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Introduction

The theory of homogenization has a quite recent history, which dates back
between the end of 1960s and the beginning of 1970s. The term homoge-
nization appeared for the first time in 1976 in works by Babuska [8], [7],
[9] concerning nuclear engineering, but many important mathematical tools
used in homogenization had been already considered since the end of 1960s.

The aim of this theory can be briefly explained with a quotation that I
took from [6], which was one of my first encounters with this theory: “ho-
mogenization theory aims to find an effective description of materials whose
heterogeneities scale is much smaller than the size of the body”. This means
that it allows to treat heterogeneous materials, with complicated structure,
also from the numerical point of view, approximating them by a homogenized
one. The original point of this theory, as Tartar underlined many times [52],
is that it can fits to problems with a certain degree of randomness (the
structure of a heterogeneous material) avoiding the use of probabilities.

In this thesis we focus our attention on two homogenization problems,
both involving the geometry of the domain: an elliptic spectral problem in
a perforated domain and problems with oscillating constraints.

The structure of perforated domains will be described thoroughly in sec-
tion in order to fix the ideas, we can consider the simplest case, defined
as

QE:Q\UBé7

i€l

where € is an open bounded set of R? with Lipschitz boundary and B!,
for i € I. C Z% are the holes, obtained from a given closed and C? set
B C @ = (0,1)? by means of translations and homothety, as follows

Bl = (B +1), Igz{iGZd: 5(B+i)CQ}.

Hence, by construction, the boundary of perforated domain will be

09 = 00U (U aBg> = 0QU ..

i€l



In such a domain we consider elliptic PDEs and related spectral problems:
in our case

—div(ac(z)Vu(z)) = Acte,

where a.(z) = a(z/e) and a € M™% is a Q-periodic and symmetric matrix
satisfying a standard ellipticity condition, so that the problem is actually
equivalent to

— Aug(x) = Aoue. (1)

This type of problems has been treated since the 1970s: the reader can
find many examples in books as [4], [28], [31], [49]. In particular for our
analysis, the crucial work on spectral problems by Vanninathan [54] collects
several results about the asymptotics of eigenpairs with Dirichlet, Neumann
and Steklov boundary conditions. There, the author points out that the
behavior of the eigenpairs (A, us) of problems in a perforated domain €,
as € — 0, strongly depends on the boundary conditions on 0€2..

Starting from this paper, many authors have worked on similar problems,
changing boundary conditions or hypotheses on the geometry of the perfo-
rated domain, adding weight functions or analyzing localization effects. The
boundary-value problem or spectral problem with Fourier boundary condi-
tion was treated by several authors ([55], [29], [32], [30], [12], [24] ).

In our work we consider Fourier type boundary conditions with variable
coeflicients:

Vus(z) - n. = —q(x)us(z), x € Xey,  ue(x) =0, x € 00N. (2)

whose behavior depends on the assumptions on the weight function g(x). The
problem was suggested by a work by Chiado Piat, Pankratova, Piatniski [27],
where the authors consider problem , with ¢ € C2(Q) strictly positive
and realizing its global minimum at a unique point xg € Q. Moreover,
they assume the Hessian matrix in zg to be positive definite. Here, on the

contrary, we suppose that
0 z€eK,
q(z) = {

1 z€Q\K,

where K € () is a compact set with non empty interior part A and Lipschitz
boundary.

A physical interpretation of the weight ¢ in our work is as the insulating
power of the holes located inside K. Namely, the homogeneous Neumann
boundary condition at the boundary of the holes 3. means that they repre-
sent completely insulating inclusions; the presence of the weight ¢, which is
zero in K and positive outside it, allows these inclusions to conduct only in
region Q \ K and to be insulating in K. Homogenization can describe the
behavior of such a material when the number of these holes tends to infinity
and their size tends to zero.



We consider the functional F. : L?(2) — [0, +00] defined as

/ |Vu2+/ lul> u e H(Q:;09),
Qe S\K

400 otherwise,

F.(u) =

where H. = Hj(Q;00) = {u € H'(Q) : u=0indQ} is a Hilbert space,
equipped with the scalar product

(u,v)g. = VuVudz.
Qe

It is convenient to represent the first eigenvalue through its variational
characterization

Al = min {Fe(u) fu € He,/ ulde = 1}.

More generally, we can describe any eigenvalue M in a variational way. by
introducing a basis of eigenfunctions v’ of our problem , , and by taking
the minimum over the spaces

Hg:{UEHEZ(uvué)ngoa 7’:1’7]_1}

We first prove equiboundedness of the first eigenvalue A\l. Then we compute
the I'-limit of F:

/fhom(Vu)dm, u € Hi(A)
Q

400 otherwise.

I-lim F.(u) = F(u) =

e—0
Here fhom : RY — [0, +-00] is defined by

fhom(g) = inf{/y €+ VulPde: uc ngr(Rd)}.

and gives the homogenized spectral problem, with Dirichlet conditions,

{—div(ahomVu) =Y[Au uweA 3)

u=0 u € 0A,

where at°m¢e = fhom(¢) - A is the interior part of K and Y = Q \ B is the
perforated periodicity cell.

This I'-convergence result, together with the equicoerciveness of F. and
the variational formulation of eigenvalues, implies the convergence

M —— N,

e—0
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with A eigenvalues of the homogenized problem . We also study the
asymptotics of the eigenfunctions ul with respect to the homogenized ones
u’, proving the convergence of eigenspaces, in the sense of Mosco; moreover,
we investigate the rate of convergence of eigenfunctions in the L?-norm, and
we show that is of the order /e. This last result is obtained following a
classical procedure similar to the one in [26], that exploits Visik lemma [41].

The second and third parts of this thesis are devoted to the homog-
enization of problems with oscillating constraint, that can be included in
the general theory of periodic or almost-periodic homogenization of integral
functions. There is a wide literature concerning homogenization problems
for singular structures and for functions defined on networks and periodic
manifolds (|3} |15, [23}, 35, {42}, 46, |47}, 56, |45], 44]). In most of those problems
the geometric complexity is in the domain of definition, and the functions are
considered as defined on the whole space or as limits of functions defined on
full-dimensional sets as those sets tend to a lower dimensional (possibly mul-
tidimensional) structure. In our case we consider similar geometries, but the
geometrical complexity is in the codomain, as we consider instead functions
with values in a periodic manifold, and we analyze the behavior of the cor-
responding energies as the geometry of the target manifold gets increasingly
oscillating. Homogenization problems with a fixed target manifold have been
considered in [6) 5].

Our results concern the behavior of energies defined on functions con-
strained to take their values on manifolds V, with a finely oscillating geom-
etry as these manifolds converge to a smoother manifold V' as € — 0.

Since we are interested in highlighting the effects of the constraint, we will
focus on the simplest energy functional, i.e, the Dirichlet integral. Namely,
for u: Q C R®™ — V. we will consider

(w) = /Q |Vul*de we H (Q; VL),

400 otherwise.

F.

We suppose that the limit V' is a smooth m-dimensional manifold and the
oscillating V. are manifolds of the same dimension lying in a tubular neigh-
borhood of V with vanishing radius as ¢ — 0. A localization and blow-up
argument leads to a problem where V' is an m-dimensional linear subspace
of an Euclidean space R™" . We will treat the cartesian case; i.e., when
the manifolds Vz can be seen as graphs of a function defined on V' (identified
with R™); i.e., there exist functions ¢, : R™ — R

Ve = {(z,pe(2)) : x € R™} CR™™
Hence the assumption that V. converges to V as € — 0 is translated into

li_r>r(1)<p€:0, Ve=A(z,p:(x)) : 2 e R"} = {(z,0) : x e R"} = V.
3
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The general case, where V' is not necessarily a hyperplane, can be ex-
plained in the same way, imposing that V. converges to the tangent space to
V at X, so that the model case is a “local” description of the general one.

Our modeling assumption is that the description of the oscillations of ¢,
is obtained through a single periodic function ¢ : R™ — R™ satisfying

1. ¢ :R™ = R™ is (0,1)™-periodic;
2. p(x) = 5590(5), with ;. — 0 as € — 0.
€
In such a setting a function u € H'(2; VZ) can be rewritten as

u(z) = (u1(z), uz(z)),
with u1 : Q@ — R™ and
us () = pe(u1(x)).

Hence we can write F; in an unconstrained form:

Fa(u):/Q|Vu\2d:c:/g|Vu12dx+/QVgag(ul)|2dx:

5 2
:/ |V [2da + () /w(“l)vul\?dx.
Q € Q €

The coeflicient in front of the second term of F;, suggests three different
behaviors depending on the scale of the coefficient §:

1. /e — 0. In this case the homogenization becomes trivial, the second
term can be neglected and the I'-limit is just the Dirichlet integral of
the function w1, which in particular is independent of the constraint (;

2. §/e = ¢ € (0,400). In this case we can consider the energy density

f(v,€) = €Pdz + |V (v)¢f

so that

Fg(ul):/ﬂf(tl,Vul)dx.

Since f is periodic and satisfies a standard growth condition the ho-
mogenization of these energies can be then performed by using general
almost periodic homogenization theorems [19|;

3. §/e = 4oo. In this case the energy density f. of F. does not satisfy
standard growth conditions and we cannot use known results. The
fact that the coefficient of the second term blows up as € — 0, suggests
that the behavior of the homogenized functional is related to conditions
that make the second integral negligible as ¢ — 0. Upon scaling the
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variable, this leads to the condition that u; makes Dyp(uq) almost
zero; i.e. uj is very close lo lying on a level set of ¢. Therefore, the
I-limit will strongly depend on the geometry of the constraint ¢; in
particular on its level sets.

The result in the thesis deals with the description of asymptotic meiric
properties of V., for which we deal with curves in R™ (i.e., n = 1) and
hypersurfaces (i.e., m’ = 1). The general vectorial case seems to include
additional effect than in the case of curves, which require the use of notions
as quasiconvexity, polyconvexity or rank-1-convexity, and is beyond the scope
of this thesis. Generalization to surfaces of higher codimension m’ > 1 on
the contrary seems to be analytically more standard.

In order to describe the I'-limit in the case § >> ¢ we have to introduce
several types of homogenization. With a slight abuse of notation from now
on we will directly use the variable u in place of uy.

First, with fixed z we consider the strict constraint

o(2) ==

which is meaningful only if z in the image of ¢. For functions satisfying this
constraint the functional F.(u) reduces to the Dirichlet integral. Moreover,
the limit of functions satisfying this constraint is not constant only if the set
{zx € R™ : p(x) = z} contains an infinite connected curve with locally finite
length. We will make the stronger assumption:

e (uniform connectedness) there is a single infinite connected compo-
nent of this set and all pairs of points , 2’ in this component are connected
with a curve of length proportional to the distance between x and z’.

This property is easily verified if {x € R™ : ¢(x) = z} is composed of
unions of periodic C' hypersurfaces.

Under this assumption the homogenization of the Dirichlet integral with
the strict constraint is an integral functional

/Q om0 dt,

with ¥f  : R™ — [0, +00) a two-homogeneous convex function. Moreover,
Vi satisfies the asymptotic homogenization formula

Vom(w) = lim_55(w)



This is a variation on corresponding formulas for the homogenization of
functionals with energy densities f(u/e, ). In this case such energy densities
are infinite outside the constraint, so that some extra care must be taken.
Note in particular that we cannot easily impose strict boundary conditions
(that in the usual case would read u(0) = 0 and u(T) = Tw). We prefer to
substitute those conditions with an inequality, which in particular is satisfied
when the u(0) lies in the periodicity cube (0,1)™.

In order to derive the homogenization theorem for our energies from those
strictly constrained energies we make the following assumptions:

e for all z in the image of ¢ either {x € R™ : ¢(x) = 2z} is uniformly
connected (in the sense defined above) or it has no infinite connected com-
ponent;

e curves satisfying the weaker constraint u(t) € {z € R™ : |p(x) —z| < ¢}
are close to curves satisfying a strict constraint for some 2’ for ¢ small enough.

Before stating more precisely the latter condition, we consider the model
example of n = 2 and

o(z,y) = sin(2mz) sin(27y).

In this case, the only connected level set is with z = 0. A set {(z,y) :
lp(z,y) — 2| < ¢} is either composed of disconnected components (when
¢ < |z|), or contains a tubular neighborhood of {(x,y) : ¢(z,y) = 0}. In
any case, given a curve u taking values in that set, we can find a curve ug
satisfying the strict condition ¢(ug(t)) = 0 close to the original curve and
with energy not greater than the energy of w times 1 + o(1) as ¢ — 0.

With this example in mind we can state the condition above as follows.
For w € R™, z € Im(p) CR, ¢,T > 0, we consider the minimum problems

1 T
vw) = gin{ [ 1P s ()] < Vi, [u(T)~Tul < Vim Jp(w)-| < ).
0
()
Then we require that there exists 2’ such that |z — 2’| < ¢ and for all w there
exists w’ = w + op(1) such that

76(w) > (1 + 0.(1)) ¥ (w')) + or(1),

where 0.(1) — 0 as ¢ — 0 and or(1) = 0 as T" — +o0.

This is the (rather complex) variational formulation of a geometric sta-
bility property of level sets, which is easily proved for ordinary constraints.
By using this property it is possible to prove the homogenization result by re-
ducing to strict constraints. Summarizing the main arguments in the proof,
from energy bounds we deduce that functions u. with F;(u.) equibounded
locally must lie in some set {x : |p(us/e) — z| < ¢} with ¢ small. By a
scaling argument then the energy is estimated using ¢7:“(w), where w is the
local averaged slope of u., and eventually with % (w'). A particular care
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has to be taken in these computations in order to reduce to “local” estimate
which nevertheless, after scaling, can be estimated by problems with T large
enough.

Finally, we get our homogenized energy density by optimizing over z and
on mesoscopic oscillations between level sets, producing a convex envelope
of the minima between homogenization formulas on strict constraint:

kk
whom = < min wﬁom) :
zeIm(p)
Note that under our assumptions on level sets, in dimension two there is
only one infinite connected level set for some z = zp, so that this formula
simplifies to 90 . In dimension three or higher it is instead possible to give
examples where there are more than one infinite connected level set, and the
formula above must indeed be applied. Eventually, the ['-limit is then given

by .
I-lim Fe(ue) = / VYhom (u')dt.
e—0 0

Working on oscillating constraint problems, we found out that the func-
tionals F. in the scalar case, actually their I'-limit, can be geometrically
interpreted as a norm over R™: the existence of at least one level set of
 containing an unbounded connected component, which is necessary for
the boundedness of the homogenized function, creates a sort of periodic un-
bounded and connected e-network over R™, that represents the “allowed”
zones for curves u. in F.. Indeed, if u. lies on this lattice, the gradient of
¢(ue /) will be zero and the I'-limit can be finite on their limit w. In this
metric standpoint, we can interpret 1o, as measuring the distance between
the origin and the point w, not with the euclidean norm, but with the length
of a curve that microscopically lies in the lattice defined by the constraint.

Our last result regards the characterization of all metrics on R™ that can
be obtained as a I'-limit following the procedure above for some . This
problems takes inspiration by a work by Braides, Buttazzo and Fragala [17],
where the authors consider the density of Finsler metrics in the Riemannian
ones, with respect to I'-convergence. By a Finsler metrics in R™ we mean
any convex and 2-homogeneous function ¢ on R™, controlled from below by
the Euclidean norm: v(w) > c|wl|?.

Note as a preliminary trivial observation that all limit metrics ¥pom will
satisfy 1(z) > |w|?, and that the equality is achieved with ¢ = 0. Moreover
we already proved that ¥nem is 2-homogeneous and convex, so that it is a
Finsler metric. Following this observations, we conjectured that we could
approximate, via ['-convergence, any symmetric Finsler metric larger than
the Euclidean metric by a ¢nem defined as the homogenized of an oscillating
constraint problem. We prove that the answer is positive if m = 2. The case



m > 2, is more complicated because of the geometry of the level sets, but
can be, together with the vectorial case n > 1, a starting point for future
works.

We consider more in detail the approximation of two dimensional non-
degenerate Finsler metrics; the degenerate case, i.e., if there exists v € S,
s € R and C > 1 such that

c/ WPdtif (u(t),v) = s for all t
Flu) = Q\ | (u(t),v)
—+00

otherwise,

being dealt with by hand. As remarked above, in this case the desired ¢
will only have one non-empty connected level set. The construction of ¢ is
equivalued to the construction of this level set, which we may suppose to be
{z:p(x) =0}

By approximation we first reduce to a crystalline case; i.e., when the set
{w : P(w) < 1} is a polygon. If vq,...,uy € S! denote the directions of
the extremal points of this polygon, again by approximation we can suppose
that v; also are rational; i.e., there exist ¢; > 0 such that ¢;v; € Z2: look to
Figure [1] for example.

+V: +V:
B1(0)
+V: ~ +V,
+V;
+V; R
=V;
=Vs
-Vi
-V.
- +V:

Figure 1: The polygon {w : ¥(w) < 1}, with extremal points Vj in the
directions v;.

This allows to construct a periodic network composed of lines in the
directions v;, as Figure 2| shows.

By perturbing this network we obtain a periodic network of curves L, as
in Figure [3] such that the homogenization of the Dirichlet integral on the
curves satisfying the constraint u. € e£ gives ¥. The desired ¢ is then given
for example by ¢(x) = dist?(z, £).



V2

V1 Vs

Figure 2: The network with lines in the directions v;.

Figure 3: The network £ with perturbed lines in the directions v;.

The thesis is divided in four parts according to different problems treated.
The first part is dedicated to preliminary statements: in chapter [I] we in-
troduce some results of the general theory of homogenization of integral
functions, of I'-convergence and of convex analysis; in chapter [2] we describe
the structure of perforated domains with three examples of problems, that
are Dirichlet, Neumann homogeneous, section 2.2 and Fourier boundary
conditions, section

The second part concerns the asymptotics of eigenpairs for a Fourier
boundary condition problem, with the weight function g described above: we
define this problem in section then we consider an upper bound of first
eigenvalue \! in section hence, by meanings of I'-convergence theory, we
consider the Rayleigh quotient and its I'-limit in section finally we state
two important results about convergence of eigenvalues and eigenfunctions in

10



section [3.4] the first one exploits the properties of I'-convergence and Mosco
convergence, while the second uses a general result of spectral theory, known
as Visik lemma, that allows to study the rate of this convergence.

Homogenization of oscillating constraint problems is treated in chapter
: we start with the general cartesian case, in the hypothesis §/e — 0 and
d/e — ¢, respectively in section and then, in chapter |5( we consider
the case d/e — +oo, for the scalar case, n = 1 = m/, treating the existence
of the limit in the homogenization formula and the I-limit’s proof.

Chapter @ is dedicated to the density of R? oscillating constraint prob-
lems for curves in Finsler metrics: we prove the density result in the most
interesting case supj, =1 ¥(w) < 400, and we consider some examples.

11



Chapter 1

Homogenization of integral
functionals

We present some preliminary tools and fix the notation that we will use in
the next chapters. In section we recall the definition of I'-convergence
with its main properties, and we point out some property of convex functions
and sets; in section we will state some classic results about periodic and
almost periodic homogenization of integral functions.

1.1 Preliminary tools

The notion of I'-convergence, due to De Giorgi and Franzoni, |34], dates in
1975; it is a suitable type of convergence in the variational way, because it
satisfies the important property of preserving minima and minimizers, as we
will see in theorem [I.I.I] We will consider for its definition a metric space
(X, d). We refer to books as 19| or [33] for details.

Definition 1.1.1. Let fj : X = R, j € N, be a sequence of functions. We
say that f; T-converges to f : X — R, in the topology generated by the metric
d, writing

P(d)- lim f; = f,

j—+oo

if, for any © € X, we have

i) (P-liminf) for every sequence x; converging to x with respect the d-

topology
f(z) < HUminf f;(z;); (1.1)

j—00

) (I'-limsup) there exists a sequence {x;};, often called recovery se-
quence, converging to x, always i the d-topology, such that

f(z) > limsup f;(z;), (1.2)

j—00

12



or, equivalently
lim f;(z;) = f(z).
Jj—0o0
By the definition of I'-convergence we can obtain the following properties:

Proposition 1.1.1. Let f; : X — R I'-converge to f, then we have

i) f is d-lower semicontinuous (l.s.c. for short). This is a consequence

of (L.1).
i) For every increasing sequence of indices ji, f = I'(d)-limy fj, .

i) If g 1s a continuous function then

[(d)-lim fj+g=f+g.
j—00

w) If fj = F for any j € N, then f; I-converges to F, that is the lower
semicontinuous envelope of F, i.e.

F(z) =sup{g(x):glsc,g< f}.

We can state two further properties of the I'-limit: the first about com-
pactness in separable metric spaces

Property 1.1.1. Let (X,d) be a separable melric space and fj : X — R,
7 € N a sequence of function. Then there is an increasing sequence of indices
{jr}, such that I'(d)-limy, f;, exists.

The second is about the convergence for subsequence

Property 1.1.2. One has I'(d)-lim; f; = f if and only if for every subse-
quence { fj. } T'(d)-limy, f;, = f

This last property allow us to treat the convergence of a sequence de-
pending on a continuous parameter: let {f.}_., be a sequence of functions
depending on € € RT; then we say that

['(d)-lim f. = f
e—0
if, for any decreasing sequence {aj}jeN such that lim;_ .., €; = 0, we have

r(d)- lim f., = .

Jj—00

Finally we show the main property of the I'-limit: the convergence of
minima and minimizers.

13



Theorem 1.1.1. Let (X, d) be a metric space and f;, [ functionals from X
to R, and let z; be a minimizer for f;, i.e.

fj(xz;) = min f;(z).

zeX
If f; T'(d)-converges to f and x; LN xo € X, then
= i i(z;) = mi .
f(zo) JEEO [ (x]) ;%1)1(1 f(z)
In this last part of the section we want to recall some results about

convexity. Let us first consider the definition of a convex scalar function.

Definition 1.1.2. Consider the function f : R® — R; we say that f is
convex if

fltu+ (1= t)v) <tf(u) + (1 —1t)f(v),
for all u,v € R™ and t € (0,1) for which the right-hand side is defined.

Remark 1.1.1. Definition [1.1.9 can be extended to a convez linear combi-
nation: let \; € R, fori=1,...,m be such thaty ;" \; =1 and let x; € R"
be such that f(x;) is defined for i = 1,...,m; we say that f : R® — R is

conves if
f (Z Aﬂi) <> Nif(wi).
i=1

i=1

There are equivalent definitions of convexity: let us recall the epigraph
of a function f :R™ — R, that is the set

epi(f) ={(z,t) e R" xR : t > f(z)}.

Then the following theorem holds true, see [53], theorem 5.10 for the
proof:

Theorem 1.1.2. Consider the function f : R® — R. The following condi-
tions are equivalent

i) f is convex;
i) epi(f) is conver.
Now we recall two import properties of convex function:

Proposition 1.1.2. Let f : R" — (—o0,400] be a convezx function, then
Jensen’s inequality holds:

for any finite positive measure p on Q CR™ and u € LL(Q)
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Proposition 1.1.3. Let consider p > 1 and f : R® — R a convex function
such that, for all u € R"

[f (w)] < (1 [uf?).

Then f is locally Lipschitz continuous, i.e. there exists a constant ¢ > 0 such
that for any x1, 1o € R™

|f(z1) — flxa)| < e(1 + |z1|P~" + [m2P~) |21 — 32).

We will also use the convex hull of a function, also known as convex
envelope, that is the largest convex minorant:

()™ (z) = sup{g(x) : g convex and l.s.c.,g < [},

and the convex envelope of a set A € R”| that is the smallest convex set con-
taining A; it can be proved that it is the set of all finite convex combination
of elements in A:

n n

co(A) = {Z)‘ixi’ A =0, Z/\i =l,z;€A,i=1,...,n,n¢€ N}
i=1 i=1

Finally we recall the Caratheodory theorem for convex sets:

Theorem 1.1.3. Let consider the set A C R™. Then for any x € co(A) there
exist n + 1 wvectors in A, x1,...,Tpt1, Such that z is a conver combination
of these vectors, i.e.

n+1 n+1
x:Z)\ixi, Z)\i:L xr; € A.
=1 =1

1.2 Periodic and almost periodic homogenization

We want to consider homogenization of integral functions, i.e. functions of
the type

Fu(u) = /Q 7 (% V(@) d,

with f satisfying a periodicity (almost periodicity) and a standard growth
condition.

Let f:Q CR"™x M™™ — [0,400) be a Borel function; we say that f
satisfies a standard p-growth condition if there exist 1 < p < 400, a, 5 € R
such that

alglP < flx,§) < B+ [E]7). (1.3)

Hence we can consider the class of integral functions F(a«, 3, p) defined
as
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Definition 1.2.1. Let consider o, 8 > 0 and 1 < p < 4o00. We say that
F o WHP(Q;R™) x A(Q) — [0,+00) belongs to F(a, B,p) if there exists a
Borel function f: R™ x M™ "™ — [0, +00) salisfying the p-growth condition
, such that
FluA) = [ (. Va()ds,
A

for u € WHP(Q;R™) and A € A(Q) that is the family of open subsets of §).

We will also consider the periodicity condition: f(-,€) is 1-periodic for
all £ € M™m>"m:
fl@+e,8) = fz,€), (1.4)

forallz e R", £ € M™* " andi=1,...,n.
In order to consider I'-convergence of F;, there are two important issues
to be treated:

i) is the I'-limit an integral type function? More precisely, we ask if can
we find a function ¢ : @ x M™*™ — [0, +00) such that

I-lim F(ue) = F(u) = / o(x, Vu(z))dz;
e—0 0
ii) if such a @ exists, is it possible to have an explicit formula independent
of € to compute it?

Our assumptions on f ensure a positive answer to both the questions:

Theorem 1.2.1. Let f : R" x M™*™ — [0,4+00) be a Borel function sat-

isfying the periodicity condition and the p-growth condition , for
1<p<+oo. If Q2 CR"” is a bounded open set and we consider the integral
function

Fu(u) = /Q 7 (% V(@) d,

for u € WHP(Q;R™), then

T(L7)-lim Fi(u) = /Q From(Vuu(z))d,

e—0

for all u € WIP(Q; R™), where from : M™*™ — [0, +00) satisfies the asymp-
totic homogenization formula:

from(§) = lim in inf {/ flz, &+ Vu(z))dr :u e W&vp((O,T)n;]Rm)} 7
T (07T)'n

T—~+o00
(1.5)

for any & € M™X™.

16



The proof of this important result, that can be found in [19] chapter 14,
for example, goes through four fundamental steps:

Step 1. using the p-growth condition, one shows that the I'-limit of a integral
function F; admits an integral representation;

Step 2. one proves that the density of the I'-limit, i.e. the function ¢ of question
i) does not depend on the variable x € R";

Step 3. using the periodicity of problem’s structure, the existence of the limit
in (1.5)) is considered;

Step 4. finally the two inequalities (1.1) and (1.2)) are proved.

Theorem [1.2.1] can be generalized to function f non periodic. Let us
consider the following

Definition 1.2.2. Let (X, ||||) be a complex Banach space. We say that a
measurable function u : R™ — X is uniformly almost periodic (u.a.p. for

short), if it is the uniform limit of a sequence of trigonometric polynomials
on X:

ln [ 24() = w()oe = 0,

for suitable
Z xk (A} ,y

withx?EX, )\?ER” and r* € N,

For these type of density functions the following homogenization theorem
holds true, see [19], for example, for the proof:

Theorem 1.2.2. Let p > 1 and f : R™ x R™ x M™*™ — R satisfy the
following conditions

i)
al§lP < f(z,5,8) < B+ ), (1.6)
for any (z,s,£) € R" x R™ x M™*™ and for suitable o, 3 > 0;

it) f is uniformly almost periodic in the first two variables (x,s) € R™ x
R™.

Then there exists a function from : M™™ — R such that for every
bounded open subset 2 of R™ and every u € WHP(;R™) the following limit
exists

I'(LP)-lim Qf(i,u(j),Vu(x)> da::/thom(Vu(a:))da:,

e—0
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and the function from ts defined by the asymptotic homogenization formula

from(€) = lim inf {1 /( o f(x,u(z) + €z, Vu(z) + €)dz

T—+o00 TN (1_7)

ue Wh((0,7);R™)},

for any & € M™*™.
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Chapter 2

Homogenization in periodically
perforated domains

In this preliminary chapter we will give the reader a brief overview on the
theory of homogenization in perforated domains, presenting the standard
methods in section two classical examples in section and a particular
problem in section that will be our starting point for the one treated in
chapter [3]

The literature on this topic is very large and for this presentation we
refer to works as [4], [28], [31], [49].

2.1 Introduction and problem setup

Homogenization theory is a very important mathematical method that allows
to treat a lot of problems, where the structures considered are too compli-
cated from the numerical point of view, but they can be well approximated
by a homogenized one. It was born in the late 70s, thanks to the contribu-
tion of works by Tartar, Murat, Spagnolo, Sanchez Palencia and others. The
reader can refer to [52] for a good and interesting introduction, also from the
historical point of view, on Homogenization theory.

In this work and in particular in this chapter we want to consider ho-
mogenization of perforated domains, that is strictly related to the study of
P.D.Es. defined on particular domains with a large number of small holes:
this means that boundary conditions on such a domain, i.e. on the bound-
ary of these holes, make the problem completely unable to be treated with
numerical methods.

From the physical point of view homogenization theory plays a funda-
mental role. To understand better we can consider as an example a composite
material, which occupies an open bounded set 2 C R3, made of two different
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materials A and B with two conductivity coefficients A4, and Ap:

\ = Ag xz€A
" |A\g z€B.

We can consider the temperature as a function u(z) at a point x € Q.
Suppose that the portion of type B is a union of small insulating inclusions,
compared to the dimension of the sample, periodically distributed inside (2
and its conductivity is zero. This means that u will satisfy an equation such
as

—div(AVu) =G z €A
u=f x € 0N
u-n=>0 x € 0B

where f is the fixed temperature in the boundary of the material, n is the
unite external norm in the boundary of the inclusions B, so that the third
condition means that the holes are completely isolated.

Here it is clear that, the more the number of holes growths, the more it
will be difficult to treat the equation numerically.

The aim of homogenization is to replace such a microscopically compli-
cated structure with a macroscopic homogeneous one, which approximate
the behavior of the original material. This means, from the mathematical
point of view, that one has to introduce a small parameter ¢, which is, for
example, the size of holes, and formulate the problem in a perforated domain
Qc, then, with homogenization theory, one has to studied the problem as e
tends to zero.

Let us start with the definition of a periodically perforated set. We
consider the sets @ = [0,1)¢ and E C R? which is Q-periodic, open and
connected, with Lipschitz boundary ¥ = 0F. We define the complement of
E, B = R%\ E, that represents the holes. At this point we have to distinguish
two different cases: the first one is obtained assuming ) N E connected,
QN B € Q, so that B consists of disjoint components; the second, that is
more general, avoids this hypothesis.

The first case is classical and it has been treated since 1977, by Tartar,
Murat, Sanchez Palencia and other authors. The hypothesis on the con-
nectedness of the perforated cell, allows us to use classic extension results
for Sobolev spaces on regular open sets, see theorem [2.1.1] but it avoids to
treat many interesting situations, as the one in figure , or in R? the one
in figure 2.2

The second and more general case can be considered in a different way:
in the work by Acerbi et al. |1] (1992), the authors show the existence of
an extension operator, without the assumption on the connectedness of the
perforated cell, so that this hypothesis can be avoided.
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Figure 2.1: Non connected periodicity cell.

Figure 2.2: Non connected periodicity cell in R3.

To simplify our presentation, in the sequel we will assume that Q@ N E is
connected and QNB € @, remembering that this hypothesis is not necessary.
So we denote by Y = QNE the periodicity perforated cell and X° = QNdB =
@ N3, the boundary of the hole.

Y B

il

0./ \ E

Figure 2.3: Admissible perforated cell.

For every i € Z¢ and for fixed ¢ > 0, we denote Y = ¢(i +Y), XL =
eXNYZ and Bl = eB N Y., that are respectively the periodicity cells, the
boundary of the holes, and the holes themselves. Given a bounded open set
Q) c R?, with Lipschitz boundary 0, our perforated domain is

Q. =\ |J B, Iaz{iEZd:Y;CQ}. (2.1)

1€l
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By the hypothesis on the connectedness of @Q N E, we can assume that
Q). is still connected; by definition of I. we get that the holes don’t intersect
092; we have

00, =0QU%., %.=J3L
i€l
This last assumption can be avoided, using a different extension operator,
as we will see in the sequel.
In this setting we want to consider elliptic P.D.Es, with Dirichlet bound-
ary condition on the external boundary of €2, so that it is natural to defined
the following space

H, = Hj(Q:;09) = {u. € H' () : u. =0€0Q}, (2.2)
that is a Hilbert space equipped with the norm

luellZ, = /Q Ve () .

The main difficulty about solving problems on perforated domains is due
to the fact that this particular norm strongly depends on ¢, in particular there
is no any inclusion relation between H. and H,./, so that a priori estimates
independent of ¢, that we need to apply Lax-Milgram theorem, for example,
can’t be obtained. A natural and classical way to solve this issue is to defined
a suitable continuos extension operator, that allows to consider u. defined
in H'(Q) and to get, by continuity, a priori estimate in the whole Q, in
order to pass to the limit as ¢ — 0. In other words, as we will see in our
problem in section [3.3] we will define the problem in a variational way, i.e.
as a minimum of a functional, and we will study its gamma limit.

Let us consider the first method and define the extension operator. The
idea, due to Tartar (1977, 1978), is to define an extension on the periodicity
cell Y and repeat it in the whole .

Theorem 2.1.1. Let Q. C R? be an admissible periodically perforated do-
main as i our setting, i.e.

i) the set of the holes B is a smooth open set with C? boundary;

i) the perforated cell Y is locally on one side of the hole of B, so that sets
like the one in figure are not admissible;

i11) the holes does not intersect the boundary of Y;
i) the holes does not intersect the boundary of Q;

Then for every e > 0, there exists a linear and continuous extension operator
T. : HY(Q.) — HY(Q) such that, for any u € H*(Q.)
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i) Teue = ue in Qe
i) (| Teve | gy < clluellm(a.),
where the constant ¢ > 0 depends on Y, but is independent of ¢.

Proof. Consider u € H'(Y'), in the perforated cell: by hypothesis 7) and i),
Y has a regular boundary, then, there exists an extension operator

P:HY YY) H (Y UB),
such that

[ Pullz2(yup) < Cllullz2vy,

| Pull g yusy < Cllull gy

This is a classical result on extension in Sobolev spaces, see for example
[21], theorem IX.7. Consider now a function u € H'(Y); we have

U = MY(U) + 7/)7
with .
My (u) = m/yu(x)dx

Being ¥ with zero mean value, we can apply Poincaré-Wirtinger inequal-
ity:
19l vy < OVl L2y,
and, being Vu = V1), one has

I1PY| mvusy < CllYllmoy < OVl 2y = C'lIVaull 2y

Now define Tu = My (u) + P, hence

ITull i vusy < 1P vusy < OVl 2y < Cllull gy
Consider now a function u. € H'(€.), by the periodicity of the domain
we have
/Q RENREES Z/ ' lue (x)|?dx
e Vi

S
and the same holds true for Vu.. Note that the number of the cells in Q is
1 —al€

£

N. = .
A Y|

Therefore we can take u. € H(.); for any = € €. there exists i € I.
such that = e(i+y), with y € Y. Hence define u. () = u-(e(k+y)) that
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belongs to H'(Y), for any = € Q. such that x = e(k +y). For any i € I! we
can extend u.; as in the previous part, and, defining

TEUE:Tua7i <x_€l>’ ng(i+y)€Qvi€Zd,

g
we get
el
| Tettell 1y = Z/ VTu? < Ce d‘ly\‘/yyg 9o () ey =
i€l
=0t [ Vu@)Par = ¢ [ 9un)Pay < el o,

O

Remark 2.1.1. [t is possible to relaz hypothesis iv) and get the existence of
an extension operator not in the whole 2, but in a retracted domain. Lel us
define the set

Q(k) = {z € Q: dist(z,00) > k} .

The following result holds true

Theorem 2.1.2. Let Q. C R? be a periodic perforated domain satisfying
hypothesis i), ii) and iii) of theorem|2.1.1. There exists an extension operator
T.: H (Q.) — H} (Q) and two constants k, C, such that

loc
/ ‘VTeue‘Q < CHUEHHl(Qs)’
Q(ke)

for every u. € HY(.), with constants k and C independent of .

Hence, if holes intersect the boundary of ), we can’t construct an exten-
ston operator in the whole Q, but, being k independent of €, in many situation
it is enough to get similar result than the case of Q satisfying iv). A proof

of theorem [2.1.9 can be found in [1].

2.2 Dirichlet and Neumann spectral problems in
perforated domains

In this section we will show some example of homogenization in perforated
domains. Proves of next results and more details can be found in [54].

By elliptic spectral problem in a perforated domain we mean to find
eigenpairs (A, uc) satisfying the following equation

—div(as(z)Vue) = Aeue  x € ). (2.3)
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Here we assume classical hypothesis on the matrix a®(z) = a(x/¢): a(y)
is a d x d positive and symmetric matrix satisfying the uniform ellipticity

condition
d

> ai(W)&é = alél, EeRY, (24)

,j=1

for some @ > 0. Moreover coefficients a; ;(y) are in L>(R?) and Q-periodic.

In order to get a well posed problem, we need to defined boundary con-
ditions; in this section we will consider two examples of spectral problems:
the Dirichlet problem

—div(as(x)Vue(z)) = )\EDUE(JU), T € (), (2.5)

uf(x) =0, x € 0f;, '
and the homogeneous Neumann one

—div(a(z)Vue(z)) = NWu(z), =e€Q.,

0c(2)Vue (@) - . =0, res,, (2.6)

us(z) = 0, x € 0N.

Remark 2.2.1. Observe that, by ellipticity condition , we can study
simpler problems where the matriz a" (x) = 6;j: estimates obtained in this

particular case, can be generalized to problems (m and (2.6 (-) using (-)

Hence in the sequel we will consider for simplicity the following problems:

{ Aug(z) = Nu(z), = e, 2.7)
uf(z) =0, T € 0N,

—Aug(x) = )\évua(x), x € Q,

as(x)Vues(z) -n. =0, z€X, (2.8)

ue(z) =0, x € 0f.

Remark 2.2.2. We have to choose two different perforated domains, because
of the boundary conditions that we assume: in the Dirichlet problem
we set Q. = Q\ U,z B, while in the Neumann problem we take
Qe = N\Uier B, as in equation . The difference is that in the Dirichlet
case we allow the holes to intersect the boundary of C); in the Neumann one
we “fill” the holes that intersect 0K, so that we have QN X, = ().

We can state the respective weak formulation, that is to find AP € C and
ue. € H} () such that

Vu:Vodr = )\ED/ uspdr, @ € Hg(Q) (2.9)
Qe Qe
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for the Dirichlet problem, and AY € C, u. € H. such that

VuVodr = )\év/ uspdr, ¢ € H. (2.10)
Qe Qe

for the homogeneous Neumann one. Here the space H. is the one defined in
and H{ () = {u € H'(Q:),u(z) =0,z € 9Q.}. By classical spectral
theory, we have that, for a fixed € > 0, the spectrum of these two problem
is a sequence of real eigenvalues tending to infinity:

0< AP NP < NPT oo,

0 <AV <A2N < AN oo,

D

- and

moreover, for such eigenvalues, there exist associated eigenfuntions u

ul respectively.

The aim of homogenization is to study the behavior of these solutions
(AP u.) and (AN, u.) as € — 0. Let us first consider the Dirichlet boundary
conditions and defined the following cell problem:

—Ax=Xx =x€Y
X =0 0B (2.11)
X € Hpe,(Y)

and its weak formulation

/vazA/ o, e HL (V).
Y Y

It is known by spectral theory that the first eigenvalue of problem ([2.11])
is simple and the corresponding eigenfunction has a constant sign in Y. Then
we can choose the one with positive sign, for example, and extend it by zero
in the interior of the hole B, naming again x. If we consider . defined from
x periodically, we have

(2.12)

—Axe=¢c Ay €
xe =0 x € 08.

Before stating the homogenization result we have to define another aux-
iliary problem: let us consider the weighted Sobolev space

HY = {u € D'(Q:) : uxe € L*(Q:), Vuxe € L*(Q:),u = 00n90} ;
with . defined by problem (2.12). Hence the following problem is well define

/Q (Xg)QVUng = ,U«e/ﬂ (Xa)ZuaSpy Ue, P € Hg? (2-13)

and it admits a sequence of positive eingevalues ug tending to infinity. Hence
the following homogenization result holds true
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Theorem 2.2.1. Let \1'P be the first eigenvalue of problem and \bP
the first eigenvalue of the cell problem ; then one has

1
AP = AP i+ ofe),

where [ is the first eigenvalue of problem ,

Remark 2.2.3. Theorem is formulated only on the first eigenvalue of
Dirichlet problem, but it can be generalized to any N\ of problem , and
the resull is still true:

€

. 1 .

D 1,D
AP = 6—2)\ o pl 4 o(e).
Here it is clear that, for Dirichlet boundary conditions, eigenvalues are not
bounded as € — 0.

For the Neumann problem the result is much different and it involves
eigenfunctions too. We consider the homogenized problem

—Au=|Y|\ Q
u=1Y| \u =xz€ (2.14)
u # 0,
wich comes form the cell problem
—Ax =1Y|A Y
Xl\ A 7€ (2.15)
X € Hye, (Y),

Then we have

Theorem 2.2.2. Let (/\év’j,uév’j) be the sequence of eigenpairs of problem

(@. Hence
i)

)\é\/:] — )\N7.77
e—0

with AN eigenvalues of the homogenized problem ;

i1) Up to subsequence we have

TguéV’J s N
e—0

weakly in H'(Q), where u™N"J are eigenfunctions associated to AV
i) if AN is simple, for any u™N etgenfunction associated to AV there

. . . N . N,j
exists a sequence of eigenfuntions uz ¥ corresponding to Az ¥ of problem

2.14)), such that 4 A
Teuévﬂ oy N
weakly in H*(Q).

Here T, is the extension operator described in theorem |2.1.1)
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2.3 A Fourier boundary condition problem

In this section we present a result due to Chiado-Piat, Pankratova and Pi-
atniski [27] on a particular Fourier problem. The setting of the perforated
domain (2. is the one described in section and we consider the following
problem

—div(a®(z)Vu(x)) = Nu(x), x€ Qe
at(z)Vus(x) - ne = —q(z)u®(z), z € X, (2.16)
uf(z) =0, x € 09,

with a®(z) = a(z/e), where a(y) is a d x d matrix; n. is the outward unit
normal at the boundary ¥., and - denotes the usual scalar product in R%.
We will assume the following hypothesis:

(H1) a(y) is a real symmetric matrix satisfying the uniform ellipticity con-
dition

d
Z aij(9)&& = al€)?, € e RY,
ij=1

for some a > 0.
(H2) The coefficients a; ;(y) are in L>°(R?) and Q-periodic.

(H3) The function ¢ € C%(Q) is strictly positive and it realizes its only global
minimum in zg € €
q(x) = q(zp) > 0.

(H4) The Hessian matrix 9%q/0x? evaluated in the minimum point is posi-
tive definite.

Under assumption (H3) it occurs a localization phenomenon of the eigen-
functions: for any j € N, the j-th eigenfunction of problem is asymp-
totically localized, as € — 0, in a neighborhood of xg; in other words the
properly normalized principal eigenfunction converges to a d-function sup-
ported at xg, as € tends to 0.

In order to study homogenization, let us first consider the weak formu-
lation of problem , that is find A € C and u. € H., u. # 0, such
that

/ aEVu6Vvdx+/ quevda—)\g/ usvdr, v € H. (2.17)
QS £ QE

Hence we can define any eigenvalues of problem (2.16]) by Rayleigh quo-
tient:

M = min {/ ac|Vue |*dx +/ quido, u. € HY,|juc||m. = 1} , (2.18)
€ ZE
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with HI = {ve €H.:(ulv)=0,i=1,...,5— 1}, for ul eigenfunctions
associated to AL.

Remark 2.3.1. Using variational formulation of eigenvalues, we can com-
pare them with eigenvalues of other problems, such as Dirichlet or Neumann.

Consider the min-max principle for problem and .'

AP = max {min {/ ae|Vue *da, ue € Hy? (), lluel 3. = 1}} ’

dimHy7 =j

where Hé’j(Qe) is a subspace of H}(Q:);

MY = max {min{/ as|Vue|?dz, ue € HN |lu||g. = 1}}

dimHIN =;

with Hg’N subspace of H..
Now, being H}(Q:) C H., we simply get

A< AP,
and, on the other hand, being ¢ > 0, one has

o
PSS

Therefore, using theorems|2.2.1 and |2.2.9 we have

DY Vi
and )
A< GNP+ +ole),
so that we get a lower bound, but we don’t have a suitable estimate from
above.
Consider now
29| 2]
p(x) = S7a(@), Q)= "T7H(q),
Y| Y]

with H(q) the Hessian matrix of ¢ in z = z9. We can assume, being the
problem invariant under translation, that ¢ = 0. We define the rescaled
problem in the domain

Qa = 871/4967 25 = 871/4267

that is
—div(as(z)Vve(2)) — p(\/%)va(z) = peve(z) z€ Qg)
0o (2)V0.(2) - me = —q(Vizyo () ze S, (2.19)
ve(2) =0 2 e e 1490,
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with

z 0

ve(z) = u5(51/4z), ac(2) = ae (T/‘l) . e =07 </\€ _ Pl )> .
€ €

For the rescaled problem we have the following homogenized form:

— div(ad, V) + (2T Q2)v = wv, v € L*(RY), (2.20)

N

where a;

is the homogenized matrix of the Neumann problem:

1
R = 57 /Y a(w)l€ + VN 2dy,

and N is the vector of solutions of the cell problem, as in (2.11]).
Hence we can state the following homogenization result, see [27],

Theorem 2.3.1. Consider problem and let conditions (H1) — H(4)
be satisfied. Naming (XL, ul) the j-th eigenpair of pmblem we have
_ 1= Mo (T
M= e+ S @)= (7).

Moreover, for (,ug,vg), the eigenpairs of the rescaled problem , one
has
i)
iy
e =7 H

with 1/ j-th eigenvalue of the homogenized problem .

i) if 7 is simple, then, there exists eq such that, for e < g, ug 1S S1m-
ple too, and we get the convergence of the corresponding normalized
etgenfunction, extended in the whole 2:

Tev: v
strongly in L?(12).

Finally we present the localization effect for the first eigenfunction: let
us consider the following definition

Definition 2.3.1. The family {we(z)}.oq, with c1 < [|wellp2.) < c2, is
concentrated at xg, as € — 0, if for any § > 0, there exists eg > 0 such that

/ lw.|? <6, Ve < ep.
Qe\Bs(z0)

Therefore

Lemma 2.3.1. The first eigenfunction ul of problem s concentrated
in xo, the minimum point of q(x).

In next chapter, starting from this problem, we will modify the function
q, allowing it to be zero and expanding the minimum zone, from a point xg
to a compact set K C Q.
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Chapter 3

Asymptotics of eigenpairs for
an elliptic spectral problem in
a perforated domain

In this chapter we will consider an elliptic spectral problem in a perforated
domain, with Fourier boundary conditions imposed on the boundary of per-
foration. The presence of a different function ¢ in the boundary operator,
will change result obtained in [27], see section [2.3} namely the localization
effect will be still satisfied, in the sense that our solutions of the homoge-
nized problem will be concentrated in the compact set K, where q is zero.
Moreover we will not need to use the rescaled problem: we will directly get
the convergence of eigenpairs.

Here we use a slightly different method from the one explained in chapter
2t we will define eigenvalues as minima of Rayleigh quotient and, in section
-3 we will study the I'-convergence of the respective defined functional.
Finally, in section [3.4] we present the convergence of eigenspaces in the sense
of Mosco and the rate of convergence of eigenpairs, using Visik lemma.

3.1 Problem statement

Let €. be a perforated domain as defined in section [2.1} we consider the
following spectral problem

—div(as(2)Vue(x)) = Aeus(x), x € Qe
ac(2)Vue(z) - ne = —q(z)us(x), =€ X, (3.1)
ue(z) =0, x € 0.

Here a.(z) = a(z/e), where a(y) is a d x d matrix; n. is the outward unit

normal at the boundary ¥., and - denotes the usual scalar product in R%.
We will state the following hypothesis:

31



(H1) a(y) is a real symmetric matrix satisfying the uniform ellipticity con-
dition J

Z ng@)f@fg 2 a‘§’27 é. € Rd7

1,j=1

for some o > 0.
(H2) The coefficients a;;(y) are in L°°(R?) and Q-periodic.
(H3) The function ¢(z) is defined as

0, €K,
q(x) =
1, z€Q\K,

where K €  is a compact subset of €, with non empty interior A = K
and Lipschitz boundary.

We can consider the weak formulation of problem (3.1)), that is to find
Ae € C (eigenvalues) and u. € H,, u. # 0 (eigenfunctions), such that

/ a:(x)Vug - Vv d:l:+/ q(z)ucvdo = /\5/ uvdr, ve HI(Q) (3.2)
Qe

where
H. = Hj(Q:,09) = {ue€ H(Q:): u=0on 00}
is a Hilbert space, equipped with the scalar product

(u,v) . —/ VuVudz.
Qe

For this spectral problem we have the following classical result:

Theorem 3.1.1. For any € > 0, the spectrum of problem 1s real and
consists of a countable set of values

0< A <A< <A+ 0.

&g
J
Every eigenvalue has a finite multiplicity. The corresponding eigenfunctions
normalized by
/ utul de = 8y,
Qe

form a orthonormal basis in 1L2(€).). Furthermore \! is simple.

The proof of this proposition will be given in Section
Under hypothesis (H1), (H2), (H3), we want to study the asymptotic
behavior of eigenpairs (Az, ue), as € — 0.
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3.2 The upper bound

In this section we prove that the first eingenvalue Aj of problem is
uniformly bounded with respect to € > 0.

Let us start with a simpler case, where we consider the matrix a; ;(y) =
i, so that we deal with the spectrum of the the Laplacian operator. We
may easily generalize the results to our problem , using the ellipticity
condition and boundedness of a(y). So we can consider the first eigenpair
(AL, ul) of problem

—Auf(x) = Xu(x), x € €,
Vui(x) - ne = —q(x)u(z), =€ X, (3.3)
uf(z) =0, x € 01,

that is, in the weak formulation, find \. € C (eigenvalues) and u. € H.,
ue # 0, such that

/ Vue - Vodx +/ q(x)usvdo = )\5/ usvdr, ve He. (3.4)

Lemma 3.2.1. For the first eigenvalue of the problem , as € — 0, we
have the following inequality

limsup A\l < AL, (3.5)

e—0

where ! is the first eigenvalue of the Laplace operator on the set A = K,
with homogenous Dirichlet condition on JA:

M= inf JalVul® (3.6)
weHy(A) [qlul?
Proof. By the Rayleigh equation we have
Vu(z)2dx + 2)|u(z)|*do
N o i do V@ fs o)) o

uEH, st lu(z)|?

Let u be a normalized solution of the minimum problem (3.6)) on the set
A:

\v4 2
LIy [P =1, wem), u=omoa
Sg lul? A

We can extend u in HE(Q) by

u(z) ze€A
0 z e N\ A
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Now define the function
U
U = 77—, U € H..
lullL2 (0.

Since, as € — 0, one has xq. =" |Y|xq, in L>- weak™®, where |Y| is the
d-dimensional measure of the perforated cell Y, we have that

sy = | 1= [ ixa, ¥l [ =11 [ =y

We can use u. as a test function in the functional (3.7)), remembering
that ug is equal 0 out of the set A, getting

N an |Vu(z)|?dx + fz x)|us(z)2dx _
= Jo, lus(z )\2

1 2
Jo. Vue(@)dz + [5 |\ g lue(@)Pde TulZ, Jo. [Vu(z)[*dz

2
fQE [ue()| I\UHLz Q. HUHLQ(Q )
Since 2 2
Jo IVu(z)*xq.dz Y] [ IVu(z)|*dx _
HUH]LQ(QE) e—0 ‘Y‘ y
then we get the thesis. O

It is easy to show a different upper bound, that is greater that A\; and
it depends on e, which requires to introduce the spectral problem for the
Laplace operator in the perforated set A. = AN Q.. Let us set

pi(A) = inf {/ Vul|? : u € H&(Ag),/ lu|? = 1}. (3.8)
Ac Ae
Lemma 3.2.2. For any ¢ > 0, the following inequality holds
AL < pk(A).

Proof. By the definition (3.8)) of ul(A), for any 7 > 0 and & > 0, there exists
a function u., € H}(A:), with Ja |ue > = 1, such that

/ Vuten[? < jH(A) + 1.

€

Let us set

Uep(r) €A
Ve =
0 reQ\ A
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Hence v., € H, and then, by equation (3.7)),

)‘; < / |VU€,77
Qe

By arbitrariness of 7 it follows that

2 / Vute[? < j(A) + 1.
ANQ.

Ae < Hg-

Finally note that, by definition, the following inclusion holds true

{ueHol(As),/Ams uf? = 1} c {ueﬂg(m,/AyuP - 1}

therefore
pe(A) = A

3.3 An approach by I'-convergence

In this section we will consider the first eigenvalue of problem (3.4) as the
minimum of a functional, depending on the small parameter €, and we will

discuss the I'-convergence of this functional as ¢ — 0. Let us define
F.:1L2(Q) — [0, +00], with

/ |Vu2+/ \u|2 u € HE(Qe;09),
Fe(u) = q Ja. Se\K

+o00 otherwise.

We have that

Jo. [Vu(@)Pdz + [ q(z)|u(z)|*dz

A = inf —
uwEH, st lu(z)[?
inf |Vu(:n)|2dx+/ q(x)|u(z)|?*de = inf  Fo(u).
uGHS, Qo B u€L?(Q),
fng ul*=1 fQE lul>=1

Now consider the set X, = {u € L?(Q) : Jo. lu|? = Hu”ig(ga) =1}, and

the function

o wex.nrxw),
m(u)—{m we Q) X..

Hence
AL = f F = f |[F, + 1
e, T2 =l ) + L )
fﬂa |ul?2=1
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Remark 3.3.1. Observe that a natural limit of the constraint X, ase — 0,
is the set X = {u € L*(Q) : [o|ul> = 1/|Y|}. Infact, if Xo > ue — u in

L?(Q), then
1= / e = / uePxa, — |V / uf?
Qs 9] e—0 [¢)

so that we get the condition [, |ul* =1/]Y].
Now we can prove the following preliminary result:

Lemma 3.3.1. If the functional F., defined in , I'-converges in the
strong L*(Q) topology to a functional F, then we have

I-lim (F. +1Ix.)=F + Ix,
e—0

in the same topology, with Ix defined as Ix_:

0 u € X,
Lx(w) = {—I—oo we LX)\ X,

Proof. Let us define the functionals F, = F, + Ix, and F = F + Ix. We
will consider the two conditions (1.1)) and (1.2)) of I'-convergence separately.

i) We have to show that for every sequence u. converging to wu, in the
strong topology of L?(£2), one has

F(u) < liminf F.(ue). (3.10)

e—0
First of all we can suppose, possibly passing to a subsequence, that ex-
ists the lim F. (us) < 400, otherwise our inequality (3.10) is trivial. By
the definition and finiteness of F, we get u. € X,, that is an luc|?> =1

and F.(us) = Fe(ue). By hypothesis we know that F. I'-converges to
F, then F(u) < lim F(u.) < 400.

We have

[l = [ el [l =1+ [ P
Q Q. O\Q. Q

Now, by the weak* convergence xg\o. —* 1— Y| and the strong L*()
convergence u: — u, one has

/ru|2<—/ |ua|2—>1+<1—\Y>/ uf?,
Q e—0 Q e—0 Q

1
‘Y:/Q|u|2 = UEX,
36
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i)

so that
F(u) = F(u) < lim Fy(u:) = lim Fe(ue).
e—0 e—0
We will prove that, for every u € H., there exists a sequence u,
converging to u in L2(£2), such that

F(u) = limsup Fe(ug).

e—0

As before we can suppose that F(u) < +oo, i.e. u € X, that is
Jo lul* = 1/|Y], and F(u) = F(u) < +oo. By hypothesis one has
I-lim.,9 F. = F, hence there exists a sequence v., converging in
L2(2) to u, such that

F(u) = lim F.(v;).

e—0
Now define the sequence us = v /||ve|[L2(q.)-We have

B Ve L2(2) U
fQ‘UE‘QXQs ‘Y’fQ‘UP

Ug = U.

Observe that, by construction, Hugﬂig(g ) = 1, that is u. € X, and,
by I'-convergence, one has

1 1
lim F, = lim —=F, = —————F(u).
i Fele) = I o ) = oy g
Therefore, being u € X,
F(u
Fe(ue) = F(ue) (u) = F(u).

=0 Y] fo [ul?

O

Thanks to Lemma we can consider the I'-convergence of F. only,

ignoring the oscillating constraint Ix_. In order to do this, we will follow
the procedure used in [1]. In our case it will be simpler, because, by our

hypothesis on the perforated domain, the holes don’t intercect the boundary
of Q:

0NNy, =0.

Remark 3.3.2. It is well known, see section [2.1] theorem that, under

the present assumptions on ¢, for every € > 0, there exists a linear and

continuous extension operator T : HY(Q.) — HY(Q) such that, for any
u € HY(Q)

i

Toue = ue in €,
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i) || Teue| o) < clluellmo.).,
where the constant ¢ > 0 depends on Y, but is independent of €.

We will use the following lemma.

Lemma 3.3.2. Let QF = (Q\ K)\ {U;B: : Y2 C (Q\ K)}, where K = A
and A is, by our hypothesis, a non empty open set A € Q with Lipschitz
boundary. Let XK = {U0B! : Y C (Q\ K)}, so that 0QK = 00 UOK UXK.
Hence there exists two constants ¢ = c¢(K), independent of €, and 9 > 0
such that for any € < g9 and w € H(Q;09Q)

C/ ]w\zda:—/ lw[2do
e Jox St

where C* = 1oy

< ¢(K) /QK |Vw|?, (3.11)

Proof. We proceed as in proof of lemma (4.1) in [27]. Let x € H.,.(Y) the

per
solution of
—divyx(y) =C* yeY

x(y) -n=-1 y € Xy
x € H (V).

per

Then consider its periodic extension over the whole €2, and the rescaled
function ex(z/e): one has

—e divgx(z/e) = C*.

Multiplying by w?, for any w € H., and integrating over QX we get

—5/05 divx(z/e)w?(z)de = C*/Q w?(w);

K
€

integrating by part we have

8/95 (/) (w?)dz — 5/25 (x/€) - nuwtdo = c*/Q wda+

K
€

+€/ x(x/e) - nwdo.
oK

Now, being x € L>(€2), and x(z/¢) -n = —1 in ¥, one has

‘C w2dx—/ w?do| < ||x||pe </ \V(w2)|dx+/ |w2|da>
QK DK QK oK

€
Finally note that, by Cauchy-Schwarz and Poincaré inequalities,

/ |V (w?)|dz <2/ |lwVw|dz <c’(K)/ |Vwl|?,
oF oF oF
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and, by trace inequality,

/ wzéc”(K)/ |Vw|?.
0K QK

C*
— wdx — w?do
€ JoK K

Before considering the T'-limit of F.(u), we can prove the following useful
compactness property:

Therefore

<C(K)/ \Vw]2.
Qk

O]

Lemma 3.3.3. Let u. € L?(€).) be a sequence such that F.(u:) < ¢ Ve >0,
then, up to subsequence,

a) Teue — u € HE(Q) strongly in L*(Q) and weakly in H'(2);
b) u=0in Q\ K;

c) If st |ue — uo|> = 0, as € — 0, with ug € L?(Q), then u = ug L?(Q)-
almost everywhere and the convergence a) holds for the whole sequence
Toue.

Proof. By the equiboundedness of the functional F.(u.) < ¢, it follows that
us € H. and an |Vu:|? < e. By the extension property of €. in remark
3.3.2, we have that T.u. € H}(Q) and

/ |VTue)? < cl/ |Vue|? < ca.
Q Qe

Hence, up to subsequence, there exists a function u € H{(),such that a)
holds.

To prove b) remember that also fzg{ luc|? < ¢, then, by in Lemma
[3.3.2 it follows that, for any € > 0,

/ lu|* < ec.
QK

5

Now note that

co [ P = [ Lo = VI [l
QK K e—0 K

so that, taking the limit as ¢ — 0, we get

/ uf2 = 0.
O\K
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Finally, from hypothesis [, |u. — ug|? — 0 in ¢), it follows that

2 2 2 2
- - X - Leleg gee ™ .
Y| | |u—wup|® +— |lu —ug|” < 2 lu — Toue|® + 2 |Tue — uo
Q =0 Jo_ Q. Q.

Now, from a) we have that the first addend tends to 0 as ¢ — 0; the
second one, being T.u. = u. in ., tends to 0 too, by our assumption.

Therefore
lim/ lu — ug|? = 0,
e—0 0

and c) is proved. O

Remark 3.3.3. From Lemma and remark we deduce that the
sequence {F: + Ix_}, is equicoercive with respect to the strong topology of
L3(2).  Moreover, again by Lemma we can deduce that if F. T'-
converges to I in L?(S)), then F(u) = +oo whenever u # 0 in Q\ K.

We will use the following technical lemma, whose proof is classical:

Lemma 3.3.4. Let A C R% be an open bounded set, with Lipschitz boundary,
and set

A% = {x € A:dist(x,0A) > &}, then there exists a constant ¢ > 0 such that,
for every u € H}(A), we have

/ lul?dx < 052/ \Vu|*dx
A\ A A\ A

Now we can finally state the I'-convergence result.

Theorem 3.3.1. Let F. be defined by , Then, for any u € L2(Q), one
has

/fh‘""(Vu)dx, u € Hi(A)
Q

I-lim F.(u) = F(u) =
=0 400 otherwise.
in the strong topology of 1.2(Q), with fh™ : R% — [0, +oo] defined by

fhom(g) = inf {/Y €+ Vul’dz: we H;er(Rd)} . (3.12)

Proof. We consider separately the I-liminf (1.1)) and I'-limsup (1.2) in-
equalities.

Step 1. Let u. be a sequence in L2(€).) strongly converging to a function u. We
have to prove that F(u) < liminf F.(u.); so, without loss of generality,
we can suppose that liminf F.(u.) < +o0o. By lemma , we have
u € HY(Q), with u = 0in Q\ K, and the convergence T.u. — u weakly
in H'(Q). Therefore we conclude that F(u) < +oo.
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Step 2.

Now, by proposition 3.6 in [1], we know that

F(u) < liminf/ V| ?da.
Qe

e—0

Hence, we conclude that
liminf F.(u.) = liminf/ Ve |* +/ lug|* >
€ € Qe TA\K

lim inf / |Vue|? > F(u) = / fhom(Vu)da.
€ Qe Q

We have to show that for any u € H}(A) (if u € L2(Q) \ H}(A) the
result is trivial) there exists a sequence u. € Hg(Qe;09Q), with ue — u
in L2(€2), such that

F(u) > limsup F.(ug).

e—0

Let consider a function u € HE(A) and the zero extension % of u out
of A, defined as

o Julx) ze€A
“(x)_{o T e\ 4,

so that @ € H}(Q2). Using the result in proposition 3.6 in [1], we can
find a sequence u. € H' (AN )N L?(A), with u. — @ in L(), such
that

limsup/ |Vu€|2dx</fhom(Vu)dx:/fhom(Vﬂ)d:z:. (3.13)
e=0  Ja.nA A Q

To construct our recovery sequence we fix constant 6 > 0 and a set
A% = {x € A:dist(x,0A) > 6}. Then we consider a cut off function
¢ € C(A), with 0 < ¢ < 1, spt(p) C A, o = 1in A%, |Vy| < ¢/6,
and we take a new sequence defined as

ue(x) x e A
0c(@) = p(@)u(2) = { p(@)ua(n) w € A\ A
0 xeQ\A,

so that v. € H.. We will use the following algebraic inequality:
1
la+ b < (1+n)|al* + <1+ 77) 1|2, (3.14)
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for all a,b,n € R, with n > 0.

For our sequence v,, since spt(v.) C A = K, we have

F.(ve) = / |Vv5|2 +/ |UE|2 =
(QeNA) (Z\K)NA

= / IVUE‘Q"F/ |V(P'U'e+90vua‘2'
Q.NAS Q:N(A\A9%)

Consider the second term and use equation (3.14]) and the regularity
of ¢, so that |[Vy| < 1/6:

/ Vue + oVuel < (1+ 1) / V4
QN (A\A9) QN (A\A9)

1
+ <1 + > / ‘VQOUEF < (1 +77)/ |Vu5|2+
1) Ja.na\49) Q.N(A\A%)

1\ 1
+<1—|—>2/ 2(|u5—ﬂ\2+|ﬂ|2).
n) o Q:N(A\A9)

Note that, by 1) fﬂsﬁA |Vu|? < ¢, so that

(1+ n)/ pVu.? < / [Vue|* + ne.
Q-N(A\A%) Q:N(A\A?)

Now, by the convergence u. — 1, we have 1/§2 stﬂ(A\A5) lue — al? =
o(1), as ¢ — 0, with ¢ fixed, and, by lemma being u € H}(A),
and u =7 in Q. N (A\ 4%),

1 1
2/ uf? < c252/ Vul? < c/ Vul,
0% Ja.n(a\49) 4 Q.N(A\A49) A\ AS

that tends to 0 as § — 0. Hence we have, for any 6 > 0, n > 0,

lim sup F;(ve) < limsup
e—0 e—0

/ Vuel? + / Veel? + e
Q.NAS Q:N(A\A9)

1
+ (1 + ) / |Vu)?
n) Jaas

1
< [limsup/ ]Vuaﬂ +nec+ (1+ )/ |Vul?.
e—=0 JQ.NA n) Ja\As

Taking the limit first as 6 — 0 and then as n — 0, we have

<.
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lim sup F.(v:) < limsup/ Ve |?,
Q.NA

e—0 e—0

so that, using (3.13)), we finally get

limsup F.(02) < [ (V0 = Fla)
A

e—0

O]

Corollary 3.3.1. Consider X' = min,e2q)(F(u) + Ix(u)). Then we have

lim Al = ! (3.15)

e—0

2
M) F. From lemma

Proof. In theorem |3.3.1 we have proved that F;
3.3.1] it follows that

2
I'(L5(2))

F. 4 Ix, F+Ix.

From remark we know that (F; + Ix_): is equicoercive. So, from
theorem [1.1.1] we obtain immediately (3.15]). O

As a consequence of the gamma convergence result, we can consider the
differential equation associated to the Euler equation defined by (3.12): this
means that our limit homogenized problem will be

{—div(ahomVu) = Y|\ ueA (3.16)

u=20 u € 0A,
where glomgg = fhom(¢),

Remark 3.3.4. It will be useful in the sequel to underline the relationship
between equation (3.12)) and the associated problem on the periodicity perfo-
rated cell Y : the solution we of the minimum problem defined by fhom(¢&) is
in fact of type we = £ - X, where x is the vector whose components solve the
equation

Axt(z) =0 reyY

D) vi=0 zex° (3.17)

X € Hpep(Y)

per
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3.4 Convergence of eigenvalues and
eigenfunctions.

In this section we will show the proof of theorem [3.1.1, we will consider
the limit of M and «, for any j € N, as ¢ goes to 0, proving that for any
A, eigenvalue of the limit problem ‘EI), there exists M\, eigenvalue of the
problem on the perforated domain , such that

A= M| —0,
e—0

therefore, in theorem [3.4.2] we will state an estimate for this convergence.
First we want to associate to the problem a linear operator K.,
whose spectrum will be related to the eigenvalues of . So let consider
the embedding operator
Jo o He — L*().

Being €2 bounded and with sufficiently regular boundary, we know that J; is
compact.
Now take the operator

K.:L*(Q) — H. (3.18)
fo= K,

where K. f is the unique solution of the problem

—AUS(ZL‘) = f’ T € st
V(@) - ne = —g()u(z), @€ 3, (3.19)
ua(q;) =0, x € 89,
that is, in weak formulation, the function u. € H; satisfying
Vu:Vu + / UV = fu, (3.20)
Q. Y\K Q.

for any v € H..

Note that, by Lax-Milgram theorem, at £ > 0 fixed, for any f € L?(€.),
there exists a unique u. € H. solving problem or, equivalently, (3.20]),
so that K, is well defined. We will consider the operator

K.:H.—H., K.=K. J.. (3.21)

Lemma 3.4.1. The operator K. : H. — H. is positive, linear, compact and
self-adjoint.

Proof. The proof of the linearity and compactness of K. is classical, so it is
the fact that K. is self-adjoint and positive, see for example [37]. Being J. the
compact embedding operator, we simply get the thesis by composition. [
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By lemma and the general spectral theory, we have that the spec-
trum of the operator K. is made by a sequence of positive eigenvalues con-
verging to zero:

too>plzplz - zplz- >0

Now observe that, if ,ug is an eigenvalue for K., i.e. there exists ul e H.
such that K.ul = plul, then

. 1 .
—Aul(x) = —]ug(x), x € €,
. He ‘
Vul(x) ne = —q(z)ul(x), =€ X, (3.22)
ue(z)? =0, x € 01,

that is AL = 1717 is an eigenvalue of problem 1) hence we have that
0<AT <A< <A<+ oo

This proves the first part of theorem [3.1.1]
Let us prove that Al is simple.

Proof. First we show that if u] is an eigenfunction associated to Al, then u}

doesn’t change sign. To do this assume the contrary. Then ul = max {ui, 0}
and u; = min {u},0} are non-trivial functions. Furthermore v and u; are
in H., so, by the variational characterization of the first eigenvalue,

Jo (V0 + o ald P o, (Vs P aluz P

Jo 1ud? C Jo, Juc 2

Summing up these inequalities one has

AL (/ P+ [ |u5|2)</ VP 19z (P e ),
QE Qg QE EE

and, by the fact that ufuZ = 0, we get

([ e) < [vatps [
Qe Qe e

But u! is an eigenfunction associated to Al, hence this last inequality is
actually an equality, and so are equations . Then we have that ut
is a non negative solution of the equation —Awu. = A-u. , with Neumann
conditions on Y. and Dirichlet on 92, that is zero at 92 and it vanishes
in the interior of © also: this contradicts the maximum principle, see [37|,
proposition IX.30.

A<

(3.23)
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Now assume that there exist two different and linearly independent eigen-

-1
functions u! and v} associated to A!l; then, taking ¢ = <fﬂ vsl) (fﬂ ué),

1

. is an eigenfunction too, with

1 1_q.
/ u, — cv, = 0;
=

cv! changes sign, and this contradicts our previous argument.
O

we have that ul — cv

1

therefore u,; —

This concludes the proof of theorem Before studying the behavior
of eigenvalues, as € — 0, we present the following statement

Lemma 3.4.2. For any j € N, there exist two positive constants c; and c,
independent from €, and a constant and €9 > 0, such that

c< )\g <c¢j Ve<eg (3.24)

Proof.
Lower bound.

By theorem it suffices to prove the inequality ¢ < )\g, for AL, being
)\i < )\g << By corollary [3.3.1, we have that lim._,q /\é = A > 0,
then by the theorem of permanence of sign, there exists ¢ such that, for any
£ < g9, we have Al > 0, i.e. there exists ¢ > 0 such that A\l > ¢

Upper bound.

Let us take p; € Cg°(A), fori =1,..., 7, a set of non-zero functions with
disjoint supports. We extend by zero out of A, obtaining ¢; € C§°(£2). Since
these functions are orthogonal in H, there is a non-trivial linear combination
Ve =1 + - -+ + 1y, such that

(Ve ud)m = = (e, ul ). = 0.
Then ). is a competitor for the minimum problem defined by )\g, so that
o [0+ o 9 SO (Jo, IVl + fisic lil2)
° fQE e |? 25;5(72)2 fQE 8012 ‘
Now, being

/ 2 " 2
¢; = sup / Vil C; = Sup / il
0<i<yj—1JQ, 0<i<j—1JQ.

one has



Before stating the first result, concerning the convergence of eigenval-
ues and eigenspaces, we want to present, for the reader convenience, the
definition of a particular type of convergence, that we will use in theorem

B.471

Definition 3.4.1. Let {S;}; be a sequence of convex subsets of a reflexive
Banach space X. We say that {S;}; Mosco-converges to the set S, writing

s; A s,
if the following relation is satisfied:

w — limsup S; = § = s — liminf §;. (3.25)
Jj—+oo J—rtoo
By w — limsup; S; we denote the set of v € X for which there exists a
sequence x; — x weakly and such that x; € S; frequently, i.e. for infinitely
many indices j € N. By s —liminf; S; we mean the set of v € X for which
there exists a sequence x; — x strongly and such that x; € S; definitively.

Remark 3.4.1. To show it suffices to prove

w — limsup S; € S C s — liminf S, (3.26)

j—+oo VARGIES
in fact the following relation is always satisfied:

s —liminf S; C w — limsup S;.
Jj—+oo j—+oo
We will use the Urysohn property for convex sets, that we recall here
without proof, see for example [40]:

Property 3.4.1. Let {Sj}j, S be a sequence of convex subsets of a reflexive

Banach space X. Then S Mg if and only if for every subsequence Sj, there
exists o further subsequence Sjkl that Mosco converges to S.

Before showing our first result on the convergence of eigenvalues and
eigenspaces, we state a classical property of Gamma convergence:

Lemma 3.4.3. Let {F.}. be a sequence of functional defined in L*(Q) such
that
I-lim F,=F
e—0

in the strong topology of L*(Q2). Let {v.}, be a sequence of functions in L*(Q2)
such that v: — v strongly in L*(Q) as € tends to zero, and {\.}. a sequence
of real numbers converging to \, as € — 0. Hence

Fo(u) + A /

veu — F(u) + ]Y]/\/ vu. (3.27)
QE e—0 Q
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Proof. The proof follows immediately from the weak-strong convergence

)\E/ veu:)\s/vauxgs —>)\|Y\/vu.
e Q Q

Corollary 3.4.1. Consider the functional F. described in (3.9), and its T-
limit F'; define the new functional

O]

G.(v) = Fo(v) — 2\ / e, (3.28)

€

where e — A and ue — u strongly in L*(2) as e — 0. Then

G.(0) 5 Gv) = F(v) — 22V /Q w. (3.29)

Proof.
I'-liminf.

Let v be in the domain of G, i.e. in HE(A), the domain of F', and consider
its zero extension out of A in HJ(Q); Let v — v strongly in L*(Q2), with
G-(v:) < C. This means that v. is bounded in H. and, by lemma we
have

T-ve =0
weakly in H'(Q), up to subsequence, and, by Rellich theorem, strongly in
L?(S2). Since F. 5 F, we have

liminf F;(v;) > F(v),
3
and, by equation (3.27)),
lim inf G¢ (ve) = lim inf F(v.) — 2)\5/ ugve = F(v) — 2|Y\)\/ uwv = G(v).
g g Qs Q

I'-lim sup.
The Gamma limsup inequality follows directly from the I'-convergence
of F. to F' and from equation (3.27).
O

We can now prove the following

Theorem 3.4.1. Let (M, ul) and (X, w?) be the eigenpairs of problems
and , respectively. Then

1) X = M ase— 0, for every j € N;
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2) if N has multiplicity mj and N = N1 = ... = N+t~ and we set

SI = span [Tsug, .. ,T5u§+m"’_1 . S = span [uj, - ,uj+m7_1] ,
(3.30)
then . '
S —— 57
e—0

in L?(2), for every j € N.

Remark 3.4.2. In definition we used a discrete index j € N with
7 — 00, but in theorem|3.4. 1| we have the real index ¢ — 0. This means that
the Mosco convergence of S is actually the convergence over any subsequence
ep, = 0, as h € N tends to infinity. We simply write s7 ;}A/LO_) S7 to have a

more suitable notation for the reader.

Proof. Let us start with the convergence of eigenvalues. Fix j € N; by lemma
A is equibounded with respect to €, then there exists a subsequence
{en}pen such that e, — 0 as h — oo and
M, — X
To simplify the notation, as we did in remark we will simply say
that ,
N — N,
e—0
knowing that the convergence is up to subsequence. A
Being ul eigenfunction for problem , we have also F.(ul) < C, so
that there exists W/ € H{(A) such that Tl - @ strongly in L?(Q) and
weakly in H1(€2), up to subsequence; moreover, by lemma W is zero
out of A. We want to show that (Xj,ﬂj is eigenpair of problem .
Since u! is a solution of problem , with A\ = )\g, it realizes the
minimum of the Euler equation, that is the minimum of functional G, in

corollary
52}11’15 ( o, VulVu + /EE\K wlu — 20 /S ui.u) = UGIILI%I(lQ) Ge(u) = Ge(ul).
Now, by corollary we have G, L G, hence, using theorem m,

one has

ij _ . I . I ]
G@) = nin G(u) = lim Loin Ge(u) = lim G (uz),

and, considering GG as the Euler equation associated to the homogenized
problem 1' we claim that (A, %) is an eigenpair.
To complete the proof we proceed as follows:
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Step 1 We show that the set of the limit eigenvalues coincides with the set of
eigenvalues of the homogenized problem, i.e.

YV, jenNl=1IN jeN). (3.31)
{Noienp={vieny

Step 2 We show that, for any j € N, one has Vo= .

Step 3 We show the Mosco convergence using the Urysohn property

Step 1.

In the first part of the proof we showed that {Xj,j eN; C {)\j,j € N};
now we want to prove the opposite inclusion. By theorem [3.1.1], we have

0<A SN <ML+,

so that . , ‘
O<XA <A <--<N<.. ..

On the other side we have that

2 2
M= ) er [Vul* + fZE\KU S . fQE [Vul? o
/= min 5 > min ———— = pl,
u€H., Jo u weH.,  [o u
(u,ul)=0 f2e (u,ul)=0 :
i=1,...,j—1 i=1,...,j—1

where ,ug is an eigenvalue of the homogeneous Neumann problem on the
perforated domain Q, i.e. the problem (2.8). In section we showed the

convergence of pl:
O<pl<p2 < <pl <o < oo,

and
J J
He —>€_>0 I
with u/ eigenvalue of the corresponding homogenized problem (2.14)). This
implies the inequality 4
J—00
Hence we get

0<N <N <V oo (3.32)

Now assume by contradiction that there exists A\ € {)\j ,J € N}, such
that \ ¢ {Xj,j € N}. From ([3.32) we have that there exists m € N such

—m+1
that A < X" Now we want to construct a sequence w, € H, such that
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(we,ul)g. =0, j=1,...,m
where ul are eigenfunctions of problem (3.3));
ii)
fQE \Vw5|2 + sz\K We

: A
st wz e—0

Observe that i) and 47) implies the contradiction: we have, by ), that
we is a competitor for the minimum problem defined by )\76”“, then

T A < Ja. [Vw.|* + Js. \K W \
e=0 ¢ fQ w2 e=0
that contradicts the assumption A < A"
To construct such a sequence let consider u as the solution of problem
B16), ie.

—div(a"™Vu) = \|Y|u,

/u2:1,
Q

with

and let v, be the solution of

—Av® = )\, T €,
Vot ne = —qv°, z € X,
v® = 0. x € 0182,

By lemma we have T.v. — wu strongly in L?(Q2) and weakly in
H'(Q). Hence define

P K3
We = Ve — E (Usau )Hsus
i=1
Then w, satisfies 7), indeed
m
(wsaug)H Usauj E Ve, U 5 ) =0.
=1

To show i) observe that v. — u and ul — %', as we showed in the first
part of the proof; so that, being \ ¢ {X],j € N}, we must have

(vey ) 1, :/Q VUEVué—MY]/QVuVuizo, i1, .m,  (3.33)
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; . . : ~i
because u and @* are associated to different eigenvalues A and A'. Hence

an |Vw5]2 + fzs\K w?
ng w?
fQE V| + fEE\K vZ + > it (Ve Ué)%lg (fQE [Vul]? + sz\K |ué|2> + Ri(e)
fQE v2 + 2211(”67 ué)%{a fQE [ui|? + Ra(e) ’
where Ry(e) and Rp(e) are the mixed products coming from the squares
Vw,|? and |w.|?, so that R — 0 and Ry — 0, as ¢ — 0, by equation (3.33)).
7 ) ) y q
Therefore we get ii) applying equation (3.33) again:
Jo. [Vwe? + Jsox w? B Jo, IVvel* + Jsox vZ + 0:(1)
Jo, w? B Jo, v2 +0:(1) e—0

A

Step 2.
It suffices to prove that m(\) = m(A), for any A eigenvalue of the ho-
mogenized problem (3.16)), where m(X) and m(\) are defined by

m) =t {i:A=N} mO)={j: N =2},
We want to prove the two inequalities
i) () < m(A);
i) m(A) = m(A).

Let E) be the eigenspace associated to A and E) the eigenspace associ-
ated to any X, for all J such that X = X; then we have

E\ CE,.
Being %’ and u’, j € N orthonormal basis of L?(2), we get

To prove the other inequality assume by contradiction that m(A) < m(A).
By equation (3.31)) and (3.32)), there exists M € N such that

M ~M+1

AT =A< (3.34)

Let k£ be the first index such that Xk = XM = )\, so that @*,...,a™
are the corresponding eigenfunctions described in the first part of the proof.
By the assumption m(A\) < m()\) there exists a solution u € H}(Q) of the
homogenized equation

—div(a"™Vu) = \|Y|u,
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k=1 associ-

such that (u,u') = 0 for i = k,..., M. Moreover, being ...,
ated to eigenvalues X' # X, we also have (u,w’) =0 for i =1,...,k— 1. Let

ve be the solution of problem

—Av® = A\, x € e,
Vo - ne. = —qv°, x € X,
v = 0. x € 01,

define, as in step 1, the sequence

M

) 7
We = Ve — E (vsaus)Heu57
=1

where u are eigenfunctions of problem (3.3). Hence equation (3.33) holds
and so the properties

i)
(w&ug)HE:O, j=1....M
ii)

: A
st wE e—0

Then, using the variational characterization of A1 one has

2 2
arsr o V0l 4 Jo il
£ ~ f‘ wQ

Q. e

and, taking the limit as ¢ — 0,

which contradicts . Moreover, by the fact that V= Aj for any j € N,
we can say that the limit )\gh m ¥ does not depend on the particular
subsequence, therefore ' 4
AL — M.
Step 3.
Let us consider, for any j € N, a subsequence uéh of solutions of problem

1} such that T., ul, — W as h — +oo. By the first part of the proof we
know that such a sequence exists and @’ is a solution of the homogenized

problem (3.16)). Set

S = span[@’, ..., w1,
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To prove the Mosco convergence we consider

S" = s —liminf Sgh S" = w — limsup Sgh.
h—+o00 h—+o00

By the Urysohn property [3.4.1] the Mosco convergence is independent
from the particular subsequence, then we will simply consider ¢ instead of
€p. By remark we have to show

1) " cC§,
2) ¥ cg,
3) 5 = 9.
Consider v € 5", i.e. there exists a sequence {v.}, C H}(Q) with v: — v

strongly in L?(£2) and weakly in H}(2) , and v. € S? frequently. This means
that there exist suitable constants ¢! such that

mj;—1

Ve = E ATul™.
i=0

Since {v.}, is a bounded sequence il L?(£2), one has

mj;—1

D (dh)? < +oo,

=0

hence, up to subsequence, for any ¢ = 0,...,m; — 1, there exists ¢’ such that

lim ¢, — ¢".
e—0

Therefore

mj;—1
V= Z At e ?j,
i=0
so that 1) is proved.
Consider now v € ?j; this means that

m—1
V= E TR
=0

If we set

Ve = AT (ul™)

then v, € S and v. — v, strongly in L2(Q), i.e. v € 8’ and 2) is proved.
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To prove 3) observe that gj, by definition and by 1D is a subspace of
S7, and, being @, j € N, an orthonormal basis of L?(£2), one has

dimS’ = j = dims?,
so that we get 3). O
Theorem shows that any eigenvalue of the homogenized problem
3.16)) is the limit, as € — 0, of the corresponding eigenvalue of the problem
@), in the perforated domain, and the same is for any eigenspace, in the

sense of Mosco. Our last result gives the rate of this convergence. In order to
obtain it, we will use many technical tools, that we formulate in the sequel.

Lemma 3.4.4. Lelt H be a Hilbert separable space and A : H — H a linear
compact self-adjoint operator. Suppose that there exist two real numbers p,
a and a vector u € H, with ||u||lg =1 and

|Au — pul|g < a.
Then there is an eigenvalue p; of the operator A, such that

it) for any d > « there exists a vector @ in the eigenspace associated to
eigenvalues py, € [ — d, pj + d], with ||a||g = 1, such that

lu—allg < 22
u—u —_
H=>"

This lemma is often known in the literature as Visik lemma; for the proof
see for example [41].

We will use the following trace type inequality, whose proof follows from
the classical Poincaré-Wirtinger and trace inequalities, see |21} 22]:

Lemma 3.4.5. For any u € H. one has

/ 2 <c<€_1/ |u]2+5/ |Vu|2>. (3.35)
e Qe Q.

Using this lemma, we can easily prove the following

Property 3.4.2. For any u,v € H., define the norm

ull2 = / IVl + / uf?, (3.36)
Q. SA\K

coming from the scalar product
as(u,v) = VuVv —i—/ uv. (3.37)
Q. S\K
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Hence there exists a constant ¢ € R such that

1
lulla. < llulle < celjula. (3.38)

We finally state the last preliminary tool; see for example [25] for the
proof.

Lemma 3.4.6. Let x € L2,(Y) be such that

per
/ x(y)dy = 0.
Y

There erists a constant ¢ > 0 such that, for any u,v € H} (),

/Q X (g) wodz

Now we can state the result on the rate of convergence of eigenvalues and
correspondent eigenfunctions (considered with their multiplicity).

< 05||U||H3(Q)||U”H(}(Q)- (3.39)

Theorem 3.4.2. Let M, j € N, be an eigenvalue of problem of mul-
tiplicity m;:

ML N = N == tml o \dtmy

Let ()\g,ug)j be the eigenpairs of problem on the perforated domain.
Then there exist orthogonal matrizc M. € M™i*™i and constants €;, C;
such that, for any e < g,

mj
U2 =" MRy < CjvE, 1=1,...my, (3.40)
k=1
m;
w7 = MET Al ™ 2y < CivE, T=1,...,my, (3.41)
k=1
with
Ul(x) = u () + ex (g) Vil (z), (3.42)

here x is a solution of the cell problem .

Remark 3.4.3. Observe that the function Sy Mékug+k_1 in || belongs
to the set SZ, defined in ; this means, being w1 € SI that SI

converges to ST in the sense of Mosco, moreover, the rate of this convergence

is \/€.
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Proof. The proof, that follows from lemma will be obtained through
these three steps:

Step 1. We prove the following fundamental estimate, that involves the oper-

ator K., defined in (3.21)

; 1
k.02 -

in the simpler hypothesis of u/ € C§°(A).

Ul < Ve, (3.43)

Step 2. Applying lemma [3.4.4] we prove (3.40)) and (3.41)), and discuss the case
of M of multiplicity m;.

Step 3. We generalized the proof for u/ € H} ().

Step 1.
Here we assume that 04 € C>2, for a > 0, so that u? € C?(A) and,
by hypothesis u/ € C5°(A), we get UZ € Hi(A). We have, using definition

337,

) 1 . . 1__.
02 = S0 = sup e (102 - UL 6) =
lolle=1
. 1 .
= sup ag(KsUg,@)—a,6 —Ul, o] .
peH, )\]
H‘P”szl

Now, being K.U! the solution of problem 1} with f = Ugj, we have
Qg (K5U£7 90) = / Ugj%
Qe

and

1 1 . . 1 )
—UJ = J J = J
Qe (AJUE,¢> Y (/Q VUEV¢+/EE\KUE¢> )\j /Q VU!V,

because u? € C§°(A).
Hence, for the first term we have

/ Usjg02/ (uj+£x5Vuj)<p:/ ujcp—I—a/ eVl o <
Q. Q. 0.nA Q.

</ W +eCllol 2.,
Q.NA

in fact, having Vu? € C§°(A) € L*®(Q.), x- € H. and ¢ € H., and using
Cauchy-Schwarz inequality,

| %9t < 190 ez el < el

€
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Therefore, by inequality (3.38]), we get

/U£¢</ W +e2er]g|-.
Qe Q-NA

On the other hand, for the second term, using same estimate of the first
one, we have

_ J _ J D J
5, Vve==5 | <vu FeVy <€> ~Vu ) Vot
1 5 1 . . C
—— | exeD*W'Vp < —— (V! + Vyx (y) V! ) Vo — =ellolln. <
N Ja. N Ja.na N

1

- j j _ 2 12
<3 QEM(W +Vyx (y) Vo) Vo — = g ]le.

It remains to estimate these two terms:
/ o, / (Vuj + Vyx (v) Vuj) V.
Q:NA Q:NA
Let us start with the first one:

/ W=V / WTep + / (xa. — [Y]) W Tep.
Q:-NA A A

Now consider the function h € Lgg,(Y), he = xa. —|Y|: we have [, h(y)dy =
0,uw € C°(A) C HY(A) and T € HY(Q), by the definition of the extension
operator, so that we can use lemma getting

/A (xa. — YD) W/ Tep < Celld | s ITot 73 e

Hence, using the continuity of the extension operator and equation ([3.38]),
one has

/ (e — YW Tep < ese™| ..
A

For the second term:

1 , A 1 _
5 L (V) V) Ve = - [ VT
N Ja.na N Ja
1 A , _
— | [xac (V! + Vyxe - Vo!) — "/ | VT,
A

We can consider, as before, the periodic function

h (g) — o, (1+V,xe - Vad — @™,
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and, using lemma and the continuity of the extension operator,

<

[ D (90 + 9 9 = o] V1 -
A

/ he Vi VT
A

< Cellw? [ 3 ) I To s ) < a2l

Therefore, putting together all these estimates, we get

A
KU — =U!|: = / ul o — / (V! + Vyx (y) V! ) Vot
N Q.nA N Jo.na

S22

+e' el — 2 Sl <

, 1 .
< |Y|/u3T€<p—)\j/ ahomVUJVngzH—

c1/222 C2 g1/254 C4

+e'2erllolle — &2 Sl Pesllolle — 2 e

Note that, being u/ the solution of the homogenized problem (3.16)), one
has

. 1 A
|Y/ wTop— /\j/ a" VI Ve = 0,
A A
and we finally get
|E-UZ — *UJIIHE < || KUL jUgHs <dve

Step 2.

To apply lemma|3.4.4, we need to use a normalized function: ||UZ||z. = 1.
In our hypothesis we have u/, Vu?/ € C§°(A) and x. € H} (), so that

|UZ = ||, < Ce (3.44)

and, being u/ # 0, we must have HUEJHHE > a > 0. So we can use the
normalized function, naming it again UZ:

Ul
U2\ m.

J—
€

getting '

1 c

< —ve.
o

I Uy < :

| K:U? /\]U 1. \0”\/5”Ug“HE

Now we can apply lemma to the linear continuous compact and

self-adjoint operator K., with p = (M)™!, @ = ¢/ /a\/e: then there exists
(AL)~71, eigenvalue of K., such that

1 1
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moreover, for any d > 0, there exists a normalized function #. in the
eigenspace associated to eigenvalues in the interval [\ — d, M\ + d], such
that ;

U — el < 250,
that is equation in an implicit form. In order to understand better the
convergence of eigenfunctions in the case of multiple eigenvalues, suppose to
have M of multiplicity my;, as in our hypothesis:

NL o N = NVt = = Ntm—l o\ g+my,

and set

R S 1
=i G T NN T

4 1 1
i _g = A
N = ()\j dj,)\j —i—d]),
then 1/AL € A7 if and only if j < i < j +m; — 1. For any of these A\’ we
construct the function UZ ™ (z) = w/*(z) + ex (%) Vuw/*(z) and, repeating
step 1, we get
Jt+i

Jti
\iti ERNIARS aiti

| K U — Ve, j<i<j+mj—1.

Hence, by lemma there exists an eigenfunction in the eigenspace
associated to eigenvalues in the interval A7, i.e. there exists a matrix M. €
M™i*Mi and eigenfunction wl™ associated to )\QH, with 1/ Nt e A, such
that

mj—1

HUj-i-i _ Z Miluj-‘rlH <9 It
€ e Ye H:. X
=0

— (T S ; -
Oé]+ldj\/g_c \/ga ]<Z<]+mj 15

that is equation (3.40)); in order to derive equation (3.41)) we simply note
that, for any j € N, being x € H, and v’ € C°(A),

IV = |1, = elxe Ve || . < Ce.

Step 3.

We want to generalized to the case u/ € Hj(A); this means that Vu/
could not be zero in A, making U not in H{ (A) and inequality 1D holds
true just in the L?(Q2) norm. Consider 9. a family of smooth functions in
C§°(A) such that 0 <. <1

1 ifxe A, da,0A) > 2
e :{ ( ) (3.45)

0 ze€Q\A,
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and ||Vi)e||oo < 2/e. Then take, for any j € N,

Ug’ =l + 51/15X5Vuj,

so that U? € Hi(A).
The following estimates hold true

U2 — U3 || 20y < Ce¥/2,
U2 — UZ|| 1y < Ce*/2

Hence, repeating the proof of Step 1, using U instead of Ug, and these
last estimates, we get the thesis in the general case. O
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Chapter 4

Homogenization of oscillating
constraint problems: the
general Cartesian case

In this chapter we define an oscillating constraint problem in the cartesian
case, for vector functions; we will distinguish three different situation: the
first and the second can be treated with the standard almost periodic ho-
mogenization theory, see section the third, that is the most interesting
and original case, will be treat in next chapter, only in the scalar case.

4.1 Problem setup

We want to study the homogenization of the following functional

/\Vu|2d:1: u€ HY(Q;Ve)
u) = Q

Fi( (4.1)

+o00 otherwise

Here we consider a sufficiently regular set 2 C R"™ and a function u,
actually depending on the small parameter ¢, taking values on an oscillating
constraint V.. More precisely we take

. : QER® — V. c R
T = u(r) = (ui(x),us(z)) (4.2)

where u5(z) = ¢-(uf(z)); the function . = .0 (¥) is defined by ¢, that
is Y = (0,1)™-periodic, and takes values from R™ to R™ . In the sequel
we will specify the regularity and hypothesis on this function, that will be
different in each cases. Moreover ¢, satisfies the condition ¢, — 0 as € — 0;
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hence our oscillating manifold V., in some sense, is converging to the space
V =R"x {0} =R™.

Remark 4.1.1. To simplify the notation, in the sequel we will name uj = u.
and u§ = @:(ue), getting

Ue () = (ue (), pe(ue(r))).

For the functional F. we have

F(w) = [ IVufdo= [ <w?+ (g)gmymw) de (43)

where y = u/e.
Let us define the matrix A(y) = Dyp(y), so that F. becomes

2 2
F.(u.) = / |Vue|?de = / <|Vu5|2 + <i> ‘A (%) Vu. > dx.
Q Q

Observing the second component of this functional, seems to be reason-
able to study three different cases.

I. §/e — 0, then the second term will disappear and we will study the
standard homogenization of the first one.

II. §/e — ¢, we will use some standard homogenization formula for almost
periodic functionals.

III. §/e — +o0, this is the most interesting case, in wich we can’t apply
the classical homogenization theory and, intuitively, the I'-limit will be
finite only in some particular directions: near the level curves of ¢.

We consider the first two cases in the following sections of this chapter;
the last and most difficult case will be pointed out in the next chapter.

Remark 4.1.2. In order to consider homogenization and I'-convergence of
our functional, we have to fix a reasonable topology. Here, differently from
most classical examples, the small parameter € is not in the domain of the
function u, but in its codomain; so we can’t use the standard L?(Q; V2) strong
or weak topologies. We will use a topology T defined as follow:

Definition 4.1.1. Let u. be a sequence of functions defined as in ({{.9),
ue = (uj,u§ = pe(u3)). We say that u. — u = (u1,0) as € — 0 if and only
if u§ — uy in the strong topology of L*(Q, R™).
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4.2 The case §/¢ — 0: direct computation of the
['-limit

Theorem 4.2.1. Let ¢ be a function in W (R™;R™). For the functional

F., defined in , the following property holds

Vul?d e HY(Q,V
M- lim F(u.) = F(u) = /Q uffde v e H(Q.V)
e—0 .

+00 otherwise

in the topology T defined in[{.1.1; here we use the same notation as before,
so that uw = (u1,0).

Proof. Let us consider the two conditions of I'-convergence separately.

i) We take a sequence u. € H'(£2, V.) converging with respect the topol-
ogy T to a function u = (u1,0), i.e. u§ — uy in L?(2,R™). We prove
that

F(u) < liminf F(u.). (4.4)

e—0

To do this we impose, possibly passing to a subsequence, that exists
the lim._, Fr(us) < 400; otherwise (4.4]) is trivial. By the definition
of F; one has

N> Fa(u) > /Q Vuel? = | Voeel o1

Then, up to subsequence, we have the weak convergence uf — wup in
H(Q,V). Hence we get

liminf F; (u.) > lim inf/ |Vus|?de = / \Vuy|?de = F(u).
e—0 e—0 Q 9]

ii) Let u = (u1,0) be a function in H'(2, V). We have to find a sequence
u. € H'(Q, V), converging to u in the topology 7, such that

F(u) > limsup Fg(u.) (4.5)
e—0

We can take the sequence u. = (u,dp(u1/e)) € HY(Q, V), therefore,
by the hypothesis on the regularity of ¢, one has

/Q Dyely) - Vur|? do < /Q Do) [V |? da
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< C’/ |V, | da < +oc.
Q

Now, using the hypothesis §/e — 0, we claim (4.5)):

hmF(u€ —hm/ |Vuq| da:+< ) /|Dygp uy)Vur|? de = F(u).

O]

4.3 The case /¢ — ¢: almost periodic homogeniza-
tion theory

Differently from the previous case, it can be more difficult to compute the
I'-limit directly, as we did in section In this second case we will use
theorem [1.2.2} to apply this general classic result, we will prove conditions
i) and 7i) on the density of our functional F.. Here we consider the same
hypothesis on the function ¢, as in the previous section: we will take it in
Whoo(R™; R™).

Let us start from a simpler case in which the ratio /e is constant and
equal ¢, that is its limit as € — 0. Consider the function

fe: R™ x M™™ — R
(s 9 = [€7+ ¢ Do (s).
We define the functional Fi(u) = [q fe (%, Vu)dz. We want to show
that f. satisfies properties 7) and zz) of theorem First we can make

the expression of f. more explicit, considering its second term, evaluated on

(%,VU):
2

oo (&) =S5 fonse (B - 235

i=1 j=1 i=1 j=1

ZDykSD ( )D%u

k=1

Now use the same notation as before, calling Ai = Dy, ¢/, define the
matrix ff’ = Dxl.uk , and substitute them in the previous formula, recalling
that §/e = c:

m 2
Soekay

k=1

LAGIE»s

i=1 j=1

We finally get the following formula for f

f(s,6) = [¢ +c2§j§j Zéw

=1 j=1 [k=1
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Observing that, by the Cauchy-Schwarz inequality and the regularity of
u and ¢, one has

EkA” < J&PPIAT)? < 400

we have the first condition

€17 < f(s5,6) < (1 + M) < B+ [€])?

where B = 1+ M and M satisfies c?|47|2 < c¢? sup |Dy|? =

For the second one we recall that a function f is uw.a.p. if it is the
uniform limit of a sequence of trigonometric polynomials. Our function f, is
the following one

n m' m 2
fo(5,0) = 1EP + PIAGS)EL =162+ 2D (Z ffA?;(S)> =

i=1 j=1 \z=1

DY (ZfﬁAJ ) (égmﬂs)) =

i=1 j=1
67+ > AL ()AL (s) = |67+ > alF(s)gfel
,5,k,h i,9,k,h

with a(s), Y-periodic, by our assumptions on . Then f. is actually a
periodic function with respect the variable s € R™ and, trivially, u.a.p..

Therefore f. satisfies both ¢) and i) of theorem and we can state
the homogenization result:

Theorem 4.3.1. There exists a quasi conver function fhem . M™ " — R
such that for every u € H'(Q; V) the limit

I- hm F.=T- hm fC Vu dx—/ fhem(Tu)d

exists, and the function f1°™ satisfies the asymptotic homogenization formula

flem(e) = tim inf{;n /((mn folu+ €2, Vu + €)da

T—+o00

u € Hg((0,7)";V)}
for all £ € M™>™,
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Now consider the general case §/e — ¢, that is, for sufficiently small
g, |0/e — ¢| < n, for all n > 0, hence we have

e (2) <

In this case we take the function f.(s,€) = |¢|2 + (6/¢)2 | Dy (s)|?, that
defines the integral F. = [, f- (%, Vu) dz. Note that
5\? c+n 2
s, =I5+ (2) 1De(e) < (SE1) (P + AADeto)P).
hence we have

c+n
c

(C_”)ch@,ﬁ) <9< )2 £u(5,€). (46)

c

and the same for integrals:

c— 2 c+ 2
c c

Now, for F¢ and f. theorem holds, therefore, taking the limit as
n — 0in (4.6) we claim the same result for f. and F.: there exists a quasi
convex function f"™ : M™*" 5 R such that, for every u € H'(Q; V),

e—0

['(L?)- lim A fe (g,Vu> dr = /thom(Vu)da:,

with

T—+o0

fhom(¢) = lim  inf {Tln /(07T)n felu+&x, Vu+ &)dx

u e Hy((0,T)";V)}.
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Chapter 5

Homogenization of scalar
oscillating constraint problems:
the case §/¢ — +o¢

Being interested in the geometric properties of the oscillating constraint V,
we will prove the homogenization result only for curves taking values in the
oscillating constraint converging to R™; the vectorial case is much differ-
ent and it involves notions as quasi-convexity, poly-convexity and rank-1-
convexity.

So now we have F. : L?([0,1],Vz) — [0, +oc] as in equation ; @
R™ — R is 1-periodic, with ¢.(y) = d¢(y/e); the oscillating constraint
is Vo = {(y,2) € R : 2 = . (y) }, that converges to R™ and we assume
d/e = 4+o00. We will consider F_ in the following unconstrained form:

F.(u.) = / 1 (\u’ﬁ + (5) \Dmuau;f) dt. (5.1)

Here it is clear that the second term of F. tends to 400 when ¢ — 0;
this fact forces the minima of F; to stay where the gradient of ¢ is zero, i.e.
in a level set of . In this chapter we will assume that the regularity for the
constraint is ¢ € C1([0,1]).

We define Vw € R™, z € Im(p) C R, ¢ > 0, the minima problems

2¢(w) = = mi /T 12 u(0)] < Vi, |u(T) — Tw| < vim
(ak w) = 7 min ; [W'|* 0 u(0)] < vVm, |u(T) — Tw| < V/m, .

lp(u) — 2] < C}-
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Remark 5.0.1. Boundary conditions in definitions and cannot
be taken as u(0) = 0 and u(T) = Tw, because the domain of Y7 or % will
reduce to vectors w € R™ satisfying the constraint p(Tw) = z or |p(Tw) —
z| < ¢, and the definition makes sense only if 0 € {¢ = z}, for some z € R,
for %, or if the distance of 0 and Tw from the set {p = z} is less than
¢, for ¥7°. Such a condition will reduce too much the domain of 7 and
V%, so that it has to be relazed, as in definitions and , asking the
boundary values of u to be near to the origin and the point Tw.

We finally define

Uiom(1) = lim V3w, (5.4)
and -
whomw):( i wﬁom) (w). (5.5)
z€Im(yp)

Before showing our main result, we state some preliminary lemmata and
properties that we will use in the proof. Let us start with two geometric
hypotheses for the function ¢ or, equivalently, for the functional 47, and
for its level sets:

Hypothesis 5.0.1. For any constraint function ¢ € C', we will assume that
there exists a continuous function w(c), with w(c) — 0 as ¢ — 0, such that,
forany T >0, w € R™, z € Im(p), one of the two following conditions is
satisfied:

1.
U7 (w) = Fo0; (5.6)

Y7 (w) = (1= w(e)yi (') = =2, (5.7)

for suitable 2 € Im(p), w' € R™ and k(c) € R such that |z — /| < ¢,
|lw—w'| < +/m/T and k(c) is independent of z.

Hypothesis 5.0.2. Let us fix z € Im(p) and w € R™ such that )7 (w) <
+oo, for any T > 0. Hence, for any x,y € {@ = z}, there exist a constant
C € R and a path v : [0,1] — R™, with v(0) = z, v(1) = y and ¢(y(t)) = z,

such that .
() = /0 VIF W OPd < Clle -y,
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Remark 5.0.2. Note that we can prove hypothesis assuming that if
{p = 2} has a connected unbounded component, then it is the union of C!
sets.

5.1 Proof of the Homogenization result

Using the geometric hypotheses stated above, we can prove the existence of
the homogenization formula:

Lemma 5.1.1. Let ¢ satisfy and the following hypothesis:

H) for any z € Im(p) one of the following two conditions holds true for
the set {p = z}:

i) it is made by a unique connected component unbounded, so that it
“connects” R™.

i1) it is made by infinitely many bounded connected components.

Then, for any w € R™, for any z € Im(p), the limit

1 T
lim min {/ [u/ ()2t - |u(0)] < vm, [u(T) — Tw| < /m,
T—+o0 T 0

p(u) = Z}

Proof. Let us fix two constants S > T > 0, a vector w € R™ and z € I'm(y),
such that ¥%(w) < 4o00. Then there exists a minimizer for ¥%(w), that is
vr 2 [0,T] — R™, with |vp(0)] < v/m, |vp(T)—Tw| < /m and p(vp(t)) = z.
We want to construct a competitor for ¥g(w) by a patchwork procedure,
using vp. In what follows we consider [T'w] as the integer part component-
wise of Tw € R™, and [Tw] + 1 = ([Tw1] + 1, ..., [Twy] + 1).

Hence let consider two curves

exists.

7 [0,1] = R™, (0) = or(T), (1) = vr(0) + [Tw] + 1,

p(v(t) = 2
and

S
[T+ 1]

7 :[0,1] = R™,  ~41(0) = vp(T) + [ - 1] ([Tw] + 1),

S
[T+ 1]

%m=w@+[ ]mw+m o0 t)) = =
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Note that, by hypothesis [5.0.2] such curves exist and, moreover, we have
1(7) < Clor(0) + [Tw] + 1~ vr(T)| < C,

vr(T) + [S — 1] ([Tw] 4+ 1) —vr(0)+

ln) <G [T +1]

[T + 1]

with C' and C; depending on the dimension m. We can also assume that
and ~; have constant velocity. Now define the function

e hww+%<a,

op(t) : [0, [[T‘LJ (T+1)+1] — R™

vp(t — k(T + 1)) + k([Tw] 4 1) KT +1) <t<k(T+1)+T,
yE—k(T+1)—-T)+k(Tw]+1) k(T+1)+T <t
op(t) = SE+D(T+1),
it — [[Tiil]} (T +1)) [%1] (T+1)<t
<@g @+n+1,
(5.8)
for k=0,..., [[Tiil] — 1}. We rescale 07 on the interval [0,S], getting vy g :

[0, 5] — R™, with

vr,s(t) = or <; ([[Til]] (T+1)+ 1) t> :

Observe that one has, for any T > 0 fixed,

K(S,T) = % ([[Til]} (T+1)+1> — 1.

S—00

By construction we have |vr g(0)| = |vr(0)] < /m, |vrg(S) — Sw| =
o7 (0) + [[T—il]} ([Tw] +1) — Sw| < /m, and p(vr.s(t)) = =, by the period-
icity of ¢, therefore, using change of variable s = tK(S,T),

S SK(S,T)
wam<1/W%ﬂm%nf“””/ 19 (5)|2ds =
S Jo ’ S 0

1
5 8 [iera < ST @i + 1)) +
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8D a2 < k5.1 (viw + 5+ G

Now, taking limsup as S — oo and after liminf as T" — oo, we get

lim sup ¥§(w) < liminf 7 (w),
T—o0

S—o00

so that the limit exists. O
For the function ¢pem(w) the following property holds:

Property 5.1.1. Yy is a 2-homogeneous function, i.e. for any A € R and
w € R? one has

¢hom(Aw) = )‘2¢hom (w)

Proof. In order to simplify the notation we only consider the case A > 0:
the general case holds true, but it needs some different notation for the
proof. Consider z € Im(p), w € R™, such that iy \(w) < +oo; let u
be as a solution of the minimum problem defined by @ZJT/,\()\w); we have

[u(0)] < Vi, [u(T/A) — Tw| < /i and

sinow =5 [ wopa= [

hence, taking v(s) = u(s/A), one has |[v(0)| = |u(0)] < V/m, [v(T) — Tw| =
|u(T/A\) — Tw| < y/m, and

2ds

7

%Z)T/,\()‘w = /\21/ s)[Pds = N¢f(w).

Taking the minimum over z € I'm(y) and then the convex envelope, and
considering the limit as T' — oo, we get the thesis. O

Remark 5.1.1. We will also use the fact that Vpem is local Lipschitz in tis
domain: in fact observe that, if Ypom(w) < +00, i.e. w € doma), there exist
To > 0 and n > 0 such that, for any T > Ty, we can find a curve u : [0,T] —
R™ and a level z € Im(p), such that |u(0)| < /m, |u(T) — Tw| < /m,
o(u) = z, and Ypom(w) < 1/T fOT lu/|2dt +n. Now u is a curve in the level
set {p = z}, joining two points at distance |u(T) — u(0)| < |Tw| + 2¢/m,
hence, by hypothesis there ezists a constant C such that

(l(w)? < O(ITw| + 2v/m)*.

Therefore, taking u with constant velocity, one has
Vhom(W) < Yjom(w) < 0+ Pp(w) <
1 [T (u)\> ITw| +2ym >
< - / th < T\ < CQ it B 2
n+ /0 || n+ (=5 n+ T ,
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so that, taking the limit as T — 400 and n — 0, we get

zbhom(w) < 02|w‘2'

Hence we can apply lemma m getting that there exists cpom(o) € R
such that

[Vhom(§1) — Yhom(&2)] < chom(0) (1 + [&1] + [&2])[&1 — &2l (5.9)
for any &1,& € R™ such that PYpem (&) < +oo and dist(&;, 0 domap) > o.

The last preliminary result is related to the L2([0,1]) and H'(]0,1]) ap-
proximation by piecewise affine functions:

Lemma 5.1.2. Let {u.}.., € H'([0,1]) be a sequence converging to u €
H'([0,1]) in the strong topology of L*([0,1]), as e — 0. Suppose that {u}.-
is equibounded in H'([0,1]), that is |luc||gn < A, for any ¢ > 0. Consider
M, JM € N and a partition {t;},_, ju of the interval [0,1], with |t;—t;—1| <
1/M.

77777

Let ve v be the piecewise affine function defined on inder i =1,..., JM
satisfying
Ue(t;) — ue(t;—1 .
venr(t) = uelts), ()], |, =)

[ti1,ts] ti —ti—1
Then we have

i) there exists a function vy € H'([0,1]), depending on the parameter
M, such that
Ve,M ——> UM (5.10)
’ e—0

strongly in L?([0,1]) and weakly in H'([0,1]);
i)
UM ———— U (5.11)
M—o0
strongly in L?([0,1]) and weakly in H'([0,1]).
Proof. Observe that, by construction, we have

t;
|UE,M - u5|2 + E / |U€,J\/[ — Ue 2-
ti—1

t;
i—1 iEIg k3

1
[ s —wepae= 3
0 iar

The function v. a — u. vanishes in ¢;, for 7 = 1,..., JM  then we can use
Poincaré inequality, getting

J]\/I L J]VI t
Z/ vear — ue)?dt < Zcmm?/ Wl — ul]?dt <
i=1 Yti-1 i=1 tim1
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M 2 t; t; 9 1 1
¢ ’ / 2 ’ 12 ¢ / 2 12
< —_— = — .
= 2 M2 </ti_1 |U5,M| + /ti_1 |U€| ) M2 < 0 ’ve,M| +/0 ‘us‘ >

At the same time, being u. € H*(]0,1]) absolutely continuos, we have

2
t; t;

we(t) — ue(tio) = / dedt = e (1) — we(ti1)[2 = ( / u;dt> ,
ti—1 ti—1

then, using Cauchy-Schwarz inequality,
t'L ti ti
lue (t;) — ue(ti—1)]? < /t 1dt/t lul |?dt = Ati/t |l |?dt.
i—1 i—1 i—1

Hence

J M

! )~ et _ [
ol 2t = S [elte) = el </ ol |2dt. (5.12)
| et = oL [

Therefore one has

! 2 2c e Lo dc
) Ve, — Ue| dtgw ) ’”s,M| + ) |ug| gw)\a (5.13)

being ||us||z1 < A. Then we have

4c
M2
and, by equation (5.12)), and by hypothesis of equiboundedness of {u.}_,

[ve L2 < l[venr = welle + [luelle < T5A+ A

HU&MHHI <A, Ve>N0.

Hence there exists a function vy € H'([0,1]) such that vep — vy
weakly in H'([0,1]), and, by Rellich theorem, strongly in L?([0,1]), as e
tends to zero. Part i) is then proved.

Consider now ii): we have, by hypothesis, part i) and equation

1 ) 1 ) 4e
[ o=l =t [ s = el <

Hence, taking the limit as M — +oo,

1
4c
li —uf? < lim —\=0,
Minﬁoo/o |UM u’ = Miriloo M?2
so that vy — wu strongly in L?. For the weak convergence consider ¢ €
H'([0,1]); one has, using part 7), hypothesis and Cauchy-Schwarz inequality,
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1 1
/ vy — ¢’ = 21_13(1)/ Wl — uzle’ <

4c
<l [ W ot < el

Therefore, taking the limit as M — 400, we get 7). O

Remark 5.1.2. Lemmal[5.1.9 holds true inverting the role of ¢ and M, such
that the limit of piecewise affine functions v. pr does not depend on the order
of e = 0 and M — oco. We state the result in this way in order to use il
in the proof of I'-liminf in theorem where the order of the limits is
exactly € — 0 before M — oo.

Now we can finally state our main result:

Theorem 5.1.1. Let F. be defined in , such that the constraint o is

CL(R™) and it satisfies hypothesis H) of lemma |5.1.1]; let hypothesis
be satisfied; then, for any u € L*([0,1];R™) one has

/whom dt ’LLEHl([O,l])

otherwise,

FhmF(

in the strong topology of L*([0,1]).
Proof.
I'- lim inf

We want to prove that, for any sequence u: converging in the strong
topology of L?([0,1]) to a function u € L?([0,1]), as € — 0, one has

liminf F(u:) > F(u). (5.14)
e—0
First of all observe that we can assume, without loss of generality, that

F(u)§/\<+oo Ve >0, (5.15)

otherwise the I'-liminf mequahty is trivial. By the equibound-
edness of F., we also deduce that fo |ul |2dt < A, de. JJuellgn < A, for any
e > 0; hence, up to subsequence, u. — u weakly in H'([0,1,]) too.

Let us take four positive constants €, N, M, K; by hypothesis on the
function ¢, there exist two constant a, b € R, such that Im(yp) C [a,b]: so

we can divide the image of ¢ in N + 1 values {a = 29, 21, ..., 2y = b}, with
1 .
|Zj—Zj_1‘:N, Vj:1,...,N.

6]



Now we want to split the domain of u. too. Consider the following set

TSN ={t €0,1] : pe(us(t)) € {z0,21,...,2n}}

and set

to =0,
ti=min{t € 7N 1t > ti 1, pe(us(ti) # @e(uc(tiz1))} - (5.16)

Remark 5.1.3. Observe that, by definition, t; actually depends on e and N;
we simply name them t; just to simplify the notation.

Note that the set TN is compact, being an inverse image of a compact
set, by the continuous function , so that the existence of the first instant t;
is guaranteed; at every step we evaluate the minimum always of a compact
set that is 72" = {t € [0,1] : pe(uc(t)) € {20, 215 -, Zio1, Zig1s - - 2N} }, for
some i € N. Therefore the set of t;, i € N, is well defined.

With this division of the domain of u. we want to highlight the instants
t; where @:(u:) reaches the levels zg, z1,. .., 2N, so that, for two consecutive
t;, there exists j =0,..., N such that

|(P€(u€(ti)) - (PE(ue(ti—l))‘ = ’Zj — zj:l:1| = %

The procedure described to find every t¢; ends when we reach the point
t; = 1; we cannot tell a priori that the number of ¢; is finite, for ¢ and N
fixed, so we present the following

Lemma 5.1.3. For any N > 0, there exists g such that Ve < g, the number

of {ti}; defined in is finite, i.e.
JN =t{t:i}; < +oo

Proof. By equation (5.15)), for any i = 0,...,.JY, using Jensen’s inequality,
one has that

ti 62
A > Fe(ue) 2 52/75 | (ue) [Pt > ﬁ(@s(us(ti)) — @e(uc(ti-1)))* =
i—1 ¢ =
_#
ti —ti—1 N2’

Define At; = t; — t;—1 and note that, by our hypothesis, one has § — 0
and d/e — +oo as € — 0, so that there exists ¢g > 0 such that, for any
€ < gg one has § > €. Hence we get

2 1

s L
~ AL N2

76



Then, for any i = 0,...J~, the minimum distance between two consec-
utive instants ¢; is a fixed constant:

and, being t; € [0, 1] bounded, we must have

AN?
J8N<72<+OO
g

O

Thanks to this lemma we now have that {¢;},. ;v is a partition of [0, 1].
We can show another property that we will use in the sequel:

Lemma 5.1.4. For any K > 0, there ezists a constant €1 > 0 such that, for
€ < g1 we have
At; > Ke?, i=1,...,JN. (5.17)

£

Proof. Let us suppose the contrary: there exists a constant K > 0 such
that for any e; we can find € < &1 such that At; < Ke? for some i =
1,...,JN. Then, let i be an index such that At; < Ke?; by and
Jensen’s inequality,

62 1 N 62 1
At; N2 7 e2 KN?'
This is absurd because, for € — 0, the last term tends to infinity. ]

A >

Lemma [5.1.4] gives a lower bound for the interval of the partition t;,
i = 0,...,JEN; but, on the other side, this partition should not be thin
enough to our claim: if we consider u. such that ¢p-(uc(t)) = z; for some

j=0,...,Nandforanyt € [0,1], then JV = 1 and we will have At; = 1. To

. . . . .= . —=N,M
avoid such a situation we introduce a new partition ¢;, for< =1,...,J. 7,

actually depending on M too, such that

- - 1

At =t —t;_1 < M
This partition is obtained from ¢;, possibly adding other instants, to satisfy
the condition At; < 1/M. For example, if we have p.(u-(t;i—1)) = z; and
e (ue(ti)) = zj+1, for some 4,5, but t; —t;—; > 1/M, then we will add enough
instants in [t;_1,¢;] in order to get At; < 1/M. Note that {ﬂ}l is still made
by a finite number of instants, by lemma indeed there exists g¢ such
that, for any € < €, we have

- AN?2
9
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With this new partition we lost the information about ¢, (ue(t;)), but we
still know, by the continuity of ¢ and, more precisely, by the medium values
theorem, that

_ _ 2
e (ue(ti-1)) — pe(ue(ti))] < (5.18)
and, repeating the proof of lemma to {fi}i, we have also
— 1
Ke? < At; < i Ve < g1. (5.19)

Now we want to define a type of intervals that we will not use in the
computation of Fy(u.): consider the set of indices

IEK = {Z < JEN’M : ﬁl _%i—1| < KE}

and the respective set of intervals BX = Uierx [ti—1,ti] C [0,1]. Observe

that, by boundedness of F¢(u.), one has

t; 52 62
/12 K
3> 3 [P Y st 1

ielK Jti-1 eIk
so that
)\N2K€ £\ 2
K| < K| < (7) 272

Hence, for the set (0,1)\ BX we have

Ke < At; < Vi ¢ IX. (5.21)

1
M’
Now we can evaluate F. on u. using our partition:

—=N,M

1 1 1 Je %,
Fl(u) = /0 l [2dt + 62 /0 e (ue)[2dt > /0 Pt = 3 / ol [2dt =
=1 i—1

1 4 14
Z/ W2t + Z/ il Pt > Z/ W2t
i—1 ti—1 i—1

igrk Ut ierk 7t igrk Ut

Then we use the change of variable s = (¢ — t;_1)/e, naming
Ve(s) = (uc(es 4+ ti—1)) /e—[uc(ti—1)/e], so that v.(s) = ul(es+t;—1), getting

Ay

t
) ’vé(s)’st: Z gAti/ ) |v;(s)’2ds.
0

At;

Fo(u) > ) 8/0

igIK ielk
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Now let us call

Hence we have

v:(0)] = us(tg ) |:Us(t€il)” < v
) = Tt = M) [0 < v

and, by (5.18) and the periodicity of ¢, for a suitable i = 0,..., N,

6 (v(s)) — 4] = ‘so (letton) el

9 9

_ 2 .
= |pe(us(se +Hi1)) —z| < 5 Vs €[0,T).

Then, using definition (5.2)), one has

Z At wz“N

igIK

.2 ’
Now we want to use hypothesis[5.0.1{ to replace w;l /N with 1/1;2 where we

2
have the stronger constraint p(v.) = z,. We have that, assumlng Vo TN (wh) <
oo, for any i ¢ IX and a fixed N > 0, there exists z/ and W’ such that

vt > (1o (5 ) ) vt - 25

N
i

and

lw? —w| <

Hence we get

gt 2 (< (3)) )

igIK igIK

(-o(3) § e -0

igIK

and
g, i¢ IK. (5.22)

lw! —wk| <
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By lemma we can state that, for any a > 0, there exists Tp > 0
and K > 0, such that, by equation li Ti = % > K > Ty, being i ¢ IK,
and ) ,

U (E) > b (@) —

Then, being ¥nem the minimum over z of 5, we have that

i 1 (3)) o ((3) 5>

i¢Is
2 — - 2 k(N
(0 (2)) S Sty o (1 0(2)) 4
i¢Ik
By remark we know that ¢pem is a local lipschitz function: there
exists a constant cpom > 0 such that
whom(@é) = w}hom(wi) - whom(wéﬂ + whom(wé) =
> —chom (1 + [WL] + [wl)[We — w| + Ynom (w}).

Applying this last inequality to F. we get

R > (10 (2)) T Bt —a (1-0 (3)) - 04

i¢Is
2 A7 —i N i
~atom (1= (5) ) X B+ o] + Jutiwt -l
igIK

For the second term, using the discrete version of Cauchy-Schwarz in-
equality, we have

Chom (1 u (N)) S (B (1 + ] + k) () [l — wl| <

igIK

N|=

2 _ . . . .
<aon (1-0 (3)) | S a0+l +uih? ) | X Safut - ui?
i¢Ix i¢IK
Now, the second factor is bounded because, using equation (5.22)), we
have

2

2
. . £
> Aufwl —wi’ | <vm | Y Al <
i¢IK i¢IK At

[NIES
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N =

— 1 LD
> Mg | <
igIx

The first factor is bounded too, indeed

S Al < S At (i) — ue(ti1))* <
igIx igIxK
<> ! (/t uldt>2<z ! (/t 12dt> </t il 2dt>
id Tk At c h YT At; tic1 ti1
7
> / |ul |2dt / [ul|2dt < \.
igrs \7ti-1

Hence, being At; > Ke, for i ¢ IX, and using inequality 1 , one has

SR+ [+ ) < S B (cl+oz|w€|2+cg : ) <
igIK igIK ( ‘5)
2 , c"
01+02)\+03mZAt i <C + 3

igIxK
Therefore we get

9 _ A : . .
thom (1= (7)) 3 B0+ ] + fulD It - k] <

i1

con (<) ¢+ 8) - (D)%

with ¢(K) — 0 as K — +oo0.
Define now, in the whole partition {ﬂ}Z <N.M, a sequence of piecewise

affine functions {l. p '} approximating u., with derivative equal

e>0,M>0,N>0

wl,ie. set, forany i =1,...,J,

(@) = ueE), Ly () o uef) —u(lin)

= Ww. =

€ Ez

[ti—1.ti]

Then, by lemma, we have

i) there exists In;n € H'([0,1]) such that
le N — LN

strongly in L?([0,1]) and weakly in H([0,1]), as ¢ — 0.
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ii)

l]y[,N — U
strongly in L?([0,1]) and weakly in H'([0,1]), as M, N — +oo.

Using I. ar,n, we want to construct a piecewise affine function, without
using indices in IX: let consider the function

ti_ t—tiq) te[tit], i¢IX
T {ug< DHebt—tio) telfntl ig ko0

us(ti,l) te [tifl,%i], 1€ IaK

Hence ve ar, v,k has a countable quantity of discontinuities (jumps), in
the points t = t;, for i € IEK. We can construct, by translation of ve ar, N Kk
in these points, the continuos piecewise function I x s n € H([0,1]), that
satisfies

le, e, m,N (8) = (5.24)

{wé te ﬁifhgi]’ Z'¢IEK,

0 te[ti1,t], Z'Eff.
For such a function one has
| lekan P =3 [ uifde = 3" Bhjuif <
0 ig i izt ig 1K

Hence there exists g apn € H'([0,1]) such that le kMmN — Ik MmN as
e — 0, weakly in H' and strongly in L?. On the other side, by equation
(5.20) we have

liarn =l vlloo < Ol = Upnlly = MmOty = le oy vl =

= lim C

|l
e—0 Bf

Lol < lim Oyl /1B <

< VAClim VANK (%) —0,

so that l. k. N — Ly, as € — 0, weakly in H! and strongly in 2.
Now observe that, being I ;- ,, y = 0 for t € [t;_1,%;] and i € IX one

has _
t;

Z Eiwhom(wé) = Z B whom(l;,K,M,N)dt =
it 1K ig K Y tiz1
1
_/ whom(lé,K,M,N)dt_/ Uhom (12, i a1, v )t
(0, )\BE 0

Therefore, using lower semicontinuity of ¥yom, one has
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lim inf F (uc) hgglf[(l ( >>/ Uhom (1L, ke, e, n )+
() (- (3) -
(1= (3)) [ ot
(o) (-o(3)

Now we can take the limit as K tends to infinity, getting

hgn_}glfF(us)/<1_w< ))/whom ZMN)_O‘<1_W<;>>

Finally we can counsider the limit as M, N go to infinity, using again
the lower semicontinuity of ¥pon and knowing that w(2/N) tends to zero as
N — 00, getting

1
liminf Fy(u.) > / Yhom (U )dt —
e—0 0

and, by the arbitrariness of constant «, taking the limit as o — 0, we get
the thesis:

lim inf F_ (u¢) /?/)hom = F(u).

e—0

I-lim sup

Consider a function u € H1([0, 1]), we want to find a sequence u. € H*([0,1])
such that
limsup F(u:) < F(u). (5.25)
e—0
First of all note that, by construction, ¥nom is a convex, lower semi con-
tinuos and coercive function, then we can apply the Caratheodory theorem,
see [b3] for details: for any fixed w € R™ there exists a convex combination
of vectors w; € R™, with coefficient A; € R, for i =1,...,m + 1, such that

m-+1 m+1

=1 =1
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and
m+1

Yhom (W) = Y Abfs (wi). (5.27)
i=1

We can prove (5.25) for a linear function w and extend this result by
density to the whole H'([0,1]). So take w € R™ and consider the function
u(t) = tw, for t € [0,1]. By Caratheodory theorem we can find \; € R and

w; € R™ satisfying (5.26) and (5.27)). Let us fix three positive constants &,
T and K, such that T" > K. For any vector \;w; there exists a function
u; : [0, \yT] — R™ that is a solution for the minimum problem

_ 1 Al
Srlw) = g pmind [ WP o)~ 0] < vim
¢ AZT 0

[v(NT) — ATw;| < v/m, pe(v) = 2}

We want to construct a recovery sequence by a pacthwork procedure using
u;, 1 = 1,...,m + 1. Let consider the function @ : [0,2?:{1 NT +mK| =
[0,T + mK] — R™ defined as

4 ]—1
=1
<Y ANT+H(G-1)K
aft) = j=1,....m+1
5 (t= (T AT +G-DK)) YL AT+ (- DK <t<
<Y AT + 5K

j=1....m

(5.28)
where 7; : [0, K] — R™ are the line segments from ~;(0) = u;(\;7T) to
i (K) = uwjs1(0) + > 7 ((NiTw;] +1), for j = 1,...,m and ~; with constant
velocity. Note that, by boundary conditions on u;, one has

2/m
l(y) < 20 = of| < 227 (5.29)

Then we define w : [0,7] — R™ as

1 m+1
u(t) = (T (Z NT + mK> t) . (5.30)

i=1

We have that, being T' > K,

G(K,T) =

Nl =

m+1
1
(Z /\iT+mK> = F(T+mK) —— 1.

‘ K—oo
=1
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Now we consider the function a. : [0,eT] — R™, 4.(t) = eu(t/e), and we
define @, : [0, B T]+1] — R™ as
Ue(t) = U (t — jeT), Jgel <t < (j+ 1)eT,
1 ) (5.31)

Finally consider our recovery sequence u. : [0,1] — R™, with u.(t) =
[eT]+1

1 T|+1 [Ei s(eT) + 1)\
/ t th — [6 / /
| opar = =g [T (1
eT
e (E L, 2, €T 1 T P
- [€T] +1/() ’us(s)‘ ds = [ET] +1 <[€T] +1>/0 |u5(3)| ds =
eT T e \°1 (T, .,
= ([811]_'_1)2/0 |t (ey)|"edy = ([ET}+1> T/o ' (y)|"dy =
_ eT 21/T+mK , t
“\[ET]+1) T “\ Gk, 1)
eT ? = o 12 — 1 [ 1(4\(2
= — . — <
() G (Z s [ dt+;T/0 Y0P ) <
eT 2 sy . 1 <= 4m
() own (E *i‘”AiT(“fi”TZK) -
i=1 i=1
At the same time we have, making the changes of variables used above,
§\? [t us(t)\ |2 eT 2 1 5\ N 4m
- dt < K, T)= - —,
() L1 (22) = () emziva (O X%

i=1
because the only non zero contribute of w. is made by the curves v;, being
¢(uj) = zj, so that Vo(u;) = 0. Therefore

T \2 ] 2 (8\am2C
F.(u:) < <[5T]+1> (Z Mbmwz TK+<5> KT >

Now, consider for example T = §'/3 /e and K = §?/3 /¢, such that condi-
tion T > K is satisfied, then we get

5\ % 4m2C 5\ 2 4m2Ce2
e S = § 4m?
() i () O s amic >0,

Uge <it> For such a sequence one has

ds =

> odt
G(K,T)
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1 4m? g2
— T —4mP )
T K m 5—>0

Hence we can consider the limit as K — oo (and 7' > K — o00): being
el

<[6T]+1>2_>1’ G(K,T)—1

one has
m+1

2
Fo(u:) < Z Nippt - (w;) + 4’m2% + 6 4m>C.
i=1

Taking the limsup as € — 0 we finally get

lim sup Fa(ua) < whom(w) = /01 ¢hom(ul)dt = F(U)

e—0
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5.2 Examples

Example 5.2.1. Let us consider the following constraint function: ¢ : R? —
R
o(z,y) = sin(27x) sin(27y).
We want to show that the homogenized function of the oscillating constrained
problem associated to ¢ is the squared I; norm: 9 : RZ — [0, +00),
Yhom(w) = (lwr] + [w2])?

First of all note that we have two types of level sets for the function
©: the level {¢ = 0} that has only one connected component unbounded,
the lattice with vertices in Z2, and the level {p = c}, with ¢ # 0, that is
made by infinitely many connected component, all bounded. Moreover the
set {¢ = 0} is made by union of C! sets and it can be proved that it satisfies
hypothesis [5.0.1]

Hence the homogenization formula for this problem is the following

Phom(w) = (mzin < Jim ¢§(w)>>**,
where
5(w) = = min {/OT ' |2dt : Ju(0)] < V2, [u(T) — Tw| < V2, ¢(u) = z}

T
(5.32)
In this particular case, we will show that it is simpler:

Lemma 5.2.1. For any z € Im(y), z # 0, we have
Viom(w) = 400, Yw #0

Proof. Let T > 0 and z # 0 be fixed and suppose that exists w € R? such
that ¢f  (w) < oco. By definition ¢ . (w) is a minimum between curves
that satisfy these conditions:

w(0)| < V2, |u(T)—Tw| <v2, o)==z

Being z # 0, we know that level {¢ = z} is made by many bounded connected
components, and, by condition |u(0)| < v/2, the initial point u(0) has to be
in one of these bounded components inside the ball B 5(0); moreover u has

always to stay in this component, so that |u(T)| < v/2. Hence, by condition
|Tw — u(T)| < V2, we get

Tw| < [u(T)| + V2 < 2V2.
This is true for any 7" > 0, then
lim |Tw| < 2v/2.
T—o0

This is absurd, unless w = 0 O
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Using this last lemma, we can say that
Uhom (W) = Ypom ().
Now we want to prove that
Yhom (W) < (lw1] + w2))* = Jwl. (5.33)

First of all we name the vector 7w = u(7T") — u(0). By definition we have
Tw =u(T) —Tw+ Tw —u(0) and Tw = Tw + u(0) + (Tw — u(T)), so that

|Tw| < |u(T) — Tw| + |Tw| + |u(0)] < 2V2 + |Tw|. (5.34)

[Tw| <|T@| + [u(0)] + |Tw — u(T)| < V2 + |Tl,

so that
| Tw| > |Tw| — 2V2. (5.35)

Let u : [0, 7] — R? be a curve with constant velocity, such that |u(0)] <
V2, |u(T) —Tw| < V2, ¢(u) =0. Moreover suppose that the velocity
of wis |[u/| = %; this makes sense because u lies on the lattice ¢ = 0,
so that the length of u is bigger or equal that ||T%@|;1. Being 9P, (w) the

minimum on curves of this type, we have, using (5.34))

1 (7 1
0 : 2 : ~ 112
Vo) < Jim 7 [ e < im STl <

. 2v/2
fim (T + ||sz21> = (lw1]| + wa|)?.

T—o0

To prove the other inequality, take a general curve u : [0, 7] — R? satis-
fying same conditions [u(0)| < v/2, |w(T)—Tw| < V2, ¢(u) = 0. Hence,
using the change of variable s = ¢/T", the function v(s) = u(sT") and Jensen
inequality, one has

T 1 1 /1 1 1 2
/ [/ |?dt = / W/ (sT)|*Tds = / 1/ (s)|%ds > — </ |v'|d8> :
0 0 T 0 T 0

Note that the last term is the length of the curve v, lying in the lattice
@ =0, i.e. bigger or equal than ||T1I;||l21. Therefore, using 1)

T
1 1
| WPt > LiTalh > LTl - 2v3
0

Now we take the infimum on curves u of this type and then the limit for
T — oo, getting, by definition of ) _(w),

N N 1
i [ = ) > Jim (Tl ~ 27 = ol
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Example 5.2.2. In this second example we consider the oscillating con-
straint problem defined by ¢(z,y) = d ((x,y, ),ZQ), i.e. the distance from
the points with integer coordinates. We can show that the corresponding
homogenized function is the following norm, defined on the whole R?:

2 T\ 2
() = (lwley ) = (max{wr,wa} 7).
For such a ¢, as in the previous example, we have only one level set made

by a unique connected component and unbounded, that is the set
{(z,y) e R*: o(z,y) = 1/2};

for any other value ¢ € [0,4/2/2], the corresponding level set is made by
infinitely many bounded connected components.
So, first of all, we can prove, exactly in the same way used for lemma

b.2.1] the following result:
Lemma 5.2.2. For any z # 1/2, one has

wzom(w) = +00, Vw 7& 0.

As a consequence of this lemma we know that ¢pom(w) = Lbllléfn(w)

Before proceeding as before, by showing the two inequality for %11012117 we have
to show what is the short way to reach a point w € R?, passing through the
level set ¢ = 1/2. Let u be a curve defined on [0,7] with values into R?
satisfying the following conditions:

w(0)] < V2, |u(T)—Tw| <vV2 ou)=1/2.

We call @ the same curve as u, but starting from a point @(0), that is the

nearest point from u(0) with one of the two components belonging to Z, and

ending in @(7), defined in the same way. Note that, by construction, the

distance between u(0) and @(0) is smaller then the arc that holds them, that
is at most a quart of the circumference, so we have

1 =« s

0)—u(0)] < z— = — T)—u(T) < —. 5.36

[u(0) —a(O) < 57 =5 @) —a(l)| < 3 (5.36)

We introduce @ in order to find the lenght of w in a easy way, knowing

that, when T' — oo, |u — @] — 0.

Proposition 5.2.1. Let u and u be defined as before. Then we have

T
/0 a'dt > |a(T) — @(0)|oo

ol 3

89



Consider now a curve u satisfying boundary conditions of w;/ 2 (w), with
constant velocity. We identify @(0) and @(7) as before. Let TWw be the
vector holding @(0) with a(T"); by property this minimum length will
be |TW|oom/2; hence, using conditions (5.36), we have

o (t) = |TID|OOW]/? + 77/4’

where 7/4 is the maximum difference between u and 4. See the following
figure for example:

Tw
u(m)

m < /8

W

2 32 36

)N

04 08 1,2 16

Figure 5.1: An example of a constrained curve with minimum lenght.

Therefore

17 1
Yhom(w) < lim / W/ 2dt = lim =T (|@|ee/2 £ 7/4T)?.
T 0 T—)OOT

T—o0

Now note that, by our hypothesis, one has
Tw = —u(0) + Tw + (a(T) — Tw),
[a(0)] < 1(0) = u(0)] + [u(0)] < g + V2
[a(T) = Tl < [a(T) = u(T)| + |u(T) - Tw| < T + V2,

so that -
Td| < [Tw|+ 5 + 2v/2,

hence

WW 4 47;> _ (|w|ooﬁ)

. ™
Yhom(w) < TIE};O <|w|oo2 +
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For the other inequality let us take a general curve satisfying the condi-
tions defined by wilp/ 2, then, using change of variable s = t/T and Jensen’s
inequality, with the same notation as in the previous examples, we have

/0 o 2dt = /\ 2ds > (/Olyq/yds)Z.

Now by property - we know that the lenght of v is bigger than (as
T — 00) |TW|som/2, so that

T
1 T T \2
112 ~
dt}—(T —i—)
/0 [v] 7 Tl + 47

Furthermore we have
Tw = 3(0) + T + (Tw — &(T)) = [Tw| < V2 + [T + V2 + T,

so that .
Ta| > [Tu| - (2v2+ g) = |Tw| - c.

Hence

T 2
/0 ! 2dt > <|Tw\oo + E - c)

This inequality holds for any curve u satisfying 1!);/ % conditions and for
any T > 0, so we can take the infimum over v and the limit as T" — oo,
getting

1 [T 1 2
Whom(w) = min_lim T/o W > lim — (\Twyoofil—c> -

u T—o0
T 2
= (lwlee;)
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Example 5.2.3. We consider an example for curves in R3. In order to get
the constraint function ¢ we can take the network

L={(z,y,2) ER3:x=i,y=7j,2=k, Vi,j,k € Z},
as Figure shows, and define o(z,y, 2) = d*((z,y, 2), L).

Figure 5.2: The network £ = {(2,y,2) € R3:x =i,y = j, 2z = k, Vi, j,k €
7}.

Hence there exists only one level set of ¢ unbounded and connected: the
network £ = {¢ = 0}, and it satisfies trivially the hypothesis being a
union of C' sets. Hypothesis is more tricky to verify: if we take z # 0
and ¢ < |z| then ¢7°(w) = 400; so one has to prove that for ¢ sufficiently
small we have

k(c)

Yt (w) = (14 oc(1)¥(w') - T

for any w,w’ € R3, with w’ = w + op(1).
Assuming that the geometric stability of {¢ = 0} is satisfied, we have

Yhom(w) = lm ¥ (w),

where 1% (w) measures the minimal length of a curve from 0 to Tw, lying in
the level set {¢ = 0}. In order to compute such a metric we can consider
the parallelepiped with edges x = [w1],y = [wa],z = [ws], so that its faces
belong to the network £. Hence the minimal curve will stay in the plane
y = 0 until a point (x,0,t), with 0 < ¢ < 2, and in the plane x = [w;], until
the point [w] = (z,vy, z). Therefore its length will be

min f(t), f(t)= <\/x2+t2+ y2+(z—t)2>.

o<tz

The minimum of f(t) is reached for ¢t = zz/(y + 2) and it is

Uz,y,2) = /(2] + [y)? + 22.
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Now we have to find the minimum of /(x,y, z) on the permutations of
x,1, z: observe that

lyl < |zl = (x| + |y)?* + 2° < (J=] + [2])* + ¥
2 < Jyl = (2] + y)? + 2® < (2] + |y])® + 2%,
so that we have
Phom(w) = (minf|z|, |y], |2[})? + (|z| + |y| + 2] — min{|z], |y], |2[})?,

that is the euclidean norm for the minimal component of w added to the [y
norm of the other two components.

Example 5.2.4. As a second example of curves in R? consider the following
constraint function

p(z,y,2) = d*((2,y,2), Z°).
Observe that this is the natural generalization in R? of example [5.2.2

Hence the level set £ = {¢ = 1/4}, Figure has a unique unbounded
connected component, that satisfies hypothesis and

Figure 5.3: The network £ C R3.

In order to find an upper bound for ¥pem(w), we can use a similar ar-
gument of example : consider the parallelepiped of edges x = [w1],
y = [wa] and z = [w3]: the length of a curve u., connecting 0 and w, with
the strict constraint ¢(uz) = 1/4, is less or equal to the one of a curve v,
from 0 to a point ([wq],0,¢), with 0 < ¢ < [wg], lying in the plane y = 0,
and from ([wi],0,t) to [w], in the plane z = [w;]. Hence we can exploit the
result of the example [5.2.2]in these two planes, so that we have

U(ve) = min_ 2 (I Dlloe + 1z = 8),9)0)
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where ||(£1,£2)|loo = max(|&1], |€2]) is the ls norm of the vector £ € R2.
Note that if z < z 4+ y then ||(z,1)|loc + [|((z — 1), y)|loc = |z| + |y|, while
if 2>z +y then |[(z,)]|co + ||((z = t),y)|lcc = |2]. Therefore
™ .
[(ve) = 5 min (max (|z] + [y, [2[) , max (jz] + |2[, [y]) , max (2] + |yl [2])) -
Now we have

2 <yl & max(|z] + [yl [z]) < max(|z] + 2], [y]),

yl <lzl & max(fa|+ |2, [y]) < max (|2] + [yl [2])

This means that

™
1@y, 2)lloo =[xl Alzl 2 Jyl = Uve) = Sy, 2 + 2o,

I@y.2lloe = lel ALyl > 2] = 1(02) = Fllz2 + vl
I@ w2l =yl Al 2 lal = 1) = Zllay + 2l
[,y 2)lloe = lol Alel > 12| = 1(ve) = Gz + 2],
I@y.2)lloe = [ Alyl > Jol = 1(0) = Flle,y + 2l
I@ v, 2o =lel Al2l > lyl = 10e) = Sy, + 2loc.
Hence we get
U(:) = || (minle]. yl. 2D, | e, , )l = min(lal, |yl 2D) 1.

and the upper bound
Yo (W) < Vi, (W) <

S (%u (min([z|, [y], |2]), [|(z, v, 2)|]1 — min(|z], |y], |2])) Hoo)2
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Chapter 6

Density of R? oscillating
constraint problems in Finsler
metrics

In chapter b, we stated that the existence of at least one level set of ¢
containing an unbounded connected component is necessary for the bound-
edness of ¥pom; hence, for at least one z € Im(yp), the level set {¢p. = 2z}
is a periodic unbounded and connected e-network over R™, that represents
the “allowed” zones for curves u. in F;. This means that ¥y,m measures the
distance between the origin and the point w, not with the euclidean norm,
but with the length of a curve that microscopically lies in the lattice defined
by the constraint. Hence the following inequality is satisfied

Vhom (W) > |wl|?,

with equality reached by the trivial case ¢ = 0. Moreover, being Ynom
two-homogeneous, it is also symmetric:

77Z)hom(_w) = ¢hom (w)

Therefore ¥nom is a convex, two-homogeneous and symmetric function, con-
trolled from below by the euclidean norm.

This shows that the I'-limit of an oscillating constraint problem, for
curves with values in R?, is a metric. In this chapter we characterized met-
rics defined by an oscillating surface on R3, i.e. the function ¢ : R? — R:
more precisely we show that they are dense in Finsler metrics, with respect
to I'-convergence.

By a symmetric Finsler metric in R?, controlled from below by the Eu-
clidean metric, we mean a function 1 : R? — [0, +o0] such that

i) 9 is 2-homogeneous: Y(Aw) = A2 (w), Vw € R?, VA € R;
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ii) 1 is convex;
iii) Yw € R?, we have ¥(w) > |wl|?;

Observe that from i) one has ¥ (w) = ¥(—w), Yw € R2. Observe that,
differently from the case treated in [17], we don’t ask the boundedness of
from above: this allows us to treat cases of metrics whose domain is not the
whole R?.

By the hypothesis on v, we know that its domain, i.e. the set where 1
is finite, has to be a convex cone in R? symmetric with respect to the origin
and centered at (0,0), hence it is a subspace of R2. So, if dom(v)) # {0}, we
might have two different cases:

1. dom is a line through the origin, i.e. a subspace of dimension one
(R), so that 9 is finite only in one direction and we have

2. dom 1) is the whole R?, so that we have

max Y(w) = M < 4o0.

jw|=1

It is clear that this distinction can’t be applied to the situation of metrics
defined on R™, n > 2, that, in general, will contain more cases.

In both cases, we want to prove that for any n > 0 and % satisfying
conditions i), ) and iii), there exists a periodic function ¢, : R? — R,
defining the oscillating constraint and the functional F;, in the way we will
see in the sequel, such that the homogenized function v, of the I'-limit

e—0

1
I-lim F.(u) :/ Py (u')dt
0
satisfies the inequality

[¥n(w) = (w)| < nlw|*. (6.1)

Let us first recall what an oscillating constraint problem is, in the case
of curves taking values in R?: as in equation (4.1)), we will consider the
following functional

/Wy?dx ve H (VL)
v) =< Ja

Fo( (6.2)

+o00 otherwise

where ) is an open and bounded subset of R, for example (0,1), and the
function v, actually depending on the small parameter ¢, is a curve taking
values on an oscillating constraint V.. More precisely we take
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ve:QeR — V.CR3
to= ve(t) = (vi(t),v5(1)) (6.3)

where v§(t) = ¢-(v§(t)), v5(t) is a curve in R?, ¢.(y) = 0o (¥) is defined
by the function ¢(y), that is (0, 1)%-periodic, and takes values from R? to
R. Moreover we assume that 6. — 0 and d./e — oo, as ¢ — 0; hence
our oscillating manifold V., in some sense, is converging to the space V =
R? x {0} = R2.

Remark 6.0.1. To simplify the notation, as in equation , in the sequel
we will separate the two component of the curve v: the free component vy,
taking values in R?, that we will name simply u, and the constrained one,
defined by p-(u), so that we will have

vr(t) = uft),  va(t) = (u(t)).

In this way, we can express the functional F; in the following equivalent
unconstrained form: F. : L?(€;R?) — [0, +o0]

Fw) = [ [upde = [ <|u;|2+(j)2wyw<u€>u;\2> i (64)

where y = u./e.

Before treating the two different cases of the 2-homogeneous convex
function v, we show in the following lemma that F. is invariant under
reparametrization:

Lemma 6.0.3. Let u. be a minimizer for F., then there exists a curve
ve € HY([0,1]), with constant velocity v. = c, such that

i F& :Fs € :Fs e):
et () (ue) (ve)

Proof. Consider the curve u. : [0,1] — R? and set ¢c(z) = ¢ (£). Then our
functional reads

1
2
Fo(ug) = / (,%,2 + 52 | Dpe(ue) - ul.| ) dt.
0
Now think on a monotone C!([0,1]) function ¢ : [0,1] — [0,1], with

g9(0) =0, g(1) = 1, and consider new curve v. = u 0 g(t) = u:(g(t)), that is
a reparametrization of u.. Then the functional becomes

1
Fe(ve) —/0 (Jul(9()g'(t)]* + 6% Depe (ue(g(t))) - ul(9(t)g'(t)*dt =
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1
:/0 (luz(g(t)* + 82| Depe (uc (g (1)) - ue(g(t)*) (o' (1)) *dt.

Now use the change of variable s = g(t), ds = ¢/(t)dt:

g(1)
F(ve) =/ (Il (s)? 4 6°|Depe (ue(s)) - ul(s)[*)g (97" (s))ds.
g(0)

We can write ¢’'(g~1(s)), using the formula for the derivative of the inverse
function, as

' B 1 B 1
96 = yGm) ~ )
then we get
[ v.l? 4+ 82 2 1 s
Fu(v:) = /O (el + | D /) gyl

Since we have to find the minimum of this functional, we are interested
in the optimal reparametrization g, with the constraint ¢g(0) = 0, g(1) = 1,
that is fol g'(t)dt = 1, that minimizes F.. In general the problem is to find a
function D that realizes

min{/oljl\;: /01021}, (6.5)

where, for us, N = |v:|? + 62|V - vL|? and D = (g71)(s)) = (¢'(¢)) L.
We have, by Cauchy Schwarz inequality,

1 N 1 N 1 1 \/ﬁf 2 1\/7

- (1) - (L)
5= U= (Vse) - (

Now observe that this lower bound can be reached when D = Cv/'N,

where the constant C is , by the constraint [D =1, C = ([ VN)™}; so,
putting this optimal D in our original functional, we get

Fe(us>>/olcfjﬁzé/01\/ﬁz</01\/ﬁ)2:
= (/01 wuar?w?\wa-ugz)?.

To conclude the proof note that:

1
Fe(ue) > / \/1 + 62
0
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where I' is the image of the curve ug, dl is its arc length and t. its tangent
versor. Hence it is clear that the minimum of F. doesn’t depend on the
velocity of u., but only on the image T". O

6.1 Degenerate Finsler metrics

As we said before, the domain of 9 is a vector space of dimension 1. It is not
restrictive to assume that dom(y) = {(w1,ws) € R? : wy = 0}: all the other
cases can be obtained from this simply by a change of basis of R?. Since the
only 2-homogeneous function in one variable is quadratic, then there exists
a constant k > 0 such that ¥ (w) = k|lw|? for any w € dom(z)), and ) is
uniquely determined by k, that is its value at any w € R?, |w| = 1. Now we
want to construct a periodic function ¢, defining the oscillating constraint,
such that the density function of the I'-limit of this problem is the quadratic
function .

Consider any 1-periodic smooth function g : R — R and take ¢ : R? — R,
with ¢(x,y) = sin(2m(x — g(y))). The level sets {¢ = z} are defined by the
equation = — g(y) = ¢, for a suitable ¢ € R. We can represent them as the
graph of the function x = g(y) + ¢, so that they are all the same line type
graphes, horizontally translated by c. Hence 9% (w) is independent of z, for
any T, w. In fact if Z; and Zs are the sets of admissible functions in ,
for z1, 29, T, w fixed, then, for any u = (u1,u2) € Zj, there exists ¢ € R such
that (u; + ¢, uz) € Z and viceversa. We can then choose z = 0 in equation

(5.3), obtaining, from equation (5.5]),

Yhom(w) = _Tim g4 (w)

To find the constant k, we consider the homogenized function in any
vector w of the domain of v, with |w| = 1:

T
0(1) = Jim g { [ 5 0)] < VEu(T) - Twl < VE.g0) = 0.

It can be proved dealing by hand that the limit exists and, as we showed
in chapter [5] it coincides with the length of the curve u that satisfies ¢ = 0.
Hence we have

w(l):k:;</0T\u/dt> (/01 mcis)z.

In this first case we can reach a ¥ (w) = k|w|? satisfying i), ii), iii), with
dom(v)) = R, as the T'-limit of the constraint problem defined by ¢(x,y) =

2
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2
sin(z—g(y)), by taking the periodic function g such that (fol V1+ g’(s)ds)
k.

Example 6.1.1. An example of a degenerate Finsler metric is the following
norm

+o00 otherwise.

2 . — (0. w
w(w):{hu\ if w=(0,ws)

We will show that this norm can be obtained as the homogenized function
of the problem defined by a constraint ¢(x,y) = ¢(z) periodic and not
constant; for example we can take ¢(z,y) = sin(27z).

The level set {¢ = z}, with z € [—1, 1], are made by pairs of vertical lines
xz%ﬁfz+kandx:%fmz+k, with k € Z.

First of all note that the domain of 9f is the same that the one of :

Lemma 6.1.1. For any z € [-1,1],
dom(V o) = {w = (w1, w2) € R?:wy = 0}.

Proof. Let z € [~1,1] and T > 0 be fixed. By conditions |u(0)] < v/2 and
o(u) = z, in definition (5.32)), we can deduce that u(0) has to stay in the
level set near the origin, i.e in the ball B 5(0):

u(0) = (arcsmz,m(())> Vv u(0) = (arcsm + 1,uZ(0)) :

2T 2T

This means that u(7") will be in the same line of «(0), so that

< arcsin z arcsin z

- ,uz(T)> \/u(T):< - :tl,u2(T)>.

Terefore, if we consider the second condition of definition (5.32)),

2
+ [Twy — up(T)|* >

V3 > [(T) — Twl? > |[Tw, — (FSM2 4
2
Y[

2

> T2 - arcsin z
=

2
il' > [Tw|* — V2.

Tw, — (arcsinz n 1)
27

Hence, for any 7' > 0, we have that

|TUJ1|2 < 2\/§

Getting the limit for T" — oo, we get wy = 0. O

100



So now we can consider only vectors w in the line wy = 0; first we show
that, for these vectors, ¢ (w) < |wa|?. Fix z € [-1,1] and T > 0; consider
a curve u : [0,T] — R? in the space

xTz = {u [0,7) = R? ¢ [u(0)] < V2, |u(T) — Tw| < V2, p(u) = z} )

with constant velocity. Let us call Tw = u(T") — u(0), i.e. the length of u;
we have

|Tw| = |u(T)—Tw+Tw—u(0)] < |u(T)—Tw|+|Tw|+ |u(0)] < 2\/§+\Tw\.
By definition (5.32)) one has

17 I
z <7 /th:/
vt <3 [ WPa=g [

2v/2
L2
T

Tw|?
| gt =
T

2V2
]w2]2 + T

1
“T1o < |w|?
T}l < fu
Taking the limit 7" — co we get
Vhom (W) < [wa]*.

For the other inequality consider a general function u € XUT,’Z; hence,
following the same procedure of example [5.2.1

T 1 1 /1 1 1 2
/ ' |?dt = / |u/(sT)|Tds = / |V (s)|ds > — / |V |ds | >
0 0 T 0 T 0

1 1
T|Tw\2 > 5 (1Tw| - 2v/2)%.

z

Multiplying by 1/T, taking the minimum on X2* and then the limit for

T — oo, we get
Yhom (W) = |wa]*.
By these two inequality we know that 17, (w) = |we|?; this result is
independent by z, therefore

Yrom(w) = (min G (w)) " = (minfwal?)” = ol

Remark 6.1.1. Note that in this ezample supj, -, ¢¥(w) = 400, so that the
domain of 1 is a line in R?. We can adapt to this particular case, the general
procedure described above: for us p(z,y) = sin(2mx — g(y)) = sin(27x), i.e.
g(y) = 0. Then, using the same notation, we have

k:</01mds)2:1.

Therefore, in the domain {w eR?:w = O},

Y(w) = klwf® = Jw]* = [ws?
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6.2 Non-degenerate Finsler metrics

We want to construct a function ¢, more precisely its unique connected level
set, such that v, = ¥nom associated to ¢, satisfies equation (6.1]).

Now 1) is defined in all directions of R?, but, by the 2-homogeneity, we will
consider only the set {w cR?: ¢Y(w) = 1}, or, more precisely, the convex

set
C¢:{wER2: Y(w) <1},

Note that, by condition 1 (w) > |w|?, we have that Cy, C B;(0), and, by the
symmetry, Cy, is centered in the origin.

Being interested on a density result, we can approximate this convex set
by a polygon of 2N vertices, by symmetry, £V1, ..., +Vy, whose directions
are tuq,...,+vy. Always by density, we can also assume that these vertices
are rational, i.e. for each i = 1,..., N there exists a point z; € Z? and t; € R,
such that ¢;V; = z;; for example we can refer to the following figure:

B:(0 +V1
( ) +V2
Ve v
o +V1
+V3
Cu
+V.
5 2 1,5 5 0, 05 15 2 2
x
=V
-V3
-V
-Vi -V2

Figure 6.1: The set Cy, and its polygonal approximation with directions v;.

Remark 6.2.1. We want to use the homogenization formula of theorem[5.1.1]
for the constraint ¢; in order to do this all hypothesis of this theorem have
to be fulfilled. For now we assume that theorem[5.1.1 holds true, and we will
verify all hypothesis when the function @ will be constructed. Hence let us
assume that Vpem ts the one defined in equation ,

The fact that 1 is finite in R? means that there exists at least one level
set of ¢ with one connected component, unbounded and “connecting” R?:
indeed if max,—; ¥ (w) = M < +oo, there exists z € Im(p) such that
Yiom(w) < +oo for any w € R?; this means that there exists Tp such that,
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for T > Ty, Tw must be reached by the set {¢ = z}. More precisely, if we
consider the definition of ¥f_, we have the condition |u(T) — Tw| < V2;
assuming ¢ € C1,

[p(u(T)) — p(Tw)| < Lyu(T) — Tw| < Lyv2,

so that the distance of Tw from the set {¢p = z} have to be less that a
fixed constant. This means, by the arbitrariness of w € R? and taking the
limit as T'— oo, that {¢ = z} must have at least one connected component
unbounded.

Moreover, by remark the homogenized function is defined by the
minimum formula

kk

(1) = iy om ) (1) (6.6)
z€Im(p)

so we will construct ¢ such that this minimum is reached at the level z = 0,

the unique level set of ¢ unbounded and connecting R2.

Let @ be the periodicity square for all directions v;, i.e. the square of
edge the least common multiple 7 = lem(ty, ..., ty) with one of the vertices
in the origin and taken as the thorus. Now we construct the zero level set
of . Inside @), starting from the origin, we draw the lines in directions v;;
if we consider @ as the thorus, we will repeat these lines inside @ then, by
construction, they will cut each other in many segments of a certain length
Ll fori=1,...,N,j=1,...,M, for some M € N, making the set L. See
for example next figure:

V?

V1 Vs

Figure 6.2: The Q square with lines in directions v; and segments Lg .
We can synthetically describe a point in L as t;Z% + v;R, indeed t,Z? is a

point of Q, where the lines in direction v; passes through, and ;R is nothing
but the line itself.
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Observe that, by the 2-homogeneity, we have

0 = 1= (iU ) = WPt = 6 = %1,

so that, the more |V;| is near to 0, the more ¥ (v;) is bigger. This means
intuitively that, if a vertex V; is inside of the unit ball, i.e. |V;| < 1, the
metric associated to ¢ will be bigger than the euclidean one, in direction v;.
Hence, if we think at the previous case, in which ¢ was the lenght of the
curve passing through the set ¢ = 0, in order to obtain a metric bigger than
the euclidean norm, we have to stretch the lines of ¢ = 0, i.e. the lines of
L in directions v;, so that the curve passing through them will be longer,
obtaining ¥(v;) > 1.

Following this idea we modify the length of any segments Lg , changing
them in curves such that their length will be Lz Y(v;), as the following
figure shows

Figure 6.3: The construction of the set R,, with three segments modified.

The set of all these modified lines inside @, extended by periodicity, will
represent the level set of ¢ connecting R?, i.e., by our assumption, the set
{¢ =0}, that we name R,. For example we can take as ¢ the squared
distance from R,. Hence observe that, for such a constraint, the following
hypothesis are fulfilled:

H1) ¢ € C([0,1]);

H?2) for any z € Im(y) one of the following two conditions holds true for
the set {¢ = z}:

i) it is made by a unique connected component unbounded, so that
it “connects" R?.

ii) it is made by infinitely many bounded connected component.
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The proof of H2) can be obtained arguing as in Example Hence,
by theorem the following homogenization result holds true:

1
D lim F(u) = F(u) = /0 nom ('),

in the strong topology of L2, with ¥yen defined by equations (5.3)), (5.4) and

(5.5), so that we are allowed to use formula (6.6]).
Note that for any i =1,..., N

1 T
Yhom() = lim min{/ [W'|2, |u(0)] < V2, [u(T) — Tv;| < V2,u € Rg@}.
T%OOT 0

Now take a function w; : [0, T] — R? that satisfies ¢(u;) = 0, i.e. passes
through the lines of R, in direction v; with constant velocity, and with
lui(0)] < V2, |ui(T) — Tv;| < V2. Observe that, by periodicity of Ry, the
space covered by u; is at least

V(i) [T +1]

and, by construction, it will be a competitor for the minimum problem de-
fined by tnom(v;i), hence

- IR . 1 2
Yhom (vi) < lim T/o v/ dt:Thm V()= [T+ 1]° = Y (vi).

T—+o00 — 400 T2

By convexity we can extend the result for any w € R?, obtaining

whom(w) < 1!1(11))

To get the other inequality let us consider w € R?; by construction
of R, there exists 7' > 0 such that Tw € {p =0}, and, by periodicity,
(T + k)w € {p =0} too, for any k£ € N. Now take a function function
v € HY([0,T]), with v(0) = 0, v(T) = Tw and ¢(v) = 0, that realizes the
minimum defined by 1/J1(.)10m = Yhom- Observe that, by lemma we can
assume, without loss of generality, that v = ¢. we call )\; the vector sum
of the segments of v in the direction v; (without the modification made by

P(wi))-

Remark 6.2.2. We cannot exclude a priori the case where u repeats some
lines in the same direction v; but with opposite sign; in this case \; will not
consider these two portions of space. Therefore, in general, the space covered

by v, will be greater or equal then ZZ]\LI AivU(v;).

Note that, by construction, we have
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Hence, for T sufficiently big,

T T N ‘ - 2
Tpnom(w) = /0 o' = /0 E=T3>T (Ziﬂ AT\/W) _

1 (& 2(21']\;1)‘1')2 (Zi]i1)\z‘>2 N\ 2
r () (mra) T (S5 v)

the coefficients in the sum are a convex combination, then, by convexity of
V¥ and after by the 2-homogeneity of v, we get

2

2
PIARPY S
T¢hom(w) Z u 1/’ (; Zil)\i Vi) -

T

(ZiNzl Ai>2 1 ol 1

Therefore, by these two inequalities, we get

Yhom (w) = P(w),

that means that the convex and 2-homogeneous function 1 is the homoge-
nized function of the oscillating constraint problem defined by a function ¢,
having R, as the level set { = 0}. The density result is obtained considering
the density of polygons in convex sets of R2.
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