model for plates

A theory that can be employed for the multilayered plate analysis is the Classical Lam-
ination Theory (CLT) which is based on the Kirchhoff hypothesis already introduced
(for any detail, see the book [21]). According to Kirchhoff model, the initially plain
transverse sections remain plain during the deformation process and normal to the
reference surface (). A figure is presented:

Figure 3.2: Deformation process according to Kirchhoff on x — z plane.

Remembering the definition of strain it possible to write that:

Vor =0 =2 Uy, + Uy =0 = Uy, = —Uyy (3.3)

Yye =0 = Uy F Uy =0 = uy . = —uszy

In the following the operator , indicated the operation of derivation according to
the generic coordinate a. The displacement field according to Kirchhoff is then

Uy = Uz + Ug zZ = Uy — Uz R
Uy = Uyo + Uyz 2 = Uyp — Uzy 2

Uy = Uy (3.5)

The strain-displacement relations are reported in the following for the Kirchhoff
model:
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_ _ ~_ 0 1
Eyy = Uyy = Uyoy —Uzyy 2 = €, + €y

yay© Yy

——
Yoy = 2 €y = (Uyoz + Us0yy) —2Uszy 2 = 'ng + 'Y;y
€., =0
Vor = 2€5, =0
Vyz = 2€y. =0 (3.6)

The material considered are governed by the Hooke’ law.

3.3.1 Equilibrium equations

The application of the Principle of Virtual Displacement is used in order to determine
the equilibrium equation of Kirchhoff plate model. A rectangular plate is considered,
in order to explain the geometric configuration a picture is reported:

y

Figure 3.3: Rectangular plate configuration.

The sides of the rectangular plate are denoted as a and b. The thickness of the
plate is constant and equal to h. According to the Principle of Virtual Displacement
(PVD) the governing equation can be obtained solving

§Lint = O Lout — / 5 g dV = / sul pdv (3.7)
\%4 14

where p is a transverse pressure load acts on the plate. It is possible to write for

the equilibrium equations
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5U$0 . Nxxﬂj + N:cy,y =0
duyo i Nyyy + Npyo =0 (3.8)
6”20 : Mxx,zx + Myy,yy + 2 Mxy,:ry + b= 0

with the related boundary conditions

Ouzo i Nygng + Nyyny, =0

duyo i Nyyny + Nyyng =0
OUs0p : Mugng + Myyn, =0 (3.9)
Suzoy : Myyny, + Mﬂnx =0

Ouso s Mygang + Myyyny, + My ny + My ng =0
The forces Nyz, Nyy, Ngy and moments M, M,,, M,, are defined as

Nyy :/A Tyy M,, :/A Oyy ¢ 2dz (3.10)
Ngy Oy M, Oy

3.3.2 Evaluation of the equilibrium in terms of the displace-
ment variables

The internal forces for an orthotropic plate can be evaluated in terms of the displace-
ment variables. As first step, it is necessary to express the forces and momente reported
in Equations and in terms of the strain components and of the components of the elas-
tic matrix. Considering the definition of stresses, the fores and momenta N and M

can be written as:
N A B e
RIS sy

The above matrix can be expressed in a synthetic manner considering a multilayered
plate:

Ne  pms
(Aij, Bij, Dij) = Z/ N Cij (1’Z’Z2> dz (3.12)
k=1" %k

Ny is the number of the layers and ij is the generic 77 material parameter of
the k-layer. The layers are enumerated starting from the bottom. Remembering the
definition of strains, the internal actions (N, Ny, and N, forces and M,,, M, and
M,,, moments) can be written in terms of the displacements:
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K Ko Kis Uz 0
Kgl K22 Kgg Uqy0 = 0 (313)
K31 Ksy Ks3 U0 -p

where each term of the differential operator is:

K1 =A11 040 + A160,yp + At O 2y + Ags O gy
K9 =A190 o + A1 0 gz + Az 0y + Age Oy
K3 = — B110 300 — B120 yys — 2 B16 0 zyz — B16 0 gay — B26 0. yyy — 2 B O zyy
Ko =A21 0y + Ao 0 yy + A1 0 gx + Ase O ya
Koy =A99 04y + A260 5y + Ass 0y + A660 22
Ko3 = — B91 0 40y — B220 yyy — 2 Bog 0 4y — B16 033z — Bas 0 yye — 2 Beg O zya
K31 = — B11 0420 — Bi16 0 yax — B21 0 oyy — Bas 0yyy — 2B16 0,00y — 2Be6 0 yay
K3y = — B120 yee — Bi6 0 2ax — B22 0 yyy — Bog 0.2y — 2Bo6 0 yay — 2866 0,00y
K33 = — D11 0 4320 — D12 0 yyww — 2 D16 0 nyww — D1 0 gy — D22 0 yyyy—

— 2 D6 O ayyy — 2D16 0 2zay — 2D26 O yyay — 4 De6 O zyay

(3.14)

3.3.3 Closed form solution for Kirchhoff plate, Navier solution

In the following a closed form solution for simply supported rectangular plate is re-
ported. In the following, it assumed that is the the coupling effect bending - stretching
is not considered and the bending - twisting effect is ignored. This implies to set to
zero all elements of the matrix [B] and the coefficient Dy and Dag. In this case it is
possible to write:

Kin Kiz 0 U0 0
KQl KQQ 0 Uqy0 = 0 (315)
0 0 Kss Uz —p

No in-plane force is considered and the thermal load is not computed. The Navier
solution can be employed to analyze a simply supported plate, in this case the boundary
conditions on I' are



52 CHAPTER 3. CLASSICAL AND REFINED PLATE MODELS REVIEW

u,0(0,y) = uy(a,y) =0 uy(z,0) = uy(z,b) =
Uzo(,0) = uzo(x,0) =0 uyo(0,y) = uyola,y) =
Nz(0,y) = Ny(a,y) =0 Ny(x,0) = Ny(z,b0) =
My (0,y) = Myz(a,y) =0 Myy(x,0) = Myy(x,b) = (3.16)

(3.17)
where
mm nm
— = 3.18
The acting load is a pressure acting on the top surface of the plate:
p = po -sin (ax)sin (5 z) (3.19)

It is worthy to note that if different load distribution are considered (e.g. constant
pressure distribution) Fourier series have to be used for both load and displacement
field. Let’s substitute the displacement functions into the differential operator:

—a? Ay — B*Ags —af (Arz + Age) 0
—af (Ao + Ags) —[%Ag — o Agg 0
0 0 —atDyy —20a%8% (Dyg + 2 Deg) — 4 Dag
Uzo 0
Upo o= { 0 }
UzO —Po
(3.20)

The solution of this system permits the evaluation of the parameter UzO; Uyo and
U.o. In particular it is
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A Do
Uo = 3.21
0 Oé4D11 + 2 05252 (D12 + 2 D66) + 64D22 ( )

Momenta M,,, M,, and M,, can be computed as well, remembering that

M., Dy Dy O elt)
My, ¢=| Da Dy 0 |-{ €l (3.22)
M:ty 0 0 D66 ”7:&?14)

In an explicit form it is

Mz, —D11€ D4 D12€( ) =
=Dz - Upo? -sin(az) - sin(By) + Dioz - UsoB? - sin(az) - sin(By) =
(Dna + Duﬁ ) U,o - sin(ax) - sin(fy) (3.23)
M,, —D216 + Dy e
Dy z - Upa - Sln(a x) -sin(By) + Dayz - Uof? - sin(ax) - sin( y)
<D21a + Dy f3 ) U.o - sin(ax) -sin(fy) (3.24)
M,, —Dﬁm(l) —2 Dgga3 - U cos(ax) - cos(By) (3.25)

It is possible to demonstrate that the boundary conditions are respected.
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3.4 Plate models review - Mindlin model for plates

In this section an Mindlin theory is proposed and analyzed. The discussion start from
the definition of the geometry and of the displacement field considered by this theory.
Similarly to Kirchhoff approach, in FSDT the cross section during the deformation
process remains plain but, differently, the same transverse section is not normal to the

reference surface during the deformation process. A figure is presented:

z A

Figure 3.4: Deformation process according to Mindlin on x — z plane.

The displacement field according to Mindlin is then

ux:ux0+ux,zzzux0+¢xz
Uy = Uyy + Uy 2 2 = Uyo + Py 2

Uy = Uz0

Remembering the definition of strain it possible to write that:

Ug,z = Qbm — Yoz = Ug,z + Uz oz = be + Uz 2 — ¢m = —Uzp + Yz
Uy = Py = Vyo = Uyz + Uzy = Oy +Usy = Oy = —Uy + Yy

(3.26)

(3.27)
(3.28)

In the following the operator , indicated the operation of derivation according to
the generic coordinate a. The strain-displacement relations are reported in the follwing

for the Mindlin model:
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€xe = Ugx = Ug0,x + QS:c,x z

€y = Uyy = Uyoy + Pyy 2

Yoy = 2 €xy = Ugy + Uy,z = Ugz0,y + ¢:Jc,y Z 4 Uyo,z + ¢y,x z
Vor =2€p: = Uy + Usyp = Gy + Uso

Yyz = 2 €yz = Uy 2 + Uzy = ¢y + Uz0,y

€. =0 (3.29)
that is

€re = Upz = Uz0x + Pra 2

€yy = Uy,y = Uyoy + Pyy 2

Yoy = 2€ay = Usoy + Uyop + (Duy + Pya) 2

Yoz = 2 €22 = U0z + Po

Yyz = 2 €yz = Uz0,y T Qby

€. =0 (3.30)

3.4.1 Equilibrium equations

The application of the Principle of Virtual Displacement is used in order to determine
the equilibrium equation of Mindlin plate model. The principle states that:

5Lint - 5Lext (331)

The virtual internal work (6 L;,;) is made by the internal stresses while the external
work (0L.,) is made the applied external loads at the top, bottom and lateral surfaces.
In this case the PVD becomes:

/5€T-O'dV:/ oul pdv (3.32)
Vv 1%

It is possible to write for the equilibrium equations

0Uz0 i Npgg + Nyyy =0

Oty © Nyyy + Noyo =0

5“7;0 : Qm,m + Qy,y +p=0 (333)
6¢Jz : Ma:y,y + an;,a: - Qac =0

0y Mayye + Myyy —Qy =0
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and the related boundary condtions are

OUgo : Nayphy + nyny =0
duyo: Nyyny + Nyyng =0
Sty Qung + @yny =0 (3.34)
0z 1 Mypng + Myyn, =0

0y : Myyn, + Myzyn, =0

where

Na:a: Ny, U’;x Mx:c Ny, U]gﬁx Q N

Ny, ¢ = Z/ Uky dz My, ;= Z/ O'ky zdz { v }: Z/ {

Ny =14k U% M,, =14k a% Qy k=1 4k
€T x Ty

(3.35)

3.4.2 Evaluation of the equilibrium in terms of the displace-
ment variables

The internal forces and momenta can be expressed in a similar manner of the Kirchhoof

theory:
{ﬂ}:[gg]{ig} {Q} =[A]- {7} (3.36)

Transverse shear stresses are constant since the transverse strain it is constant. In
laminated plates the shear stresses at least vary quadratically. In order to evaluate a
reasonable values of shear stresses through the FSDT theory it is necessary to correct
the values of () by means of a shear correction factor (K). It is

=K- dz 3.37
{ Qyz —h/2 Oyz ( )
In this case it is possible to write

{Q} =K [A]- {7} (3.38)

The components of the matrices A, B and D are defined as in Equation |3.12] The
equilibrium equation can be written considering a linear differential operator K:
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Ky Ky K3 Kiy Kis Uy 0
Ky Ky Ky Ky K Uy 0
K31 Kz K3z Kz Kzs |- uz ¢ =4 —p
Ky Ky Kiz Kuy Ky o 0
K51 Ksy Ksz3 Ksy Kss o 0

whose components are defined as follows

K11 = A11 040 + A16 0 ya + A1 oy + Ass Oy
K9 = A190 5 + A160 50 + A6 0,y + Age Oy
Ki3=0

K4 = B110 32 + Bi16 0 yo + B160 oy + Bes0.yy
K15 = B120 ye + Bi6 040 + B260,yy + B0,y
Ky = A Oy + Az 0 yy + A16 000 + Ass Oy
Koy = A9 0,y + A6 0 2y + Asg Oy + Ags O
Ky3 =0

Koy = B210 4y + B 0,yy + B160,20 + Bes O ye
K5 = B30,y + Bog 0.4y + B260 o + Beg 0 4a
K31 =0

K3 =0

K33 = KAu 04y + KAy5 0 yp + KAus 04y + KAs5 0,y
K3y = KAu0, + KAy50,

K35 = KAy50, + KAs50,

o7

(3.39)
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K41 = B11 040 + Bi6 0yo + Bi6 04y + Bes O,y

Kip = B120 yy + Bi6 0 22 + Bag 0,4y + Bes 0 2y

Kis = —KAud, — KA,

Ky = D110 4o + D160 3y + D16 0 yz + Des Oy — K Ay

Ky5 = D120 yy + D160 5o + D20,y + D O 2y — K Ays

K51 = Boy 04y + Bog 0,y + Bi6 020 + Bes Oy

K59 = Boy 0y + Bog 0 4y + Bag 0 4w + Bee Oz

K53 = —KAy50, — KA550,

K54 = Dos O yy 4+ D210 3y + D610 5o + D 0 yo — K Ays

K55 = D 0 4y + D220 yy + D20y + Dig O e — K Ass (3.40)

3.4.3 Closed form solution for Mindlin plate, Navier solution

In the following a closed form solution for the Mindlin plate model is presented. A
simply supported plate is studied by taking into account the Navier solution. In
this case, the boundary conditions on I' are already defined in Equation [(3.16f The
displacement variables are defined as

Uy = Uy cos (ax) sin (By)
u, = Uy sin (az) cos (By)
u, = Usp sin (az) sin (By) (3.41)
62 = Bao cos (@) sin (By)
Gy = dyo sin (avx) cos (By)
where
a:% :n% m,n € N (3.42)

The Navier solution can exist if only

Ayg = Ags = Ass = Big = Bag = Dig = Dog = 0

that if only it is

Cfﬁ = 056 = C§6 = Cfsy =0 (3-43)
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Substituting the definition of the displacement component into Equation it is

possible to write

Kll K12 0 K14
K21 K22 0 K24

where

Kis
Kos
K35
Kys
K

0 (3.44)

Ky =— (Auoz2 + AGGBQ) U Kiz=— (A2 + Ags) B Uy

K15 =0 Ky =— (Bnoz2 + 36652> 0

K5 = — (B + Bags) afdyo Ko1 = — (As1 + Ags) a8 Urg

Kp = — (AnB® + Aga®) Uy Koz =0

Koy = — (Bay + Beg) aBa0 K5 = — (B22B2 + Bﬁﬁo‘z) Do K =0
K3 =0 Kss = — (KAua® + K A538?) Us

Kgy = — KA44OC(£$O

K35 = — KA445<ZA5y0

Ky =— (311042 + 36652) Uw  Kigp=— (B2 + Bgs) af UyO

K43 = - KA4406 Uzo

Ky =— (DnOé2 + D6652 - KA44) ngo

K45 = — (D12 + D66) Oéﬁagyo K51 = — (321 + BGG) 056 Ux()

Ky = — (B2252 + B66O‘2) Uy Ksz =~ K A58 Usg

K54 = — (Day + Des) aBdu0 Ks5 = — (D2252 + Dggar® + KA55) by (3.45)

The solution of the linear algebraic system permits the definition of the un-
knowns Uy, Uy, U.o, ¢z0 and ¢,9. The boundary conditions can be verified as done

for the Kirchhoof plate models.
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3.5 Refined plate model

The introduction of higher order terms in a plate/shell model offers the possibility to
improve the analysis of the plate/shell response. A comparison of the results obtained
by means of the classical models with refined plate models is reported in [20].

In the following, it is shown how it is possible to obtain a refined plate model
by introducing and additional term in the classical models described in the previous
chapters. This example of refined theory is introduced in order to demonstrate that
equilibrium equations obtained by means of a refined theory can be written in a unified
and automatic manner. A non-classical displacement field can be defined as:

Uz (2, Yy, 2) = ugo(z,y) + 2us (T, y)
Uy (2, Y, 2) = uyo(z,y) + zuy (2, y) (3.46)
u(x,y, 2) = uy(x,y) + 2zun(z,y)

In this case, the strain-displacement relation can be defined synthetically as

€pp = egm + zeix
€yy = 628 + ze;yl
Tov T ey T (3.47)
’sz - 7yz + ZIsz
’sz = ’7(/)22 + Z’Ya:ctz

622’ = €zz
where
0o _ 1 _
€re = Uz0,2 €rp = Uzla
0 _ 1 _
eyoy = Uyo,y eyly = Uyly
Vzy = Uz0,y + Uyoe Yoy = Uzly T Uyre (3 48)

%(,)z = Uz0y + Uy %}z = Uzy
7;82 = Uz0,z + Ug1 V;Z = Uzl
€ =y el =0
In the following it is convenient to group the stress and strain quantities into two
distinct sets, that is in-plane, denoted as p, and the out-of-plane quantities, denoted

as n. In this case it is

€ ={€x €y Yoy} 0p={0w 0Oy Yy}
€n = {Exz €yz ’Yzz} Op = {U:rz Oyz ’Yzz}

(3.49)
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The in-plane and out-of-plane quantities are referred to the surface €2 depicted in
Figure Considering a generic k layer of a multilayered plate Hooke’s law defines
the stress-strain relation, othotropic materials are considered:

oy =Ck e, + Ch €, (3.50)
o, =Cl.e,+Cle, (3.51)
that is
U%x [ C}Izl C}’:Q 0{26 1 €xa [0 0 C}IZS Vew
Oy | Cls Ca% Cés | Vay L0 0 G5 €2z
UI;Z [ 0 0 0 ] €xx [ Cégg, C!fg) 0 Vzx
of, p=1 0 0 0 [-$ ey p+|ChH Ch 0 |-$ 7. (3.52)
U];z L Cf?) 053 056 i Vay L 0 0 C§3 €2z

3.5.1 Governing equations

The governing equations for a plate are obtained by means of the Principle of the
Virtual Displacement (PVD) which states

5Lint - 5L€xt (353)
that is

NL NL
> / / (56;0’1]; + 5650’,’2) av =>"5LE, (3.54)
k=17 % J A k=1

Ny, is the number of the layers of the plate under exam. Transverse plate section
is denoted as Aj. The virtual variation of the external applied loadings is written as
Z]kV:Ll 8 Ler:?¥ and the virtual variation of the internal strain energy is denoted as d L;,;.
Upper script T" denotes the transposition operation. Internal forces and momenta can

be defined as

k k
wa

NL sz Nyz NL Uyz
Ny t =Y / ok | dz N, v =3 / ok | dz (3.55)
ny k=17 O'% sz k=17 Ak I;z
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Mﬂ?.’E

M,
M.

vy
Ty

Tz

k
Ny, o Np k
i M, o
— E k yz — E Yz
zy

All passages are not reported in this chapter, further details can be found in the
Appendix [I0] Considering a transverse pressure distribution at the top surface of the
place the equilibrium equations of the plate are:

5“550 .
(S'U/yg .
Oy :
Oy
Oy -
Oty

Nxm,x + Nzy,y =0
Nyyy + Nayo =0
Nyz,y + Nxz,x +p= 0

and the related boundary conditions are

Mxx,x + M:vy,y - Nacz =0 (357)
Myyy + My — Ny =0
Mmz,:c + Myz,y - sz +p% =0

gy 1 Npghy + Wzyny =0

Oty Eyynrr + yryny =0

Oy Ny:ng + Nyzny =0 (3.58)

Uy © Mpzny +%Iyny =0

uyr = Myyn, + %myny =0

Ouz o Myng + My.n, =0

3.5.2 Internal forces and momenta in terms of displacement
variables

The internal forces can be expressed in terms of the displacements, that is

defining

2=

2 2

3

bS]

A BABJ|(é
E F E F €l

“|B DBD &b (3.59)
0 0 HF €l



3.5. REFINED PLATE MODEL

Ng, Cfl sz Cf@‘ ]
A:ZA Ck CE Oy | dz
k=1 7 Cf(s 056 056 i
5 Ny, 0 0 CfS |

A:Z/ 00 Ck |d-
=100 Ol
Ny, 0 0 0 1
BE=Y [ |0 0 0 |a
=1 oy Oy O
N N [ Cz]f4 Cfs) 0 ]
E:Z/ ok CcE 0 |de
=10 00 Ol
N I C{]zl C’% C’{I:G 1
B:ZAzChQ2% dz
k=170 Cl Cl5 Cig |
5 Ny, 0 0 C{CZ& |
B=> [ =00 Chla
=170 0 O
Nr, k k
" ck C
H = / z B dz
> [k

N [ Cfl Cﬁ Cffi
B:Z/ 2| ok ook kol
Ak
h=1 | Cfe O3 Cis
5 Ny, [0 0 C{%
B=>" / 2|0 0 CY |dz
Ak
k=1 0 0 Ck
N 0 0 0
F=Y [ =0 0 0 |d
Ak
k=1 Cy O Ci
~ Ciy Cis 0
F:/‘z ok ck 0 |dz
Ak 0 0 Ck
Np ) [ C}lzl 0{22 C}’:ﬁ
D:Z/Akz 3 C5 Cg
h=1 | Cls Ol Ci
5 Ny, [0 0 0{63
D=y [ |00 c|a
k=17 4K 00 Ck
Ng, [k k
< cy C
N — / 2 a0 Cus ] d
2 )™ ol ok

dz

63

(3.60)

Substituting into Equation [I0.20] the definitions reported in Equation [3.59 and re-

membering the definition of the strain components, it is possible to write the governing
equations for a multilayered plate in terms of the displacement variables

Ku=p—

Ky
Ko
K3y
Ky
Ko
Koo

K3
Ko
K3
Kys
K3
Kes

K4
Koy
Ky
Ky
K4
Kea

Kis
Kys
K35
Kys
Kss
Kes

K
Ko
K
Ky
K6
K

Uz0 0
Uqyo 0
U0 _ -p
Ug1 - 0
Uy1 0
Uz1 _ph?k

(3.61)

where K is a differential operator. In a similar manner, the boundary conditions

can be computed as
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ITu =1Iu —
U0 [ 114y
Uyo 15,
U0 _ 1134
Uz Iy
Uyt 115,
Uzl | Iy

Ug0
Uy
U0
Ug1
Uy 1
Uzl

(3.62)

where 1 is the displacement function defined at the boundary I'. The passages for
the definition of the above introduced operators is given in Appendix [10]

3.5.3 Governing equations in terms of fundamental nuclei

In the following it is demonstrated that it is possible to express the governing equations
in terms of fundamental nuclei, that is it is possible to express the plate governing

equations reported in eq.s [10.34] as

KlO Kll

[ K0 Kot

1 .

(3.63)

where K% K% K!° and K!!' are 3 x 3 differential operators. The upper scripts 0
and 1 refer to the expansion order employed in the definition of the displacement field,
in this case 0 refers to the constant term of the displacement field and 1 refers to the
linear term of the expansion. In the following, these upper scripts are labeled as 7 and
s. In an explicit way it is

K7y
1 KX
K3}
K{y
z K. 2110
Ky

1
K
K
K
Kl
Kl
K}

K
K
K
K
Kl
Kl

Ky
Ky
[
Kl
el
L

z
Ky
K3
[
K
Kl
e

K
K
K
K
K
K

(3.64)
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The equation reported in can be written in a unified manner by means of a
fundamental nucleus. All the passages are not reported in this chapter for the sake of
brevity, they are reported in the Appendix [I0] In that Appendix it is shown how it is
possible to define the fundamental nucleus for the theory reported in this chapter and
how it is possible to extend it to any order plate theory. The fundamental nucleus for
any order plate theory is defined for the generic k£ layer of a multilayered plate as

Kffs :CflETsa,m + CgcsETsa,yy + 2056E758793y - C§5ET,ZS,Z
Kgs :OfGETSa,SCl? + CgﬁEfsa,yy + (CgGETS + CngTs)(‘?,a:y - Of5ET,zs,z
K5 =(ClBr s — C55Brs )00 + (Cie Br s — Cis Brg )0,
K§1TS :CfﬁEﬂ'sa,m + C§6ETsa7yy + (CEETS + CgGETS)a,Iy - Cfs;E‘r,ZS,z
K578 =CBrs0 4 + Oy Br0.yy + 205 B30 4y — CuBr s .
K33 :(C§6ET,28 - Czlf5ETs,z)a,x + <C§3E7jzs - CLETs,z)ay
K3i* =(C35Er s — ClsErs )00 + (Ci5Er s — CygBrs )0,
K33° =(ClsBr s — CisBry )04 + (Chy By s — Ch3 By )0,
K:l’gs :O§5E788,m + Cz}f4ETsa,yy + 2055E7587wy - C§3ET,25,2
(3.65)

Similar passages can be applied to the differential operator IT¥™*, the result is

I57° =B (C0 + Cfs0y) + Era(C0.. + Cgs0,)

15° =B (Cls0z + Cly0y) + Ero(Ch0, + Cge0.a)

ngs :OfSET,zs + CsEr s

[157° =Ery(C510,4 + C0,y) + Ers(Cled, + Cs0,y)

55" =Ers(Cy0,0 + C30,) + Erg(Cy60,y + Cg0.)

M53° =Cy Ex .o + C36E;

H’:’f{s :Cf5ET,zs + C§5ET,ZS

M53° =CY B, .o + CHE-

157 =E,,(C4:0., + Cy,0,) + E.(CEO,. + CE0,) (3.66)

The meaning of E., E; ,, Er,, and E; _,  is reported in the Appendix .
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3.5.4 Conclusion

The equation reported in [10.48 show that it is possible to write the equilibrium equa-
tions in a such a way it is not necessary to derive these ones whenever a new dis-
placement field is assumed. The same passages can be repeated for the shell case
and for multifield problems. The results reported in this chapter can be considered
as preparatory to the introduction of the Carrera Unified Formulation (CUF). In the
next chapter, it is introduced a compact notation to define any expansion order dis-
placement field. The fundamental nucleus is defined by means of this notation and
some results of multilayered and multifiled plate and shells will be discussed. In the
following, the closed-form Navier type solutions are considered.



Chapter 4

Unified Formulation

The Carrera Unified Formulation (CUF) is introduced in this chapter. This theory
is developed by considering two different schemes (Equivaletn Single Layer (ELS) and
Layer Wise (LW)) and two different variational statements (the Principle of Virtual
Variation (PVD) and the Reissner Mized Variational Theorem (RMVT)). The CUF
is employed to obtain the governing equation for multifiled problems for plates, taking
into consideration the PVD wvariational statement. The thermal and piezomechanical
problems are considered.

4.1 Unified Formulation, an introduction

Improvement of the classical theories for plate ans shells can be obtained by increas-
ing the expansion order of the displacement components in the thickness direction z;
these models are defined as refined. A model can be implemented according to two
different approaches, Equivalent Single Layer (ESL) and Layer Wise approach (LW).
According to ESL approach a heterogeneous multilayered plate is analyzed considering
a single equivalent lamina. In this case the number of unknowns does not depend
on the number of layers. Classical theories, i.e. CLT and FSDT, can be classified as
ESL theories. According to LW approach each layer of a multilayered plate/shell is
separately considered. In this case the number of unknowns depends on the number of
the layers considered. The Carrera Unified Formulation makes it possible to obtain the
refined models for plates and shells in a unified manner according to both ESL and LW
schemes; the governing equations can be written in terms of few fundamental nuclei
whose form does not depend on the particular expansion order adopted. Considering

67
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a generic bidimensional structure whose reference system is a« — 8 — z, according to
the CUF the displacement field can be described as:

u(a, B, z) = Fr(z) - u(a, ) 7=0,2,...,N (4.1)

where u is the displacement vector (u, ug u,) whose components are the displace-
ments along the «, 3, z reference axes. F. are the expansion functions and functions
U, = (Urq, Urg, Ury) are the displacement variables; N is the expansion order.

4.2 ESL and LW schemes

The expansion functions F, can be defined on the overall thickness of the plate/shell
or for each k-layer. In the former case Equivalent Single Layer (ESL) approach is
followed and in the latter case a Layer Wise (LW) approach is used. Examples of
ESL and LW schemes for plates are reported in Fig.s 4.1(a)|and [4.1(b)| respectively: a
transverse section of a multilayered plate is reported, the number of layers is equal to
Np. A generic displacement component distribution is presented according to linear
and higher order expansion of both methods. In the case an ESL scheme is adopted
the location of the point P on the total thickness is zp (Fig. {4.1(a)) while for LW
scheme the point P is defined according to the local k-layer reference system labeled
in the figure as =y, yx, ¢ (Fig. 4.1(b)]). In the following ESL and LW approaches are
discussed in detail. References on the CUF implemented according to the ESL and
LW schemes can be found in [1§].

zZA z
Linear Higher order Linear Higher order
[ ] o A
! ! \ / ly o/
P P
layer k ]‘Z P )DZP layer kl\ G /?Ck /ka Yk
P P
/ i Xy i x.y
\
[ e o )
(a) Equivalent Single Layer scheme (b) Layer Wise scheme

Figure 4.1: Linear and higher order ESL and LW examples for plate analysis.
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4.2.1 Equivalent Single Layer theory

According to ESL scheme the behavior of a multilayered structure is analyzed consider-
ing it as a single equivalent lamina. In this case F) functions are the Taylor expansions
of z defined as F, = 2!, In the following the ESL models are synthetically indi-
cated as EDN, where N is the expansion order and D indicates that the theory is a
displacement formulation. In addition, the ESL models are denoted with EMN if the
RMVT variational statement is employed ("M" means mixed). An example of an ED4
displacement field for a plate is reported in the following

Uy = Ugy + 2 Usgy + 22 Ugy + 25 Ugy + 2% Uy,
Uy = Uy + 2 Uy, + 27 Uy, + 2% Uy + 20y, (4.2)
Uy = Uy + 2 Uz + 22 Usy + 2wy + 20y,
In Fig. the displacement field computed by means of an ED4 models is reported
for a three layered structure.

Figure 4.2: Displacement field for ED4 model.

As mentioned in [49], classical models such as CLT and FSDT can be considered
special cases of full linear expansion (ED1) since CLT/FSDT displacement variables
are

Uy = Ugy + 2 Ugy
Uy = Uy, + 2 Uy, (4.3)
Uy = Uy,

A penalty technique can be employed to obtain these models. In addition the
penalty technique has to be used in order to impose the condition 7,, = 7,. = 0 for
the CLT model. The first order models based on ESL scheme present the so called
thickness locking (TL), i.e. the simplified kinematic assumptions in the plate analysis
does not permit to thin plate theories analysis to lead to 3D solution in thin plate
problems. In [50] the authors analyze and propose some solutions for this problem.
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4.2.2 Layer Wise theory

According to Layer Wise scheme the displacement field exhibits only Cj-continuity
through the laminate thickness. LW models can be conveniently built by using Legen-
dre’s polynomials expansion in each layer. The displacement field is described as

ut = Ft-uf+Fb-ulg+FT-u7’f = Fu”

T

T=t,br r=23...,N k=1,2,..., N,
(4.4)
where k is the generic k-layer of a plate/shell and N, is the number of the layers.
Subscripts ¢t and b correspond to the top and the bottom of a layer. Functions F,
depend on a coordinate (i, its range is —1 < (, < 1; its representation is reported in
Fig. . The extremal values —1 and 1 are reached at the bottom and at the top
of the layer. Functions F, derive from the Legendre’s polynomials according to the
following equations.

R+ P F_PO_Pl
= L =

F
t 2 2

F,=P,—P_, r=23..N (45)

The Legendre’s polynomials used for fourth order theory are:

-1, SGE-8G 3G 15¢ 3

0 1 Ck 2 9 9 R 4 S

(4.6)

LW models ensure the compatibility of displacement at the interfaces 'zig-zag’ ef-
fects by definition, that is

w=ut  k=1,... N1 (4.7)

In the following LW models are denoted by the acronym as LDN, where N is the
expansion order. In addition, the LW models are denoted with LMN if the RMVT
variational statement is employed. "M" means mixed. An example of LD4 layer dis-
placement field for a plate is

uk = Fouf, + Byuky, + Fyub, + Fyub, + Fyuk,
u% = Fyuf, + Fyuly + Fyuby + Fyuby, + Fyuk, (4.8)
ul = Fyul, + Fouly + Fyuls + Fyul, + Fruly,
In Fig. [£.3|the displacement field computed by means of an ED4 models is reported
for a three layered structure.
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Figure 4.3: Displacement field for LD4 model.

4.3 Governing equations - the PVD case

In this section the refined models obtained by means of the Principle of the Virtual
Variation (PVD) are reported. A complete introduction to the PVD and the use of
the CUF can be found in [5I]. Mechanical case are described for the plate and the
shell, and multifield models (i.e. thermal and piezoelectric) for plate are reported. In
the following, the attention has been here restricted to the case of closed form solution
related to simply supported orthotropic rectangular plates, loaded by a transverse
distribution of harmonic loadings. The following properties hold

016 = Cgﬁ = 036 = 045 =0 (49)

In this case the displacement are therefore express in the following harmonic form:

k Tk mmy . nTYL .
u, = U; cos (Tk ) sin (Tk ) E=1N
k 7Tk - mmzy, NTYg -
u, = Uy sin (=7 ) cos (Tk ) T=1,N (4.10)
u’; =U f sin ( ™22k ) sin (—my’“
T T [¢] bk

where (7;;, U;“T and UfT are the amplitudes, m and n are the number of waves (they
range from 0 to co) and a; and by are the dimensions of the plate. The same solution
can be applied to ESL approach, in this case displacement variables appears without
superscript k. The transverse pressure acting on the plate is defined as

p = p’sin (mmck) sin (mryk) (4.11)
Qg bk

In the case of shell analysis, the Equations become
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uf = Uij cos ("Z’“) sin (%) k=1N
ufy = Uéi sin <m§:k> cos (%) T=1,N (4.12)

ub = UF sin (—mmk) sin (—””ﬂ’“)
T a bk

Zr

and the transverse pressure load is

p = plsin (mwak> sin (mrﬁk> (4.13)

ag by,

4.3.1 Plate mechanical analysis

The analysis of a multilayered plate can be conducted by means of the Principle of
Virtual Displacement (PVD) which states that:

Ny, Ny,
ZaLfnt = ZéLZCt (414)
k=1 k=1

The virtual variation is denoted as 0 and the number of the layers is NV;. The term
0 L.z denotes the virtual variation of energy of the applied loads, while 6 L;,; denotes
the virtual variation of the internal strain energy. The virtual variation of the strain
energy can be computed in a explicit form as

SLE, = / (6(—:§T . 0']'; + (56iT : afl) dVi (4.15)
Vi

nt

where Vi is the domain of the generic k£ layer. Considering the strain-stress and
the strain-displacement relations, and employing the CUF it is possible to write the
governing equations for the plate as

Np Np, N
Z/ suf KFeukdQy, + Z/ SutTIETsukary, = Z/ dus p dQy (4.16)
k=17 =1Lk k=1

The definition of the fundamental nuclei K*7¢ and TI*"* is reported in the following:
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K.:={(-D,)" [CLE..D, +Ck E,. Dy +ChE. .|+
(~Duo)" [CE E-D, + Cf B Dyo + CEL B, | +

+ [CﬁpETs,sz + CimETs,anQ + CfLTLET,ZS,z:| } (417)
e ={(1,)" [Ch By D, + CL, By Do + CL B ] +
+ (InQ)T |:CprESTDp + C’]::LRESTD’VLQ + Cmesr,z} } (418)

The development of all passages is herein omitted for sake of brevity; details can
be found in the Appendix [11} The static response of a plate subjected to a transverse
pressure distribution can be computed by solving the system

out’ KI5 -ub =P,
sut’  ITFsuk = ITeq (4.19)
P;_ is the external load. The fundamental nucleus, K7® is assembled through
the depicted indexes, 7 and s, which consider the order of the expansion in z for
the displacements. Superscript £ denotes the assembly on the number of layers. If
the Navier closed-form solution is considered, the displacement field is expressed as in
Equations and a transverse pressure is considered as defined in Equation[d.11] The

definition of the components of the operator K*7* for the Navier closed form solution
case is reported in the Appendix

4.3.2 Mechanical shell analysis

The coordinate frame adopted is presented in Fig. for a single layer of a shell. The
definitions of some operators used in the followings were introduced in chapter 2l The
strain-displacement relations can be written as

ey =D,u”" + Alu” €8 =D, ou" + Afu* + DF u* (4.20)

where

e]; = [€aa €85 €ag) efl = [€az €82 €22 (4.21)

The stress - strain relation is defined by means of the Hooke’s law
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_ k k
= Cppep + Cpne;

= Cpper + Crpel (4.22)

k
ot =Ceé" — P
n

The governing equations are obtained via the Principle of Virtual Displacement

(PVD):

N; Ny
Z/ / ((56’;TU§ + 56’50,’2) dudz =" SLF (4.23)
k=17 A k=1

The governing equations for a multilayered shell can be written in a similar manner
as the governing equations for the multilayered plated, i.e.

Np NL N,
3 / sut KETeukdqy, + 3 / SubTIETsukdry, = 3 / du, p dS (4.24)
=17k k=1"T% k=1"$%

in this case it is

TS T
K ={(-D, +A,)" |C},E., D, + C} Eer Ay + Ch B Dy + Cf, v+ Cf Eir A,
+(~Dug +A,)" [Ch E.D, + Ch B A, + C B, Dyg + CE B A, + CL B, |
+[Ch B, D, + Ci B, A, +Ck,E, Dy +CEE, A, +CLE, |} HEH)
(4.25)

and for boundary condition it is

TS T
s ={(1,)" |C},E.. D, + C} B Ay + Cf, B Dy + Cf, B A, + CJ B, |
+(Lio)" |Ch, EerD, + Cfy Er Ay + Cl, B Dy + CL, B A, + CEL B, |} HE HE
(4.26)

The static response of a shell subjected to a transverse pressure distribution can be
computed by solving the system

kT | TS kE _ DT
5us : Kuu “u, = PuT

sut’  IFTout = IRt (4.27)
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P} _ is the external load. The fundamental nucleus, K7 is assembled through
the depicted indexes, 7 and s, which consider the order of the expansion in z for
the displacements. Superscript k& denotes the assembly on the number of layers. In

the following, Navier closed form solution for shells (see equations and are
employed. Details on the analysis of shells by means of the CUF are reported in [20].

4.3.3 Thermal stress analysis

The thermal stress analysis reported in this thesis is based on the assumption that
the temperature distribution can be considered as an external load. Another possible
way to include the effect of the temperature distribution in the structural analysis is
the fully coupled approach. This approach makes it possible to describe the mutual
effect of the temperature distribution and deformation field [52]. This type of analysis
analysis considers both temperature and displacement fields as primary variables in
the governing equations. The use of the fully coupled approach for thermo-mechanical
analysis of plates in the frame of CUF theory can be found in [53]. In the following, the
temperature distribution is assumed a-priori. The temperature distribution is defined
as

0(z,y,2) = 0. sin <mm) sin (ley) (4.28)
a

where 6, denotes a temperature distribution along the thickness direction. The
function 0, can be defined a-priori or computed by means of the Fourier differential
equation. In the former case, 6, can be defined as a linear function

0, = 0, 2hz + 46, (4.29)

Parameters ), and 6, have to be defined according to the desired top and bottom
temperature values. The total thickness of the plate is h. A synthetic representation
of the linear assumed temperature distribution is reported in Fig.
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V4
etop

k+1

ebotk-'-1 =etopk
k / L XY
ebotk=etopk-1
k-1

ebot

Figure 4.4: Temperature profile distribution.

The governing equations for the thermal plate analysis obtained by means of the
PVD are:

N, Np
> / / [5€];T0'£ + (SGI;TO'H dzdy, =Y 6 LF, (4.30)
k=17 S Ak k=1

where IV, defines the number of layers of the shell and § denotes the virtual variation.
Ja, dz indicates the integration along the cross sectional area of a generic k-the layer
and €Y, is the plan area of a k layer. In Equation [4.30|stresses o, and o, are considered
as the sum of the mechanical (m) and thermal (¢) contributions, i.e.

o, = ;fH — O'ST o, = O'ZH - O'QT (4.31)

The subscript H denotes the stresses defined according to the Hooke’s law, while
the subscript T" denotes the stresses derived from the temperature distribution. The
thermal stresses are defined as in Section[2.3] Dividing the strain and stress components

into in-plane (p) and out-of-plane (n) components, the thermal stresses can be written
for a generic layer k as

k _ Ck ok ko ok
opr = Cppog, 0+ Cp 00 (4.32)
oir=Ch o0+ CFoakd

where 6 is the temperature distribution and oc’pC is the in-plane thermal expansion
coefficient (the components are {o/; a’; O}) and a is the out-of-plane thermal expansion

coefficient (the components are {O 0 aﬁ} ). The PVD for the thermal stress analysis of
a plate can be written as
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N
> [ ouf {Iiak 4 10, } ubdry — / out" {KEr b + KE0. } ubdoy, =

k=1"Tk

Ny
> sut Pk (4.33)
— k

Operators K¥s and TI¥7* have been already defined in the section related to the

plate mechanical stress analysis. The definitions of the operators K*7* and IT47¢ are

reported in the following:

K45* —D7 Ak ( / F 9%) DI A ( / F 9%) Y ( FSZQ’;dz>

U Byl [ F 0kdz) + TN ( /. F 0hdz) (4.34)

where A, and A, are defined as:

A 0
AN=|X|=Chal+Cpoa; X, =| 0 | =Cyal+Cpal (4.35)
)\6 )\3

Vectors A, and A, express the partial coupling between the mechanical field and
the temperature. The static response of a plate subjected to a temperature distribution
can be computed by solving the following equations system

Kowy = —K5 07 + Py, (4.36)

with the related boundary conditions on edge I'*
Hlﬂ'suk + HkTse — HkTs —k + Hlm‘se (437)
If the Navier closed form solution is employed, the definition of the operators K*7s

has been already defined in the Appendix [I1l More details on the thermal stress
analysis performed by means of the CUF are reported in [54].
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4.3.4 Piezoelectric mechanic plate

A piezoelectric plate is a multilayered plate which has N layers and some of them
can have piezoelectric properties, that is they can show a deformation state under the
effect of an applied electrical potential. Conversely under the effect of a mechanical
load the piezoelectric layers present a potential distribution. The equilibrium equations
are developed according to a Cartesian reference system, reported in Fig. 2.4 Stresses
and the electric field coupling effect in a generic k-layer is sustained by the direct
and converse piezoelectric effect and is defined according to the IEEE standard [46]
and reported in 2.4, In the following the electric potential distribution is expressed
according to a Layer Wise form distribution, that is

d=Fd,+Fd, +Fd,=Fd  rt=trbr=234 (4.38)

The continuity of the potential distribution at the layers interfaces has to be im-
posed:

OF =it k=1,--- Ny -1 (4.39)

The potential distribution is a scalar quantity, but for implementation reasons it
is convenient to define it as a vector, i.e., ®*F = f’qﬂc o* @k}. In this case, the electric
field strength can be expressed as

E* = D ®" (4.40)
where
—8@ 0 0 —8,36 0 0 0 0 0
D, = 0 —Qy 0 = 0 —(97y O(+1]0 0 0 (4.41)
0 0 —(972 0 0 0 0 0 —0,
DeQ Dez

The PVD applied to a piezoelectric plate becomes

ext

NL NL
S / (5" - o+ 5€t” - ok — SE'T DY) av =3 5 L (4.42)
k=17Vk k=1

Remembering the definition of the operators reported in equation it is possible
to write
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N,
kil /n {(D,ou))" F, [(C},D, + C},D, ) Foul — efD F,0%| +
+ (Dnéu'ﬁ)T E, [(C'ﬁpr + CnnDn) Fout — eﬁTDeF@ﬂ -

- (D65<I>’j)T F,|(efD,+efD,) Fouf + "D F.&*| } dV = %j SLE, (4.43)
k=1

Considering the integration by parts theorem, the PVD for a piezoelectric plate
can be written as

S [ " (I M) 4 o (1w 4 T @) -

k=1""*k

S [ o (Rt + i) 4 0@k (i Kt} a0y = Y oLk,
= ' k=1

(4.44)

The development of these equation is herein omitted for sake of brevity. Further
details are reported in [55] and in the book [56]. The static response of a piezoelec-
tric plate subjected to a transverse pressure distribution and/or a electric potential
distribution can be computed by solving the following equations:

k . kts .k ktsagxk k
sub s Krouh 4 KA @k = P
k . kts. .k ktsag/k
§®F  KFrouk + KRk = 0
A~k
k. yrkrs, .k krsgk _ yrkrsak krs
sub : TIFTouf + IF @k = IIF°§° + 1V %

S T

k

§®F : TIFTouk 4+ TIF7®F = TIF7°6 + 1573 (4.45)

The attention has been here restricted to the case of closed form solution related to
simply supported, cross-ply orthotropic rectangular plates loaded by a transverse distri-
bution of harmonic loadings. The displacement have been already defined in Equation

and the potential function ®* is therefore express in the following harmonic form:

F = &F . sin (mﬂxk) sin (n;ryk> (4.46)
ak k
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where ®F is the amplitude. Two different configurations are considered: sensor and
actuator configurations. When a sensor configuration is considered, a transverse pres-
sure is applied to the top surface of the plate and a potential distribution is generated.
The potential at the top and at the bottom is set to zero. When an actuator config-
uration is considered the deformation state of a plate is originated by the imposition
of a potential distribution: the value of the potential is set to 1 V at the top and to 0
V at the bottom of the plate. A transverse pressure is considered for the sensor con-
figuration, and its expression is reported in Equation [4.11] The electric load employed
in the actuator configuration is expressed in Equation and [£.46] The reference system
layout and the representation of the two configurations are reported in Figure [4.5

= Actuator configuration
Sensor configuration

Figure 4.5: Active and sensor plate configuration.

4.4 The governing equations - the RMVT case

In this section, the definition of the fundamental nuclei for multilayered plate models
based on the RMVT variational statement. This variational statement is employed
in order to obtain the equilibrium equations and the relative boundary conditions for
a multilayered the plate considering a transverse pressure distribution. A complete
introduction to the RMVT and the use of the CUF can be found in [51]. According to
the Reissner Mixed Variational Theorem (RMVT), the transverse stress components
(i.e. 04z, 0y, and o0,,) are assumed. Considering the CUF these variables are defined
as
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Usz(%Z/; Z) O-IEZMT(‘T7y>
on(2,Y,2) = | 0pmi(2,9,2) | = Fr(2) | oyemr(2,9) T=12,...,N+1
UzzM(zvya Z) UZZMT(x7y)

(4.47)

The subscript M is for “model”. An appropriate form of the Hooke’s law is required
since the transverse stresses are assumed. The following mixed form is then employed:

a-pH :C’; epG —'I_ Cpn ’VLM

The new elastic coefficient matrices are

Mk k ko (kL vk Ak k (k! ~k kL vk Mk k1
Cpp = Cpp - Cpncrm Cnp Cpn = Cpncnn Cnp = _Cnn Cnp Cnn = Cnn
(4.49)
In the case of RMVT approach, the variational statement becomes

Ng,
Z/ﬂ / 56pG0'pH + del nGOnM —{—50’ v (€ng — €np }dAdek Z/ /A sul pdA; dQ
k=1"%%

(4.50)

The “mixed” term 6o, (€,¢ — €,1) enforces the compatibility of the transverse
strain components €,. In the following, the subscript G indicates the strain obtained
by means of the differenatial operators defined in Equations [2.36] and [2.37] and the
subscript H indicates the stresses obtained by means of the Hooke’s law.

The governing equations for the plate analysis can be obtained from Equation [4.50
by substituting the definition of the displacement field, the transverse stress com-
ponents and and computing the stress by means of the modified Hooke’s law. The
development of all passages is herein omitted for sake of brevity; details can be found
in the already mentioned CUF works and books. The static response of a multilayered
plate can be evaluated by solving the equation:
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Ny,
5u5{gC&EmDNﬁ+J$C&EHUﬁ+I&ﬂhﬁm}ﬂ%_

k=1"Tk

% /Q {5u§T [Dgcl;PETS (Dpuﬁ) + Dgc];nETsafm— + DZQETSUHT + ETsyzo-nT} +
k=1""%

+50'Z:s

Np
> [ ] 6(Fu)" pdadey
k=1 k k

In a synthetic way, it is possible to write the equilibrium equations as

kts_ .k krs _k _ _k
Kuu u’T+K'LL0' ’T_p

krs .k ks _k
Kou uT + Kaa a-’r =0

with boundary conditions

kts_  k krs _k __ krs—=k kTts—<k
Hu uT+HU o-m-_]'_'[u uT+HU anT

The introduced differential arrays are given by the following relations

ks __ T ~k
K} =~ D] C},D, L.,
K\ =—-D/C! E.,+1E,,, — D] E.,
ngs =DoFrs + IET,ZS - CﬁprETS
K?(;s = CmeTs

krs __ 9T vk
s =17CE D,

krs __ 9T vk T
s =17CE B, + 12, E,,

I is the operator

=
|
o O =
O = O
_ o O

DB,k + B, — G E,, (D) — anETsaﬁT] } 0y —

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)
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The solution of the system of equations reported in is performed expressing
the stress variables in function of the displacement variables, i.e.

of =~ (Ki7) " (Kiut)

—1
kts. .k kts kts krs,.k\ __ k
Kuu u, — Kuo (KO'O' ) (Kau uT) =P

T

- {Kﬁ{f ~ Kb (KE) Kiﬁﬂ ut = P (4.56)

The attention has been here restricted to the case of closed form solution related to

simply supported orthotropic rectangular plates, loaded by a transverse distribution of

harmonic loadings. In this case, the displacement are therefore express in the harmonic

form reported in Equation [11.26] In addition, the transverse stresses are expressed in
a similar manner, i.e.

k __ 2k MTTE : NTY _
oy = 0., COS ( o ) sin ( by k=1N
k __~k : ML NTYk _
yeor = Oyzp Sin (7252 ) cos ( b T=1,N (4.57)
k _ ~k MmTLy : NTYL
O,y = 0., SI11 an Sin by

where 67_, 67 and 67, are the amplitudes, m and n are the number of waves (they
range from 0 to oo) and a; and by, are the dimensions of the plate. The same solution
can be applied to ESL approach, in this case displacement variables appears without

superscript k.

4.5 Fundamental Nuclei Assembly

Once the fundamental nuclei for a plate under exam are obtained, the same has to be
assembled. The assembly procedure depends on the type of scheme assumed. In the
following, the fundamental nuclei definition for the ESL. and LW schemes are reported.

4.5.1 Equivalent Single Layer

In the following it is described how it is possible to write the governing equations
obtained by means of UF for a multilayered plate. Let’s consider a two layers plate.
The virtual variation of the internal work for such a plate can be computed as

wnt

+ 6L} (4.58)

wnt
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the upper scripts 1 and 2 refer to the first and second layer; for each layer it is
possible to write

SL}

wnt

= u. Kiu,, SL?

int — 5uZ;K2u7'2 (459)
K, and K, are the obtained from the UF for each layer. Since an ESL scheme is

used it is possible to define u,, = u,, = u, so in this case it is

6 Lins = 6u’ (K; + Ks) u, (4.60)

It is possible to conclude that when ESL scheme is adopted to analyze a multilayered
plate the governing equations for the overall plate can be obtained just summing all
terms of the matrices obtained by means of UF for each layer. A graphic representation
of the matrix assembly for the ESL scheme is reported in the following. A third order
expansion is considered (i.e. ED3 model). The displacement variables of the first layer
are represented by means of the symbol A, while the displacement variables of the
second layer are represented by means of the symbol [J. The matrix K13% and K233
are

R i 2N 2N i 2N 2l 2
LR i 2N 2N 2N 2N i 2
2R 1 2N 2N i 2N i 2
LR 21 2N 2N i 2N gl 2
R 21 2N 2N N 2N i 2
R 21 2N 2N N 2N i 2
R 21 2N 2N i 2N 2l 2
LA 1 N 2N i 2N 2N 2

i i 2 2 2 2 2N 2

Table 4.1: Representation of the matrix K133,

OO0DoOogogoo
OoOoDoOogoogoo
gooogogoo
OoOoDoOogogoo
OoODoOooogoo
gooogogoo
OoOooOogoogoo
OO0DoOogoogoo
O oOoDogogoo

Table 4.2: Representation of the matrix K233,
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The matrix K. + K233 is then

A+ | A+0D | A4+DO | a+0 | A+0 | A4+0 | a+0 | a+0 | A40
AL | AHDD | A4DD | A0 | A+DD | A4-DD | A0 | A+DD | A4-OD
A+D | A0 | A0 | A4+D | A+0 | A+0 | a4+0 | a4+0 | A0
A+D | A0 | A0 | A+DD | A0 | A0 | A+DD | A4+ | A+D
AU | A+0D | A4+D | a+0 | A+0 | A4+0O | a+0 | aA+0 | A40O
AL | A+HDD | A4DD | A0 | A+DD | A4-DD | A0 | AT | A4-OD
A+-D | A0 | A0 | Aa4D0 | A+0 | A+0 | a4+0 | a4+0 | A0
A+D | A0 | A0 | Aa4+DD | A0 | A0 | A+0D | A4+ | A0

Table 4.3: Representation of the matrix K133 + K233,

4.5.2 Layer Wise

The analysis of a multilayered plate by means of LW starts from the evaluation of the
virtual variation of the internal work of each layer; considering a plate made of two
layer it is

wnt

+ L2 (4.61)

wnt

the upper scripts 1 and 2 refer to the first and second layer; for each layer it is
possible to write

OL}

wnt

= dul Kiu,, SL?

int

= ju’l Kou,, (4.62)

K, and K, are the obtained from the UF for each layer. Since a LW scheme is used
the displacement variables of each layer can be grouped into common (c¢) and proper
(p) displacement variables; in the former group there are the displacement variables
which satisfy the condition uf,' = uf,, in the latter there are the variables which

describe the displacement field of the two layer. In this case the dL;,; is

0Liny = owlyKyuyr + dul, Kougy + dule (Ko + Ko) ure (4.63)

A graphic representation of the matrix assembly for the LW scheme is reported in
the following. A third order expansion is considered (i.e. LD3 model). The displace-
ment variables of the first layer are represented by means of the symbol A, while the
displacement variables of the second layer are represented by means of the symbol 1.
The matrix K23 and K23% are
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A | A | A | A A A A A A
A | A A A A A A A A
A | A | A | A A A A A A
A | A | A | A A A A A A
A | A | A | A A A A A A
A | A A | A A A A A A
A | A | A | A A A A A A
A | A A | A A A A A A

133
uu

Table 4.4: Representation of the matrix K

g/ojojg(o|jgojg|b|d
Og/o/ojg|o|jojo|b|o
O/o/ojo|(bo|jojgo|b|o
g/o/ojg(o|jojg|b|o
g/ojojg(o|jgojg|b|d
O/o/ojg|(o|jojo|b|o
O/o/ojgo|(bo|jojo|b|o
g/o/ojg(o|jojg|b|o

233
(T

Table 4.5: Representation of the matrix K

is then

233
uu

The matrix K13 + K

d
g
g

A0 a+0O0 a+0O O

A+0 A+0 A+0O O

A+0 A+0 A+0O O

A
A
A

0
0

0

233
uu

Table 4.6: Representation of the matrix K133 + K
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4.6 Unified formulation - numerical results

In this chapter, it is reported a comparison of the results obtained by means of the CUF
formulation for multilayered plates and shells with the analytical solution available in
the open literature. Mechanical and multifield problems are considered, in particular
the results computed by means of the LD4, ED4 and LM4 models are described. These
comparisons are shown in order to prove that LD4, LM4 and ED4 models can provide
accurate reference solutions to the axiomatic/asymptotic technique. In the following,
all results are presented in a non-dimensional form, that is

Mechanical stress plate analysis:

_ 100 Uy ET _ Oxx/yy/xy
Uy =——F 3~a4 Ogx Ty — — ;.2
p. (a/h)* P, (afh)?
_ Oxz/yz — 02z
Tz fyr == Ty = — (4.64)
7, (a/h) . (a/h)

Mechanical stress shell analysis:

u, 10 By, h? Oaa/BB/afB
ﬂz = — Eoca aB — 10 ———=
D R% /BB/ap po (Rg/h)?
_ Oaz/Bz _ 02z
Oaz/g, =10 ———— Ory = — 4.65
=10 (R /) o (46
Thermal stress plate analysis:
_ Uy _ U,
Uy =————— Uy = —————
hOzLTO (a/h) hOéLTO (a/h)2
G — (4.66)

J :ETaLTO

Results for the piezo - electric plate are reported in dimensional form. The trans-
verse pressure distribution, the temperature distribution and the potential distribution
are expressed as
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p. =p° sin ( ) ( ) plate mechanical analysis (4.67)
p. =p° sin ( " ) ( ) shell mechanical analysis (4.68)
T TO ) sin ( - ) sin ( ) thermal stress plate analysis (4.69)
® =d, sin < ) sin < ) plate piezo-mechanic analysis (4.70)

Parameters m and n are specified for each case presented.

4.6.1 Mechanical plate analysis
Aluminum plate

A square plate made of aluminum is considered, material characteristics are E =
73 x 10° Pa and v = 0.34. Two length-to-thickness ratios (a/h) were considered, 100
(thin plate) and 2 (thick plate). In Table results are reported from CLT, FSDT,
ED4 and LD4 models. 3D analytical results were obtained as reported in [57], [58]
and [59]. As well-known, refined models such as ED4 and LD4 are needed to properly
detect transversal stresses 0., 0,. and o, and to analyze thick plates. CLT and FSDT
models offer a good evaluation of displacement u, and in-plane tension o,, for thin
plates.

a/h u, [ Ty T.z
3D | 2.7248 0.2037 0.2387 0.0100
CLT | 2.7237 0.2037 - -
100 | FSDT | 2.7251 0.2037 0.1592 -
ED4 | 2.7248 0.2037 0.2387 0.0100
LD4 | 2.7248 0.2037 0.2387 0.0100
3D | 7.3826 0.3145 0.2277 0.5000
CLT | 2.7238 0.2037 - -

2 | FSDT | 6.1178 0.2037 0.1592 -
ED4 | 7.3811 0.3165 0.2306 0.5082
LD4 | 7.3811 0.3165 0.2306 0.5082

Table 4.7: Isotropic square plate. Reference solution from [58] and [59].



4.6. UNIFIED FORMULATION - NUMERICAL RESULTS

Symmetric laminated plate

The assessment for the laminated plate are reported in Table and it proves that LD4
model offers results that are in excellent agreement with the exact solutions available in
the open literature. The exact solutions are taken from [60] and [61], and the material

properties are Ep/Er =25, Grp/Er = 0.5, Gpp/Er = 0.2, vpr = vpr = 0.25.

Ref. [60]
LD4
LM4

Ref. [61]
LD4
LM4

Ref. [60]
LD4
LM4

Ref. [61]
LD4
LM4

a/h =100
3-plies laminate
Tuo(z = £ h/2) Tyy(z =1 h/6) T,:(2=0) Tu(2=0) Toy(z=+0/2)
+0.539 0.181 0.395 0.0828 F0.0213
+0.539 0.181 0.395 0.0828 F0.0214
+0.539 0.181 0.395 0.0828 F0.0214
5-plies laminate
Tuu(z = £h/2) Tyy(z =+ h/3) T,:(2=0) Tu(2=0) u,(z =0)
+0.539 +0.360 0.272 0.205 1.006
+0.539 +0.360 0.272 0.206 1.006
+0.539 +0.360 0.272 0.206 1.006
a/h =4
3-plies laminate
Tuu(z = £h/2) Tyy(z =1 h/6) T..(2=0) 7,.(2=0) Tuy(z =+ h/2)
0.801  —0.755 0.534  —0.556 0.256 0.2172  —0.0511 0.0505
0.801  —0.755 0.534  —0.556 0.256 0.2180  —0.0511 0.0505
0.801  —0.755 0.534  —0.556 0.256 0.2180  —0.0511 0.0505
5-ply laminate
Tuu(z = £ h/2) Tyy(z =1h/3) T,.(2=0) Tu.(2=0) u.(z =0)
0.685  —0.651 0.633  —0.626 0.238 0.229 4.291
0.685  —0.651 0.634  —0.626 0.238 0.229 4.291
0.685  —0.651 0.634  —0.626 0.238 0.229 4.291

Table 4.8: Stresses and displacement for a 3-layers and 5-layer simply supported laminated
plates. Material properties: Er/Er = 25, Grr/Er = 0.5, Grr/Er = 0.2, vpr = vpr = 0.25.

4.6.2 Mechanical shell analysis

The assessment herein proposed is based in the work reported in [62]. The material
properties are EL/ET = 25, vV = 025, GLT/ET = GTT/ET = 05, GLz/ET = 0.2. The
dimensions of the shell are a = 4 Rg and b = 27 Rg, the transverse pressure load is
applied internally. In Table the assessment of LD4 model is conducted and it is

shown that this model is on excellent agreement with the reference solution.
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U Ouaa 5/3 B Oap Oaz Eﬁz Oz
1 Ply, 90°
(z=0) (z=Fh/2) (z=Fh/2) (z=Fh/2) (:=0) (=0 (=0
Rg/h =4
Ref. [62] 2.783 —0.2295 —6.969 —0.0840 0.0987 —2.990 —0.69
0.0981 4.859 0.0925
LD4 2.767 —0.2454 —6.836 —0.0831 0.0993 —3.125 —0.71
0.0861 4.776 0.0919
Rs/h =100
Ref. [62] 0.5170 0.0288 —3.876 —0.0447 0.0393 —3.859 —10.13
0.1190 3.843 0.0161
LD4 0.5170 0.0288 —3.876 —0.0447 0.0393 —-3.860 —10.13
0.1190 3.843 0.0161
2 Ply, 90°/0°
(z=0) (2=Fh/2) (z=Fh/2) (z=Fh/2) (z=-h/4) (2=h/4) (2=h/4)
Rs/h =4
Ref. [62] 6.100 —0.9610 —1.789 —0.2812 0.2758 —4.440 —0.70
0.2120 10.31 0.2007
LD4 6.100 —0.9614 —1.789 —0.2812 0.2762 —4.499 —0.70
0.2088 10.30 0.2007
Rs/h = 100
Ref. [62] 1.367 2.300 —0.5759 —0.3452 —0.1512 —2.972 —7.71
0.1871 5.560 —0.1817
LD4 1.367 2.300 —0.5759 —0.3452 —0.1512 —2.972 —7.71
0.1871 5.560 —0.1819
3 Ply, 90°/0°/90°
(z=0) (z=Fh/2) (z=Fh/2) (z=Fh/2) (z=-h/6) (:=0) (2=0)
Rs/h =4
Ref. [62] 4.009 —0.2701 —9.323 —0.1609 0.1736 —2.349 —0.62
0.1270 6.545 0.1081
LD4 4.009 —0.2721 —9.324 —0.1609 0.1737 —2.349 —0.62
0.1267 6.549 0.1081
Rg/h =100
Ref. [62] 0.4715 0.0018 —3.507 —0.1038 0.1223 —3.127 —8.30
0.0838 3.507 —0.0478
LD4 0.4715 0.0018 —3.504 —0.1038 0.1223 -3.127 —8.30
0.0838 3.504 —0.0478

Table 4.9: Static response analysis of a laminated orthotropic shell. Reference solution from

[62]. Geometry and load data: a =4 Rg, b=2mRg, m=1,n = 4.

4.6.3 Thermal stress plate analysis

The assessment of LD4 model for the thermal analysis is reported in Tables [4.10]
considering a thermal load. The reference solution is reported in the works [36]. The
material properties are £y = 25 GPa, F; = F3 = 1 GPa, G135 = G2 = 0.5 GPa,
Gas = 0.2 GPa, v = 0.25 and as3/a; = 1125. The ply sequence is 0°/90°/0°. It
is possible to note the excellent agreement with the exact solutions: this agreement
makes the LD4 model the best choice as a reference solution for all the subsequent
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analyses.
Cilindrical thermal load
Uy (z=Fh/2) u,(z=Fh/2) Gulz=Fh/6) Tp.(z2=Fh/6) 7..(2=Fh/6)
a/h =4
Ref. [36] +7.470 18.32 +372.3 2.830 +1.748
LD4 +7.470 18.32 +372.3 2.806 +1.748
a/h =100
Ref. [36] +4.449 2.855 +371.4 0.2987 0.0018
LD4 +4.449 2.855 +371.4 0.2987 0.0018
Bisinusoidal thermal load
Uy(z=Fh/2) U,(2=Fh/2) Gupl(z==2h/2) Tu.(z=Fh/6) T..(2 =Fh/6)
a/h =4
Ref. [3€] +18.11 42.69 +1183 84.81 +0.5786
LD4 +18.11 42.69 +1183.2 84.81 +0.5783
a/h =100
Ref. [36] +16.00 10.26 4965.4 7.073 +0.1738x107°
LD4 +16.00 10.26 +965.4 7.073 +0.1739x107°

Table 4.10: Stresses and displacement for a 3-layers symmetric laminated plate under thermal
load. Material properties: Er/Er = 25, Grr/Er = 0.5, Gpr/Er = 0.2, vpr = vpr = 0.25,
ar/ap = 1125.

4.6.4 Piezoelectric plate analysis

Herein, an assessment of the LD4 model is carried out for the piezoelectric case with
respect the case analyzed in [63]. The L.LD4 model assessment considers a four layers
laminated plate: the two piezoelectric layers are located at the top and the bottom.
The elastic materials properties are: E; = 132.38 x 10° Pa, E, = E3 = 10.756 x 10°
Pa, Glg = Glg = 5.6537 x 10° Pa, G23 = 3.606 x 10° Pa, Vig = V13 = 024, Vo3 =
0.49, €17 = 3.098966 x 107" F/m, €99 = £33 = 2.6562563 x 10~'* F/m. The total
thickness of these layers is equal to h = 0.8 - hror and the ply sequence is 90°/0°. The
piezoelectric layers are made of PZT-4 and its properties are: F, = E, = 81.3 x 10°
PEL7 E3 = 64.5 x 109 Pa, Vg = 0329, V13 = V93 — 0432, G44 = G55 = 25.6 X 109,
G66 = 30.6 x 109, €31 = €32 — —5.20 C/m2, €33 = 15.08 C/mQ, €y = €15 — 12.72
C/m?, €11 /g0 = €92/0 = 1475, €33/0 : 1300. g¢ is the vacuum permittivity, which is
equal to 8.854187 x 1072 F/m. The thickness is h = 0.1 - hyor per each piezoelectric
layer. The results are reported in Table and in Table for sensor and actuator
configurations. It is possible to note that the LD4 model offers a good agreement with
the exact solution and for this reason it is used as reference solution for the axiomatic
/ asymptotic analysis.
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z uy x 1012 [m)] o, [V] 0.. x 10,[Pa] D, x 10'3 [C/m?|
3D [63] LD4 3D 63 LD4 3D [63 LD4 3D[63 LD4

0.500 | -47.549 -47.552 0.0000 0.0000 10.000 10.000 160.58 160.58
0.475 | -41.425 -41.428 0.0189 0.0189 9.9657 9.9657 149.35 149.35
0.450 | -35.424 -35.427 0.0358 0.0352 9.8682 9.8683 117.23 117.23
0.425 | -29.531 -29.533 0.0488 0.0488 9.7154 9.7155 66.568  66.566
0.400 | -23.732 -23.733 0.0598 0.0599 9.5151 9.5153 -0.3382 -0.3348
0.300 | -10.480 -10.477 0.0589 0.0590 8.5199 8&8.5196 -0.1276 -0.1277
0.200 | 0.1413 0.1411 0.0589 0.0589 7.3747 7.3757 0.0813  0.0813
0.100 | 9.8917 9.8880 0.0596 0.0596 6.1686 6.1678 0.2913  0.2914
0.000 | 20.392 20.394 0.0611 0.0611 4.9831 4.9855 0.5052  0.5053
-0.100 | 24.768 24.771 0.0634 0.0634 3.8045 3.8052 0.7259  0.7261
-0.200 | 29.110 21.291 0.0665 0.0666 2.6137 2.6131 0.9563  0.9565
-0.300 | 33.819 33.822 0.0706 0.0706 1.4821 1.4823 1.1995 1.1997
-0.400 | 39.309 39.313 0.0756 0.0756 0.4868 0.4867 1.4587  1.4590
-0.425 | 44.492  44.495 0.0602 0.0602 0.2845 0.2844 -58.352 -58.350
-0.450 | 49.772  49.776 0.0425 0.0425 0.1312 0.1311 -103.66 -103.67
-0.475 | 55.163  55.167 0.0224 0.0225 0.0340 0.0340 -132.40 -132.40
-0.500 | 60.678  60.682 0.0000 0.0000 0.0000 0.0000 -142.46 -142.46

Table 4.11: Piezo-mechanic static response of a piezoelectric plate. Analytical solution from
[63] for sensor configuration - a/h = 4. Material properties reported in [63].

LD4 model proved to offer solutions in agreement with the analytical solutions
available in the literature. The comparisons shown in this section prove that it possible
to employ the solutions offered by LD4, LM4 and ED4 models as a reference solution
in the following axiomatic/asymptotic analyses.
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z uy X 1012 [m)] D, [V] 0., x 103 [Pa] 0, x 10 [Pad]
3D [63] LD4 3D [63] LD4 3D [63] LD4 3D [63 LD4
0.500 | -32.764 -32.765 1.0000 1.0000 0.0000 0.0000 0.0000 0.0000
0.475 | -23.349 -23.350 0.9971 0.9972 -0.8333 -0.8300 41.457 41.457
0.450 | -13.973 -13.974 0.9950 0.9951 -2.8471 -2.8399 64.626 64.629
0.425 | -4.6174 -4.6180 0.9936 0.9936 -5.3241 -5.3140 69.556 69.558
0.400 | 4.7356 4.7352 0.9929 0.9931 -7.5482 -7.5339 56.259 56.034
0.300 | 2.9808 2.9801 0.8415 0.8416 -12.957 -12.927 19.082 19.152
0.200 | 1.7346 1.7346 0.7014 0.7015 -15.245 -15.260 -4.5693 -4.6376
0.100 | 0.8008 0.8014 0.5707 0.5708 -15.510 -15.479 -18.203 -18.130
0.000 | 0.0295 0.0297 0.4476 0.4477 -14.612 -14.629 -23.866 -23.863
-0.100 | -0.4404 -0.4401 0.3305 0.3306 -12.524 -12.512 -25.282 -25.271
-0.200 | -0.8815 -0.8811 0.2179 0.2179 -9.2558 -9.2602 -25.633 -25.625
-0.300 | -1.3206 -1.3202 0.1081 0.1082 -5.5018 -5.4906 -24.994 -24.984
-0.400 | -1.7839 -1.7834 -0.0010 -0.0010 -1.8733 -1.8958 -23.379 -23.376
-0.425 | -2.0470 -2.0464 -0.0009 -0.0010 -1.1074 -1.1066 -18.888 -18.881
-0.450 | -2.3140 -2.3134 -0.0008 -0.0008 -0.5162 -0.5157 -13.501 -13.497
-0.475 | -2.5856 -2.5849 -0.0004 -0.0004 -0.1351 -0.1350 -7.2092 -7.2064
-0.500 | -2.8625 -2.8618 0.0000  0.0000  0.0000 0.0000 0.0000 0.0000
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Table 4.12: Piezo-mechanic static response of a piezoelectric plate. Analytical solution from
[63] for actuator configuration - a/h = 4. Material properties reported in [63].
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Part 11

Axiomatic/Asymptotic Analysis -
plate and shell, mechanical and
multifield analysis
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Chapter 5

Axiomatic/asymptotic technique

In this chapter the axiomatic / asymptotic technique is introduced. This method makes
it possible to evaluate the “best” reduced models for a given problem. This technique
is based on the evaluation of the relevance of each term of a model: a term is deac-
tivated and the error due to its deactivation is measured with respect to a reference
solution. A term is considered as non-relevant if the error due to its deactivation
is below an a-priori defined threshold. Different parameters are considered, such as
length-to-thickness and radius-to-thickness ratios and different material properties. In
addition, the several criteria to measure the error are defined and their influence on
terms selection is considered. This technique is applied to refined models for multifield
analysis, i.e. thermal stress analysis and piezoelectric plate analysis, and to mized
models (RMVT).

The analysis of plates and shells is based on a number of models. The solution of
3D elasticity equations offers the most accurate evaluation of the elastic response, but
the computational cost can be significantly high. As an alternative, a 2D approach
can be used. In the field of 2D approaches for plate analysis, the first model that was
developed was the Kirchoff-Love model ([4], [5]). According to this model, the thick-
ness strain and the transverse shear deformations are neglected. Better accuracy in
the plate response analysis can be obtained if at least one of Kirchhoff’s hypotheses is
removed. For example, a constant through-the-thickness transverse shear deformation
can be taken into consideration. This is the case of the Reissner-Mindlin theories ([64],
[65]), also known as the First-Order Shear Deformation Theory (FSDT). Further im-
provements have been introduced in Vlasov’s ([66]) or Hildebrand-Reissner-Thomas’s
theories ([67]), which are based on higher-order expansions of the displacement com-
ponents on the reference surface. The transverse stress and displacement components
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in a multilayer plate/shell are continuous functions along the z direction; these sig-
nificant particular features of layered structures were defined as C?-requirement in
[6]. The continuous displacement field is defined as the Zig-Zag effect (ZZ), and the
transverse stress continuity at the interfaces is defined as Interlaminar-Continuity (IC).
These two particular features make classical models inefficient for the analysis of mul-
tilayered plates, since they were originally developed for metallic one-layered plates.
Moreover, classical models can be inaccurate for thick plate analysis.

It is possible to affirm that a way to overcome the limitations of the classical plate
and shells theories is to employ refined theories, i.e. to consider in the formulation
higher order terms. In this sense the CUF was introduced since it is possible to
construct any order theory in an unified manner. The equilibrium equations can be
written according to few fundamental nuclei whose form does not depend on either the
order of the introduced approximations or on the choices made for the base functions
in the thickness direction.

Are all model terms necessary? It is a legitimate question since under some condi-
tions some classical models are able to provide results similar to the ones of the refined
theories. It is plausible to think that under some conditions it is possible to ignore
some terms of a refined theory without loosing accuracy. In this case, it is possible to
provide an accurate analysis with a lower computational cost.

The axiomatic/asymptotic technique, introduced by Carrera and Petrolo [49] 68],
makes it possible to define the non-relevant terms of a model for a specific problem
and to discard them. This method is based on a preliminary axiomatic choice of a
refined model obtained through the CUF and then the effectiveness of each higher-
order term is evaluated against a reference solution. Those variables whose influence
can be neglected are retained. This leads to the development of reduced models whose
accuracies are equivalent to those of full higher-order models. The influence of each
term can be evaluated for different values of geometrical and material parameters, such
as the thickness-to-length ratio or the orthotropic ratio in order to obtain asymptotic-
like results.

In this thesis, ESL models for plates and shells are analyzed by means of this
technique and the axiomatic/asymptotic technique is extended to LW models for mul-
tilayered plates and shells. The effectiveness of the model variables is defined by means
of different criteria and their influence on the term selection process is analyzed. In
addition, this technique is applied to the analysis of thermal- and piezo-mechanical
problems for multilayered plates, for both ESL and LW models. Moreover, the ax-
iomatic/asymptotic technique is adopted for the first time for the analysis of multilay-
ered plate models based on the RMVT statements (both ESL and LW approaches).
The quest of the terms relevance is conducted trying to answer to the following ques-
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which parameter influence the relevance of terms of a refined models?
which is the best criterium to evaluate the error?

which is the influence of the type of load?

Displacement variables effectiveness evaluation

The CUF approach offers the possibility to perform an accurate plate or shell analysis

since

it is possible to include in the displacement field higher order terms. The price

to pay is a higher computational cost than classical formulations. In order to preserve
the accuracy of a high order model and to lower the computational cost it is possible
to employ the axiomatic/asymptotic approach which aims to evaluate the effectiveness
of each term. This method consists of the following steps:

. plate parameters such as the geometry, boundary conditions, loadings, materials

and layer layouts, are fixed;
a set of output parameters is chosen, such as displacement or stress components;

a starting theory is fixed (axiomatic part), that is the displacement variables to
be analyzed are defined;

a reference solution is defined (in the present work LD4/LLM4 approaches are
adopted, since these fourth order model offers an excellent agreement with the
three-dimensional solutions);

the CUF is used to generate the governing equations for the theories considered;
the effectiveness of each term of the adopted expansion is evaluated by measuring
the error due to its deactivation; a term is considered as non-effective if its error

is below an a-priori defined threshold (asymptotic part);

the most suitable structural model for a given structural problem is then obtained
discarding the non-effective displacement variables.
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The effectiveness of each displacement variable is computed considering stress /
displacement component according to some specific criteria. The results are reported
by means of a synthetic representation, which is introduced in the following. An
example of LD4 model for a two layers shell is presented:

Uo =Fyuly, + Fy upy + F3 ubs + Ff uly + F uby + FRuly + F5 uly + F§ uls + Ff ul, + F7 ul,
1.1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2
Up = buﬁb+F2 U62+F3 U53+F4 U54+F1t Uﬁt+Fbu6b+F2 UB2+F3 UB3+F4 U’54+Ft uﬂt
w, =Fyul, + Fy uly + Fy ulg + Fy uly + F! ul, + Fpul, + F5 uZy 4+ F§ uls + Ff ul, + F7 o2,
(5.1)

Its synthetic representation is reported in Table [5.1}

B A A A N A A AN
B A A AN A A AN
B A A AN A A AN

Table 5.1: Representation of the full model .

The terms F' ul, + Fjud,, F}' up, + Ffuy, and F}! ul, + Fju2, are synthetically
denoted by the term H at the middle of Table 5.1} In the following, all terms W
located in the middle of a Table like denotes synthetically the sum of the top and
bottom term of two adjacent layers (this convention holds for electric potential and
stress distribution, examples are given in the following). The legend is reported in

Table B.2t

Active term Inactive term Non-deactivable term
A A |

Table 5.2: Symbols to indicate the status of a displacement variable.

If the term w2, is deactivated the model obtained is

Uo =Fy gy + Fy Ugy + F3 gy + Ff ugy + F g, + Fug, + FF ugy + Ff uby + FP ul,

ug =Frut, + FY ub, + Frul, + FLul, + B ul, + F2u?, + F2 02, + F2 u?, + F2 4, + F? u?

8 b “8b 2 YB2 3 YB3 4 Ypq t Yt b “Bb 2 Yp2 3 YB3 4 Ypa t Ypt

w, =Fyugy + Fyugy + Fy uly + Fy ugy + Foug + Fpudy + Fy uly + FF uly + Ff uly + FP o,
(5.2)
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The response given by the model reported in eq. is compared with the reference
solution according to a criterium and if the error introduced by the deactivation of
the term w2, is below an a priori threshold the term is discarded. In order to show
synthetically the results a graphical representation is proposed:

B A A AR A|jAA|DN
B A A AN A A AN
B A A A N A A AN

Table 5.3: Representation of the reduced model .

In the case of a piezoelectric plate analysis the synthetic representation of the
reduced models has to incorporate the potential distribution, an example is given in
the following. The complete model for a two piezoelectric plate is

Uy = Fyup, + Fouhy + Fyubs + Fyuy, + Fyuby, + Fyul, + Fyuly + Fyuly + Fyul, + FyuZ,
uy = Iy u@ljt + Fy u;ﬂ + Fj u11/3 + Fy u;4 —I—Fbu;b—l— F ufjt + Fy u?ﬂ + Fj uf/?) + Fy u§4 —|—Fbu§b
u, = Fyul, + Fouly + Fyuly + Fyuly + Fyuly + Fyu?, + Fouly + Fyuly + Fyu?, + Fyud,
O =F0 + )+ F3®)+ F, &) + [, &, + F, &2 + F, & + F3 2 + F, &2 + F, ®}

(5.3)

The full model can be represented as reported in Table [5.4]and it is labeled as “Full

model”. If terms 3y, uy,, Uls, Usy, P1, 7 are discarded, the reduced model becomes:

Uy = Fyub, + Fyuly + Fyuly + Fyul, + Fyul, + Fru?, + +Fyuly + Fyu?, + Fyu?,
uy = Iy u;t + F uéz + F3 uig + +I u;b + F uit + Fy “32 + Fy uzg + Fy u12/4 + B qu
u, = Ful, + Fyuly+  +Fuly+ Fyuly + Fouly + Fouly + Fyulg + Fyul, + Fyul,
d=Fo + +E30) + F, ) + F, &, + F, 7 + +Fy ®% + Fy @F + Fy, O}

(5.4)

In the following, the terms for LW models are denoted as u};/®F, where j is a main
direction (z, y, z in the case of plate or o [ z for shells), ¢ is the expansion order
and k denotes the displacement variable related to the generic k-layer. The layers
are enumerated starting from the bottom plate/shell. It should to be marked that
when the axiomatic/asymptotic technique is applied to LW model the terms uf and
u} cannot be suppressed since they are fundamental to impose the continuity condition
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Full model Reduced model
M A|A /AN |A|a[a|E B A|la|la|/H|[A|[Aa|a|N
B A|a|la|NH|aAa[alnm B aA|la|/ar|[H|[a[alaln
M| A|aA|la|N|aA|a[anm B aA|/r|a|H|[aalaln

LINNNLINNNLIRLINNLINNNL]

Table 5.4: Representation of a full and reduced kinematics models. Terms u2,, u}A, uly, u2y,
®1, ®? terms are deactivated.

on the displacement, that is uf = u]gH. The same fact holds for the potential variables

®F = ®F*! and for the stress variables or the RMVT variational statements (in this

case it is of = o} ™). The reduced models for the RMVT approach are presented in

a similar manner as in As an example the reduced RMVT model for a plate

up = Fyuly 4+ Fyuby +  +Fyugy + Fyuy, + Foud, + Fauly + Fyuls + Fyud, + Fyuly
Uy = Iy u;t + Fy u;Q + F3 u;3 + Fy uzl/4 + Iy u;b + I uzt + Iy ufﬂ + I3 uzg + Iy u§4 + Iy uzb
u, = Fyul, + Fyuly + Fyuls + Fyul, + Fyuly + Fyu?, + Fyu?y + Fyuly + Fyu?, + Fyu?,

1 1 1 1 1 2 2 2 2 2
UUUZ:Ftaxzt+F20xz2+F3UIZS+F4UIZ4+Fmbzb+Ftaxzt+F2sz2+F3sz3+F4sz4+Fbamzb

1 1 1 1 1 2 2 2 2
UyZ:F’tgyzt+F20y22+F3Uy23+F4Uyz4+FbUyzb+Fthzt+F20yz2+ +F40yz4+Fbayzb

1 1 1 1 1 2 2 2 2 2
UZZ:thzzt+F2azz2+F3Uz23+F4azz4+Fbazzb+FtUzzt+F20zz2+F30zz3+F4azz4+FbUzzb

(5.5)

can be represented as

u, H[a|[2A[a][H][A[a]a][H
uy H (A A[aA|H | A[a|[a|H
u, H|A A[aA|H | A[a[a|H
Oz: |BM|A|A|A|H|[A][A|a|N
o |[H|A[Aa|a|[H[a[A|a|NH
0 B[ A|A|A|[B[A|Aa[a|N

The deactivation of a term is obtained by means of the penalty technique. An
example is reported in Fig. [5.1]
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2 2
ua2 Poc2

Figure 5.1: Deactivation of a generic term, LW approach.

The Figure depicts synthetically the matrix of the fundamental nuclei assembled
considering the Navier closed form solutions. In this case, the LW scheme applied to the
two-layer shell is considered (see Equation . The acronym “N.D.T.” means “Non
Deactivable Terms”, i.e. the terms that cannot be deactivated since the continuity on
the displacement components at the layers interface is imposed (it should be underlined
that the non deactivable terms exist whenever a LW scheme is adopted). The relevance
of the displacement variable u2, can be computed by suppressing it, in the case herein
reported it leads to

2

P
lim ul,~ lim —% =0 (5.6)
K2,—00 K2,—00 KaQ

The limit operation proposed in Equation is obtained by setting the term of
the matrix considered (in this case the term K?2,) to a very high value: in the analyses
proposed in the following this value is equal to 103!

5.2 Description of the error criteria

The error introduced by the terms deactivation is computed as

Qr

Ref
P

e = 100 ’1 - (5.7)

Q) p represents the value of the quantity under exam (stress/displacement compo-
nent) when the term analyzed is suppressed; @p is computed at the point P which is
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located on the thickness direction. Q’Iff is the reference value of the same quantity at
the same point P. The positions of the points on which the errors are evaluated define
the criterium employed.

Criterium C1 is used when stress and displacement components are evaluated at
[a/2,b/2, h/2] for u,, 044 (in-plane shell stress) /o, (in-plane plate stress), and o, at
[0,0/2,0] for o, , (out-of-plane shell stress) /o,. (out-of-plane plate stress) and electric
potential ®, and at [a/2,0,0] for os, (out-of-plane shell stress) / o,. (out-of-plane
plate stress). Criterium C2 is used when the error on the stress and displacement
components is computed considering their absolute maximum values. In this case the
position of the points is not known a priori. According to criterium C3 the error on
stress/displacement components is computed at the middle of each layer. Criterium
C4 evaluates the error at the points located at the interfaces of the layers and criterium
C5 computes the error at the interfaces and at the middle of each layer. In order to
explain how the above mentioned criteria work an example is offered in Fig. for C2
and C5H criteria. A section of a two layer shell is represented and the points on which
C2 and C5 criteria operate are reported. The points on which the error is computed
when C2 criterium is used depends on where the maximum value of stress/displacement
component is located. In the following, a variable is considered as relevant if the error
obtained by its suppression is greater than 0.05%.

Stress/displacement
component

A

hk+1 /2
;@/

Q

N

h/2
0
()]

Figure 5.2: Point locations, error criteria C2 and C5

5.3 Parameters in the evaluation

As reported in the works [49] [69] the axiomatic/asymptotic analysis is affected to a
great extent by the problem considered. The axiomatic/asymptotic analyses reported
hereafter consider the influence of several parameters, in particular:
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Geometry in the case of a plate the length-to-thickness ratio (a/h) is considered and
in the case of shell radius-to-thickness ration (R/h) is considered;

Material isotropic and orthotropic materials are considered;

Load the type of load influence the number and the order of the retained terms. A
transverse pressure load, a temperature distribution and a potential distribution
for a piezoelectric plate are contemplated. In some cases, the influence of load
shape is analyzed by varying the number of half-waves along the main direction.

In the following, the results include in some case "COMBINED" reduced models,
i.e. reduced models obtained including all relevant variables of the displacement /stress
components analyzed.
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Chapter 6

Axiomatic/asymptotic analysis,
results

Results of the axiomatic/asymptotic technique are reported in this chapter. The anal-
yses deal about plates and shells considering ESL and LW approaches. The influence
of the geometry and the material properties are analyzed: it is demonstrated that these
parameters have an important role in the process of the selection of terms. In addi-
tion, multifield problems are taken into consideration: it is intended to demonstrate
the influence of the thermal and electric loads on the process of selection of terms with
respect to the mechanical load. Navier-like closed-form solutions are employed, so sim-
ply supported boundary condition is considered. This choice has been made in order to
obtain quickly results and so to be able to focus on different aspects of this technique,
e.g. the analysis of the term relevance of a model for a plate subjected to mechanical
and thermal loads.

6.1 Plate models analysis, mechanical load

The analysis of the relevance of the terms is performed for a metallic plate subjected
to a transverse pressure distribution whose expression is reported in Equation [4.67]
The material is aluminum whose properties are £ = 73 x 10° Pa and v = 0.34. Two
length-to-thickness ratios (a/h) are considered, 100 (thin plate) and 2 (thick plate).
The following analyses are related with ESL models, the reference values employed in
the axiomatic/asymptotic analysis are reported in Table . 3D analytical results were
obtained as reported in [57], [58] and [59]. In the following, criterion C1 is employed.
As well-known, refined models, such as ED4, are needed to properly detect transverse

107
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stresses 0, 0, and 0, and to analyze thick plates. Table shows that ED4 model
is in good agreement with 3D results. This reason makes ED4 models suitable as
reference solution for the influence analysis of each displacement variable. Firstly,
ED1 model is considered: in Table[6.1| the error committed by the deactivation of ED1
terms are reported for a thin plate (a/h = 100)

Uz Uxx Uacz O-yz UZZ

ATa 000 000 3333 3333 —213x10°
A | A

A | A

T 000 000 3333 3333 —213 x 10°
A | A

A | A

ATa 100.00 100.00 100.00 100.00  50.00
A | A

A | A

Al 999 9997 3329 99.96  -56.17
A | A

A | A

A5 999  99.02  99.06 -3329  -56.17
A | A

A | A

T 000 000 3333 3333 —213x 10°
A A

Table 6.1: Error for ED1 model for isotropic plate, a/h = 100. ED4 as reference solution.

It is possible to note that the relevance of a term is different according to the
quantity analyzed, e.g. if term wu,; is deactivated, u, displacement and o,, stress
do not show any degradation while o,., 0,. and o, stresses deviate totally from the
reference solution. In the following, reduced ED1, ED2, ED3 and ED4 models are

reported.
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a/h U, Oun Oz Oy O COMBINED
ED1
M, :3/6 M, :3/6 M, :6/6 M, :6/6 M, :6/6 M, :6/6
2] a 2] a ala ala ala ala
100 Al A Al A Ala Ala Ala Al A
Ao AL Ala Ala Ala Ala
M, :3/6 M, :6/6 M. :6/6 M. :6/6 M. :6/6 M. :6/6
ala ala ala ala ala ala
2 A|a A|aA A|a A|a Ala Ala
ala ala Ala Ala Ala A|a
ED2
M, :4/9 M, :4/9 M, :9/9 M, :9/9 M, :7/9 M, :9/9
ATA]A AlA]A AlAla N NI N
100 YA YA N N A|L|a A|A|a
AL |a A|L|a Aa|a A|A|a A|A|a A A A
M. :9/9 M. :9/9 M. :9/9 M. :9/9 M. :9/9 M. :9/9
AlA]a Alala Alala Alala AAla AAlaA
2 AA|a A|a|a Aa|a A|a|a A|A|a A A A
AA|a A|A|a A|A|a A|A|a A A4 A A4
ED3
M, :4/12 M, : 4/12 M, : 4/12 M, : 4/12 M, :12/12 M, :12/12
Alala]a NS AAalb]a NS NS AA Al
100 NYE NI NEYI NI A|A|A|aA A|A|A|aA
NI NI NI NI A4 |4l AlA|A|a

A|A|A|A A A A A A A A A A A A A
2 A A A A A A A A A A A A A A A A A A A A A|A
A | A |A|A A | A | A|A A|A|A|A A| A | A|A A|A|A|A A|A

>
>
>
>
>
>

M,:12/12  M,:12/12  M,:12/12  M,:12/12  M,:12/12 M, :12/12
i
A

ED4

M, :4/15 M., :4/15 M, :5/15 M, :5/15 M, :4/15 M, :8/15

NI NI N NP NN AJA|L[A]A
100 NS NS NS AlA|b[an Aalala]a A Al [a]a

AL A|b b AL |Aa|b]|b AL |a|b]|a AL |Aa|b]|a AA|A|D|aA NN

M, :13/15 M, :14/15 M, :7/15 M, : 8/15 M, :13/15 M, :15/15

A[A|A]A]S A[A|L]A]aA NI NS A[L[AlA]aA A[A[AlA]aA
2 A|A A4 A A |A|A|A NI A A|b|Aa|b AL |A|A|a A A|A|A|a

A A A4 A A A |A|A|A AL |a|b|a N A|A|A|A|a A A|A|A|a

Table 6.2: Reduced ESL models for isotropic plate. Tolerance on error: 0.05%, ED4 model
is the reference solution.

The results show that more terms can be discarded if a thin geometry is considered.
In addition it is worth noting that ED1, ED2 and ED3 models show no reduction of
terms in the case of a thick plate. An interesting fact can be noted for u, displacement
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and o,, stress: ED1, ED2, ED3 and ED4 models present some common active terms,
i.e. Uy, Uy and u,;, when a thin plate is considered. In addition only u,, is retained
when ED2, ED3 and ED4 models are considered. It means that an ED2 model is
enough accurate to evaluate u, displacement and o, stress. ED4 is the only refined
model which presents some retained terms when a thick plate is considered. It is
possible to note that the ED1 reduced models for displacement u, and stress o,, are
similar to CLT and FSDT theories in the case of a thin plate. Differently form CLT and
FSDT models, ug and u,o terms are excluded: this fact suggest that the computational
cost of CLT and FSDT theories can be reduced for the case under exam. In Figure[6.1
stresses o, and o,, vs. z are reported; results are obtained by means of ED4 reduced
combined model.

04 4 04|
0.2 B 02+
Ref. Sol. —— Ref. Sol. ——
N o ED4 -x-- 1 N or ED4 -x--
02 E 02|
04 - R 04 |
0 0}05 0‘1 0}15 0‘2 0.25 0 Dv‘OS O‘vl 0.‘15 0‘2 0.25
Oy, Oxz
(a) Stress 7y.. (b) Stress 7.

Figure 6.1: Gy, and 7., vs z. Isotropic plate, a/h = 100.

It can be noted that the stress distribution is computed in agreement with the
reference solution, although the reduced models are constructed considering the error
on the displacement /stress component at only on point.

The number of half-waves of the transverse pressure load is another aspect that
can affect the selection of terms process. The following analyses consider the metallic
plate under the effect of a pressure with different number of half-waves, as reported in
Table [6.3}
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n

0 1 2
M, :3/15 M, :3/15
Alalalala Alalalala
0 Alalalala Alalalala
A|o|alb]a Ao ala]a
M, :3/15 M, :4/15 M, :4/15
Alalb|a]a Alalalala Alalalala
= 1 Alalolala Alalolala Alalalala
AL Alba A|olala]a Ao ala]a
M, :3/15 M, :4/15 M, : 4/15
AA|b o] A AAalb]A]a AlAalb|A]a
2 Albaals]a AlAlAala|n NS
AL AlD]a A|o|alb]a Ao aa]a

Table 6.3: Reduced ESL models for isotropic plate, a/h=100 - displacement u,. ED4 model
is the reference solution, influence of the load shape

The case m = n = 0 is not reported since it has no meaning. It can be noted that
as m is equal to 0, all the terms related with the x directions are excluded. A similar
observation can be made when n is 0, in this case the terms related with the y direction
are not retained. It is interesting to note that the reduced models for the thin plate
seem to not be affected by the number of half-waves. The reduced models for m = 1,2
and n = 1,2 are the same. The reduced models obtained for m = 0 and n = 0 can be
considered as particular cases of the models obtained for m and n different from 0, as
a matter of fact, these models can be obtained by suppressing term wu,s for m = 0 and
term uyo for n = 0. In general, the number of half-waves has a significant influence on
the selection of terms process. The results obtained for the isotropic plate show that:

1. the through-the-thickness distribution are correctly computed, although the re-
duced models are derived through the evaluation of variables on given points;

2. the number of terms necessary to detect the solution increases as the a/h de-
creases (thicker plates), i.e. more unknown variables are needed;

3. terms u,1, U.3, Uye and uye are relevant in most of the reduced models for thin
plate;

4. the number of half-waves of the transverse pressure load has a significant influ-
ence. The absence of a half-wave along a main direction (z or y) leads to the
exclusion the terms related with that direction.

Further results on this topic can be found in [69)].
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6.2 Shell models analysis, mechanical load

The axiomatic/asymptotic technique is applied to ESL and LW models considering an
asymmetric laminated shell. Material properties and the geometric parameters were
already defined for the LD4 model assessment (see chapter . The stacking sequence
is 90°/0°. The radius-to-thickness ratios (Rg/h) considered are equal to 4 and 100,
each layer has the same thickness. The pressure is applied internally and it is m = 1
and n = 4 (see Equation [£.68).

As first, ESL models are examined and the results are reported in Table [6.4] It
is found that the term reduction is effective when displacement w, is retained. It is
possible to observe that the reduced models ED1, ED2, ED3 and EDA4 for displacement
u, for the thin shell case, present all terms in commons. It can be noted that ED3
and ED4 reduced models do not present any additional higher-order terms than ED2
reduced model. It is possible to conclude that for this particular case, the use of
any higher-order displacement variables except u,3 does not improve the accuracy. It
should be noted that these reduced models have the same terms of the classic models
(CLT and FSDT), but in addition a parabolic term (u,3) is present.

ED1 ED2 ED3 ED4
Rg/h 4 100 4 100 4 100 4 100
M.  6/6 5/6 9/9 6/9 12/12 6/12 15/15 7/15
A| A A| A A|A|A A|A|A A | A A A A|A|A|A A|A|A|A|A A|A|A|A|A
Cl./ CQ A | A A|A A|A|A A|lA A A|A|A|A A|A|A|A A|A|A|A|A A|lA|A|IA|A
A | A A|lA A|A|A A|A| A A|A|A|A A|A|A|A A|A|A|A|A A|lA|A|IA|A

Table 6.4: Reduced ESL models for laminated asymmetric shell, variable u,. LD4 model
results used as reference, C1 and C2 criteria adopted.

The axiomatic/asymptotic technique is applied to LW models and the results are
reported in Table 6.5}
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Rs/h 4 100
C1 C2 C1 C2

M, :16/27 M, :16/27 M, :11/27 M, :11/27
BiAa[a[a[E][a]a]a]m B A[a[a][E][a]a]a]N B A[a[a][E][Aa]a]a]E BiA[a[a[E][a]a]a]m
Uy Hia[ja|ar|E|afa]r]|m B Aja[a|E|a[a]r]|m B A[a[a|m][a]a]a]m BiAr[a[a|®|a]a]a]m
BlAja|/r|B|a[a]a]|n B Aja[a|B|a[nr]a]N B A[a|[a|B|a[a]a|l BlA[a|a|B|a[a|a]n

M, :19/27 M, :19/27 M, . 12/27 M, :11/27
BlA[a|a|B|a[a]a]|n BA[a|[a|B|a[a]a]|m B Aa[a[a|W|a]a]la]l Bia[ala|B|a[a]a]|n
Tna B A|A|A|H|A|la|r N B A|A /A |A|la|jr|N B |Aja|a|B|A|A|A|N Biar|ja|a|B|A|A]A R
B A|A|A|E|A|lp|a|N B |A|A|a|B|A|lAa|aN H|A|jA|jr|B|A|jr|r|N B A|jA|pr|B|A|lnaja|E

M, :22/27 M, :21/27 M, :13/27 M, :13/27
B A|A|A|H|A|lA|aN B A|A|aA|H|A|lAa|aN B|aA|jaA|a|B|Aja|sr |0 B A|a|a|B|A|lajr|E
Oz BiAa[ja[A|E[afa]r]|m B Aja[r|E[a]a]r]|m LIRS BiA[a[a|E|[a]a]a]m
Hia[a[A|E[a[a]a]m B Aa[a[a|E[a]a]r]|m Ba[a[a|E[a]a]a]m Bla[a[a|E[a]a]a]m

M, : 18/27 M, :16/27 M, :13/27 M, :12/27
BiA[a[a[E][a]a]a]N BA[a[a][E][A]Aa]A]R B A[a[a][E][A]a]A]R BiA[a[a[R][a]a]a]l
032 Hia[a[A|[E[a[a]a]m B Aa[a[a|E[a]a]r]|m B A[a[a|W][a]ala|m B Ar[a[a[E|[a]a]a]m
B Aja|aA|B|a[a]a]|N B Aja[a|E|a[a]r]|N BA[a|[a|W|a|a]a|l Blaja|a|B|a[a|a]|n

M, : 20/27 M. :16/27 M, :16/27 M, : 15/27
B{A[ala[E[A]Aa]A]E B A[a[a[E][Aa]a]A]E B A[a[a][E][A]a]A]R BiA[a[a[E][a]a]a]m
T, B Aja|/a|/B|afa]r]|n B A[a[a|B|a[alr]|N B AjA|a|B|A[na]A]|N HiAaja|a|B|a[a|ar]N
B A|A|Aa|/B|A|lp|r|N B|(A|A|a|B|A|lAa|aN B |A|A|A|B|A|r|A|N B A|A|A|B|A|lprja|N

M., . 26/27 M, :22/27 M, - 20/27 M, : 17/27
B A|A|A|NH|A|laA|ADE B |A|A|A|B|A|lAa|aN B|(A|jaA|a|B|Aja|sr |0 BA|a|a|B|A|lajr|E
COMBINED N A|A A N 4|4\ W ONRNLNNAL OIS B A|A |2 W A|a|o| W
H|A[ja[a|E[a[ar]a]|m B A[a[A|E|[a[a]a]|m B A[a[a|E[a[r]r]|N HiAa[jala|E[a[a|r]m

Table 6.5: LD4 reduced models for asymmetric shell. LD4 model results as reference solution.

It is possible to note that more terms are discarded when thin shells are considered.
In particular the reduced models for displacement u, and stress o,, have the same
retained terms as LD2 and LD3 models when criterium C2 is employed. It is possible
to affirm that for this particular case, good accuracies can be obtained by using second-
and third-order variables u,s and u,3. It can be noted that the use of different criteria
leads to consider different terms: the reported data suggest that the use of C2 criterium
leads to less terms than C1 criterium for both thick and thin shell case. In Fig.
the stress components distribution along the thickness are reported. It is possible to
note that reduced models obtained by means of C1 and C2 criteria are able to detect
the correct value at the reference point although the distribution along the thickness
differs from the reference solution.
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Figure 6.2: Asymmetric shell, LD4 reduced combined model.

As noted in Fig. the proposed reduced models are able to detect the proper
stress/displacement value at the reference point but the distribution may differ from
the reference solution. A possible way to improve the evaluation of the distribution
along the thickness is to employ different criteria to measure the error. The effect of

the criteria on the retained terms is analyzed and the results for the asymmetric shell
are reported in Table[6.6] and in Fig. [6.3
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Rs/h 4 100
M, : 18/27 M, :14/27
BA|A|A|W|A AN WAL [A|M|a]a]a|m
C3 B, |a|A|W|a|a|s|E I
IR B L aA|A|W|2|a|a|m
M, . 22/27 M, :20/27
BA|A|A|W|A|A]o| W BA|L|[A|M|Ala]a|m
C4 B A A|A|H A a|sm WA |A| AW A|lA|la|E
WA A AN A |a|2|E WA A |A|W|a|la|r|E
M, :22/27 M, :20/27
BA|A|[A|M|A|A]2|N B(A|L|[A|M|Ala]a|E
Ch OINNRNLINYEL B A A L |W|a|a|s W
WA A AW A |a|o|m B (A|lA| AW |ala|a|m

Table 6.6: Reduced LLD4 combined models according to several error criteria for asymmetric
shell.

Only reduced combined models are reported. The most relevant differences are
obtained considering the C3 and C4 criteria, the use C5 criterium does not lead to
consider any further terms than C4 criterium. In order to observe these models offer
a satisfactory distibution, in Fig. stress 0, Vs 7z is reported:

04 i 04l

02 = B 02
Full model ——

Full model ——

o C3 criterium. -x--
C3 criterium. -4--

\ 4
X He 3 =2 =3 N X X% X
v
\

Ca criteri C4 criterium. &
criterium. - +-

o *x  C5 criterium. -4--
CS5 criterium. --+-
02+ 4 -02

04 N 04

(a) Tz vs z, Rg/h =4 (b) Taz vs z, Rg/h =100

Figure 6.3: Asymmetric shell, LD4 reduced combined model according to several error crite-
ria.

It is possible to note that the best results are obtained by means of the C4 and C5
criterium. Results reported in Table once again confirm that reduced models for

thick shells require more displacement variables than for the thin shell case. In addition
it is possible to note that for a thin shell the fourth order terms (for both layers, u&),

u&), ugl) and u§324), uzﬁ), uﬁ)) are totally excluded. The o, stress distribution reported
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in Fig. highlights that for an asymmetric shell the evaluation of the error at the
interfaces of the layers (C4 criterium) makes it possible to construct valid reduced
models. The analyses herein conducted showed that:

« the geometry (Rg/h) and material properties influence the relevance of each term
of the model, in particular reduced models for thick shells in general require more
displacement variables than reduced models for thin shells;

o LW models offer a better analysis of static response compared to ESL models
and show a more significant terms reduction with respect to ESL models;

o the adopted criterium influence the number and the order of the retained dis-
placement variables; in addition results suggest that the computation of the error
at the interfaces of the layers makes it possible to construct reduced models which
offer a distribution that is substantially in agreement with the reference solution.

Further results on the axiomatic/asymptotic technique applied to multilayered
shells can be found in [70]. Similar conclusions were drawn in [49] and in [69], which
dealt with the reduced models for simply supported plates. In accordance with these
works, it was found that geometry and material properties play an important role in
the selection of the terms that have to be discarded. In addition the conclusion re-
ported in [71] is confirmed: an improvement of the solution offered by the reduced
models can be achieved evaluating the error at several points along the thickness.

6.3 Plate models analysis, thermal load

Reduced models for the thermal and mechanical stress analysis of plates are reported
hereafter. Thermal and transverse pressure distributions are considered, their ex-
pressions are reported in Equations and respectively. The analyses herein
reported consider an a-priori assumed linear distribution of the temperature, see Equa-
tion[d.29] and a temperature profile obtained from the solution of the conductivity
equations.

The axiomatic/asymptotic analysis has been performed considering a symmetric
laminated plate (ply sequence 0°/90°/0°); the material properties are the same as those
adopted for the LD4 model assessment (chapter . The reference values employed
in the axiomatic/asymptotic technique are reported in Table , where thermal and
mechanical loads are considered. The temperature values at the top and at the bottom
of the plate are T},, = 1.0 K and T3, = —1.0 K, respectively. The results are reported
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according to Equations and [4.64] Tt is interesting to note that the ED4 model
does not provide solutions that are in agreement with the reference solution for the
out-of-plane stress and displacement components. This fact is particularly clear when
a thick plate is considered. In the same table, the results obtained for an effective
temperature are reported:

Tu(z=N/2) 0..(2=0) u,(z="0/2) u,(z=h/2)

a/h =100
LD4 M 0.5393 0.3947 —6.7802x 1073 0.4347
ED4 0.5392 0.2806 —6.7791x107 0.4342
LD4 TH-A 965.37 6.1875 —15.9983 10.2598
ED4 965.26 4.7748 —15.9970 10.2529
LD4 TH-C 964.55 6.1845 —15.9880 10.2532
ED4 964.45 4.7723 —15.9868 10.2463
a/h =4
LD4 M 0.801 0.2559 —9.69426x 1072 2.1216
ED4 0.786 0.2050 —9.51403x 1073 2.0083
LD4 TH-A 1183.2 62.1210 —18.1082 42.6862
ED4 1187.8 60.0510 —18.2001 42.0481
LD4 TH-C 795.90 53.2600 —13.3929 32.1159
ED4 789.45 48.9100 —13.4541 31.5658

Table 6.7: Stresses and displacement for the symmetric laminated plate, mechanical (M) and
thermal (TH-A, TH-C) load.

ED4 models have been investigated, and the reduced models are reported in Table
[6.8] for the thermal and mechanical cases.

Uy Ozx
a/h =100
M, :5/15 M, :5/15
Ao | Ae| Ao | Ae| A0 Ao|Ae| Ao | Ae| A0
Ao| Ae| Ao | Ao| Ao Ao|Ae| Ao |Ao]| Ao
Ae |  No|Ae | Ao| Ao Ae | ANo| Ae | Ao | Ao

Table 6.8: Reduced models, ED4 model - symmetric laminated plate. Symbols A and A refer
to the thermal load. Symbols e and o to the mechanical load.

It can again be confirmed that the analysis of a thick plate requires a greater
computation effort than the analysis of a thin plate. The analyses have proved that a
reduction of terms is possible for thin plate analysis, but for only some cases. It can
be noted that the reduced models for thermal and mechanical stress analysis do not
show any differences. The axiomatic/asymptotic analysis has been also carried out for
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LD4 models, and the results are reported in Tables [6.9|for the thermal and mechanical

loads.
a/h =100 a/h =4

MA - 15/39 - M? : 12/39 MA :22/39 - M? : 20/39
B Ao|pAo|Ao|BR|Aoc|Aoc|Aoc|B|Ac|Ao|ro| R M| Ae | Ae | Ao |Aoc|Ao0|Ac|H|Ae|Ae|pro|l N
Uy B Ao|Ao|Ao|B|Ao Ao | Ao |B|A0|A0 A0 B Ae | pAojAo|B|Aoc|Ae | Ao |H|Ae | po|pro |
B Ao|Ao|Ao|B|Aoc|Ao|Aoc | |Ac|Ao|ro | B Ae | pAo|Ao|B|Aoc|Ao|Aoc | |Ac|A0 Aol

MA - 15/39 - M? : 12/39 MA :22/39 - M? : 20/39
B|(Ao|Ao|Ao|B|Aoc|Aoc|Aoc|B|Ac|Ao|ro| R B | Ae | Ae | Ao |A0|A0|Ac|H |Ae|Ae| ol
Uy B AojAo|pAo|B|Ao Ao Ao |B|A0|A0 A0 B Ae | AojpAo|B|Aoc|Ae Ao |H|Ae | po|pro| R
B Ao |Ao|Ao|B|Aoc Ao | Ao | |Aoc|Ao|ro | B Ao AojAo|B|Ae Ao Ao | |Aoc|A0|Aro0|l R

MA :16/39 - M : 13/39 MA :22/39 - M? : 21/39
M| Ao |Ao|Aoc|BR|Aoc|Aoc|Aoc|B|Ac|Ao|ro| R B | Ae | Ae | Ao |Aoc|A0|Aoc|H |Ae|Ae|pro|l N
Ogx B Ao|Ao|Ao|B|Ao|Ao|Ao|B|Ac|A0|A0 | B Ae | po[pAo|B|Ao|Ae|po |l |Ae|pro|[Ac |
B Ae | pAojpAo|B|Aoc|pAo|pAo | |A0c|Ao|ro | B Ae| Ao po|B|Aoc|Ao|Ao | |A0c|A0|pro0 |

MA :16/39 - M : 13/39 M5 :23/39 - M? : 21/39
B Ao|pAojAo|B|[Ac|Ae| Ao |B|Ac|A0|ro | B | Ae | Ae | Ao |Aoc|Ae Ao |l |Ae | Ae|pro|N
Ogz B Ao|jpAo|pro|B|Ao|Ao|Ao |l |Aoc|Ao|Ao | B|Ae | po[pAo|B|AojAe|pAo| B |Ae|pAo|[Aoc |
B Ao |Ao|Ao|B|Aoc Ao | Ao | |Aoc|Ao|ro | B Ao | Ao Ao | |Ae | Ao|Ao | |Aoc|A0 A0

MA :17/39 - M : 14/39 MA :23/39 - M? : 22/39
B Ao|Ao|Ao|B|Aoc|Ae| Ao |B|Ac|A0|Aro| R B | Ae Ao po|B|Aoc|Ae| Ao |l |Ae|Ae|pro| N
CO].\/IBINED B Ao|pAo|Ao|B|Ac|Ao|Aoc|B|Ac|Ao|ro| R B | Ae | Ao|Aoc|B|Aoc|Ae| Ao |l |Ae|pAoc|proc|l N
B Ae | pAojpAo|B|Aoc Ao | Ao |B|A0|Ao|ro | B Ae | pAojpAo|B|Ae | pAo|Ao | |A0c|pA0 A0

Table 6.9: Reduced models, LD4 model - symmetric laminated plate. Symbols A and A refer
to the thermal load. Symbols e and o to the mechanical load.

Again in this case, the thick plate has a greater computational cost than the thin
plate analysis. In this case, different terms have been selected for both thick and thin
geometries, according to the type of load. In particular, it can be noted that, in general,
the reduced models for the mechanical analysis have a lower computational cost than
the reduced models for the thermal stress analysis. It is worth noting that fourth-order
terms are not included in any of the reduced models. In general, second- and third-
order term are employed. The displacement and stress distributions are reported in

Fig.s[6.4] [6.5] and [6.6] Reduced models have been employed.
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Figure 6.6: Symmetric laminated plate, thermal load - stress @, vs z.

It is interesting to note that in all of the cases, the stress/displacement compo-
nent values have been are correctly detected although, in some cases, the distribution
deviates significantly from the reference solution. It is possible to conclude that:

in general, thick plate analysis has a higher computational cost than thin plate
analysis;

o it is difficult to perform the term reduction process in the case of ED4 model.
The reduced models for the thick plate analysis do not show any term reduction,
and only a few stress/displacement components present reduced models in the
case of thin plate analysis;

« the type of load affects the retained variables;

o symmetric plate LD4 reduced models do not include fourth-order terms in the
cases herein reported; in the case of an antisymmetric plate, this kind of term is
only included when a thermal stress analysis is considered.

Results of the axiomatic/asymptotic analysis applied to refined plate model can be
found in [72] and in [73].
6.4 Plate models analysis, electric load

Axiomatic/asymptotic analysis is herein conducted considering a laminate plate with
two piezoelectric layers. Its properties and geometry have been already introduced
when the assessment of LD4 model for the piezo-mechanic analysis has been performed.
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The reference values of all quantities are not reported for the sake of brevity in Tables

[6.10] and [6.11} Only few values for displacement u,, potential ® and stress o,, are

reported for both sensor and actuator configurations, respectively.

a/h =4 a/h =100

z | u, x 109 [m] ®x10%,[V/m] o0..,[Pa] | u. x 10%,[m] ®,[V/m] o..,[Pd
LD4

-0.5 0.2843 0.0000 0.0000 0.4675 0.0000 0.0000

-0.4 0.2877 0.7562 0.0487 0.4675 4.5821 0.0457

0.0 0.3003 0.6109 0.4982 0.4675 4.5804 0.5000

0.4 0.3176 0.5985 0.9515 0.4675 4.5802 0.9544

0.5 0.3153 0.0000 1.0000 0.4675 0.0000 1.0000
ED4

-0.5 0.2707 0.0000 0.1608 0.4673 0.0000 29.052

-0.4 0.2741 0.7831 0.0519 0.4674 45709  -42.987

0.0 0.2859 0.6128 0.5482 0.4674 4.5690  -12.572

0.4 0.3005 0.5758 3.3692 0.4674 4.5686  -19.560

0.5 0.2985 0.0000 -0.7427 0.4673 0.0000 -29.649

Table 6.10: Piezo-mechanic static response of a square laminated plate, sensor configuration.

a/h =4 a/h =100
z | u, x 101, [m)] P, [V/m] 0., X 103, [Pa] | u, x 10", [m] P, [V/m] 0., % 108, [Pad]
L4
-0.5 -1.4246 0.000 0.0000 -1.3432 0.0000 0.0000
-0.4 -1.4415 —1.0391 x 10~* -1.8958 -1.3471 2.3089 x 10~ 0.2152
0.0 -1.4707 0.4477 -14.629 -1.3493 0.4999 1.0592
0.4 -1.3955 0.9929 -7.5339 -1.3514 0.9998 0.2002
0.5 -1.6058 1.0000 0.0000 -1.3556 1.0000 0.0000
7z | u, x 10", [m] D, [V/m] 02y |[Pal u, x 10" [m] P, [V/m] 0., x 103, [Pa)
ED4
-0.5 -3.3720 0.0000 0.9952 -3.2203 0.000 -7.1137
-0.4 -3.4004 —4.5484 x 1074 -0.6361 -3.2240 2.3272 x 1074 12.091
0.0 -3.5675 0.4481 0.0679 -3.2282 0.4999 0.8525
0.4 -3.2947 0.9942 -0.0156 -3.2317 0.9998 -3.5903
0.5 -3.5348 1.0000 1.4086 -3.2358 1.0000 -6.5019

Table 6.11: Piezo-mechanic static response of a square laminated plate, actuator configura-

tion.

The ED4 model is analyzed and the results are presented in Table[6.12} it is possible
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to observe that, as already noted for the metallic plate, the type of configuration
adopted influences the displacement /stress components which take advantage of term
reduction technique.

a/h 4 100
Sensor configuration
M, : 32/32 M, : 13/32
A | A |A|A| A A A |A|A|A
Uy A | A | A A A A A AN A A
A | A | A |A|A A|A|A|A|A

(W]afafa]W[afafa[W[a[afa[m[afala]m] [W[o[af[o[W]afofa[@M[afafo[mM[afa]a]m]

Actuator configuration

M, :29/32 M, :5/32
A | A | A A A AlA|A]A A
<D A|A|A|A|A AlAAA|A
A | A | A |A|A AlA|A|A|A

(W]afafa]m[afafa[@[a[afa[m[afala]m] [W[o[af[o[W]a[ofa[@[afafo[m[afa]a]nm]

Table 6.12: Reduced ED4 models for laminated plate.

In addition, it is possible to note that thick plate analysis is more critical than thin
plate analysis, since more displacement variables are required. It is interesting to note
that the potential distribution for a thin laminate plate in actuator configuration can
be computed with an acceptable accuracy by means of a linear model (only ®F and
®¥ are involved). It is possible to state that, similarly to the isotropic core case, the
potential distribution tends to be quasi uncoupled. The displacement u, and potential
® distribution with the thickness direction are reported in Figure [6.7 The reduced
models proposed in Table [6.12] are employed.
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Reference solution ——
Reference solution —— Cl -%--

N0 C1 - 1 N ol

0.04 0.042 0.044 3 0.046 0.048 0.05
u, x 10%, [m]

L L L L L
0 0.2 0.4 0.6 08 1

oM

(a) Displacement u, - sensor configura- (b) Potential ® - actuator configuration.
tion.

Figure 6.7: Displacement u, and potential ® vs z evaluated by means of E4 reduced model
for the laminated plate, a/h = 100.

In both cases, it is possible to note the good agreement of the solution offered by the
reduced models with the reference solution. In the following, LD4 models is analyzed.
The reduced LD4 models for sensor and actuator configurations are reported in Tables

and [6.14], respectively.
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a/h 4 100

M, : 28/68 M, : 24/68
B A A|A|BR|A|A|A|BR|A|A|A|R|AIAIAIR HiAjA|Aa|BR|A|A|A|R|A|IA|AIR|AIA|AR
Uy B AjA|lA/BR|A|A|A R A A|ABR|AAIA N B AajAa|la/BR|A|Aa|jaBRA|IA|IABR|AAA R
B A A|ABR|A|A|A R A|IA|A|BR|AAIA R B A A|A|BR|A|A|A B A |A|A|BR|AA AR
[M[aJa[a[M[a[a[a[M[aJafa[M[afa[a]W] [Wa[a[a[M[aJAJA[M[a[a[a[M][a]a]s]M]

M, : 31/68 M, : 25/68
WA A|A|BR|A|A|A|BR|A|A|A|R|A|IA[AIR HiAjAa|a|BR|A|A|A|R|A|IA|A|R|AIA|AR
[ B A A|A/BR|A|jA|jA R A A|ABR|AAIA IR B Aaja|lA/BR|A|A|jABRA|IA|IABR|AAA IR
B A A|lABR|A|jA|jAa /R A|A|A|BR|AAIA R B A A|A|/BR|A|A|A R A|A|A|BR|AA AR
(Mafo[a[M[afafa[M[a[afa[M[a[a[a[M] [W]a[a[a[M[a[a[a[M[af[a[a[M[a]afa[l]

M, : 32/68 M, : 26/68
B A A|A|BR|A|A|A|R| A A|A|R|A|IA[AR BAjA|lA|BR|A|A|A|BR| A A|A|R|AIA|AR
Ogz B AjA|lA/BR|A|A|A R A |A|ABR|AAIA R B Aaja|lA/BR|A|ajaBR A |IA|IABR|AAA R
B A A|A/BR|A|A|A R A|A|ABR|A A AR B A A |A/BR|A|A|A B A|A|A|BR|A A AR
[(Ma[o[a[M[afafa[M[a[a[a[M[a[a[a[M] [W]a[a[a[EM[a[a[a[M][a[a[a[M[A]A[A[N]

M, : 31/68 M, : 26/68
B A |A|A|BR|A|A|A|BR|A|A|AR|AIA[AIR BAjA|A|BR|A|A|A|R|A|IA|AIR|AIA|AIR
(Tyz B A|A|A|BR|A|A|A|BR|A | A|ABR|AIA[AR BiArjAa|la|BR|A|A|A|R| A A|AR|A|IA|A R
B A A |A/BR|A|A|A R A|A|ABR|A A AR B A A|ABR|A|A|A R A|A|ABR|A A AN
(W[afafo[m[afafa[mMafafa[mM[afa[a][m] [M]af[afa[mM[afaf[o[M[a[afa[M[af[a]a[m]

M, : 23/68 M, : 23/68
BArja|lAa|BR|A|A|A|R|A|IA|A|R|AIA[AIR BiAjAa|jAa|BR|A|A|A|R|A|IA|A|R|AIA|AR
UZZ BArjAa|a|BR|A|A|A|R|A|IA|A|R|AIA[AIR BAjAa|Aa|BR|A|A|A|R|A|A|A|R|AIA|AIR
H A A|lABR|A|AjABR A |IA|IAR|AAIA IR B A A|lABR|A|AjAaBR A |IA|IAR|AAA R
[M[a[a[a[M[a[a[o[M][afafa[M[a[a[a]m] [W]afafa[M[aJafa[M[a[a[a[M][a]a]s[W]

M, : 34/68 M, : 24/68
B A|A|A|BR|A|lAjA R | A|lA|A|BR|AAIA IR B AjaA|la|/BR|aA|lAja|BRA|A|A|BR|AA|A IR
q) B AjA|A|BR|A|A AR |A | A|A|R|AIA[AR BAja|Aa|BR|A|A|A|R|A|IA|A|R|AIA|AR
WA A|A|BR|AajA|A|BR|AA|A|R|AA[A R WA A|A|BR|AjA|A|R|AA|A R |AA|A R
[M[afo[a[Ma[a[o[M[aJafa[M[a[a[a[m] [W]afaf[a[M[aJa[a[M[a[a[a[M][a]afa[W]

M, : 40/68 M, : 31/68
B A A|A|BR|A|A|A R | A|lA|lA|BR|AAIA IR B AjA|lA|BR|A|A|A R | A|lA|lABR|AA|A IR
COMBINED W A|L|A|W|A|A|0 W |a|a|a|W|a|oa][a|m WL |A|A|M|a|a|o|M|a|a|lo|M|a|a|s | m
H| A A|A R |A A AR |AA|A|R|AA[ANR WA A |A R | A A AR |AA|A|R|AA|ANR
[M[afo[o[M[a[a[o[M[aJafa[M[afa[a[m] [W]afaf[a[M[aJafa[M[a[a[a[M][a]afs[W]

Table 6.13: Reduced LD4 model for laminated plate - sensor configuration.
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a/h 4 100
M, :31/68 M, :25/68
BAjA(a|/BR|Aja|jr/B|A[A[ABR{A[A|[AIR BAja(a/B|A|a|[A|BIA[A[A|[BR{A[A|[AIR
U, W(A|L|LA|W|A|d |0 |M|a|a|a|W|a|a]a|W W(A|A|A|W|A|a|a|M|[a|a|a|W|a|a]a|m
W(A|L|LA|W|A|o|o|M|A|A|a|W|a|a]|a|m W (A|L|A|W|A|A|A|M|A|LA|o|W|a|a]a|m
[Wlafafa]m]afafa]m[afafa]m[afafa[m] [W[afafa[m[afafa[M]afafa]m]afala]n]
M, :31/68 M, :22/68
LIRS AR A|[AA | BR{AA|AIR BAja(a|/BA|a|jA|BiA[{A[A|[BR{A[A|AIR
O W(A|L|LA|W|A|o|o|M|[A|A|a|W|a|a]a| W W(A|A|A|W|A|a|a|M|[a|a|a|W|a|a]a|m
W A|A|A|W|A|0 |0 |M|[A|A|a|W|2|a]a|W W(A|L|A|W|A|a|[o|M|[a|a|a|W|a]|a]a|m
[Wlafafofm]afafa]m[afafa]m[alafa[m] [W[afaf[a[m[afafa[M]afafo]m]alala]n]
M, :35/68 M, :24/68
WA A|(A|B|A|a|jA R A[a/A/BR|[AA|ANR BAja|(a/B|A|A|A B A[A|[A|BR|{A[A|[AIR
O W(A|L|LA|W|A|d |0 |M|a|a|a|W|a|a]a|W W(LA|A|A|W|A|a|a|M|a|a|a|W|a]|a]a|m
W (A|L|LA|W|A|d|o M |a|LA|o|W|a|a]|a|m W(A|L|A|W|A|o|[A|M|[a|a|a|W|a]|a]a|m
[Wlafafoalm]afafa]m[afa[a]m[alafa[m] [W[afaf[a[m[afafa[M[afafo]m]afala]n]
M, : 37/68 M, :24/68
W A|A|A|W|A[A |4 [M|[A|A|A|N][A]A]A|N W[ A|A|A|W|A[A[A|M|A|A|A[M][A]A]A]W
Oy- W (A|L|LA|W|A|A|o|W|a|a|a|W|2|a]a|W W(L|A|A|W|A|a|o|M|a|a|a|W|a|a]a|W
W (A|L|LA|W|A|0 |0 |M|a|L|a|W|a|a]|a|m W(A|L|A|W|A|A|[o|M|[a|a|a|W|a]|a]a|m
[Wlafafa]m]afafa]m[a]afa]m[alafa[m] [W[afaf[a[m[afafa[M[a[afa]m]afala]n]
M, : 36/68 M, :24/68
W A|A|A|W|A[A | [W[A|A|A|W][A]A]A]N W[ A|A|A|W|A[A|[A|M|A|A|A|W][A]A]A]W
0., W (A|L|A|W|A|A |0 |W|a|A|a|W|A|a]a|W W(A|A|A|W|A|a|a|M|[a|a|a|W|a|a]a| W
W (A|L|L|W|A|0 |4 W |a|a|a|W|a|a]|a|m W(A|L|A|W|A|A|A|M|A|a|a|W|a|a]a|W
[Wlafafa]m]afafa]m[a]a[a]m[alafa[m] [W[afaf[a[m[afafa[M]a[afa]m]afala]n]
M, :20/68 M, :20/68
W[ A|A|A|W|A[A|[o[M|A|A|A|W][A]A]A]N W[ A|A|A|W|A[A[A|M|A|A|A|W][A]A]A]W
(0] WL |A|A|W|A|a|o|M|[A|A|a|W|a|a]a| W W(A|A|A|W|A|a|o|M|[a|a|a|W|a|a]a|W
WL |A|A|W|A|o|a|M|[A|a|a|W|a|a]a|m WL |A|A|W|A|a|[a|M|[a|a|a|W|a]|a]a|m
[Wlafafa]m]afafa]m[a]afa]m[alafa[m] [W[afafa[m[afafa[m]a[afa]m]afala]n]
M, :44/68 M, :31/68
W A|A|A|W|A[A|L4|[W|A|A|A|N][A]A]A|N W[ A|A|A|W|A[A[A|M|A|A|A|W][A]A]A|W
COMBINED W A 0|0 W A|A|L|W|A|A|a|W|A[0]|0|W W Lo |0 WAoo M A|A|o|W|a[o]|a|W
W A|A|A|N|A|0 |4 W |a|A|a|W|a|o]|a|m W (A|L|A|W|A|o|A|W|A|a|a|W|a|a]|s|m

[W]aJA[a[M[ATAA[M]ATATA[M]ATATA]E]

[W]afafa[m]afafa]M][a]aa]M][a]ala]M]

Table 6.14: Reduced LD4 model for laminated plate - actuator configuration.

Firstly, it can be noted that when sensor configuration is considered (Table
the analysis of a thick plate requires more displacement variables than the analysis of
a thin plate. In addition, the reduced combined model for a thick plate has more than
the 50% of the terms while the same model for a thin plate has less than the 50% of
the displacement variables. It is possible to note that the two types of configurations
lead to different reduced models: differences exist in terms of number and order of the

retained terms. As an example, it is possible to note the relevance of terms ul,, u

1
yl

and uil (i.e. the terms wu,y, u, and wu,; related with the first layer) in the case of the
reduced model for the displacement u., in thick plate case. It should be underlined
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that, as already reported for the isotropic core plate, the potential distribution &,
when actuator configuration is considered, has only the terms related with the top and
bottom functions (F} and F}, see Table . This observation holds for thick and
thin geometries. It is worth noting that the fourth-order terms are rarely included in
all problems, as already underlined for the isotropic core plate. The distributions of
the stress 0., and potential ® along the thickness direction for the sensor configuration
computed by means of the reduced combined models of Table[6.13| are reported in Fig.
0.5l

04 B uA—M

02 Reference solution —— P 7] 02

Cl1 -%- Reference solution ——

N or P 1 N o Cl1 =%

7 7 o M
0 0.2 04 06 08 1 L L L

0 1 2 3 4 5

Oz [P2] ox, Vi
(a) 0.2 vs z, a/h =100 (b) ® vs z, a/h = 100
04 04
02 Reference solution —— 02
Cl =% Reference solution ——
N 0 2 N 0 Cl =%~
0.2 0.2
0.4 0.4
0 0‘2 O‘A 0‘5 D‘E 1 0 0.1 0‘2 0‘3 0‘4 0‘5 D‘S 0‘7 0.8
0y, [Pa] @ x 10, [V/m]
(¢) 0.2 vs 2z, a/h =4 (d) ®vsz a/h=4

Figure 6.8: LD4 reduced model for laminated plate - sensor configuration.

It is possible to observe the good agreement with the reference solution. In addition,
the distribution of the stress .. and displacement w, with the thickness direction for
the actuator configuration are reported in Fig. [6.9] In this case, the reduced combined
models employed to compute these quantities are in Table [6.14] It can be noted that
the values are correctly computed (i.e. the accuracy is within the a-priori threshold)
at the error criterium points although, in some case, the distribution may differ from
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the reference solution.

127

Reference solution ——

Cl -%--

BNy
Y
>
Reference solution —— I

ClL -

AP
u, x 107, [m]

(a) uy, a/h =100

02 4 96 08 1
0,, x10°, [Pa]

(b) 0.2, a/h =100

Reference solution ——

C1-%-

Ymgm=mmmmemmmeoo
X
< i
X Reference solution ——
X Cl -+

-1.65 16 155 15 -1.45 14

u, x10™, [m]

(¢c) uy, vsz,a/h =4

-15 3—10 5
a,, x 10%, [Pa]

(d) 0., vsz,a/h=4

Figure 6.9: LD4 reduced model for laminated plate - actuator configuration.

The results reported for the piezoelectric plate showed that:

1. thick plate analysis is more crtical than thin plate analysis, since more terms are
required. This is valid for both types of configurations;

2. the relevance of the terms is influenced by the type of the configuration consid-
ered, in other words reduced models for sensor configuration are different from
the reduced models for actuator configuration;

3. the description of the potential distribution in the thickness direction for a thin
isotropic and laminated plate can be performed considering a quasi decoupled
model, that is, only ®; and ®, can be retained;

In-depth analyses on the piezo-electric plate are reported in the work [74].
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6.5 Analysis of refined models for plates, RMVT
statement

The analysis of the relevance of the terms of refined and mixed models for plate is
performed considering a bimetallic plate. The top layer of this plate is titanium (E =
114 GPa, v = 0.3) and the bottom layer is aluminum (£ = 70.3 GPa, v = 0.33). The
reference results employed in the axiomatic/asymptotic analysis are reported in Table
0. 15l

Tue(z = £ 0/2) 0,:(2=0) 7,.(2=0) u,(z=h/2)

a/h =100
LM4 0.2236 —0.1810 0.2355 0.2355 2.2073
LD4 0.2236  —0.1810 0.2355 0.2355 2.2073
EM4 0.2244 —0.1803 0.2316 0.2316 2.2072
ED4 0.2246 —0.1804 0.1846 0.1845 2.2072
a/h =4
LM4 0.2520 —0.1830 0.2306 0.2307 2.9079
LD4 0.2520 —0.1830 0.2306 0.2306 2.9079
EM4 0.2514 —0.1840 0.2287 0.2286 2.8982
ED4 0.2521 —0.1845 0.1823 0.1822 2.8945

Table 6.15: Stresses and displacement for a bimetallic laminated plate.

Both results offered by ESL and LW schemes are reported, considering both the
PVD and the RMVT variational statements. It is possible to note that the LD4 model
offer results in agreement with the reference solution (LM4). The results offered by
the EM4 show differences with respect to the LW model. This difference becomes
significant when a thick plate is considered. The displacement and stress component
values computed by means of the ED4 model are in agreement when u, and o,, are
evaluated for a thin plate. The values of the o,, and o, stresses present a significant
deviation from the reference results for both thick and thin plate case.

Firstly, the analysis of the relevance of the terms is perfomed for the EM4 and ED4
models. The results are reported in Table

In the same Table, the error computed by these models is reported. The results
show that some term can be discarded only when the displacement wu, is considered
for a thin plate. In addition, it is interesting to note that the retained displacement
variables are the same for both models. In particular, the reduced models show that
a linear expansion is needed for the displacements u, and u,, while the displacement
u, can be properly analyzed by means of a second order expansion. It is possible to
note that the stress variables are not included in the EM4 model, except for the top



6.5. ANALYSIS OF REFINED MODELS FOR PLATES, RMVT STATEMENT129

EM4 ED4
a/h = 100
M, 16/42 M, :7/15
A|lA | A AA
A |l A | A A A
A | A A |A|A A|A | A|AA
IS PSRN AlAnln]d
PSS PSRN Ajajajs]l
B AA|lA|BR|AA AR
Error 0.0406% 0.0458%
a/h =4
M, 42/42 M, :15/15
A | A | A|A A
A | A | A| A A
A | A | A|A|A A|A|A|A|A
B A|A|A|N|ala]a|m AlAlAldlA
B A |A|A|N |4 a|a|m Ajajajala
B A A AN |A | A AN
Error 0.3305% 0.4596%

Table 6.16: Reduced EM4 and ED4 models for bimetallic plate - displacement .

and bottom stress variables. The displacement u, is computed by means of the model
reported in Table and the results are reported in Figure [6.10] It can be noted
that both models offer a good accuracy, in particular the reduced EM4 model offer a
better accuracy than the reduced ED4 model.

0.4 -

0.2 -

Ref. Sol. ——
N or EM4 -x--
ED4 &=

-0.2 -

0.4

L L L L L 3! L L L
22000 2.2010 2.2020 2.2030 2.2040 2.2050 Z.Zb&) 2.2070 2.2080 2.2090 2.2100

Uz

Figure 6.10: Displacement wu, distribution along the thickness, EM4 model - 2 layers metallic
plate, a/h = 100.

The axiomatic/asymptotic technique is extended to LM4 and LD4 models. The
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results are reported in Table [6.17] and [6.18], for LM4 and LD4 models, respectively.
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Table 6.17: Reduced LM4 model for the bimetallic plate.
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a/h =100 a/h =4

M, : 1127 M, :17/27
| RN BN | WA A A H A A |A N
U, B AA|A|BR|AA AR B A AA|BR{A|A|A N
B A A|A|BR|A|A AR A A A |BR{A|A|A R

M, : 11/27 M, : 19/27
HAjAa|A|BR|AIA|A R WA A A B A A|A N
Opx B|a[a[a[m[a|a]a|m LN
B A A |A|BR|A|A|A N B A A AR A|A|A N

M, : 13/27 M, :20/27
B A A|A|B|A|A|A R B A A AN | A|A AR
(o I NN LIPS
WA A|A|BR|AA|A N WA A AR |A | A|ANR

M, : 13/27 M, : 20/27
B AA|lA|BR|AAA R B A AA|BRjAa|A|A N
UUZ B A A|A|BR|A|A|A R B A A A |H | A|A A DR
B A A|A|BR|A|A AR A A |A|BR|A|A| AR

M, : 15/27 M, . 24/27
B A A|A|BR|A A|A N W A A A0 A A|ADN
COMBINED m|{z2|a|a W ala 2 ®m B A AL N A|a|a| W
B A A |A|BR|AjA AR B A A AN A|A|A DN

Table 6.18: Reduced LD4 models for the bimetallic plate.

These Tables report the reduced models for the displacement/stress components
and the COMBINED models, which reports all the active terms from the previous
displacement /stress components. As a general observation, it is possible to note that
both LM4 and LD4 models require more active terms when a thick plate is analyzed
rather than for a thin plate. In particular, it can be observed that the reduced models
for the displacement u, require the same displacement variables for both LM4 and
LD4 models, for the thick and thin plate cases. In general, the reduced models for
the evaluation of the out-of-plane stresses present different displacement variables ac-
cording to the variational statement employed. It is possible to note that the reduced
combined model present more than the 50% of the active variables for both thick and
thin geometry. Instead, the reduced combined model for the LD4 model has less than
the 50% of the active terms when a thin plate is conisdered. In the case of a thick
plate, more than half terms are required for a thick plate. This fact was already noted
in [69] for the LD4 reduced models. An example of stress computation perfomed by
means of these reduced models is reported in Figure where the distribution of the
stress o, along the thickness direction is computed by means of the reduced combined
models.
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Figure 6.11: Stress o,, distribution along the thickness - 2 layers metallic plate.

It interesting to note that the reduced LM4 models offer a satisfactory distribution
in both of cases while, the reduced LD4 models for the thin plat case presents a
significant discontinuity at the interfaces. This was noted in [69] and in that occasion
different criteria were proposed in order to obtain better satisfactory distributions. In
this case, it is possible to affirm that distributions in agreement with the reference
solution can be obtained for refined models based on RMVT variational statement
just by computing the error at one point. An interesting fact is reported in Figure
0. 121

Ref. Sol. —
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(see Table [6.19)

Figure 6.12: Displacement u, distribution along the thickness - 2 layers metallic plate, a/h =

4. ol 4, 02,4, 0524, and o2, in the legend of Figure [6.12(a)|are the stress variables suppressed.
Models A, B, C, D and E are reported in Table

The displacement u, distribution along the thickness direction for the thick plate
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case is reported in Figure computed by deactivating the stress variables o!_,,
0.4, Oy, and o2, one by one and it is possible that any error is present. It seems
that these terms are not influent, as a matter of fact the reduced combined model of
Table (and reported as model A in Table shows that these variables are not

included.

Model Error M,
M A  A|A N A A|A DN
M A  A|A N A A|ADN
B A A AN A|A AN
A 0.0132% 50/54
M A | A|A N A A|ADN
WA |  A|A N A A|ADN
WA A|A N A | A|AN
B A A AN | A|A AN
B A A AN | A|A AN
B A A AN | A|A AN
B 0.0% 51/54
B A A|A N A|A 2~ |DN
B A A AN A|A 2~ N
B A A|A N A|A 2N
B A A AN | A|A AN
M A  A|A N A A|A DN
M A  A|A N A A|ADN _
C —4.6274 x 107*% 51/54
B A A AN | A|A| AN
M A | A|A N A A|ADN
WA A|AH A | A|AN
H A  A|A N A A|ADN
B A A AN A A AR
B A A AN 4A|A AN _
D —4.6274 x 107" % 51/54
WA |  A|A N A A|ADN
M A  A|A N A A|ADN
B A A|A B |A|A AN
B A A AN | A|A AN
B A A AN | A|A AN
M A  A|A N A A|A DN
E 0.0% 51/54
B A A|A N A|A 2~ N
B A A AN A|A 2~ N
B A A|A | |A|A| AN

Table 6.19: Reduced LM4 model for the bimetallic plate, displacement .

The displacement u, is computed by means of this reduced combined model and it
is reported in Figure : the displacement is correctly computed at z = h/2 but
the overall distribution significantly differs from the reference solution. In this case
it is possible to affirm that in some case the simultaneous deactivation of variables
that do not contribute to the analysis may lead to a not correct evaluation of the
quantity considered for the axiomatic/asymptotic technique. This fact is confirmed by
considering the models labels as B, C, D, and E reported in Table [6.19} these models
are obtained from the model A by reactivating one by one the excluded terms. The
error reported next to these models and the displacement u, distribution computed



134 CHAPTER 6. AXIOMATIC/ASYMPTOTIC ANALYSIS, RESULTS

by these models and reported in Figure leads to the conclusion that in some
case effective reduced models cannot be obtained just by deactivating the not relevant
terms, but by evaluating the accuracy of an entire sequence of active/not-active terms.
An example of this type of analysis is reported in the work [75], where the authors
employ a genetic algorithm to the axiomatic/asymptotic technique in order to detect
the reduced models which offer the lowest possible error. It is possible to conclude:

o the selection of terms can be applied to ESL models for only some stress/displacement
component, e.g. stress o,,. In addition, the cases herein reported showed that
the reduced models based on both PVD and RMVT variational statements have
the same active displacement variables;

o the reduced models for the LW models present more active terms when a thick
plate is considered. In addition, LD4 models for thin plate has less than the 50%
of active terms, while the reduced models for the thick plate case has more terms.
In general, the reduced LM4 models have more than the 50% of active terms for
both thick and thin plate case;

e in some case, the deactivation of all variables which seem to not contribute to
the plate analysis does not lead to an accurate evaluation of the plate response.

Further cases are considered in the work [76].

6.6 Conclusions

The results reported in this chapter are related with the analysis of refined and mixed
theories for simply supported multilayered plates; isotropic and orthotropic materials
have been considered. The axiomatic/asymptotic analysis has been employed in or-
der to discard not necessary terms from refined models obtained by means of CUF.
All analyses considered Navier-like closed-form solutions. The equivalent Single Layer
(ESL) and Layer Wise (LW) approaches were considered and the influence of specific
parameters - length-to-thickness ratio a/h and the ply stacking sequence - were inves-
tigated. In addition, the influence of different error criteria have been analyzed and
the influence of the type of load on the terms selection process was investigated. The
axiomatic/asymptotic technique was employed by considering two different variational
statements: the PVD and the RMVT. The analyses herein conducted make it possible
to conclude that:
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1. LW models offer a better analysis of static response compared to ESL models
and show a more significant terms reduction with respect to ESL models. The
results showed that the distribution of the out-of-plane displacement and in-plane
stress of a thin isotropic single layer plate can be correctly predicted by means
of an ESL model if only the plate displacement field contains the linear variables
for displacements u, and wu, and the second order term for the displacement u,;
furthermore, it has been demonstrated that the correct computation of out-of-
plane stress require the inclusion of a third order term in addition to the previous
ones;

2. the set of effective terms can be influenced to a great extent by the displace-
ment /stress component to be accounted for and by the geometrical and material
characteristics; in general, thick plate reduced models have a higher computa-
tional cost than thin plate reduced models;the present methodology leads to a
significant reduction of the number of unknowns variables in a LW model;

3. the number of half-waves load influences the number and the order of the retained
terms for the reduced plate models for mechanical analysis, in particular in the
case of thick plates; the absence of any half-wave along a main direction (z or y)
lead to the exclusion of the terms related with that direction;

4. the adopted criterium influence the number and the order of the retained displace-
ment variables. In addition, the proposed criteria makes it possible to compute
correctly the displacement/stress component values at the reference points, al-
though the distribution along the thickness direction may differ from the reference
solution; a possibility to improve the computation of the distribution may come
form the use of different criteria; the results have demonstrated that satisfactory
distributions can be computed if the error is computed at the the interfaces of
the layers in the case of laminated and sandwich plates;

5. in the case of shell analysis, the geometry (Rg/h) influences the relevance of each
term of the model, in particular reduced models for thick shells require in general
more displacement variables than reduced models for thin shells;

6. the type of load in general may influence the displacement variable retained in
a refined model, as proved the analysis of refined models for the thermal and
mechanical stress analysis. The results showed that the correct evaluation of
the displacement /stress distribution for thin multilayered plate subjected to a
temperature distribution requires at least a second order term for the out-of-plane
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displacement (u,) for a LW model. In the case a thick geometry is considered,
third order terms have to be included in a LW model. In general it is possible to
note that the fourth order terms are seldomly included in the LW models, even
for thick plate geometry;

in the case of piezoelectric plate analysis, the relevance of the terms is influenced
by the type of the configuration considered, in other words reduced models for the
sensor problem are different from the reduced models for the actuator problem; it
has been noted that the description of the potential distribution in the thickness
direction for a thin isotropic and laminated plate can be performed considering
a quasi decoupled model, that is, only ®; and ®, can be retained;

the axiomatic/asymptotic technique applied to mixed models obtained by means
of the RMVT variational statement showed that the reduced refined models for
the thick plates require more variables than the thin plate case; in particular, the
reduced LW models obtained by means of the RMVT statement require more
variables than the models obtained by means of the PVD statement;

in the case of RMVT models for plates, the selection of terms can be applied to
ESL models for only some stress/displacement component, e.g. displacement .
In addition, the reduced models based on the PVD and on the RMVT have the

same active displacement variable;

when the RMVT variational statement is considered, the exclusion of all variables
which seem to not contribute to the plate analysis does not lead to an accurate
evaluation of the plate response.
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Chapter 7

Best Theory Diagram

In this chapter, the Best Theory Diagrams (BTDs) are described. These graphs make
it possible to represent in a synthetic way the "best" reduced models, i.e. the reduced
refined models which offer the highest accuracy with the lowest computational cost. The
definition of such curves is obtained by means of the axiomatic/asymptotic technique:
in this case, the effectiveness of an entire active/non-active terms combination is con-
sidered and not the effectiveness of the single term. A genetic algorithm is employed,
since a large number of combination should be analyzed. This genetic algorithm was
inspired directly from the work of C. Darwin: the sequence of active/non-active terms
are considered as the genoma of an individual (in this case, reduced models) and the
best individuals/models are selected and mutated.

7.1 Best Theory Diagram, an introduction

It is possible to associate to each reduced refined model the number of the active terms
and its error computed with respect to a reference solution. This information are
susceptible of an interesting graphical representation as reported in Fig. [7.1]
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Figure 7.1: Example of representation of the errors of all possible refined models terms
combinations.

The error values are reported on the abscissa and the number of active terms is
reported on the ordinate. Each black dot represents a reduced refined model and its
position on the Cartesian plane is defined considering its error and the number of the
active terms. In addition the synthetic representation of the active/non-active terms
is reported for some reduced models. Considering all models, it is possible to note that
some of them present the lowest error for a given number of active terms. These models
are labeled in Fig. as 1, 2, 3, 4, 5 and they represent a Pareto front for the considered
problems. This Pareto front is defined in this work as the Best Theory Diagram. The
existence of such curve was already demonstrated in the work reported in [75]. This
curve can be constructed for several problems, for example considering several type of
materials, geometries and boundary conditions. Moreover the informations reported
synthetically in a BTD makes it possible to evaluate the minimum number of terms,
Npin, that have to be used in order to achieve a desired accuracy. A BTD for a specific
problem is obtained by means of the Axiomatic/Asymptotic technique. The algorithm
employed to generate a BTD is the following

1. plate parameters such as the geometry, boundary conditions, loadings, materials
and layer layouts, are fixed;

2. a set of output parameters is chosen, such as displacement or stress components;

3. a starting theory is fixed (axiomatic part), that is the displacement variables to
be analyzed are defined;
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4. a reference solution is defined (in the present work L.LD4/LM4 approaches are
adopted, since these fourth order model offers an excellent agreement with the
three-dimensional solutions);

5. the CUF is used to generate the governing equations for the theories considered;

6. a genetic algorithm is employed in order to obtain the reduced refined models
belonging to the BTD.

7.2 BTD construction by means of genetic algo-
rithms

The number of all possible combinations of active/not-active terms for a given refined
model is equal to 2" where M is the term model number. In the case of an ESL model,
M can be computed as M = (N + 1) 3. In the case of a LW model the displacement
variables related with the top and bottom of each layer must be included due to the
continuity condition of the displacement field, so the number M is computed as

M=3(N-1) Ny (7.1)

As the expansion order increases the number of the combinations to consider also
increases. In this case the computational cost required for the BTD construction can
be very significant. In order to construct a BTD with a minimal computation effort a
different strategy has to be employed; for this purpose in this work a genetic approach
is used and its implementation is discussed in the following. It should be mentioned
that the BTDs are constructed considering the effectiveness of an entire active/non-
active term combination. This strategy is employed since the definition of a BTD by
assuming an a-priori error threshold may lead to the exclusion of some "best" model
which can be in neighborhood of the chosen threshold. This situation is depicted in

Figure
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Figure 7.2: Best Theory Diagram definition.

The model 1A is defined by assuming an a-priori threshold (E;), while the model
1B is defined by considering all possible active/non-active term combination and its
error with respect the reference solution is equal to Fs. It can be noted that assuming
a-priori the error threshold may lead to the exclusion of reduced models with better
accuracy. In the case of BTD definition, the error of a reduced model is an output
parameter.

The genetic algorithms are inspired by the evolution theory explained in "The origin
of species”, written by Darwin ([77]). In nature, weak and unfit individuals within their
environment are faced with extinction by natural selection. The strong ones have a
greater opportunity to pass their genes down to future generations via reproduction.
In the long run, the species carrying the correct combination in their genes become
dominant in their population. Sometimes, during the slow process of evolution, random
changes may occur in the genes. If these changes provide additional advantages within
the challenge of survival, new species evolve from the old ones. Unsuccessful changes
are eliminated by natural selection. In genetic algorithm terminology, a solution vector
x € X, where X is the solution space, is called individual or chromosome. Individuals
are made of discrete units called genes. Each gene controls one or more features of the
individual. The present genetic algorithm use the mutation operator to generate new
solutions from existing ones. The mutation operator introduce random changes into the
characteristics of the chromosome. Mutation is generally applied at gene level. In the
multi-objective optimization genetic algorithm each individual has a fitness value based
on its rank in the population, not its actual objective function value. The population
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is ranked according to the dominance rule reported in [78]. A synthetic representation
of the dominance of a generic model/individual & is depicted in Figur

Number
of % B ’
terms ; L
1 Ae

NE)

Pareto front

Figure 7.3: Dominance of the model k.

The model k& dominates over the red models included in the part of the plane
marked with the dotted lines. This part of plane is defined by the models with the
same accuracy of the model k£ but with the higher computational cost (in the Figure,
models A and B), and the models with the same computational cost of models k but
with lower accuracy (in the Figure, models 1 and 2). The fitness of each chromosome
is evaluated through the following formula:

ri(xi,t) =14+ ng(x;, t) (7.2)

where ng(x;,t) is the number of solutions dominating by solution x; at generation t.
A lower rank corresponds to a better solution.

The genetic algorithm employed in this work is similar to the algorithm described in
[75], but with some differences which will be described in the following. Each plate
theory has been considered as an individual. The genes are the terms of the expansion
and each gene can be active or not active, the deactivation of a term is obtained by
exploiting a penalty technique. A synthetic representation of this is reported in Fig.

4
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Displacement variables

Uxq Ux1 Ux> Uxs Uxq

UyO Uy1 Uyz Uy3 Uy4
Uz Uz Uz Uzs Uz

'

‘Uxo l Uyo l Uzo l Uy l Uy lun l Ux, l Uy, luzz l Uxs l Uys l Uz l Uxq l Uys l Uzq l

BRI AR R B R AR N R AR AR O

(afofafajajofafafafaafafafafa]

L J

Genes of an individual

Figure 7.4: Displacement variables of a refined model and genes of an individual.

The meaning of the symbols A and A is reported in Table 5.2 Each individual is
therefore described by the number of active terms and its error computed with respect
to a reference solution. Through these two parameters it is possible to apply the
dominance rule in order to evaluate the individuals fitness. The generation of the new
population considered in this work is different than the one described in [75]: in that
work a new individual was originated by exchanging parts of the chromosomes of the
best individual. In this work, the generation of new refined theories starting from a
generic population is inspired to the reproduction of bacteria. The best individuals
of a population are detected and a number of copies are created according to their
dominance and then, a number of mutations are applied in order to vary the set of
new individuals. This modification has been implemented since the BTD for large
models (i.e. models with a considerable number of variables such as LW models for
multylayered plate/shell) were not detected correctly.

The purpose of this analysis is to find the individuals which belong to the Pareto
front, that is the subset of individuals which are dominated by no other individual.
The number of the individuals of the initial population and the number of iterations
depend on the specific problem under examination. As an example in some simple
problems, e.g. thin isotropic plate analyzed by means of ED4 model, an initial guess
population of 400 individuals was considered. In this case only 10 iterations were
necessary to obtain the BTD. On the other hand, in the case of a LM4 models for a
3-layered plate an initial guess population of 32000 individuals were necessary. The
number of required iterations to obtain the BTD was equal to 50. These parameters
have been defined for each problem analyzed by a trial-and-error process. The error
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of the reduced models with respect to a reference solution is evaluated through the

following formula:
N

Q= Qi 1
e =100 ==~ Cral | 1
max Qyef N,

(7.3)

where Q is the entity under exam (stress/displacement component) and N, is the
number of points along the thickness on which the entity ) is computed. The use
of this criterium for the evaluation of the accuracy of a reduced model was adopted
since it was intended to provide a number of reduced refined models for bidimensional
structures able to computed correctly the displacement /stress components distribution
along all the thickness direction.

The originality of this work consists of the new kind of genetic algorithm (i.e. how
the new individuals are created starting form an initial population) and the extension of
BTD definition to the multifield problems (thermal and piezo-electrical) for plates. In
addition, the BTD has been obtained for refined models based on the RMVT statement.
It should be mentioned that the algorithm adopted in this thesis included the evaluation
of the thickness locking phenomenon for ESL models whose displacement u, expansion
is truncated to the first order (models based on PVD statement).



146 CHAPTER 7. BEST THEORY DIAGRAM



Chapter 8

Best Theory Diagram, results

Best Plate Theory Diagrams (BTDs) are reported in this chapter for the static analy-
sis of metallic and laminated composite plates and shells. The theories that belong to
the BTD are obtained by means of the Aziomatic/Asymptotic technique, and a genetic
algorithm is employed to obtain the BTD. The Carrera Unified Formulation (CUF)
is employed to obtain refined models; Equivalent Single Layer (ESL) and Layer Wise
(LW) kinematics are considered. Closed-form, Navier - type solutions are employed,
and attention is therefore restricted to simply-supported plates. As in the case of the
aziomatic/asymptotic technique, the Navier - type solutions have been chosen in order
to obtain quickly the results and to be able to focus on different aspects, as the influence
of the type of load on the definition of the BTD. The influence of various geometries,
material properties and layouts are evaluated, and their influence on the BTD is an-
alyzed. Furthermore, some known theories are compared with the BTD curve. The
results suggest that the BTD and the CUF can be considered as tools to evaluate any
structural theory against a reference solution. BTDs are reported also for multifield
analyses, i.e. for refined models related to thermal stress analysis and piezoelectric
plate analysis. The influence of geometrical and material parameters is evaluated for
the multifield case. In addition, in some case the BTDs are obtained considering dif-

ferent displacement and stress components in order to highlight their influence on the
definition of the BTDs.
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8.1 Best Theory Diagram for plates - mechanical
analysis

In this section, BTDs for the mechanical plate stress analysis are reported. In all
cases the acting load is a transverse pressure applied to the top surface of a plate, see
Equation [4.67 In the following, parameters m and n are equal to 1. The reference
system layout is reported in Fig. 2.4 All the reduced models are developed for stress
02, Which is computed at [a/2, b/2, z] with —% <z< %, where h is the total thickness
of the plate. Axiomatic/asymptotic analyses have been conducted for a metallic plate,
whose material properties are £ = 73 GPa and v = 0.34 (aluminum). The length-to-
thickness ratios (a/h) are equal to 5 and 50.

First, an ED4 model assessment was performed considering an aluminum plate.
The results are reported in Table 8.1} the three-dimensional exact elasticity results are
obtained as in [79, [80].

a/h 100 10 5 2
Ref. [79,80]  0.2037  0.2068  0.2168  0.3145
ED4 02037 02068  0.2168  0.3165

Table 8.1: ED4 model assessment, reference solution reported in [79, [80]. Stress 7,.(z =

+ h/2), simply supported metallic plate under mechanical load, 7., = 5 2’;%)2

It is possible to note that the results offered by the ED4 model are in excellent
agreement with the reference solution. This makes the ED4 model suitable for the
computation of the reference solution of the axiomatic/asymptotic analysis for the
case under examination.

The first method that was used to build the BTD is based on the evaluation of all
the possible combinations given by the 15 terms of an ED4 model, that is, 25 = 32768
theories; Fig. [8.1(a)|shows the error of each theory.
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Figure 8.1: Genetic algorithm assessment, ED4 reduced models - metallic plate, a/h = 2.5

It is possible to note that some empty regions are present, and these regions are
labeled as 1 and 2 in the figure. In this case, it is possible to state that the construction
of reduced refined models is not always possible: no term combinations are present for
some errors and term number intervals. The BTD is given by those combinations
(i.e. plate theories) which, for a given error, require the lowest number of unknown
variables. Two BTDs are shown in Fig. [8.I where the “All Combinations” BTD
was built by evaluating all the 2! combinations. The “Genetic” curve was built by
exploiting a genetic algorithm. The genetic algorithm for the axiomatic/asymptotic
technique evaluates around 400 individuals for 10 generations: this means that only
about 4000 out of 32768 theories have to be evaluated. It is possible to note that
almost all the models on the Pareto front are detected.

The influence of the plate geometry on BTD construction was considered, and the
results are reported in Fig.
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Figure 8.2: Best Plate Theory Diagram (BTD) for a simply supported metallic plate - ED4
reduced models

The curves suggest that, as a metallic plate becomes thinner, the BTD tends to
be defined in a smaller region of the error/number-of-variable plane (E/NoVs plane).
In addition, it is possible to note that the BTD distribution becomes steeper as the
plate becomes thinner. Four classical theories from bibliography are also reported in
the same graphs, that is, the CLT and FSDT theories and the theories of Pandya
([81]) and Kant ([82]). As the plate becomes thinner (i.e. ratio a/h increases), the
accuracy of the classical models increases. It is worth noting that none of the four
models lie on the BTD: this means that either the accuracy of the classical models
can be achieved with fewer unknown variables, or that it is possible to obtain a better
accuracy with the same number of variables. It can be noted that, for the thin plate
case (a/h = 50), the best accuracy is given by a 13-term theory, that is, two terms in
a ED4 model are not effective for the particular problem considered. In addition, the
accuracy offered by 10, 11 and 12 term models is almost equal to the accuracy offered
by the 13-term theory. The synthetic representation of the classical models and the
models belonging to the BTD with the same number of terms are reported in Table
[8.2] with their accuracy:
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a/h =50 a/h =75

A|A|A|A A|A|[A|[A|A A|A|A|A A|A|A|A|A
Kant A|A|A|A| M:12/15 |A|A|A|A|A Kant A|A|A|A| M:12/15 |A|A|A|A|A
A|A|A|A A|A|A|[A|A A|A|A|A A|A|A|A|A

Error 0.0111% 7.138 x 107%% 1.0146% 0.0165 %
A|A|A|A A|A|A[A|A A|A|A|A A|A|A|A]A
Pandya A | A|A|A M, :9/15 A|A|A|A|A Pandya A | A|A|A M. :9/15 A A|A|A|A
A|lAala]n A|A|[A[A|A AlAlAa]A A|A|[A|[A]A

Error 0.0167% 3.2123 x 1073% 1.6193% 0.3297%
A A A|lA[A|A|A A|A A|lA[A|A]A
CLT/FSDT A|A M,:5/15 | A |A|A || A CLT/FSDT A|A M,:5/15 | A |A|A|A|A

(ala (alofafals] (ala (alofafals]
Error 0.0217% 0.0167% 1.9977% 1.60691%

Table 8.2: Reduced model for an isotropic plate, ED4 models - genetic approach.

The results show how the accuracy of the classical models can be improved. As
an example, the accuracy of CLT/FSDT models for the cases herein considered can
be improved by neglecting the constant terms u,o and u,o and considering a parabolic
term for the displacement u, and a third order term (u,3 for the thin plate case and
uy3 for the thick plate case). It is possible to conclude that, in general, the geometry of
a plate influences the improvement process of classical models. It is interesting to note
that the improved Pandya models related to the thin and thick plates corresponds,
but different accuracy are obtained. Anyway, the results indicate that in general the
improvement of the classical models can be obtained if higher expansion terms are
considered for the displacement u, component (see Pandya and CLT/FSDT models).

The graphs of Figure|8.2[show that, by keeping the number of active terms constant,
it is possible to detect different plate theories that compute the required output with
a different approximation. These models are labeled 1,2, and 3 (Fig. [8.2). Models 1,
2 and 3 and their errors are reported in Table [8.3
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1 2 3 Mg
a/h =50
A A A | A A A A A | A A A Al AT A
Al A|A| A|A Al A|A| A | A A A AN| A|A 7/15
A | A A AN | A A A A | A A A | A A AN A
Error 5.0143 x 103 % 0.8327 x 10~ x 1072 %

)
A

Al A|A]JA]A A A A A|A Al A|A|A|A| T/15
A

Error 0.5212% 0.9225 % 1.8596 %

Table 8.3: Reduced models for a simply supported isotropic plate, ED4 reduced models.

It is possible to note that, for moderately thick and thin plates, the models that
offer the lowest possible error have the same term arrangement. In addition, the
models that belong to the BTD (models 1) have the terms wyg, .0, Uz1, Uy and u,; in
common. It is worth noting that, for a given plate geometry, the relevance of a term
cannot be predicted easily: as an example, considering the models labeled 1 and 2 and
3 for a/h =5, the term u,s is included when the error is equal to 0.9225%, and is not
included when the error is equal to 0.5212%, but when the error is equal to 1.8596%,
this term is again included. The o,, distributions along the thickness are reported for
different plate thickness in Fig. [8.3]

Ref. Sol -e— Ref. Sol -e—
1-%- 1-%-

0.2 0.2
23 2 -3

3-4- 3-4-

-0.040 -0.020 0.000 0.020 0.040 0.060 0200 0150 -0100 -0.050 0000 0050 0100 0150  0.200
Oyx Oyx

(a) a/h = 50. (b) a/h =5

-0.060

Figure 8.3: Stress o, distribution for metallic plate, ED4 reduced models - reduced models

from Table

The evaluation of the o,, stress is performed by means of the reduced models
reported in Table 8.3 It can be noted that the stress distributions computed by
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means of the reduced models, which belong to the BTD (i.e. the models labeled as 1),
are in agreement with the reference solution. Moreover, it is possible to state that, for
a given error interval, as a plate becomes thinner, different reduced models are able
to compute the stress distribution within the imposed accuracy. The results herein
reported for the metallic plate suggest that

« for a given theory and problem, it is possible to define a BTD that is a set of
reduced models which offer the lowest possible error with respect to a reference
solution;

e a genetic algorithm makes it possible to construct a BTD with a lower compu-
tational cost;

o it is difficult to predict the relevant terms for a given problem;

e in most cases, the BTD models allow one to obtain better accuracies than classical
models with the same number of variables, or to have the same accuracy with
fewer variables.

Further results on this topic are reported in the work [83].

8.2 Best Theory Diagram for shells - mechanical
analysis

Hereafter, a metallic shell is considered and the BTDs for this case are proposed. The
shell considered has dimensions a = Rz/10, b = Rgm/3 and thick and thin geometry
are considered (Rg/h equal to 4 and 100, respectively). The material properties are
E = 7310° Pa and v = 0.34. Some values of the displacement u, and stress c.q
evaluated by means of the ED4 model are reported in Table 3.4

U, (2 =0) Taalz=Fh/2) T.(2=0) Gua(z=Fh/2)

EDA4
Rg/h = 100 Ry/h =4
1.6669 —2.5757 2.1132 —3.3236

2.5504 2.7882

Table 8.4: Static response analysis of an isotropic shell.
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Firstly, the BTD are constructed considering all possible combinations, which are
215 = 32768. The error is computed considering the stress o,, and the position of the
all combinations in the E/NDOFs plane are reported in Figure

£ Pareto front -3¢ Genetic algorithm ~E+ Pareto front - % - Genetic algorithm

- 102 . 3 4 .
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Figure 8.4: All combinations, ED4 model - metallic shell, Rg/h = 4.

The Pareto front is obtained by considering the reduced model which offer the lowest
possible error for a given number of active terms. Once these models are detected, the
Pareto front is defined: the models which offer a lower accuracy with respect the
models with a lower number of terms are excluded. The BTD obtained by means of
the genetic approach is reported in the same Figure: it can be noted that the proposed
algorithm is able to detect all the models that belong on the Pareto curve. It should be
underlined that the BTDs do not include any reduced model with more than 6 terms.
The reason is that the models with more than 6 terms have the same error as the
6-term model but a higher computational cost (see Figure|8.4(b)|). Another interesting
fact is that empty regions are present: it means that for some specific combinations of
number of terms and error it is not possible to create any reduced models (see regions
labeled as 1, 2, 3 and 4 in Figure . The genetic algorithm proved to be a valid
means to obtain the BTDs.

It is interesting to compare the accuracies of some well-known models with the
accuracy of the models which belong to the BTD for the case in exam. The accuracies
of the CLT, FSDT and Pandya models are reported in the EE/NDOFs plane as depicted
in Figure |8.5| with the BTDs for the thin and thick shells.
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Figure 8.5: BTD for metallic shell - ED4 model. Different theories considering cqq-

It is possible to note that the error committed by these models is higher than the
error of the models which belong to the BTD. This difference is particular clear when
a thick shell is considered. This means that the accuracy of the classical models can be
improved. An in-depth analysis of these model is reported in Table 8.5 where classical
and BTD models are reported with their relative error: it is intended to understand
how to improve the accuracies of the classical models.

Rg/h =100

Pandya M,:9/15-9T  CLT/FSDT M, :5/15-5T
A | A A A AlA|IA|A|A A | A AlTA|IA|A|A
A | A A A A A A A|A A | A A A | A|A|A
A AN |A|A A | A A A A A A A A A A|A

Error 1.6074% 3.9210 x 10°% 0.1465 % 0.1072%

Rs/h =4

Pandya M,:6/15-6T  CLT/FSDT M, :5/15-5T
A | A A A AlA|A|A|A A | A AlTA|IA|A|A
A A A A A A A A|A A | A A A | A|A|A
A A |A|A A A A AL A A A | A A A A

Error 3.1428% 0.6014 % 3.2831% 1.3366 %

Table 8.5: Reduced model for an isotropic shell, ED4 models - genetic approach.

As an example, the accuracy of the Pandya model for the thin shell can be signif-
icantly improved by considering the fourth-order terms along the § and z directions,
and neglecting all terms which belong to the a direction. It is interesting to note that
in the case of the thick shell it is not possible to improve the Pandya model. The
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BTD presents the 6-term model (see Figure : the 6-term model is able to provide a
higher accuracy than the Pandya model, as reported in the Table|8.5] This means that
in some cases classical models cannot be improved and better results can be obtained
with reduced models with a lower number of terms than the classical models. The
stress 0, distribution along the thickness direction is reported in Figure 8.6t FSDT
and Pandya models are considered.

Ref. sol. —e— |
Pandya ->¢-

Ref. sol. —e—

oT &+ Pandya -
hadll FSDT -4 | s 6T & |
5T -+ FSDT -4
-0.04 1 -1 5T -+
3 2 I 1 2 3 3 2 R 1 2 3
GU& cﬁﬁ
(a) Rg/h = 100. (b) Rﬁ/h=4.

Figure 8.6: Stress distribution for metallic shell, ED4 reduced models.

In the same Figure, the stress distribution is computed by means of the reduced
refined models 9T, 6T and 5T reported in Table 8.5 The distribution computed
with the BTD model is more accurate than the distribution computed by means of
the classical models. In addition, it is possible to note in the case of thin shell all
the models offer distributions that are in agreement with the reference solution. It is
possible to affirm that in the case of a thin shell, for a given error interval more reduced
models are available than in the thick shell case.

It should be noted that in general the displacement variables related with the «
direction are in general excluded. The reason can be that the transverse load has no
half-wave along « direction. The results of the analysis of the influence of the load
shape on the selection of terms is reported in Figure in this Figure the BTDs are
obtained considering for the shell under examination two different transverse pressures
whose parameters are m =0, n=1and m =1, n = 1.
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Figure 8.7: BTD for metallic shell - ED4 model. Influence of the load shape.
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It can be noted that the BTDs are affected to a great extent by the load distribution,
in particular the BTDs for m = 0 and n = 1 has a steeper trend than the BTDs for
m = 1 and n = 1. A detailed analysis of the influence of the load shape on the
retained terms is reported in Table [8.6] where some models of the BTD of Figure
are reported. These models seem to assess this initial hypothesis, although the 6-term

model for the thick shell case contradicts this conclusion.

m=0,n=1 m=1n=1
Rg/h =100
M, 6/15 6/15
AlATA|A|A A | A A A A
A A A A|A A A A A A
A A A A AN A | A A |IAA

Error 8.4168 x 10~* % 7.8143 x 1072 %
Rﬁ/h =4
M, 6/15 6/15
AlA|TA|A|A A A| A | A | A
Al A AN | A A Al AN|A| A A
A | A A | A A A|lA| A| A A
Error 0.6014 % 2.7563 %
M, 12/15
A | A A | A A
/ Al A|A|A| A
A | A | A | A A
Error 2.1201 %

Table 8.6: Reduced model for an isotropic shell, ED4 models - load shape influence.

model as reference solution.

L4
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As a matter of fact, all terms of the g direction are excluded although n is not
null. Anyway, the 12-term reduced model which belong to the BTD of Figure
(m =n =1 case, thick geometry) reported in the same Table show that the terms of
a, # and z direction are included. It is possible to affirm that, in general, the shape of
the load influence the relevance of the terms of a refined model. In particular, in some
cases the absence of the half-waves along a direction may lead to the exclusion of the
terms related with that direction.

The curvature of the shell may affect the relevance of the terms, as reported in
Figure 8.8 These BTDs are obtained considering the same geometry and the same
material as the case reported in Table [8.4] but the curvature is variated according to
the ratio Rj;/Rg, where Rg is the curvature of the case reported in Table and R
is the curvature of the case considered.
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(a) Thin shell case. (b) Thick shell case.

Figure 8.8: BTD for metallic shell - ED4 model. Influence of radius Rg.

Two cases are considered (see Table [8.7): “thick shell case” corresponds to the
Rg/h = 4 case reported in Table , and “thin shell case” corresponds to the Rg/h =
100 case reported in Table 8.4 The BTD reported in Figure [8.§ show that as the
curvature tends to infinity (plate case), in general the BTD tends to lower error values.
Some reduced models which belong to the BTD are reported in Table 8.7
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Thin shell case
M, 8/15 8/15 8/15

AlATALA A AlATAA|A AlATALA|A
A A A A A A A A A|A A | A | A A
A | A | A A A A | A A A A A | A A A|A

>

Error 4.6339 x 107 % 4.8066 x 107" % 0%
Thick shell case

M, 6/15 6/15 6/15
AlTA|IA|A|A AN A A A Al A|A|A|A
A A AN A|A A A A A|A A A AN A A
A A A A A A A A A A A A A AN |A

Error 0.6014 % 0.4435% 0.4632 %

M, 5/15 5/15 5/15
AlAN|A]A|A Al A|A]A]A Al A|A]A|A
A A A A|A A A | A |A|A A A A A|A
A A | A A A A A A A |A A A A AN | A

Error 1.3366 % 0.7306 % 0.4660 %

Table 8.7: Reduced model for an isotropic shell, ED4 models - radius influence. L4 model as
reference solution.

The curvature affects the retained terms, although it is lower than the influence of
the geometry (Rg/h) or shape of the load (m, n). As a matter of fact, the reduced
models for the thin shell case do not show any difference when Rj;/Rg ratio is equal to
1 and 10. The same observation holds when a thick shell is considered (Rj;/Rs equal
to 1 and 10). It can be noted that when Rj;/Rg — oo the reduced model for the thin
shell case is in total agreement with the reference solution. It is possible to say that for
this particular case 7 terms in the ED4 model are not necessary. It is possible to note,
as already underlined for the thin shell case, some reduced model are not affected by
the variation of the curvature. The results demonstrated that:

1. the creation of the BTDs is affected to a great extent by the geometry of the
shell (thick / thin shell, curvature), the material properties and by the quantity
considered (displacement /stress component);

2. it is not always possible to construct reduced models for a given number-of-terms
and error;

3. the curvature affects the creation of a BTD but not in the same intensity as the
radius-to-thickness ratio;
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4. another factor that influence the creation of a BTD is the shape of the load, i.e.
the number of half-waves along the main direction; in particular, in some cases
the absence of the half-waves along a direction may lead to the exclusion of the
terms related with that direction;

5. the accuracies of some well-known models (CLT, FSDT and Pandya) is lower
than the models reported in the BTDs, in particular for the thick shell geometry.

8.3 Best Theory Diagram for multifield plate anal-
ysis

Best Theory Diagrams (BTDs) for simply supported multilayered plate are reported in
the following considering separately a pure transverse pressure distribution, a tempera-
ture distribution and the effect of an electric potential distribution. The mathematical
expressions of these loads are reported in Equations [4.67] and [4.70] respectively.
The number of the half-waves m and n are equal to 1 and the pressure distribution is
applied to the top surface of the plate. The BTDs for the thermal case are obtained
by considering a temperature distribution defined as in the Equations and
In the cases herein considered, the top and bottom temperatures (¢, toot) are equal
to 1 and -1, respectively. The BTDs for the piezoelectric case are defined by analyzing
two different configurations: the sensor and actuator configurations. In the case of a
sensor configuration, a transverse pressure is applied to the top surface of the plate and
a potential distribution is evaluated. The potential at the top and at the bottom is
set to zero. In the case of an actuator configuration, a potential distribution is applied
to the plate and the value of the potential is set to 1 V at the top and to 0 V at the
bottom. In the case of sensor distribution, the pressure is assumed as in Equation [4.67]
The BTDs reported in this chapter are obtained for both ESL and LW schemes. The
reference system layout and the representation of the two configurations are reported
in Figure . In the following, ® is set equal to 1. The definition of a BTD is possible
if a reference solution is available. The BTDs reported in this section are based on the
solution computed by means of the LD4, since in the chapter this model proved
to be in excellent agreement with the analytical solutions of the open literature. The
BTD reported in this work are related to a 4-layers plate. The top and bottom layers
are made of PZT-4, whose properties were already introduced for the LD4 model as-
sessment (chapter . The thermal expansion coefficients are a; = ap = 3.8 x 107°
and a3z = 1.7 x 107%. The second and third layers of the plate are made of the same
elastic material considered during the assessment, the thermal expansion coefficients
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are equal to oy = —1. x 107%, ay = a3 = 10. x 1075, All the four layers have the same
thickness, and it is equal to to 1/4 of the total plate thickness. This particular plate
configuration has been considered in order to create for the same plate, the BTDs for
each multifield problem analyzed.

Firstly, few values of the stress and displacement components related to the plate

considered are reported in Tables [8.8] [8.9] and for the mechanical, thermal
and piezoelectric loads. The results are computed by means of the LD4 and ED4

models. It can be noted that in general the solutions offered by the LD4 and ED4
models are in good agreement when a thin plate is considered.

a/h =100 a/h =4 a/h =100 a/h =4
LD4 ED4
Z U, Oz U, Oz U, Oza U, Oz

-0.5 1 0.3963 -0.2328 0.9744 -0.2881 | 0.3957 -0.2304 0.7917 -0.3116
-0.4 | 0.3963 -0.1888 0.9915 -0.1828 | 0.3957 -0.1895 0.8063 -0.1705
0.0 | 0.3964 -0.0017 1.0336 0.0100 | 0.3958 -0.0019 0.8481 -0.0398
0.4 |0.3963 0.1629 1.0782 0.2080 | 0.3957 0.1635 0.8653 0.1964
0.5 1 0.3963 0.2069 1.0662 0.3230 | 0.3957 0.2043 0.8538 0.3408

Table 8.8: Mechanic static response of a square laminated plate.

a/h =100 a/h =4 a/h =100 a/h =4
LD4 ED4
z U [ U [ U [ U [

-0.5 | 0.4927 136.0200 0.5636 133.5900 | 0.4894 130.6500 0.5426 132.5100
-0.4 | 0.4927 102.8600 0.5445 99.8270 | 0.4894 104.6700 0.5238 104.1500
0.0 | 0.4926 -4.0093 04742 -3.4198 | 0.4893 -4.0312 0.4814 -3.7648
0.4 | 0.4927 -162.5700 0.5445 -159.3700 | 0.4894 -158.1200 0.5238 -157.4100
0.5 | 0.4927 -195.7300 0.5636 -190.3900 | 0.4894 -183.7100 0.5426 -184.8000

Table 8.9: Thermal static response of a square laminated plate.
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a/h =100 a/h =4

7 | 0pe X 108, [Pa] ®,[V/m] | 02x x 1074 [Pa] ®,[V/m]
LD4

-0.5 -0.24970 0.0000 -5.2226 0.00000

-0.4 -0.20186 3.0819 -3.2037 0.00646

0.0 -0.00147 6.4150 0.1701 0.00865

0.4 0.17977 3.0802 3.5513 0.00519

0.5 0.22761 0.0000 5.7604 0.00000
ED4

-0.5 -0.24934 0.0000 -5.4224 0.00000

-0.4 -0.20200 3.0830 -3.1613 0.00609

0.0 -0.00166 6.4088 0.0827 0.00953

0.4 0.17985 3.0821 3.2304 0.00538

0.5 0.22710 0.0000 4.6103 0.00000

Table 8.10: Piezo-mechanic static response of a square laminated plate, sensor configuration.

a/h =100 a/h =4

% | Ogz, [Pa]l @,[V/m] | 04, [Pa] @,[V/m]
LD4

-0.5 | -0.02659  0.00000 | 1.04780  0.00000

-0.4 |1 -0.02736  0.00035 | 0.53439 -0.00091

0.0 | 0.00246  0.49993 | -0.09214  0.45799

0.4 | -0.02859 0.99961 | -0.08477 0.97355

0.5 | -0.02604 0.00000 | 1.33300  0.10000
ED4

-0.5 | -0.03304  0.00000 | 2.06260  0.00000

-0.4 | -0.02559  0.00034 | 1.05410 -0.00179

0.0 | 0.00013  0.49993 | -0.20510  0.45939

0.4 | -0.02780 0.99961 | -0.01939  0.97425

0.5 | -0.03504 0.10000 | 1.06870  1.00000

Table 8.11: Piezo-mechanic static response of a square laminated plate, actuator configura-
tion.

8.3.1 BTDs for the ESL scheme

Once the reference solutions are introduced, it is possible to define the BTDs for the
multifield plate analysis. ESL approach is considered, and the BT Ds for the ED4 model
are reported in Figures and for the thin and thick geometry, respectively.
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Figure 8.10: BTDs for ED4 model - mechanical, thermal and piezoelectric load cases, a/h = 4
- stress oyg.

These curves are defined considering the in-plane stress o,,. It can be noted that
in general the reduced refined models for the piezoelectric case have a higher compu-
tational cost than the reduced models for the mechanical and thermal case, since the
variables of the electric potential are retained. It can be noted that the BTDs for the
thermal and mechanical case have the same accuracy when a thin plate is considered,
and the BTDs for the piezoelectric case present a significant difference between the
sensor and actuator configuration. The BTD for the sensor configuration have better
accuracy than the BTD for the actuator configuration. This fact holds for the thick
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and thin plate cases. It is possible to note that the BTD for the mechanical case offer
the best accuracy. It is interesting to note that in the case of the thin plate geometry,
the highest error is equal to 50% while in the case of thick plate geometry this value
is equal to 120%.

The synthetic representation of some of the reduced models which belong to the
BTDs of Figures [8.9] and are reported in Table for the thin plate case and
in Table for the thick plate case.

Mechanical load Thermal load
M, =9/15 M, =9/15
A | A | A AN A | A | A A A
A|A|A|A|A Al A|A|AlA
A|A|A|A|A A|A|A|A|A
Error 1.0498 % 0.0120%
Piezoelectric load
Sensor Actuator
M, = 10/32 M, =10/32
A|A|A|IAIA A|A|A|AA
A|A[AA|A A|A|AAA
A|A AL A A|A|A|A|A
(WTaTala[m]alala[m[alala[@[a]ala]m] (WTaala[m alala[@[aTala[@]a]ala]m]
Error 1.9703 % 7.6621 %

Table 8.12: Reduced ED4 model for laminated plate - Multifield cases, a/h = 100.

Mechanical load Thermal load
M, =10/15 M, =10/15
A | A | A A|A A | A | A A A
A A|A|A|A Al A|A|AlA
A | A | A A|A A | A | A A A
Error 2.9268 % 4.8339%
Piezoelectric load
Sensor Actuator
M, =10/32 M, =10/32
A|A[A| A A AN |AAA
A|A|A| A A A|A|A|A|A
A|A|AN|AIA A|A|A|A|A
(Wl aTala[m[alafa[mM[alala[@[a]ala]m] (W] alala[m ala[a[@[aTaa @] aala]m]
Error 4.5933 % 16.3465 %

Table 8.13: Reduced ED4 model for laminated plate - Multifield cases, a/h = 4.

It is possible to note that for a given number of terms and stress component, the
retained variables are different as a different type of load is considered. It should be
mentioned that the reduced refined models for BTDs related to the the mechanical and
thermal case present common active displacement variables for the particular problem
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considered (variables g, Uz1, Uz, Ug3, Ugd, Uy1, Uz, Uz and u,o are present in all
models), while the reduced refined models for the piezoelectric case are quite different
from the previous cases. In addition, the reduced refined models for the piezoelectric
case are different as the sensor or actuator configuration are employed. The stress o,
distribution is evaluated by means of the reduced models of the BTDs for the thick
plate case, and the result is reported in Figure 8.11} It is possible to note that the
solutions proposed are in good agreement with the reference solution.

Ref. Sol. ——
Mg: 10/15 -3¢

[X] 20000 15000 10000 5000 000 5000 10000 15000

(a) Mechanical load (b) Thermal load

Ref. Sol. ——
Mg: 10/15 -3¢

Ref. Sol. ——
Mg: 10/15 -3¢-

X
X,

0 200 000 200 T 500 250 200 150 100 0 00 050 100 350 200

(c) Piezoelectric load - (d) Piezoelectric load - ac-
sensor tuator

Figure 8.11: Stress o,, distribution along the thickness. ED4 model, a/h = 4.

An in-depth analysis of the difference between the BTDs for the piezoelectric plate
models for sensor and actuator configurations is carried out and the results are reported
in Figure |8.12]
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Figure 8.12: BTD for ED4 model - piezoelectric load case, ®.

70.00%

These BTDs are constructed considering the potential distribution ®. The results
show that the reduced models for the actuator configuration offer better accuracy than
the reduced models for the sensor configuration. It should be mentioned the fact that
the accuracy of the models for the BTDs related to the sensor configuration are very
similar for both thin and thick plate geometry. On the contrary, the accuracy of the
refined models related to the actuator plate configuration is higher in the case of the
thin geometry than in the case of the thick geometry. The synthetic representation of
the models are reported in Table for the thin and thick plate case. The models
reported in this Table have the same number of active terms (10/32).

Error

Error

Sensor Actuator
a/h =100
M, =10/32 M, =10/32
A|A|A|A|A A|A| A AN
A|A A A A A|A|A|A|A
A|A| A A A|A|A|AA
[(MTafafa[m[afafa[m]a \ [a[®maTafa[m] [Mlafafa[mMlafafa[M]a[afa[m[afa[a[l]

5.4769 x 1072 %

1.2699 x 107* %

a/h =4
M, =10/32 M, =10/32
A|A|AA[A AlA|Aa|A]A
A|A|A|AIA A|A|A|A|A
A|A|A A A|A|A|A|A
[(W[afafa[m[afafa[m]a]afa[m]a]aTaln] LI ISP LIFS PSS LIFSPYESLE
2.1203 % 15.1653 %

Table 8.14: Reduced ED4 model for laminated plate - Piezoelectric plate case, potential ®.

It can be noted that the configuration has a significant relevance in the selection
of the relevant terms: all the models reported in Table have different activated terms.
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The results show in addition that all the reported models include higher order terms
for the displacement u,. The potential distributions computed by means of the reduced
model which belong to the BTDs just reported are depicted in Figures [8.13

Ref. Sol. ——

Mg: 10/15 -3¢
Ref. Sol. —— © *

Me: 10/15 -3¢
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Figure 8.13: Potential ® distribution along the thickness. ED4 model.

In general, the reduced models make it possible to computed solution that are in
good agreement with the reference solution. In particular, it is possible to note that
better accuracy are obtained for the actuator configuration. The results related to the
ED4 models showed that

o the geometry and the type of load affect the process of selection of the terms;

o in general, the BTDs related to the mechanical load offer the better accuracy,
while the lowest accuracy has been registered for the BTDs related to the piezo-
electric plate case (actuator configuration);

 in some case, the reduced refined models for mechanical and thermal stress anal-
ysis have in common several displacement variables.
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8.3.2 BTDs for the LW scheme

The definition of BTDs is performed also for LD4 models, and the results are reported
in Figures [8.14] and for the thin and thick plate, respectively. The stress o,

distribution is considered for the definition of these curves.
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Figure 8.14: BTDs for LD4 model - mechanical, thermal and piezoelectric load cases, a/h =

100.
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Figure 8.15: BTDs for LD4 model - mechanical, thermal and piezoelectric load cases, a/h = 4.

It is possible to note that the reduced models which belong to the BTDs for the
mechanical and thermal load present around the same accuracy. The highest compu-
tational cost is registered for the BT Ds related with the piezo electric plate case, since
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the potential distribution variables are included in the model. In particular, it can be
noted that in the case of the thick plate piezo electric plate, considering the actuator
configuration, the highest error is equal to the 60%. In addition, it is possible to note
that the BTD related with the mechanical case have more reduced models than the
BTD related with the temperature distribution when a thin plate is considered. This
difference can be noted also for the BTDs obtained for the piezo electric plate case,
considering the thin and thick geometry.

The synthetic representation of the models of those BTDs are reported in Tables

and [8.16], respectively.

Mechanical load Thermal load
M, =25/51 M, =25/51
B(A|AajA|BRA[A[AR|A|A|[A|BR|[A|A|A|NR B A A[A|BR|A[A[A|R|A|A|[A|BR|A|A[A R
B AajlAa|lABRAA|A|BR|A|AA|BR|A|AlANR BAa|ja|la|B|AA|A|BR|A|A|ABRA|A|ANR
W A AA R AA|A|BR|A|A|A|R|A|A|ANR W A|A|A|B|AA|A|B|A A A BRA|jA|AN
Error 1.1752 x 1074 % 3.6136 x 1075 %
Piezoelectric load
Sensor Actuator
M, =25/68 M, =25/68
WAja|la|B|a|aja|Bjalala/B|ajalalm Bja|la|a|B|ajala|Bla|laja|/B|alalaln
BAja|(a|B{a|aja|Bja(a|a/BR|A[A|[a]|R B A|(a|{a|B|aja|a|Ba|aja/BR{A[a[a|N
HAaja|la|B|{a|laja|B|ala|a/B|ajala|nl Bja|la|ja|B|ajala|B|a|jaja|/B|alaja|nl
[(M[afaJo[m[afafa]m]a]afa[m]ala]alm] [W[afafo[m]afafa[m[a]ala[mM]alala]m]
Error 0.1173 % 1.7808 x 1072 %

Table 8.15: Reduced LD4 model for laminated plate - Multifield cases, a/h = 100.

Mechanical load Thermal load
M, =25/51 M, =25/51
B ala|la|/BRiA|A|a|BR|A|A|A|R|A|A|AR B A|a|Aa|BR|Aja|jar|BR|A|A|A|R|A|A|ANR
BjAa|AjA|BRA[A[AR|A|A|[ABR|A|A|A|NR HAA[ABR|A[A[A|R|A|A|[A|BR|A|A[A|R
B A |AA|BRjA[A[AR|A|A|[A|B|A|lA|A|N B (A A[A|BR|A[A[A|BR|A|A[A|B|A|A[A N
Error 76734 x 1072 % 5.1093 x 1072 %
Piezoelectric load
Sensor Actuator
M, =25/68 M, =25/68
WAja|la|BR{a|aja|Bja(a|la/B|ia[a(a]l WA |(a|a|BR|Aja|a|Bia|a[a/B|{A[a[a|N
B a|jalaBj{a|ala/B{a|a(a[B|ala(a|R BjajajaBRaA[A|a/BR{A[A|A|{BR[A[A[A|R
W AjA|la|BR{aA|A[A|R|{A[A|AR|A[A|a|R WA |las|a|B|Aaja|a|Ba|A[A|BR|[Aalaja|N
[(W{afaJo[m[afafa]@M]a]afa[M]aa]a]m] [W[afafa[m]afaf[a[M[A]afa[M]a[ala]N]

Error 0.2847 % 0.5683 %

Table 8.16: Reduced LD4 model for laminated plate - Multifield cases, a/h = 4.

It is interesting to note that in some case, the reduced refined model for the piezo-
electric case have the same retained terms for both configurations, as reported for the
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thin plate case. This fact is no longer valid when a thick plate is considered. It is possi-
ble to note that for the case herein considered, the reduced refined models which belong
to the BTD for the mechanical and thermal load are different. The results reported
in both tables show that the accuracy of the models related with the mechanical and
thermal load is higher than the accuracy of the models related with the piezoelectric
case for the same number of active terms (25). The stress distribution for the the
reduced models reported in Table 8.16] are depicted in Figure [8.16] It is possible to
note that the reduced models makes it possible to compute the stress distribution in
good agreement with the reference solution.

Ref. Sol. —
Me: 10/15 -

Qo0 oo om0 030 200000 150000 100000 50000 _ 0000 50000 100000 150000
®

(a) Mechanical load (b) Thermal load

Ref. Sol. — Ref. Sol. —
Mg: 10/15 -3¢~ Mg: 10/15 -
0z

6000 4000 2000 2000 2000 2000 000 250 2000 IS0 1000 0500 GO0 000 1600 1500 2000
® ®

(c) Piezoelectric load - (d) Piezoelectric load - ac-
sensor tuator

Figure 8.16: Stress o,, distribution along the thickness. LD4 model, a/h = 4.

The influence on the selection of terms for the electric potential ® analysis of the
piezoelectric plate configuration is analyzed. The results are depicted in Figure [8.1
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Figure 8.17: BTD for LD4 model - piezoelectric load case, ®.

As already noted for the ED4 model, the accuracy offered by the reduced model for
the actuator configuration is higher than the accuracy offered by the reduced model
for the sensor actuator. Anyway, the lowest accuracy is obtained for the thick plate
case for the sensor configuration and it is equal to the 6%. The related synthetic
representations of some models which belong to these BTDs are reported in Table

B.I7

Sensor Actuator
a/h =100
M, =29/68 M, =29/68
WA A[a|BA|A|A[BR|AA|ABR[A|A[A|N Ba|a|[a|BIA[AA[BR[A|A|AB|A|A[A|R
.AAA.AAAIAAAIAAAI Ba|ja|a|Ba[a|A|[R[a|a|aE|A|a]a|N
LINRENRNLIINN RN NI BAaja|[a|Bla[a[A[R[a|A|aA/B|Ajr]A|N
(WIaTi[s[@[s[s[s[M[s[a[a[M[a[a]o]®]  [W[A[s[s[@[al[s[s[M[als]s[M[a]s]a]m]
Error 3.2581 x 107* % 2.2727 x 107° %
a/h=4
M, = 30/68 MfSO/GS
WA A[a|BA[A|[A[R|A[A|A|BR[A|A[A|N LIRNENRERLINNRNNL Ala|BA[A|A[R
IAAAIAAAIAAAIAAAI IAAAIAAAIAAAIAAAI
LINRENRNLIIENRNNL NI Blaja[a|W|aA[a|A[R[A|A|aA|R|[A|a]aA|N
(WIals[s[W[als[s[M[als[a[M[alalo[®] [W[als[s[@[alals[M[alals[m[a]s]a]m]
Error 3.7704 x 1072 % 9.5918 x 10~* %

Table 8.17: Reduced LD4 model for laminated plate - Piezoelectric load, ®.

The models reported in that Table show that the type of configuration influence
to a great extent the selection of the terms. In addition, it is possible to note that
high accuracy in the potential distribution analysis can be achieved by employing
only second order terms, as reported for the thin actuator plate case (error equal to
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2.2727x 1072 %). The potential distributions computed with these reduced models are
depicted in Figure 8.18]
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Figure 8.18: Potential ® distribution along the thickness for LD4 model.

It is possible to note that the accuracy of these models is particularly good. Differ-
ently from the ED4 models case, the potential distribution computed for the thick and
thin plate in the sensor configuration, present a better agreement with the reference
solution than in the case of the ED4 models. The BTDs reported in this section for
the multifield case related to multilayered plate showed that

1. the type of load and the geometry influence to a great extent the selection of the
relevant terms for both LW and ESL approaches; in addition, the type of load
influence the number of the models for a given problem:;

2. the accuracy of the LW models related to the mechanical and thermal loads cases
are very similar;

3. the accuracy of the models related to the piezoelectric case are influenced by the
type of the configuration considered (actuator or sensor); in general, the models
related to the actuator configuration are more accurate than the models for the
sensor configuration;
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4. in some case, a reduced model can be employed to analyze both sensor and
actuator configuration but with different accuracy.

8.4 Best Theory Diagram for refined and mixed
plate models

Best Theory Diagram, are reported in this section for multilayered plate models based
on PVD and RMVT variational statement. In all cases the acting load is a transverse
pressure applied to the top surface of a plate, and their load is defined as in Equation
[4.67] In the following analyses it is m = n = 1. The reference system layout is reported
in Fig. 2.4l All the reduced models are developed for stress components o,, and o,.,,
which are computed at [a/2, b/2, z] with —2 < z < % where h is the total thickness of
the plate. The reference solutions for the definition of the BTDs curves is computed by
means of the LM4 model since the solutions computed by means of this model are in
excellent agreement with the analytical solutions reported in the literature as reported
in the chapter

Firstly, some reference values employed in the term relevance analysis are reported
in Table [8.18 As already noted for the bimetallic plate, the LW models offer solution
that are in agreement with each other. The solution offered by the ESL models differ
from each other, but the solution offered by the EM4 is closer to the reference solution
than the solution offered by the ED4 model.

Tue(z=2h/2) T..(2=0)

a/h =100
LM4 +0.539 0.395
LD4 +0.539 0.395
EM4 +0.539 0.301
ED4 +0.539 0.281
a/h =4
LM4 0.801 —0.755 0.256
LD4 0.801 —0.755 0.256
EM4 0.791 —0.745 0.219
ED4 0.786 —0.740 0.205

Table 8.18: Stresses and displacement for a 3-layers simply supported laminated plates.

The BTDs for the ESL models are reported in Figures and for both thin
and thick plate geometry, respectively.
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Figure 8.19: BTD for the symmetric laminated layers plate, a/h = 100. ESL scheme, stress
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Figure 8.20: BTD for the symmetric laminated layers plate, a/h = 4. ESL scheme, stress
Oz and ogy.

Both variational statement have been considered and in-plane o,, and out-of-plane
0. stresses have been considered. It is possible to note that the accuracy of the models
which belong to the BTD for the in-plane stress are similar for both ED4 and EM4
models, although the computational cost is higher for the EM4 reduced models than
for the ED4 reduced models. It is possible to note that better accuracy for the o,
stress analysis can be obtained by means of the reduced EM4 models. Figures[3.20|8.19
and show that it is possible to define a transition error point. This point divides the
Cartesian plane on which the BTD belongs to into two regions: one where, for a given
accuracy, the PVD based models are advantageous and one where, for a given accuracy,
RMVT based models are advantageous. This point corresponds to the highest accuracy
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achieved by the PVD based models and its value changes with the stress components
considered and the geometry: in Figure [8.19 this point corresponds to the 7- and
5-terms models for stresses 0., and o,., respectively, while in Figure [8.20] this point
corresponds to the 9- and 6-terms models for stresses o,, and o,,, respectively. The
synthetic representations of the models which are in the neighborhood of this point

are reported in Table 8.19|

UII JIZ
EM4 ED4 EM4 ED4
a/h =100
M, 16/54 7/15 16/54 5/15
A|AA|A|A A|A|A|A|A
A AA|AA Al A|AA]A
A|AA|AA A|A|A|A|A AlA|A|A|A A|A|A|A|A
WAL [o[W][a]A]A[M[a[a]a]W AlA|AIAIL WA [o[o[WM][a]A[o[M[A]a]A W LlA|A|AIA
W[a |4 s W|a|a|a|M|a|a|a|m Ajajalala RN ORNNNORNNNL Alsjalals
Ba|a|{a|B{a[ajAaBR|A|A|AIR Ba|a|la|BR{A|[A|A|R[A[A[A (R
Error 1.9947 x 1072% 2.5555 x 1072% 3.7482% 30.0212%
a/h =4
M, 16/54 9/15 16/54 6/15
A|A[A| A A A|A|A| A A
Al AA|AA ANl AlAA]A
NRRNRE A[A[AlAls NRRNNE A]o]o]alaA
W[o[a[a[M[aa[a[M]A]A]A[E AlAlAlAD W[a[a[a[M|a]a]a[M[A[A[A[E AlAIAILLA
ORBRRNORRBRORNNL Ajajajaja ORRRNORNNNORNNNL Ajojalals
B|a|aja|B{alaja/B|alalall B|a|a|la|B{aja|la|Biajaja|l
Error 4.1879% 4.2142% 13.2624% 20.4033%

Table 8.19: Reduced EM4 and ED4 models for symmetric laminated plate.

It is possible to note that the order of the displacement variables retained is different
as PVD or RMVT statement is employed. In addition, it can be noted that any stress
variable is retained except the top and bottom stress variables. It is possible to conclude
that the accuracy of an ED4 can be increased by considering a linear stress distribution
along the thickness direction. Higher accuracy can be achieved considering higher
stress variables order. In addition, in Figure the stress o,, distribution along the
thickness is computed by means of the reduced models reported in the previous Table.
As already note for the isotropic plate, better accuracy is obtained when EM4 model
is considered. In particular, the reduced EM4 model offers the best accuracy when a
thin plate is considered.
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Figure 8.21: Stress o,, and distribution along the thickness - symmetric laminated plate,
ESL scheme.

The accuracies of the classical models are reported in the same Figures for the
BTDs obtained for the stress o,,: it is possible to note that in general the accuracy
of these models can be improved. This fact is underlined in Table [8.20] where the
synthetic representations the models which belong to the BTD are reported.

a/h =100 a/h=4

Kant M, :7/15 Kant M. :9/15

Error 2.5866 x 1072% 2.5555 x 1072%  4.3015% 4.2142 %
A|A|A|A A|A|A|A|A A|A| A A A| A | A A A
A|A|A|A A|A|A|A|A A|A|A A A| A A A|A
A|A|A|A A|A | A |A|A A|A|A| A A|A | A |A|A

Pandya M, :7/15 Pandya M. :9/15

Error 2.5859 x 1072% 2.5555 x 1072%  4.4958 % 4.2142 %
A|A|A| A A A | A |A|A A|A|A|A A|A A |A|A
A|A|A|A A|A|A|A|A A| A | A A A|A | A A A
A|A|A|A A|A|A|AA A|A|AA A|A | A |A|A

FSDT M. :5/15 FSDT M. :5/15

Error 7.0737 x 1072% 2.5682 x 1072%  16.3979 % 4.4952 %
A|A A|A|A|A|A A A A|A|A|A|A
A|A A|A|A|A|A A|A A|A|A|A|A
A| A A|A A |A|A A | A A|A|AA|A

Table 8.20: Reduced models for symmetric laminated plate - stress o,;.

The results reported in the Table show that in some case better accuracy can be
achieved by employing refined models with a lower number of terms than the classical
models. This is the case of the Kant model for the thin plate case. In addition, those
model show that the accuracy of a model can be improved by considering higher order
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terms in lieu of the constant/linear term, this is the case of the FSDT model for the

thin and thick plate.
The BTDs for the LW scheme are obtained considering thin and thick plate for

both variational statements. The results are reported in Figures [8.:22] and [8.23]

NDOFs
NDOFs

6.00% 800% 10.00% 1200% 14.00% 16.00% 18.00%

150% 2.00% 2.50% 3.00% 3.50% 0.00%  2.00%  4.00%
Error

0.00% 0.50% 1.00%

(a) Oz (b) Ozxz

Figure 8.22: BTD for the symmetric laminated plate, a/h = 100. LW scheme, stress o, and

Oxy-

i S
1%} (%}
g *ony g
Ja) { A A a
P4 1% 001% 002% P4
Error
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Error
(a) Oza (b) 042

Figure 8.23: BTD for the symmetric laminated plate, a/h = 4. LW scheme, stress o,, and

Oxx-

As already noted for the ESL models and for the LW models for the bimetallic plate
case, it is possible to note that the transition error point exist: this point is different for
the BTDs for stress o,, and o,.. The position of this point seems not to be influenced
by the geometry in the case of stress o,.. On the contrary, the BTDs for stress o,, show
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that the position of the transition point is influenced by the geometry. The synthetic
representations of the models which are in the neighborhood of the transition point
are reported in Table [8.21]

LM4 LD4
a/h =100
M, 48/78 29/39
H A A|ABR|A|A|A|R | A|A| AR
Barja|la/BR|A|A|A/BR | A|A AR
B A A|A|BR|A|A|A|BR|A A AR B A|lA|A (B A|A|A R |A|alr|N
ONNNLONNNLINNENL MAja/A|M|AjA/A/MIAAL N
AL VSN AN ] B A A A B A A AN A lAA N
B A A AR AjAA B |AA|A R
Error 5.6194 x 1079% 5.6194 x 1079%
a/h =4
M. 65/78 35/39
B A A|A N | A A|A N |A|lA|AN
B A A AR AAA R | A|lAA R
B A|A|A|/E|a[r|a|E][a[a[a|n H A A AN A A|AH 4 aAja D
B2 A AN a2 A AN [ alalalm B A|lA|ABR A|A|A R A|alrN
B A A A B A A A|E als|rlmE B A A AN A A|A N A|AlADE
B A A|A B |A|A|A N | A A AR
Error 6.0806 x 10~1% 7.4997 x 1073%
O—J?Z
LM4 LD4
a/h =100
M, 39/78 28/39
B A A|aA|B|AjA|ABR|A|A|AN
B A AjA/B AAA R AIAA R
H A A|a|BR|AjA|A|R|A|A|AR B A A A B A|AA|BR|A|A|A DN
B a a 2 B Al AlAHalal2lnE B AalA|a/BR | A|A|ABR|A|jA|lA N
AN VSN AN ] B A|lA|a/BR A|A|A R |A|alrN
Barja|laBRjaja|a/BRiA|A AR
Error 2.4478 x 107°% 8.1782 x 107°%
a/h =4
M, 40/78 34/39
B A A AN A A|A|B | A |lAjaA DR
HaAA|ja/BRjAjA|aBR|A|A AR
HA Aja/BR|A[A|[a|BR|A|A|AIR M| A A | A B A A (AR |A|A|aADN
ONNNLOINNRNLINNNNNL MiAjlaja|M|AjA/A/MIA/A AN
AL VSN AN ] B A A AR A A AR A|lA AN
BiAajaja/B | AAABR|AIAA R
Error 8.5945 x 1073% 0.1132%
Table 8.21: Reduced LM4 and LD4 models for symmetric laminated plate.

In general, it is possible to note that the displacement variables retained in the



8.5. CONCLUSIONS 179

reduced LM4 and LD4 models are different. In addition, the number and the order of
the retained stress and displacement variables are different for a given reduced LM4
model. The reduced LW model reported in Table [8.21] are employed to analyze the
stress o,, distribution along the thickness, for both thin and thick plate case. The
results are reported in Figure It is possible to note that solution offered by these
models are in excellent agreement with the reference solution.

04 04
02 4 02
Ref. Sol. —— Ref. Sol. ——
LM4 -3¢ LM4 ->¢-
N 0 B N or
LD4 8- LD4 8-
0.2 0.2
-04 | 0.4
0.00 0. ‘05 0. ‘10 0.‘15 0. ‘20 0. ‘25 0. ‘30 0. ‘35 0. LIO 0. 0.05 0. ‘10 0. ‘15 0. ‘20 0. ‘25 0.30
cF)(Z cF)(Z
(a) a/h =100 (b) a/h =4

Figure 8.24: Stress o,, and distribution along the thickness - symmetric laminated plate,
LW scheme.

The BTDs reported in this section for the refined and mixed models showed that
1. the geometry and the type of material influences the definition of the BTDs;

2. the displacement variables retained in the ED4/LD4 models are different from
the displacement variables of the EM4/LM4 models in terms of order for a given
accuracy; in addition, the order of the stress variables is different from the order
of the displacement variables for an EM4/LM4 model;

3. for all cases it is possible to define a transition error point: refined models based
on PVD can be employed for plate analysis in lieu of mixed models based on
RMVT statement; lower error can be obtained if mixed models are employed; the
position of this point is influenced by the geometry and the material properties.

8.5 Conclusions

Best Theory Diagrams for plates and shells were reported in this chapter. These curves
were obtained by means of the axiomatic/asymptotic technique: differently from the
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chapter [0} the reduced refined models were obtained by considering the accuracy of an
entire sequence of active/non-active model terms. A genetic algorithm was employed to
generate and evaluate these combinations. In the case of plates, the multifield problem
was considered: BTDs are reported for the same type of plate but considering a pressure
distribution, a temperature distribution and an electric potential distribution. The best
models were reported for ESL and LW schemes. The governing equations for the above
mentioned problems were obtained by means of the CUF, which makes it possible to
defined the equilibrium equations in terms of few fundamental nuclei whose form does
not depend on the particular expansion order employed. Analytical solution (Navier-
type) was employed: the use of such solution made it possible in some cases to present
the accuracy of all possible term combination and to assess the genetic algorithm. The
influence on the terms selection was analyzed considering several geometries (length-
to-thickness ratio, a/h) and material properties. The following conclusions may be
drawn:

1. for a given model, plate/shell geometry and material configuration it is possible
to identify a number of reduced models which present the lowest possible error;
in other words for a given problem and terms expansion it is possible to define a
Pareto front, which in this work was defined as Best Theory Diagram; in addition,
the curvature of a shell affects the creation of a BTD but not in the same intensity
as the radius-to-thickness ratio;

2. for a given plate problem as a/h parameter varies, the reduced models on the
BTD curve may present some common retained terms; in addition it is proven
that for a given problem and for a given number of active terms as the error
changes the terms arrangement changes;

3. the axiomatic/asymptotic technique conducted by means of the genetic algorithm
is able to detect all or almost reduced models which belong to the BTD;

4. in the case of ED4 models, it was discovered that it is not always possible to
construct a reduced model for a given error and terms number interval;

5. classical and refined models reported in the literature are accurate, although
according to the data reported in the BTD higher accuracies can be achieved;

6. the reduced models which belong to the BTD are different for a given problem
and for a given number of terms;

7. in some cases, some models for a given geometry can be employed to evaluate
both displacement or stress component but with different accuracy.
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the type of load and the geometry influence to a great extent the selection of the
relevant terms for both LW and ESL approaches; in addition, the type of load
influence the number of the models for a given problem;

the accuracy of the LW models related to the mechanical and thermal loads cases
are very similar;

the accuracy of the models related to the piezoelectric case are influenced by the
type of the configuration considered (actuator or sensor); in general, the models
related to the actuator configuration are more accurate than the models for the
sensor configuration; in some case, a reduced model can be employed to analyze
both sensor and actuator configuration but with different accuracys;

the displacement variables retained in the ED4/LD4 models are different from
the displacement variables of the EM4/LM4 models in terms of order for a given
accuracy; in addition, the order of the stress variables is different from the order
of the displacement variables for an EM4/LM4 model;

in the case of the BTDs related to refined and advanced plate models it is possible
to define a transition error point: refined models based on PVD can be employed
for plate analysis in lieu of advanced models based on RMVT statement; lower
error can be obtained if advanced models are employed; the position of this point
is influenced by the geometry and the material properties.
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Chapter 9

Conclusions

An extensive analysis of refined models for plates and shells has been reported in this
thesis. The purpose of the work described in this thesis is to decrease the computa-
tional cost of refined plate/shell models without loosing accuracy in the plate/shell
response analysis. The axiomatic/asymptotic technique has been employed for this
purpose. The refined models have been obtained by means of the Carrera Unified
Formulation and both the Principle of Virtual Displacement (PVD) and the Reiss-
ner Mixed Variational Theorem (RMVT) have been employed to derive the governing
equations. Navier-like closed form solutions has been employed, and for this reason
simply supported isotropic and orthotropic plates and shells has been considered. The
refined models analyzed have been implemented according to the schemes known as
Equivalent Single Layer and Layer Wise. In some case, the accuracy of the reduced re-
fined models have been compared to the refined models available in the open scientific
literature.

A detailed description of the axiomatic/asymptotic technique is reported in chap-
ter ol The methodology employed to measure the relevance of all terms is reported
and all criteria employed to measure the error are described. The results for the ax-
iomatic/asymptotic analyses are reported in chapter @, where plates and shells models
are considered. It has been demonstrated that the term selection process is affected
to a great extent by the problem considered: the load shape, the geometry and the
material properties are all important parameters. In addition, the effect of the error
computation has been analyzed by means of several criteria defined as C3, C4 and C5.
These criteria are defined in the same chapter. It has been proved that an improve-
ment of the stress/displacement distribution computation can be obtained if a proper
criterium is used. In the same chapter, multifiled problems have been considered: re-
duced models for plates are reported considering a transverse pressure distribution,

185
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a temperature distribution and a electric potential distribution. It has been demon-
strated that, as for the previous cases, geometry configuration and material properties
play an important role in the term selections. In addition, the type of load influences
the process of term selection: the reduced models present some differences in terms of
order and number of variables involved. This difference can be relevant if thick plates
are considered. As last analyses, reduced ESL and LW models based on the RMVT
variational principle have been reported for a bimetallic plate. The results have shown
that reduced ESL models based on RMVT and PVD have the same active displacement
variables. In particular, it has been demonstrated that in some cases the deactivation
of all variables which seem to not contribute to the plate analysis does not lead to an
accurate evaluation of the plate response. In general, the results have shown that it is
difficult to define a-priori the relevance of a term of a model for a specific problem.

In this work, Best Theory Diagrams for plates and shells have been reported. These
curves represents in a synthetic manner the relation between the number of terms and
the error committed by the reduced models. In chapter [7] the algorithm employed
to obtain these curves is described. A genetic algorithm has been employed in order
to discover the combination that can offer the lowest possible error for a given num-
ber of terms. This kind of approach has been inspired by Darwin’s observations he
made in “The Origin of Species”: an individual is subjected to a process of natural
selection, which permits the survival of the individuals which fit the best to their en-
vironment. In this case a plate/shell theory has been considered as an individual and
its performances have been evaluated with respect a reference solution. The use of
Navier-like closed form solution has made it possible to assess the genetic algorithm
in use since, in this case, it is possible to evaluate a large number of combinations in
a reasonable time. In addition, the genetic analysis of refined models have required a
low computational time. The BTDs have been reported for plate and shell mechanical
stress analysis, and for multifield problems related to multilayered plate. In addition,
BTDs for refined/advance plate models (i.e. models based on the PVD and RMVT
variational statements) have been considered.

In chapter[§] the Best Theory Diagrams (BTDs) have been reported for multilayered
plates and shells, and for multifield problems related to plates. In addition, BTDs have
been reported for models developed according to the PVD and RMVT variational
statements. The accuracy of the reduced refined models has been compared with
the results offered by some refined models available in the open scientific literature.
The results showed that in most cases the response of these classical models can be
improved either by considering a lower number of terms or by considering different order
terms in the expansion. BTDs for shell models have been considered, and the role of
the curvature has been discussed and different BTDs have been reported considering
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different parameters. It has been proved that for a given geometrical, material and
load parameters the presence of a curvature makes to consider different terms than a
plate configuration; in addition, the radius length has no effect on the retained terms.
A remarkable results has been obtained when considering the accuracy of all possible
active/non-active term combinations for ESL scheme (plate and shell case): it is not
always possible to define a reduced model for a given accuracy interval and number
of terms. Multifield refined models have been investigated by means of the genetic
algorithm and BTD have been reported. The results related to the multifield plate
analysis demonstrated that the type of load and the geometry influence to a great
extent the definition of a BTD for both LW and ESL approaches. It was noted that
the accuracy of the LW models related to the mechanical and thermal loads cases are
very similar. Moreover, the analysis of refined model plate for the piezoelectric analysis
showed that the accuracy of these models is influenced by the type of the configuration
considered (actuator or sensor). BTDs for refined theories have been also reported: it
was intended to point out the differences between BTDs based on PVD and on RMVT
for multilayered plate analysis. It has been noted that, in general, the displacement
variables retained in the ED4/LD4 models are different from the displacement variables
of the EM4/LM4 models in terms of order for a given accuracy. In addition, for all cases
it is possible to define a transition error point. This point divides the Cartesian plane
on which the BTD belongs to into two regions: one where, for a given accuracy, the
PVD based models are advantageous and one where, for a given accuracy, RMVT based
models are advantageous. This point corresponds to the highest accuracy achieved by
the PVD based models and its value changes with the stress components considered
and the geometry.

All analyses pointed out that the relevance of a term or the best model for a
given problem cannot be determined a-priori. In this work the axiomatic/asymptotic
technique proved to be a valuable means in order to define the best plate/shell theory
for a given case. An extension of the present work can consider different boundary
conditions. In addition, these works can be used to implement a neuronal network
able to learn how to define the best model for a given problem, offering the possibility
to achieve a good accuracy with respect to the 3D analytical solutions but with a lower
computational cost than the refined full models.
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Chapter 10

Appendix 1: equilibrium equations
for refined plate model

The equilibrium equations for a plate obtained by considering a refined plate models are
reported in this Appendix. The introduction of additional terms in a plate displacement

field can improve its analysis. A non-classical displacement field can be defined as:

Uz (2, Y, 2) = ugo(z,y) + 2us (T, y)
uy(x,y,z) = Uyo(ZL’,y> +Zuy1(x7y) (101)
u(x,y, 2) = u(x,y) + 2zun(z,y)

In this case, the strain-displacement relation can be defined synthetically as

€z :Egz + Zei‘z Eyy :Egy + ZE;y ’ny :,ygy + Z/y;y
Yoz =Vy= T Yy Yoz =Voz + Vs € =€, (10.2)
where
6233 = Ug0,z E;lg$ = Uzl x
€yy = Uyoyy €yy = Uyly
7:23/ = Ug0,y + Uy0,z ’}/;y = Ugpl,y + Uyl (10 3)

0 _ 1 _

’yyz - uzO,y + uyl ’yyz - uZl,y
0 __ 1 _

Yoz = uzO,a: + Uzl Yoy = Uzlx

0 _ 1 _
€, = Uz €, =0

In the following it is convenient to group the stress and strain quantities into two
distinct sets, that is in-plane, denoted as p, and the out-of-plane quantities, denoted

as n. In this case it is
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€ ={€ €y Yoy} 0p={0w 0oy Vay}
€, = {exz €yz ’YZZ} o, = {sz Oyz /Yzz}

(10.4)

The in-plane and out-of-plane quantities are referred to the surface € depicted in
Figure Considering a generic k layer of a multilyaered plate Hooke’s law defines
the stress-strain relation, othotropic materials are considered:

O';fp :C';pep + C';nen (10.5)
ot :C';nep +CF e, (10.6)
(10.7)
that is
O%x [ C{ZI C{ZQ C{I:G | €z O 0 O{]} Yzz
Uyy - Cil O%CQ C%CG eyy + O O C(%? N ’sz
Oy | O O3 Cgs Vay 10 0 C €2z
ok 0 0 0 ] €ra Ck Cy 0 Vax
O-l,;z L Cf:s 053 C§6 i Yy 0 0 C§3 €2z

10.1 Governing equations

The governing equations for a plate are obtained by means of the Principle of the
Virtual Displacement (PVD) which states

(5Limg — 6Lezt (109)
that is

Ny, N
3 / / (5€elah +6elak)dv = > oLk, (10.10)
k=17 % J A k=1

Ny, is the number of the layers of the plate under exam. Transverse plate section
is denoted as Ag. The virtual variation of the external applied loadings is written as
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Z]kszl 0L+ and the virtual variation of the internal strain energy is denoted as dL;,;.
Upper script T' denotes the transposition operation. Considering each component of
stress and strain it is possible to write:

Np, Ny,
Z ,/Q A (5€$$Uf¢m + 5€yyal?;y + 5%y‘7§y + &yyzo-lycz + 5’73820-];,3 + 56%0-];2) ko = Z 5Lle§zt
k=1 k k k=1

(10.11)
Remembering how the strain relations are defined it is possible to write

Np

0k 1k 0k _k 1 _k 0k 1k
> ‘/Qk ‘/Ak (5emam + 2 06,0, +0€,,/0,, + 20,0, + 07,0, + 207,,0.,+
k=1

Np,
5782052 +z 5752052 + 07008+ 20,08, + 562301;) Ay = > LE, (10.12)
k=1
defining
Ny NL U];x Ny Ni O-;Zz
Ny t =3 /A 73y | 2 N, v =3 /A ok | dz (10.13)
ny k=1 k Ua:y sz k=1 g O-I;Z
Mac;r N, UI;J: M Np, Uk
M,, &= Z/A z | o, | dz { IV }: Z/A z [Uzz 1 dz  (10.14)
Mxy k=1" 4k O_ulrfy Tz k=1""k Tz

Applying the integration by parts, the PVD can be written as

/1“ [(5%0 (Nmnx + nyny) + duyo (Nyynx + nyny) + S (Nyznx + Nmzny) +

+0Uy (Hmnz + Mxyny) + Sy (Myynx + meny) + duz (Hyznx + szny)} dly—
/Q (020 (Naae + Nayy) + 0tyo (Nyyy + Nayo) + 0Uz0 (Nyzy + Nozo) +

F0ug1 (Mag e + Mayy — Noz) + Suyn (Myyy + Moy o — Ny2)

ext

Np,
+0Us (Mysy + Mysp — No2) ] dSU% = > OLE (10.15)
k=1
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It has bee assumed that €, = Q and I', = I', where 2 and I" denote the midsurface
and boundary of plate, respectively. Virtual work of the external loadings is now
evaluated. A general pressure distribution is considered:

Z 5Lext - / 5uT ' dek = /Q ((511,33 * Pz + 5Uy ' py + 5uz : pz) df (1016)

k

The attention is restricted to a pressure applied to the top of the plate, that is

Z oLk = [ oupedQ = [ (du(wy.h/2)-pr) 2 (107)

Upper script top indicates the top pressure transverse distribution. Remembering
how w, is defined it is

5Lm=/ <6uzo PP + duyy - pioP h) dQ (10.18)
Q

The PVD now becomes

/F{uo( n yny)+ uy()( yyT yny>—|— uo( yzT ny)

+0u ( zale + Mxyny> + Oy ( gy + Mmyny) + 0ux ( g2z + Muny)} dlr —
/Q [0Uz0 (Naww + Nayy) + 0tyo (Nyyy + Nayo) + 0us0 (Nyzy + Nazo) +

+5u:v1 (M:vac,m + Macy,y - sz) + 5uy1 (Myy,y + sz,x - Nyz) +

+5uzl (Myz,y + sz,ac - sz)] ko = _/ <5u20 pz P + 5“7;1 ptOp h) dQ (1019)
Q

Considering a transverse pressure distribution at the top surface of the place the
equilibrium equations of the plate are:

OUzo i Npgg + Ngyy =0

Ouyo : Nyyy 4+ Nyyz =0

5uz0 : Nyzy+sz,x +p:0
5“:{:1 : Mmc,x + Mxy,y - Nxz =0
Ouyr : Myyy + Myyz — Ny. =0

57.1,21 . sz,:t _|_ Myz,y - NZZ +pg = O

(10.20)
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and the related boundary conditions are

5Ux0

(5uy0 :
Ol :
5UI1 .
5Uy1 .
Oy

© Npang + wany =0
Nyyng + Nyyn, =0
Nyznm + Nmny =0

Exxnx +Ewyny =0

%yynx —|—%myny =0
My.ng + Mg.n, =0

(10.21)

10.2 Internal forces and momenta in terms of dis-

placement variables

In the following the internal forces and momenta introduced are expressed in terms of
displacement variables for a generic multilayer plate. The internal forces are:

Nxm
N

vy

Nyy

defining

Nr U];Zx Np Cﬁ Cfé 056 GI;x
:z/A {a’gy dz:Z/A ok Ck ok L
k=170 O-I;y k=1 7 Cfﬁ C§6 Cé% VI;y
+10 0 Ck fyfz dz =
00 Ck €
N, Uz0,x Uz,
k=1 i umO,y + uyO,m ua:l,y + uyl,x
uzO,x + Uy uzl,:{;
+C’;n-{ Uy + Uyt ¢+ 2Ch - { Uty dz (10.22)
Ugp1 0
Cfl sz Of@ Np, Cﬁ sz Cﬁa
Ch Ch Chee |dz B=Y / 2|k ok k| de
L Cf«a 056 056 k=1 AR Cf@’ 056 CgG
[0 0 CK Ny 00 Cx
00 Ck |de B:Z/ 200 Ck |de (10.23)
0 0 Ck =174 g 0 Ok
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it is

N, = Ae) + Be), + A€l + Be), (10.24)

N,. Ny ok Ny 0 0 0 e
N p=> [ ok fd==> [ [| 0o 0 o |3 b+
N =17 Ak ok k=1 " Ak ck ck Ok k
zz 2z 13 Y23 L3e Yy
Cfél CZIES 0 /ya]cgac
+ Cz’fs Cgs) 0 : ’Yg’jz dz
0 0 C’;fg e’;Z

Ny, Uz0,x Uz,
= Z A Cip ’ Uyo,y +z Cflp . Uy1,y +
k=1 * U0,y + Uy0,z Ug1,y + Uyl,z
U0, + Uz Uz,
+Cfln . uzO,y + uyl + z Can . 'szl’y dz (1025)
Uz 0

defining

Ny [0 0 0] N, 0 0 0

E=> [ |0 0 0 la F=Y[:0 0 0 |d
k=174 L C{C?, 053 C:l)fes i k=1 7AR C{C:s 053 Cil’f6

5 Np [ Cff4 Czlff) 0 . Cf4 Cf5 0

BE=Y / ok k0 |d2 F=[ :z|Ck CE 0 |d2  (10.26)
=170 0 Oy | Ak 0 0 Ck

it is

N, = Ee, + Fe, + Ee? + Fe! (10.27)
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Mm; Ni, Cf%: N, C{;l Clgk C}l:(; E%x
Myy == Z [4 z Uyy dZ == Z A z C%gl C’%{? C%€6 . E%y
M,, k=170 oy k=178 Cis Cs  Ces Yy

2[00 Co | -S dz

0 0 Ck e
Np, L uzO,m L uzl,m
2
= Z /A c CPP ’ Uyo,y +z Cpp ) Uyly
k=1 F U0,y + Uy0,x U1,y + Uy1,z

U0,z + Uy U1,z
+z C’;n R Uoy Uy ¢+ 27 C’;n CQ Usiy dz
Ug1 0
defining
B=1700 | O Ch Cgg k=1 Cie O Che
N Ny, [ 0 0 C:]f3 5 Ny, 0 0 Cfg
B:Z/z 00 Ck |dz D:Z/ 2100 Ck |dz
k=174 0 0 Ok k=17 A 00 Ck
it is
M, = Bef7 + De;7 + Bée’ + De!
M Np / ok ‘| Np [ ck Ok ’}/k
Tz — = rz | ]y — / > 44 45 . T dz
{ M, } ;;1 Ar | Ulqu ;;1 Ay, Cz]f5 Cgs 75,3
— gfj/ ~ i 054 055 . uZO,w + Uz + Zuzl,:r dz =
— /A | Ci Ch Uz0,y + Uyt + ZUz1y
N _
:i/ ~ 05124 0425]_{“20,w+“11}+22l0£4 C’%]_{
YA | Cis Css U0,y + Uyl Cis Css

Zuzl,x
U1,y

}+

}+

(10.28)

]dz

(10.29)

(10.30)

o

(10.31)
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defining
Ny, k k Np, k k
=~ cy C - cy C
H= / z a4 a5 ] dz N = / 22 [ a4 a5 ] dz 10.32
,; Ay, [ Cl Ck ,; Ak ch Ck ( )
it is
M, = He® + Fe, (10.33)

10.3 Equilibrium equations in terms of displace-
ment variables

In the following, the equilibrium equations are written in terms of displacement vari-

ables. Substituting into Equations [10.20| the definitions reported in eq.s [10.24] [10.27
[10.30] and [10.33] and remembering the definition of the strains for the case herein re-

ported (see equations and [10.3)) it is possible to write the governing equations for
a multilayered plate in terms of the displacement variables

Ky Ko Kz Ky Kis Kig | U0 0
Ko Ky Koz Koy Koy Kog Uqy0 0
K31 Kso K3z K3y Kszs Ksg U0 -p
Ku=p— = 10.34
p Ky Ky Kiz Ky Kis Ky Ug1 0 ( )
K51 Ksy Ksz Ksy Kss Ksg Uy 0
| Ke1 Ke2 Koz Kes Koz Koo | | 1 —phe

where K is a differential operator. A similar conclusion was reported for the Kirch-
hoof plate model in equation and for the Mindlin model in equation The
boundary conditions defined in the equations [10.21] can be expressed as

ITu =1Iu —

[ Iy I 1Lz Iy Iy Iie | uao [ 11y I Iy Iy Iy Ig | o
Ilo; Il Iz Iy Ilps Ile Uyo o Iy Ilpg Ilpg Ilps TIlge Uyo
I3y Il3p I3z TI34 I35 Tlge U0 | _ I3y Tl3p I3z TIz4 I35 Il36 U0
My Iy Iz Ilgg Iy Tlge Uzl Iy Iy Iz Iy Tlgs Tlge Uz
51 s I3 IIsg 155 156 Uy 51 s sz Ilsq II55 Tls6 Uy1

| 1 Ilex gz Ilea Ilgs Tlge | | wen | o1 ez gz Iles Ilgs Tlge Uzl
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where 1 is the displacement function defined at the boundary T'.

10.4 Governing equations in terms of fundamental
nuclei

In the following it is demonstrated that it is possible to express the governing equations
in terms of fundamental nuclei, that is it is possible to express the plate governing

equations reported in eq.s [10.34] as

U0 0
U 0
KOO KOl UZZ —p
[ K0 K ‘| : Up1 = 0 (1036)
uyl 0
Uz _p%

where K%, K K1!° and K! are 3 x 3 differential operators. The upper scripts 0
and 1 refer to the expansion order employed in the definition of the displacement field,
in this case it is 0 — 1 and 1 — z. In the following these upper scripts are labeled as
7 and s. In an explicit way it is

1 z
KY Ky Ky o K Ky K Us 0
1| K) Ky Ky Ky Ky Ky Uyo 0
Ky Ky Ky Ky Ky Kg uo | =) -p (10.37)
Ky} Ky Kig Ky Kip Ki Ugy 0
¢ | Ky Ky Ky Ky Ky Ko Uyt 0
| Ky Ky Kgy  Ki Ky Kgg | ua —ph

In order to find out how the components of these matrices can be computed let us
restrict the attention to the components
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K1111 =D110 45 + D330 + (D13 + D31)0 4y — E11
K13 =D130 45 + D320,y + (D33 + D12)0 4y — By
K1131 :(313 - Fll)a,z + (B33 - F12)a,y
K2111 =D310 45 + D230y + (D1 + D33)0 5y — E21
K33 =D330 50 + D220y + (Do + D32)0 0y — Eo
Kzlé :(333 - F21)a,m + (B23 - F22)a,y
K§11 :<ﬁ11 — F31)0, + (ﬁm — F33)0,
K3y =(Hyzy — F33)0, + (Hy — F3)0,,
K:'}; :Nlla,mz + N22a,yy + (le + N21)a,xy - E33

(10.38)

Remembering the definition of the matrices and considering a k layer plate it is

’ A A A
K& =(CF, (/A zdz ) — O (/A zdz))az + (O, (/A zdz> — Ok </A zdz))ay

(
o, (] ) (o
_ch, ( /A zdz) 05( /A zdz) k. ( /A zdz))ay
04(/Az ) 0§3</Azdz))ay
(Cy

ki =ck ( /A 22d2) 80 + CF, < / 2dz> ot

Let us define the following quantities

)
)
|
KE =C, ( /. ZZdZ; a:m+c*§2 ( /. 2dz> L+ (Ch ( /A 22d2> e < /: z2dz))a:xy
)
)
)

(/A 22dz> + Ck </A z2dz>)8,xy

(10.39)

by — CE < /A 1dz)
oy — Chs (/A 1dz)

oy — Chs </A 1dz)
- </A 1dz)

—ck, < /A 1dz)
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(B E. ) :/ (z-2,1-1)dz  7,5=0,1 (10.40)
)=

it is possible to write equation [10.39| as

Kflll :CflETSa@fE + CgGETsayy + (Cﬁ’)ETS + CfGETs)a,my B C§5
KfQII :CfﬁETSasz + CS:GETS@@ZU + (C’(ISCGETS + CfQETS)a@y - Of5ET,zS,z

KB =(Cf, (/A zdz) — Ck (/A zdz))az + (CE, (/A zdz) — O (/A zdz))ay

K§111 :C{CGETSa#EI + C§6Eﬂ'sa,yy + (CfZETS + C§6ET8)8@11 - CfsET,ZS,Z
Koyt =CsErs0 10 + Oy Br0 4y + (ChBrs + Chs )0 0y — C B s

KB =(Ck (/A zdz) — Ok (/A zdz))aw + (Ch, </A zdz) — Y, (/A zdz))ay
KEY =(Ck </A zdz) —Cr, (/A zdz))az + (O (/A zdz) — O, (/A zdz))ay
)0,y

(

KB =(C% </A zdz> — Ok, (/A zalz))az + (C*, </A zdz) -y, (/A zdz>

K —Ch Ersu + ChiErsdyy + (ChyErs + Ol Er)0umy — Cly ([ 1202)
10.41)

Particular attention has to be put in the definition of the integral term [, zdz.
This terms has to be defined as done in eq. is such a way to obtain in a unified
way the following terms:

KR0 g KR ok ( /. 1dz) 9, + Ck ( /. 1dz) 0, KHO— _ch ( / 1dz> 9, — Ck ( / dz) 9,

KB =(Cr, (/A zdz) -~ Ck </A zdz))a,m + (C% (/A Zdz> — CF, </A zdz))ay

(10.42)

KRO —0 KR — ok ( /A 1dz) 9, + Ck ( /A 1dz) 0, KL= _Ck ( /A 1dz> 9, - C, ( /A 1dz> 9,

K5 =(C% (/A zdz) — Ok, (/A Zdz))a,m + (Ch, (/A zdz) —C¥Y, (/A zdz))ay

(10.43)
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KR0 —g RO — ok ( /. 1dz) 9, +Ch ( / 1dz) o, KHO— _ch, ( / 1dz> 9, — Ch ( / 1dz> 9,

K =(Ck (/A zdz) - </A zdz))a,m + (Ck (/A zdz> — Ck, </A zdz))ay

(10.44)

KM —g KR — Ok ( /A 1dz) 0, +Ck, ( /A 1dz) 0, KMo — _ck ( /A 1dz> 9, - Ck, ( /A 1dz) 9,

K =(Ck, (/A zdz) —- Ok (/A zdz))az +(CF, (/A zdz) —Ch, </A zdz))ay

(10.45)

A way to obtain in a unified manner the previous terms is to defined the following
quantities

(Er.o0 Br.) =/ (1-2,2-1)dz  7,5=0,1 (10.46)
, : "

It implies that

Kfs}l :(C;ll%ET,zs Cgs TS,z
K§§1 :(O§6E7,zs - Cf5 s,
Kil’fln (C§5E7,z8 - CffﬂETS
K§211 (Of5E‘r,zs - C:I;()'Efs

(10.47)

The components of the fundamental nucleus are defined. The differential operator
K** for a single layer k is now presented:
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Kffs :CflETsa,m + CgGETsayy + QCfGETSa,Iy - C§5ET,ZS,Z
Kgs :CfﬁETsa,m + CSGETsa,yy + (Cg(SETS + szETs)a,:vy - Cfs)ET,zs,z
Ky :(Of?)ET,zS - O§5ETS,z)a,$ + (Cé:ﬁET,zS - Cf5Ers,z)a,y
K§7* =CfEraDae + ChsEraOyy + (CYy Erg + CloBr) 0y — CHEr .
K578 =CosBrs0 40 + Oy Er0.yy + 205 B30 4y — CEx s .
K33° :(O§6ET,ZS - CfSETS,z)a,SE + (C§3Er,zs - Cf4ETs,z)a,y
K37 :(C§5E7,zs - Cf?)ETs,z)a,x + (Cz]fE)Er,zs - C§6Ers,z)ay
K33° :(CE5ET72.S - C§6Ers,z)a,x + (Cf4Er,zs - C§3Ers,z)ay
K578 =C% Er0 4y + Ciy Br0yy + 2055 B0 4y — Chs By
(10.48)

Similar passages can be applied to the differential operator IT, the result is

H’HS :ETS(Cfla,x + Cfﬁ&y) + ETS(C{%(?@" + C§6ay)

[15° =Ero(C150,0 + Ch8,y) + Ers(Ce0,, + Ciis0.)

Iy5° :Cf:sEr,zs + CsEr s

157" =E:(C510.0 + C30,y) + Ers(Cig0,e + Cie0,)

[155° =Ery(C330,0 + C0,) + Ers(Che0,, + Ciis0.)

I153° :C§3E7,zs + CsEr s

H’?firs :CAIEBET,Zs + C§5ET,ZS

153° =CYE, .« + CHLE, _,

157 =E,(Cy50., + Cy,0,) + E-(CEO, + CL0,) (10.49)
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Chapter 11

Appendix 2: CUF - plate governing
equations

The PVD for a multilayered plate can be written as
/ (0o, + dey0,,) AV = / su’ pav (11.1)
v v

V' is the domanin of the plate. Considering a multilayered plate, that is a plate
made of N layers, the PVD can be written as

NL NL
S / / (58" o + dek” o) dAwdy = Y SLE,, (11.2)
k=18 S Ak k=1

The term Zgil SLF . denotes the virtual variation of the work made by the external
loadings on the generic k layer, the operator [, dA; the integration through the
thickness of the k layer and €2 the midsurface of a k layer. According to the definitions

above mentioned the PVD can be written as

NL NL
S /Q /A (5 (D) (Cppey + Cpuen) + 6 (D) (Crpey + Cunen)| dArdy = Y 6L
k=1 K k k=1

(11.3)
that is

205

k

ext
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/ /A (D) (C,,D,u + €, + CpDyu) + 6 (Dyu)” (C,yDyu + C,Dyu)| dAdy, =
k

Z SLE, (11.4)

Remembering that D,, = D, + D,,, it is possible to write

Np,
Z /Q /A [6 (Dpu)T (Cppru + €p + CannQu + Cannzu) +
K k

+6 (Dyqu + Do)’ (CppDyput + CpyDygut + C D) dARdy = Z sLF,
(11.5)

that is

N
> [ [FDw" (CyDyut ¢+ CpDyou+ CpuDin) +
k
+46(D nQu) (CppyDyu+C,,Dyou + C,,, Dy u) +

+6 (Dy21)” (CppDyu + CrnDigtt + CyppDyott) | dARdSY = Z SLE,  (11.6)

According to the CUF the displacement field can be defined as u = F,u,, so it is
possible to write

Np
3 / /A [§(D,Fu,)” (CpyD,Fru, + €+ CpDooFru, + Cp Dy Fru,) +
Qi JAg
+ d (DnQFsus)T (CnprFTuT + CnnDnQFTuT + CnnDnzFTuT)

+6 (D Fou,)" (CopyDyFrtt, + Con Do Py + Dy Fruy) | dAgdSy, = Z SLE,
k=1

(11.7)
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where 7,5 = 1, N + 1 with N the expansion order adopted. The definition of the
differential operator D,,, is reported in eq. [2.37] It is possible to write

Ny,
S / / [6(D,Fu,)" (C,D,Fru, + CpDygFru, + CpF, u,) +
=1’ QK JAg
+0 (DnQFsus)T (CnprFTuT + CnnDnQFTuT + CTL?’LFT’ZuT) +
Np
5 (Fo.w,)" (CopD,Frt, + CouDyaFru, + CmFT,ZuT)] Ay, = 3 GLE,
k=1

(11.8)

that is

Np
Z /Q /A |:5 (Dpus)T (CPPDPFSFTUT + CannQFSFfuT + CPHFSFT,ZUT) +
k=1 K k

+ o (DnQus)T (CnprFSFTuT + CnnDnQFsFTuT + C?’LTLFSFTyzuT> +

ext

Ny,

+6 (u)" (CppD, Fa oty + CoDyo Fy Fru, + Cop B Fy 0, )| dARdQy =Y 0L
k=1

(11.9)

The integration by parts is requested to obtain strong form of the differential equa-

tions on €2 and boundary conditions on T’y (€, and its boundary 'y are defined as in
Fig. . For a generic variable aj, the integration by parts states

/ (Dosar)” akdy = — [ sa*" (Dha*)dy + [ 6a*" (Iga*)dly  (11.10)
Qg

Qk Ly

where €2 = n,np. In this case it is possible to write the equation for the PVD as
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Np
Z /QK /A {_6UZDZ (CpprFsFTUT + CannQFsFTuT -+ CPHFSFT,ZUT> —_
k=1 k

— ou! D], (CoyDyFuFpu, + Copn Do FoFou, + Cop PP, 1, ) +
+oul (CopDyFs Fru, + CouDioF. Fru, + ConFy P, )| dAdQu+

Nrp
+> [ [ [sul1] (C,yDyFFru, + CpDug FyFru, + Cp FLF ) —
k=1 7Tx JAx Y

N
—ulTh, (CopDp FuFru, + CopDpo Fo Pty + Cop FUF; . )| d Ardly = Y- SLE,,
k=1
(11.11)
The meaning of the I, and I, involved is reported in the following:
1 00 00 1
L,=1010 Lo=1]0 01 (11.12)
1 10 000

The quantities (ETS, E; ¢ Ers ., Ef,zs,z) are introduced; they are defined as

(Bess Bross Bro Brol) = [ (FeFo Fo P By B R ) dAe (1013)

Ag

The PVD can be written as

Ni,
kz::l /QK (5usT [_Dg <CpprE7-s + CannQETs + CPHET,Z S) _

— D}, (CoyD, By« + ConDigEr o + ConE: ) +
+ (CnprETs,z + C,.,D.oE- s,z + CnnEryz 5,2):| u,dS2,+

Np,
+3 [ ol [ (CouDy v + CpuDunr s + Gkl ) +
k=1

Nr,
+100 (CopDyEr o + ConDogEr o + Con By ) | updly = Y 0LE,, (11.14)
k=1
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Virtual work of the external loadings is now evaluated. The virtual variation of
the work for generic layer k£ can be computed as A general pressure distribution is
considered:

ext —

SLk / out” pd€y, (11.15)
Qp
ou is the virtual variation of the displacement vector u and the components of

the vector p (i.e. py, py, and p,) are the load distributions according to the reference
system axes x, y and z. It is

0Ly, :/Q (0ul pe + duf py + 6ub p.) d (11.16)

Remembering how u* is defined according to the CUF it is

ot = [, [5 (k) o458 (Fua) ol +0 (Fads) pt7] a
= [, [0, Fuplen s oo Pl b, Fopt]
Qp

:/Q (5u§TFS {ps Dy 02} A, (11.17)
k

In the following a transverse pressure on the top of a plate can be considered; in
this case is

h
0 Ly =/ Jul" F, (;) {00ptr} day, :/ sulPk_ (11.18)
Qk Qk

where hy is the thickness of the generic k layer, pi? is the transverse pressure

distribution over the top surface of the plate and P*_ = F, (%) {0 0 ptr}. In this case
the PVD can be written as

N ; Np, ; Ny ;
S [ o KEu + Y / ot I, =3 / Sut" P (11.19)
=1 " % —1"Tk k=17

The governing equations can be synthetically written as

sut’ s K uk =P7_ (11.20)

uu T

and the boundary conditions are
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TRRER § TR § Lot L (11.21)
being
K ={(-D,)" [C}E-. D, + C}, E;.Dyo + ChE: | +
(-Dy)" [CE ErD, + CE E.Dyo + CELE, | +
+[Ch,Ers. Dy + C}, Erg . Dyg + Ch, - || (11.22)

The fundamental nucleus, K7 ? is assembled through the depicted indexes,r and s,
which consider the order of the expansion in z for the displacements. For boundary
condition it is

s ={(1,)" [C} Ey, D, + C}, By Dyg + Ch By | +
+(Lo)" |CE B D, + C}, Ey:Dyg + C}, E... .|} (11.23)

The terms of the components of the operator K7 reported in eq. [11.22] are here
developed

Kflm :C§5ET,ZS,Z - Efsa,w(cfla,x + Cfﬁ&y) - Efsa,y(ci%ax + Cé%@,y)
Ki5® =C5,B; .. — Ers0,4(Clsds + C1h0,) — Ers,(Ch8,, + Ces0.)
ngs :ETS,Z(C&a,x + C§46,y) - Cl?’ET,zsam - CgGET,zsay
K§1T8 :CfE)ET,zS,z - E‘rsa,y(cgla,w + 0568,31) - ET88,1<C{€68733 + C§6a,y)
K578 =CH B, . — E-0,(C50., + C220,) — B0 ,(Chsdy + Chs0.)
K§3TS :ETS,z (Czﬁ’)a,x + 0546,34) - CgSET,zsay - CgﬁET,zsax
K:iflm :E‘rs,z (0138@ + C§63,y) - Cf5Ef,zsay - C§5Ef,zsa,:c
K:gs :ETS,Z (C§Sa,y + C§6ax> - CLET,zsa,y - C§4Ef,zsa,x
K355° =C33E, . — Ers0,(Cls0, + C0,) — Ers04(C550, + C5,0,)
(11.24)

considering an orthotropic material it is
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K{® = — C},E; 0% — ClsBr 0% + CisE,

KY® = — ChLE.0%, — C&E, 0%,

ngs :C§5ET5,Z8,JJ - CfSET,zsa:c

K§® = — CY E.,0%, — CiEr02,

K§5® = — Cly B 0% — C5E 0% + CLE;
kTs k k

K23 :C44Ers,za,y - Cz:sET,zsa,y

Ké:fs :CffiETS,zav«T - C?E)ET,zsaa«T
kTs k k

K32 :CQ3ETS,z87y - 044E7,zsay

K§5® = — CLE0% — CLE. 0% + CLE;

,25,2

52872

,25,2

(11.25)

If a simply supported orthotropic plate is analyzed, the Navier solution can be

considered. The components of the vector u” are defined as

a
K —U.,sin <m7rx> sin (mgy) (11.26)
a

S
I

Um, UyT and U,, are the amplitudes, m and n are the number of waves (they go
from 0 to oo0) and a and b are the dimensions of the plate. Let us define the quantities

mTm nm

a= b= (11.27)

ra
where a* and b* are the length of the generic k layer. The solution of the equation
11.20 can be obtained by solving the algebraic system

sut s KsUF =P (11.28)

s

5 can be expressed as

Each term of the fundamental nucleus K,
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Kffs :Cfl Er 0 + 0(156 E78ﬁ2 + C§5ET,ZS,Z

K =Ck B, a8 + Ci E, ;a3

K5 = — CRE, .+ C5E,

K¥s =Ck, B, ;a8 + Ck B, ;a3

Kgs :ng E- 352 + Cg(i E..” + CfélET,ZS,Z

K5 =— OgsEr,z B+ Of4Ers,25

Ki* =CEE, o — CRHE, ;.

Kigs :CAILCALET,Z B0 — CgSETs,zﬁ

K37® =Ct Er o0 + O B 2 + CLE, s (11.29)

The boundary conditions are satisfied since the Navier closed form solution is em-
ployed.
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