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Abstract

This paper focuses on (incomplete) rate-independent damage in elastic bodies. Since the driving
energy is nonconvex, solutions may have jumps as a function of time, and in this situation it is known
that the classical concept of energetic solutions for rate-independent systems may fail to accurately
describe the behavior of the system at jumps.

Therefore we resort to the (by now well-established) wvanishing-viscosity approach to rate-in-
dependent processes, and approximate the model by its viscous regularization. In fact, the analysis
of the latter PDE system presents remarkable difficulties, due to its highly nonlinear character. We
tackle it by combining a variational approach to a class of abstract doubly nonlinear evolution equa-
tions, with careful regularity estimates tailored to this specific system, relying on a g-Laplacian type
gradient regularization of the damage variable. Hence for the viscous problem we conclude the exis-
tence of weak solutions, satisfying a suitable energy-dissipation inequality that is the starting point
for the vanishing-viscosity analysis. The latter leads to the notion of (weak) parameterized solution
to our rate-independent system, which encompasses the influence of viscosity in the description of

the jump regime.
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1 Introduction

We analyze the following PDE system for damage evolution

—div(g(2)Ce(u+up)) =€ in Qx (0,T), (1.1a)
%g’(z)@e(u +up):e(u+up)>0 inQx(0,7). (1.1b)
Here, Q C R?, with d > 2, is a bounded Lipschitz domain, occupied by a body subject to damage,

ARy (2) — div ((1 + |Vz|2)qT_2Vz) + () +

u: Qx[0,T] — R? the displacement vector, £(u) denoting the symmetrized strain tensor, and z :
Q x [0,7] — [0, 1] the damage parameter. Within the approach of Generalized Standard Materials (see
also [20] and [14] for stress softening), we model the degradation of the elastic behavior of the body
through the internal variable z, which assesses the soundness of the material: for z(z,t) =1 (z(x,t) =0,
respectively) the material is in the undamaged state (in the maximum damaged state), “locally” around
z € Q and at time ¢ € [0,T]; the intermediate case 0 < z(z,t) < 1 describes partial damage. We
consider a gradient regularization for z, which leads to the ¢g-Laplacian operator in (1.1), with ¢ > d > 2.
Rate-independence and unidirectionality of damage evolution stem from the 1-positively homogeneous
dissipation potential
Ri:Ro 0,00, Ra(m— 4" Hn=0:
oo otherwise,
with k > 0 a given material dependent parameter. R; enforces the constraint that z;(z,t) < 0 on
Q x (0,T); the operator OR; : R = R is its subdifferential in the sense of convex analysis. Furthermore,
f:R—=>Rand g : R = (0,00) are given constitutive functions, C = C(z) is the (positive definite,
symmetric) xz-dependent elasticity tensor, up a Dirichlet datum, and £ is the external loading. System
(1.1) is supplemented with zero Neumann conditions for z on 9Q and with mixed boundary conditions
for uw on 02 = I'p UT'y, where I'p is a closed subset of 92 on which Dirichlet boundary conditions are
prescribed. For shortness, in this introduction we assume up = 0. We suppose that g(z) > ¢ > 0 for all
z € R: joint with the positive-definiteness of the tensor C, this excludes elliptic degeneracy of equation
(1.1a) even in the case of maximal damage, i.e. for z(x,t) = 0. Namely, here we rule out complete damage.
Observe that (1.1a) is the Euler-Lagrange equation for the minimization, with respect to the variable
u, of the stored energy functional £ : [0,T] x U x Z - R

E(t,u, z) = é/ﬂ(l+ |Vz|2)%d9:+/ﬂf(z) dx+%/ﬂg(z)@s(u):s(u) dae — (0(t),u)y, (1.2)

with the state spaces U = {v € WH2(Q,R?); v|r, =0} for u, and Z = W4(Q) for 2. In fact, in what

follows we are going to treat (1.1) as an abstract evolution equation set in the dual space Z*, viz.

OR1(Z' (1) + Agz(t) + f'(2(t)) + %g’(z(t))@a(u(t)) ce(u(t)) 20 in Z* fora.a.te(0,T), (1.3)
u(t) € Argmin{ E(¢,v,2(t)); v e} fora.a.te (0,T),

with Ry : LY(Q) — [0, 0o] defined by

Ra(n) = / Ry (n(x)) d, (1.4)

OR, : 2 =% Z* its (convex analysis) subdifferential, and A, denoting the g-Laplacian operator A,z =
—div(1l + |Vz|2)q%2Vz with zero Neumann boundary conditions. Introducing the reduced energy T :
[0,T] x Z = R by Z(t, z) = inf,es E(t, v, 2), we can further reformulate (1.3) as

OR1(Z'(t)) + D.Z(t,2(t)) 20 in Z* for a.a.t € (0,7T), (1.5)



where D,7 is the Gateaux derivative of 7 w.r.t. z.

Since R; has only linear growth and the reduced energy Z(¢,-) has no uniform convexity properties,
solutions to (1.5) are, in general, only BV-functions of time. This calls for weak, derivative-free solvability
concepts for (1.5): first and foremost, the notion of energetic solution by MIELKE & THEIL [44, 39]. For
incomplete damage, the existence of energetic solutions to a version of (1.3) was established for ¢ > d
in [43], and extended to ¢ > 1 in [54]; in [53] the case of a BV-regularization (i.e. ¢ = 1) was analyzed,
whereas in [17] a model without gradient terms for z was investigated by means of an energetic-type
solution concept relaxed via Young measures. We also refer to [3] for the study of a model undergoing
damage and fracture, while in [21] the evolution of damage in a material that can be in two configurations
at the microscale is examined via the concept of threshold solution.

Over the last years, it has been realized that the description of rate-independent evolution resulting from
the global stability condition of the energetic solution concept does not seem to be mechanically feasible in
the case of a nonconvex driving energy. Indeed, in order to satisfy the global stability, energetic solutions
may change instantaneously in a very drastic way, jumping into very far-apart energetic configurations
(see, for instance, [32, Ex.6.3], [40, Ex. 1], as well as the characterization of energetic solutions to one-
dimensional rate-independent systems provided in [49]). This observation has motivated the introduction
of alternative weak solution notions. A well-established approach for deriving a concept which accurately
describes the behavior of the solution at jumps is taking the wvanishing-viscosity limit in the wviscous
approximation of a given rate-independent system. Starting from the seminal paper [16], this technique
has by now been thoroughly developed both for abstract rate-independent systems [40, 41, 45], and in
the applications to fracture [55, 32, 34, 36], and to plasticity [4, 12, 13, 19].

Following on the analysis initiated in [33], in this paper we develop this approach for the damage system

(1.3), and accordingly consider its viscous regularization
OR1(Z'(t) + €2 (t) + Agz(t) + f(2(t)) + %g’(z(t))@a(u(t)) ce(u(t)) 20in Z* for a.a.t € (0,7), (1.6)
with u(t) € Argmin{ (¢, v, 2(t)); v € U } for almost all ¢ € (0,T"). Observe that (1.6) rewrites as
OR(Z'(t)) + D, Z(t,2(t)) 20 in Z* for a.a.t € (0,7), (1.7)

with Re(n) := Ri(n)+ 5 ||77||%2(Q). In fact, the analysis of (1.6) is itself fraught with analytical difficulties.
In what follows, we briefly hint at them, and illustrate our approach and existence result, Theorem 3.5,
for the Cauchy problem associated with (1.6). We then describe the vanishing-viscosity analysis of (1.6).

The viscous problem: mathematical difficulties and existing results The most evident difficulty
attached to the analysis of (1.6) is the presence of the quadratic term ¢'(z(t))Ce(u(t)):e(u(t)). The basic
energy estimate for (1.6) provides a (uniform w.r.t. time) W12(€2; R¢)-bound for u which, even assuming
lg'(2)| < C, only gives an L'(Q)-estimate for ¢'(2)Ce(u) : e(u). Therefore, it is necessary to enhance
the spatial regularity of u, which requires performing enhanced regularity estimates on (1.6). The latter
issue poses further difficulties due to the doubly nonlinear character of (1.6), because of the simultaneous
presence of the nonlinear ¢-Laplacian operator A,, and of the multivalued operator OR; : Z = Z*.

Last but not least, since the domain of R is not the whole space Z, IR, is an unbounded operator.
This rules out the possibility of deriving bounds for D,Z by comparison arguments in (1.7). Since the term
f/(2) contributing to D,Z may be considered of lower order under suitable assumptions on f, the problem
boils down to deriving further estimates for A,z and, again, for the quadratic term ¢’(z)Ce(u) : e(u).

All of these difficulties are reflected in the results available in the literature on damage problems,

starting from the first, pioneering paper on the viscous system (1.6), viz. [7]. There, the Laplace operator



(i.e., ¢ = 2) was considered but a gradient regularizing term Asz; was also added, enabling the authors to
derive enhanced estimates on z by resorting to elliptic regularity results, valid under suitable smoothness
assumptions on the domain . The latter are also at the core of the analysis developed in the paper [8],
where the flow rule for z (with ¢ = 2) is coupled with a parabolic equation for u, in the context of linear
viscoelasticity. The authors of [8] exploit the available estimates on the viscous term e(u;), and elliptic
regularity arguments on w, in order to test (1.6) by 0;(Asz + f/(z)). This allows them to estimate the
term A,z and to gain enhanced spatial regularity for z, again by elliptic regularity. Refined estimates
combined with regularity assumptions on the domain € are crucial also in [6], extending the analysis to
a temperature-dependent model.

In the recent [27], different techniques have been adopted to analyze models coupling damage with
phase separation processes in elastic bodies (see also [28]). Also in [27], a g-Laplacian regularization with
q > d (d being the space dimension) is used in order to ensure C°(Q)-regularity for z. Because of the
complexity of the overall system for damage and phase separation, and because of the triply nonlinear
character of the equation for the damage parameter (featuring the ¢-Laplacian and the multivalued

operators ORy and 01 1)), the authors are able to prove existence only for a weak solution notion.

The viscous problem: our results Our aim is to analyze (1.3) and its viscous approximation (1.6)
under minimal reqularity assumptions on €. This is meaningful in view of the applications to engineering
problems, where the spatial domain occupied by the elastic body is usually far from being of class C2.
Therefore, we have to apply refined elliptic regularity results to enhance the spatial regularity of u.

Let us motivate the choice of ¢ > d for the g-Laplacian operator A,. Since the damage variable
z enters into the coefficients of the operator of linear elasticity — div(g(z)Ce(u)), there is an intimate
relation between the regularity of z and the regularity of the displacements u. In our analysis we rely on
the fact that u € WP(Q) with p > d. Such a regularity property can be achieved for the solutions of
linear elliptic systems on nonsmooth domains with mixed boundary conditions (under certain geometric
conditions), assuming that the coefficients are at least uniformly continuous on €. This is in particular
guaranteed, if 2 € Wh4(Q) with ¢ > d, see Section 2.2 for details. However, if ¢ = 2, i.e. A, coincides
with the standard Laplacian, then the coefficient g(z)C belongs to L°°(2) N H*(£2). In contrast to the
case of scalar elliptic equations, for linear elliptic systems this regularity of the coefficients in general
does not imply that solutions are continuous. This is highlighted in the three-dimensional example in
[46], with coefficients from L°°(2) N H'(£2) leading to weak solutions u that do not belong to C°(Q2) and
hence also not to W1P(Q) with p > d. For this reason in the present paper we assume that q > d.

In the same spirit, in [33] we chose the fractional s-Laplacian operator A, on the Sobolev-Slobodeckij
space W*2(Q), with s > %, in place of the g-Laplacian. Note that for the case d = 2 the analysis performed
in [33] deals with the standard Laplacian for z, so the choice of a “pure” s-Laplacian operator was made
for space dimension d > 3. The ¢-Laplacian is, however, a more physically justifiable regularization than
the nonlocal operator A, which fact has motivated the present study.

Relying on the spatial continuity of z, we obtain the regularity result which lies at the core of
our analysis, viz. Lemma 2.3 asserting that, under suitable conditions on the data up and ¢, Ip, >
d such that ||ully1,p. (;rey < C. Its proof is based on regularity results for elliptic systems with constant
(or smooth) coeflicients, combined with an iteration argument drawn from [5]. Let us stress that the
regularity results which we invoke allow for elliptic operators with changing boundary conditions and,
more importantly, for nonconvex, nonsmooth polyhedral domains, see Example 2.4 later on.

The higher integrability estimate for u enables us to improve the regularity of z which results from the

sole basic energy estimate. In particular, (formally) differentiating (1.7) and testing it by 2/, we enhance



the spatial regularity of 2z’ by deducing the mized estimate

/ /(1 VORIV (1) de dr < oo, (1.8)
0 Q

All these calculations are made rigorous on the time-discretization scheme with which we approximate
(1.7): discrete solutions (2] )&, with 7 > 0 a constant time-step, are constructed via the time-incremental

minimization scheme

.
Z =z

2fq € Argmin{ Z(t; 1,2) + TR ( ) ;z€ 2} (1.9)
A crucial ingredient for passing to the limit as 7 — 0 is to obtain suitable estimates for the family (4,%,),
(Z, denoting the piecewise constant interpolant of the values (2¥)). Indeed, its weak convergence cannot
be solely deduced from estimates for (z,), in the space Z = W4(Q), due to the nonlinear character of
A,. This is in its own right a challenging feature of the problem investigated here: the linear operator A,
considerably simplified the existence proof for (3.2), in [33]. In fact, after Lemma 2.3, the second milestone
of our analysis is Theorem 4.4: based on a careful difference quotient argument, for the discrete solutions
to (1.9) it ensures

Vo< B <l ( - g) 305> 07 >0V € (0.7): |20 %isnaqy < Ca(l+ €| 2() | 2oy)- (1-10)

Estimate (1.10) yields W14(2)-compactness for (Z,), and thus allows us to take the limit of the term
AyZr. Indeed, for the limit passage as 7 — 0 we adopt a variational approach: instead of passing to the
limit directly in the discrete version of (1.5), we take the limit of the associated discrete energy inequality,
cf. (6.4) ahead. With suitable compactness and lower semicontinuity arguments, we deduce that there
exists a limit curve z € L2(0,T; W54(Q)) n Wh2(0, T; Wh2(Q)), with z € [0,1] a.e. in Q x (0,T), for
which the mixed estimate (1.8) holds and fulfilling the energy inequality associated with (1.7), viz.

/ Re(Z'(r)) dr —|—/ RI(=D.Z(r,2(r))) dr + Z(t, z(t)) < Z(s, z(s)) +/ WZL(r,z(r)) dr. (1.11)

for all 0 < s <t < T, with R} the Fenchel-Moreau conjugate of R. with respect to the Z-Z*-duality.
We also prove in Theorem 3.2 that, along the limit curve z a chain-rule formula is valid, viz.

iI(t,z(t)) — O/Z(t, 2(t)) = / 1+ |V2(@®)2) 7 Va(t) - VZ(t) da
di @ (1.12)

+ / (f'(z(t)) + %g’(z(t))@a(u(t)): e(u(t)))2'(t) de for a.a.t € (0,T).
Q

A key ingredient for (1.12) is (1.8) guaranteeing
that the first integral on the right-hand side of (1.12) is well defined. With (1.12), in Proposition 3.3
we show that the energy inequality (1.11) is equivalent to

Re(w) — Re(2'(t)) > (—Agz(t), w) 5 + /Q(l + V212 Va(t) - V2 () da
(1.13)

- /Q(f’(Z(t)) + %9’(2(&)@6@(@): e(u(t))(w—2'(t)) forallwe Z

for almost all ¢ € (0,7"). This variational inequality defines our notion of weak solution for the viscous
doubly nonlinear equation (1.6), cf. Definition 3.1; the existence Theorem 3.5, follows by the above

arguments.



Observe that, as soon as we can interpret the terms on the r.h.s. of (1.13) as the duality product
(—Agz— f'(2) — %g’(z)@s(u): e(u),w — z’)z7 then (1.13) is in fact equivalent to the subdifferential in-
clusion (1.6). In Sec. 3.1 the relation of our weak solution concept for (1.6) to the usual subdifferential
formulation (1.7) is discussed at length, also in connection with the chain rule (1.12), and with the failure
of the energy inequality (1.11) to hold as an equality.

The vanishing-viscosity analysis As in [33], for passing to the limit in (1.7) as € — 0 we adopt the
reparameterization technique from [16], which leads to a notion of solution for the rate-independent system
(1.5), encompassing a finer description of the energetic behavior of the system jumps. The underlying
philosophy is that, at jumps the vanishing-viscosity solutions to (1.5) follow a path which is reminiscent
of the viscous approximation. To reveal this, one has to go over to an extended state space and study
the limiting behavior of the sequence (EE, Z)e as € L 0, with Z. = z. o t. a suitable reparameterization of
a family (z.). of weak solutions (in the sense of (1.13)) to (1.7). The choice of this reparameterization is
related to the key BV-estimate sup, fOT [2e(t)] 12(q) dt < C for viscous solutions to (1.7).

In Theorem 7.4 we prove that, up to a subsequence, the curves (t., Z.) converge to a pair (¢, 2) : [0, 5] —

[0,T] x Z, termed weak parameterized solution, which fulfills the parameterized energy inequality

/  Mo(E(r), 2 (1), —D.Z(E(r), 5(7))) dr + Z(E(s2), Z(52)) < T(E(s1), 5(51)) + / P 0T, ()T (r)dr
B B (1.14)
for all 0 < 7 < 89 < S. In (1.14), the term

S ~ RUF) +1 WA it >0,

ol ', -D.7(7,2)) = { ) om0 (FDAED). )

R1(Z') + 121l L2 (q) d2(=D:Z(t, 2),0R1(0)) if ' =0,
(d2(=D.Z(%,%),0R1(0)) denoting the L2(Q)-distance of —D,Z(%, ) from dR1(0)) enforces the local sta-
bility condition —D.Z(t,2) € OR1(0) in the case of purely rate-independent evolution, i.e. when ¢’ > 0.
When the (slow) external time, encoded by the function #, is frozen, the system jumps. Then, the system

may switch to a viscous regime. We refer to Sec. 7.2 for further details on this.

Concluding remarks Let us finally comment on the structure of the g-Laplace operator A,. Our
analysis relies on the fact that A, is non-degenerate, meaning that A,(z) = —div(d + IV2|?)*2" Vz with
d > 0. With 6 > 0 it is possible to derive the spatial regularity estimate (1.10), which in turn is at the
core of our proof of existence of a family of viscous solutions (z¢)eso to (1.7). Furthermore, (1.10) turns
out to hold, in a suitable form, for (z)c>0, uniformly w.r. to e. This crucial bound allows us to conclude
that for almost all s € (0,.5) z.(s) — Z(s) strongly in Z, which is exploited when passing to the limit in
the expression D,7Z (t~€, Ze)-

The chain of arguments does not work if one considers the degenerate ¢-Laplacian with 6 = 0 and it is
not clear whether standard monotonicity tricks for monotone operators would do the job. Clearly, instead
of the particular A,, one could consider general monotone potential operators for which the associated

energy densities satisfy the monotonicity and convexity estimates (2.3)—(2.4).

Plan of the paper In Section 2 we specify all assumptions, prove the regularity Lemma 2.3, and
collect all properties of the reduced energy Z. In Section 3, we introduce and motivate our notion of
weak solution for the Cauchy problem associated with the viscous equation (1.6), state Theorem 3.5

(=existence of weak solutions and a priori estimates uniform w.r. to the viscosity parameter €), and prove



Theorem 3.2, providing the chain rule (1.12). In Section 4 we set up the time-discretization scheme for
(1.7) and prove the higher differentiability result yielding (1.10). Section 5 is devoted to the proof of
a series of a priori estimates on the discrete solutions, most of which uniform both w.r.t. 7 and e. In
particular, the discrete version of the BV-estimate sup, fOT [2e()] 12 () dt < C is derived. We prove
Theorem 3.5 by passing to the limit as 7 — 0 in the time discrete scheme, also exploiting Young measure
techniques which are recapped in the Appendix. Finally, in Section 7 we develop the vanishing-viscosity

analysis of (1.7).

2 Preliminaries

2.1 Set-up

Notation For a given Banach space X, we shall denote by (-, ), the duality pairing between X* and
X, and, if X is a Hilbert space, we shall use the symbol (-,-)y for its scalar product. For matrices
A, B € R™*? the inner product is defined by A: B =tr(BTA) =>"1", 2?21 a;jbij.

Let d > 3 and let Q € R be a bounded domain with a closed Dirichlet boundary I'p C 99 and
Neumann boundary I'y = 9Q\I'p. Further assumptions on the regularity of Q and on I'p will be
specified in Sections 2.2 and 3.1 (cf. (Aql) and (An2)). The letter @ shall stand for the space-time
cylinder  x (0,T). The following function spaces and notation shall be used for ¢ > 0, p € [1, o0]:

o WP (Q) Sobolev-Slobodeckij spaces,
o WEP(Q) = {ue W'P(Q); ul, =0} and W P(Q) = (WF ()" the dual space, 2+ L =1.
We shall denote by u : Q — RY the displacement, and by z : Q2 — R the (scalar) damage variable. The
corresponding state spaces are
Ui={veW"(QRY);v|. =0} =Wp2(QRY, Z = Whi(Q), (2.1)

with ¢ > d. On the space Z the ¢-Laplacian operator is defined as follows

Ay Z2 =27, (Ay(2),v)z ::/(1+|Vz\2)q;72Vz-Vvdx for z,v € Z.
)

Useful inequalities We collect here some inequalities which shall be extensively used in the following.
First of all, for p, > d

Vp > 03 Cp >0Vze Wl’Z(Q) : HZ”LQ})*/(})*—Z)(Q) < /)HZHWL?(Q) =+ Cp||Z||L2(Q). (22)

This follows from the the compact and continuous embeddings W12(Q) € L?*+/(®+=2)(Q) c L*(Q) (due
to p. > d), on account of [51, Lemma 8§].
Secondly, let us recall that with G,(A) = %(1 +|A]*) for A € RY, as a consequence of [23, Lemma 8.3]

the following monotonicity and convexity estimates are valid for ¢ > 2 and A, B € R¢,

q—2

(DGy(A) — DGy (B)) - (A~ B) > ¢o(1 + AP + |B]*)*= |A — B (2.3)
Gy(B) = Gy(A) = DG, (A) - (B — A) > ¢,(1+ A +|B]*)= |A - B

B ) (2.4)
>¢,(|JA—B|"+|A - B|%).



Observe that (2.3) implies for all 21, 25 € Z:
(Agz1 — Agzo, 21 — 22) 2 > ¢4 / 1+ [Val? + [Vaa) 7 V(21 — 2)|? da. (2.5)
Q
Moreover, for all z1, 20 and w € Z

| (Agzs — Agzm,w) 5| < c/ (1+ |Va]? + V2 ?) T V(21 — 20)| Vo] da. (2.6)
Q

The energy functional The energy £ = £(t, u, z) consists of two contributions. The first one, 77,
only depends on the damage variable. The second one, & = & (¢, u, z), is given by the sum of an elastic
energy of the type [, g(z)W(e(z,u+ up(t)))dz with up a Dirichlet datum, and of the external loading
term.

Assumption 2.1. We consider
I : Z - R defined by I(z) := Zy(2) +/Qf(z) dz with Zy(z) := é/g(l +|VzHE de, ¢>d, (2.7)
and f fulfilling
feC?*R), suchthat IK;, Ky >0 VzeR: f(z)>K,|z| - K. (2.8)

A typical choice for f is f(z) = 22, see [22]. As for &, linearly elastic materials are considered with an
Rdxd

elastic energy density W (z,n) = %(C(x)n :m, forn € RGLY and almost every x € ). Hereafter, we shall

suppose for the elasticity tensor that

C € CP,(Q, Lin(REd RIXD)) with C(x)é1 : & = C(x)éa : & for all x € Q,& € R (2.9a)
370 >0 for all € € RYY and almost allz € Q= C(z)€: € > 70 /€]*. (2.9b)

Let g : R — R be a further constitutive function such that
g € C3(R), with g’ € L°(R), and Iy, 72 >0: VzER : v < g(2) < 7o (2.10)
Then, we take the elastic energy

E:[0,T] xU x Z— R defined by &Ex(t,u, z) = /Qg(z)W(x,&?(u +up(t)))de — (€(t),u),, (2.11)

where £(u) = 3(Vu + VuT) is the symmetrized strain tensor and ¢ € C°([0,T],U*) an external loading
(cf. (2.22) later on for further requirements).

For w € U and z € Z the stored energy is then defined as
E(t,u,z) =11 (2) + Eat, u, 2). (2.12)
Reduced energy Minimizing the £ with respect to the displacements we obtain the reduced energy
Z:[0,T]x Z— R given by Z(t,2) = Z1(z) + La(t, z) with Zo(t,2) = inf{ &(¢,v,2); v €U ). (2.13)

Remark 2.2. As already mentioned in the introduction, our model does not allow for complete damage:
this is reflected in the coercivity (2.9b), and in the strict positivity (2.10) of the constitutive function g.



The Lipschitz continuity (2.9a) of the coefficient matrix C, as well as the smoothness of g, shall be
exploited in the forthcoming Lemma 2.3, providing higher integrability for e(u). For proving this result,
which will be at the core of all the subsequent analysis, we have to stay with a quadratic elastic energy.

Relying on these regularity properties for C and g, we are also going to prove higher differentiability
for z, cf. the crucial Theorem 4.4 later on.

Nonetheless, let us stress that significant damage models fall within the scope of the above conditions:
for example, the Ambrosio-Tortorelli model, whose quasistatic evolution was discussed in [22], as an
approximation of the Francfort-Marigo model [18] for crack propagation. Observe that, in the energy
functional considered for the rate-independent model of [22], the index in (2.7) is ¢ = 2. Instead, in the
more recent [5], which deals with the (metric) gradient flow of the Ambrosio-Tortorelli functional, it is
assumed that g > d like in the present setting.

2.2 Geometric assumptions and regularity of the displacement field

For the analysis of the time-dependent damage model higher integrability properties of the gradients of
the displacement field are needed, and hence the domain 2 and the data should be more regular than
stated above.

With C as in (2.9a)—(2.9b), g from (2.10) and z € W4(Q) let L, Ly : Wéf(Q;Rd) — W;;’2(Q;Rd)
be the operators associated with the bilinear forms describing linear elasticity, i.e.

Yu,v € Wéf(Q;Rd) : (Lu,v) == /Q(Cg(u) ce(v)de,  (Lgyu,v) = /Qg(z)(Cs(u) te(v)de. (2.14)

A good compromise between the smoothness needed for our analysis and nevertheless allowing for poly-

hedral domains and changing boundary conditions is formulated in the following

Assumption on the domain

(Agl) Q C R?is a bounded domain, and 2 and I'p C 99 (T'p is closed and with positive measure) are
chosen in such a way that the following two conditions are satisfied:

(i) The spaces W#g’(Q;Rd), p € (1,00), form an interpolation scale.

(ii) There exists p. > d such that for all p € [2, p,] the operator L : Wéf(Q; RY) — W;;’p(Q;Rd)
is an isomorphism.

For an abstract definition of interpolation scales we refer to [56], while in Example 2.4 here below we
present nonsmooth, nonconvex domains with mixed boundary conditions satisfying (Aq1).

Observe that the isomorphism property stated in (Aql) is also valid for all p € [p,2], and that the
operator norms are uniformly bounded, i.e. with A, := W;g’(Q;Rd) and Y, = W;;’p(Q;Rd) it holds
(denoting by [|L|| x_, the norm of an operator L : X — ))

sup HLHXP—WP + HLilHy Ly =iCp, < 00 (2.15)
PE[PL s P

Lemma 2.3 plays a key role in the subsequent analysis and relies on an iteration argument from [5].

Lemma 2.3. Let (Aql) be satisfied, g as in (2.10) and q > d. Let furthermore p. > d be chosen

according to (Aql) and let k. € N be the smallest number with k. > %. Then for all p € [p,, ps] and



all z € WH4(Q) the operator Ly, erg)(Q;]Rd) — W;;’p(Q;Rd) is an isomorphism. Moreover, there
exists a constant cq . > 0 such that for all z € WH4(Q) and all p € [p),, ps] it holds

px|p—2|

k.
< qp. (L + V2l pagq) ™ 7o (2.16)

3¢
9(2) Vp—Xp
Observe that | 2|
sup Pl o (2.17)
PE[P, ,p+] p(p* - 2)
Proof. Tt is sufficient to prove the lemma for p = p,. The other assertions follow with interpolation and
duality arguments. The proof extends the recursion argument from [5], where it is carried out for smooth
domains and W22(Q; R%), to the WP(2; R?)-setting and to domains satisfying (Aq1).
Let p, > 2, ¢ > d and k. be chosen as stated in Lemma 2.3. Define ¢, via the relation

_ 2dq. o _ 2k.p.d
P g 2kd—q) T @k, —d) +2d

Observe that ¢, € (d,q]. Clearly, Y, C WITDl’z(Q;Rd) if p > 2. Moreover, for all z € W19(Q) the

1

functions g(z), g(z)~" are multiplicators for the spaces WF_Dl’p (€;R%) and the following estimate is valid:

there exists a constant ¢ > 0 such that for all p € [2,p.], all z € Wh4(Q) and all b € ), it holds
Hg('z)_leyp <c(l1+ ||VZ||Lq(Q)) ||bHy,, . (2.18)

Forbe),,,let ue W;; (;R?) be the unique function satisfying for all v € Wllj (4 RY)

(Ly(oytts v) = /Q 9(2)Ce(w) : e(v) dz = (b, V) mey (2.19)

Due to the multiplier property of g(z), using the product rule and choosing v = g(lz)'ﬁ in (2.19), it follows
that for all v € W;DZ(Q, R?) we have

Ce(u) : e(v)dx = < ! b, 5>W1,2(Q;Rd) +/Q gg’((zz)) Ce(u)Vz-vdx

(2.20)
+/Qh(u,z) -vda.

I
S
=

N -
~

=

N

>W1v2(Q;Rd)

Since ﬁb € Y,, with estimate (2.18) (for p = p.), in the following we only have to concentrate on

the term h(u, z), which belongs to L () with o = ;fg* € (1,2). Hence, by embedding it follows that

h(z,u) € L*(Q) C YVp, with p; = dq*fgi(*q‘i_@. Observe that 2 < p; < p.. Thanks to assumption (Aql)

and estimate (2.15) it follows from (2.20) that u € Wp”* (Q; R?) with

ullyrs iy @ (14 1920 Loy (lillwzgay + 18y, ) < € (14 1Vl ooy ) 1811y, -

where the last inequality ensues from the estimate due to the Lax-Milgram lemma, applied to the solution
w of (2.19). The constants ¢, ¢ are independent of z and py.
We now iterate this argument. Assume that u € W;g”“(Q;Rd) for some pi € [2,p.). Then, again by

embedding, we have h(z,u) € L% (Q) with o = 2L and L**(Q) C Yy, with
dprqx 2dq.,

dg. +pre(d—q.) — dg, +2(k+1)(d - ¢.) (2.21)

Pr+1 =



The last identity follows by induction starting with pg = 2. This argument can be repeated as long as
k < k., since for these values of k it holds px < pr4+1 < p«. Observe that pg, = p.. This implies that
Lo=1(Q2) C Vp. and hence, again by (Aql), we have u € W;g’*(Q;Rd). The estimate for u follows

recursively, namely

lllwro ey < € (U 1921 o) BBl .+ Tl s o 192l e o))
< et (14 [Vl o)™ b1y, -

The remaining norm estimates in Lemma 2.3 follow from interpolation theory. O

Example 2.4. A sufficient condition such that the interpolation scale property (Aq1)(i) is satisfied is to
assume that Q C R? is a bounded domain with Lipschitz boundary and that the boundary sets I'p and
I'y are regular in the sense of Groger viz., loosely speaking, that the hypersurface separating I'p and I'
is Lipschitz, see [25, 24] for more details. A more general geometric setting is characterized in [26].

In order to obtain also the isomorphism property (Aq1)(ii), one can apply the regularity theory for
linear elliptic systems in polyhedral domains. Sufficient conditions on the geometry of €2, the Dirichlet
and the Neumann boundaries can be identified for instance with the help of [38, Theorem 7.1] (applied
for 3=0,5=0,1 =1 in the notation of [38, Section 7]).

For example, for the Lamé-operator (i.e. linear isotropic elasticity) sufficient conditions for (Aql) to
hold are the following: d = 3, Q C R3 is a bounded domain of polyhedral type (see [38, Section 7.1]),
and on each face either Dirichlet boundary conditions or Neumann boundary conditions are prescribed.
Furthermore, the interior opening angles along Dirichlet-Dirichlet and along Neumann-Neumann edges
are less than 27 (i.e. no cracks), and the interior opening angle along Dirichlet-Neumann edges is less
than or equal to 7 (more general situations are possible). Then the singular exponents along the edges
of the polyhedron  satisfy the conditions required in [38, Theorem 7.1] in order to allow for p, > 3
in (Agl). We refer for example to [47] for estimates of the singular exponents along edges in different
geometric settings. Concerning the singular exponents associated with the vertices of the polyhedron, one
has to guarantee that the strip { A € C; =1 < Re A <0} contains at most the singular exponent A = 0.
In the case of pure Dirichlet conditions in the vicinity of a given vertex there is no further geometric
restriction in order to guarantee this property, [37]. In case of pure Neumann conditions in the vicinity
of a given vertex one has to assume that the boundary locally is the graph of a function that is positively
homogeneous of degree one, [35]. In case of mixed boundary conditions in the vicinity of a vertex, a
sufficient condition is to assume that the domain is convex in the vicinity of the vertex and that at most
one face belongs to the Dirichlet boundary or that at most one face belongs to the Neumann boundary
(see [47] for a more general condition, an example is illustrated in Figure 1(ii)). We refer to [29] for an
overview on the literature on estimates for the corner and edge singularities associated with the Laplace-
and Lamé-operator on three-dimensional polyhedral domains. Clearly, (Aql) as well as Lemma 2.3 can
be extended to coefficient matrices C with piecewise constant entries if certain geometric conditions are
satisfied. The Fichera corner plotted in Figure 1 is an example for a nonconvex, nonsmooth domain with
mixed boundary conditions that is admissible with respect to assumption (A1), in connection with the

Lamé-operator.

2.3 Properties of the energy functional

In what follows, we prove the continuity and differentiability properties of Z needed for our analysis. The

following results shall also provide fine estimates for |0;Z| and for suitable norms of D,Z, in terms of
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Figure 1: Admissible domain if for example: (i) Dirichlet-conditions on the bottom plane and Neumann

conditions on the remaining part of 9Q or (ii) I'p = I'y and Neumann conditions on the rest.

quantities which continuously depend on | 2|z, and which are therefore bounded on sublevels of 7.
Hereafter, we shall work under these additional conditions on the data ¢ and up:

Assumption 2.5. We require that
Ce CH([0, T Wi P (4 RY)),  up € CHH([0, T, WP (4 RY)) with p. > d from (Al).  (2.22)
From now on, to shorten the notation we introduce for z1, 20 € Z and k, as in Lemma 2.3 the quantity
P(a1,22) = (14 Vel pagay + 922l o) (2.23)
Our first result is based on Lemma 2.3.

Lemma 2.6 (Existence of minimizers and their regularity).
Under Assumptions 2.1, 2.5, and (Aq1), for every (t,z) € [0,T] x Z there exists a unique umin(t,z) € U,
which minimizes E(t,z,-).

Moreover, there exist co > 0 such that for all p € [pl,p«] and (t,2z) € [0,T] x Z it holds that umin(t, 2) €
erg’(Q;]Rd), and

Px|p—2|
Jtmin (8, ity < 0P 05 (1l @ity + N Ollwrnagn)s  (2:24)

with P as in (2.23), and p. the exponent from (Aq1)(ii). Furthermore, the following coercivity inequality
for T is valid: There exist constants c1,ca > 0 such that for all (t,z) € [0,T] x Z it holds

2
I(t,z) = Cl( HVZ”qu(Q) + ”Z”Ll(Q) + Humm(t,Z)llwwg;Rd)) - C2. (2.25)

Observe that, on the right-hand side of (2.24) the dependence on ||z]|z of the quantity which bounds
Humin(t,z)HWl,p(Q;Rd) is very explicitly displayed. In particular, observe that for p = 2 we have no

dependence on ||z||z as P(z,0)" = 1, while for the extreme case p = p, we have P(z,0), cf. (2.17).

Lemma 2.7 (Continuous dependence on the data).
Under Assumptions 2.1, 2.5, and (Aq1), there exists a constant c3 > 0 such that for all £ and up as in
(2.22), all t1,to € [0,T) and all p € [pl,p«) it holds with v = p.p(p« — D)~ and all 21,22 € Z

||umin (t17 Zl) — Umin(t2, 22) HWI,;(Q;Rd)

< C3( |ty — ta| + |21 — ZQ”LT(Q) )P(Zla 32)2( ||€HC1([0,T];WITD1’F* (QRrd)) T HUD”cl([o,T];Wl,p*(Q;Rd)) ) (2.26)

Remark 2.8. Observe that for p € [pl,p.) we have r = p.p(p. —p)~ ! € [pf’:z,oo), and r is strictly
1 1

increasing with respect to p. In particular, for p = 3p.(34p.) " we have r = 3 and for p := 6p.(6+p.)~

we have r = 6.
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Proof. For i = 1,2, let w; := tmin(t;, z;) € WHP=(Q;RY), with p, from (Agl). From the corresponding
Euler-Lagrange equations written for u;, ¢ = 1,2, with algebraic manipulations we obtain that u; — us
satisfies for all v € Wé;’ (4 RY)

/ g(z1)Ce(uy —ug): e(v)de = / (9(z2) — g(21))Ce(uz): e(v) dx
@ @ (2.27)

—/Q(g(zl)Cé(UD(h))—9(22)<C€(UD(t2))): e(v)dz + (£(tr) = £(t2), v)y, -

Hence, by density and Lemma 2.3, the function uq — us fulfills for all p € [p),, p.] and all v € Wllfl (;RY)
the relation

/Qg(zl)Ca(ul —ug):e(v)dx = <gl’2’U>W§§/(Q;Rd)’

where /1 5 € WlfDl’ﬁ(Q; R?) subsumes the terms on the right-hand side of (2.27). Therefore, (2.16) gives

[lug — U2HW1,E(Q;Rd) < coP(z,0) HELQHW_L;(Q.W), whence we deduce the estimate

T'p

lr = w2l 5omay < 0P (1, 0) (N€(t) = €(E2)ll 15 gy + 1(9(21) = 9(22))Ce(u) 150y
+ llg(21)Ce(up(t1)) — 9(22)Ce(up ()l 15 qupay ) (2:28)

Now, the Lipschitz continuity of g and Hélder’s inequality imply that

1(9(21) = 9(22))Ce(ua)l 15 ray < Cllz1 = 22l ey llE(u2) ]| Lov (mey

(2.29)
< C'P(22,0) |21 — 22/l 1 (o

with 7 = p.p(p«—p) !, where the second inequality follows from condition (2.22) and from estimate (2.24).
We use (2.29) to estimate the second term on the right-hand side of (2.28). In a similar way the third

summand is treated, where we use again (2.22). O

For the proof of Lemma 2.9 on the differentiability in ¢, the calculations are similar to those in [33,

Lemma 2.3], taking into account estimates (2.24) and (2.26). Therefore we choose not to detail them.

Lemma 2.9 (Differentiability and growth w.r. to time).
Under Assumptions 2.1, 2.5, and (Aq1), for every z € Z the map t — I(t,z) is in CH([0,T];R) with

WI(t,z) = / 9(2)Ce(tmin(t, 2) + up(t)): e(ip(t)) dz — (€(t), umin (L, z))er,z(Q;Rd). (2.30)
Q D
Moreover, there exists a constant ¢y > 0 such that for allt € [0,T], z € Z and up, £ with (2.22) we have

|0:Z(t, 2)| < ea ||uD||él([0,T];W1v2(Q;Rd)) + ”E”él([O,T];WITDI’Z(Q;]R‘J’)) )- (2.31)

Finally, there exists a constant cs > 0 depending on ||€||Cly1([0,T];W1:;~p* (ray) and lunllcra o,y wree (@)

such that for all r € [JP=,00), for all t; € [0,T] and z; € Z we have

|8tI(t1, Zl) - atI(tQ, 22)‘ S C5P(Zl, 22)2( |t1 - t2| + ||Zl - ZQ”LT(Q) ) (232)

The differentiability of Z with respect to z will be studied in the Z — Z* duality. In particular,
D.Z(t,-) : £ — Z* shall denote the Gateaux-differential of the functional Z(¢,-). We have the following

result, whose proof is completely analogous to the proof of [33, Lemma 2.4].
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Lemma 2.10 (Gateaux-differentiability).
Under Assumptions 2.1, 2.5, and (Aq1), for all t € [0,T)] the functional Z(t,-) : Z — R is Gateaua-
differentiable at all z € Z, and for all n € Z we have

(D.Z(t, 2),m) z = (Aqz,m) 2 /f ndx+/ "(z )W(t, Vtumin (¢, 2))n dz, (2.33)

where we use the abbreviation W(t, Vo) = W(Vo+Vup(t)) = 1Ce(v+up(t)):e(v+up(t)). In particular,

the following estimate holds with a constant cg depending on the data ¢, up, but independent of t and z:

V(t,z) €[0,T) x Z : |D,Z(t,z2)]

2 <o (IS + 1 ey +1) - (2.34)

We define
I(t,2) :=To(t,2) + [ f(z)dz forall (t,2) € [0,T] x Z (2.35)
Q

with Zo from (2.13), as the part of the reduced energy collecting all lower order terms. Accordingly, D,Z

from (2.33) decomposes as
D.Z(t,z) = Agz + D.Z(t,z) forall (t,2) € [0,T] x Z. (2.36)

In Lemma 2.12 below we prove that the maps (¢, z) — Z(t, z(t)) and that (¢, z) — D,Z(t, z) are Lipschitz
continuous w.r.t. a suitable Lebesgue norm. In view of this, and in order to emphasize that, in (2.36),
D.Z(t,z) is a lower order term w.r.t. A,z, from now on we shall often resort to the following

Notation 2.11 (Abuse of notation for D,Z(t, z)). In view of (2. 33) the term D.Z(t, z) can be identified
with an element of L¥(Q) for some p > 1. The quantity HD I(t,z HLM(Q will be interpreted in this

sense, and with the symbol D, I we shall denote both the derivative of Z as an operator and the
corresponding density in L!(2). Accordingly, for a given v € )z (©2) we shall write fQ DZI (t,z)v dz in
place of (sz(t, 2),0) pur -

For h € C°(R) and z1, 29 € Z let
Ch(z1,22) = max{[h(s)[; [s| < [z1]lLoe () + |22l (o) }- (2.37)
This notation will be used along the proof of the following lemma.

Lemma 2.12 (Local Lipschitz continuity of 7 and sz).

Under Assumptions 2.1, 2.5, and (Aq 1), there exists a constant ¢z > 0 depending on ||£||Cl’1([0 ThWh =P (QiRd))
ThEWe ;

and ”“DHCM([O,T];WFIE’*(Q;Rd)) such that for all t; € [0,T] and all z; € Z it holds

Z(t1,21) = Llta, 20)| < er(Cpr (o, 22) + Plan, 2)?) (161 = tal + 21 = 2l s my) + - (238)
with Cy/(z1, z2) as in (2.37) (corresponding to h(x) = f'(x)). Further, for every p € [1,p./2),
< 7 (Cpr (21, 22)

#(Q) (2.39)
+ (1 + Cg// (Zl,ZQ))P(Zl7 Z2)3) ( |t1 — tz‘ + HZl — Z2||LT(Q) )7

Hsz(tl,Zl) — Dzi(tQ, ZQ)HL

where r = pyu(pe — 2p) "1, and for p € [1,p./2],

V(t,z)e0,T]x Z : ID.Z(t,z)|

e < 1L+ [1f' (D)l oo () + P(2,0)). (2.40)
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Proof. In order to prove estimate (2.38), with elementary calculations we observe that
Z(ti,21) — tQ,zz /|f (21) — f(22) |dm+/ 19(21) — g(22)||W (t1, V)| da

+ /Q \9(22)\|W(7517VU1) - W(t27VU2)| da + | (€(t1) — £(t2),u1)y |
+ [ (U(t2), ur —ug)y | = I+ T+ I3 + Is + I,
where u; := Umin (t;, z;) € WP (Q;R?) for i = 1,2. Since f € CH(R) (cf. (2.8)),
I < Cpr(z1,22) |21 — 22/ L1 (- (2.41)
Moreover, using (2.9a), (2.10), (2.22), and the Hélder inequality,
Iy < |lg(21) = g(22) | o /w2 () [W (1, Vi) | Lo 1200y < Cllzr = 22 Lo r60e -0y 11 11 60 (1m0
< CP(21,0)%[|21 = 22l o /02 ()

where the constant C' also incorporates the data and the last inequality follows from (2.24) (with p = p..).
Analogously,

I3 < C/ |9(22)[le(u1 + up(t1)) + e(uz + up(t2))|le(ur + up(tr)) — e(uz + up(tz))| da
Q
< C(llur +uzllwr2rey + D (lur — uallwrz2qray + lup(t1) — up(t2)llwr2re))
< CP(z1,22)%([t1 — to| + [|z1 — 22| 2w /-2 ()
due to (2.10) and (2.22) and, for the last inequality, to (2.24) (with p = 2), and (2.26) with p = 2, whence
r = 2p,/(ps — 2). Finally,
Iy < [[e(t1) — £(t2)[lw 10w (irey lu [[wrow (irey < Cltr — t2| P(21, 22),
Is < |[(ta) lw-12(0may lur — uallwr2irey < CP(21,22)% (It — ta| + 121 — 22/l p2re /-2 ()

where the first estimate is due to (2.22) and (2.24), and the second one follows from ¢ € CO([0, T]); W " 2(Q R%))
and again (2.26). Collecting the above calculations, we conclude (2.38).

Since f’ is locally Lipschitz, for the proof of (2.39) we confine ourselves to investigating the properties
of D,Z,, given by (2.13). Let u € [1,p./2). We have

||Dz1-2(t1, Z1) - DZIQ(tQa Z2)HLM(Q)

< Cyr(z1,22) |l — 22||LT(Q) HW(tLvul)‘

e |[W(tn, V) = Wita, V)|

Lr=/2(Q) Lr(Q)

S 0(1 —+ Cgu (Zl, ZQ))P(Zl, 22)3( |t1 — tg‘ + HZI — ZQHLT(Q) )

and C depends on the data ¢ and up. Indeed, the first inequality follows from the form of D,Zs (cf.
(2.33)). The second one ensues from (2.10) and the Holder inequality for the first term, which is then
estimated by means of (2.24) Lemma 2.6. For the term HW(tl, Vuy) — Wi(ta, VUQ)HL @’ we again use

the Holder inequality. Ultimately, this leads us to estimate the quantity |lui + uz|w1.r. (;ray, for which
we use (2.24), and the quantity ||u; — u2||W1»F(Q;Rd) with p = up./(p« — 1) , for which we use (2.26)
(observe that p < &), with r = p.u/(p« — 2u) (indeed, 7 = p.p/(ps — p)). With completely analogous
calculations, we prove (2.40). O

From (2.39) we deduce estimate (2.42) below, which occurs in several of the calculations in Sec. 5.
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Corollary 2.13. Under Assumptions 2.1, 2.5, and (Aq1), for every w € Z there holds

’(Dzi(tla Zl) - Dzi(t% 22)’w>2’

< e7(Cpr(z1,22) + (L + Cgr (21, 22)) P21, 22)°) ([t — ta| + [l21 — 22l p2ve /=2 (@) 10| 202/ (020 (1) 2
Proof. To check (2.42), we use the Holder inequality and estimate

)<sz(t17 1) — D.Z(t, 22), w)z’ < ID.Z(t1, z1) — D.Z(ts, 22)|| L2pe /a2 () 10| 20w/ e —2) (02),
(cf. Notation 2.11), which, with (2.39) for u = 2p./(p« +2) and r = 2p./(p. — 2), implies (2.42). O

We also have the following monotonicity property for D, Z.

Corollary 2.14.
Under Assumptions 2.1, 2.5, and (Aq1), there exist constants cs, cg > 0 such that for all t € [0,T] and
zi € Z,i=1,2, we have
I21=22[172 () + (D2Z(t:21)—D.Z(t 22), 21— 22) 5 > es 21— 22l fpr2) — 00 21—22ll72 gy - (2:43)
Proof. We observe that by (2.5) and (2.42) there holds
I21=22l[72(0) + (D2Z(t, 21)=D.I(t, 22), 21—22)
= z1—22ll720) + (Agz1 — Agza, 21 — 22) 5 + (DL(t, 21)—D.I(t, 22), 21— 22)

q—2
2 ||Zl—22||iz(n) + Cq/(l + VP + [V2|?) 7 [Va1 = Vo de — ¢z — Z2H2sz*/<p*—2>(g)
Q

where 7 is defined as in (2.35). Then, (2.43) follows upon using (2.2). O

Corollary 2.14 implies that the functional z — Z(t, 2) is A-convex w.r.t. the L*(Q)-norm for some X € R:

A(1

INERV 2, 21 € Z2YV0 € (0,1) : I(t,29) < (1 —0)L(t, 20) + OL(t, 21) — % 1z0—211l72 (0 -

However, this property does not automatically guarantee the validity of the chain rule for Z, cf. the
discussion at the beginning of Sec. 3.1. As a summary of the previous lemmata we obtain

Corollary 2.15 (Fréchet differentiability of Z).
Under Assumptions 2.1, 2.5, and (Aq1), the functional T is Fréchet differentiable on [0,T] X Z and

t, =t and z, — z strongly in Z implies D, Z(t,, z,) = D,Z(t,z) strongly in Z*. (2.44)
Furthermore, t, — t and z, — z weakly in Z implies
Hminf Z(tn, 20) > Z(t, 2),  L(tn,zn) = Z(t,2), O Z(tn, 20) — OL(t, 2),
noee _ (2.45)
D.Z(tn,zn) = D.Z(t, z) strongly in Z*.

Proof. Observe that z, — zin Z implies D,Z,(z,) — D,Z,(t, z) in Z*. Therefore, in view of Lemma 2.12,
the Gateaux-differential D,Z fulfills (2.44), which yields that Z is Fréchet differentiable. The continuity
property (2.45) of 9;Z and D.Z is an immediate consequence of estimates (2.32) and (2.39), and of the
compact embedding Z € L"(Q) for all 1 < r < c0. O
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3 The viscous problem

We now address the analysis of the viscous L2-regularization of (1.6) of the rate-independent system

(1.3). To this aim, we introduce the viscous dissipation potential
. €
Re=Ri+Rae with Rac(n) = 170172 q (3.1)

with Ry from (1.4). We denote by OR. : Z =% Z* its subdifferential (in the sense of convex analysis), in

the duality between Z* and Z, and consider viscous doubly nonlinear evolution equation
OR(Z'(t)) + D, Z(t,2(t)) 20 in Z* for a.a.t € (0,7), (3.2)
with the initial condition, featuring zo € Z,
2(0) = 2o. (3.3)

It follows from [2, Cor. IV.6] that OR.(n) = OR1(n) + en for all n € Z. Thus, also taking into account
formula (2.33) for D,Z, we see that (3.2) translates into

OR1(Z' () + 2" (t) + Ag(z()) + f'(2(t) + ' (z())W (t, Vumin (¢, 2(t))) 2 0 in Z* for a.a. t € (0,T). (3.4)

3.1 Weak solutions: definition and existence result

We are going to prove an existence result for a suitable weak solution notion for the Cauchy problem
associated with (3.2). Before defining such a concept, let us explain why we do not treat (3.2) as a
pointwise-in-time differential inclusion in Z*. Indeed, (3.2) is equivalent to —Ayz(t) — D.Z(t,2(t)) €
OR(Z (1)) for almost all t € (0,T) with Z from (2.35), viz.

Re(w) — Re(2' (1)) > (=Aqz(t) — DI(t, 2(t)), w — Z(t), forallwe Z, foraa.te (0,7). (3.5)

In fact, (3.5) implies the information that 2'(¢) € Z for almost all ¢ € (0,T). However, as we are going to
show in what follows, the best spatial regularity for 2’(t) we can obtain is 2/(t) € W2(2), which is less
than 2'(t) € Z. For achieving the latter, given a sequence of approximate solutions (zx)x to (3.2) (in our
case, constructed by time-discretization), one would need a Z-estimate for (z},)x, uniform w.r.t. k£ € N.
This seems to be out of reach, due to the doubly nonlinear character of (3.2), and in particular to the
fact that the multivalued, unbounded operator OR. acts on 2’(t).

Another possibility is to interpret the duality pairing (Aqz(t) + D.Z(t, 2(t)), w — Z'(t)) ; as a pairing
between Lebesgue spaces. For this it is necessary that 2/(¢) € L7 (Q) and A,z (t) + D.Z(t, 2(t)) € L7 (Q)
for some o € [1,00). This boils down to proving that A,z(t) € L7 (Q), since the term D,Z(t, z(t)) may
be considered of lower order due to (2.39). Indeed, [, D.Z(t,2(t))2'(t) dz makes sense thanks to (3.7).
However, an estimate for (A,z)x in L7 () (for a sequence of approximate solutions (z)x), is out of
grasp in the present context. Only for o = 2 it would be possible to estimate (A,z) in L>(0,T; L*(12)),
by testing an approximate version of (3.2) by the quantity d;(Ag4zx + f'(2x)). This is by now standard in
the analysis of doubly nonlinear equations of the type (3.2) and dates back to [9]. Nonetheless, to carry
out the calculations attached to this test, one has to exploit elliptic regularity results for u, which hold
in smooth domains, while in this paper we aim to work under minimal regularity requirements on Q.

Because of these reasons, we need to resort to the weak solution concept in Definition 3.1 below, where
for general ¢ > d the duality pairing (A4z(t), 2'(t)) 5 is replaced by the quantity

/9(1 VO V() - V(1) da, (3.6)
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which in fact coincides with Z,(z(t)) for almost all t € (0,T), cf. (3.20) below.

Definition 3.1 (Weak solution). We say that

z € L0, T; Wh4(Q)) n Wh2(0, T; WhH2(Q)) (3.7)
fulfilling

/OT /Qu V)Y TV ()2 da dr < oo, (3.8)

is a weak solution of (3.2), if it complies with the variational inequality

Re(w) — Re(2'(t) > (—Agz(t), w) - +/(1 +|V2()[})V(t) - VZ (1) da

@ (3.9)

— / D.Z(t,z(t))(w —2'(t)) dz forallwe £  for a.a.t € (0,T).
)

Observe that [, (1 + |Vz(t)|2)q%2Vz(t) - VZ/'(t) dz is well defined as soon as z fulfills (3.8), cf. (3.24)
below. Hereafter, we shall refer to (3.8) as “mixed estimate”, for it involves both z and z’. In fact, (3.8)
shall result from the a priori estimates on the time-discretization of (3.2), contained in Lemma 5.3.

The regularity (3.8) also guarantees the validity of the following chain-rule formula
Theorem 3.2. Under Assumptions 2.1, 2.5, and (Aq1), for every curve z fulfilling (3.7) and (3.8)
1. the map t — Z(t,2(t)) is absolutely continuous on (0,T);

2. the following chain-rule formula is valid:

d

dtI(t, z(t)) — O Z(t, 2(t))

(3.10)

= / 1+ |Vz(@®)?) 7 V() - V2 (t) da —|—/ D.Z(t,2(t)Z'(t) dz  for a.a.t € (0,T),
) Q

where for the second equality we refer to Notation 2.11.

We postpone the proof of this result to Sec. 3.2, and point out that as a consequence of formula (3.10)
the variational inequality in (3.9) is equivalent to the energy inequality associated with (3.2). The latter
inequality involves the Fenchel-Moreau convex conjugate R} taken in the Z — Z* duality, and defined by
Ri(&) =sup{ ({,w)z —Re(w) : we Z}. In (7.2) we give the explicit formula for RY.

Proposition 3.3. Under Assumptions 2.1, 2.5, and (Aq1), a curve z fulfilling (3.7) and (3.8) is a weak
solution of (3.2) in the sense of Def. 3.1 if and only if it fulfills for all0 < s <t < T the energy inequality

t ¢ t
/ Re(Z'(r)) dr +/ RI(=D.Z(r,z(r))) dr + Z(t, z(t)) < Z(s,z(s)) +/ OZL(r, z(r)) dr. (3.11)
Proof. Taking into account that w € Z is arbitrary, (3.9) rephrases as

Rel#(1)) + sup (= (Ag2(0), w) ; = (DT (1 2(1)), w) z ~Re(w)

+/(1+ V2(O)P) V() - V2 (1) dx—f—/ D.Z(t 2(8) 2 () de <0 for aant € (0,T).
Q Q

In view of the definition of R* and the chain-rule formula (3.10), the above inequality is equivalent to
d

aI(t, 2(t)) < O Z(t, 2(t)) for a.a.t € (0,7,

i.e. (3.11) upon integrating in time. O

Re(2'(t) + R (=D:I(t, 2(2))) +
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Remark 3.4 (Failure of energy identity). It remains an open problem to improve (3.11) to an energy
identity. This would result from the following chain of inequalities

/ Re(2' (1)) dr—i—/ Ri(—=D.Z(r,2(r))) dr
<I(s,z(s)) —Z(t,2(t)) —|—/ OZL(r, z(r)) dr
= —/6 /Q(l +|Vz(r)|?) = Vz(r) - V2 (r) dz dr —/S /QDZI(nz(r))z’(r) dz dr

2D _ (D.Z(r,2(r)),2'(r)) z dr

—
—

(%)/ Re(2'(r)) dr+/ Re(=D:Z(r, 2(r))) dr.

While (1) follows from an integrated version of (3.10) on the right-hand side of (3.11) and (3) from
an elementary convex analysis inequality, (2,?) implies the information that 2/(t) € Z for almost all
t € (0,T), which is not at our disposal. Observe that, with this argument we would also conclude that z
fulfills the subdifferential inclusion (3.2), cf. the proofs of [42, Thm. 4.4], [33, Thm. 3.1]. Therefore, the
validity of (3.2) and of the related energy identity is at the moment open for general ¢ > d.

We are now in the position of stating our existence result for the Cauchy problem associated with (3.2).
In fact, we need to impose a further, natural condition on the domain 2. This is exploited in the proof
of fine spatial regularity estimates on the discrete solutions, which lead to the enhanced regularity (3.13)

below for z, and will enable us to pass to the limit in the time-discretization scheme of (3.2).

Theorem 3.5 (Existence of weak solutions, € > 0). Under Assumptions 2.1, 2.5, and (Aq1), suppose in
addition that

(Aq2) Q C R? is a bounded domain and satisfies the uniform cone condition.
Suppose that the initial datum zo € Z also fulfills

D.Z(0, z) € L*(Q). (3.12)
Then,

1. for every e > 0 there exists a weak solution (in the sense of Definition 3.1) z. € L°(0,T; W4(Q))N
W2(0, T; WH2(Q)) to the Cauchy problem (3.2)—(3.3), fulfilling (3.8) as well as the enhanced
regularity

2. € L2190, T; W'TF1(Q)) for every B € [0, é(l - Z)) . (3.13)

If in addition f and g comply with (4.3) (cf. Proposition 4.1 ahead) and if zg € [0, 1], then z.(t,x) €
[0,1] for all (t,z) € [0,T] x Q.

2. There exists a family of viscous solutions (z¢)eso and constants Cy,Cg > 0 such that the following
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estimates hold uniformly w.r.t. €

Sulg [zellw10,7522(0)) < Co, (3.14)
€>
1 d
sup zell L2a (0, 73w 1489 (@))nL= 0, T wra)y < Cp  for every B € |0, 5(1 - 5) ; (3.15)
g q / 1 d
st>118 ||Ze(t)HW1+[3)q(Q)Hze(t>||L2(Q) dt < Cj for every B € |0, 5 (1 — 5) , (3.16)
e>0.J0

e>0

Sup/oT (/9(1 V2 ()2 VAL ()2 cu)é dt < Co. (3.17)

The proof (see Section 6) relies on the time-discretization analysis performed in Section 4 and on the
a priori estimates provided in Section 5.

The uniform w.r.t. € estimates (3.14)—(3.17) are the starting point for the vanishing-viscosity analysis
in Section 7. We prove them in Section 5 arguing on the time-discretization of (3.2) and thus deduce
them only for those viscous solutions z. to (3.2), which arise in the limit of the time-discretization scheme
of Sec. 4. The additional condition (3.12) on the initial datum zj is needed in order to prove the enhanced

regularity estimates for z, as well as the uniform discrete W'l-estimate (see Sections 5.3 and 5.4).

A discussion on the interpretation of weak solutions For £ € W19(Q) let

1
2

1€llgae = (|£||izm) + [ as w0 ve dx) (3.18)

and define Vy ;) (Q) = ZIlv=® " Observe that the set Z_ := {z€2;2<0} is dense in Vg(4),— =
{v € V. ; v <0}. This implies that the conjugate functional of R, calculated with respect to the Z —
Z* duality (which in this context we denote by R*Z), and the conjugate functional R: VYO with respect
to the Vg (1) — V@Z(t) duality, coincide on V%z(t). Now, let z € L>(0,T; Wh4(Q)) n W20, T; WH2(Q))
be a weak solution to the Cauchy problem (3.2)—(3.3) in the sense of Definition 3.1, with the enhanced
regularity (3.13), and assume in addition that 2'(t) € Vy.q) for almost all £ € (0,7). As it will be
discussed below this is not a trivial assumption, and at the moment it is open whether the solution z
satisfies this assumption at all.

Now we can verify directly relying on Section 2.3 that D,Z(¢,2(t)) € Vy.()- Having this, with the
additional assumption that 2'(t) € Vy.() for almost all ¢t € (0,T), from the local version of (3.11) in
combination with the chain rule (3.10) and the Young-Fenchel inequality for conjugate functionals we
deduce that for almost all ¢ € (0,7) it holds

Re(Z'(t)) + RZZ (=D.Z(t, 2(1))) < (=D.Z(t, 2(1)), 2 ().,
SR (1) + RSO (=DLZ(L, 2(1)) = Re(# (1) + REZ (—DLI(1, (1)),

Hence, for almost all ¢ € (0,T) the inclusion 0 € 9R(2'(t)) +D-Z(t, 2(t)) is satisfied in the Vg1 = Vg (1)
duality and in (3.11) we have equality instead of an inequality.

However, proving that 2'(t) € Vy.(4) is at the moment an open problem: Due to the mixed estimate,
for almost all ¢ the function z'(t) belongs to the Banach space Wy := {v € H'(Q); ||11||szm < oo}

q

If the weight w(t) :== (14 |Vz(t)|2)%2 can be shown to be a Muckenhoupt weight, then the spaces Vy. ()
and Wy (¢ coincide, see for instance [10]. However, we do not see how to deduce this property for our
solution. Another possibility would be to prove directly from the construction of the solutions (via a

time-incremental procedure), that z(t) € Vy.(+). But also this is not clear for us.
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3.2 Proof of the chain rule of Theorem 3.2

Recalling the decomposition Z(t,z) = Z4(z) + f(t,z), we separately address the chain-rule properties
of the functionals Z, and Z. As for the latter, we observe that the Fréchet differentiability stated in
Corollary 2.15 allows us to conclude the validity of the chain-rule formula (3.19), only if the curve z is in
W11([0,T]; Z), which is not granted by (3.7) and (3.8). In the proof of Proposition 3.6 below, we in fact
exploit the finer estimates on 7 and sz provided by Lemma 2.12, and combine them with the regularity
(3.7) for z. Note that the mized estimate (3.8) is not needed.

Proposition 3.6. Under Assumptions 2.1, 2.5, and (Aql), for every curve z fulfilling (3.7) the map
t — Z(t, 2(t)) is absolutely continuous on (0,T) and there holds (cf. Notation 2.11)

d~ ~ -

EI(t,z(t)) — O Z(t, 2(t)) = / D.Z(t,2(t))z'(t) da for a.a.t € (0,T). (3.19)
Q

Proof. For any fixed z € L (0,T; W4(Q)) N W2(0,T; W2(Q)), the map ¢ — Z(t, z(t)) is absolutely

continuous on [0,T]: indeed, it follows from (2.38) that

Z(t, 2(t)) = Z(s, 2(s))| < C(|t = s| + [[2(t) = 2(8) | L2vs /- -2) < C(|E = 5| + [[2(2) — 2(s) [lwr2 ()
where the last inequality follows from the continuous embedding W12(Q) c L?P+/(P-=2)(Q), cf. (2.2). We
now prove the chain-rule formula (3.19). The integral on the right-hand side of (3.19) is well defined since
D.Z(t, 2(t)) € L*(Q) and 2/(t) € L* (Q) with p = 2p, /(ps +2) and 1/ = 2p, /(p. —2), ¢f. Lemma 2.12. In
fact, since L#(€) € W12(Q)*, it follows that D,Z(t, z(t)) can be identified with an element in W12(Q)*
for a.a.t € (0,T). We fix t € (0,T'), out of a negligible set, such that 3 %f(t, z(t)), and compute

WY Z(t + h, 2(t + h)) — Z(t, 2(t)))
=h Y Z(t+h, 2(t+ h)) = Z(t, 2(t + h))) + b~ (Z(t, 2(t + b)) — Z(t, 2(1)))

1 t+h -
_ f/ 0T (s, 2(t + b)) ds

h J,
1 1 z - — -7l 2
+ /Q/O D.Z(t, (1 — 0)z(t) + 0z(t + h))(2(t + h) — 2(t)) df da = I} + I}
We have that
t+h th .
I}ll = %/t 0/ L(s,2(t)) ds+ %/t (&I(s, z(t+ h)) — O Z(s, Z(t))) ds.

The first term on the right-hand side converges to 9,Z(s,z(t)) as h — 0, while the second one tends
to zero in view of (2.32) and of the fact that z € C%([0,7];C°(Q2)) by interpolation in (3.7). To take
the limit as h — 0 of I?, we first of all observe that for almost all ¢ € (0,7) M — Z/(t) in
Wh2(Q) ¢ L2-/P+=2)(Q) as h — 0, due to 2’ € L?(0,T;W'2(Q)) (cf., e.g., [51, Lemma 5, Sect. 5]).
Moreover, in view of (2.39), the family j,(¢,-) = fol D.Z(t,(1 — 0)z(t,-) + 0z(t + h,-)) df converges to
§(t,-) :== D.Z(t, 2(t,-)) in L2+/®-+2(Q) as h — 0. Hence, I? — Jo D.Z(t,2(t))2'(t) dz as h — 0, and
(3.19) follows. O

For the functional Z,, we have the following result.
Proposition 3.7. For every curve z fulfilling (3.7) and (3.8) the map t — I,(2(t)) is absolutely contin-
wous on (0,T) and there holds

d

S1,(:(0) = /Q (1+|VOP) V() - V() dz for acat € (0,T), (3.20)
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We are going to deduce Proposition 3.7 from applying the result below to F' := Vz.

Lemma 3.8. Define G, : L1(Q;R?) — [0,00) by G4(F) := [, G, ) dz = ¢ [o(1+|F(2)]?) 3 dg. If
F e L>(0,T; LY(Q;RY)) n Wh(0, T; L2(; RY)) fulﬁlls
/ / 1+ |F|?)* |F? da dt < oo, (3.21)
then the map t — Gy(F(t)) is absolutely continuous on (0,T), and there holds
%Qq(F(t)) = /Q(l + |F(t)|2)%2F(t) - Fy(t) de for a.a.t € (0,T). (3.22)

Proof. We split the proof in three claims.
Claim 1 There holds for all 0 < s <t <T and for almost all x € )
t
Gu(F(t,2)) = Gyl F(s,2)) = [ (L+1F ()5 F(r,0) - Filrya) dr. (3.23)

Indeed, (3.23) follows from integrating in time the chain rule LG, (F(t,z)) = (1 +|F(r, 2)[2) T F(r,z)-
Fy(r,x) at fixed x, which in turn ensues from applying (3.26) below with () = F(t,z) (here z is fixed
outside a negligible set) and ¢ = G,. Indeed, (3.21) and the fact that F' € L>(0,T; L9(Q; R?)) guarantee

(t.2) = (14 [F(t,2)) T Fy(t.x) € L2(0, T5 LA RY)), (3.24)

(t,z) = (14 |F(t,z)>)" T F(t,z) € L®(0,T; L*(Q;RY)).

Hence, by the properties of Bochner integrals we have for almost all z € (2 that ¢ — (1+\F(t z)|? )qT_2Ft (t,x) €
L2(0,T) and t + (1 + |F(t,2)]?) T F(t x) € L?(0,T), therefore t s |(1 + |F(t,2)|?)* = F(t,x)||Fs(t,z)]|
is in L1(0,T) for almost all x € Q, and we can apply Lemma 3.9.

Claim 2 the map t — G4(F(t)) is absolutely continuous on [0,T).
Indeed, integrating w.r.t. z € Q formula (3.23) we find

Ga(F(t)) — Gq(F(s)) = /t /Q(l + |F(r,x)|2)qT_2F(r,x) -Fy(ryx) drdz forall0<s<t<T. (3.25)

We use this to estimate the difference |G(F'(t)) — Gq(F(s))|. In view of (3.24) (and the properties
—2

of Bochner integrals), the map ¢ — [, (1 + |F(t,2)|*)*= F(t,z) - Fy(t,x) dz € L(0,T), therefore the
absolute continuity of ¢ — G,(F(t)) follows from (3.25) and the absolute continuity property of the
Lebesgue integral.

Claim 3 formula (3.22) holds. Let us fix ¢ outside a negligible set such that > Z(F(t)) exists as limit
of the difference quotient. Writing (3.25) at ¢ and t + h yields

t+h .,
PGP+ ) =0, (P =5 [ [+ 1P T R0 o) dr da.

Then, it remains to observe that as h — 0

1 [tth 9\ 4=2 2y 252 . e
E/t /gz(1+|F(7‘,x)| )2 F(r,x) - Fi(r,x) dr dx—>/ﬂ(1—|—|F(t,x)| )T F(t,z) - Fy(t, z) dz.

This is true for almost all ¢ € (0,7) thanks to the Lebesgue point property of the map ¢ — fQ(l
|F(t,2)|?)*2" F(t,z) - Fy(t,z) dz € L(0,T). O
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We conclude by stating, for the sake of completeness, the following auxiliary result.

Lemma 3.9. Given ¢ € CYR%R), for every n € WH2(0,T;R?) such that t — |Vo(n)||n'(t)| €
LY(0,T) the map t — p(n(t)) is absolutely continuous on (0,T) and

(1) = Veln(t) -1/ (t) for aa.te(O,T) (3.26)

Proof. The absolute continuity property can be shown by arguing in the very same way as in the proof

of [1, Thm. 1.2.5, page 28]. The chain-rule formula follows from classical arguments. O

4 Time-discretization for the viscous problem

We consider the following time-discrete incremental minimization problem: Given ¢ > 0, zg € Z and a
uniform partition {0 =t < ... <t} =T} of the time interval [0, T] with fineness 7 =t} | —t}, = T/N

(cf. Remark 5.7 ahead), the elements (z])o<k<n are determined through 2§ = zp and

ST
z 2L

Zp 41 € Argmin{ Z(t;,,2) + TR ( > iz €Z Y. (4.1)
The existence of minimizers can be checked via the direct method in the calculus of variations, thanks
to the properties of the reduced energy Z formulated in Section 2.2. It follows from the representation
formula for OR. (cf. [2, Cor. IV.6]), that, any family {z],...,2%} C Z of minimizers of the incremental
problem (4.1) satisfies for all k£ € {0,..., N — 1} the discrete Euler-Lagrange equation

2] — 27 25— 25
6721( ’““T k) +e kHT b D Z(th . 251) 20  in 2% (4.2)

Proposition 4.1. Under Assumptions 2.1, 2.5, and (Aq1), for T sufficiently small the minimum problem

(4.1) admits a unique solution. Suppose in addition that f and g comply with the following condition

f(0) < f(2), ¢(0)<g(z) forallz<0, (4.3)

and that the initial datum zy fulfills zo(z) € [0,1] for almost all x € Q. Then, the minimizer zj, from
(4.1) also fulfills z(x) € [0,1] for almost all x € Q.

The proof of uniqueness follows from standard arguments, exploiting estimate (2.43) from Corollary 2.14.
The property 2] (z) € [0,1] is standard, as well, (see e.g. [33, Prop. 4.5]).
Notation 4.2. The following piecewise constant and piecewise linear interpolation functions will be used:

t—t]
Zr(t) = zpqq for t € (tg,t71]), 2,(t) = 2 for t € [t} t 1), 2-() = z,:—&—fk(z,zﬂ—z;) for t € [tr, 17 41]-

Furthermore, we shall use the notation

T(r) =71 for r € (7, t7.41),
t-(r) =ti, for r € (7,7 11],
t.(r) =t for r € [t],t],1),
Ur(r) = Umin(E-(r), Z-(7) for r € (tf,tf 1],
U (r) = vmin(t,(r), 2,(r)) for r € i3, t41),
ir(r) =u,(r) + == (@ (r) - u, (1) for 7 € [t], ¢4,
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Clearly,
t-(t), t.(t) >t as7—0foralltel0,T]. (4.4)

Moreover, for any given function b which is piecewise constant on the intervals (¢7,¢7, ) we set
Armyb(r) = b(r) — b(s) for r € (t;, ;1) and s € (t;_y, ;).
With the above notation, (4.2) can be reformulated in Z* as
OR1 (2L(t)) + €2.(t) + D.Z(t,(t),z,(t)) 30 for a.a.t € (0,T), viz. (4.5)
W (1) + €2L(t) + AgZ-(t) + D.Z(E, (1), Z-(t)) = 0,
w-(t) € IR (27(1))

Notation 4.3. In what follows, we will denote most of the positive constants occurring in the calculations

for a.a.t € (0,7). (4.6)

by the symbols ¢, C’, whose meaning may vary even within the same line. Furthermore, the symbols
I;, S;, F;,i=0,1,..., will be used as abbreviations for several integral terms appearing in the various
estimates: we warn the reader that we will not be self-consistent with the numbering, so that, for instance,

I, will appear several times with different meanings.

4.1 Global higher differentiability of the time-discrete damage variable

In this section we derive the higher differentiability of the solutions z] of the time-incremental minimi-
zation problem (4.1), Theorem 4.4. The proof relies on a difference quotient argument in the spirit of
[50, 15, 31] and requires the additional condition (An2) on  stated in Theorem 3.5.

We address the higher differentiability of minimizers for (4.1) in a more general context. In particular,
in view of future developments we deal with an L®-viscosity term instead of L2-viscosity. Therefore, let
q>d,p>2. Forz,( € Whi(Q), w € WEE(Q;Rd), 7>0,¢>0and a > 2 we define

1 1 g e
Flaametw) = [ 39E)Cw): e+ )+ (14 Ve ot Ra(s - ¢+ T |25
Q2 q o T Lo
(4.7)
with Ry from (1.4). The time-incremental minimization problem (4.1) can be rewritten as
Zhyq € Argmin{ F(2;2,7,€, 2, Umin(tpq1,2) Fup(tiy1)); 2 € 2} (4.8)

Theorem 4.4 (Spatial differentiability of the damage variable). Under Assumptions 2.1, (Aq1), and
(Aq2), suppose further that w € Wéf(Q;Rd) for somep > 2, and that 7 >0, € >0, « > 2 and q > d.

Let 2 € Z = Wh4(Q) be a minimizer of F(-;a, T,¢,(,w) over Z. Then for all 0 < 8 < % (1 — %) we
have z € WtF:4(Q). Moreover, there exists a constant cg > 0 such that

z—¢

T

), @Y
Lo(9)

Remark 4.5. For € = 0, Theorem 4.4 yields a regularity result for global energetic solutions associated
with the energy Z(-,-) from (2.13) and the dissipation potential Ry. Indeed, let z : [0,7] — Z be a global
energetic solution associated with Z and R;. The stability condition, that is satisfied by global energetic
solutions, implies that for all ¢ € [0, 7] the function z(¢) minimizes F(+;2,1,0, 2(¢), umin (¢, 2(¢))). Hence,
by Theorem 4.4, for all t € [0, 7] it holds z(t) € W!*+5:4(Q) with sup;eo, 7] [12(0)[[y1+6.0(q) < 00. We refer

to [43, 54] for the analysis of damage models in the context of global energetic solutions.

1 2 1
lzllygrssagey < oL+ zlwrae) (1 1 ) ey + 0l gy + €

and the constant cg is independent of o, €, 7,z,w and ¢.
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Proof of Theorem 4.4. The proof relies on a difference quotient argument. Since spatially shifted versions
of the minimizer z of F not necessarily lie below the function (, we also have to shift the function z in
“vertical” direction.

Let Q C R? satisfy (Aq2). Let 2o € 99 be arbitrary and choose e € R? with |e| = 1 in such a way that
there exist constants R, hg > 0 such that for all y € QN Br(x) and all 0 < h < hg we have y + he € Q.
Since ( satisfies the uniform cone condition it is possible to find a basis of R? such that every basis vector
has this property.

Let ¢ € C5°(Br(z0)) be a cut-off function with 0 < ¢ <1 and @‘BR/Z(%) = 1. Further, let us define
the transformation T}, : R? — R? by T}, (x) := x + hg(x)e. If h € [0, hg] is small enough, this mapping
is an isomorphism with T5(Q) C Q and it coincides with the identity outside of the ball Br(xg). For
w € WEP(QRY) and ¢ € WH(Q) let

z € Argmin{ F(Z; o, 7,6, ,w); Z € Z . (4.10)

From the definition of R it follows that z < ¢ almost everywhere in ). Moreover, since ¢ > d, we have
2z € C%(Q) with y =1 — g > 0. For h > 0 let 6 := B ||z[[cor @y < ¢l [|2]l 1.0y Observe that

|z(z) — 2(Th(x))] < 0, for all z € Q. (4.11)

Hence, the function z,(z) := z(Th(x)) — 0 is an admissible test function for the minimization problem
(4.10) in the sense that R (z, — () is finite. Indeed, ((z)—zp(z) = {(x) —2z(x)+ (2(x) — 2(Th(x))+0p) > 0
for all z € Q. Since z is a minimizer, for all Z € W19(Q) it satisfies the variational inequality

Ri(z—=¢) —Ri(z = Q)
1

> —(Agz,Z—2)z — / (z9'(2)Ce(w) : e(w) + f'(2))(Z — 2)da — G/Q

Q 2

T

With the special choice z = zp,, due the definition of R; this variational inequality rewrites as

—/(1 + |Vz|2)q2;2Vz V(zoT, —2z)dx < / p(z — zp) dz —|—/ (39 (2)Ce(w) : e(w) + f'(2)) (2 — 2) dz
Q Q Q

—|—e/
Q

Now we apply inequality (2.4) with a = Vz and b = V(z 0 T), and setting Apz := z o T, — z we thus
obtain the estimate (recall that G,(A) = %(1 + |A]2)%)

T

cq/Q(H V22 + [Vanl?) T2 (VAR de < /QGQ(V(onh)) Gy (V2)de

+ [ ooz =il do+ [ (g ECew) s elw) + ) (o =)o

—I—e/Q SQ_QZ_C

T T
The goal is to show that there exists a 3 € (0, 1) such that the right-hand side can be estimated by ch”.
(ag) Pelongs to the Nikolskii space N+5:2(Q) ﬁ/\/’Hg’q(Q)7 which

is continuously embedded in WH‘%_‘S’Q(Q) N WH%*‘S’Q(Q) for all § > 0.

(Zh—Z)dZUZZ S1+ Sy + S35+ S,

This estimate then implies that z‘ Brys
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Since by assumption we have z € W4(Q), the term Sy can be estimated as
So.< [ plonel do 84100 < cllbl+ ") (14 [2llrae)
Q

and the constant ¢ depends on €2 and the chosen cut-off-function, but is independent of h and z.

Taking into account (2.8) the second part of S5 can be estimated as follows

/Q ) o — 2 dz < el () ey 12 lhwragen (I + [RD).

Holder’s inequality applied to the first component of S3 yields

| 9/@Cw) s @)~ 2)do < el (1202] 2 o +30)
Q

(

where we have used that p > 2. By (4.11), the term in brackets on the right-hand side is bounded by
cop, < c|h|” [2[l41.4()- Putting together these estimates we obtain

1831 < (|l + 1-) N lwraay (IF () e (@) + 10l ma))

and the constant c is independent of h, z, w.
In a similar way we obtain for Sy, applying again Hdélder’s inequality,

5 — C a—1 Y C a—1
T T

[Sa] < ce

(I1ARzl gy + ) < ce
L()

(IRl +1R17) 2l -
Lx(Q)

It remains to estimate S;. Here we use an argument that relies on a change of variables in the first term
(cf. [15, 50, 30]): With y = T}, (z) it follows
[ GBI e = [ (T VT ) et VT )y
h

Observe that due to the special choice of the vector e it holds T3,(£2) C Q for 0 < h < hg. Hence, since

G4(Vz) > 0 almost everywhere, we arrive at

Si< [ GUVAD(VE W) eV - [ Gu(va
Tr(S2) Tr(£2)

Elementary calculations (based on the fact that det VT, ' ~ (1 —h [#llc1(m)) and a Taylor expansion
of G,) show that S; can be further estimated by S1 < c|h| (1 + ||z\|€V1,q(Q)). Again, the constant c is
independent of h and z. Collecting all estimates we finally arrive at

a—1

L"@)) .

Since x¢ € 9Q was chosen arbitrarily, after covering Q with a finite number of balls B R, (zp) we finally
obtain that z € N7 79(Q) with
L“(Q)> 7

and the constant c is independent of «, €, 7, 2z, w and (. O

/(1 IV £ (Va2 (VAR de
Q

z—C

T

< c(|h] + R+ l2li1,0(q) (1 + 17 (2| e () + N0 lli3r1.0 ey + €

z—¢

T

1

1 2
2l 142 0 ) < €A ll2llwrae) (1 1 N e 0 + 0l 0@ ay + €7
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5 A priori estimates

This section is devoted to deriving for the approximate solutions (Z, 2., %,, @) constructed from the
time-incremental minimization problem (4.1) a number of a priori estimates, uniform w.r.t. 7 > 0. These
will allow us to pass to the limit in the approximate differential inclusion (4.5) and conclude the existence
of weak viscous solutions to (the Cauchy problem for) (3.2). In view of the vanishing-viscosity analysis
in Sec. 7, in the following we will specify which estimates are, in addition, uniform w.r.t. € > 0. However,

for notational simplicity we shall omit to indicate the dependence of the interpolants (Z,, 2;, U, ;) on €.

5.1 Energy estimate

We start by stating the basic energy estimate derived from the time-incremental minimization (4.1). It

holds uniformly with respect to 7 and € > 0.

Lemma 5.1. Under Assumptions 2.1, 2.5, and (Aq1), for every zo € Z there exists a constant Cy > 0
such that for all 7 > 0 and € > 0 there holds

T
sup Z(t-(t),z-(t)) —|—/ Re(2L(r)) dr < C4, (5.1)
tel0,7] 0
sup [|Z-(t)lwra) + sup [|IZ-()[lwra@) < Ci. (5:2)
te[0,T] t€[0,T]
[%r [ oo 0,1, w 10 (Ra)) < Ch- (5.3)

Proof. From (4.1) (with competitor z = 2] ) we deduce

t;+1

Zfiq — 2
T i) + R () <2~ 2D + [ 0T6eD s 5)

T
k 7

Then, we observe that sup,c(o 77 [0:Z(t,2])| < C thanks to (2.31) in Lemma 2.9. Hence, (5.1) follows
upon adding (5.4) up for £k =0,..., N —1. Observe that (5.1) yields (5.2) thanks to (2.25) in Lemma 2.6
and the Poincaré inequality. Finally, (5.3) follows from (5.2) via estimate (2.24). O

5.2 Higher spatial differentiability for the damage variable
Theorem 4.4 yields an enhanced differentiability estimate for Z, and Z,, uniform w.r.t. 7 and e.

Lemma 5.2. Under Assumptions 2.1, 2.5, (Aql) and (Aq2), for every 8 € [O,%(l — g)), for every
Zo € Z it holds

Z (1), 2.(t) € WHP9Q)  for all 7> 0 and all t € (0,T).

); 2 (
Moreover, for all B € [0, %(1 — g)) there exists a constant Co > 0 such that for all T > 0 and € > 0 there
holds

12+l L2a (0, w1+8.0(2)) + 127 || L20 0, w1480 (0)) < Ca - (5.5)

Proof. Applying Theorem 4.4 with a = 2, ( = 2, W = Umin(t} 41, 2f11) + un(t] ;) and p = p,, we find

1 (5.6)
L2(Q) 7

Hzl‘g+1HW1+E,Q(Q) <ca(L+ 12 lwrage)

1

1 1 ZT _ ZT
x (1 + Humin(t;Jrl’ Zhy1) T uD(t;€-+l)H{le=P* (Qrd) T €7 Sl *

T
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with cg independent of 7 and e. Taking into account the previously proved uniform estimates (5.2) and
(5.3) for 2 and umin(t]4, 2 1), Wwe then have HET(t)H%,gHﬁ,q(Q) < C (1 +e2 ||2’T(t)|\2L2(Q)) for a.a.tin
(0,T). Then, (5.5) follows from integrating the above estimate on (0,7") and using (5.1).

5.3 Enhanced temporal regularity estimates

The proof of the enhanced regularity estimates (5.7) and (5.8) below relies on the higher regularity for
2o guaranteed by (3.12), i.e., D.Z(0, 29) € L?(2). We also provide estimate (5.9), later used in the proof
of Lemma 5.5, cf. (5.30) below. Observe that the bounds in (5.7)—(5.9) might explode as € — 0.

Lemma 5.3. Under Assumptions 2.1, 2.5, (Aq1) and (Aq?2), for every zo € Z fulfilling (3.12) and for
every € > 0 there exists a constant C3 = C3(€) > 0, with C3(e) — oo as € — 0, such that for all T > 0

T
[ [+ 190 92 0P do ar < o), 5.7
o Jo
o2
€127 1 zoe (0,720 < C3(€); (5.8)
(1
€|z (;) < C31(1+[D.Z(0, 20) | 12(qr) ) exp (C3,27/€), (5.9)
12(0)

where t] is the first non-zero node of the partition of [0,T], and Cs.1, Cs 2 do not depend on € or T.

Proof. For t € (t],t],) we define h.(t) := €2 (t) + Agz-(t) + D.Z(%,(t),Z-(t)). Hence, relation (4.5) is
equivalent to —h,(t) € OR1(ZL(t)) for t € (t],t},). Since for convex, 1-homogeneous functionals ¥ it
holds 0¥ (v) C O¥(0) as well as 0¥ (v) = {n; ¥(v) = (n,v) }, we deduce

Vit (i) —Ru(2:(t) = (hr (), 2.(t)) 2, (5.10)
Vr e [0, TIN{tg, - I} Ri(2(t) = (=h-(r), 2.(t)) 2. (5.11)

Adding both relations, it follows 0 > 77 (h,(p) — h-(0), 2.(p))z With p € (¢7,t7,,) and o € (t]_,,t]),
which can be rewritten as (for 1 <i < N —1)

et (5(p) = 2(0). (P oy T (A (p) — AgZ-(0),2(p))

:Il :IQ

<~ ND.I(E(p). 7 (p) — DLt (0),Z,(0)), 20(p)) s . (5.12)

=13

Now, we observe that I; > 3 [, (|2.(p)|? — |2.(0)|?*) da whereas, relying on inequality (2.3), we find
B2 [ (4 Vo P + [V o)) V0P drzc [ (4 V)T VP dn, (513)
) Q
where the second inequality is due to the fact that |[V2,(p)|? < 2|VZ,(p)|? +2|VZ,(0)|?. Finally, relying

on estimate (2.42), we obtain

Is| < C(L+1122() | 2w /0o -2 @) 127 (P) | 20w /0 -2 ) - (5.14)
All in all, inserting the above calculation in (5.12) and multiplying by 7 we find
€\ 2 A 2 % N 2
5 12 @)z +7C | (1+ (V2 (p)") > [VE(p)|” dz (5.15)
€4 2 A A
< 5 120020 + T+ 127 (0N p2v s e -2 (0) 122 (O 20 10 -2 ) -
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Hence, taking the sum with respect to p € (¢7,t7, ;) of (5.15) on the time interval (o, t), with tq € (0,])

and t € (t7,t7 1), and using Young’s inequality, we arrive at

q—2

€ . i (1) . ~
SO0 [ [ v T D deds
21

tr(t)
€, 2 . 2
< S It oy +C [ A+ 1O a0y (5.16)
For the first time step with ¢ € (0,¢]) we obtain from (5.10):
0= Ra(2(t0)) + (hrto), 2L (t0))z > |2 (t0) Fongey + (D-Z( o), )z (5.17)
With D,Z(¢], 27) = DZ,(2]) —DZ4(20) +D.Z(t7,2]) —D.Z(0, ) + D.Z(0, z9), Young’s inequality, (3.12)
and similar arguments as for I, and I3 from above, we find
of 2 . 2,822 2
el + o7 [ (14192 (@0)[)'F V21" da
Q
—(D.Z(0, 20), 2} (t0)) z + (D2Z(0, 20) — D.Z(t], 21), £;.(t0)) 2

<
X 2 . 2 . 2
< S 12 o)z +¢ ! ID=Z(0, 20) |72y + cT(1 + 127 (o) 20 /0 —2 (c))-

€
2
We sum the above estimate with (5.16). Adding the term fg’(t) ||2’T(p)||%2(9) dp to both sides of the
resulting inequality, we obtain

€

T (t) tr(t)
S 2 A 2 IS a-2 A 2
SO0 + 0 [ 180 do+ G [ [0+ 1920 9 dodp

T (t)

7. (t)
_ . R 2
< e ID.Z(0, 20)|[72 () + C /O 127 (P 122 () dp + 02/0 (L + 11272 (P) I 220- /e -2 (2y) dp
—1 2 b (8) ol 2 Cl () Al 2
< C+e  [DZ(0, 20) | 720 + C/o 122 (P22 ) dp + I/o 127 (D) [w1.2(0) dp, (5.18)

where for the last inequality we have applied estimate (2.2) to absorb St ng(t) |4 (,0)||?,V1,2(Q) dp into the
corresponding term on the left-hand side. Now with the Gronwall inequality, we conclude that for all

Le 0T\, . 1)
A 2 1 _
IO < (€ + 52 ID-Z0.0) ey ) explCF 1) (5.19)
from which we derive (5.8), (5.9) and (5.7). O

Lemma 5.4. Under Assumptions 2.1, 2.5, (Aq1), and (Aq?2), for every zy € Z such that (3.12) is valid
there exists a constant Cy = Cy(€) > 0, with Cy(€) — 00 as € = 0, such that for all T > 0 there holds

tr |12 0,w12 (rey) < Cale). (5.20)
Proof. Lemma 2.7 with p = 2 and r = 2p.(p. — 2)~" implies for all ¢t € (0,7)\{t],...,t%} that

@ O)llwr2@) < e+ 1220 1rq))- Since W2(Q) c L7(Q), the claim of Lemma 5.4 follows with
(5.3) and (5.7). O
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5.4 A uniform discrete BV-estimate

The following estimates will be used to pass to the vanishing-viscosity limit ¢ — 0 and therefore are

uniform both w.r.t. 7 and w.r.t. e.

Lemma 5.5. Under Assumptions 2.1, 2.5, (Aq1) and (Aq2), for every zy € Z such that (3.12) is valid
there exists a constant Cs > 0 such that for all 7 > 0 and € > 0 with 7 < 2¢ there holds

T
JRECACT e (5.21)

T T %
[ 1Ol a+ [ ([a4 v 0p P mampe) e e
0 0 Q

Note that, in comparison with the previous (5.7), formula (5.22) has an L!-character, in the sense that

it can be rewritten as

2

IM- 2oy €C - with M, (1) = (né;(t)niz(m /Q (L+]V2 (1)) 5 |V dx) . (323)

This reflects the fact that (5.22) is invariant under time rescalings.

Proof. We start from (5.12), written for p = my and o = mg_1, where my, := 2(tf_; +t]) and k €
{2,...,N}. Adding the term ||2/r(mk)||iz(9) on both sides and taking into account that zZ,(myg_1) =

2, (my), we obtain

€. . . - . .
— (2 (mi) — 27 (muea), 20(m)) () + 7 (AgZn (ma) — gz, (ma), 27 (i) 2 + [EAGIS] (s

< —r DI, 7 (mi)) = DIy, 2, (mi)), 2 (m)) 2 + 120 (mi) ey (5:24)

where 7 is defined as in (2.35). For the first time step we start with (5.17) and find

€15 2 _ _ 5 5 2
L ml sy + 7 HAGEma) — Az, (ma), 25 ma))z + 12 0m) 2
<~ UD.T(0, 20), 2, (1) 2 — 7 DLE(ET, 2 (mn)) — DL, 2, (), 2 (m)) 2 + 12, 0m1) sy
(5.25)
where we used the fact that (0,z9) = (¢7,2,(m1)). Hence, with 2. (mg) := 0, for all k € {1,..., N} we

have

€, . N o _ _ o o 2
— (& (i) = 22 (mi—1), 22 (mg)) o) +7 HAGZ (mi) — Az (i), 27 (mi)) 2 + 1127 (m) 1 20

01k
-

|<DZI(07 Z0)7 2;(m1)>2| )
(5.26)

1~ ~ . 5

< —;<sz(t£a?r(mk))—sz(ti_uér(mk)),Zﬁ(mk)>z+llz4(mk)|lia(m+
with the Kronecker symbol §; ;. Thanks to estimate (2.5) and the fact that |V 2, (my)|? < 2|VZ,(my)|* +
2|Vz,(my_1)|?, the left-hand side of (5.26) can be bounded by

€ . R ~
LHS. > o 127 (M) | L2 ) (||Z/T(mk)||L2(Q) - ||Z'/r(mk—1)||L2(Q)> + Mg, (5.27)

where we use the abbreviation (cf. notation (5.23))

M} = ¢, /Q (L4 V2, (m)?) ' [V (mi) P da + (18 (m) 20
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with a constant ¢, € (0,1]. Using estimate (5.14) for the first term on the right-hand side of (5.26), the
fact that W1 2(Q) is compactly embedded in L?P+/P+=2(Q) C L*(Q) C L'(Q), the Gagliardo-Nirenberg
estimate [|C| z2p./p—2(0) < CHCHLl(Q) ||C||W1 2(q) With suitable 6 € (0,1) and Young’s inequality, the
right-hand side of (5.26) can be bounded as follows (see the proof of [33, Proposition 4.3])

C R “ ~
RH.S. < 5212, i)y + © (14 125 07l 1 oy Ra(Eme) ) + 8107 (D20, 20), 24 () 2

1 ¥ X _ R
SME -+ C (14 12 0m0) | gy Ru(Z4(ma)) + 01,7 [(D2Z(0, 20), 24 (ma)) 2 ) -

Hence, estimate (5.26) yields for k € {1,...,N}

IN

€ s . . 1
by ||Z;—(mk)||L2(Q) (HZ-/r(mk)HLQ(Q) - Hz;(mk—l)“p(ﬂ)) + §Mi

< C (14 12 0m0)l| gy Ra(Z(ma)) + 6147 D0, 20), 2, () 21)

where the constant C' is independent of 7,k and e. Multiplying this inequality by 47 /e and taking into

account that M2 > Hé’T(mk)HZLQ(Q) we arrive at

A A A T s 2 T
212 )l ey (120 (0l gy = 12 0ma—)l oy ) + = 120 ()l 720y + M3

5.28)
47C  4ArC |, 51 & A (
< —— o 1Emi)ll e ) Ra (27 (i) +4C == [(D.Z(0, 20), 27 (m)) 21
which is valid for all 1 < k£ < N. We define now for 1 <k < N
R T
ak = 2l 2 () @ =8C, p* = €[(D1(0,20), % (m))|, 1 = 20Ra(27(mw)), v = 5,
so that, with ag = 0, (5.28) can be rewritten as
2ap(ay — ap_1) + 2yag +29Mz < y(1 + 61 E?) + dyagry, (5.29)
which holds for 1 < k£ < N. With Lemma B.1 we arrive at
N N
YoM < <T+M+ZTR1(5;(mk))>, (5.30)
k=1 k=1

where we used that, here, ag = 0. Thanks to (5.9) and assumption (3.12), u is uniformly bounded w.r.t.
e and we conclude that (5.22) and therefore (5.21) hold. O

For later use we pin down a crucial consequence of the higher differentiability estimate (5.6) for z,
and of the uniform W11(0,T; L?(Q))-estimate for 2., combined with (5.1).

Lemma 5.6. Under Assumptions 2.1, 2.5, (Aql) and (Aq2), for every zy € Z with (3.12), for all
B eo, (1 - 7)) there exists a constant Cg > 0 such that for all 7 > 0 and € > 0 there holds

T
| 1Ol 12 Ol at < . (5.31)

Proof. From (5.6), again taking into account the previously proved uniform estimates (5.2) and (5.3) for

2 and Umin (tf 41, 2% 1), we also gather Hz,ZHH;I/V“[,‘q(Q) <C+e| (2] — zg)/THLQ(Q)), whence
+ €

2
<C . (5.32)
L2(Q) L2(Q) L2(Q)

Then, (5.31) follows by integrating (5.32) in time, taking into account the basic energy estimate (5.1) as
well as estimate (5.21). O

T T
e+1 — Rk
T

T T
Zk+1 — Pk
T

T T
Zk+1 — Pk
T

HZ/C+1HW1+5 ()
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Remark 5.7. Observe that the a priori estimates from Lemmas 5.1-5.4 could be obtained also in the case of
a time-discretization scheme with variable time step 7, = ¢] | —t}, with fineness 7 = supy<j < n (tf 11 —17.)-
Accordingly, part 1 of Theorem 3.5 could be extended to the variable time step framework, like in [33].
The reason why we have confined ourselves to a constant time step is in fact related to the validity of

some calculations in the proof of Lemma 5.5.

6 Proof of Theorem 3.5 on the existence of viscous solutions

In this section, € > 0 is fixed and the limit as 7 tends to zero is discussed. In order to pass to the limit
in the time-discretization scheme of the viscous problem, as in [33] we are going to adopt a variational
approach, along the lines of [42]. Namely, instead of taking the limit of the discrete subdifferential
inclusion (4.5), we shall pass to the limit in the discrete energy inequality (6.1) derived in Lemma 6.1
below. Observe that, one of the peculiarities of this problem is that we have not used inequality (6.1)
to deduce the basic energy estimates for the approximate solutions like it could be expected. In fact,
the last remainder term on the right-hand side of (6.1) prevents us from doing so. Instead, relying on
the a priori estimates obtained in Section 5 and on suitable compactness arguments (see the forthcoming

Prop. 6.2), we are going to show that this remainder tends to zero, cf. (6.8) ahead).

Lemma 6.1 (Discrete energy inequality).
Under Assumptions 2.1, 2.5, and (Aql), the discrete solutions of (4.5) satisfy the discrete energy in-
equality for all0 < s<t<T

()
/ (Re(27(r)) + RI(=D.Z(t-(r), Z-(r)))) dr + I(t, 2-())
t,(s)
- (t)

<I(s,z:(s))+ / WZL(r, 2:(r))dr (6.1)

L (s)

T
+C sup [|Z-(t) — ff(t)||Lzm/<wz>(m/ ([t (r) = vl +1[Z7(r) = 22 (") 20e /e -2 () )
te[0,T) t.(s)

-

Proof. From (4.5) and as a consequence of the Fenchel-Moreau theorem we get
Re (22(r) + RE (=D.Z(,(r), Z,(r))) = (=D.Z(t(r),Z-(r)), 2.(r)) 5 for a.a.r € (0,7).  (6.2)

On the other hand, since 2, € C%p([O, T]; £), the standard chain rule yields %I(r, 2:(r)) = OZ(r, 2-(r)+

(D, Z(r,2,(r)), 2(r)) z for a.a.7 € (0,T). Thus the right-hand side of (6.2) can be rewritten as

(D2Z(t-(r), 2 (r)), 22.(r)) 2

= %I(n & (r)) = OZ(r, 2:(r)) + (D2Z(tr(r), Z-(r)) — DL(r, 27 (r)), 2.(r)) 2 -

Then, combining (6.2) and (6.3) and integrating on the interval (¢ (s),t,(t)) we get

(1)
/ (Re(21)(r) + RE(=D.Z(E (1), 7 (1)) dr + T(t, 2,(£))
t_(s) (6.4)

T, (t) tr(t)
= T(s, 2.(s)) + /t 2 () dr - / (DI (), 2 (1) = DZ(r 2 (1)), £.(r)) 5 .

t.(s)
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Let us estimate now the last term on the right-hand side:

tr(t)

/t (D)3 = D 2040, 7))

-’ tr (1) (1) - _

/ (AgZr(r) — Ag2o(r), 22(r) 5 dr + / (D.Z(E (1), 22 (r)) — DoZ(r 2 (), 2.(r)) 5 dr
t.(s) t,(s)

=: F1 + Fg.

Now, from the definition of Z; and (2.5) it follows that Fy > 0. To estimate Fy, we use (2.42) from
Corollary 2.13 and, observing that P(Z,, 2;) (for P(z1, z2) defined as in (2.23)) is bounded uniformly in
7 thanks to (5.2), we get

[Ba < O [0 1) = rl 4 120(r) = 2 () 2o m)\\zm = 2e(0) | ane sy 7
< Csupiepo, ) 1Z7(8) = 2 (D)l L2r- /02 -2) () ft et — 7|+ 1Z7(r) = 2 (")l L2r- /e -2 () 1,
which together with (6.4) and the fact that —F; < 0 gives (6.1). O
As a consequence of the a priori estimates of Sec. 5, we have the following result.

Proposition 6.2 (Compactness). Under Assumptions 2.1, 2.5, (Aq1), and (Aq2), for every zo € Z with
(3.12) and for every sequence of time-steps (7;); tending to O there exist a (not-relabeled) subsequence
and z € L>(0,T; Z) N WL2(0, T; W12(Q)) fulfilling the mized estimate (3.8), as well as the enhanced
regularity (3.13), and such that the following convergences hold: for all 8 € [0, %(1 - %))

Zry By =z in L2(0, T, WHP4(Q)) N L®(0,T; 2), (6.5)
2, =z in WHA0,T; WH2(Q), (6.6)
Zr, = 2 strongly in L*3(0,T; W1t54(Q)), (6.7)
sup HET]. (t) — 2, (t)”Wl’Q(Q) < C(e)yT5 (6.8)
t€[0,T]
sup ||D.Z(, (1), %, (1)) — D.Z(t, 2+, (1)) . < C(e)y/T5- (6.9)
te[0,T
Therefore, (6.7), (6.8) and (6.9) imply
D.Z(t;,(t), 2, (t)) — D.Z(t, 2(t)) strongly in Z* for a.a. t € (0,T). (6.10)
Moreover,
Zr,(t) = 2(t) in 2 for all t € 0,7, (6.11)
I(t, 2., (1) — Z(t, 2(1)) for almost all t € (0,T). (6.12)

Proof. Convergences (6.5)—(6.6) are a straightforward consequence of estimates (5.2), (5.5), and (5.7) via

the Banach selection principle.

Estimate (5.5) implies that 2,, — z in L?2(0,T; W't%4(Q)) for every 8 € [0, %(1 — g)). This fact,
together with (6.6) and [51, Corollary 4] yields the strong convergence (6.7) due to the compact embedding
Withra(Q) ¢ With24(Q) for By > B2. Now, (6.8) follows from the bound |22 |12, 7w12(0)) < C (cf.

estimates (5.7) and (5.8)).
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In order to prove estimate (6.9), we notice that for every w € Z

[ (D=Z(tr, (1), Zr,; (1) = DZ(t, 2, (1)), w) 4 |

R ~ (6.13)
< [(AgZn () = Agin, (B),0) 4 | + | (DT, (), %1, (8) = DI (1, 21, (8)) ) 5 | =5 Fy + .
By estimate (2.6) and a careful application of the Holder inequality with 3 5+ 5= + = =1

1
2

F<C ([ (44 92,08 + 192, 072 9 () - 2, (0)F dx)
Q
(U 2, Ol + ny lwsogen) = 1] 2ocey

Therefore, by using the energy estimate (5.2) we obtain

[ AqZ7; () — AgZr; ()]

220 ([ 195, 0F + 192, 0F)F 192, 0 @)
Q

<ovi [ ([ 908 + 192, P92, 0F @) d < ot
0 Q ’ J

where for the second estimate we have used the Hélder inequality and (5.7) for the last one. All in all,

Nl

14472, (1) — Agie, () 2- < ClOVT. (6.14)
Now we estimate Fp. By Corollary 2.13 and the embedding of W12(Q) in L?+/(P+=2)(Q)

Fy < O(Jtr; (1) = t] 4+ 127, (1) — 22, (D)l 2v-r0e -2 (@) [W] 20 /02 -2 ()
C(1 + 17, (t) — 2, Ollwr2 @) 10l 20 /@n-2) (@) -

Therefore, taking into account (6.8) we get
ID.Z(E, (1), %0, (8) — DAL 20, ()]

and (6.13)—(6.15) give (6.9).

Now, from (6.7) it follows that 2, (t) — z(t) strongly in W1T#:¢(Q)) for a.a. t € (0,T). Thus, by (2.44)
in Corollary 2.15, D.Z(t, 2,,(t)) — D.Z(t,2(t)) strongly in Z* for a.a. t € (0,7T). This, together with
(6.9) yields (6.10).

The mixed estimate (3 8) follows from estimate (5.7) by lower semicontinuity of the functional (A, B)
fo Jo(1 + |A]%) |B| dz dt, which is convex in B, observing that (6.6) implies Vz, — V2’
L?((0,T) x Q) and that (6.7) implies V2., — Vz in L*((0,7T) x Q) (see e.g. [11, Theorem 323])

Convergence (6.11) follows from the fact that L>°(0,T; Z)NW12(0, T; W2(Q)) is compactly embedded
in C°([0,T]; X) for every X such that Z € X C Wh%(Q) (cf., e.g., [51]), combined with the estimate
SUp e SUPseo, 1) 127 lwia() < €, cf. (5.2).

Finally, from (6.7) we get pointwise convergence in W1*5:4(Q)) for a.a. t. Then, the continuity of
z +— I(t, z) ensues (6.12). O

2 <O+ V), (6.15)

The convergences (6.5)—(6.12) are sufficient to pass to the limit in the time-discretization scheme, and
conclude the existence of a weak solution (in the sense of Def. 3.1), to the Cauchy problem (3.2)—(3.3). In
order to deduce by lower semicontinuity arguments the uniform w.r.t. e-estimates (3.14)—(3.17) for any
family of solutions (z.) arising from the time-discretization procedure of Sec. 4, additional compactness
arguments are needed, which we develop in the forthcoming Lemma 6.3. We postpone its statement and

proof after the proof of Theorem 3.5.
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Proof of Theorem 8.5. For fixed € > 0 let (7;),jen be a sequence along which the convergences in Propo-
sition 6.2 are valid. Proposition 6.2 also ensures that, for the limit curve z fulfills the mixed estimate
(3.8) holds.

First of all, we pass to the limit in the discrete energy inequality (6.1). Thanks to convergence (6.11), for
all t € [0,77] it holds that liminf; ;. Z(t, 2-,(t)) > Z(t, 2(t)) while, from (6.12) Z(s, 2-,(s)) — Z(s,2(s))
for a.a. s € (0,7). The convergence of the term involving 0;Z is an immediate consequence of the
convergence stated in (6.7), taking into account the continuity properties of 9,7 (see estimate (2.32) in

Lemma 2.9). Due to (6.10) and the lower semicontinuity of R* we conclude that
£, () ¢
lim inf/ RI(=D.Z(ts,(r), 27, (r))) dr > / RI(—D.Z(r, z(r))) dr.
Ti t..(s) ) s
J

Similarly, from (6.6), by lower semicontinuity it follows that lim inf ft (:)) Re(Z, (1)) dr > f Re(2'(r)) dr.

Moreover, the remainder term on the right-hand side of (6.1) tends to zero thanks to (6.8) and the em-
bedding of W12(Q) in L?P+/P~=2)(Q). Altogether we arrive at the energy inequality

/ (Re(Z' (1)) + RE(=D,Z(r, 2(r))) dr +Z(t,2(t)) < (s, 2( / OWI(r, z(r (6.16)

for all t € [0, T, for s = 0, and for almost all 0 < s < t.
We now check that (6.16) holds for all 0 < s <t. Let s, /* s be a sequence of points for which (6.16)
is satisfied. Thus,

/S (Re(2'(r) + R (=DLZ(r, 2(r))) dr < I(sm, 2(sn)) — Z(s, 2(s)) +/S OI(r, »(r)) dr
/ / + |Vz(r)|?) =229 2(r) - Vz()dscdr—/ /DITZ( )2 (r) dz dr

where the equality follows by an integrated-in-time version of the chain-rule formula (3.10). Passing to the
limit as s,, /" s and using the absolute continuity of the Lebesgue integral, from the second inequality we
derive Z(sy, 2(sn)) — Z(s, 2(s)), and therefore we obtain (3.11) for all s and ¢. Thanks to Proposition 3.3,
we conclude that z is a weak solution (in the sense of Def. 3.9), to the Cauchy problem (3.2)—(3.3).
Estimates (3.14)—(3.17) follow from Lemma 6.3 below. O

The proof of the following Lemma exploits Young measure tools, which we recall in Appendix A.

Lemma 6.3. Under Assumptions 2.1, 2.5, (Aql) and (Aq2), for every zo € Z such that D,Z(0, z) €
L?(Q) and for every € > 0 estimates (3.14)—(3.15) hold. In addition, z from Proposition 6.2 also fulfills

T T
| 10 amsal Ol @t < Bimint [ 1z s 125 Ol & (617

for all g € [0, %(1 — g)), and

/OT (/ﬂ(l + |Vz(t)\2)q2;2|Vz’(t)|2 dx>% dt < 1iljf,ll_jglf/OT </52(1 + V2, (t)|2)"%2|vg% (t)]? dm) 2(;;)

As a consequence, estimates (3.16)—(3.17) hold.

Proof. Estimates (3.14)—(3.15) follow from (5.1), (5.2), and (5.5) by convergences (6.5)—(6.6) and lower

semicontinuity arguments.

35



In order to prove inequalities (6.17) and (6.18), we resort to a Young measure argument, based on
A. Indeed, we can apply the compactness theorem A.2, with the space V = W+54(Q) x Wh2(Q), to
the sequence (Zr,, 27.);, bounded in L0, T; WiHAa(Q) x W2(Q)) for all 8 € [0, %(1 - g)). There-
fore, up to a not relabeled subsequence, (2-;, %7 ); admits a limiting Young measure p = {4 }1e(0,1) €
(0, T; WiH5:4(Q) x W12(Q)), such that for almost all ¢ € (0,7) the measure p; is concentrated on
the limit points of (Z,(¢), 2, ());, w.r.t. the W'+54(Q) x W2(Q)-weak topology. Now, by (6.7)~(6.8)
we have that Z. (t) — z(t) strongly in W14(Q). Therefore, denoting by m; the projection operator
(z,v) € WIHE4(Q) x W2(Q) +— z € Wh4(Q), it is immediate to check that the projection measure
(m1)(pe) coincides with the Dirac delta d.(;). With a disintegration argument we in fact see that p; is of
the form 6, ;) ® v, and that the parameterized measure {v;}+¢c (o, fulfills

/ v du(v) = 2/(t) for almost all ¢t € (0,T). (6.19)
W1.2(Q)

Then, the lim inf-inequality (A.2) with the normal integrand H(¢, (z,v)) := HZ|‘(II}V1+[3)Q(Q)HU||L2(Q) yields
lim ot / 2oy (g 122, (D 2y

? a v d 6z ® Vi) z,v dt
/0 //W1+B Q)X W2(Q) 2113146, (Q))” lz2(0) d(02¢) @ ve)(z,v)
T
2/ H ()HWl-f—/tq(Q)) / v dut(v) :/ ”Z(t)H(II/VlH%q(Q)HZ/@)HL?(Q) dt
0 Wt2(Q) 0

L2(Q)
where the second estimate is due to Jensen’s inequality and the last equality to (6.19). This gives (6.17).
As for (6.18), we now consider the sequence of gradients (VZ;;, V27 );, bounded in L2(0,T; L2(Q; R?) x
L?(;RY)). Relying on Theorem A.2, we associate with (Vz,, Vi )j its limiting Young measure g =
{Bi}ieor) € Z(0,T; L2 (4 RY) x L2(;RY)), concentrated on the set of the weak-L?(€; RY) x L?(€; R?)

limit points of (VZ.,, V2L );. On account of the strong convergence (6.7), arguing as in the above lines

we conclude that fi; = vy« ® ¢ for almost all ¢ € (0,T), with {2 }4¢(0,7) satisfying

/ B d(B) = V2'(t) for almost all t € (0,T). (6.20)
L2(Q;RY)

=

Therefore, inequality (A.2) with the normal integrand H(t, (A, B)) (fﬂ (1+ AP |B| da:) yields

hmmf/T (/(1+|v27() )2V (1) 01x>é dt

J—0

a4y 1B dz) d(v.q © 7)(A, B) di
L2(QR4) x L2(;R4)
:/O /LQ(Q;W) </Q(1+|v2(t)|2)"22|3|2 dx)é d47,(B) dt

> /OT /Q (L+]V2()) / 2(@@)“%(3)2 7

2
where the latter estimate again follows from Jensen’s inequality. Then, in view of (6.20), (6.18) ensues.
Estimates (3.16)—(3.17) are then a consequence of (6.17) and (6.18), combined with the bounds (5.31)
and (5.22), respectively. O

dz dt
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7 Vanishing viscosity limit

Throughout this section, we shall work with a family (z.). C L°°(0,7; W4(Q)) N W12(0,T; W2(Q))
of weak solutions (in the sense of Definition 3.1), to the e-viscous Cauchy problem (3.2)-(3.3). We shall
suppose that for (z.). the following estimates, uniform w.r.t. the parameter e, are valid:

Sulg | zellwrao,m;20)) < C, (7.1a)

€>

S‘;Ig |l zell L2a 0,7, w1 +8.9(Q))n L= (0,73 W a () < Cs (7.1b)
’ ‘ , 1, d

Sl>118 ||Zg(t)||W1+B=q(Q)||Z6(t)HL2(Q) dt < C, for every 3 € |0, a(l - 5) , (7.1c)

>0 Jo

Sup/OT (/9(14— IV (8)]2) T2 V2 (1) 2 dx) Ta<c (7.1d)

e>0

The existence of solutions (z.), fulfilling (7.1) is ensured by Theorem 3.5, under the condition that the
initial datum 2o € Z also fulfills D.Z(0, z) € L*(Q).

In what follows, we shall reparameterize the curves (z.). by their L?(Q)-arclength, and study the
asymptotic behavior of the reparameterized trajectories as e — 0. This leads (cf. Theorem 7.4 below)
to the notion of weak parameterized solution to the rate-independent damage system (1.3), which we
introduce in Definition 7.2.

7.1 Weak parameterized solutions

The starting point for the passage of the vanishing-viscosity limit is the energy inequality (3.11), which
lies at the core of the notion of weak solutions to the viscous problem. Taking into account the definition
of R, and the fact that R} is given by (cf. [33, Lemma 3.1])

Hiol3aw if o€ Z2(),

1 ~ -
Ri(o)=—- min Ra(oc —p), with Ra(o):= (7.2)
€ pEOR4(0) 00 if o € Z*\L*(),
thanks to the inf-sup convolution formula, inequality (3.11) rephrases as
t ¢ tq ~
[ RGO + S0 ey dr [ § min | Ra(-D.T(r2(r) — ) dr + Z(t,2(0)
s 2 s € pEdR1(0)
t (7.3)
< (s, 2(s)) +/ WL (r, zc(r)) dr forall 0 <s<t<T.
Now, for every € > 0 we consider the L?(Q)-arclength parameterization of the curve z., viz.
t
selt) = t+ [ 100 (7.4)

Let S. = s(T): it follows from (7.1a) that sup, Se < co. We introduce the functions f. : [0, S} — [0, 7]
and Z. : [0,S] — Z
te(s) :=51(s), Z(s) := zc(t(s)) (7.5)

fulfilling the normalization condition

t(s) + 1Z2e(s) |2y =1 for a.a.s € (0,S) (7.6)
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and study the limiting behavior as € — 0 of the parameterized trajectories { (£.(s),Z(s)); s € [0, 5] }.
Since sup,soSe < 00, up to a subsequence, Sc — S as € — 0, with § > T (the latter inequality follows
from the fact that s.(t) > t). With no loss of generality, we may consider the parameterized trajectories
to be defined on the fixed time interval [0, S].

From the energy inequality (7.3) we deduce that the parameterized trajectories (fe(s), Ze(s))seo,s) fulfill

o2 B € B ~ B ~ B
[ (Ralat 7 12200 oy + LB D9, 260 R 0)) s + Tl ), (2]
< T(.(01), () + / OT(.(5), 5 (). (s)ds ¥ (o1, 02) C [0, 5],

” (7.7)
where we have used the short-hand notation da(&, 9R1(0)) := min ez, (o) 9R5(£—p). Upon introduc-
ing the functional (cf. [40, Sec. 3.2])

€ a
M€ : (0,00) X LQ(Q) X [0,00) — [0,00], ME(O(,U,C) = R1(U) + % ||’UHi2(Q) + 262’ (78)

the above inequality rephrases as

/02 M (te(s), Z(5), d2(=D:I(te(s), Ze(s)), OR1(0))) ds + L(te(02), Ze(02))
o o (7.9)
< Z(t(or), Z(01)) +/ O Z(tc(s),2(s))t.(s)ds V¥ (o1,02) C[0,5].

We will pass to the limit as ¢ — 0 in (7.9). For this, we shall rely on the following I'-convergence/lower

semicontinuity result, [40, Lemma 3.1] (cf. also [33, Lemma 5.1]).

Lemma 7.1. Extend the functional M. (7.8) to [0,+00) x L%(2) x [0, 00) via

0 forv=0and¢€0,+00),

M (0,v,() :=
(®2,¢) oo forve L2(Q)\{0} and ¢ € [0, +00).

Define My : [0,00) x L2(2) x [0,00) — [0, 0] by

Ri(v) +Clollpao) =0,

Mo(a,v,() :=
olev:) Ra(v) +To(€) ifo>0,

(7.10)

where Iy denotes the indicator function of the singleton {0}. Then,
(A) M. T-converges to Mg on [0,00) x L?(Q) x [0,00) w.r. to the strong-weak-strong topology. (B) If
a. — a in L'(a,b), v. — 0 in L'(a,b; L2(Q)), and liminf. o (. (s) > {(s) for a.a. s € (a,b), then

b —
/./\/lo(o?(s),z?(s),g( ds<hm1nf/ Me(ae(s),ve(s), C.(5)) d

We now introduce the notion of solution which arises from passing to the limit as e — 0 in (7.9).

Definition 7.2 (Weak parameterized solutions). A pair (¢,%) € CP,([0,81;[0,T] x L*(Q)) is a weak

parameterized solution of the rate-independent damage system (1.3), if it satisfies the energy inequality

/02/\/‘0(5'(5)»5’(5)»d2(—DzI(t~(5)v5(8)%3731(0)))018+I( (02),2(02))
7 o (7.11)
< ZI(t(o1),2(01)) —|—/ OIL(t(s),2(s))f'(s) ds forall0 <oy <09 < S.
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We say that a weak parameterized solution (Z, 2) € C},([0, S; [0, T] x L*(2)) is non-degenerate if it fulfills

(5) + 12'(5) | g2y > 0 for a.a.s € (0,9). (7.12)

Recall that the chain rule provided by Theorem 3.2 is a key ingredient for getting further insight into
the notion of weak solution to the viscous system from Def. 3.9. Indeed, it is by a chain-rule argument
that we can show that the pointwise variational inequality (3.9) is equivalent to the energy inequality
(3.11). Likewise, the following result, which the parameterized counterpart to the chain rule of Theorem
3.2, shall enable us to obtain a differential characterization of the notion of weak parameterized solution
in terms of the energy inequality (7.11). Indeed, Prop. 7.3 shall be exploited in the proof of Prop. 7.6.
Proposition 7.3. Under Assumptions 2.1, 2.5, and (Aq1), let (£, %) € CP, ([0, 85[0, T) x L*(Q)) fulfill
in addition

Z€ L™(0,8; Wh1(Q)), (7.13)
S 3
/ M(s) ds < oo with M(s) := (/(1 +|VE(s) )= |V (s)] dx) : (7.14)
0 Q
Then, the map s — Z(t(s), 2(s)) is absolutely continuous on (0,S), and the following chain-rule formula
is valid: d
EIG(S)’ Z(s)) — 0sI(t(s), 2(s))t' (s) :/ (1+ |vz(s)|2)%vz(s) -VZ(s) dx
Q

. (7.15)
+/ D.Z(t(s),2(s))Z'(s) dz.
Q

Proof. From (7.13) and (7.14) we deduce with the Hélder inequality that
s Yo
/ / |1+ [V2(5)%) 7 V2(s) - VZ(5)] dar dis
0o Jo

s q—2 q—2

- / / |1+ 192()2) 7 V2 (9)]| (14 [VE()[2) 5 V2(s)| do ds

0o Jo

s g2 s q

< /0 M(s)[|(1 4 [VA(s)|?) T VE(s)|| 2 ds < C/o M(s)(1+ [[VZ(s)[| £4(q)) ds < 00,

where the last estimate relies on (7.13). Now we can argue as in the proof of Theorem 3.2 to deduce that
(t,Z) fulfill the parameterized version of the chain rule (7.15). O

7.2  The vanishing-viscosity result
We are now in the position of stating and proving our main vanishing-viscosity result.

Theorem 7.4. Under Assumptions 2.1, 2.5, (Aq1), and (Aq?2), let (z¢)e be a family of weak solutions
(according to Definition 8.1), in L> (0, T; W14(Q))NW12(0, T; WH2(Q)), to the e-viscous Cauchy problem
(3.2)~(3.3). Suppose that the estimates (7.1) are valid for (z.)c, and let (tc,Z:)es0 C CP, ([0, 5]; [0, 77 x
L2(2)) be defined by (7.5).

Then, for every sequence €, \, 0 there exist a pair (t,Z) € Cﬂp([O, S);[0,T] x L*(R)), such that Z has
the reqularity

z e LU0, S; WA9(Q)) N L>=(0, S; WH1(Q)) for every g € {0, é(l - Z)) ) (7.16)
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and a (not-relabeled) subsequence such that

(te,,2e,) = (£,2) in WH(0, 8;[0,T] x L*(Q)),

S (7.17)
te, —tin C°([0,5];[0,T]), Z, (s) — 2(s) in L*() for all s € [0, 9],
and (, %) is a weak parameterized solution of the rate-independent damage system (1.3), fulfilling
#(s) +112'(9)ll pogy <1 for a.a.s €(0,5). (7.18)

Furthermore, Z fulfills (7.14).
For the proof, we will rely on the following a priori estimates for the parameterized solutions

Lemma 7.5. Under Assumptions 2.1, 2.5, (Aql), and (Aq2), let (zc)c be a family of weak solutions
(according to Definition 3.1), in L°° (0, T; WH4(Q))NW12(0, T; W2(Q)), to the e-viscous Cauchy problem
(3.2)(3.3). Suppose that (z.) satisfy (7.1). Then

Sgg | Zellw.o0 (0,5502(0)) < C, (7.19a)
Sl>118 1 Zell Lo 0,55w 10 (0)) < C, (7.19b)
- 1 d
Sl>118 1 Zell Lao,s;w1+8.0(0)) < Cp for every B € |0, 5(1 — 5) ) (7.19¢)
S - 1
sup/ </ (1+|Vi(s)}) = |VE.(s)? dx) ds < C. (7.19d)
e0.J0 Q
Moreover, there holds
s
sup/ da(—=D.Z(t(s),Z2(5)),0R1(0))ds < C. (7.20)
e>0J0

Proof. Estimates (7.19a)—(7.19b) are trivial consequences of (7.1a) and (7.1b). It can be easily checked
that (7.19¢) ensues from (7.1b) and (7.1c) via reparameterization. Moreover, since (7.1d) essentially has
a Ll-character (cf. (5.23)), it is preserved by the reparameterization in (7.19d).

Finally, as a consequence of (7.7) and the uniform bounds (7.19), we have

§ € =/ 2 IZ(S) 2 g =
€= [ (555 1@ s + 5 ABDLT(Es),2e), OR1(0))) ds

>

L I i da(-DLT(l). E(5)). OR(0) ds
{5€(0,9);7,(s)<5 }

1) -
+ / —d%(—DZI(te(s), Z:(8)),0R1(0)) ds
(5€(0,9); 7. (s)>6} 2€

for arbitrary 0 € (0,1). Due to the normalization condition (7.6) the first term on the right-hand side
satisfies [|Z(s)[|2(q) =1 — t'(s) > 1 — 6. Hence, with .(s) := da(—D.Z(t(s), Z(s)), dR1(0)) we obtain

S
/ 0c(s) ds < / 0.(s) ds—l—/ 0. (s)? ds—l—/ 1ds
0 {5€(0,5);0:(s)>1,.(s)<5 } {5€(0,5);0(s)>1,.(s)>6 } {s;0c(s)<1}

<C((1—=98)"t+2071)+ 5,
which is (7.20). O

Relying on the above result, we now develop the
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Proof of Theorem 7.4. From the normalization condition (7.6), we deduce that there exists a parameter-
ized curve (£, %) € CP, (10,515 [0, T] x L*(2)) such that convergences (7.17) hold along some subsequence.

Further, from estimates (7.19) it follows (possibly after extracting a further subsequence) that

Z. 27 in L™(0,8; Wh(Q)), (7.21)
Ze(s) — Z(s) uniformly in X for all Wh4(Q) € X C L*(Q2) and all s € [0, 5], (7.22)
Z. — 7 strongly in L?(0,5; W'T5:4(Q)) for all 3 € {0, 1(1 - d)) . (7.23)

q q

(7.22) is a consequence of [51, Cor. 5, Sect. 8] together with (7.19a) and (7.19b), while (7.23) follows from
(7.19a) and (7.19¢) with [51, Cor. 9, Sect. 10]. Arguing as in the proof of Theorem 3.5 and relying on
Corollary 2.15, we find that

nli_}rrgol(fen (s), Z, (5)) = Z(t(s),2(s)), D.Z(t.,(s),%2,(s)) — D.Z(t(s), 2(s)) strongly (!) in Z*, (724
O ZL(te, (8), Ze, (5)) — O:Z(t(s),2(s)) in L'(0,9).

for almost all s € (0,5). Now, (7.18) follows by taking the limit as e, — 0 in (7.6), with a trivial
lower semicontinuity argument. We then apply Lemma 7.1. Estimate (7.20) guarantees that for a.a.
s € (0,9) liminf., 0d2(—=D.Z(t,(5), 2, (5)),0R1(0)) < oo. In view of (7.24), we have that, for all
0<o01<02<S

lim inf /02 M, (t. (s), 2. (s),d2(=D.Z(te,(s), Ze, (), 0R1(0))) ds

€n—0
> / " Mo(F (s), 2 (5), da(—D.Z(i(s). 2(5)), OR(0))) di.

Then, combining (7.17) and (7.24), and using that Z.(0) = z.(0) = zo for all € > 0, we pass to the limit
in (7.9) for all o5 € [0, 5], for o1 = 0, and for almost all 0 < 01 < o3 such that the convergences in (7.24)
are valid. We thus find that the pair (, ) satisfies (7.11) for all o3 € [0, 5], for o1 = 0, and for almost
all 0 < 01 < 09.

With the same Young measure argument as in the proof of Lemma 6.3, it follows that the limit function
Z satisfies the mized estimate (7.14). Applying the chain rule (7.3), we then conclude in the same way as
at the end of the proof of Theorem 3.5 that the energy inequality in fact holds for all 0 < 01 < 09 < 5. O

Differential characterization of (non-degenerate) weak parameterized solutions Following
the lines of [41, Prop. 5.3,Cor. 5.4] and of [33, Prop. 5.1], we now aim to provide a characterization of
weak parameterized solutions as solutions of a suitable subdifferential inclusion. Loosely speaking, the
latter should reflect two evolutionary regimes for the damage system, namely

e rate-independent evolution when # > 0 (and 2’ # 0)

e (possibly) viscous evolution when # = 0 (and ' # 0).

We have to interpret Proposition 7.6 below in this spirit: for # > 0, the variational inequality (7.25)
is a weak formulation of the rate-independent subdifferential inclusion OR(2'(s)) + D.Z(s, 2(s)) 2 0 for
a.a. s € (0,9). Fort' =0, # # 0 follows from the non-degeneracy condition. The system may be subject
to wviscous dissipation. This viscous regime is seen as a jump in the (slow) external time scale, encoded
by the time function #, which is frozen. Indeed, the variational inequality (7.27) is a (very) weak form of
the viscous OR1(Z'(s)) + A(s)2'(s) + D.Z(s, 2(s)) 3 0 for a.a. s € (0,5) (with A : (0,5) — [0, +00)).
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Proposition 7.6 (Differential characterization). Under Assumptions 2.1, 2.5, (Aql), and (Aq2), let
(t,2) € CP,([0,51;[0,T) x L*(2)) be a non-degenerate parameterized weak solution of (1.3) with (7.14),
then

1. Ift'(s) > 0, then for every w € Z

(14 |VE(s)|2) = Vi(s) - (Vw — VZ(s)) dw

/Q (7.25)
/,

Ri(w) = Ra(Z'(s)) = -

D.Z(t(s), 2(s))(w — #'(s)) dz

2. If t'(s) = 0, then

R ((5)) + da(~DLZ(i(s). 2(5)). OR1 )12 (3)]| (0

-2 ~ (7.26)
< - / (1+|V2(s)]*) 2 VEi(s) - VZ(s) dz — | D.Z(#(s), 2(s))#(s) du.
Q Q
As a consequence, for every w € Z
Ri(w) = R1(Z'(s)) = (DZ(I(s), 2(s)) +n(s),w — Z'(s)) p2(q)
g2 ~ (7.27)
- / (14 |VE()]?) T V3 (s) - (Vi — VE(s)) da — / D.Z(i(s), 2(s))(w — #(s)) da,
) Q
where n(s) € OR1(0) is such that
da(=D.Z(i(5), 5(5)), R4 (0)) = | - DLT(E(5), 2(5)) — n(3)l| 0. (7.28)

Observe that, in view of Notation 2.11 we could replace the duality pairings on the right-hand sides of
(7.25) and (7.27) by [, D.Z(#(s),2(s))(w — '(s)) dz.

Proof. We differentiate (7.11) w.r.t. time and get for a.a. s € (0, .5)

Mo(#'(s), 2'(s), d2(=D:Z(I(s), 2(s)),0R1(0))) < —%1(5(8),5(8)) + 0 Z(H(s), 2(5))t'(s)

= - / (14 |VE(s)|?) 2 Vi(s) - VZ(s) do — / D.Z(i(s), 2(s))# (s) dz,
Q

Q

(7.29)

where the second equality follows from the parameterized chain rule (7.15). Now, according to the
definition (7.10) of M we distinguish between two cases.
If #/(s) > 0, then (7.29) yields

Ri1(2'(5))+1o(d2(~D.Z(#(s), 2(s)), IR1(0)))

< _/Q(l + |V2(5)| )Tvz(s) . VE’(S) dx — /Q Dzz(t(S),Z(s))Z’(g) de.

(7.30)

Thus da(—D,Z(#(s), 2(s)),0R1(0)) = 0, so that —D,Z(#(s), 2(s)) € OR1(0) C Z* which implies that for
every w € Z
Ri(w) > (=D, Z(t(s),2(s)),w) 5 - (7.31)

Adding (7.30) and (7.31) we get (7.25).

If #'(s) = 0, then from (7.29) together with (7.10) we deduce (7.26). Let now 1 € 9R(0) as in (7.28).
Then, for every w € Z there holds Ri(w) > (n,w), which, together with (7.26) (upon adding and
subtracting (D,Z(£(s), 2(s)), w) 5 on the right-hand side) provides (7.27). O
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A Young measure tools

Here, we provide a minimal aside on Young measures with values in infinite-dimensional reflexive Banach
spaces (see e.g. [57]). Theorem A.2 is an extension to weak topologies of the so-called Fundamental
Theorem of Young measures.

We denote by Zor) the o-algebra of the Lebesgue measurable subsets of the interval (0,7") and,
given a reflexive Banach space V', by B(V) its Borel o-algebra. We use the symbol ® for product
o-algebras. We consider the space V' endowed with the weak topology, and say that a £ 7y @ Z(V)-
measurable functional H : (0,7) x V — (—o0,40o0] is a weakly-normal integrand if for a.a. t € (0,7T)
the map w — H(¢t,w) is sequentially lower semicontinuous on V' w.r.t. the weak topology. We denote by
A (0,T;V) the set of all £ 1)-measurable functions y : (0,7) — V.

Definition A.1 ((Time-dependent) Young measures). A Young measure in the space V is a fam-
ily p := {p}reo,r) of Borel probability measures on V' such that the map on (0,7), t +— pu(B) is
Zo,r)-measurable for all B € #(V). We denote by #(0,T;V) the set of all Young measures in V.

We are now in the position of recalling the following compactness result, which was proved in [48,
Thm. 3.2] (see also [52, Thm. 4.2]).

Theorem A.2. Let 1 < p < oo and let (w,) C LP(0,T;V) be a bounded sequence. Then, there exists a
subsequence (wy,,) and a Young measure p = {pis}e(o,ry € #(0,T;V) such that for a.a. t € (0,T)

eak
pe is concentrated on the set L(t) := (2 {wy, (t) : k> 1} (A.1)

of the limit points of the sequence (wy, (t)) with respect to the weak topology of V' and, for every weakly-
normal integrand H : (0,T) x V' — (—o0,+00] such that the sequence t — H™ (t, wn, (t)) is uniformly
integrable (H~ denoting the negative part of H), there holds

T T
hmmf/o H(t, wn, (1)) dt 2/0 /V'H(t,w) dp(w) dt. (A.2)

k— o0

As a consequence, setting w(t) := [, w dp(w) for a.a.t € (0,T), there holds w,, — w in LP(0,T;V),
with — replaced by = if p = .
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B An abstract discrete estimate

Lemma B.1. Let {ap}2 o, {Mi}_,, {ri}_,, p and c be non-negative numbers, e,7 > 0 with v :=
7/(2¢) <1 and N € N, Nt =T. Assume that for 1 <k < N it holds

2ar(ag — ax_1) + 2yai + 2yME < 2y(1 + 2k 2) o dyagry, (B.1)

where 01 is the Kronecker symbol. Then there exists a constant C = C(c, NT) > 0 not depending on

any of the other above quantities such that

N N
ZTMk <C <T+ea0 +,LL+ZTT‘k> . (B.2)

k=1 k=1

The proof of this lemma is a discrete version of the calculations in Section 3.4 in the preprint version
of [45] and a slightly modified version of [33, (4.36)—(4.47)] with the additional term involving p and
starting with the summation from k = 1 instead of £ = 2 in [33]. We give here a short sketch, often

referring to [33] and not elaborating all intermediate steps.

Proof. With b; = /2yM;, ¢? = >y(1 + 5“;12), d; = 27r;, (B.1) can be rewritten as

TE

2a;(a; — aj—1) + b? + 27a? < c? + 2a;d;

for 1 <4 < N. Hence, by the discrete Gronwall estimate [33, Lemma 4.1, (4.51)] we find for all n > 1:

n 1/2 n 1/2 n
(Z(l +,y)2(k—n)—1bi> < ((1 +7) QnG% + Z +7) 2(k n)—1 2> + \/§Z<1 +’Y)k_n_1’}/7“k-
k=1

k=1 k=1
(B.3)
As in [33, (4.38)] one estimates
DAyl < + (1 +) 7). (B.4)
k=1
Observe that (1 +~)/(e7) < e~2. With the Hélder inequality and (B.3) one obtains
n n 2 ;. 1/2
> ()TN, < <Z (1 47y)2kmt ) <Z(1 +v)2(’“‘")‘1vMﬁ>
SC(1+0+y) a0+ m)+ Y A1+ v)’““m) : (B.5)
k=1
which corresponds to [33, (4.41)]. Multiplication with 7 and summation with respect to n € {1,..., N}
yields
N n n
S A+ )P < C Z T (1 +(1+) a0+ e )+ > 1+ w)k‘"—lm> . (B.6)
n=1 k=1 n=1 k=1

We now change the order of summation and obtain as in [33, (4.43)]

N
ZTXH:W 1—|—’yz(k ML = ZTMk
k=1

n=1

1+7)(1— (147720, (B.7)
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With similar calculations for the term with r; on the right-hand side of (B.6) and taking into account
that 22[:1 7(1+ 7)™ < 2¢ we finally deduce from (B.6)

N N N
(Z TMk) - ZTMk(l + 7)2(k—N—1) < C(NT + eag + p+ Zq—rk),

k=1 k=1 k=1

Estimating the second term on the left hand side with the aid of (B.5), we finally arrive at (B.2). O
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