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An exact three-dimensional solution for free vibrations of
multilayered composite and sandwich plates and shells

Salvatore Brischetto*

Abstract

A three-dimensional free vibration analysis of multilayered structures is proposed. The exact solution
is developed for the differential equations of equilibrium written in general orthogonal curvilinear coor-
dinates. The equations consider a geometry for shells without simplifications and allow the analysis of
spherical shell panels, cylindrical shell panels, cylindrical closed shells and plates. The method is based
on a layer-wise approach, the continuity of displacements and transverse shear/normal stresses is im-
posed at the interfaces between the layers of the structures. Results are given for multilayered composite
and sandwich plates and shells. A free vibration analysis is proposed for a number of vibration modes,
thickness ratios, imposed wave numbers, geometries and multilayer configurations embedding isotropic
and orthotropic composite materials. These results can also be used as reference solutions for plate and
shell two-dimensional models developed for the analysis of multilayered structures.

Keywords: multilayered structures, composite structures, sandwich structures, plates, shells, three-
dimensional elastic analysis, exact solution, free vibrations, vibration modes.

1 Introduction

The application of composite materials and sandwich configurations in aircraft, spacecraft, ship, and
automotive vehicle structures has increased rapidly over the past three decades. Composite materials
offer many advantages with respect to traditional metallic ones because of their high strength and
low weight. Sandwich configurations are used to provide a stronger and stiffer structure for the same
weight, or conversely lighter structures to carry the same load as a homogenous or compact-laminate
element. A number of complicating effects arises in the design, analysis, modeling and manufacturing
of composite and sandwich structures. The development of plate and shell elements is fundamental for
the analysis of these multilayered structures. For this reason, plate and shell elements need accurate
validation. Three-dimensional exact solutions allow such validations and checks to be made. These
solutions also give further details about three-dimensional behavior and complicating effects introduced
by these new configurations, e.g, the coupling between shear and axial strains (due to the in-plane
anisotropy) and the zigzag form of displacements through the thickness and interlaminar continuity
(due to the transverse anisotropy). In the literature, works about exact three-dimensional solutions do
not give a general overview of plate and shell elements because they analyze the various geometries
separately. The present paper aims to fill this gap by proposing a general formulation for the equations
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of motion in orthogonal curvilinear coordinates that is valid for multilayered square and rectangular
plates, cylindrical shell panels, spherical shell panels and cylinders. This formulation is an extension
of the one-layered cases shown in the companion paper [I]. The present paper exactly solves the
equations of motion in general curvilinear orthogonal coordinates including an exact geometry for shell
structures without simplifications. The method uses a layer-wise approach that imposes the continuity
of displacements and transverse shear /normal stresses at the interfaces between layers embedded in the
multilayered plates and shells.

Three-dimensional analysis of plates are usually performed by using equations in orthogonal recti-
linear coordinates. These equations do not allow the analysis of shell geometries. Pagano [2] proposed
three-dimensional elasticity solutions for rectangular laminates with pinned edges. Several specific ex-
ample problems were solved (including a sandwich plate), and comparisons with classical laminated
plate theory were also given. The elasticity solution for sandwich structural elements such as beams,
orthotropic plates and shells was considered in [3]. Results were given for the plate case only. However,
Meyer-Piening [3] considers that the analysis has the potential to be extended to curved shell panels.
Analytical three-dimensional solutions for free vibrations of a simply supported rectangular plate made
of an incompressible homogeneous linear elastic isotropic material were proposed in [4] and [5]. Some
frequencies missing in previous analytical solutions were also identified here. A three-dimensional lin-
ear elastic, small deformation theory obtained by the direct method was developed in [6] for the free
vibration of simply supported, homogeneous, isotropic, thick rectangular plates. The same method
was also proposed in [7] for the flexure of simply supported homogeneous, isotropic, thick rectangu-
lar plates under arbitrary loading. The expansion in terms of infinite series was formally exact and
yielded accurate numerical results without undue effort. Batra et al. [§] showed useful comparisons
between two-dimensional models and an exact three-dimensional solution for the free vibrations of a
simply supported rectangular orthotropic thick plate. Ye [9] presented a three-dimensional elastic free
vibration analysis of cross-ply laminated rectangular plates with clamped boundaries, the analysis was
based on a recursive solution. Comparisons between 2D-displacement-based-models and exact results
of the linear three-dimensional elasticity were proposed in [10] for natural frequencies, displacement
and stress quantities in multilayered plates. A global three-dimensional Ritz formulation was employed
in [II] for the exact three-dimensional elastic investigation of isosceles triangular plates, and in [12]
for the three-dimensional elastic free vibration analysis of a circular plate. A set of orthogonal poly-
nomial series was used to approximate the spatial displacements. Theoretical high frequency vibration
analysis is fundamental in a variety of engineering designs. The importance of high frequency analysis
of multilayered composite plates was also confirmed in the literature. Zhao et al. [13] introduced the
discrete singular convolution (DSC) algorithm for high frequency vibration analysis of plate structures,
the Levy method was also employed to provide exact solutions to validated the DSC algorithm. The
same investigation (comparison between DSC algorithm and the Levy method) was also proposed in
[14]. Taher et al. [I5] computed the first nine frequency parameters of circular and annular plates with
variable thickness and combined boundary conditions, the eigenvalue equation was derived by means
of three-dimensional elasticity theory and Ritz method. Xing and Liu [16] proposed the separation of
variables to solve the Hamiltonian dual form of eigenvalue problem for transverse free vibrations of thin
plates. The extension of 3D exact analysis to functionally graded plates was performed in [I7]-[19] for
free vibrations, forced vibrations and displacement and stress analysis under static loads. The extension
of three-dimensional solutions to plates embedding piezoelectric layers was given in [20]-[25] for static,
bending, free vibration and steady state harmonic responses. In [20]-[25] an exact three-dimensional
distribution of mechanical and electric quantities in inhomogeneous and laminated piezoelectric plates
is proposed in the framework of linear theory of piezoelectricity.

The most relevant works about three-dimensional shell analysis were discussed in [26]-[42]. The
coupled free vibrations of a transversely isotropic cylindrical shell embedded in an elastic medium were
studied in [26] where the three-dimensional elastic solution used three displacement functions to rep-



resent the three displacement components. Fan and Zhang [27] showed static, dynamic and buckling
three-dimensional analysis of thick open laminated cylindrical shells by means of the Cayley-Hamilton
theorem. The state equation for orthotropy was established in a cylindrical coordinate system. Free
vibrations of simply-supported cylindrical shells were studied in [2§] on the basis of three dimensional
exact theory. Extensive frequency parameters were obtained by solving frequency equations. The
free vibrations of simply-supported cross-ply cylindrical and doubly-curved laminates were investigated
in [29]. The three-dimensional equations of motion were reduced to a system of coupled ordinary
differential equations and then solved using the power series method. The three-dimensional free vi-
brations of a homogenous isotropic, viscothermoelastic hollow sphere were studied in [30]. The surfaces
were subjected to stress-free, thermally insulated or isothermal boundary conditions. The exact three-
dimensional vibration analysis of a trans-radially isotropic, thermoelastic solid sphere was analyzed in
[31]. The governing partial differential equations in [30] and [31] were solved into a coupled system
of ordinary differential equations. Frobenious matrix method was employed to obtain the solution.
Soldatos and Ye [32] proposed exact, three-dimensional, free vibration analysis of angle-ply laminated
thick cylinders having a regular symmetric or a regular antisymmetric angle-ply lay-up. Armenakas
et al. [33] proposed a self-contained treatment of the problem of plane harmonic waves propagation
along a hollow circular cylinder in the framework of the three-dimensional theory of elasticity. A com-
parison between a refined two-dimensional analysis, a shear deformation theory, the Fliigge theory and
an exact elasticity analysis was proposed in [34] for frequency investigation. Further details about
the Fliigge classical thin shell theory concerning the free vibrations of cylindrical shells with elastic
boundary conditions can be found in [35]. Other comparisons between two-dimensional closed form
solutions and available exact 3-D elastic and analytical solutions for the free vibration analysis of simply
supported and clamped homogenous isotropic circular cylindrical shells were also proposed in [36]. Vel
[37] extended exact elasticity solutions to functionally graded cylindrical shells. The three-dimensional
linear elastodynamics equations were solved using suitable displacement functions that identically sat-
isfy the boundary conditions. Loy and Lam [38] obtained the governing equation using an energy
minimization principle. A layer-wise approach was proposed to study the vibration of thick circular
cylindrical shells on the basis of three-dimensional theory of elasticity. Wang et al. [39] proposed the
three-dimensional free vibration analysis of magneto-electro-elastic cylindrical panels. Further results
about three-dimensional analysis of shells, where the solutions are not given in closed form, can be
found in [40] for the dynamic stiffness matrix method and in [41] and [42] for the three-dimensional
Ritz method for vibration of spherical shells.

The papers in the literature show the three-dimensional analysis of plates or shells. They include
static and dynamic analysis, functionally graded materials, composite and piezoelectric materials, dis-
placement and mixed models. The novelty introduced by the present paper is the general formulation
for all the geometries (square and rectangular plates, cylindrical and spherical shell panels, and cylin-
drical closed shells). The equations of motion for the dynamic case are written in general orthogonal
curvilinear coordinates using an exact geometry for multilayered shells. The system of second order dif-
ferential equations is reduced to a system of first order differential equations, and afterwards it is exactly
solved using the exponential matrix method and the Navier-type solution. The approach is developed
in layer-wise form by imposing the continuity of displacements and transverse shear/normal stresses at
each interface. The exponential matrix method has already been used in [I0] for the three-dimensional
analysis of plates in rectilinear orthogonal coordinates and in [32] for an exact, three-dimensional, free
vibration analysis of angle-ply laminated cylinders in cylindrical coordinates. The equations of motion
written in orthogonal curvilinear coordinates are a general form of the equations of motions written in
rectilinear orthogonal coordinates in [I0] and in cylindrical coordinates in [32]. These equations allow
general exact solutions for multilayered plate and shell geometries as already done in the one-layered
plate and shell cases proposed in [I].

Section 2 gives equations of motion in general orthogonal curvilinear coordinates for dynamic analysis



of plates and shells. Section 3 shows geometrical relations and three-dimensional constitutive equations
for spherical shells by means of an exact geometrical approach. These equations automatically degener-
ate into geometrical relations for cylindrical shells and plates. Section 4 gives the closed form solution
of equations of motion and their multilayer extension. Vibration modes related to frequency values
are obtained from the same system of equations. Section 5 shows results, the method is validated by
means of three preliminary assessments for multilayered composite square plate, cylindrical shell and
spherical shell. The geometries for the new benchmarks are square and rectangular plates, cylinders,
cylindrical and spherical shell panels. Each structure is analyzed as a sandwich configuration with an
isotropic foam core and external skins that can be made of isotropic aluminium alloy or multilayered
composite layers. The free vibration analysis considers the effects of materials, angle of orthotropy,
thickness ratios, imposed wave numbers, order of frequencies and vibration modes. Conclusions are
discussed in Section 6.

2 Equilibrium equations in orthogonal curvilinear coordinates

A shell is a three-dimensional body bounded by two closely spaced curved surfaces where one dimension
(the distance between the two surfaces) is small in comparison with the other two dimensions in the
plane directions. The distance between the surfaces measured along the normal to the middle surface
is the thickness of the shell at that point [43], [44]. The middle surface Qg of the shell is the locus of
points which lie midway between these surfaces. Geometry and the reference system are indicated in
Fig. [ where curvilinear orthogonal coordinates («, 3, z) are shown. Displacement components are u,
v, and w in «a, B and z directions, respectively. The square of an infinitesimal linear segment in the

layer is:
ds® = gido® + godB* + gsdz® (1)
where . .
= H? = [A(1 + =))? = H2=[B(1+ =) —H>=1. 2
91 e [ ( + Ra)] )y 92 B [ ( + R,@)} » 93 z ( )

The quantities g1, g2, g3, A, B, R, R are connected by the equations of Lamb [44] because the
three-dimensional space where the three independent variables «, 8 and z vary is an Euclidean space.
R, and Rg are the principal radii of curvature along the coordinates o and 3, respectively. A and B
are the coefficients of the first fundamental form of the surface €2y, z is the thickness coordinate that
varies from —h/2 to +h/2 (where h is the thickness of the structure as shown in Fig. 1). g3 = 1 because
z is a rectilinear coordinate.

The fundamental shell element is the differential element bounded by two surfaces dz apart at a
distance z from the middle surface and four ruled surfaces whose generators are the normals to the
middle surface along the parametric curves o = ag, @ = ag + da, = [y and 3 = [y + dF [44]. The
lengths of the edges of this fundamental element are (see Fig. [I):

dsq(z) = A(1+ z/Rq)da (3)
dss(2) = B(1 + =/ R)ds

the differential areas of the edge faces of the fundamental element are (see Fig. [I):

dAy(z) = A(1 4 z/Ry)dadz (4)
dAg(z) = B(1+ z/Rg)dfdz ,

the associated infinitesimal area is:

dQ(z) = [A(1 + 2/ Ra)|[B(1 + 2/ Rp)]dads3 , (5)



and the volume of the fundamental element is:
dV(z) = [A(1 + z/R,)|[B(1 + z/Rg)|dadBdz . (6)

The parametric coefficients for shells with constant radii of curvature (A=B=1) are:

Ho=(1+ )= 1+ my= s 2=+ 2202

H.=1, 7
R R Ry Ry ) (7)

H, and Hg depend on z or Z coordinate (see Fig.2).

The three differential equations of equilibrium written for the case of free vibration analysis of
multilayered spherical shells made of Ny, layers with constant radii of curvature R, and Rg are here
given (the most general form for variable radii of curvature can be found in [45] and [46]):

80'aak 8chﬁk 8Uazk 2H[3 H
H H, H,H = ppH H 8
8 O + Hq 86 + Hy B Oz ( Ra + = Rﬁ )Uazk Pk 6“1@ ) ( )
adaﬁk 80’55k aO'ﬁzk 2Ha Hg .
H H, H,H = prH,H 9
5 50 +Hag 5 + HoHp—5- ( Ry " Ra )03k = prHoHgby, | (9)
00k aaﬁzk 00k Hﬁ H, Hﬂ H, .
H H, H.,H - — — =prH, H , 10
8 Do + gy a3 + HoHp 02 R, Oaak — RB — 0833k T+ (R + Rﬁ )Uzzk PrilotlpWE ( )

where py, is the mass density, (Gaak, 088k, Oz2k, 082k, Tazk, Tagk) are the six stress components and iy, Uy,
and Wy, indicate the second temporal derivative of the three displacement components. Each quantity
depends on the k layer. R, and Rg are referred to the mid-surface {1y of the whole multilayered
shell. H, and Hg continuously vary through the thickness of the multilayered shell and depend on the
thickness coordinate.

3 Geometrical and constitutive relations

The strain-displacement relations of three-dimensional theory of elasticity in orthogonal curvilinear
coordinates, as also shown in [45] and [47], are written for the generic k layer of the multilayered shell:

oot = (r27my (4 9 * A5 38 * o) <
ok = @(g?j%%&gg) (12)
L 13

k B /?(Z1 +2/Ra) O g B(1+2/Rs) & " e
TeBk = B(1+ 2/Rs) 08 [ A(l+ z/R, J Al +z/R ) O [ B(1+ z/Rp) (14)
Tazk = —|—1z/R )a AL+ 2/Ra) %[A —|—z/R } (15)
1ok = B(1 +1Z/Rﬁ) 852’“ Bl +2/Rp) aaz [B 1+ z/Rﬁ } (16)

symbol 0 indicates the partial derivatives. In this work, we will focus only to shells with constant radii
of curvature (e.g., cylindrical and spherical geometries) for which A=B=1. The geometrical relations



in Eqgs.(11)-(16) written for shells with constant radii of curvature are defined as:

1 8uk Wi
_ 1
€aak Ha da HaRa ) ( 7)
1 Ou Wy
_ 18
ow
€zzk = 87; ’ (19)
1 Ovy 1 Ouy
_ 2
Yok = F 5a H, 98 ° (20)
1 OJwr Ouy UL
azk = 77 - ) 21
Yok = H 9a T 9z HaRa (1)
1 Owy,  Ovyg v (22)

V=W, 95 9z HeRs

General geometrical relations for spherical shells degenerate into geometrical relations for cylindrical
shells when R, or Rg is infinite (with H, or Hg equals one), and they degenerate into geometrical
relations for plates when both R, and Rg are infinite (with H,=Hz=1).

Three-dimensional linear elastic constitutive equations in orthogonal curvilinear coordinates (a, 3,
z) for orthotropic material in the structural reference system are given for a generic k layer of the
multilayered structure:

Taak = Clik€aak + Crak€spk + Ci3k€zzk + ClekVapsk » (23)
ogpk = Cr2r€aak + Coaregpr + Cazpezzk + CosrVapk (24)
022k = C13k€aak + Cosreppr + C33k€zzi + C36kVapk » (25)
082k = CaarVgzk + CaskVazk (26)
Oazk = CuskVgzk + CssiVazk » (27)
0apk = Crek€aak + Cosreapr + Ca6k€zk + CoskYapk - (28)

Geometrical relations (Eqgs.(17)-(22)) are inserted in constitutive equations (Egs.(23)-(28)) and partial
derivatives %, % and % are indicated with subscripts ,, gand .. A closed form solution of differential
equations of equilibrium for shells are obtained when coefficients Ctgi, Cogr, C3gr and Cysi are set to
zero (this means orthotropic angle 6 equals 0° or 90°):

Ciik Ciik Chak Chak

— ik —=r C 29

Taak = ko + TR,k + Hy Vg3 + HyR; wy, + CizpWr,» (29)
Ciax Ciax Caox Caox

= — — C 30

0383k T, Uk, T T.R. wy + Hs Vg3 + HsR; wg + C23p Wk, 2 (30)
Ci3k Ci3k Cazk Cazk

= — — C 31

A U + TR, wy, + i, NS HyR; wy, + Cazpwy - (31)

Cuak Cuay;
OBk = Hy Wi, + CaapVk, — Hyly (32)
Cssi, Cssi
Cazk = %wk,a + Csspur,; — H5;% k> (33)
(e} « o
Ceok: Ceek
OaBk = . Vo + Hﬁ Uk g - (34)



4 Closed form of equilibrium equations

The first step is the substitution of the Eqs.(29)-(34) in Eqs.(8)-(10) to obtain a displacement form
of the equilibrium relations. The following form of differential equations of equilibrium is given for a
generic k layer:

HpgCssr, Cssy, CssiHg  CssipH, CurHp CoerHa
(- H,R2 _RaR5>uk+( Re ' Ry Jue+ ( Ha Jukaa + ( Hs e
Ci11H C Crsp H C
CssiHa Hﬁ) Uk,22 + <C12k + C66k) VkaB + ( }}IkR g ]%Zk + Ij[BkR . R?Zk>wk,a+ (35)

CiapHg + CSSkHﬁ) Wk,az = prHoHglly ,

H,C C CurH, CunH CeosrH, Coor Hy,
44k 44k )'Uk: i ( 44k n 44k ﬂ)“hz n ( 66k ﬁ)v aa ( 22k )Uk:,,@ﬂ +
HﬁRﬂ RaRﬁ Rg R, H, Hg
CurHy  Caar . CooHy  Crop
44k 8 )Vk,zz + | Crar + 66k) Uk,a3 T H;R; + R + HsR; + R, W5+ (36)

Cisk | Cosk CurHg  2C1,  ChpHa ) (_ CssrHp L Cuse CurHg — Chg

RaRs ' RaRy HoR:  RaRy  HRG HoRo ' Ry  HoRa Ry
CugHa 023k ~ CypHa Cl2k) . (CSSkHﬁ 4 CsspHa
HsR; | Ra  HsR;  Ra )™ Ra Rg

)uk,a+

Yok, + (37)

H
CssiHp + ClSkHB) Uk oz + (044kH + CozpHy )vkz,ﬁz + <C55k75

)

(
(
(-
(
<C44kH + CogpHo ) wr, 5. = piHo gy
(
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Cs3pHe Hﬁ) W,z = prHoHgty, .

R, and Rg refer to the reference mid-surface {29 of the multilayered shell. H, and Hg are calcu-
lated through the thickness of the multilayered shell by means of Eq.(7). Equilibrium relations in
Eqs.(35)-(37) are for spherical shell panels, they automatically degenerate into equilibrium equations
for cylindrical closed/open shell panels [32] when R, or Rg is infinite (with H, or Hg equals one) and
into equilibrium equations for plates [10] when R, and Rg are infinite (with H, and Hg equal one). In
this way, a unique and general formulation is possible for any geometry.

The closed form of Eqs.(35)-(37) is obtained for simply supported shells and plates made of isotropic
material or orthotropic material with 0° or 90° orthotropic angle (in both cases Cigr = Cagr, = Csgr, =
Cysr = 0). The three displacement components have the following harmonic form:

uy, = Ug(2)e™ cos(aa)sin(Bf) , (38)
v = Vir(2)e' " sin(aa)cos(35) , (39)
wy, = Wi(2)e™ sin(aa)sin(30) , (40)

where Uy, Vi and Wy are the displacement amplitudes in «, 8 and z directions, respectively. i is the
coefficient of the imaginary unit, w = 27 f is the circular frequency where f is the frequency value, t is
the time. In coefficients & = "* and B = 2" m and n are the half-wave numbers and a and b are the

shell dimensions in a and 3 directions, respectlvely (calculated in the mid-surface Q).



Eqgs.(38)-(40) are substituted in Eqs.(35)-(37) to obtain the following system of equations:

(_ CsskHg  Csse 52 CurHg 7 CoerHa
H.R2  RoRjs H, H;
_CurHg  _Chror,  _CssiHg ,Cs5k) CssiHg ~ CssiHg

Wi+ (
<a Ry +QR5 +aHaRa +aRﬁ kTt R + R;

dC'55ng) Wi,» + <C55kHaHB)Uk,zz =0,

+ pkHaHﬁwQ) U + ( — afChak — a5066k>vk+
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sCurpHy  5Cur 5C0pHy  -Cro CurH, CyHg =
W, Vi CyapH, 42
(5 HyRy +ﬁRa + 5 HyRs +ﬁRa) k+( R, R ) k,z+(ﬁ wak Ho+ (42)

BCosHa ) Wiz + (CaakHaHg) Vi = 0,

Cssi H C CiirH C —CyrHy _C ~CoorHy, _C
<d 55kt 13k+@ 11k ,@+07 12k)Uk+<ﬁ 44k _3 23k+5 22k +3 12k>vk+

HoRoa " Ry @ “HuRa " Rs HsR; " Ra ' HzRs " Rg
Ciak Cosr  CrurHg  2C1,  CorHy  _5CssiHg 29 CuapHe 2
— - - - - H,H )W 43
(RaRﬁ RoRs  H.R: RoR; HsRZ H, b=, +rellap”) Wit (43)
_ _ CusnHy  CasH,
( — aCsspHg — 54013kH5) Uk,. + ( — BCuupHo — 5023kHa>Vk,z + ( 3;; 4 3;% )Wk,z+
(6%

(C3SkHaHB> Wi,z = 0.

The system of Eqs.(41)-(43) can be written in a compact form by introducing coefficients Ay for each
block <> with s from 1 to 19:

AUy + Ao Vi + Az Wi + AU + Asp Wi + AUk . = 0 (44)
A7 Ui + Agi Vi + Ao Wi + A0k Vi + A11isWi 2 + A126 Vi = 0, (45)
AUk + At Vie + A5 Wi + AierUs . + A1 Vi e + A1 Wi 2 + A1oxWh 2. =0 . (46)

The Eqs.(44)-(46) are a system of three second order differential equations. They are written for
spherical shell panels with constant radii of curvature but they automatically degenerate into equations
for cylindrical shells and plates.

4.1 Solution for the multilayered structures

The system of second order differential equations can be reduced to a system of first order differential
equations by using the method described in [48] and [49]. A simple example to understand this reduction
is shown in [48]:

alulll + blull +ciuy = f1, (47)
CLQUIQI + bQUIQ + coug = f2 s (48)

where v« indicates u, ., and w,. indicates u, .. fi and f, are the external loads that in the present free
vibration analysis are zero. The following identities can be imposed:

alu'l = alu'l 5 (49)

asub, = asul (50)



the system of Eqgs.(47)-(50) can be written as:

/

aj 0 0 0 ui 0 aj 0 0 ul 0
0 ag 0 0O up | |~ =b1 00 uy h
0 0 ag O w | 0 0 0 a w | T 0 | (51)
0 0 0 ap ) 0 0 —co —bo Uy f2

The methodology described in Eqs.(47)-(51) can also be applied to the system of Eqs.(44)-(46):

/

Agg 0 0 0 0 0 Uk 0 0 0 Agi 0 0
0 Ao 0 0 0 0 Vi 0 0 0 0 Aqok 0
0 0 A 0 0 0 we | | o 0 0 0 0 Ao
0 0 0 Agx O 0 U. | | —Auw  —Ay  —As  —Ay 0 —Asg
0 0 0 0 Apr 0 Vi —Are  —Ag  —Aok 0 —Aior —Auk
0 0 0 0 0 Ao Wy —Awze —Awe —Aise —Arer —Aie —Ausk
(52)

Eq.(52) can be written in a compact form for a generic k layer:

oU,

where &k = U}, and U}, = [Uy, Vi Wy, U}, V{ W}]. The Eq.(53) can be written as:

DU, = AUy, (54)
»=D;'A, Uy, (55)
w=A; Uy, (56)

with A} = D' Ay.

In the case of plate geometry coefficients Asp, Ak, Aok, A1ok, A13k, A14r and Aig are zero because
the radii of curvature R, and Rg are infinite. The other coefficients Ay, Aok, Ask, Aek, A7k, Ask,
Ak, Aok, Aisk, A1k, A7k and Ajgr are constant in each k layer because parametric coefficients
H, = Hg = 1 and they do not depend on the thickness coordinate Z, therefore matrices Dy, A and
Aj are constant in each k layer of the plate. The solution of Eq.(56) for the plate case can be written
as [49], [50]:

Uk(fk) = exp(A}ZEk)Uk(O) with gk € [0, hk] s (57)

where Zj is the thickness coordinate of each layer from 0 at the bottom to hj at the top (see Fig. 2).
The exponential matrix for the plate case (constant coefficients Agy) is calculated with Z; = hy for each

k layer as:
23

*2 *N
A" = exp(Aphy) =1+ Ap hy, + %hz + f;)! f?\];!
where I is the 6 x 6 identity matrix. This expansion has a fast convergence as indicated in [51] and it
is not time consuming from the computational point of view, N = 15 gives the exact solution for each
possible one-layered plate case [1]. In the case of Ny, layers for shell geometry Aj, is not constant in each
k layer because of H,(Z) and Hg(Z). First of all, Ny — 1 transfer matrices T';_1 j must be calculated
by using for each interface the following conditions for interlaminar continuity of displacements and
transverse shear/normal stresses:

h4 ...+ hy (58)

b t b t b t

Up = Up_1, Vg = V1, W= Wg_1, (59)
b _ t bt bt

O22k = O22k—15 Oazk = Oazk—11 982k = OBzk—1> (60)



that means each displacement and transverse stress component at the top (t) of the k-1 layer is equal
to displacement and transverse stress components at the bottom (b) of the k layer.
The continuity of transverse shear stress o, is given as:

Cssk—1 _ Cssk—1 ;4 Cssk Cssk 0
aWi_, + Cssi— 1U —U;_ =2k awp + C55kU — Uy, 61
i, S R, M O g g T O

/ 1 /Cssi—1 - Cssk _\ 1t 1 Cssk—1 Cssi " Cssk—1\ /¢
Ul = a— a)wi_, + - + Ut + Ut ,. (62
b C55k(H(§k1 H), ) ot C551<:< H!, R, HgkRa> -t ( Cssk ) e (62)

The continuity of transverse shear stress og, is given as:

C _ / C C C
;fk 15W1§—1 + C44k71th—1 %ka—l 4;% BWk + C'44kV b44k kav (63)
Bk—1 ﬁk 148 Hﬁk HﬁkRﬁ
/ 1 Cup—1 Claak 1 Caak—1 Clak Caak—1\,
= —( BYWi+——( - + Wi+ ( Wity (64
k C44k; H%kil /8 Hb k—1 C44k; HékilRﬁ HgkRﬁ k—1 C44k; k—1 ( )
The continuity of transverse normal stress o, is given as:
C13k—1 _, C13k-1 ¢ Cosk—1 Cask—1 ¢ 1
- aUp 1+ 77— Wi — 5Vk 1+ 7Wk¢—1 + Cs35—1 Wy = (65)
Hfmq Hék 1Ba Hffk 1 ﬂk 11
Cisk ;. Cizk 1 Co23k Co3k 11 rb
- — + W — Z=2Eayb 4 W, + ngkW ,
Hgk ’ HgkRa " Hb . ZkRﬁ g g
' 1 Cizk—1_  Cizk _ 1 Cosk—1 Cask
Wl = (— a+ )U ( B+ ,3>th+ 66
k C33k Hék_l Hak k— 1 C33k Hﬂk Hb k—1 ( )
1 C13k-1 Cask—1 C13k Cask C33k—1 /
C ( Ra TH R, W oo )W’HJF( C )W’ft—l'
33k k 1 Bk—1+18 aklla HﬁkRﬂ 33k
The continuity of displacement components is:
U =Ukr, V&=Vi, Wy=Wi,. (67)

In Eqgs.(61)-(67), t and b indicate top and bottom of k — 1 layer and k layer, respectively. &, 3, R, and
Rpg refer to mid-surface {1y of the structure. H, and Hg are calculated at the interfaces between k — 1
layer and k layer. The Eqs.(61)-(67) can be grouped in a system:

U1 rT1 0 0 0 0 0] ek
Vv o 1 0 0 o0 0 Vv
w _ O 0 1 0 O 0 w (68)
U’ Ty 0 T, Ty 0 0 U’ ’
Vv’ 0 Iy, 15 0 1T O v’

wl, Lo o0 0 mol, LW,

Eq.(68) in compact form is:
Ub =T, 1 .U, (69)

The calculated T',_1 j, matrices allow to link U at the bottom (b) of the k layer with U at the top (t)
of the k — 1 layer. Eq.(69) can also be written as:

Up(0) =Tk-1, Ug—1(hg—1), (70)
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where Uy, is calculated for Zp = 0 and U_; is calculated for Zx_1 = hx_1. U at the top of the k layer
is linked with U at the bottom of the same k layer by means of the exponential matrix Ap*:

Ui(hy) = A" Ur(0), (71)
Eq.(70) can recursively be introduced in Eq.(71) for the Ny, — 1 interfaces to obtain:
Un,(hn,) = AN, Tn,-1.n, AN, -1 TNp—2Np—1---- - A3 Ty AT U1 (0), (72)
the definition of the matrix H,, for the multilayered plate allows Eq.(72) to be written as:
Un,(hny) = Hi U1(0), (73)

that links U calculated at the top of the last Ny layer with U calculated at the bottom of the first
layer. In the case of multilayered plates matrices Dy, Ay and A}, are constant in each k layer because
R, and Rg are infinite and H, and Hg equal 1. In the case of shell geometry matrices Dy, A} and
Aj are not constant in each layer because of parametric coefficients H, and Hpg that depend on 2

z

coordinate (see Fig. 2). A first method could be the use of hypothesis 7~ = 7; =0 (it is valid only for

very thin shells) that means H, = Hg = 1. In this case the solution is the same already seen for the
plate because matrices Dy, Ay and Aj, are constant in each k layer. This method is not used in this
paper because it is an approximation that is valid only for very thin shells, and it does not consider
the exact geometry of the structure. The second method (used in this paper) is the introduction of
several j fictitious layers in each k layer where H, and Hg can exactly be calculated. Matrices A;f* are
constant in the j layer because they are evaluated with R, Rg, & and 3 calculated in the mid-surface
Y of the whole shell, and with H, and Hg calculated in the middle of each j layer. Matrices T';_1 ;
are also constant because they are evaluated with R, Rg, & and B calculated in the mid-surface
of the shell, and with H, and Hg calculated at each fictitious interface. In the present paper each k
layer of the multilayered shell is divided in j=M=10 fictitious layers where we can recursively apply the
Eqgs.(61)-(72) with index ¢ in place of index k. The thickness of each layer is k. The index g considers
all the fictitious and physical layers and it goes from 1 to P. M = 15 for each skin layer and M = 70 for
each core layer with N = 3 for the exponential matrix in Eq.(58) guarantee the exact convergence for
each shell investigated. The total number of mathematical layers for a multilayered shell is P = 100.

The structures are simply supported and free stresses at the top and at the bottom of the whole
multilayered shell, this feature means:

Osy =0, =03, =0 for z=-h/2,+h/2 or Z=0,h, (74)
w=v=0, 04a =0 for a=0,a, (75)
w=u=0,08=0 for B=0,0, (76)

Transverse shear/normal stresses written for a generic value of Z in the ¢ layer are:

. Clagq Ci3q Cazq 23¢ _ Chzg
2z = = o = = e v — C z = — —U,
022q(%) Ha(3) Ug, Ha(z)Rawq + Hs(Z) Vg3t Hg(z)ngq + C33qWy, aHa(z) qt
Ci3q = Cazg Ca3q
— W, - —V, + ————W, + C33, W, , 77
HR " HE T R P 7
_ Clagq Clasgq = Cuag Clygq
082q(2) = —=wg 8+ CuaaqVq > — 5V = Wy + CuagVy,» — ——V, (78)
PO T Hy(z) 0T T T HG ()R T T Hp(2) T M H(2)Rs
. Css Css _ Css Css
Uazq(z) = Ha(g) wq,cx + 055quq,z - muq = aﬁ(;)Wq + C55qu,Z - Ha(gfl{a Uq 5 (79)
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Eq.(74) imposed at the the top (t) of the last P layer uses Eqs.(77)-(79) with R, Rg, & and 3 calculated
in the mid-surface Qo of the shell, and with Hj, and Hj calculated at top of the whole shell for Z = h:

_Cisp Cisp ~Casp Casp
¢ ¢ ¢ ¢ ¢ t
UZZP__a Ht UP+ HéRaWP_IB H/g VP+ HéRﬁWP+C33PWP’Z_O’ (80)
Cup Cup
O’%zP 5 Wp + C44pVPZ - HERB VE=0, (81)
,055P Cssp

Eq.(74) imposed at the the bottom (b) of the first layer (¢ = 1) uses Eqgs.(77)-(79) with R, Rg, & and
{3 calculated in the mid-surface Qg of the shell, and with H? b and H calculated at bottom of the whole
shell for Z = 0:

C C C C

y o _Ciz1 131 11/b 231 231 117b b

Oz21 — —C Hg Ul + HgRaW ﬂ Hb Vl Hg)Rﬁ Wl + 0331W1,z - 07 (83)
C C

Oy = By W1+ Can Vi, = SV =0, (84)

Hg prs

C'551 Css1

ngl Hb W1 +C551U1z_ HgRanZO. (85)

Eqgs.(80)-(82) in matrix form are (Up(hp) means U calculated at the top of the whole multilayered
shell, last P layer with Zp = hp):

C Up(hp) ]
—aGE BEE (G ) 0 0 Cwp %//p(izp) .
0 gfzﬁ; ﬁ C44P 0 C44P 0 U/P((h}]:)) - 0 : (86)
P
_1?§5RPQ 0 acfﬁp Cssp 0 0 Vi (hp) 0
L Wp(hp) |

Eqgs.(83)-(85) in matrix form are (U;(0) means U calculated at the bottom of the whole multilayered
shell, first layer 1 with Z; = 0):

_ [ U1(0)
A PG GEE A 0 0 Cm ] | VO oy
_ Caay Caan Wl(()) B
2 v 3 CI'{E 0 Cu O o | = 8 . (87)
~Hh. 0 Ty Cs51 0 0 VI(0)
L W1(0) |

Eqs.(86) and (87) in compact form to express the free stress state at the top and bottom of the whole
shell are:

Bp(hp) Up(hp) =0, (88)
B1(0) U,(0) =0, (89)

Eq.(73) can be substituted in Eq.(88) considering a total number of layers equals P:

Bp(hp) H,, U1(0) =
B1(0) U41(0)

0,
0, (91)

12



in this way Eqs.(90) and (91) are grouped in the following system:

B T =107, (92)

and introducing the (6 x 6) E matrix, the Eq.(92) is:

[E][UL0)]=[0]. (93)

The Eq.(93) is also valid for plate case where the fictitious layers are not introduced and By, (hy,) =
Bp(hp). Matrix E has always (6 x 6) dimension, independently from number of layers P, even if
the method uses a layer-wise approach. The solution is implemented in a Matlab code where only the
spherical shell method is considered, it automatically degenerates into cylindrical open/closed shell and
plate methods.

The free vibration analysis means to find the non-trivial solution of U;(0) in Eq.(93), this means to
impose the determinant of matrix E equals zero:

det|E] =0, (94)

Eq.(94) means to find the roots of an higher order polynomial in A = w?. For each pair of half-wave
numbers (m,n) a certain number of circular frequencies are obtained depending on the order N chosen
for each exponential matrix A7*.

4.2 Vibration modes

A certain number of circular frequencies w; are found when half-wave numbers m and n are imposed in
the structures. For each frequency wy, it is possible to find the vibration mode through the thickness
in terms of the three displacement components. If the frequency w; is substituted in (6x6) matrix E,
this last matrix has six eigenvalues. We are interested to the null space of matrix E that means to find
the (6 x 1) eigenvector related to the minimum of the six eigenvalues proposed. This null space is, for
the chosen frequency wy, the vector U calculated at the bottom of the whole structure:

T
wi

Ui, (0) = [ U2(0) Va(0) Wa(0) U{(0) V{(0) Wi(0) ], , (95)

T means the transpose of the vector and the subscript w; means that the null space is calculated for
the circular frequency wy.

It is possible to find Uy, (Z;) (with the three displacement components Ug,,(Zq), Vi, (%) and
Ww, () through the thickness) for each ¢ layer of the multilayered structure by using Eqs.(70)-(73)
with the index ¢ from 1 to P. The thickness coordinate Z can assume all the values from the bottom
to the top of the structure. For the plate case the procedure is simpler because there are not the j
fictitious layers and the index ¢ coincides with the index k of the physical layers (in this case, total
number of layers is Np).

5 Results

The present three-dimensional exact solution proposed for the free vibration analysis of multilayered
plates and shells has been validated by means of a comparison with assessments given in the literature.
These assessments are the free vibration analysis of multilayered composite square plates proposed in
[10], and cylindrical and spherical shell panel free vibration analysis shown in [29]. After this preliminary
validation the method can be used with confidence to investigate the free vibrations of multilayered
sandwich square and rectangular plates, cylindrical shell panels, cylinders and spherical shell panels
(see Fig. 3). In the assessments and benchmarks proposed the 3D solution is always obtained with a
total number M=100 of mathematical layers and an expansion order N=3 for the exponential matrix.
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5.1 Validation of the method

The assessment proposed by Messina [10] considers a simply supported square plate (a=b=10) with
thickness ratio a/h=10. The plate is multilayered and each composite layer has Young modulus com-
ponents F; = 25.1 x 10psi, By = 4.8 x 10%psi and E3 = 0.75 x 10%psi, shear modulus components
G2 = 1.36 x 105psi, G13 = 1.2 x 105psi and Gag = 0.47 x 10%psi, Poisson ratio components v = 0.036,
v13 = 0.25 and o3 = 0.171. The mass density is p = 0.0541911b/in>. The first three vibration modes
are given in Table 1 in terms of no-dimensional circular frequency @ = wh/p/Es for half-wave num-
bers (m,n) equal (1,1), (1,2), (2,1) and (2,2). Two-layered, three-layered and four-layered composite
plates are investigated with lamination sequence (0°/90°), (0°/90°/0°) and (0°/90°/0°/90°), respec-
tively (each layer has the same thickness). The present three-dimensional solution coincides with that
given by Messina [10] for each half-wave number imposed, lamination sequence and mode considered.
This validation is fundamental because the present three-dimensional solution extended to general or-
thogonal curvilinear coordinates uses a methodology similar to the one applied by Messina [10] to plates
with orthogonal rectilinear coordinates.

The assessment proposed in Table 2 considers a simply supported cylindrical shell panel with radius
of curvature R, = 10 and thickness h = 0.5. The radius of curvature in § direction is infinite and
the shell has dimensions a = b = 5. The structure is multilayered (it embeds Ny layers) and each
layer has the same thickness. The lamination sequence is (0°/90°/0°/90°/...). Table 2 gives the first
three modes for imposed half-wave numbers (1,1) and the first mode for the other imposed half-wave
numbers (m,n). The results are given as no-dimensional circular frequency @ = wRg+/p/Ep for number
of layers Ny, equals 2, 4 and 10. Each composite layer has Young modulus components F; = 25F
and Fy = F3 = Ej, shear modulus components G2 = G13 = 0.5Fy and Go3 = 0.2F), Poisson ratio
components v1a = vi3 = o3 = 0.25. The mass density is p = 1500kg/m3. The three-dimensional
solution proposed by Huang [29] is coincident with the present three-dimensional analysis for each half-
wave number imposed, number of layers (Nz) and mode considered. The two solutions give the same
results even if the two methods use different approaches.

The assessment proposed in Table 3 considers a simply supported spherical shell panel with radii
of curvature R, = Rg = 10, thickness h = 0.2 and dimensions a = b = 2. The structure is mul-
tilayered (it embeds Ny, layers) and each layer has the same thickness. The lamination sequence is
(0°/90°/0°/90°/ ...). Table 3 gives the first fundamental mode for different half-wave numbers (m,n)
imposed. The results are given as circular frequencies with the same no-dimensional form already seen
for the assessment of Table 2. The spherical shell panel embeds the same composite material of the
cylindrical shell panel. The three-dimensional solution proposed by Huang [29] is coincident with the
present three-dimensional analysis for each pair of half-wave numbers (m,n) imposed and number of
layers (Np,) considered.

After these three preliminary assessments, the present three-dimensional solution can be considered
as validated for the free vibration analysis of multilayered plates and shells.

5.2 Benchmarks

Five different geometries are analyzed as shown in Fig. [l The square plate has dimensions a =b =1
and thickness ratios a/h = 100,50,10,5. The rectangular plate has dimensions ¢ = 1 and b = 3a
and the thickness ratios are a/h = 100,50, 10,5. The cylindrical shell panel has a radius of curvature
R, = 10 and an infinite radius of curvature Rg in 3 direction. The dimensions are a = § R, and b = 20,
and the thickness ratios are R,/h = 1000,100,10,5. The cylinder has the same radii of curvature of
the cylindrical shell panel, but it is closed in circumferential direction that means a = 27 R,. The other
dimension is b = 100 and the thickness ratios are R,/h = 1000, 100,10,5. The last geometry is the
spherical shell panel with radii of curvature R, = Rg = 10, dimensions a = b = R, and thickness
ratios R, /h = 1000, 100,10, 5. All these structures are simply supported. Each geometry includes two
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different sandwich configurations. The sandwich structure with isotropic skins has a foam core in PVC
with thickness h. = 0.7h (where h. is the thickness of the core and h is the total thickness) and two
external skins in isotropic aluminium alloy Al2024 with thickness hy = 0.15h (where hg indicates the
thickness of each skin). The sandwich structure with multilayered composite faces has a foam core in
PVC with thickness h. = 0.7h, each external skin is made of two composite layers with lamination
sequence (0°/90°) and thickness h; = 0.075h (where h; is the thickness of each composite layer that
means hg = 0.15h for each skin). Further details about the two sandwich configurations are given in
Fig. 3. The PVC material used as foam core has Young modulus E = 180 M Pa, Poisson ratio v = 0.37
and mass density p = 50kg/m3. The isotropic aluminium alloy Al2024 used as skins has Young
modulus E = 73 G Pa, Poisson ratio v = 0.3 and mass density p = 2800 kg/m?. The orthotropic layers
in Gr/Ep used to build the composite skins have Young modulus components F; = 132.38 GPa and
Ey = F3 = 10.756 G Pa, shear modulus components G135 = G13 = 5.6537 GPa and Gog = 3.603 GPa,
Poisson ratio components vio = r13 = 0.24 and v93 = 0.49, the mass density is p = 1600 kg/mg.
Ten different benchmarks are proposed to show a complete overview of the free vibration analysis of
multilayered composite and sandwich plates and shells: sandwich square plate with isotropic faces
(see Table 4), sandwich square plate with composite faces (see Table 5), sandwich rectangular plate
with isotropic faces (see Table 6), sandwich rectangular plate with composite faces (see Table 7),
sandwich cylindrical shell panel with isotropic faces (see Table 8), sandwich cylindrical shell panel with
composite faces (see Table 9), sandwich cylinder with isotropic faces (see Table 10), sandwich cylinder
with composite faces (see Table 11), sandwich spherical shell panel with isotropic faces (see Table 12),
sandwich spherical shell panel with composite faces (see Table 13). The first three circular frequencies

. . . _ 2 : . . .
in no-dimensional form & = w4, /Ep;% are calculated in Tables 4-13 for various pairs of half-wave
SKk1n

numbers (m,n) and several thickness ratios. The vibration modes plotted in Figs. 4-8 are given in
terms of no-dimensional values such as u* = u/|umaz|, v* = v/|Umaz|, W* = W/|Wmas| and z* = Z/h.
Circular frequencies plotted in Figs. 9-13 with respect to half-wave numbers (m,n) and vibration mode
order have the same no-dimensional form already seen in the Tables 4-13.

Table 4 presents thick and thin square sandwich plates with isotropic faces (Benchmark 1). The
first three vibration modes are shown for some combinations of half-wave numbers (m,n) and different
thickness ratios. The plate is square and the three layers (the core and the two external faces) are
isotropic. Therefore, circular frequencies for half-wave numbers (0,1) are equal to those for (1,0), and
the same considerations are made for the half-wave numbers (1,2) and (2,1). Fig. 9 shows (for the
case of a thick plate with isotropic faces, a/h = 10) how the first six vibration modes change with the
imposed half-wave numbers (m,n). Each vibration mode increases when the half-wave numbers increase.
The (0,1) cases are equal to the (1,0) cases, and the (1,2) cases are equal to the (2,1) cases. The lowest
frequency is obtained for the first mode in the case of (0,1) and (1,0) half-wave numbers. Higher order
modes (third, forth, fifth and sixth ones) rapidly increase when the half-wave numbers (m,n) increase.
Table 5 shows thick and thin square sandwich plates with external faces made of two composite layers
(Benchmark 2). It presents the first three vibration modes for some possible combinations of half-wave
numbers (m,n) from (0,1) until to (2,2). The core is made of an isotropic material, but the skins are
made of composite orthotropic layers with fiber orientation 0°/90° at the bottom and 90°/0° at the
top. For this reason, results for half-wave numbers (0,1) are not equal to those for (1,0), and the
same considerations apply to the half-wave numbers (1,2) and (2,1). This feature is due to the in-
plane orthotropy of the skins. Fig. 4 shows the first three vibration modes in terms of no-dimensional
displacements u*, v* and w* through the no-dimensional thickness coordinate z* for sandwich plate
with composite skins and thickness ratio a/h = 10 and for half-wave numbers (1,0), (1,1), (2,1) and
(2,2). The first mode always has a constant through-the-thickness transverse displacement w*, and
linear in-plane displacements u* and v* with the typical zigzag form of the sandwich structures. This
zigzag form is due to the fact that the core has completely different elastic and mass properties from
those of the skins. In the case of half-wave numbers (1,0) the in-plane displacements v* is zero. The
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second mode has a linear zigzag form of the transverse displacement w*, and a non-linear zigzag form
of the in-plane displacements u* and v*. In the case of half-wave numbers (1,0) the only displacement
different from zero is the constant value of v*. Similar considerations can be made for the third mode,
but in this case the displacement v* has a linear zigzag form trough the thickness for the (1,0) case. The
typical zigzag form of displacements for sandwich structures due to the transverse anisotropy (layers
with different elastic and mass properties) is shown by the present three-dimensional model because it
uses a layer-wise approach for each layer embedded in the multilayered structure.

Tables 6 and 7 show the same cases already seen in Tables 4 and 5, but a rectangular plate is
analyzed in place of a square plate. In Table 6 (Benchmark 3), the frequencies for (0,1) are different
from those for (1,0) (same considerations can be made for (1,2) and (2,1) cases) even if the faces are
isotropic because the plate is rectangular with dimension b = 3a. These features are also valid for
Table 7 (Benchmark 4) where the plate is rectangular with orthotropic composite faces. Fig. 10 shows
(for the case of a thick rectangular plate with isotropic faces, a/h = 10) as the first six vibration
modes change with the imposed half-wave numbers (m,n). All the considerations already made for
Benchmark 1 in Fig. 9 are valid for Benchmark 3 in Fig. 10. Moreover, (0,1) cases are different from
(1,0) cases, and (1,2) cases are different from (2,1) cases because the plate is rectangular. The lowest
frequency is obtained for the first mode in the (0,1) case, the (1,0) case gives a higher first frequency.
Fig. 5 shows the first three vibration modes for sandwich plate with composite faces and thickness ratio
a/h = 10 and for half-wave numbers (1,0), (1,1), (2,1) and (2,2). Benchmark 4 for the rectangular
plate has vibration modes similar to those proposed in Fig. 4 for the square plate of Benchmark 2. The
zigzag form of the displacements through the thickness (linear and non-linear) is confirmed because the
sandwich structure has an important transverse anisotropy value between core and skins.

Table 8 gives the first three vibration modes of the sandwich cylindrical shell panel with isotropic
faces (Benchmark 5) for several combinations of half-wave numbers (m,n) and different thickness ratios.
The shell is isotropic but the frequencies are always different for each couple of (m,n) because of the
geometry with different a and b dimensions. Similar considerations are also valid for Benchmark 6 in
Table 9 (sandwich cylindrical shell panel with composite faces). The geometry with different a and b
dimensions and orthotropic composite faces do not give any similarity when the half-wave numbers (m,n)
change. Fig. 11 shows the first six vibration modes versus the imposed half-wave numbers (mn) for the
case of sandwich cylindrical shell panel with isotropic faces (Benchmark 5). The particular geometry
of the cylindrical shell (dimensions a and b are different, and radius of curvature in « direction) do not
allow the lowest frequency to be identified as the first vibration mode for half-wave numbers (0,1). The
lowest frequency is obtained for the first vibration mode in the (1,0) case. All the first vibration modes
for higher values of half-wave numbers are smaller than the first vibration mode for (0,1), this feature
is due to the coupling generated by the radius of curvature R,. Fig. 6 shows the first three vibration
modes for thickness ratio R,/h = 10 and composite skins, half-wave numbers are (1,0), (1,1), (2,1)
and (2,2). The vibration modes have the typical zigzag form of the displacements because the shell has
a sandwich structure. These vibration modes have a different behavior with respect to the behavior of
plates given in Figs. 4 and 5. This difference is due to the curvature.

Tables 10 and 11 show frequencies for sandwich closed cylinders with isotropic faces (Benchmark 7)
and composite faces (Benchmark 8), respectively. These results do not add further considerations with
respect to those already given for the open cylindrical shell. The half-wave number m in « direction
must be zero or equal to even values because the structure is closed in this direction. Fig. 12 shows the
first six vibration modes versus the imposed half-wave numbers (m,n) for the case of sandwich closed
cylinder with isotropic faces (Benchmark 7). The particular geometry of the cylinder (dimensions a
and b have different values, and « direction is closed) makes it possible to identify the first mode for
half-wave numbers (2,1) as lowest frequency. The first mode for (0,1) is the second lowest frequency.
Important differences (in terms of vibration modes through the thickness) are shown in Fig. 7 for the
sandwich cylinder with composite faces (Benchmark 8) with respect to the open cylindrical panel in
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Fig. 6. In any case, the sandwich structure shows the typical zigzag form of the displacements that
can be linear, constant or zero.

Tables 12 and 13 investigate sandwich spherical shell panel with isotropic faces (Benchmark 9) and
orthotropic composite faces (Benchmark 10), respectively. The shell geometry considered here has the
same radii of curvature in o and (8 directions, and the same dimensions a and b. For this reason the
considerations made for the square plate (Tables 4 and 5) are also valid in these two last benchmarks:
frequencies for (0,1) and (1,0) are the same for the case with isotropic faces. This feature remains valid
for half-wave numbers (1,2) and (2,1). In the cases of composite faces (Benchmark 10) the frequencies
for (0,1) should be different from those for (1,0), and the frequencies for (1,2) should be different from
those for (2,1). In Table 13 these differences are clear for thick shells where the physical quantity
of orthotropic composite material is bigger. Fig. 13 shows (for the case of thick sandwich panel
with isotropic faces, R,/h = 10) as the first six vibration modes change with the imposed half-wave
numbers (m,n). Each vibration mode increases when the half-wave numbers increase, the (0,1) cases
are equal to the (1,0) cases, and the (1,2) cases are equal to the (2,1) cases. The lowest frequency is
obtained for the first mode in the (0,1) and (1,0) cases. Higher order modes (third, forth, fifth and sixth
ones) rapidly increase when the half-wave numbers (m,n) increase. In any case, the radii of curvature
have a fundamental role in the vibration mode analysis shown in Fig. 8 for the case of sandwich
configuration with orthotropic composite faces. These vibration modes are rather complicated because
of the coupling generated by the radii of curvature. The displacements have the typical zigzag form
caused by the difference between core and skins in terms of elastic and mass properties.

6 Conclusions

The general three-dimensional formulation proposed uses an exact geometry for shells and a layer-wise
approach for the multilayered structures. This method allows results for spherical, open cylindrical,
closed cylindrical and flat panels to be obtained. The differential equations of equilibrium in orthogonal
curvilinear coordinates for the free vibrations of simply supported multilayered composite and sandwich
plates and shells have been exactly solved in three-dimensional form. The first three vibration modes
have been investigated for several geometries, sandwich configurations with isotropic or composite faces,
various thickness ratios and half-wave numbers imposed. The vibration modes through the thickness
make it possible to recognize the most complicated cases and these results will be useful benchmarks to
validate future refined 2D models for the analysis of multilayered structures. The layer-wise approach
proposed is obtained by imposing the continuity of displacements and transverse shear/normal stresses
at the interfaces between the layers of the plates and shells. This approach allows zigzag form of
displacements to be shown. This form is typical of multilayered structures with high values of transverse
anisotropy. This exact solution gives a global three-dimensional overview of the free vibration problem
of multilayered plates and shells.
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Mode I 11 111

0°/90°
3DI[I10] 0.060274 0.52994 0.58275 (1,1)
Present 3D 0.060274 0.52994 0.58275 (1,1)
3DI[I10] 0.14539  0.62352 0.95652 (1,2)
Present 3D 0.14538 0.62352 0.95652 (1,2)
3D[10] 0.14539  0.62352 0.95652 (2,1)
Present 3D 0.14538  0.62352 0.95652 (2,1)
3D[10] 0.20229 0.95796 1.0300 (2,2)
Present 3D 0.20229 0.95796 1.0300 (2,2)
0°/90° /0°
3D[10] 0.067147 0.50349 0.63775 (1,1)
Present 3D 0.067147 0.50349 0.63775 (1,1)
3D[10] 0.12811  0.6888 0.95017 (1,2)
Present 3D 0.12811  0.6888 0.95017 (1,2)
3DI[I10] 0.17217 0.58366 1.1780 (2,1)
Present 3D 0.17217 0.58366 1.1780 (2,1)
3D[10] 0.20798 0.97517 1.2034 (2,2)
Present 3D 0.20798 0.97517 1.2034 (2,2)
0°/90°/0°/90°
3D[10] 0.066210 0.54596 0.59996 (1,1)
Present 3D  0.066210 0.54596 0.59995 (1,1)
3D[10] 0.15194 0.63875 1.0761 (1,2)
Present 3D 0.15194  0.63875 1.0761 (1,2)
3D[10] 0.15194 0.63875 1.0761 (2,1)
Present 3D 0.15194  0.63875 1.0761 (2,1)
3D[10] 0.20841  1.0623  1.1557 (2,2)
Present 3D 0.20841 1.0623  1.1557  (2,2)

Table 1: Assessment 1. Simply supported multilayered composite square plate. First three exact
natural circular frequencies in no-dimensional form w = wh E% for various half-wave numbers (m,n)
imposed. Comparison between present three-dimensional analysis and three-dimensional analysis by

Messina [10] for thickness ratio a/h=10.
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N =2 Np =14 Np =10
m,n mode 3D[29] Present 3D 3D[29] Present 3D 3D[29] Present 3D
1,1 I 1.8971 1.8971 2.3415 2.3415 2.4930 2.4930
1,1 II 18.813 18.813 21.545 21.545 22.387 22.387
1,1 111 20.169 20.169 22.902 22.902 23.694 23.694
1,2 I 4.4492 4.4492 4.9620 4.9620 5.3017 5.3017
1,3 I 7.8195 7.8195 8.0752 8.0753 8.5254 8.5253
2,1 I 4.3485 4.3485 4.8493 4.8493 5.1853 5.1853
2,2 I 6.0384 6.0384 6.5486 6.5486 6.9739 6.9739
2,3 I 8.8895 8.8895 9.1438 9.1438 9.6347 9.6346
3,1 I 7.7503 7.7503 7.9573 7.9573 8.3952 8.3950
3,2 I 8.9012 8.9012 9.1290 9.1290 9.6122 9.6120
3,3 I 11.103 11.103 11.164 11.164 11.686 11.686

Table 2: Assessment 2.

Simply supported multilayered composite cylindrical shell panel.

Modes

versus half-wave numbers (m,n) for several layers (/N1,) and lamination sequence (0°/90°/0°/90°/...).
Comparison between present three-dimensional analysis and three-dimensional analysis by Huang [29]

in term of no-dimensional circular frequencies w = wR 4 /EiO for thickness ratio R, /h = 20.

N =2 Np =14 Np =10
m,n mode 3D[29] Present 3D 3D[29] Present 3D 3D[29] Present 3D
1,1 I 4.6238 4.6240 5.8070 5.8070 6.2293 6.2293
1,2 I 10.753 10.753 12.134 12.134 13.050 13.050
1,3 I 19.130 19.130 19.846 19.845 21.042 21.042
2,1 I 10.864 10.864 12.188 12.188 13.076 13.076
2,2 I 14.909 14.909 16.298 16.298 17.432 17.432
2,3 I 21.961 21.961 22.719 22.719 24.027 24.027
3,1 I 19.315 19.315 19.932 19.931 21.082 21.081
3,2 I 22.053 22.053 22.757 22.757 24.045 24.045
3,3 I 27.483 27.483 27.790 27.790 29.189 29.189

Table 3: Assessment 3. Simply supported multilayered composite spherical shell panel. Modes versus
half-wave numbers (m,n) for several layers (Ny) and lamination sequence (0°/90°/0°/90°/...). Com-
parison between present three-dimensional analysis and three-dimensional analysis by Huang [29] in

term of no-dimensional circular frequencies w = wR 4 /E% for thickness ratio R, /h = 50.
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a/h 100 50 10 )
(m=0, n=1)

I mode 4.2035 3.8748 1.6497 0.9451

IT mode 191.42 95.707 19.133 6.9370

IIT mode 323.64 161.80 23.325 9.5516
(m=1, n=0)

I mode 4.2035 3.8748 1.6497 0.9451

IT mode 191.42 95.707 19.133 6.9370

III mode 323.64 161.80 23.325 9.5516
(m=1, n=1)

I mode 8.1693 7.0764 2.4879 1.4786

IT mode 270.70 135.35 27.045 6.8059

III mode 457.67 228.77 28.081 13.473
(m=1, n=2)

I mode 18.908 14.477 4.3479 2.8767

IT mode 428.01 213.99 27.596 6.7271

III mode 723.55 361.48 42.691 20.972
(m=2,n=1)

I mode 18.908 14.477 4.3479 2.8767

IT mode 428.01 213.99 27.596 6.7271

ITT mode 723.55 361.48 42.691 20.972
(m=2, n=2)

I mode 28.306 20.121 5.9146 4.1973

IT mode 541.39 270.67 27.223 7.0358

ITT mode 915.10 425.01 53.891 25.225

Table 4: Benchmark 1. Simply supported sandwich square plate with isotropic skins. First three

. : . . . . _ 2
vibration modes in term of no-dimensional circular frequency w = w9~

of half~-wave numbers m and n.
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a/h 100 50 10 )
(m=0, n=1)

I mode 9.4566 8.7778 3.8148 2.1100

IT mode 222.85 111.42 22.282 11.136

IIT mode 786.78 393.31 40.545 14.091
(m=1, n=0)

I mode 10.978 10.186 4.4056 2.4091

II mode 222.85 111.42 22.282 11.136

III mode 786.77 393.28 40.555 14.092
(m=1, n=1)

I mode 15.754 14.440 5.9275 3.2639

IT mode 771.58 385.73 71.631 17.398

ITII mode 861.39 430.56 76.817 37.351
(m=1, n=2)

I mode 38.5640 31.191 9.6637 5.5954

IT mode 897.28 448.53 70.874 16.773

III mode 15929 795.70 89.723 43.039
(m=2,n=1)

I mode 43.343 34.853 10.471 5.9335

IT mode 897.30 448.57 70.630 16.538

ITT mode 1592.7 795.38 89.454 43.079
(m=2, n=2)

I mode D7.761 45.175 13.056 7.6556

IT mode 1542.9 771.00 69.593 16.392

ITT mode 17222 859.78 149.40 52.297

Table 5: Benchmark 2. Simply supported sandwich square plate with composite skins. First three

. : . . . . _ 2
vibration modes in term of no-dimensional circular frequency w = w4~

of half~-wave numbers m and n.
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a/h 100 50 10 )
(m=0, n=1)

I mode 0.4798 0.4749 0.3700 0.2499

IT mode 63.806 31.903 6.3803 3.1896

ITT mode 107.88 53.941 10.783 4.5804
(m=1, n=0)

I mode 4.2035 3.8748 1.6497 0.9451

IT mode 191.42 95.707 19.133 6.9370

III mode 323.64 161.80 23.325 9.5516
(m=1, n=1)

I mode 4.6553 4.2583 1.7567 1.0092

IT mode 201.77 100.88 20.167 6.9197

III mode 341.14 170.55 24.201 10.066
(m=1, n=2)

I mode 5.9935 5.3640 2.0524 1.1925

IT mode 230.05 115.02 22.990 6.8719

IIT mode 388.96 194.44 26.659 11.467
(m=2,n=1)

I mode 15.886 12.529 3.8450 2.4756

IT mode 388.11 194.04 27.731 6.7050

ITT mode 656.12 327.85 38.731 19.141
(m=2, n=2)

I mode 17.033 13.278 4.0367 2.6268

IT mode 403.53 201.75 27.679 6.7091

ITT mode 682.19 340.85 40.263 19.859

Table 6: Benchmark 3. Simply supported sandwich rectangular plate with isotropic skins. First three

. : . . . . _ 2
vibration modes in term of no-dimensional circular frequency w = w9~

of half~-wave numbers m and n.
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a/h 100 50 10 )
(m=0, n=1)

I mode 1.0767 1.0667 0.8467 0.5788

IT mode 74.284 37.142 7.4283 3.7140

I mode 262.28 131.13 26.207 9.2196
(m=1, n=0)

I mode 10.978 10.186 4.4056 2.4091

II mode 222.85 111.42 22.282 11.136

III mode 786.77 393.28 40.555 14.092
(m=1, n=1)

I mode 11.231 10.421 4.5385 2.4968

IT mode 34245 171.22 34.219 19.965

III mode 791.01 395.40 48.469 17.876
(m=1, n=2)

I mode 12.500 11.596 5.0608 2.7888

IT mode  563.40 281.68 56.150 17.593

III mode 805.27 402.52 66.581 27.916
(m=2,n=1)

I mode 40.944 32.851 9.7156 5.4768

IT mode 516.10 258.04 51.546 16.689

ITT mode 1575.2 786.66 62.312 25.699
(m=2, n=2)

I mode 41.684 33.470 9.9872 5.6419

IT mode 684.88 342.41 67.861 16.625

ITT mode 1581.6 789.84 71.505 33.814

Table 7: Benchmark 4. Simply supported sandwich rectangular plate with composite skins. First three

. : . . . . _ 2
vibration modes in term of no-dimensional circular frequency w = w4~

of half~-wave numbers m and n.
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R./h 1000 100 10 )
(m=0, n=1)

I mode 1048.5 104.85 10.495 5.2469

IT mode 1049.6 104.96 10.513 5.2612

ITT mode 1823.8 182.38 17.822 6.4256
(m=1, n=0)

I mode 3.4655 3.5522 1.4329 0.8259

IT mode 2004.5 200.45 19.922 7.2736

III mode 3572.6 357.23 24.975 9.5143
(m=1, n=1)

I mode 218.88 22.345 2.7559 1.4630

IT mode 2323.0 232.30 23.080 7.2572

ITII mode 3948.2 394.78 26.028 11.201
(m=1, n=2)

I mode 543.31 54.875 5.9407 3.0639

IT mode 2978.4 297.84 28.837 7.7248

III mode 4961.8 496.13 29.800 14.505
(m=2,n=1)

I mode 70.375 17.298 3.9690 2.5498

IT mode 4156.6 415.66 30.015 7.2912

ITI mode 7089.8 708.82 40.829 19.404
(m=2, n=2)

I mode 229.38 29.488 4.9357 3.1081

IT mode  4557.8 455.78 29.953 7.3789

IIT mode 7712.0 771.00 44.892 21.465

Table 8: Benchmark 5. Simply supported sandwich cylindrical shell panel with isotropic skins. First

. . . . . . _ 2
three vibration modes in term of no-dimensional circular frequency w = w9~

nations of half-wave numbers m and n.
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R./h 1000 100 10 )
(m=0, n=1)

I mode 1221.9 12219 12.220 6.1109

IT mode 2743.2 274.33 27.534 11.237

IIT mode 4316.5 431.64 39.076 13.803
(m=1, n=0)

I mode 9.4940 9.2744 3.8297 2.1105

IT mode 2333.7 233.37 23.322 11.470

ITII mode 8685.4 868.42 43.955 15.367
(m=1, n=1)

I mode 338.13 35.247 5.4162 2.9011

IT mode 4875.2 487.52 48.665 18.627

ITII mode 8781.1 &877.98 61.782 24.208
(m=1, n=2)

I mode 723.96 73.860 9.1701 4.7742

IT mode 84889 848.83 73.279 18.752

III mode 9419.3 941.81 84.391 40.481
(m=2,n=1)

I mode 143.15 42.140 9.9226 5.6055

IT mode 6334.6 633.45 63.059 18.218

ITT mode 16759 1675.2 74.258 30.815
(m=2, n=2)

I mode 354.29 54967 11.148 6.2612

IT mode 9736.1 973.56 76.774 18.147

ITT mode 16924 1691.7 96.967 46.652

Table 9: Benchmark 6. Simply supported sandwich cylindrical shell panel with composite skins. First

. . . . . . _ 2
three vibration modes in term of no-dimensional circular frequency w = w9~

nations of half-wave numbers m and n.

28

Pskin

Eosk

mn

for several combi-



Ry /h 1000 100 10 )
(m=0,n=1)

I mode 7556.8 755.69 T75.574 37.795

IT mode 12128 1212.8 121.27 60.629

III mode 40870 4087.1 409.55 135.88
(m=2,n=1)

I mode 2403.4 240.34 24.098 12.125

IT mode 26792 2679.3 267.96 132.95

ITT mode 58169 5816.8 564.63 176.45
(m=2, n=2)

I mode 7577.9 757.81 75.989 38.143

IT mode 32790 3279.0 327.93 162.44

IIT mode 60297 6029.5 577.50 181.27
(m=2, n=23)

I mode 13301 1330.1 133.43 66.873

IT mode 39378 3937.8 393.70 189.93

IIT mode 64363 6436.2 602.43 199.82

Table 10: Benchmark 7. Simply supported sandwich cylinder with isotropic skins. First three vibration

. . . . _ 2 y ..
modes in term of no-dimensional circular frequency w = w9-,/ gs% for several combinations of half-

skin

wave numbers m and n.

R./h 1000 100 10 )
(m=0, n=1)

I mode 8797.8 879.79 87.986 44.004

II mode 31038 3103.8 310.42 155.25

IIT mode 98885 9888.8 991.38 340.44
(m=2,n=1)

I mode 4597.4 459.76 46.133 23.238

II mode 41954 41954 419.69 209.84

IIT mode 139995 13999 1376.7 395.64
(m=2, n=2)

I mode 11287 1128.7 113.47 57.169

II mode 68111 6811.1 681.10 340.25

IIT mode 140500 14049 1382.3 473.05
(m=2, n=23)

I mode 17724 1772.6 178.60 89.936

II mode 96930 9693.0 968.91 481.89

IIT mode 141452 14145 1392.4 500.05

Table 11: Benchmark 8. Simply supported sandwich cylinder with composite skins. First three vibra-

. : . . . _ 2
tion modes in term of no-dimensional circular frequency w = w9~

half-wave numbers m and n.
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R./h 1000 100 10 )
(m=0, n=1)

I mode 981.60 98.206 9.8978 4.9418

IT mode 2004.5 200.44 19.832 8.6325

IIT mode 3720.6 372.02 25.094 9.4554
(m=1, n=0)

I mode 981.60 98.206 9.8978 4.9418

IT mode 2004.5 200.44 19.832 8.6325

III mode 3720.6 372.02 25.094 9.4554
(m=1, n=1)

I mode 1028.2 103.05 10.522 5.2854

IT mode 2834.8 283.47 27.909 8.9414

ITII mode 5023.6 502.27 31.006 13.256
(m=1, n=2)

I mode 1057.7 107.25 11.397 5.9281

IT mode 44822 448.19 31.688 9.1047

III mode 7722.5 772.01 43.743 20.734
(m=2,n=1)

I mode 1057.7 107.25 11.397 5.9281

IT mode 4482.2 448.19 31.688 9.1045

III mode 7722.5 772.01 43.743 20.734
(m=2, n=2)

I mode 1065.5 110.00 12.169 6.6340

IT mode 5669.6 566.92 31.542 9.4322

ITT mode 9699.6 969.53 55.069 25.826

Table 12: Benchmark 9. Simply supported sandwich spherical shell panel with isotropic skins. First

. . . . . . _ 2
three vibration modes in term of no-dimensional circular frequency w = w9~

nations of half-wave numbers m and n.
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R./h 1000 100 10 )
(m=0, n=1)

I mode 2333.7 233.36 23.205 11.290

IT mode  2578.7 257.96 25.978 12.974

IIT mode 8769.8 876.85 44.188 15.622
(m=1, n=0)

I mode 2333.7 233.36 23.205 11.290

IT mode  2578.7 258.00 26.045 12.994

III mode 8769.8 876.84 44.199 15.624
(m=1, n=1)

I mode 1338.4 134.45 14.290 7.2379

IT mode 8080.3 807.96 72.088 19.204

ITII mode 9760.1 975.81 79.253 37.348
(m=1, n=2)

I mode 1619.3 165.77 18.611 9.6555

IT mode 9618.2 961.70 75.850 19.742

III mode 16948 1694.2 95.578 44.582
(m=2,n=1)

I mode 1619.4 166.83 19.045 9.8596

IT mode 9618.2 961.73 75.709 19.558

ITT mode 16948 1694.1 94.776 44.019
(m=2, n=2)

I mode 1419.9 152.27 19.172 10.310

IT mode 16161 1615.7 76.611 19.207

ITT mode 18417 1840.8 154.39 56.868

Table 13: Benchmark 10. Simply supported sandwich spherical shell panel with composite skins.

. . . . . . . _ 2
First three vibration modes in term of no-dimensional circular frequency @ = w9

combinations of half-wave numbers m and n.
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Figure 1: Geometry, notation and reference system for shells.
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Figure 2: Thickness coordinates and reference systems for plates and shells.
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Figure 3: Geometries and lamination sequences considered for the assessments and benchmarks: (a)
square plate, (b) rectangular plate, (¢) cylindrical shell panel, (d) cylinder, (e) spherical shell panel.
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First mode for m=1 and n=0 Second mode for m=1 and n=0 Third mode for m=1 and n=0
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Figure 4: Benchmark 2, simply supported sandwich square plate with composite faces and thickness
ratio a/h=10. First three vibration modes in terms of displacement components through the thickness
for several combinations of half-wave numbers.
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First mode for m=1 and n=0
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Figure 5: Benchmark 4, simply supported sandwich rectangular plate with composite faces and thick-
ness ratio a/h=10. First three vibration modes in terms of displacement components through the

>
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thickness for several combinations of half-wave numbers.
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Figure 6: Benchmark 6, simply supported sandwich cylindrical shell panel with composite faces and
thickness ratio R,/h = 10. First three vibration modes in terms of displacement components through
the thickness for several combinations of half-wave numbers.
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Figure 7: Benchmark 8, simply supported sandwich cylinder with composite faces and thickness ratio
R, /h = 10. First three vibration modes in terms of displacement components through the thickness
for several combinations of half-wave numbers.
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First mode for m=1 and n=0
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Figure 8: Benchmark 10, simply supported sandwich spherical shell panel with composite faces and
thickness ratio R,/h = 10. First three vibration modes in terms of displacement components through
the thickness and several combinations of half-wave numbers.
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Benchmark 1, a/h=10 Benchmark 1, a’/h=10
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Figure 9: Benchmark 1, simply supported sandwich square plate with isotropic faces and thickness
ratio a/h=10. No-dimensional circular frequencies versus mode order and half-wave numbers.
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Figure 10: Benchmark 3, simply supported sandwich rectangular plate with isotropic faces and thickness
ratio a/h=10. No-dimensional circular frequencies versus mode order and half-wave numbers.
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Benchmark 5, Ro/h=10 Benchmark 5, Ro/h=10
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Figure 11: Benchmark 5, simply supported sandwich cylindrical shell panel with isotropic faces and

thickness ratio R,/h = 10. No-dimensional circular frequencies versus mode order and half-wave
numbers.
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Figure 12: Benchmark 7, simply supported sandwich cylinder with isotropic faces and thickness ratio
R, /h = 10. No-dimensional circular frequencies versus mode order and half-wave numbers.
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Figure 13: Benchmark 9, simply supported sandwich spherical shell panel with isotropic faces and
thickness ratio R,/h = 10. No-dimensional circular frequencies versus mode order and half-wave
numbers.
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