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Abstract: Jerk is the derivative of acceleration with respect to time and then it is the third order derivative of
the position vector. Hyperjerks are the n-th order derivatives with n>3. This paper describes the relations, for
jerks and hyperjerks, between the quantities measured in an inertial frame of reference and those observed in
a rotating frame. These relations can be interesting for teaching purposes.
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1. Introduction

Jerk is the rate of change of acceleration, that is, it is
the derivative of acceleration with respect to time [1,2].
In teaching physics, jerk is often completely neglected;
however, as remarked in the Ref.l, it is a physical
quantity having a great importance in practical
engineering, because it is involved in mechanisms
having rotating or sliding pieces, such as cams and
genevas. For this reason, jerks are commonly found in
models for the design of robotic arms. Moreover, these
derivatives of acceleration are also considered in the
planning of tracks and roads, in particular of the track
transition curves [3]. Let us note that, besides in
mechanics and transport engineering, jerks can be used
in the study of several electromagnetic systems, as
proposed in the Ref.4. Jerks of the geomagnetic field
are investigated too, to understand the dynamics of the
Earth’s fluid, iron-rich outer core [5].

Jerks and hyperjerks - jerks having a n-th order
derivative with n>3 - are also attractive for researchers
that are studying the behaviour of complex systems. In
fact, in 1997, Linz [6] and Sprott [7] generalized jerks
into the “jerk functions”, functions which are used to
describe systems able of displaying a chaotic
behaviour. In [8], it had been shown that the hyperjerk
systems are prototypical examples of complex
dynamical systems in a high-dimensional phase space.

The jerk is important for engineering because it is able
evaluating the destructive effects of motion on a
mechanism or the uneasiness feeling caused to the
passengers in vehicles [9]. In fact, when designing a
train, engineers consider to keep the jerk less than 2

metres per second cubed for the passengers’ comfort. It
is therefore important, in teaching physics for
engineering students, to devote some time to the
discussion of jerk. Here we are proposing, in particular,
the discussion of the relations for jerks and hyperjerks,
between the quantities measured in an inertial frame of
reference and those observed in a rotating frame. This
is a subject that, to the author’s best knowledge, had
received no attention from physics teachers.

z=7
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Figure 1: Cartesian inertial frame and rotating frame,
having the same origin at rest.

2. Jerks and Hyperjerks
Let us consider two frames of reference having the

same origin at rest. One is an inertial frame, (X, Y,2) ,
the other a rotating frame (X',Y',Z') , which is
rotating about z=z’ with constant angular velocity
Co=03|A<(see Figure 1). i,],lz and i,],k are the
unit vectors of axes. For any point in the space, we
have:
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r=r dit . eodif L dk L
A A oA A €)) =oxl';—=ox]";—=0xk
Xi+yj+zk =xi+y'j+z’K dt dt dt

(4)

Let us derive (1): .
@ So we have the well-known equation between the

velocities observed in the two frames:

d o ~ ~ d o n A
—Xi+yj+zk) = —Xi+y'j+zZ'k' 2
dt( yj+zKk) dt( Y] ) @

V=V+oxT' (5)
Accordingly, the velocity is: Let us derive this equation again:
o Ox: dys dzp dx dy dz ~ di’ dj d n n n d
= — _ k —_ R —k _ — —_— - - el - 1
e A L S dt —(VXI+Vyj+Vzk):—(V+(0><I‘)
dt dt
=V+oxT ©)
@) We can easily find:
Let us stress that the unit vectors i',]', K" are rotating. 3 = 3'42% x V'+® X & X F' @)
Therefore, in (3), we used the derivatives of unit
vectors: In (7), we have the Coriolis and centripetal terms.

These are the accelerations we can create by means of
the vectors at our disposal, which are ®, V' and T".

The jerk is the derivative of the acceleration and then:

= d 2 . A~ d
J:a(ax|+ayj+azk) =t (a+2co><v+co><o)>< r)

da', ., da'y . da, . , di’ dj' dk’ v . _ dF
= I'+ J'+ Kt+a'y —+ay —+a;, ——+20X—+OXOX——
dt dt dt dt dt dt dt dt

(8)

To avoid any confusion with the unit vector of y-axis, here the symbol of the jerk is written using the upper-case
letter. The first of terms referring to the rotating frame is the jerk seen in it.

=L odit L, dit |, dk av _ . dF
J=J4ay ——+ay —+a, 20X+ OXOX—— ©)
dt dt dt dt dt

Using (4) again, we have the equation linking jerks in the two frames:

—

J=J4AOXEL2DXEL2DX DX VDX DX VDX DX DX T
(10)

=J430xaA4+3OXOXV+OXOXOXT'

In (10), we have one term more, because, besides ', we have also &@'.
X

®,V' and
OXOXOXT", forinstance.

In the Figure 2 we can see the direction of vector
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Figure 2: One of the terms in Eq.10.

According to [9], there is no universally accepted name for the fourth derivative, which is the rate of the change of
jerk. The term “jounce” has been used, but this term has the drawback of using the same initial letter as jerk.

Another suggestion is “snap” (symbol s). The “crackle” (symbol c) and “pop” (symbol p) are used for 5-th and 6-th
derivatives respectively.

Let us determine the relation for the snaps. We have to derive again:

djl d _>l - ~al - pud Ll — pnd - Al
—=—U+30xa+30XxOXV+OXxOX O X T (11)
dt dt
Then:
S=S+®xJ4+30x J+3D X DX a+3DX DX &' W)
+3OXDOXOXVHOX DX DX V+DOX DX DX DO X T’
The equation between the snaps observed in the two frames is:
S=S"Hdx J+6D X DX AHIDX DX DX V+DOX DX DX DX T (13)

In the Figure 3 we can see the direction of vector @ X O X O X O X T ",

Figure 3: One of the terms in Eq.13.

We can easily continue for the following derivatives. For crackles, the relation is:

+100xOXxJ+10OX OX DX a'+5OX O X O X O X V'
X

XOXT'

(14)

3. Two simple examples

Let us apply in two simple cases, the relations that we have previously discussed. The simplest possible examples

are those of particles at rest. We can start from the inertial frame: let us consider a particle at rest on x-axis at
distance R from the origin. We have that:

F=F=Ri=Rcos@t)i-Rsin(wt)j=RC, RS, J (15)
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In (15), we defined C,, = cos(ot),S,, =Sin(wt). We have velocity and acceleration:

0
'— —HxF'= —ok (RC(D RS, ]'): ~oRS,, i“0RC,,J'

<l
I

(16)

<l

From the relation @ = a'4+20 X V+O X O X T':
a=0
d'= 20X V-Ox DX F=20xdx F-dx dx F'= —0°RC,, i'+0°RS, |

a7
And, of course, we have from (10), a jerk:

J=0
J'=-3pxa"3HXOXV'—DXDXDXTF'
= BOxOXxOXF'+3DxDXDXF'—dxHxOxF'=0°RS, i+0°RC, J'
(18)
Jerk exists because the particle, in the rotating frame, has a centripetal acceleration, which is a vector having
constant modulus but a direction changing with time. Also in the case of a particle in uniform motion or in

uniformly accelerated motion, in the rotating frame we observe this particle having a jerk. Snap, crackle, pop and so
on are different from zero.

In the same manner, we can consider a particle at rest in a rotating frame:
r=r'= Rcos(@t)i+Rsin(wt) j=RC,i+RS, j=Ri' (19)

We have velocity and acceleration:

V=0
,\ 20
Vzéx?':mkx(Rl'):coRj' 0
a'=0
(21)

—oxoxF'=dx(0R])=-0R T

jsh)

In (20) and (21), we easily recognize the well-known velocity and acceleration of the circular uniform motion.
However, we have also a jerk:

J=0
- ) , (22)
J:@x@xéx?':@x(—m Rl')— o°R '
And crackle and pop:
C=0; C=axdxaxaxF=ix(-0™R})=u R -
B=0; P=dxdxaxdxixF'=ix('Ri)=0'R]
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As we have seen in this example, jerk exists because
the particle has a centripetal acceleration, which is a
vector having constant modulus but a direction
changing with time. We can propose, for instance,
some problems on carousels or chair-o-planes, asking
the students to evaluate the maximum value of angular
speed to keep the jerk less than 2 metres per second
cubed. Of course, these two proposed examples are
quite simple: they can be used by students for
practicing with rotating frames and cross products.
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