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Notation and Symbols

We briefly introduce some basic notations that we will use throughout the thesis without further
reference. More advanced notations can be found in the appendix.
First of all, N = {1,2,...} denotes the natural numbers and the symbols Z, Q, R and C are
used as common. I denotes either the unit interval [0,1] or the identity operator on a normed
linear space. In the latter case we sometimes add the space E on which the identity acts by
writing /. Unless otherwise stated we assume all linear spaces that we consider to be defined
over the complex numbers. For two normed linear spaces F and F we denote by L(E, F) the
space of bounded linear operators with the usual operator norm. For the sake of simplicity we
assume all topological spaces to be Hausdorff. Hence a space is paracompact if and only
if it admits partitions of unity subordinated to any open cover. For a locally compact space X
we denote by X its one point compactification and set X+ = X U {x} if X is compact, where
* is a disjoint point.

C.(€Q): The space of continuous functions with compact support in .

C2°(9): The space of C*°- functions with compact support in €.

(C2°(€2))": The space of distributions on .

supp(u): The support of the function w.

S() = {z € Coz £ 0, argz] < ¥}, CF = Y(3).

ut := sup(u, 0) the positive part of u, u~ := sup(—u, 0) the negative part.

fAg:=inf(f,g), fVg:=sup(f,g)

@) e,
sign u() :{ ) Z; uz;ig

R: Real part, J: Imaginary part.

xn: Characteristic function of €.

LP(X, u, K): The classical Lebesgue spaces of functions with values in K.
[| - |lp: The norm of LP(X, u, K).

dzx: Lebesgue measure.

W#P: Sobolev spaces.

HY(Q) := W12(Q), H}(Q) is the closure of C2°(£2) in H ().

D; = Oi:m and A = 8‘9—% + -+ 887;3 is the Laplacian.

L(E,F): The space of bounded linear operators from E into F. L(FE) := L(E, E).
IIT||z(e,r): The operator norm of T"in L(E, F).

p(A): Resolvent set of the operator A. o(A): Spectrum of A.

C*(R"™): where 0 < a < 1, Hélder space in R™.

D'(2): The space is the dual of C§°(Q2) and ¢'(Q) is the dual of C*°(Q).
§: Fourier transform, we also denote .

H*(R") = (1 — A)~*/2L?(R™): Sobolev space.
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L5(R™) = (1— A)~*/2LP(R"), s € R and WF(R") = €F(R"), 1 < p < co: LP Style Sobolev
spaces.

OPS]'s: The operator p(z, D) classes with symbol p(z,) € 775

p(z, D) =3, <k @a(z)D® is a differential operator.

gjr(u) = sup e gn{(1 + |2]?)7/2|D%u(z)| : |a| < k}: The seminorms on functions on R".

S (R™): The space consists of smooth functions v on R™ for which each g;x(u) is finite, with
the Frechet space topology determined by these seminorms and &’(R") is dual.

;?5(9): The symbol class on §2 be an open subset of R, m,p,0 € Rand 0 < p,§ < 1.

S™(€): The symbol p(x,&) classes, if p € S7(€2) and there are smooth p,, (7, &), homoge-

neous of degree m — j in & for || > 1.

52751,52((2 x Q x R™): The symbol classes, where 0 < p, d1, Jo.



Introduction

In recent years much attention has been extended in the study of differential equations of non-
classical types. These articles need, on one hand, fluid mechanics, hydro-and gas dynamics and
other applied disciplines, and on the other hand, the actual needs of the mathematical sciences.
One of the most important classes of equations of non-classical type is the third-order equation

with multiple characteristics
Ugaz — Uy = P(2,Y, U, Uy, Usg),

which is a generalization of linear Korteweg-de Vries-Burgers equation (see [121])
BUgze + Uy + 0y — gy = 0,

special cases which occur in the dissemination of waves in weakly dispersive media (see [67]), the
propagation of waves in a cold plasma, magneto-hydrodynamics (see [15]), problems of nonlinear
acoustics (see [102]), the hydrodynamic theory of space plasma (see [15]).

A pioneering work in the theory of odd order partial differential equations with multiple
characteristics was done by E.Del Vecchio [115-117], H.Block [19], in which they studied the
technique of constructing fundamental solutions of these equations.

Consequently, the theory of equations with multiple characteristics has been greatly developed
by the Italian mathematician L.Cattabriga [26-27]. In his works, he built the potentials for partial
differential equations with multiple characteristics and investigated various properties of these
potentials, when the transition lines are straight.

Following the results of L.Cattabriga [26], T.D.Dzhuraev and his research group [30-32], [1-6]
developed the theory further, where they proposed new boundary problems and worked on new
approaches to the solution of equations. In these works, the technique of constructing the Green’s
function for the solution of boundary value problems were developed along with fundamental
solutions of odd-order equations with multiple characteristics and with many variables, and a
study of their asymptotic properties. In the work of E.L.Roetman [100] , the author has identified
the largest class of functions in which there exists a unique solution of the Cauchy problem.
Other Russian mathematicians with notable contributions in this field are S.N.Kruzhkov and
A.V.Fominskogo [80], N.N.Shopolov [105], A.Eleev [33], A.I.Kozhanov [77-79], and others, whose
results are taken for the third order equations.



In the first part of Ph.D thesis we develop and study boundary value problems for third-
order equations with multiple characteristics in areas with curved boundaries, as well as some
properties of the fundamental solutions of the equations, when the transition line is a curve. In
addition, we construct a solution of the Cauchy problem in the classes of functions growing at
infinity, depending on the behavior of the right-hand side of the equation.

The theory of the equations of even order with multiple characteristics are developed relatively
complete. The presentation of fundamental propositions of the theory with a detailed overview of
the main results can be found in the works of V.P.Mikhailov [93] E.A.Baderko [14], L.I. Kamynin
[63-66], V.A.Solonnikov, C.D. Eydelman, etc.

Theory of nonlinear problems is an important and relevant section of the modern theory of
partial differential equations. In spite of the interesting facts and variety of the original research
techniques and the analytic solutions of nonlinear problems, this area of mathematics does not yet
have a thorough theoretical foundation methods. Boundary problems with nonlinear boundary
conditions for the equations of odd order is a relatively new trend. In this regard, work of
S.Abdinazarov and A.R.Khashimov [6] may be noted, where the equations of the third order
were delivered to boundary value problems with nonlinear boundary conditions along with a
study of their existence and uniqueness solution.

In the work by S.N.Kruzhkov and A.V.Fominskogo, the authors studied a generalized solution
of the Cauchy problem for the nonlinear Korteweg-de Vries equation, depending on the nature
of the nonlinearity.

Our thesis explores both linear and nonlinear boundary value problems for linear and non-
linear third-order equation with multiple characteristics in the domain with curved boundaries.

Throughout this thesis under the regular solution of the problem is the function that has
continuous derivatives and satisfies the equations inside the domain. The boundary conditions
are satisfied by continuity from inside the domain.

The main result of the first chapter is to prove the unique solvability of the general boundary
value problem for the third-order equation with multiple characteristics in curved domains.

We consider the following equation
Oy du u;

Ll(uz) = 81‘3 +ai1(x7y)87; +ai0(x7y)ui - 8y = fi(xay)7 i = 1323 (1)

in the domains D; = {(z,y) : hi(y) < < hiz1(y), 0 <y <Y}, i = 1,2, where a;1(x,y),
aio(z,y) has discontinuous first type in the curve x = ha(y).
The functions h;(y),j = 1,2,3 are bounded in the domains D;, and satisfy the Lipschitz

conditions:
hj(y) = hi(m)] < Cly =,
where C' is a constant.
Definition. The class of functions C}7 (D) said the class of of continuously differentiable

functions, if the derivatives of the orders ¢ and j with respective x and y of the functions exist

and are continuous.



We will discuss the following problem

Problem. To find the solution of equation (1) in the domain D, (i = 1,2,) which is u;(x,y) €
C2:1(D;) N C29(D;), that satisfies the following boundary conditions

u1z(h1(y),y) = p1(y), 0 <y <Y,
a1 (Y)urzz (h1(y), y) + a2(y)ui(hi1(y),y) = 2(y), 0 <y <Y,

B1(y)uzea (h3(y),y) + Ba(y)uae(hs(y), y) + Ba(y)uz(hs(v),y) = ¢3(y), 0 <y <Y,

and the conditions of discontinuous coefficients in the line z = ha(y)

" uy(ha(y),y)  O"ua(ha(y),y)
Oxk Oxk

lk(u17u2)5 :Tk(y), OSySYa k:0327

and also the compatibility conditions
a1(0) - F{'(h1(0)) + a=2(0) - F1(h1(0)) = ¢2(0),
B1(0)F5 (h3(0)) + B2(0) - F5(hs(0)) + B3(0) - F2(hs(0)) = 3(0),
FF (h(0)) — M (hs(0)) = i (0), k =0.2,

¢'(0) = M (0)FY'(h1(0)), 16(0) = h5(0)(F7(h2(0)) — F3(h2(0))).

We introduce the following notations

2 8]
Pu(y) = Ez; - 2aj§z§ W) + an(h (), 9),

Pu) = 2 =220 by + ann ().,

Pafy) = Hh(y) + 2575~ 508

+ ao1(h3(y), ),

where K is a positive number.
Theorem 2.1. Let a,-g(a:,y) S C(D,), a;1 € C;:g(DZ), = 1,2, agl(hg(y),y) > a11(h2(y),y)
and satisfy one of the following conditions:

if a1(y) # 0, Bi(y) # 0,then let Ba(y)ai(y) >0, Pi(y) >0, Pa(y) >0,

if a1(y) # 0, Bi(y) = 0, then let B2(y) =0, B3(y) # 0, Pi(y) >0,
if a1(y) =0, B1(y) = 0,then let as(y) # 0, Py(y) >0,

if a;(y) =0, B1(y) = 0,then let B2(y) =0, aa(y) # 0.

7



Then the solution of the problem is unique.

Theorem 2.2. Let the conditions of Theorem 2.1 be satisfied along with the following
conditions: a;; € CL2(D;), (i = 1,2, j = 0,1); hi(y) € C?0,Y], i = 1,2; ha(y) € C'[0,Y];
Fi(z) € Cer, e2]s Fa(w) € Ces, eals @1(y), p2(y), a1(y), a2(y), Bi(y), Ba(y), mo(y) € C?[0,Y];
ra(y) € CH0,YY; @3(y), Bs(y), m1(y) € C[0,Y]; filw,y) € Co3(Di); fi(w,0) = fiy(2,0) =0, i =
1,2,

where ¢; < hy(y) < ha(y) < c2, c3 < ha(y) < hs(y) < ca, ¢; = constant, | = 1,4.

Then the solution of the problem exists.

To prove the uniqueness theorem of the solution, we use the method of energy integrals. For
the existence theorem, we find equivalent systems of Volterra second type integral equations.

In the next chapter, we will study boundary value problem and Cauchy problem for model
third order equation.

First we consider the following boundary value problem for the equation

3
o~ 5 = f@) )
in the domain D = {(z,y) : h1(y) < z < ha(y), 0 <y <Y}, where h;(y)(i = 1,2) are the curves,
and the intersection point of the two curves doesn’t exist.

Problem. Find the function u(z,y) € C3:) N C3L(D) N C25(D), which is a regular solution
of equation (2) in the domain D and satisfies following boundary conditions

u(z,0) = F(z), h1(0) <z < h(0), (3)
uz(h1(y,y) = 1(y), 0<y <Y, (4)
ug(h2(y), y) = ¢2(y), 0 <y <Y, (5)
Uz (h1(y),y) = 3(y), 0 <y <Y, (6)

and the compatibility conditions

F'(h1(0)) = ¢1(0), F"(h1(0)) = ¢3(0), F'(h2(0)) = ¢2(0).
Where F(z), @;(x),i € {1,3}, f(x,y) are the given bounded smooth functions.
Theorem 3.1. If h;(y) € C*[0,Y],i = 1,2, then the solution of problem (2)-(6)is unique.
Theorem 3.2. Let F(z) € C3[cy,ca], (1 < hi(y) < ha(y) < ¢2); a1 T0F,(z,y)pa(y) €
CH0,YT; f(z,y) € CLu(D); f(x,0) = 0 and hi(y) € C'[0,Y]. Then there exists u(z,y) €

C2:1(D) N C29(D) which is the solution of the problem (2)-(6).

The proof of the theorem will be shown in the next paragraph.
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Next we concentrate on the Cauchy problem.
We study the model equation
Uggr — Uy = F(x, y) (7)

in the domain D = {(z,y) : —00 < x < 00, 0 < y < Y} with initial conditions
u(z,0) = 0. (8)

Moreover, the problem (7)-(8) has been studied by E.L.Roetman (see [100]), but the behavior
of its solutions depending on the behavior of the right-hand side of the equation has not been
studied. Our purpose of the study is to construct the solutions of the problem (7)-(8) in the
classes of functions that are growing at infinity.

Theorem 3.3. Let the function of bounded variation F'(x,y) belongs to any bounded subdo-
main Diq ) = {(2,9) :a <2 <b, 0 <y <Y} of D. Suppose, the variation functions :r%Jr‘sF(x, Y)
and 2310 F,(,y) are bounded for any = < a, but at large x we can get the following upper bound

F(z,y) < clewp{02|ac|%_"},

where §, 1 are sufficiently small positive number, ¢, co are some constant.
Then the function

1 t “+oo
waw) =3 [ [ U@y —nPnear

satisfies in the domain D the equation (7) and the condition (8).

U(x — &y —n) is a fundamental solution of the equation 1y, — uy = 0 and has the form

1 x—¢ . _
U(x7y7€777) - (y _ n)l/gf <(y _ 7_)1/3) = U(l’ - fﬂy - 7_)?
where f(t) = fooo cos(A3 — At)d) is the Airy function which satisfies the following equation
t
£(6)+ S50 =0,

and is true for the following asymptotes:

FM(E) ~ CHE 3 sin(5t2), at t — 400,

[SVI )

n_1 2
FOE) ~ Ot T eap(= S H]?), at t = —oc,

0 2m Foo T
| rwa==E [ a3,

where C;f', C; are positive constants.

The next chapter consists of three sections and it investigates the problem with nonlinear
boundary conditions for linear and non-linear equations of the third order with multiple charac-
teristics.



In the first section of the this chapter, we consider the equation (2) in the domain D =
{(z,y) : ha(y) < * < ha(y),0 < y < Y}. The curves = = h;(y) € C1[0,Y], (i = 1,2) define the
lateral boundaries of D and the intersection point of the two curves doesn’t exist.

Problem. Find in the domain D the regular solution of equation (2), which is continuous

together with its derivatives u,, tz, in the domain D and satisfy the boundary conditions

u(z,0) = F(z), hi(0) < a < hy(0), (9)

uz (hi(y),y) = g(u(h1(y),9),y), 0 <y <Y, (10)
uze (h1(y),y) = p1(y), 0<y <Y, (11)
u(ha(y),y) = p2(y), 0<y <Y (12)

and the compatibility conditions
F'(h1(0)) = g(u(h1(0),0), F(h2(0)) = ¢2(0), F"(h1(0)) = ¢1(0).

The given functions F(x), g(u,y), ¢i(y), (@ = 1,2), f(z,y) are bounded, sufficiently smooth
functions and the function g(¢,y) satisfies Lipschitz condition on &

l9(&1,9) — 9(&2, y)| < U(y)I€1 — &2l (13)

where

3k exp{—k(ha(y) — ()}
ha(y) — I (y)
Theorem 4.1. If the conditions (13)-(14) are satisfied, the solution of the problem (2),
(9)-(12) is unique.
The energy integrals are used to prove the uniqueness of the solutions of (2), (9) - (12) .
Theorem 4.2. Let F(z) € C3cy,ca], (a1 < hi(y) < ha(y) < ¢2), wi(y) € C377[0,Y],

0<l(y)S—k+\/k2+ , k= const > 0. (14)

(t,7 = 1,2), |g(u,y)| < M for any fixed |u| < oo and satisfy the condition of Theorem 3.1.1.
Then the solution of problem (2), (9)-(12) exists.

In the proof of the existence of solutions of (2), (9) - (12), we constructed the Green’s function
for the auxiliary problem and used the method of potentials so that our problem became a
nonlinear integral equation of Hammerstein type. The existence and uniqueness of solutions of
nonlinear integral equation were proved by the method of successive approximations. In the
second section we investigate the nonlinear boundary value problem for the nonlinear equations
of odd order with multiple characteristics.

Linear boundary value problem for nonlinear equations with multiple characteristics of the
third order was considered by T.D.Dzhuraeva (see [31]), and non-linear boundary value problems

for linear equations with multiple characteristics in the works of Abdinazarov and Khashimov

(see [6]).
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Problem. Determine the function u(z,y) in the domain D = {(z,y) : hi(y) < z <
ha(y), 0 <y <1} where u(z,y) has the following properties:
1) u(z,y) is a regular solution of equation

Lu = ugze — uy = f(z,y,u(z,y)) (15)

2) u(z,y) € C3y (D) NCLy(D)NCEY(D N\ (z = ha(y))) N C(D);
3) the solution satisfies the boundary conditions:

w(z,0) = ug(z), hy(0) <z < hy(0), (16)
uz(h1(y),y) = g(u(h1(y),y),y), 0 <y <1, (17)
Uz (h1(y), y) = o(u(h1(y), y),y), 0 <y <1, (18)
u(h2(y),y) =¢(y), 0<y < 1. (19)

The given functions ug(z), g(&,y), o(n,v), ©(y), f(z,y) are bounded and smooth in the

domain, which satisfy the compatibility conditions at the end points in suitable domain

ug(h1(0)) = g(u(h1(0),0),0), ug(hi(0)) = o(u(h1(0),0),0), uo(h2(0)) = #(0).

We will prove the theorem, which is unique solvability of the problem (15)-(19).

Theorem 4.3. Let h;(y) € C([0,1]) i = 1,2 and g(u(hi(y),y),y) € C([0,1]); o(u(hy),y),y) €
C((0,1]); f(z,y,ulz,y)) € C(D); |g(ur,y) — gluz,y)| < Uy)lur — usl; lo(ur,y) — o(uz,y)| <
k(y)‘ul - u2‘7 |f(x7yvu1) - f(xvyquH < p(xvy)‘ul - u2|'

Then the solution of (15)-(19) is unique.

Theorem 4.4. Let the conditions of Theorem 4.3 be satisfied and let the following conditions
hold

p(y) € CH0,1],uo(x) € C®ler, ea] (a1 < ha(y) < ha(y) < c2).

Moreover, there exist constants M ,N1,No,M; (i € {1,7}), such that for a fixed y € [0, 1] and
|u| < oo, the inequalities given below are true |g(u,y)| < N1, |o(u,y)| < Nz, |gu(u,y)| < My,
19y (u,y)| < My, |ow(u, y)| < Ms, |oy(u,y)| < My,

for (z,y) € D and any fixed |u| < oo

(@, y,ul@,y)| < M, [fole,y,u(z, )| < Ms,

|fy(x,y,u(x,y))| < Mﬁa |fu($7y7u(xay))| < M7
Then the solution of (15)-(19) exists.

To prove the existence and uniqueness theorems, we will use methods of integral energy and
theory of integral equations.

In the last part of the thesis we analyze basic properties of pseudodifferential operators,
such as the behavior of products and adjoints of such operators, their continuity on L2, L? and
Sobolev spaces (see Appendix A.2). There are numerous excellent books giving more leisurely
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and complete treatments et al. Taylor’s Pseudodifferential Operators [109], Boggiatto, Buzano
an Rodino’s Global hypoellipticity and spectral theory [20], Nicola and Rodino’s Global Pseudo-
Differential Calculus on Euclidean Spaces [99], Schulze’s Boundary value problems and singular
pseudo-differential operators, Shubin’s Pseudodifferential operators in R™ and Pseudodifferential
operators and spectral theory and Wong’s An introduction to pseudo-differential operators [119].
M.E.Taylor studies the pseudodifferential operators and some of their basic properties , such
as the behavior of products and adjoints of such operators, their continuity on L? and Sobolev
spaces, the fact that they do not increase the singular support of distributions to which they are

applied, and the Garding inequality, generalizing following inequality
Re(Pu,u) > eillul|fm — e2llullZ,, ue C5o(Q)

for a partial differential operator
P= Z aq(x)D,
le<2m

assuming

RePy(,6) = Re | D aa(2)E™ | > clgf*™.

|a]=2m

Here
lallfm = > |ID%ulf72

loe|<m
defines a norm on a space H™ known as a Sobolev space, when P is a second order scalar
differential operator, Garding’s inequality is proved simply by integration by parts. They applied
this calculus of pseudodifferential operators to some basic questions of existence and regularity of
solutions to elliptic, hyperbolic, and parabolic equations, and elliptic boundary value problems.
They also study the behavior of various classes of pseudodifferential operators on LP and Hdélder
spaces and include a treatment of estimates for solutions to regular elliptic boundary value
problems within these categories. In this work they make use of results of Marcinkiewicz, Mikhlin,
and Hérmander on continuity of certain Fourier multipliers on LP(R™). Other results are devoted
to the Calderon-Vaillancourt theorem on L? boundedness of pseudodifferential operators in a
borderline case, and to Hérmander-Melin inequalities, on the semiboundedness of second order
pseudodifferential operators. The continuity on L? and Hélder space theory of pseudodifferential
operators have been studied by multiple authors like Marcinkiewicz [87], Mikhlin [94], Hérmander
[49-55], Stein [106], and Taibleson [109], and we discuss some of the results that were obtained
by them.

P(D)u = /e”fp(ﬁ)@(é)df

on LP(R™) and C*(R™). P(D) simply multiplies the Fourier transform of u by p(¢), hence P(D)

is called a Fourier multiplier. It can also be written as a convolution operator
P(D)u=p*u.

12



The basic results on continuity of such an operator on LP and C* are merely stated here, and the
reader is referred to various places in the literature for proofs. We can see Taibleson’s theorem
and show it is equivalent to a condition which is somewhat parallel to Hormander’s version of the
Marcinkiewicz multiplier theorem. Marcinkiewicz [87] studied the LP continuity of convolution
operators on the torus 7" and Mikhlin [94] translated some of these results to the R™ setting.

In the thesis we study the LP - boundedness of vector weighted pseudodifferential operators
with symbols which have derivatives with respect to = only up to order k, in the Hélder continuous
sense, where k > n/2 (the case 1 < p < 2) and k > n/p (the case 2 < p < c0). First, set
m(§) bounded continuous function, ||a|| = ||a||mx if @ € AT(R™ x R™) and ||a|| = ||a||m, &k if
a € AP, (R™ x R™). Then we have the following theorems.

Theorem 5.1.17. Let 1 < p < 2, k > n/2, k ¢ N, E a compact subset of R™ and
Q) = {z € R"d(z,FE) < 1}. If a € AP(R™ x R") and supp a C E x R, then a(z, D) is
continuous from LP(R") to LP(E) with its norm bounded by Cg ., , 1|1 |*/?|m(€)|||a||, where ||
denotes the Lebesgue measure.

Theorem 5.1.18. Let 2 < p < o0, k > n/p, k ¢ N and E a compact subset of R™. If
a € A7 (R™ x R™) and supp a C E x R", then a(z, D) is continuous from L} (R™) to L?(E).

Theorem 5.1.19. let 1 <p <2, k> n/2, k' >n/pand k, k' ¢ N. If a € A7}, (R x R"),
then a(x, D) is continuous from LP(R™) to L”(R™) with its norm bounded by C,, p k& |m(§)]||all.

Theorem 5.1.20. Let 2 <p < oo, k > n/p, k' >n/2 and k, k" ¢ N. If a € A} ;,(R" x R"),
then a(x, D) is continuous from LP(R™) to LP(R™) with its norm bounded by C, p .k |m(§)]]|all-
This results also are given by Hwang [57], we only analyze our approach some other Symbol
classes and we use to proof our results the same technical methods.

The main purposes objectives of the thesis are:

- The study of general boundary value problems for third-order equation with multiple char-
acteristics and discontinuous coefficients in curved domains.

- The study of the properties of potentials for the third-order equation, when the transition
line is a curve.

- The study of problems with nonlinear boundary conditions for linear and non-linear equation
of the third order with multiple characteristics in curved domains.

- The construction of the solution of the Cauchy problem in classes of functions growing at
infinity, depending on the behavior of the right-hand side of the equation.

- To get the LP- boundedness for the Pseudodifferential operators with some Symbol classes.

The general procedure for the study: To apply methods of energy integrals, Green’s
functions, potential theory and integral equations, Pseudodifferential operators, Symbol classes,
Fourier transform.

Scientific novelty of dissertational research.

- We prove the unique solvability of the general linear boundary value problems for third-order
equation with multiple characteristics and discontinuous coefficients in curved domains.

- The problem of a nonlinear boundary conditions for linear and non-linear third-order equa-
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tion with multiple characteristics in curved domains.

- The solution of the Cauchy problem in classes of functions growing at infinity, depending
on the behavior of the right-hand side of the equations.

- The result of LP- boundedness for some Symbol classes for the Pseudodifferential operators.

The theoretical and practical value. The results of the work are primarily of theoretical
interest. They can be applied in the study of linear and non-linear problems for a wide class
of partial differential equations, and can also be used to study specific applications leading to
such equations. We also studied the boundedness and continuity problems for Pseudodifferential
operators are very important to study the various classes of symbols.

Thesis results were regularly discussed at the seminar on "Modern problems of the theory
of partial differential equations" (Institute of Mathematics, Academy of Sciences of Uzbekistan,
(Heads of seminar are professors T.D.Dzhuraev and M.S.Salakhitdinov, both members of Uzbek-
istan Academy of Sciences). The main results were also discussed at the seminar on "Modern
Problems of Computational Mathematics and Mathematical Physics" (Head of seminar professor
Sh.Alimov member of Uzbekistan Academy of Sciences). Several time are given the talks in the
Universita Degli Studi di Torino (professors L.Rodino and J.Seiler). Some parts of the thesis
were also presented at various international conferences.

Structure of the thesis. The thesis consists of an introduction, six chapters and a list
of bibliography. The equation numbering is twofold: first number indicates the number of the
chapter, while the second number indicates the number of the formula in it. The numbering
of the allegations is twofold: first number indicates the number of the chapter and the second
represents the approval number in it.

We shall review the content of the Ph.D thesis.

The first chapter we give introduction, second chapter we study the boundary value problem
for third order linear equation with multiple characteristics and discontinues coefficients and
this consists of three sections. The first section contains the formulation a problem, the second
section the general properties of the potentials, finally last section shown the solvability of the
classical initial-boundary value problems. In the third chapter we give Cauchy and linear bound-
ary value problems, there are two sections, which are first section a boundary value problems,
second section the Cauchy problem in the class increasing functions at infinity. Next chapter we
introduce the nonlinear boundary value problems. In the chapter V we give some Symbol classes

of Pseudodifferential operators and finally last chapter VI is Appendix.
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Part 2

Boundary value problem for third
order linear equation with multiple
characteristics and discontinues

coeflicients
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2.1 The formulation a problem

We will study the domain D; = {(z,y) : hi(y) <z < h;j11,0 <y <Y, }i=1,2. The intersection
point of the curves h;(y), (j = 1,2, 3) don’t exist on the bound of domain D;. Next, the functions

satisfy Lipschiz condition
i (y) = hi(n)] < Cly —n| (2.1)

where C' - positive constant.

In the domain D; we consider following equation

OPu, du; du;
e -+ an(z,y) = + aiolz, y)ui — 2y

Li(ui) = ox

= filz,y), (i=1,2) (2.2)

and study the following problem: to find regular solutions of equation (2.2) in the domain D;,
such that u;(x,y) € C2}(D;) N C30(D;) and satisfy the boundary conditions

u,-(z,()) = Fz(l’), hz(O) <z< hi+1(0), 1= 1,2, (23)
u1(hi(y),y) = ¢1(y), 0<y <Y, (2.4)
a1 (Y)urzz (h1(y), y) + a2(y)ui(h(y),y) = 2(y), 0<y <Y, (2.5)

B1(y)uzzz(h3(y), y) + Ba(y)uae(hs(y), y) + Ba(y)uz(hs(v),y) = ¢3(y), 0 <y <Y, (2.6)

and the coupling conditions on the coefficients are discontinues of the line x = ha(y)

akul (h2 (y)7 y) _ aku2 (h2 (y)7 y)
Oxk Oxk

as well as the appropriate compatibility conditions

Fll(hl(o)) = 901(0)7
a1(0) - FY (h1(0)) + az(0) - Fy(hy(0))
B1(0) - F;<h3< )) + B2(0) - F3(hs(0))
" (h2(0)) — 5" (h2(0)) = 11,(0), k =10,2,
1 (0) = h'( VY (h1(0)), 14(0) = hb(0)(F (ha

Note that the problem (2.2)-(2.7) at a1(y) = f1(y) = B2(y) = 0, B3(y) = 1 was studied in [26]
in the rectangular region. In the work [1] , was considered the equation (2.2) with the boundary
conditions (2.3) - (2.6) in the domain Q = {(z,y): 0 <z <1, 0 <y <1}

Always assume that

) = ¢3(0), (2.8)

hi(y) € C?0,Y], i =1,2; hg(y) € C'[0,Y]; Fi(x) € C*er,cal;
Fy(x) € Ces,cals 91(y), 92(y), a1y), as(y), Bi(y), Ba(y), roly) € C?[0,Y];
ra(y) € CH0,Y]; w3(y), m(y), Bs(y) € C0,Y];
filz,y) € CL2(Di); fi(x,0) = fi(2,0) =0, i =1,2,

where ¢ < hi(y) < ha(y) < ¢, c3 < ha(y) < hs(y) < c4, ¢-constant, | € {1,4}

(2.9)
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We introduce the following notation

Py = 2W 9020 4o ((y).y),

Bily)  oa(y)
Pi(y) = K* - 8—mw+mwmwm

_ Bs(y)  B3(y) N
Py(y) = hy (y)+251( T R0 + ao1(hs3(y), ),

where K- is a sufficiently large positive number. We assume that one of the conditions is satisfied:

If a1 (y) # 0, B1(y) # 0, then Ba(y)on(y) >0, Pi(y) 20, Pa(y) =0, (2.10)

If a1 (y) # 0, Bi(y) = 0,then Ba(y) =0, Bs(y) # 0, Pi(y) >0, (2.11)

If a1 (y), Bi(y) = 0,then asz(y) # 0, P(y) >0, (2.12)

If ai(y) =0, Bi(y) = 0,then Ba(y) = 0, as(y) # 0. (2.13)

Theorem 2.1. If one of the conditions (2.10) - (2.13) is satisfied and also a;o(z,y) € C(D;),
ai(z,y) € C39(D;), i = 1,2, an(ha(y),y) > a11(ha(y),y), then the solution (2.2)-(2.7) is

unique.

Proof. We consider the case of (2.10). Suppose that there are two solutions of the problem,
which are u;1(x,y), wi(z,y), and consider their difference o;(x,y) = w1 (x,y) — wia(x,y). The
function v;(z,y) satisfies the homogenous equation L!(%;) = 0 and the homogeneous boundary

conditions

v3(z,0) =0, hi(0) <z < hi11(0), i =1,2,
U12(h1(y),y) =0, 0<y <Y,
1(y)V1zz(h1(y), y) + a2(y)v1(h1(y),y) =0, 0 <y <Y (2.14)
B1(Y)V222 (h3(y),y) + Ba(y) V22 (h3(y), y) + B3(y)v2(ha(y),y) =0, 0 <y <Y,
Ik(01,72) =0, 0<y <Y, k € {0,2}.

We prove that the function v;(z,y) is identically equal to zero. We set
Ui(x,y) = vi(z,y) - exp(M;y), i = 1,2, (2.15)

where M; = const > 0,

Then the functions v;(x, y) have solutions of the equations
M (05) = Vigwa + @it (€, y)Viz + (aio — M;)v; — vy =0, (i =1,2) (2.16)
with boundary conditions

’UZ‘(.’L‘ ):0 h( )S Shi+1(0)7 i:1,2

viz(hi(y),y) =0, 0 <y <Y,
a1 (yY)vizz (h1(y), y) + az(y)vi(hi(y),y) =0, 0<y <Y, (2.17)
Br(y)v2ea(h3(y),y) + B2(y)vaa (hs(y), y) + Bs(y)va(hs(y),y) =0, 0 <y <Y,
lk(v1,v2) =0, 0 <y <Y, k€ {0,2}.
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We have the identity

//D‘ C(z,y)vi(z,y) M (v;)dzdy =0, i =1,2, (2.18)
where
Cle) = e { - 20~ talo) | (2.19)

We integrate the (2.18) by parts and using the corresponding homogeneous boundary condi-
tions (2.17), we obtain

_10(Cair) | 10CY\

hiy1(Y)
// Cpv2, dady — 72/ Cvf|y—ydr—

hi(Y)

1 1
—5/0 CPL(Y) V] omhy () dy — 5/0 CPy(y)V3 oy (1) Ay

1 /Y 1 /Y
5 / C(a21(x,y) — a1 (z,y)) U%|w:h2(y)dy D) / CU§x|x:h3(y)dZ/ =0. (2.20)
0 0

To get (2.20), we used the fact that the function C(z,y) at @ = hs(y) satisfies equation
B2(y) v _
C.+ gfgc =0
From (2.19) and conditions (2.10), we get C(z,y) > 0, Cy(z,y) < 0, Pi(y) > 0, Py(y) > 0.

We will choose the numbers M; (i = 1,2), which satisfy the inequality

Mi > minp, C(x,y) e (QCEM 2 Oz + (2, y)C + 28y>

It is always possible in the view of the assumptions of Theorem 2.1.

Then, given the conditions of Theorem 2.1, we can conclude that (2.20) is possible only if
v1(h1(y),y) = va(hs(y),y) = vax(h3(y),y) = vi(x,y) = v;(z,Y) =0, i = 1,2. Hence, v;(z,y) =0
in the domain D; (i = 1, 2) and the above problem is proved. The other cases are treated similarly.

Theorem 2.2. Let the condition of Theorem 2.1 be satisfied by the conditions below
ay; € CO2(D) (i = 1,2, j = 0.1); hi(y) € C20,Y], i = 1,2 ha(y) € C'[0,Y]; Fy €
CHer, eo)sFa(z) € CHes,cals 1(y), p2(y)s ar(y), aa(y), Bi(y), B2(y),7o(y) € C?[0,Y]; ra(y) €
CH0,YT; p3(y). m1(y), B3(y) € C[0,Y]; filz,y) € CL5(Dy); filw,0) = fiy(2,0) =0, i =1,2,

where ¢1 < hi(y) < ha(y) < ca, 3 < ha(y) < hs(y) < ca.

Then u;(x,y)- the solutions of problem (2.2,(2.3)-(2.7) exist which are continuous with first
and second derivatives u;y, Uizs in closed domain D, (i=1,2).

Proof. Let Fi(x) € C¥[cy, ca], Fo(x) € C*cs,ca], (c1 < hi(y) < ha(y) < co, c3 < ha(y) <
hs(y) < ¢4), and

(2.21)

fi(z,y) € 0%12/([)1)’ fi(z,0) = fly(m70) =0,
f2(37,y) € ngi(D2)7 f2($70> =0.
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Then we can write F;(x) =0, (i =1,2).
We construct solution
Uz(x,y) :UZ(xvy)+Ft(z)7 1= 1727 (222)

we get by v;(z,y) the following problems
LO(v;) = fi(w,y), i=1,2, (2.23)

’Ui(x70) =0, hz(o) <z< hi+l7 i=1,2,
viz(hi(y),y) = P1y), 0<y <Y,

2.24
1 ()12 (11 (9).9) + @2(u)0r (i (4). ) = Pa(y), 0 <y <, 224
Br(y)vaaa(h3(y),y) + Ba(y)vaa(hs(y),y) + Bs(y)va(hs(y),y) = @3(y), 0 <y <Y,
with coupling conditions of coefficients on the line z = ha(y)
o) = Z02)) _ O0o))) ) o<y<v kefoz (22)

ozk oxk

where

filz,y) = fi(z,y) — F/(x) — ain(z,y) F(x) — apolz,y)Fi(x), i =1,2
@1(y) = ¢1(y) — Fi(ha1(y)),
P2(y) = pa(y) — ar(y) FY (hi(y)) — ca(y) Fi(hi(y)),

¢3(y) = ¢3(y) — Br(y) F3 (hs(y)) — B2(y) Fa(ha(y)) — Bs(y) Fa(hs(y)),
2

f g
mr(y) =re(y) = > %7 ke {0,2}.
i=1

The functions @1(y), ¢2(y), P3(y), 7 (y) satisty the coupling conditions @1 (0) = $2(0) = @3(0) =
m(0) =0, k=€ {0,2}.

Firstly, we consider the inhomogeneous model equations

83ui 6ui
_ = g;i(z,y), i=1,2. 2.2
Ox3 Ay gi(@,y), i (2.26)
We can show that functions
1 Y phitaim) '
Wi(l’, y) = - / / U(.ﬁ, yaga 77)91(§, n)dfdn, 1= 17 27 (227)
T Jo hi(n)

satisfy the equations (2.26) and with initial condition W;(z,0) = 0, if gi(¢,n) € CL(D),
gi(x,0) =0, i = 1,2, where U(z, y; &, n)- fundamental solution of (2.26)(see [26]), which is

(y—é)l/ﬁf(wf;)gl/s ) y>m, w#E

2.28
0 y<n (228)

U(w,y;f,n)Z{

where

o= [ " cos(F — M)A, 1 = (x— €)/(y — )%,
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The function f(t)- Airy function which satisfies the equation below

710+ 55(0) =

The f(t) function has the asymptotic (see [35])
n 2
) ~ C,'ftf_% Sin(§t3/2) at t — 400,

n 2
()~ Crsa exp(—§|t|3/2) at t — —oo,
C;r, C, - const.
We find the solutions of the problems (2.26), (2.24) of the form
ui(‘ra y) = wl(‘r7y) + Wl(z7y)a i= 17 2.

Then by function w(z,y), i = 1,2 we get the following problem

wi(x,0) =0, hi(0) <z < hi41(0
wiz(h1(y),y) = P1(y), 0 <y <Y,
a1 (Y)wizz(h1(y), y) + az(y)wi(hi(y),y) = $2(y), 0 <y <Y,
B1(y)wazz (h3(y), y) + B2 (y)waz (h3(y), y) + Ba(y)wa(hs(y),y) = ¢3(y), 0 <y <
lp(wi,w2) = 7(y), k€{0,2}, 0<y <Y,

o
~
I
[t
IS

where

1(y) = 01(y) — Wiz(ha(y),y) — Fi(h1(y)),
P2(y) = p2(y) — a1 (y) Wiga (ha(y), y)
—aa(y)Wi(hi(y),y) — aaly )F{’(hl(y))—az( Fi(ha(y)),
@3(y) = ¢3(y) = B1(¥)Wawa (ha(y), y) — Ba(y) Wz (ha(y), y)
—B3(y)Wa(hs(y),y) — (y)Fz//(h3( ) — (y)FQ(hS( )) — Bs(y) F2(hs(y)),
o= re(y) — 22 (3 Wi‘(af;z;(y)ay) + F(hz(y))) ke {0,2}.

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

The functions ¢;(y), 7x(y), (j € {1,3},k € {0,2}) satisfy the coupling conditions ¢;(0) =
7(0) =0, (j € {1,3}, k € {0,2}). Therefore the function ¢;(y), 7x(y) (j € {1,3}), k € {0,2}

satisfy the condition (2.9), we suppose the functions g;(z,y) satisfy the condition (2.21).

differentiate (2.27) and get

Wi () _7//

(w,y;€,m)9:(&,m)dEdn, i = 1,2,

Let ¢ = 1. Suppose

T —

wi(z,y) =3y —n)'/3f <(y_,7)1/3 Y

Iy
N——
+
—
8
&
®
N
=
~
=
—
~—
QU
~
—

We

(2.36)



We differentiate above function several time and get the following

f(tl)dtla Wize = U, Wigge = Uy = Wiy = —Wip-

Ay (@=&)/(y—m)*"?
Oz /

— 00

From (2.36) we can get

Wia) =~ [ [ e psmontendeins L[ g ot
1 1y

Let & = ha(y). Then

1 1 [he®)
Wialha@)o) == [ [ wrba)ymgnendean+ - [ ihaty) - o (€ )i
n Dy T Jhai(y)
Hence, in view of (2.21) it is easy to show that
Wizlha(y),y] € C1[0,1].
The solution of (2.33), (2.34) is given in the form
v Y OROU (2, y; hita (n),n
i) = [ Uasghitn)mpaisan + [ Y LA iy
0 0
y .
0
Hence
1 z—§
V(x,y;ﬁ,n) _ (y—m)1/3 90( (y,n)l/s)a y>n, x 7& 5 (238)
0 y=n
where -
o(t) = / exp(=A3 = At) +sin(A3 — M)dA, t = (z —&)/(y —n)*/°.
0
The function ¢(t) is the Airy function that satisfies
/! t
@' (1) + (1) =0. (2.39)
The function ¢(t) has the asymptotes (see |35])
n 2
M (t) ~ C’:{ﬁ_i sin <3t3/2) at t — 400, (2.40)
n_1 2
O™ (t) ~ CTtE T exp (—3|t|3/2) at t — —oo, (2.41)

Ct, C;, - const.
Before proceeding to the proof of the existence of solutions of (2.33)-(2.34), we will present
the following lemmas, which we will need in the future.
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2.2 General properties of potentials

Lemma 2.3. Let the functions h(y) € C*(0 <y <Y), a > 3 and p(y)- be continuous in the
interval [0,Y]. Then

Yy 92 T U T
lim /0 U, v: 1)y — 3P+

(@:9) = (h(y),) 0¢?
Y 02U (h(y),y; h(n),
/ (h(y) y2 (n) n)p(n)dn, at v < h(y), (2.42)
0 9
U (h(y),y; h(n),n)‘ < ¢ (2.43)
o¢? Ty —nlite

Proof. Due to the fact that the function f(¢) value is true (2.29), we obtain the following

expression

O%U(z,y; h(n),m) _ —h(n) f< z — h(n) )
9€? By -3 \(y—n)'/3)

Here we assume that y > n. Then

Y 9?U (z,y; h(n),n) [V x—h(n x — h(n)
g et == [ (Gt s

We transform this expression as follows

/Oy z — hin) f((ch(n) )p(n)dn

3y —m)*37 \(y —n)'/3
L (2 e
[ = =20
st 0 (=) =1 (=i ) oo
Ji(x,y) + Jo(z,y) + J3(2,y). (2.44)

Let us consider each integral on the right side of (2.44) separately. We have

nte) = [ I () i)y

p(y)dn = Jii(z,y) + p(y)J12(z, y)-

. . x — h(y) (x—h(y)>
lim Jia(z,y) = lim —/ dn =
(@)= (h(y),y) 12(2,) @y~ Jo 3(y—n)*? / —n3) "
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0 &2

Then




x—

lim / yl A t)dt = / f(@)
(z,y)—=(h(y),y)

h(y)—z
(y—m)1/3?

Ji(z,y) = [Lm {f(—t) (p(y - M) - p(y)> } dt.

W-= t3
yl/S

z—h(y)
(y—m1/3”

Now, assume t =

where t =

we have

Further, the continuity p(n) at the point y for any e > 0 for available that §(¢), such that

lp(y) —ply —m)| <e (2.45)

at h < d(e).
For any fixed y > 0 we can always assume that 0 < §(g) < y'/3.

Then

hy) —x _hly) —=
y1/3 < (5(6) < +00

and it makes sense to view

h(éy)—z +oo
Ju(z,y) = / {-}dt +/ . {-}dt = Jina(z,y) + Jiia(, y).

hy)—= h(y)—
1/3 5(e)

Obviously, we get

B
)| < 2 s o] [, 7 (-0,

for fixed d(¢) and y > 0 due to the fact that the function f(—t) value is true (2.31), we have

lim Jii(z =0.
i Y=
Further, we are noting that
hy) <z < +o00
0
we have the inequality
hy) —
0< (y) —= < 5(e),
z
we see that +Oo
e < s lolw) = plu=1)| [ |F(=0lar
|h|<6(e)
By (2.31) we have
s < ¢ [0(0) = ply— )] [ 1~

5 o2l
¢ max |p(y)—ply—n / z|72e” *ldz.
hShe) p(y) ( )l . |z
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Hence, by (2.45) and any ¢ it follows that

Ji12(x =0.
) T2 )
Finally, we have
™
lim Ji(x,y) = = .
ey oy Y = 3PW)

Now we prove that

- _ [V h(y) —h(m) . (hy) —hn)
S ) = /0 3(y —m)*/3 / ( (y—n)'/3 > p(n)dn.

To this end, we estimate the following difference

[ Ja(2,y) = J2(h(y), )] S/O |h((y o 4/3 ) ‘f( )(?/)3> - f <w>‘p(n)dn-

It is known that f(t) € C>*(R

') (see [35]). Then
(=) -1 (G5 | ==

(y—mn (y—m)'/3 (y —n)5/12
Therefore

[Ta(,y) = Ja(h(y) y)| < Kolz = h(y)ly~*.

Accordingly

(z,y)—(h(y),y)

Note that, by the mean value theorem

() () ()

where 0 < A < 1, z(A\,n) = h(y) + AMh(n) — h(y)).

In view of this, we have

el < Kalo = hi)] [ S g (22 o,

This integral is evaluated depending on the location of the point (z,y) and the nature of the
curve h(y).
1) If the function h(y) is monotonically decreasing, then x < (A, n).

Therefore, in this case, we use the asymptotic expansion (2.31).

Then
Y h(y) —h x — x(\, 1/4
|J3(x,y)| = Ki|x — h(y)|/0 ((yy)_ n)s(/z) (| v _(n)i?/)1|2 ) «
22— ()|
P <_3(y7])1/2) p(n)dn < Kalx — h(y)|y® 5. (2.46)
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2) If the function h(y) is monotonically increasing, then the expression z — x(A,n) will be alter-

nating. The function Js3(z,y) is estimated as follows

)| < Kalo = h(o)] [ SR )y <

()] & — 2 (A, n)|/*
3
Ks|z — h(y)|y*~ 1. (2.47)

3) If h(y) = const, then J3(z,y) = 0.

In the investigated cases the nature of the curves h(y) in different segments contained in the
definition may be different.

Therefore, the division of produce D follows. The point (z,y) can be in the domain Dy, Da,
Ds.

If the point (x,y) is in the domain D; the integral Js(x,y) to be the estimate (2.46).

If the point (z,y) is in the domains Dy, D3 then the integral Js(z,y) will be true to the
estimate (2.47).

Hence

lim J3(z,y) = 0.
o B 4 T3EY)

A similar argument proves the validity of estimate (2.43).
Lemma 2.4. Let functions h(y) € C*[0,Y], & > 2, and p(y) be continuous and bounded
variation in [0,Y]. Then

lim
(z,y)—(h(y).y)

2 Y O*U (h(y), y; h(n),n)
o)+ [ o

/y 82U($, Y; h(n)’ 77) P(n)dn —
0

&2

p(n)dn (2.48)

at = > h(y),

YOV (2, y; h(n),n)
lim Y I ) d _
<x,y>a<h<y),y>/o 0E2 p(n)dn

Y 02V (h(y), y; h(n), n

/ (h{y) 5 ) )p(n)dn (2.49)
0 23

Proof. Similarly as in the proof of lemma 2.3 we obtain expression (2.44) and consider integral

Jl (LIZ‘, y)

Yy 92 T. U
Jl(:c,y)z/o il ’;jg’f(y)’n) (p(n) = p(y))dn+

/y 02U (h(y), y; h(n), n) p(y)dn = Jur(z,y) + p(y)Jr2(z, ).
0

0&2
Then

. . Yz —h(y) (x—h(y)>
lim Jia(z,y) = lim —/ dn =
(@)= (h(y)y) 12(2,) @)=y Jo 3(y—n)4/3f —m3)"
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+oo +oo o7
——  lm / F(t)dt = —/ foydt = =27,
(v)y) Jz 0 3

—h
(z,y)—(h yl/(Sy)

where

The expression Ji1(x,y) is of the form below

Ju(z,y) = (/y6 /> 30— n4)/3f((§:z)<?/)3)(p(n)—p(y))dn=

Jin(x,y) + Jie(z,y).

Any 6 > 0, then lim(m’y) s (h(y).y) Jlll(l‘ y)

We leave the proof of integral Ji12(z,y) to the reader and we give without proof the following
lemma in (see [35]).

Lemma 2.5. Let the variation of function P(x) be bounded on interval [a,b] and let

/j Q(z)dx

/a ' P(2)Q(x)dx

max

< M, where (o, 8) C (a,b).

Then
< M{|P(a)| + V;(P(x))},

where V?(P(x))- full variation function P(z) on the interval [a, b].

We use above inequality and get

[Jii2(x,y)] < K{ max_|p(n) — p(y)| + V) 5(p(v))},

y—0<n<y
where o hy) hy)
z — h(y x —
max f dn’<K y1,92) C (y — 6,y).
/yl 3(y —n)i/3 ((y )1/3) W1,3) < ( )
Hence
lim Ji11(z =0.
L G
Finally, we have
21
lim Ji(z,y) = — .
i 1Y) = 5 PW)

Similar to the proof obtained in above results, we get
~ M)t () )
lim Jo(z,y) = / dn,
(z9)—=(h(y)y) 2(@:y) o 3(y—mn)A/3 f (y —n)1/3 p(n)dn

lim Js(x,y) = 0.
o B g &)

Similarly we can prove the validity of (2.49). Only in this case we use the fact that

/0 ™ ot =0,
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Lemma 2.6. If the function g(x) € C7 (0 < v < 1), then

G(a) = / ' (ngsiW ds. 0<~<1, (g(a) = 0),

this can be differentiated by z, and we can get

() = 9(x) _v/mﬂ$—g@hk

(x —a)Y (x —s)vtL 77

The proof is elementary (see [47]).
Lemma 2.7. If h(y) € C'(0 <y <Y), then

[0 [ 1 O*U (h(y),y: h(t), 1) _
%Lmz/n (az/t (z = y)-P/3 oz dy) "=

(e 1 "V (h(y), y; h(t), ) -
<3Z/t (z —y)2-F)/3 Ok dy) dt =0,

lim
n—z n

where k € {0, 1}.
Proof. Let £k = 0. We set

o= [ (2 g () )=

We perform the integration in the following way

dy
(z —y)¥3(y — )13

G(zyt)=v= /yz E —u)Q/?(Lu—t)l/?”
uw=f <h<y)_h(t)) ;

(y —t)1/3

_f W) (hy) =R\ . (hly) = h(t)
= {(y—t)l/?’ 3(y —t)4/3 }f ( (y—t)1/3 )dy

where G(z,z,t) =0, G(z,t,t) = 27” Then

s = [ ({0 (s ) e mofr

: ) h) = b)Y, (h) - h)
[ e (G sy ) * (e ) @it

Hence, using the properties of the function G(z,y,t), and given the fact that

dv =

9 O L 2B — By —
aZG(z,y,t) = 8z/y (z—uw)(u—1t)""du=
o [+t Coy3i ooa-1/3,. 1 (y— t)*/3
A e e Fenze
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from (*), performing the differentiation, we obtain

[ (y—0)?*3 [ Wy  hly) —hd)
J(Zﬂ?)—/ z—t/ y2/3{(yt)1/3_3(yt)4/3}x

()

Using the asymptotic f(¢) have
[J(z,m)] < 2z — ).
Then
lim |7z, m)] = 0.

Let £ =1, then

sen = (5 | o=t (e ) av)

By making arguments similar to the above, we obtain the following expression

o= [ 2 [ £ S ().

L hy) — k()
(h T >dy'

Hence
|J(z,m)| < ealz —m).
Then
lim (2,m)] = 0.

Similarly we can prove the validity of (2.51).
Lemma 2.8. If h;(y), h;(y) € C*[0,Y] and h;(y) < h;j(y), then

o 1 O 2U (hi(y), y; hy(n), m)
}IIE'IZ/U (z —y)E=h/3 Okt W=
R 1 O U (hi(y), y: hy(n), m)
L), GopE Da*dy W=
: 1 Y ORU (hy(y), y3 hin),m)
: o dt ) dy =
"), e </ bat Jir=o
z 1 Y OV (hy(y), ys hi(n), m)
i IS S DI ERAD Vgt ) dy = 0
=Sy (2= )R </n Ot ) T

where k € {0,1}, n <y < z.
Proof. Let £ = 1. We set
z 1 o3U ihj
J(z,n)=/ Uhi(y), y; hi(n), n)dy.
n

CEEE o
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(2.54)

(2.54)



Transform the integral as follows

dy—+

/ 1 U (hi(y),y; hi(n),n)

1/3 81.3

=y FU(hi(y),ys hi(m),m)  PU(hi(y), yshi(m)sm) | ,
[+ >1/3{ s

ox3 ox3

Jl(ZaTI) + ‘]2(2777)'

By condition of lemma h;(y) < h;(y). Therefore, using the asymptotic expansion (2.31), we have

P (SRR,

S T
Ti(esm)] < m/
L B |yt 2y~ n|1/2

< Ka(z —n)*/?

It follows that
lim |3 (z,7)| = 0.

We are applying the mean value theorem to the expression Jy(z,7) and transform it as follows

U (hi(y), y; hi(y) + AMhi(y) = hy(y));n

nem= [ e ORI i

S i) b)) — h() — Alhy(n) — b))
/n<z DT = ! < PEDEE )d’"

So as we explore this integral at  — z , we should take advantage of the asymptotic behavior
(1.31). Indeed, if n — z that n — y. Consequently A(h;(n) — h;(y)) — 0. Since by assumption
hj(n) — h;(y) > co > 0, the argument functions f/V)(t) are committed to the —oo. This makes
it possible to use the asymptotic expansion (2.31). Hence at z — 1y < €1, y — 1 < &2 the integral

is estimated as follows
| J2(z,m)| < Ka(z —n)*/*C,

where €1 and &5 are sufficiently small positive number. Hence
Jim [ 7z, )| = 0.

the validity of the remaining relations can be proved similarly.
Lemma 2.9. If h(y) € C?[0,Y], then

o [*(0 [ 1 *U(hy).y:h(t),1)
6/ (a/ (z— )P/ da dy) ‘”‘““‘

o [*(o [ 1 OV(h(y),ys k(D). 8)
’(%/n <8z/t (z—y)@k)/3 Ok dy) dt’ <cs

where k € {0,1}, ¢4,c5 - const > 0.
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Proof. Let k£ = 1.

We set B B B
=g [ o | e (omame) ] @

Using the properties of the function

i du
G t)y=v=
(Z7y7 ) v /U (z—u)1/3(u—t)2/3’

2
G(z,z,t) =0, G(z,t,t) = ?ﬂ-,

we take differentiation, as well as taking into account Lemma 2.6, we have

8 et e (544 ()

% (f/ (h((yy)__t)]f%)) G(%yi)lzt) = 0.

Integrating by parts, we have

= 88/ = ii_i’iffi U () -

where

41240 1 0. (- B 0t
y) — h(t) oy ) (O]’
P (TS ) ) e [ - =0y,
where

(02 po- 8] [

Differentiating and taking into account that

oy [ EZI (MM [y 200,

n—z J, (y—t)l/?’ (y—n)1/3 3(2/—71)
R~ R~ [ 2(h() — b))
) =S| e o+ 2+

7 () o = iy | )| =

We get

=[5 ] e U (e o

Ah(y) — h)  h) k) [, 2Ah(y) — kD)
ETP S T [(y O W)+ =50, %
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! h(y) — h(t) h(y) — h(t) ’ ?
7 (M) = wiey | MR )|

In view of the condition of the lemma we have

|I| < C4.
Other cases can be proved similarly
Lemma 2.10. If h;(y) € C'[0,Y], then
9 [* 1 V9" U (ha(y), y; ha (1), )
8Z/n ((z mICRYE [/n Dk dt} dy‘ < cg (2.58)
0 ? 1 Y 8kv(h2 (y)a Y; hl(t)v t)
" /n (G=pEmn { /77 I dt} dy’ <er (2.59)
where k € {0,1}, ¢, ¢7 - const > 0.
Proof Let £ = 0. We consider
Y (y) — ha(?)
I'= y)1/3 [/n 1/3 (y —)i/3 )dt] dy =
o [+ 1 o1 ha(y) — ha(t)
az/ = ﬂ“{ ( yﬁ“f< RO
v ha(y) — ha(t) ha(y) — ha(y)
— =) A tdy =
/n (y—t)1/3 [f< (y —t)1/3 =g )]
I + Is.
If we put
_ ha(y) —M(y)
(=07
then 9 [ )  f(s)
n=2 @_thw>hm»43ﬂd7
where

Differentiating, we get

z 1 / f( )
I = /n = {G[hg(y) —hi(@)][h2(y) — h(y)]

3
S

3 hy(y) —hi(y) ,  ays] o ((he(y) — ha(y)
(y—mv3hxwhmm@ ) ]f( w—wv3>d”

It follows that |I| < c¢g, where cg — const > 0. In respect that

[ [ () () o
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We have

w= | e, e | CS) 7 (s )| o

Differentiating, we get

= / o { TR {f <h2<(5 )—_w@gy)) *f (W)] } Wt

o) e e, o () - ()] -

Io1 + Ioo.

It is easy to show that |Io1| < cga2, ce2 = const > 0. We get s =y — t.

Then . .
= e iml, wml (e)-

f (W) dsdy:/: . _1y)2/3 {/Oy - _111)1/3><

) = 1) ) (haly) = () 1) =M (0) 1, (halo) = (o)
o ( )~ Syt (Mgt e

[ e 1 (st 1 () o

|122| < cg3, cg3 — const > 0.

Hence

Finally we can take the following bound
|| < cg, cg — const > 0.

Similarly we can prove the other case.

2.3 Solvability of the classical initial-boundary value prob-

lems

Now we will analyze the solution of problems (2.33)-(2.34).
The solution of problems (2.33)-(2.34) is given by (2.37) with boundary conditions and match-
ing condition, and we use lemma 2.3-2.10 to get

diz oz <f(yy>)/dy - %f ()pr(2) + %wowl(m

9 OU (1 (), y: 1 (8), 1)
/0p1 dna / [8/ o )1/3 o dy| dt+
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/5' ndn 5 /n [Z/ (Z_ly)w8V(h1(y)éz;h1(t),t)dy i

o [* 1 83U(hi(y),y; ha(t), t)
/n P2(7l)dﬂaz/n (z—y)i/3 o3 %,

2T

pale) = Fen(n(e) + ) [ TIBEEIOI )y

z a3 2). -
a1(Z)/O 0°U(ha( ({)9’;37 ha(n),n)

(o) [ (hl(;;z D1, )y

p2(n)dn+

{/ U(h1(2), z; h1(n), n)p1(n)dn+

/z OU (h1(2), z; ha(n),n) pa(n )d77+/ V(h1(2), z; h1(n),n)61(n)dn; (2.61)
0 Ox 0

oo =) ([ ([ rean) eran) + Foncore
pmin+ 512 ([ ( / - et ) 33001 ) +
) [ it

oa(
) | U (ha(2), 2 ha(n)m)pa(n)dn + Ba(=

1hi(2) / U (ha(2), 2 ha(n),
=(h3(2), z; ha(n),n)pa(n)dn+
a(2) [ Valtha(2), 25 halo) )t +

0

B3(z) /OZ U(hs(2), 25 ha(n),m)pa(n)dn + Ba(z )/ U(hs(2), 25 ha(n),n)pa(n)dn)+

/ Vihs(2), 2 ha(n), m)o2(m)dn, (2.62)
/oz(zl—(y))d?y/3 :/0 P11 776',2/ (Zl)z/s[/y U(ha(y), y; ha(t), t)dt)dy+
n
) o [ 1 ha(y) — hi(n)
/(; p2(77)d7782/n (z—y)2/3(y—77)1/3f( (y_n)l/g )dy

/051(77)657782/77 (Z_y)2/3[/r; V(ha(y),y; ha(t), t)dt]dy—

2 2w
ﬁf(o)ps(Z) -7

/OZ ps(n)dn% / (Z_1>2/3,U(h2(y)7y;hz(n)yn)dy—

/52 dna/ (z—y)2/3 V(h2(y), y; ha(n), n)dy—

¢(0)d2(2)—



/Ozm(n)dnaaz /n ﬁﬂhz(y),y; hs(n), n)dy, (2.63)

S sz(Z)Jr/OZ 02U (ha(2), 2 ha(m). m)

n(z) =3 527 p2(n)dn+

| ettt s n + [ Vatha(e). s o) o)~
/OZ Uz (h2(2), 23 ha(n),m)ps(n)dn — /OZ Uz (h2(2), 23 hs(n),m) pa(n)dn—
[ Vetta(e). i el moatin (2.64)
() = [ Uaalha) i) mdon ()

/0 U (hal2), 25 ha(n). mpa(m)dn + / Vaa(ha(2), 2 (), )6 () +

2T

T~ [ Unalla(ed,zs ). patddn — [ Uea(hale),zsha(a)ma(ahin-

/O Vi (ha(2), 2 ha(n), m)3a(n)dn, (2.65)

where 11 = (ha(2) — ha(n))/(y —n)~"/>.
The system of integral equations (2.60)-(2.65) is equivalent to the system of Volterra integral
equations of the second kind

6 z
W) = Ru2)+ 3 [ Nulzon)W(a)dn, L€ (1.6), (2.66)

where ¥;(z)- unknown functions which match the densities p(Q‘?:i)(z), p2i(2), 514(3_1), (i =1,2),
accordingly R;(z) are known functions, which are expressed in terms of the given functions
Pr+1(2) and 7 (2), (k € {0,2}); Ng(z,n) - matrix whose elements are expressed in terms of the
fundamental solutions of the equation (2.33).

It is easy to show that the kernel Ny (z,n) has a weak singularity of the form

|Ngi(z,m)| < ¢ = const > 0, (2.67)

_c
EErRE

Then, from the general theory [113] that the system (2.66) is uniquely solvable in the class of

continuous functions which can be represented in the form

6 z
W) = Ri(2) + Y / Ho(zm)Ra(n)dn, 1 € {1,6}. (2.68)

Hg(z,n) - resolution has a weak singularity of the form (2.67).
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According to the representations (see [1]), (2.35) and (2.26) the solution of (2.25), (2.14) is

given by following formula
1 ,

where G;(z,y; &, n)- known functions, which are expressed fundamental solutions of the equation
(2.33).

Now we are turn to the solution of the problem (2.2)-(2.7). As we have seen, the function
(2.69) for the given g;(z, y) of the relevant class satisfies the equation (2.25) and the homogeneous
boundary conditions (2.14). The solution of (2.2) and (2.14) that we are looking is in the form
(2.69), where g;(z,y) is to be determined, i.e, now we chose g;(x,y), so that the function (2.69)
satisfies the equation (2.2). We substitute (2.69) to the equation (2.2), and obtain

1
gi(z,y) fi(fv,y)+7r//Dyi Ki(x,y;6,m)g:(&,m)dédn, i=1,2, (2.70)
where

Kz(w7y7£777) = ali(%l‘/)Gz‘x(%y%f,ﬁ) + GOi(CUyy)Gi(l"ay;fJ))» 1= 172

Thus, we determine the functions g;(z,y) obtained from the integral equation (2.70). If we take
into account, G;(z,y;&,n) which is expressed in terms of functions U(z,y; &, n), it is easy to see
that for the function G;(x,y;&,n) same estimates hold as those for U(z,y;£, 7). Consequently,
the kernels K;(z,y; &, n) have a weak singularity. Hence, by the uniqueness theorem it is implied
that the integral equation (2.70) is uniquely solvable. It’s enough that the functions f;(z,y)
satisfy the condition (2.9). According to the results presented above, the solutions of problems
(2.2)-(2.7) have the form:

where the functions w;(z, y)- the solution of the problems (2.33)-(2.34), Z;(x, y)- the solutions of
the problems (2.2)and (2.14), H;(x,y)- the solutions of the following equation

Hipow — Hiy + a1i(x, y)Hig + aoi(z,y)H; = (—ariwiz + aoi(z,y)w;), ¢ =1,2,

satisfy the homogeneous boundary conditions (2.14).
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Part 3

Linear boundary value problems
and Cauchy problems for
third-order equations with multiple

characteristics
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3.1 A problem for the third-order equation with multiple

characteristics

In this section we consider the following problem.
Problem We consider the equation
Pu  Ou

L(u) = 9% oy

= f(z,y) (3.1)

in the domain D = {(z,y) : h1(y) <z < ha(y), 0 <y < 1} with boundary conditions

u(z,0) = F(z), h1(0) <z < hy(0), (3.2)
uz(hi(y),y) =¢1(y), 0<y<1, (3.3)
gz (h1(y),y) = ¢2(y), 0 <y <1, (3.4)
ug(ha(y), y) = ¢3(y), 0 <y <1, (3.5)

and a condition of compatibility
F'(h1(0)) = ¢1(0), F"(h1(0)) = ¢2(0), F'(h2(0)) = 3(0).

Where F(x), ¢;(x), i € {1,3}, f(z,y)- are given, which are bounded as well as sufficiently
smooth functions; the curves z = h;(y) € C'[0,1], (i = 1,2) are defined on the lateral boundaries
and don’t have intersection points.

We note that a similar study for the equation (3.1) with other boundary conditions was
carried out in [27], [30-32], [1-6].

Uniqueness of solutions of the problem

Theorem 3.1. If h;(y) € C*[0,1], i = 1,2, then the solution u(z,y) € C3.L(D) N C2H(D) of
the problems (3.1)-(3.5) is unique.

Proof. Suppose there are two solutions of the problem u; (z, y) and uq(z,y). We set v(z,y) =
u1(z,y) — uz(z,y). Then for the function v(z,y) we get the following problem

L(v) =0,

v(x,0) =0, hi1(0) <z < hy(0),
vz (hi(y),y) =0, 0 <y <1,

(3.6)
Vaa(h1(y),y) =0, 0 <y <1,
vy (ha(y),y) =0, 0<y <1
We consider the identity
//D Voo (Vazae — vy)dady = 0. (3.7)

Integrating by parts and using the homogeneous boundary conditions (3.6) to (3.7) , we obtain
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1t 1 [h2(@
7/ viz(hQ(y)vy)dy + 7/ Ug(fﬂ, ].)d:E = 0.
2Jo 2 Jm

Hence vy, (h2(y),y) = 0, vy(x,1) = 0. Therefore v(x,1) = const.

Now let v(z,y) = w(x,y)eMY, M = const # 0.

Then
M
// Waa L1 (w) - eM¥dzdy = — // w2 - eMYdzdy = 0,
D 2 D

L1 (w) = Wepe —wy — Mw. (3.8)

where

Hence w,(z,y) = 0. Therefore w(zx,y) = w(y). Substituting the function w(y) on (3.8) and (3.2)
we get
w'(y) + Muw(y) =0,

w(0) = 0. 3.9)

It is known that the solution of (3.9) is trivial. Which means that v(x,y) = 0 in the closed
domain D.

Existence of the solution to the above problem.

Theorem 3.2. Let F(x) € C3[c1,ca] 1 < h1(0) < ha(0) < co; 01(y), w3(y) € C?[0,Y],
@2 € CH0,Y], f(z,y) € C2L(D), f(x,0)=0and h;(y) € C'[0,Y].

Then the solution u(z,y) € C3.(D) N C29(D) of the problems (3.1)-(3.5) exists.

Proof. Let F(z) € C3[c1,¢2] (c1 < hi(y) < ha(y) < ¢2). Then, without loss of generality, we
can put F(x) =0.

Indeed, if we put

u(z,y) =v(z,y) + F(z),

then for the function v(z,y) we get the following problem:

L(v) = f(z,y),
v(z,0) =0, h1(0) <z < hy(0),
ve(h1(y),y) = ¢1(y), 0 <y <1, (3.10)

'Uwac(hl(y)ay) = 952(:1/)7 0<y<1,
Ux(h2(y)7y) = @3(2/)7 0 < Yy < ]-7

where
o1(y) = p1(y) — F'(hi(y)), @2(y) = wa2(y) — F"(h1(y)),
@3(y) = w3(y) — F'(ha(y)), [flx,y) = flz,y) — F" ().

As shown in [26], the function

W(af,y)Z%//DU(%y;&n)f(f,n)dwn (3.11)
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satisfies (3.1) and the condition W (z,y) = 0, if f(¢,n) € C21(D), f(z,0) = 0. Here U(z,y;&,1)-
fundamental solution of equation (3.1) (see [26]), is defined by (2.28). With this in mind, the
solution of (3.10)is in the form

v(z,y) = w(z,y) + W(zr,y).

Then for the function w(x,y) we get the problems

Lw =0, (3.12)

w(z,0), h1(0) <z < hy(0),
wz(h1(y),y) = P1(y), 0<y <1,
waz(P1(y),y) = P2(y), 0 <y <1,
we(h2(y),y) = P3(y), 0 <y <1,

(3.13)

where

G1(y) = p1(y) — F'(h(y)) — Wa(hi(y), y),
Pa2(y) = wa(y) — F"(h1(y)) = Waa(h1(v),y),

@3(y) = @3(y) — F'(ha(y)) — Walha(y),y),

The solution of (3.12)-(3.13) that we are looking for is in the form
y y
wle,) = [ Uleg0mars(ndn+ [ Ul Lnas(ndns
0 0

/Oy V(x,y;0,m)as(n)dn. (3.14)

Here U(z,y;&,m), V(z,y;&,7n) are defined respectively by the formulas (2.28) and (2.38). Satis-
fying the boundary conditions (3.13), we obtain

F1(y) = / " U (), s () ) (m)y + / " U (s (9), 5 ha(n)) s (m)d

[ Vet maann,

£2(0) = [ Vsl (o) (o + [ Ve (). o) mhaa o+
[ Vet ).t matisan,

@3(y)

/Oy Uz (ha(y), y; ha(n), m)oa (n)dn + /Oy Uz (h2(y), y; h2(n), n)az(n)dn+

/0 "V (ha(y), s b (), m)xs (m)en,

41



Applying Abel’s transformation, given Lemma 2.3-2.10 and after some simple calculations we

obtain the system of the form

| 2 = 2 p o)+ O + [ et nyin

2 z o z 1 8U(h1(y),y;h1(t)’t) /z )
9z Jy < /t (z —y)l/3 or dy | dt + . a5 (n)dnx

9 [F(d [ L OV(hi(y),y; ha(t), )
az/n (6/ EEEE O W)

: 9 [* 1 PU((y),y;ha(t),t)
/0042(7])d77/77 CEIIE 92y dy, (3.15)

Po(2) = ~a, (2) + /0 o / 0 U(h1(za)7z§; m(0),1) 40

n

/Oz az(n)g (aQU(hl(Z)yz; h2(77)>77)> dn, (3.16)

Ox?

z =n s o [* 0 # 1 oU (h Yy ha(t),
o @t g [ oz (f g g )

: o [ 1 3U(ha(y),y; ha(t),t)
/0042(77)1177(%/7] (z — )i/ dxdy

/Oz aé(n)dn% /77 (5?2 /t G _13/)1/3 aQV(hQ(gZC’;’y; M(t).t) dy) dt. (3.17)

The system of integral equations (3.15), (3.16), (3.17) is equivalent to a system of Volterra

dy+

integral equations of the second kind (see [113])

ay(z) = Ri(2) + Z/OZ Ng(z,m)as(n)dn, 1 € {1,3} (3.18)

where «;(z)- unknown functions, R;(z2)- known function, which are expressed at given functions
?i(2) (i € {1,3}),and Ng(z,n)- matrix whose elements are expressed in terms of the fundamental
solution of equation (3.1).

It is easy to show that the kernel has a weak singularity of the form

C

|Nsl(z777)| < m7

(3.19)

where C' = const > 0. Then, from the general theory [113], the system (3.18) is uniquely solvable

in the class of continuous functions and can be represented in the form

3 z
aulz) = Ril2) + 3 [ HalzmRun)dn, 1€ (1,3}
s=170
Here the resolution Hg(z,n) has a weak singularity of the form (3.19).

42



3.2 The solution of Cauchy problem for third-order equa-
tion with multiple characteristics in the class increasing

functions at infinity.
In the section we study the solution of the equation
Upgz — Uy = F(z,y) (3.20)
in the domain D = {(z,y) : —00 < z < 400, 0 < y <Y}, with initial condition
u(z,0) = 0. (3.21)

Note that the problem (3.20)-(3.21) has been considered in [100], but the behavior of its solutions
with |z| — oo, depending on the behavior of the right-hand side of the equation, has not been
studied.

The purpose of the study is to construct solutions of (3.20)-(3.21) in the classes of functions
growing at infinity.

It is known (see [26]), that is the fundamental solution of (3.20) has the following form

Uz,y:&,m) =

x—£& _ .
(y_n)l/?,f ((y_n)ys) =U(—-&y—n),

where f(t) = fooo cos(A\® — A\t)d\, —o0 < t < +oo, is the Airy function, which satisfies the
equation (2.29) with relations (2.30), (2.31) and following properties

J2 F@ydt =2, [ f)dt = 5,
(3.22)

[T2U (@, y)de = [T f(t)dt = .

oo

Theorem 3.3. Let the function of bounded variation F(z,y) belongs to any bounded sub-
domain Dy, = {(z,y) : a < x < b, 0 < yo < Y} of domain D. Suppose that the variation
functions 29 F(z,y) and 219 F,(x,y) are bounded by any z < a and at high of x

Fz,y) < crexp {ealal i1}, (3.23)

where §, n- sufficiently small positive numbers, ¢;, ¢o - some constants.
Then the function

Yy ptoo
u(z,y) = —% /0 /_ Ulx—-¢&y—7)F(§, 1)dédr (3.24)

satisfies the equation (3.20) in the domain D and initial condition (3.21).
Proof. Differentiating formally the expression (3.24) with respective = and y, we obtain

Pu(z,y) 1 [V [TCPU@@—-E&y—71) _
W,,,/O /m F(¢,7)dedr —

T ox3
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T BU(x — &y — ) _
/ / o6 F(&, 7)dédr =

/Q/Hmegg ) plo — &, 7)dedr.

On the other hand

3U(x — & — T
= ax%y )3(y1_r)(U(wE;yT)Jr(fEﬁ)Um(fEﬁ;yT))

ou (I*E'y*T)

wy(,y) = —F(z,y) —7/ dT/+OOU Gy — e,

By the change of variables z = ﬁ we obtain

3133 = / /+°° - (f(z)+ 2f'(2)F (a? —2(y — )% ) dzdr. (3.25)

Furthermore, we have

Upza (T,y) = i/y dr /Jroojz(zf(z))F (a:—z(y T)l‘ 7') dz =

3mJo YT J
e B
Lz, y) + Ia(z,y) + I3(z,y), (3.26)

where 7 - a sufficiently large positive number.

Now we study I;(z,y) in the domain Dy, 4 a sufficiently large positive r.

(@,y) 37r /
Ii(z,y) + Lia(z,y). (3.27)

First, we consider the second term on the right hand side of (3.27). By (3.24) and (2.31) we have

Lio(x,y) / / x—z(y—r)%n') dz =
Yo dr Feo x
O(/o y_TCQ/T z1 exp{ 23 (0103z"|z+(y7)1/3|37>}dz>,

where ¢; = const, (i € {1,3}).

w\»-A

+oo
/ o)+ 2f (2) Fla — 2(y — )}, 7)dz =

Hence the I12(, y) uniformly converges to zero at r — +oc0 in the domain Dy, j. Similarly, we
can show the uniform convergence of the integral I11(x, y). As a result, we obtain the convergence
of the integral I (z,y).
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Now we study I3(z,y) in the domain Dy, for a sufficiently large positive number 7. Inte-
grating by parts in the expression for I3(x,y), we obtain

1 (Y dr

-[3($7y) :_g 0 Y—T

(Zf(Z)F (x —2(y - T)gJ) o

s

+o00
/ zf(z)Fe (33 —z2(y — 7')1/3,7') (y — 7)3dz) = Is1 (2, y) + Isa(z, y).

We have to use (2.30) and obtained

y “+o00 _3_5
i/ dr / {z‘ssin <22§> (f - (y77)1/3> o x
3nJo y—17J, 3 z

345 1 (Y d —E
)4 F(xfz(y—T)%,T>dz}|§—/ T M1M2<y )
37 Jo T x

I3i(z,y) <

ol

($7Z(y77')

1 MM, /y dr 1 lim My M, /y dr B 1 3
3m(z+r) Jo (y—1)i-8 Bmem—oo(@—&)0 Jy (y—1)i-% 3m(z+ r)5y '
Therefore I3;(x,y) uniformly converges to zero at r — 400 in the domain Di, ).
Now we consider the expression Iss(x,y)

1Y dr +o 2 5\ [z —i-0
I = _= - —Sgin [ 2,3 Ty — )3
32(z,Y) 71_/0 (y_T)§~/r z7%sin <3z2> (y (y—17) X

™ —T)%
e o (2 x 7T 139
vTEsin| Zv = —(y—1)3 ’1’—’03(3/—7')3 X
P vs
v +oo -
F (:L'—'U3(y—7')%,7') SvTsdy = —— T 2/ v %
3 3mJo (y—1)5 Jp

1
(y—7)
This integral at sufficiently large positive r is bounded by the following expression

2 [ dr {‘x r( )%
—— —_— — -7
37T 0 (y—T)% Y

g+

‘Fg(m —’I’(y—T)%,T)‘ +

3
4

2 1 +6 2 1
14 3 [(a:—v3(y—r)3) Fe (a:—w(y—ﬂ%r)} X
p> atn®

(y—7)2

where p < m < n.
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The existence of the integrals

<. 7T . pmy\ !
x Psinxdr = (sm—) , 0<p<2,
/0 2'(p) 2

it means that the argument of the sup uniformly tends to zero at r — oo in the domain Djq ).
From equation (3.24), it is not difficult to show the realization of condition (3.21).

Now select the class of solutions u(x,y) depending on the behavior of the functions F(z,y)
at |z| — oo.

By (3.22) we have

y ptoo
uay) == [ U@-&y P racar -

1 (v [+
[ [ vey-npe g

—i/oy/:)of(z)F(x—z(y—r)é,T)dsz——i/oydT (/m+/+/+m> x

F)-F(x—2(y — 7)8,7)dz = ui (2, y) + ua(2,) + us(z,y),

where 7 is a sufficiently large positive number.

Now we consider the expression u;(z,y) in the domain Dy, ).

Then
§+ 1 Y - §+
exp (—02|37|2 ") cuy(r,y) = —— exp (—Cz\a?I? ") X
™ Jo —00

F()F(z— 2(y — T)%,T)dZdT = uj(z,y).

According to the conditions of the theorem and the relations (3.22), the integral in the domain

D4 ) is estimated as follows

1 Y +o0 . 3_r
uy(z,y) = O <_7T/0 / exp{—CQ ’\xﬁ‘”’ — eol2P? + eslw — 2(y — 7)1/3|’2 }dsz) .

Hence u}(z,y) uniformly converges to zero at 7 — +oo in the domain Dj,;. Furthermore
|} (z,y)| < K. Therefore |uy(z,y)| < K - exp(ca|z|2 ™) for sufficiently large x.

Now we study uz(x,t) for a sufficiently large positive r in the domain Dy, ;. According to
(2.30) we have

1Y teo 2 :
HU%""‘Sug(x,y)’ < ‘7/ dr/ |x|%+52—1—5 sin(Z23/2) - ‘f —(y— T)%|—%—6X
T Jo - 3 z

j — 2(y — )3 [T F(a — 2(y — 1)V/3, 7)d2| <

1
L e 2 o= 2y =¥ +2(y—7)
M3 f/ dT/ 21" %gin (zg>
s 0 r 3

‘x —z(y— T)%

Wl
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where

Ma={ [P o= 9]+ Vesremenia (P (oo =7)
(wyy)eD[ﬂ-,b]

2
p= 51"3/ 2,
Hence u3(z,y) uniformly convergence to zero at r — +o00.
Therefore we have
@]+ Jus (@, y)| < M,

|U3(£L',y)‘ < M|x‘7%767
for z < a and any y > yo > 0.

In our approach, any a, b and yo are true in the domain D
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Part 4

Nonlinear boundary value problem
for inear and nonlinear third-order
equation with multiple

characteristics.
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4.1 A problem for the third-order equation with multiple

characteristics and nonlinear boundary conditions

We consider a plane (z,y) domain D = {(x,y) : hi1(y) < z < ha(y), 0 <y <Y}. The curves
r = hi(y) € C0,Y], (i = 1,2), are defined on the lateral boundaries of domain D and are
without intersection points. In the domain D we study the following problem for the equation
(3.1).

Problem Find the solutions of the equation (3.1) in the regular domain D , there exist the

derivatives u;, Uz, which are continuous in D and satisfy the boundary conditions

w(z,0) = F(x), hi(0) < 2 < ha(0), (4.1)
uw(hl(y),y)—g(u(hl(y),y),y), 0<y<Y, (4 2)
Uzz(h1(y),y) = ¢1(y), 0<y <Y, (4.3.)
u(h2(y),y) = ¢2(y), 0<y < (4.4)

and the compatibility conditions

F'(11(0)) = g(u(h1(0),0)), F(h2(0)) = ¢2(0), F"(h1(0)) = ¢1(0).

Here given functions F'(x), g(u,y), vi(y), (i = 1,2), f(x,y)- are bounded and sufficiently smooth,

and the function g(¢,y) satisfies a Lipschitz condition with respective to &

l9(€1,y) — 9(&2, )| < U(y)[€1 — &al, (4.5)

where

3kexp{—Fk(h2(y) — h1(v))}
ha(y) — h1(y)

Theorem 4.1. If the condition (4.5),(4.6) are true, then a solution of (3.1) (4.1) - (4.4) is unique.
Proof. Suppose that there are two solutions u; (x, y), us(z, y) of the problem. Then v(z,y) =

0<l(y) < —k+ \/k‘2 + , k = const > 0. (4.6)

ui(z,y) — ug(x,y) satisfies the equation L(v) = 0 and conditions

v(x,0) =0, hi1(0) <z < hy(0),
ve(h1(y),y) = g(ur(h1(y),y),y) — g(ua(hi(y),v),y), 0<y <Y,

(4.7)
Ve (h1(y),y) =0, 0 <y <Y,
We consider the identity
// C(z,y)vL(v)dzdy = 0, (4.8)
D
where
C(x,y) = exp{—ka — Bk3y}, B>1, k>0, B,k = const. (4.9)
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Integrating the identity (4.8) by parts and using the suitable boundary conditions (4.7), we get

/0 Co(z, y)v(g(ur(hi(y), y),y) — g(uz(ha(y), ¥), Y))le=h, (y)dy—

1//(C’mmfC’y)de:vdqug// vagdzdyf
2 D 2 D ’
1

Y
5/0 ((Coa + Wy (Y)OV0* o=y () + CVZamna(y)) dy+

h2(0)

1Y 1
5/ CVZ ey () dy — 5/ Cv?|y—ydzr =0 (4.10)
0 hi1(0)

We set

1 1 h200)
== // (Coze — Cy)v2dmdy + f/ Cv2|y:ydx+
2 Jp 2 Jhi(0)

1 Y
3 | (02 4 B )Ctlmn )+ Colamnag . (.11)
0

By choosing a sufficiently large number k, we can always assume that ko + A (y) > 0,1i.e I > 0.
By (4.11) and from expression (4.10) we have

3 Y
1;3// kaidxdy—/ kCv(g(ui(hi(y),y),y) — g(ua(h(y), y),y))dy+
D 0
1 Y
5/ CV2|oehy () Y. (4.12)
0
Taking into account the inequality
) ha(y) )
Pa).) < (a) - aw) [ ey
1y

and conditions (4.5) from (4.12) we can get

1< [ [ GPOCH w006 - )+

EC (i (9), ) (ha(y) — I ())0) — SEC(ha(y). )} o2dudy,

Which the condition (4.6) is true, we can get the inequality I < 0. Hence I = 0. It follows that
v = 0 in the domain D. Then from (4.11) we get v(x,y) = 0 in the domain D, if 8 > 1. Let
B =1. Then from 3.11 we have the following additional conditions

U(hl(y)vy) =0, U:C(hQ(y)7y) =0, ’U(JJ,Y) =0,

when the problem reduces to Cattabriga problem, and is simultaneously satisfied by the above
conditions and (4.7)
The uniqueness of the solution of this problem is proved in the paper (see [26-27]).
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Theorem 4.2. Let F(z) € C3ey,ca], (1 < hi(y) < ha(y) < c2); ¢i(y) € C3790,Y],
(1=1,2); |g(u,y)| < M for any fixed |u| < co and satisfies the conditions of Theorem 4.1. Then
the solution of the problems (3.1),(4.1)-(4.4) exists.

Proof. First, we consider the auxiliary problem: it is required to define in the domain D
the regular solution u(z,y) € C3.(D) N Cy9(D) N C2Y(D \ (x = ha(y))) of the equation (3.1),
satisfying the boundary conditions (4.1),(4.3),(4.4) and

uz(hi(y),y) = ¢3(y), 0<y <Y (4.2)

We construct the Green’s function for the problem (3.1), (4.1), (4.3), (4.4) and (4.2").
We have the identity

- 0 1o}
©L(Y) — Y M(p) (Pthee — petbe — peetp) — 877(@11)),

S

where M = 2 — 2° _ (differential operator is adjoint to operator L; @ and 1 are sufficiently

smooth functions. Integrating the identity of the domain D, we get

/ /D (pL(w) — ¥ M(p))dedn = /F (pecth — petde + plec)dn + (p0)de,  (4.13)

where I' = 0D.

Now, in the formula (4.13) for the functions ¥ and ¢ we will take the respective functions
(any regular solution of equation (3.1)), and U(x,y;&,n). We call the function U(x,y;&,n)-
fundamental solution of the equation (3.1) and it is defined by (2.28).

Let

D= ={(&n) : hi(n) <& < ha(n), 0<n<y—ce},

where € > 0 is sufficiently small number.
Then the identity (4.13) reduces to the following form

y—e
/ : Ulz,y;€,m)f(&,n)dédn = /0 {(ueU — ueUs + ulee) | e=py () —
h2(0)
(ueeU — Ugug + uUge)|e=n, (n) }d77+/h . ully=od—
1(0

ha(y—e) y—e ) .
/h Wl |y —edE + / (R (1) ey — P (DYUT ey ()l

1(y—e)
Sending ¢ to zero and taking into account the equality
ha(y—e)
lim U(x7y7§7y_8)u(£’y_€)d§ = ﬂ-u(x7y)a

E— 00 hl(yfs)

we get

Yy
mu(z,y) :/0 (ueeU — ueUe + uUge )| e=h, (nydn—
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Y h2(0)
/O(U&UU£U§+UU&)|§—h1(n)dﬁ+/( uUly=odé+

h1

Yy Yy
/0 By (1)Ul =y — / By ()4l | oy~

/ / (2, y: £.1m) (€. m)decl, (414)
Now we suppose that W (z,y;£,7) - any regular solution of the equation
v d3v
Muv)=— — — =0 4.15
) =5~ g =0 (415)

and u(zx,y) is any regular solution of (3.1). Then, assuming formula (4.13), p = W, ¢ = u we
have

Yy
—//DW(w,y;&n)f(&n)dé“dn =/ {(ugeW — ugWe + uWee) [e=ny () —
0
Yy
—(uge — ugWe + uWee)|e=n, (n) }dn + / R (1) uW | e—py (mydn+

h2(0) ha(y)
/ uW|p—od§ — ulW =y d€ — / (MuW |e—p, (ndn- (4.16)
h1(0) ha(y)

From (4.14) and (4.16) we obtain

Yy
mu(z,y) = /0 (uge(U = W) +ug(=U + W)e +u(U — Wee)|le=ny (mydn+

Yy
/0 (e (~U + W) — ue(U — W) + u(~U + W)ee) el + /h o) VU = W lods

y ha(y) y
/0 hoy(Mu(U — W)|e=ny (mydn */h qun:yd€+/O KLU = W)l e=py (nydn—

1(y)
// (z,y:&,m) — Wz, y;€,m)) f(&,n)ddn. (4.17)

If the regular solution W (z,y; &, n) of the equation (4.15) satisfies boundary conditions

Wele=ho () = Utle=na(v);

(Wee + Wy mMW)le=n, () = Uee + Ry (0)U)|e=ny (n); Wly=y =0, (4.18)

then from (3.17) we have
/ G 5 ha (1), m)uee (ki (n), m)dn-+
/0 Ge(,y: g e (i (), ) + / Gee (. y: ha(n). mu(ha (), )+
h2(0)
/ G, y: €, 0)u€, 0)d — / / G,y €,m) (€. m)dédn, (4.19)
h D

1(0)
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where G(z,y;&,n) = U(z,y; &, 7)—W (z,y, &, n)- Green’s function for the problems (3.1), (4.1),(4.3),(4.4)
and (4.2").

The formula (4.19) gives us the solution of the problems (3.1),(4.1),(4.3),(4.4) and (4.2’). We
need to prove the existence of the function W (z,y; &, n) that satisfies the equation (4.15) and the
condition (4.18).

Now we consider the following expression

Yy
Wy €)= / U (ho(r), 73 €, 7)ovn (a, s 7+
n

[ vtn@)mi Dasteyimyar + [Vt 7i6 (e yirar, (4.20)

where U(z,y;&,7) and V(x,y;&,7) are given by the formula (2.28), (2.38) and «a;(z,y;7)(i €
{1,3}) unknown functions.

Satisfying boundary condition (4.18) and by Lemma 2.4 and 2.6 from (4.20) we have

Ul iha)n) = [ Ulha(r).sha(r). T i)+

Y

/y U(hy(7), 75 ha(7), T)aa(x, y; 7)dT + / V(he(7), ;5 ha(7), T)as(z, y; 7)dT, (4.21)

T

Ue(e.y: o)) = [ " Ue(ha(r)., 73 ha(r), 7)evn (7)ot

/y Ue(ha(7), 75 ho(T), T)aa(z, y; T)dT + /y Ve(ha(7), 75 ha(T), T) g (2, y; T7)dr, (4.22)

Uee(,y; ha(n),n) + Wy (1)U (2, y; ha(7),7) = /y Uee(ha(7), 75 ha(7), T)an (2, y; T)dT+

[ Uectm@).msta() Past i + [ Veelhalr), s ), myas (e yir)ar+

T T

me) [ " Uha(r), 73 b (7), 7 )oun (a7 7+
) [ U (o)) sy

ha(n) / "V (ha(r), 7 (7). Tz y: 7, (4.23)

Using the properties of the functions U(z,y;&,7) and V(z,y;£,7) and Lemma 2.3-2.8 we find
the solution of the problems (4.21)-(4.23), a;(x,y,7) € C(D)(i = 1, 3); az(x,y,n) € La(D).

It is easy to show that the Green’s function G(x,y; &, n) has the same estimate that holds for
U(z,y;&,m) (see [1,26]).

Now we turn to the solution of the problem (3.1), (4.1)-(4.4). We are looking for it to be in
the form (4.19). Then (4.19) takes the form

Tu(z,y) = /Oy Ge(x,y; hi(n),m)g(ulhi(n),n),n)dn+ H(x,y) (4.24)
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where y
H(z,y) = / Gee (. y; ha(n),m)a(n)—

Yy h2(0)
/ G, s b (n),m)on () + / Gz, y; €, 0)F(€)dé—
0 h1(0)

//,;G(m’y5f’77)f(§,n)d£dn.

From (4.24) at = = hy(y) we arrive at the Nonlinear Integral Equations of the Hammerstein type

for the function 7(y) = u(h1(y),y)

T(y) = /Oy Ge(hi(y),y; ha(n),m)g(T(n),n)dn + H(y), (4.25)
where
V3o Q) = W) (b (1)) Dreelnn)
H(y) = 270/ (0) /0 Gl(hl(y)ay777)d77/0 (SO ) (7._(2)1/3( ) B (T _8t)1/3 ) di+

/O " Gy (), v ) aln) — Fha(n)) — W(ha(n), m))dn — / " G ).y m)x

(F'(h1(n)) + W (ha(n),n))dn + F(hi(y)) + W (hi(y), ).

The equation (4.25) will be solved by the method of successive approximations.
Let
[H(y)| < N, |g(u,y)| <M, |7(y)| <N, N =N +1 (4.26)

We set
(y) = H(y) < Ny <N,

£ () = H(y) + / " Ge(ha (). s (), mg (r =) (), ). (4.27)

Hence, by setting n = 1 and using the estimate (4.27) we have
1T (y)] < Ny + ClM/y(y —7)723dn = Ny + 30, My*/3. (4.28)
0
Because |7!(y)| < N , we require the inequality to satisfy
N; +3C, My'/3 < N.
By the choice N here we have the inequality 3C; My'/? < 1 which is true at

y < (301M)3 (4.29)

Then from (4.27) at n = 2 we find that

|7 (y)| < Ny +3C, My'/? < N,

o6



if y < (301M)3'

Hence, by induction we conclude that all the successive approximations will be assessed the
same amount, if the inequality (4.26) is satisfied.
Now we show that the limit of the sequence exists. It is enough to prove the convergence of
the series
R (e 0 o Gl ) IS (o iy S i) IR (4.30)

We estimate the absolute values of the terms of (4.30). We have
1T — 7O < ClM/ )"Y3dr = 0y My 3 B(1, 3)
where B(v, u) = fol ¥~ 1(1 — 2)*~dx - Beta Function.

72— < Cy /Oy (31—771)—2/39(7(1)(77)) = g(r°(n))ldr <

Yy 1 Y m
C1L/ W|T(1)(77) — 7O (n)|dr < C%ML/ (y— 771)_2/361771/ (m —n2) "> Pdny =
s (y—

0
C?MLy**B (22 ,
'3 3’3

where L-const, which is L > [(y).
Using induction, it is easy to show that

_ e 2 T 205 — 1) 2
(n) _ (n=1)| < cn—lpn-1 2 B 1.2,
T A O My’ j|7|1 5 T 13

It follows that each term of series (4.30) does not exceed the relevant terms of the power module

1y n 2
chL "My HB( 1,3).

n=1

series

We will show the convergence of (4.30). Applying D’alembert principle we get

lim | <) = Tim ¢y LMy} B (2("1) +1, 2) = 0. (4.31)
n— ' Uy, 3 3

Then the series (4.30) converges absolutely and uniformly. Therefore, the sequence {7(™(y)}

converges uniformly to 7(y).

We have proved that the solution of (3.1) (4.1)-(4.4) exists in the domain Dy = {(x,y) :
hi(y) <z < ha(y),0 < y < Yy} for some Yy, although the problem was given in the domain
D = {(z,y) : (y) < z < ha(y), 0 < y < Y} If it turns out that Yy > Y, obviously,
our problem is completely solved. If Y < Y, however, it was found that the solution can be
extended in domain Dy = {(z,y) : h1(y) < < ha(y),0 <y <Yy} . This can be done as follows.

We consider the problem (3.1), (4.1)-(4.4) in the domain Dy = {(z,y) : h1(y) < z < ha(y),0 <
y < Yo}
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To solve the problem in this domain by applying the above scheme, we obtain a nonlinear

integral equation of Volterra second form
y
(5) = )+ | Gellalu)ys (o). n)orn),m)dn,
Yo

which can be solved by successive approximations in the domain Dy = {(z,y) : h1(y) < z <
ha(y),0 <y < Y1}. If, it turns out that even after that , Y7 <Y then the above procedure can
be repeated and eventually run out [0, Y].
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4.2 A nonlinear boundary value problem for nonlinear third-

order equation with multiple characteristics

In this section we study a nonlinear boundary value problem for the nonlinear third-order equa-
tion with multiple characteristics in the domain having curved boundary.

Problem Is required to determine in the domain D = {(z,y) : h1(y) < & < ha(y), 0 <y < 1}
the function u(z,y) with the following properties:

1) Tt is a regular solution of the equation
Lu = Uggy — Uy = f(l', Y, u(sc, y))7 (432)

2) u(z,y) € C3y (D) NCEY(D\ (x = hi(y)) N C(D));

3) It satisfies the following conditions:

u(z,0) = up(z), h1(0) < z < ho(0), (4.33)
uz(h1(y),y) = g(u(h(y),y),y), 0<y <1, (4.34)
e (h1(y),y) = o(u(hi(y),y),y), 0 <y <1, (4.35)

u(ha(y),y) = ¢(y), 0<y <1 (4.36)

The given functions ug(z), g(&,n), o(n,y), ¢(y), f(x,y,u(z,y)) are required to be bounded and
smooth in their domain, as well as to satisfy the compatibility conditions at the corner points of

consideration domains i.e.
ug(h1(0)) = g(u(h1(0),0),0), ug(hi(0)) = o(u(h1(0),0),0), uo(h2(0)) = ¢(0).

The uniqueness of solution of the problem

Theorem 4.3. Let h;(y) € C1(0 <y < 1),i=1,2 and g(u(h1(y),y),y) € C(0 <y < 1),
o(u(hi(y),y).y) € C(0 <y < 1), fz,y,u(z,y)) € C(D), lg(ur,y) — gluz,y)| < Uy)lur — uzl,
lo(uy,y) —o(ug, y)| < k(y)|ur —us|, f(z,y,u1) — f(z,y,u2) < p(x,y)|us —uz|. Then the solution
of the problems (4.32)-(4.36) is unique.

Proof Suppose that, there are two solutions to this problem, which are uq(z,y), us(z,y).
We consider the difference between them w(z,y) = uy(z,y) — ua(z,y). Then we get for w(z,y)

the following problem:

L((U) = Wrza — wy = f(xﬂyvul(xvy)) - f(xvyv'uﬂ(xvy))v (437)
w(x,0) =0, hi(0) <z < hy(0),
we(h1(y),y) = g(u(h1(y), v),y) — g(ua(h2(y),y),y), 0 <y <1, (4.38)
waz(h1(y),y) = o(ui(h1(y), y), y) — o(uz(h2(y),y),y), 0 <y <1,
w(ha(y),y) =0, 0<y <1,



and

(Y)|ur — uz| = U(y)|w],

(Y)|ur — uz| = k(y)|wl, (4.39)
| < plur — uz| = p(w),

lg(u1,y) — g(uz,y)| <1
o(ur,y) —o(uz,y)| < k
‘f(xay,ul) (l’ Y, w )

<
<

Integrating identity

wwl(W) = Weaw —wy = vw{ f(z,y, w1 (2, y)) — (2,9, u2(2, y))}

in the domain D, where v = e~ **=8Y o > (v/2 — 1)k, B > o + p we have

1 1 1
ha(y) 1 2(y) ha(y)
/0 VWWaz ), (y)d - 5/0 ‘ dy /0 vwwwmlh d +

1
5/ VpgW Zzézd + = // VW 2d:zcdy—f// VpgaW dmdy—
1 ha(y) 911 1 1 2
5/ vw |0dzf§/0 Ry (y)vw |w Iy (y)dy+2/0 ho(y)v ’w ha )doer

/ / vywdady = / / v (£ (2, yun (2, 9)) — (9, us(z, ) dady. (4.40)

We have used the boundary conditions (4.38) and introduced the following notation:

= [ PN sa 2dzdy > 0 441
=5/ vwm|$:h2(y) y—|—§ ) VW |y:1+7 Dvwx xdy > 0. (4.41)

According to the conditions (4.38)-(4.39) from (4.40) ,we get

1 1
=g / (2k(y) — Wi (y) + P(y) — 2al(y) — ®)ow?| _, o dy+
0

% /D(a?’ — B+ p(x,y))vwidedy. (4.42)
The constants « and 8 can be chosen so that there will be a relationship I < 0. Since by
assumption I > 0 it follows that 1 = 0.
Then from (4.41) we obtain the following conditions: if w, (z,y) =0 at x = hi(y); if w(x,y) =
Oat y =1;if wy(z,y) =0 at (z,y) € D.
Hence we have
w(z,y) =w(y), (z,y)€D.

As w(ha(y),y) = 0 then w(y) = 0. By the continuity w(z,y) we get w(x,y) = 0 in the domain
D.

The existence of solutions of the problem

Theorem 4.4. Suppose that along with the terms of the uniqueness theorem, the following

conditions are satisfied
o(y) € C'0,1]; ug(z) € C®[e1, ca] (e1 < ha(y) < ha(y) < c2).
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Moreover, let there exist constants M, N1, No, M; (i =€ {1,7}) such that for y € [0, 1] any fixed

lu| < oo we get the inequalities
l9(u, y)| < N1, [o(u,y)| < No, |gu(u,y)| < My,
|9y (w, y)| < Ma, |ow(u,y)| < Ms oy (u,y)| < My,
for (x,y) € D and for any fixed |u| < oo
(@, y, ulz,y)| < M, |fo(z, y,u(z, )| < Ms,

|fy(x,y,u(x,y))| < MG; |fu(x,y,u(x,y))| < M77

Then the solution of the problem (4.32)-(4.36) exists.
Proof. The solution of (4.32)-(4.36) has the representation in (see [6])

1Y L e
rn) = - [ Getwymn o n+ - [ Tty 0ui@cs

2 [ ety . et~ = [ Gt mio (o), myin-
0 0

= [ [ cwemsn . mydean (1.43)

where
u(hi(y),y) = 7(v), (4.44)

G(z,y;&,m) =U(z,y;§,m) — W(x,y;&,n) - Green’s function, U(x,y;£,n) - fundamental solu-
tion of the equation (4.32), W(x,y;&,n) - a regular solution of the following problems

—Weee + Wy =0,
Wiy=y =0,
(Uee + hi () U)le=h, () = Wee + Wy ()W le=n, ()

Ule=ha(n) = Wle=ham)s Utle=nan) = Wele=na(n)-

Now we pass to the limit at  — hq(y), and according to the notation (4.44) from (4.43) we have

1 (v h2(0)
T(y) = */ Gs(hl(y%y;hl(n)m)g(T(n)m)dn+*/ G(h1(y),y; &, 0)ug(§)dE+
™ Jo T Jhy(0)

2 [ Geelmatpshatonvetndn =+ [ Gl vsha ) ot
0 0

= [ [ ctmtmeon s ate.mydgan (1.45)

The system (4.43)-(4.45)- is a system of nonlinear integral equations of Hammerstein type with

respective u(z,y) and 7(y). The unique solvability of this system will be proven by the contraction
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mapping principle. Let set Gy of a pair of continuous functions F{u(z,y),7(y)} in the domain
Do{(z,y) : hi(y) < z < ha(y), 0 <y < 0} with bounded norm ||F|| = ||u|| + ||7|| in the interval
0 <y <0, where

|lul| = max [ul, [|7]|= max |r].
(z.y)€D 0<y<6

Let Gov = {F : F € Gy, ||F|| < N} be a subset of the Gp.

We denote the right hand side of (4.43), (4.45) respectively by A;(u,7), A2(u,7) and we
define the map A = (A1 (u,7), Az (u(7),7)).

We establish an estimate u,(z,y) in the domain D.

1 Y 1 h2(0)
ug (2, y) = ;/O Ggm(x,y;hl(n),n)g(T(n),n)dn+*/ Go(2,y;€,0)uo(§)dé+

T Jhy(0)

%/y Geex (2,95 ha(n), n)p(n)dn — %/y Ga(z,y;ha(n),n)o(r(n,n))dn—
0 0

1
e (2, )| < [J2] + 2| + | Js] 4 [Ja] + [ 5],

where

(v)
A / G, y: €, 0)uo (€)dE,

T Jhy(0)

1 Yy
=2 /0 Geea (i, y5 ha (1), n)p(n)dn,

1 Yy
J1= ;/ Gea(z,y; h1(n),m)g(T(n),n)dn,
0
1 [he

Jy= i/oy G (z,y; ha(n),m)o(T(n),n)dn,

According to Lemmas 2.3-2.10, and by the condition of the theorem we can get

‘J1|§K17 |J4| §K47 |J5| §K57

and at ug(z) € C3[h1(0), ha(0)], we have |Jo| < Ko, at ¢(y) € C*[0, 1], we have |J3| < K3, where

K; = const >0, i =1,5. Hence, we have that

lua (@, )l < K, K =max{K;}, i €{1,5}.

Then, under the conditions of the theorem for each N > 0 for a sufficiently small # and 0 < y < 6
the operator A transforms into itself in Gy . Thus the inequalities ||A;|] < N/2, i = 1,2 are
true when (u,7) € Go,n. To do this we assume that A(u,7) is identified in the Gy n 7 = 1,2.
Also, a suitable choice 6 can be made for the contracting operator A . Then, by the contraction
mapping principle, it has a unique fixed point (u,7) € Gg n.

Therefore, (u,7) is a solution of the systems (4.43), (4.45) at 0 < y < 6.
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Part 5

Some boundedness classes of

pseudodifferential operators
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5.1 Background materials and basic results continuity and
boundedness of pseudodifferential operators. Symbol

Classes

In this section we give basic results and background material of global pseudodifferential calculus.
These results were developed more systematically by a number of people in long time. There
are the results by Hormander [49-55], Taylor [109], Beal [17] and others. Now we give some
important results, which is to help to study our new problems. So we give the some basic results,
which is Taylor [109] gets the following results:

Definition 5.1. Let € be an open subset of R™, m,p,é € R, and suppose 0 < p,d < 1. We
define the symbol class S;""J(Q) to consist of the set of p € C°(Q x R"™) with the property that,
for any compact K C {2, any multi-indices «, 3, there exist a constant Ck o, g such that

IDEDgp(x,€)| < Cka,p(1 + |€])m Pl oIl

for all x € K, £ € R™. We drop the 2 and use Sg’% when the context is clear. The class S;’}; was
introduced by Hérmander in [55]. The subclass ST defined by Kohn and Nirenberg [106]

IDEDgp(x,€)| < Crap(l+ €)™ 1o

Definition 5.2. The symbol p(z,y) belongs to S™(Q) if p € S7(£2) and are smooth

Pm—j(z, 7€), homogeneous of degree m — j in £ for [£| > 1, i.e.,

Pm—j(@,76) =" I pp_j(x,€), ] =1, r>1

such that

p(l',f) ~ me—j(x7£)

320

where the asymptotic condition means that

N
P €) — 3 iy (.6) € 575NN
§=0
If p(x, €) is homogeneous of degree m in £ and if p(£) = 0 for |¢] < C1, p(€) = 1 for [¢] > Cy > O,
¢ € C*, then ¢(&)p(z,§) € S™ C ST,
Proposition 5.3. Let p € S75(2), ¢ € Sg,,é,. Then p§ = ijD?p € S;?;pla|+5l’8|, and
p(x,&)q(z,€) € S;'f,;‘f, where p” = min(p, p'), 6" = max(4, ).
If [p(e,€)~1 < C(1+ |¢) ™, then p(x, &) ! € 57"
Definition 5.4. If p(z,&) € S,s, the operator p(x, D) is said to belong to OPS]s. More
generally, if ¥ is any symbol class and p(z, ) € X, we say p(z, D) € OPX.
Theorem 5.5. If p € Z’(;(Q), then p(z, D) is continuous operator

p(z, D) : C5° — C*°.
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If § < 1, then the map can be extended to a continuous map
p(z, D) : £'(Q) = D'(Q)

Proof. If p € 57%5(Q2), u € C§°(€2), then the integral

p(z, Dyu = / P, €)(€)e™=E de

is absolutely convergent, and one can differentiate under the integral sign, obtaining always
absolutely convergent integrals. To prove above result need a lemma
Lemma 5.6. Let p € Sg?é(Q), v € C§°. Then for all £,n € R,

| [ o@ipta el < Cn(1 4+ D™ N (1 ).
Proof. Integration by parts yields
0 [ v@ip(e. e dn| = | [ D(o@iple. ) d] < o1+ )0
To complete the proof of Theorem 5.5, to show that the functional
v =< p(z, D)u,v >, veCi°(Q)

is defined u € £'(2). There is

< pla, D)u,v >= / o(e)p(r, €)(€)e ™ deda = / pol€)i(€)de

where p,(€) = [v(z)p(x,£)e dr. This defined for Vu € £'(Q) with p,(€) be rapidly decreasing.

But the lemma implies that

Ipo (&) < Cn (1 + |¢)m—(A=ON,

5.2 The pseudolocal property.
Theorem 5.7. If p(z, &) € 5)'5(52), 6 <1 and if p > 0, we have for u € £'(),
singsupp p(x, D)u C singsupp u.

Here the singular support of a distribution u, denoted singsupp u is the complement of the open
set on which v is smooth.

If K € D'(Q x ), then there is associated a map K : C(2) — D'(2) defined by <
Ku,v >=< K,u(z)v(y) >. The converse is also true, and is known as the Schwartz kernel
theorem.

Lemma 5.8.(Singular support lemma) Suppose K € D'(£2 x ) satisfies
K :C§ — C™(Q)
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and
K :&(Q) — D'(Q).

K is C off the diagonal in Q x Q.
Then singsupp Ku C singsupp u for u € £'(Q).
To prove Theorem 5.7, to study the kernel K of p(x, D) and

< K,uv >=< p(x, D)u,v >= /v(m)p(m,D)u(w)dm = //p(x@)e”&v(x)ﬁ(ﬁ)dﬁdx

= (27T)7n///p(xaf)ei(mfy)gv(x)u(y)dydfdm.

Thus, with the appropriate interpretation as a distribution integral,

K= (20" [ ol e e

Consequently,

(r—y)*K = /e(m_y)gdf.
The integral is absolutely convergent for large o that m — pla| < —n, generally with j derivatives
yields abs. convergent integral provided m — pla| < —n — 4, so (z — y)*K C C¥(Q x Q). K is
smooth off the diagonal x = y, and end proof.

Remark 5.9. For z, y in compact subset of 2,
B —k
where k > 0 is any integer strictly greater than (1/p)(m-+mn+|3|). This isn’t sharp, for example,

if p(x, &) € ST it is true that

Clz —y|~mt)  if m > —n
Clloglz —y||  ifm=—n.

K (2,y)] S{

5.3 Asymptotic expansions of a symbol

Theorem 5.10. Suppose p; € S}Tg(ﬂ), m; — —oo. Then there exists p € S;ng(Q) such that,
for all N > 0,

N—-1
p— Y pi €SIV (Q) (5.1)
j=0

If (5.1) holds and

P~ D)

J=0
Proof. There are K;, K1 C Ky C ... = § compact sets and ¢ € C*(R") with ¢(§) = 0 for
1€] < 1/2, p(&) =1 for |¢] > 1. p(x,§) is of the form

pla,€) = o(;€)pi(z,6) (5.2)

=0
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where ¢; are small that
| DS Dgp(e;€)p;(w, )] < 277 (1 + [¢)mstimrlel+ols]

for |a| + 8] +i < j and z € K;. (5.2) is convergent and p(x, &) satisfies (5.1).
Theorem 5.11. Let P; € S:g (Q), mj = —o0, j > 0. Let p € C(Q x R™) and assume
there are Cy g, 1t = p(a, B8) such that

IDEDgp(x,€)| < Cap(l+ [€)".

If there exist pup — oo such that

k

p(2,€) =D pi(w, &) < Cr(1+[€) (5:3)

=0

then p € S;?g and p ~ Xp; sense that (5.1) holds.
Proof. By Theorem 5.10 there exist ¢ € S;?g(Q) such that ¢ ~ ¥p; and remains to show that
p—q€ S, (5.3) implies that

Ip(z,€) — q(x,8)] < Crn(1+1E)N, z€K.

This inequality holds for DgD? (p — q), they use the inequality

D> sw|D°fP < Csuplf] 3 D] (5.4)

lo|=1 71 || <2

where K; C intK, C Ky, K; compact. To proof of (5.4) they apply to the functions
Fe(x,8) =p(x,§+n) — q(z,{+n)

taking K1 = K x 0, K3 a small neighborhood of K, they get

sup [Vae(p— q)(#,8)? <C sup |p(z,&+n) —q(z,&+n)|
zeK (z,m)EK2

x(Y . sup D (p—a) (@ E+n)l) < CL(1+ €))7,
jaf <2 (T ER

the first factor is rapidly decreasing, second factor has polynomial growth and DfD? (p—q)is
rapidly decreasing, the proof is complete.

Proposition 5.12. Let the closed linear operator A generate a contraction semigroup on a
Banach space X. Then, for u € D(A?), there exist

| Aul|* < 4] |ull]| A]|.
Proof. From the identity
—tAu = t(t — A) T A%+ tPu — 2t — A)
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and
et — A) M| <1,

valid for the generator of a contraction semigroup, they get for ¢t > 0
tllAu|| < []A%ul] + 22[Jul],

and
|[Aul| < tigg((l/t)llAQUH + 2t[[ul]) = 2[| A%ul['/?|Ju] |2

Corollary 5.13. For all u € C§°(R"),

2
|5tz < 4llullo<]l 55 ull-

2
J ox=

J

They consider the operator of the form

Au(z) = (2m)™" / / a(z, . €u(y)e’ = VEdyde. (5.5)

To study the above pseudodifferential operators they give following definitions:
Definition 5.14. Let 0 < p,d1,02. We say a(zx,y,&) € 51,6 (2 x Q x R") if, on compact

subsets of Q x 2, we have
|D;D£D?a(x,y,§)| <C(1+ ‘§|)m—p\a|+61\6|+62\'y\.

This inequality and by above lemma shows, if u € C§°(Q2), then

[ utwrate e < a4 jeym-o

if 02 < 1, for u € C§° (5.5) is absolutely integrable and A : C§°(2) — C>(Q), d2 < 1.

Definition 5.15. A distribution A € D’(Q2 x Q) is said to be properly supported if supp A
has compact intersection with K x Q and with Q x K for any compact K C €.

A is properly supported provided A : C§° — £'(Q) and A' : C§° — £'(2), hence A : O —
D'(Q), if b(x, y) has proper support, then the operator A given by (5.3) with a(x,y, €) replaced
by b(z,y)a(z,y, ) is properly supported.

Definition 5.16. If A is given (5.5) with a(z,y, &) € S}s. .5, and if A is properly supported,
we say A € OPS]s 5 .

It A€ OPSs 5, 02 <1, then A: C>(Q2) — C°°(2). We know that A : C§°(2) — C*°(1),
if ue C>®(Q) and K C Q is compact, pick v € C§°(€2) such that supp AN (2 x K) is contained
in K x K with K compact and v = 1 on a neighborhood of K. It follows that Au = A(vu) on
K, so Au, which a priori belongs to D’'(2), is smooth on the interior of K.

Theorem 5.17. Let A € OPS;'?(;M;2 and 0 < 02 < p < 1. The there is p(x,§) € S;% with
0 = max(d1,02), such that A = p(z, D).
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In fact, p(z,&) = e~ A(e?*¢), and there exist the asymptotic expansion

jlal
p(e.) ~ Y - DEDja(r,y, )y (5.6)
a>0 ’

Proof. p(x,¢&) = e~ ¢ A(e'*¢) is smooth function and they apply the linear operator A to

u(w) = [ ale)e s
they get

Au(z) = / a(E)p(e, €)eEde.

To show that p € S75 and (5.6) holds. The general term in the sum in (5.6) belongs SZ;’J*&?)M.
Let b(z,y,m) = a(z,z +y,n) and b(z,&,n) = (27) 7" [ b(x,y,n)e"¥dy so

o) = [ bo €+ i
The hypotheses on a(x,y, &) imply
1Dy DDy, y,m)| < C(1+ [y HoPIHobI=rlel 25 — 5, v 6.

a(z,y, &) can be replaced of the form a(z,y)a(z,y,§), here a(x,y) has proper support in Q x Q,
@ = 1 on an appropriate neighborhood of the diagonal, a(z,y,n) is properly supported. Thus
x belong to any compact subset of 2, b(x,y,n) vanishes for y outside some compact set. There

exist

|Dg Dyyb(x,€,m)] < Cy (14 [y +O1PIFoz=rlel (1 - je )=

If to take Taylor expansion of B(m, &,n+ &) above inequality yields

o &n+6) — 3 6Dy b, & mE] <

|la|<N

< CIEN (L4 JE)™ sup (1+ [+ ey ooy

sup
0<t<1
where nu > 0. If v = N they obtain a bound

—(p— . 1
CO+ )= F=Nif gl = Slul,

if IV is large, they get

L @ m+n—(p—
[p(z,m) = D —(iDy)* Db,y m)ly=o] < C(1+ [nl)™+" =02,
o] <N ’
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5.4 Adjoints and products

In this section we give several result the properties of pseudodifferential operator. We can find
this results Taylor book’s.
Theorem 5.18. If p(z, D) € OPS]'s 0 < 1is properly supported, then

p(z,D)" € OPS] 5.
Proof. There exists

(p(e, D), v) = (2m) ™ / o(y) / / W8y, €yu(x)drdedy

—eor (fuw [ | e“wwﬁp(y,s)*v(y)dydsdx)*,

p(x, D)*v = (2m)~" / / Py, €)' VE 0 (y)dyde

which is (5.5) with a(z,y,&) = p(y,&)*.
Theorem 5.19. If p(z, D) € OPS}s is properly supported, 0 < § < p < 1, then

SO

p(z,D)" € OPS}
and indeed p(z, D)* = p*(z, D) with
ilal
* ? a o *

.
a>0

Proof. This immediate yield by (5.6).
Theorem 5.19°. Let p(z, D) € OPS}} 5 and q(z,D) € OPS;L,,’(;,, be properly supported,
0<¢§" < p’<1. Then

p(x, D)q(z, D) € OPS)'SK,,, p=min(p',p").
They apply Theorem 5.18-5.19 to the operator ¢(x, D)* = ¢*(z, D).
dla, Dyuta) = afa, D) *u= 20" [ [ (.€) ulw)dues

This implies

—

4@, D)u(€) = (2m)™" / G (3, €) uly)dy

0<d” < ¢’ <1. Thus

p(, D)q(z, Dyu = / €7 p(e, €)q o, D)a(€)de

— 2m) / / @V, €)q" (y, ) uly) dyde.
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Thus p(x, D)q(z, D) is of the form (5.5) with a(z,y,&) = p(z,£)q*(y,€)* the proof is complete.
Theorem 5.20. Let p(z,D) € OPS}} 5 and g(z,D) € OPS,» s be properly supported.
Suppose 0 < §" < p <1 with p = min(p’, p"”). Then

p(x,D)g(z,D) € OPSZ?;F”, § = max(d’,48")

and p(x, D)q(z, D) = r(x, D) with

jlel

a>0
Proof. From (5.6) there exists
jlal
r(2,8) ~ 3 DD (p(, )" (4. €)= (5.7)

[e3%

Consequently,
* * m—(p—4
p*(z,€) — pla,&)* € STy 70

r(z,&) —p(x,&)q(x,&) € S:?;r#*(p =5
If p(x,§) € ST q(z,€) € Sf’o, we have
5" (2,€) — plw,€)" € 575,

r(@, &) = p(e, Ealx, &) € ST

Remark 5.20°. The Theorem 5.20 remains the hypothesis 8" < min(p’, p”) is relaxed to §” < p',
which the terms in (5.7) still have order tending to —oo.
By Hormander [55] used g(z, D)**, doesn’t work in this more general case, and a proof is

referred to Hormander [53].

5.5 L? and Sobolev space continuity

In this section we give the continuity results and proves. There are results given by Taylor how
to prove that if A € OPS]";(Q2) and § < p, then A : Heomp(2) — Hp) " ()

loc
Proposition 5.21. If p(z,€) € S (R™) has support in |z| < Co, then p(x,D) : L*(R") —
L?(R™), continuously.
Proof. To proof this result they write p(z,£) = [ p,(£)e®dn where

py = (2m)7" /p(wi)e_"””dx.
p(;v,f) implies that pn(g) < Cn(1+ |77D_N; since
n%pn(§) = (2”)_n/D3p(m,§)e_m7dm_
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And
py(D)ullz> < Cn (1 |n))~NJul| 2.

Since p(z, D) = [ €*p,(D)dn and " = 1, they get that
|lp(z, D)ul|r2 < CN/(1 + D)~ Ndnllul| L2 < Cylul|L2.

where N > n. If § > 0 they only conclude that |p,(£)| < Cn(14]£)°N (1+|n])~V. By Hérmander
argument’s the positive linear functional |A\| on C(K), the space of continuous functions on a
compact Hausdorff space K is continuous, with norm ||A|| = A(1).

Lemma 5.22. If p(z,1) € S) 5(Q), § < p, and if Re p(z,£) > C > 0, then there exists a
B € OPS) 5 such that, with Re P = (1/2)(P + P*),

Re p(x,D) — B*B € OPS*.

Proof. They construct the symbol b(z,§) ~ ¥b;(x,§) with b; € S;g(p%). Firstly, bo(x,&) =
(Re p(x,€))Y/? € 5275. Furthermore,

Re p(x,D) — by(x, D)*bo(x,D) = Ry € OPS;((;F&),

By induction there exist the terms bg,...,b; in the asymptotic expansion. There is bj;1 €
S~UFDE=9 gych that

0,0
Re p(x, D) = ((bs —+ ...+ b;() + b;+1)((b0 + ...+ b]) + bj+1) + Rj+1.
with R;1 € OPS, 3" The right-hand side is equal to

Re p(x, D) + Rj + b;—i—l(bo =+ ...+ bj+1) + (b; + ...+ b;f-l—l)bj-i-l + Rj+1

= Re p(z, D) + Rj + b}, ,bybjr1 mod OPS, D=9,

R; = R} so principal symbol is real or, if a matrix, self adjoint. They require b;; is

bi11bo + bobj11 = —R;. (5.8)

They pick bj 11 = —(1/2)by ' R; in the scalar case.

p(z,€) is a k x k system, with Re p(z,&) = (1/2)(p(z, &) + p(z,£)*) > C > 0 and by(z,&) is a
positive self-adjoint matrix. It follows that (5.8) has a unique self-adjoint solution bj41(z,&) =
bjyi(z,£)*. The map ®(A) = Aby + bpA have eigenvalues {\; + \;} where \; > 0 are the
eigenvalues of by.

They obtain the following L? estimate.

Theorem 5.23. Let A € OPSSﬁ(Q), 0 <6 < p <1 assume that

lim sup|A(z,§)] < M < 0.
|€]—00
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If K CC Q, there is an R € OPS™°° such that
1 Aul|Z2 50y < MP[[ul|* + (Ru, w).

Proof. The operator C = M? — A*A has principal symbol C(xz,¢) = M? — |A(x,€)|?> > 0, by
lemma 5.22 there is B € OPS) ;5 such that

C—-B*B=M?—-A*"A—B*B=—-RecOPS™ ™.

Thus
[ Aul2 < (Au, Aw) + (Bu, Bu) < M?|[ul[32 + (Ru, ).

Corollary 5.24. If lim¢ o0 A(2,§) = 0, then A : L?*(K) — L7 (Q) is compact. From
OPS;’)% cH® — H*~™if 0 < < p <1 follows L? continuity result of Theorem 5.23, via use of
the operators A” € OPSY ((R"), where Au = [(1+[¢]?)7/2e'*¢a(€)d¢. Clearly A% : HS — H*~°
has isomorphism and properly supported.

Theorem 5.25. If A € OPS;%(Q) is properly supported, 0 < § < p <1, then

A HE (Q) — HE™(Q).

loc

Proof. To proof this theorem they show that AS"™AA™*® € OPSS,& takes L2 () to L2 ()

loc

by Theorem 5.23. Calderon and Vaillancourt have shown A € OPSB, , 1s continuous on L2
0 < p < 1. The key in the proof of this the L? continuity of p(z, D) on L?(R"™) we assume

|DEDgp(x.€)| < Cap, @ EER"

p doesn’t has compact support in z. For OPSlo,0 has continuity on L?, 1 < p < oo and also on

Holder spaces.

5.6 Families of pseudodifferential operators: Friedrichs’ mol-

lifiers
/’1‘5(9) into a Frechet space has the seminorms
Pl = sup [DEDEp(z, ](1+ €)1l -1,
xe

The map p(z,£) — p(z, D) is a continuous map from S7%(2) to S(H;,,,,,, (), Hy) ™ (€2)) if 6 < p.
If M is a compact manifold, 0 <1 —p < § < p <1 we give OPS[’,?(;(M) a natural Frechet spase
topology, all maps

OPS]'s(M) — S(H*(M), H*~™(M))

are continuous.
Let p(&§) € S7o(R"), 0 <0, and let p.(§) = p(e§) of the chain rule shows {p. : 0 <e < 1} is
bounded in 9 ,(R™), if we take p(¢) € S~>°(R") and p(¢) = e~ ",
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Definition 5.26. A Friedrichs’ molifier on M is a family J. of scalar pseudodifferential
operators, 0 < € < 1, such that a) J. € OPS™>°(M) for each € € (0,1]; b) {J : 0<e <1} isa
bounded subset of OPS? 4(M); ¢) Jou — u in L*(M) as € — 0, for each u € L*(M).

Proposition 5.27. Let A € OPS';(M), 1 —p <6 < p. If J. is a Friedrich’s mollifier on
M, then [A, J.] = AJ. — J.A has following properties: a) [4,J.] € OPS™>(M), 0<e<1.b)
{[4,J.] : 0 < e < 1} is a bounded subset of OPSZL(;"/\(P(;)(M). Friedrichs’ mollifiers apply to
prove the weak and strong solutions to pseudodifferential equations.

Definition 5.28. Let M be a compact manifold, A : C* — C*(M) and A : D'(M) —
D'(M). Take f € L*(M). A function u € L?(M) is said to be a weak solution of the equation

Au=f

if this equation holds when A is applied to u in the distribution sense. On the other hand, u is
said to be a strong solution of above equation if there exists a sequence u; — u in L*(M), with
u; € C*°(M), such that Au; = f; — f in L?(M).

Proposition 5.29. If A € OPS] (M), then every weak solution to above equation is a
strong solution.

Proof. With J. a Friedrichs’ mollifier, let ¢; — 0 and set u; = J. u. To show that [|Au; —
fllzz — 0, write

Auj = Jo, Au+[A, J. Ju= J., f + A, J,]u.

If A€ OPST,(M) with m > 1, weak and strong solutions need not coincide, though they do if
A is elliptic (since by elliptic regularity v must belong to H™(M))

5.7 Garding’s inequality

Theorem 5.30. Let p(z, D) € OPS];(2) and assume 0 < 0 < p < 1. Suppose Re p(z,§) >
C|g|™ for |¢] large, with C' > 0. Then, for any s € R, for any compact K C , and all u € C§°(K),

we have

Re (p(x, D)u,u) > Collullfrm /2 — Cullull?-.

Proof. Replacing p(z,D) by q(z,D) = A~"/?p(z, D)A="™/2, suppose Re p(z,£) > C > 0,
p(x,&) € S) 5. We have r(x,€) = Re p(z, &) —(1/2)C, to yield B € OPS) 5 with r(z, D)~ B*B =
S € OPS~°, and hence

Re (p(x, D)u,u) — %C’(u,u) = (Bu, Bu) + Re (Su,u)

which implies above inequality in the case m = 0. The sharp form of Garding inequality which
Re p(x,&) > 0if p(x, D) € OPSYY, it follows that

Re (p(z, D)u,u) > —C1|[u|[Fon-1)2, u € CF(K).
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The operator p(z, D) € OP b5 0< 6 < p <1, which satisfies the condition

Re p(x,£) > Cl¢[™ for  [¢] large

some C' = const > 0, is called strongly elliptic.

5.8 L? and Holder space theory of pseudodifferential oper-

ators

Fourier multipliers on L? and Hélder Spaces.

In this section we give the continuity of pseudodifferential operators on LP and C¢ spaces,
which is obtained by various authors, scattered throughout the literature, thought perhaps a few
results are stated in sharper form here. We describe some results, due to Marcinkiewicz, Mikhlin,
Hormander, Stein, Taibleson and Taylor, on the behavior of following operator

P(D)u = / € p(£)i(£)de

on LP(R™) and C*(R"™). P(D) is simply multiplies the Fourier transform of u by p(§), hence

P(D) is called a Fourier multiplier. It also write as a convolution operator
P(D)u=p*u.

Marcinkiewicz [87] studied the LP continuity of convolution operators on the torus 7™.
Mikhlin translated these result to the R™.
Theorem 5.31.(Mikhlin)[94] P(D) : LP — LP(R"), 1 < p < oo, provided

[@

€[1*IDEPO] < Ca, o] < [5]+1.

Hormander’s theorem is following.
Theorem 5.32.(Hérmander) P(D) : LP(R™) — LP(R™), 1 < p < oo, provided

R—n/ 1€17p™(&)?d¢ < O, |al < [g] +1
R<|¢|<2R

with C independent of R, 0 < R < co.
We restate this result, let Q = {€ € R™ : 1 < [§]| < 4}, and p,(§) = p(rf).
Corollary 5.33. P(D): LP(R") — LP(R"), 1 < p < oo, provided

||pr||H[n/2]+1(Q) <C, 0<r<o

where C' < oo is independent of r.
This result sharpened as follows:
Theorem 5.34. P(D): LP(R™) — LP(R"™), 1 < p < oo, provided

lpr||zrn/2ve @) £ C, 0 <7 < o0 (5.9)

76



for some ¢ > 0, where C is independent of r.
Theorem 5.35. P(D): LP(R™) — LP(R™), 1 < p < o0, provided

£°p* (€] < Cay £ER"

for all multi-indices a = (o, ..., o) With each «a; either 0 or 1.
They consider the be behavior of P(D) on C*(R™). For 0 < a < 1, and define C*(R") to
consist of those functions v on R™ such that
lullee = [lullze +  sup  |A["u(z + h) —u(@)| < oo.
z,h€R™,|h|<1
Taibleson [109] has found a necessary and sufficient condition that P(D) : C*(R") — C*(R"™).

For se R
Lis=(1—A)2LYR").

Theorem 5.36. P(D) : C*(R") - C*(R"),0< a < 1, iff p € L 5 for some s > 0, and the
following holds:

sup_[[tAe"2pl| 11 + ||l L, s < o0
0<t<1

In fact for p = ﬂf), the important term in above inequality,
[2]

sup HtAetAﬁHLl,
0<t<1

is finite, ||p||1,s is infinite in this case. Any p € &'(R™) belongs to L; , for s > 0 sufficiently large.
If p € £'(R"), we have P(D) : C*(R") — C*(R") iff,

sup [[tAe'®pl|p < oo. (5.10)
0<t<1

Theorem 5.37. Suppose p € £'(R™). Then P(D) : C*(R™) — C*(R™), 0 < a < 1, iff for some
C independent, of 7,

Here the FL! norm is ||u||zr: = ||4||z1. FL! is a Banach algebra under multiplication, since
L' is a convolution algebra. The Sobolev theorem that elements of H"™/2+¢(R™) are continuous
ie., HY?*¢(R") C FL'. (5.11) is just a little weaker than (5.9).

Proof. By Taibleson’s theorem, we show (5.11)and (5.9) are equivalent. So suppose (5.11)

holds and ffooo (e ¥¢)dy = 1. Let py (&) = ¥(&)p(e¥s), so (5.11) is equivalent to ||py||Frr <
C <00, —00 <y < oco. We have

p(€) = / (e ve)dy.

oo

To desire to estimate
412
[t Pe 1 p(E)]| 11,
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0 < t < 1. There exist

* — _ 2 e 4,21 2
B e N G e P
—00 —0o0
since ||g||F1 = ||grllFL1, 0 <7 < co. We dominate the integrand by

Ce® ||yl 11 1]1€1%e 1€ e ) < O€? (1 + t2e2%)e e

where s > n/2. Thus

> 62y€_t62ydy+ct1+s /Oo e2y(1+8)6_t€2ydy =" < 0.

— 00

HMW”%@Musm/

—00
(5.3) implies (5.9).
Conversely, (5.9) is equivalent to

2
1€ ¥ p, || 701 < C < 00

forr > 1, p € &, p(§) is smooth, so above inequality is true for 0 < r < co. We have

_ 2 _ 2 _ 2
19pellFrs < 11IEl 2 | mral[1€Pe ™ prllror = CollléPe™ " p, || 71

By Stein [106] take the result of (1 — A)™/2 on Holder spaces.
Theorem 5.38. If £ + « and k + o — m are both positive and nonintegral, m € R,

(1 _ A)m/2 . C«kJra (Rn) N Ck-i—a—m(Rn).

comp loc

Here, for k = 0,1,2,..,a € (0,1), we set C***(R") = {u € C*(R") : DPu € C*(R"),|B| < k}.
Finally, we give the Marcinkiewicz interpolation theorem
Theorem 5.39. Let T : C§°(R"™) — L°°(R™) satisfy the conditions

meas{z : |[Tu(z)| > A} < C1A7P||ul|Lr, (5.11")

meas{z : |[Tu(z)| > A} < CoA™|ul|Lq, (5.12)

where 1 < p < ¢q. Then T : L"(R™) — L"(R"), p < r < ¢, with operator norm determined by
Cq, Cy, 1y n.

T: LI(R™) — LI(R") implies (5.12), T is weak (g, q) if (5.12) satisfied.

L? and C* behavior of operators in OPST,

Theorem 5.40. Let p(z, D) € OPSY? ;. Then

p(x,D): L, — L}, 1<p<oo,
and
p(z,D): Copp = Cloey 0<a <1

P
loc

Here LP is the space of LP functions with compact support, L;  is the space of locally LP

comp

functions.
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Proof. Let u € Bg ball. p(x, D) is pseudolocal if u € LP, then p(z, D)u € L? on Byr. We
have ||||s the operator norm of T : C§(Br) = C*(B2r) 0 < a < 1, orof T': L?(Br) — LP(BapR),
1 < p < co0. By theorem 5.35 and 5.36 for Fourier multiplier p, (D)

lpp(D)lls < Csup > [[1P1[p}(9)]
|B|<[n/2]+1

where C' depends on « or p.
By the pseudolocal property p(x, &) vanishes for |z| > 2R. We write

&) = 2m) [ e

where

It follows that
p(z, D)u = (27r)_"/ e~ "p, (D)udn.

A multiplication operator on LP, e~*7 has norm 1 and a multiplication operator on C%, e~%"
has norm < C(1 + |n|)®. We have

I D)lls < | Cliny(D)lsdn

where C'(n) =1 of LP and C(n) = C(1 + |n|)* of C*.
To show that ||p,(D)||s is rapidly decreasing, as |n| — oco. In fact

7pﬁ,ﬁ)(ﬁ) = /N D?p(:c,ﬁ)D;e""dx = Dngp(x,g)eix"dx.
R R™

Therefore,
" [[p$ ] < Cay (1 + [&]) 7101,

We have after summing over |y| < N

1Py (D)lls < Cn(1+ )™, Cn = Cn(p) or Cn(a)

finally we have ||p(z, D)||s < cc.
Theorem 5.41. Let M be a compact manifold. Let p(x,D) € OPS?, on M. Then

p(z,D) : LP(M) — LP(M), 1<p< oo

and
p(z,D) : C*(M) - C*(M), 0<a<]l.

The operator norms are bounded

p(x, D <C max sup DB D&p(x, @
I D)lsSC  omax s DEDE( )l
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where C' depends on p or a.

Corollary 5.42. Let p;(x,&) be a bounded set of symbols on M, in 5(1),0- Then p;(x, D)
form a bounded family of operators on LP(M), 1 < p < oo, and on C*(M), 0 < a < 1.

They take results on S Sobolev and C*+* Holder spaces for k =1,2,.., 0 < < 1, C*Fo =
{ue CF: DPue C: DPuc C |B| = k}. If M is compact manifold

S5(M) = {u € LP(M): Pue LP(M),P € OPD"}.

For 1 < p < oo, u € 8¥ iff p(x, D)u € LP(M) for all p(x, D) € OPSY,. If p(z, D) € OPS} and
p(x, D) = Y a;(x, D)g;(z, D) with ¢;(z,D) € OPD* and a;(xz, D) € OPSY,, since a;(z, D) :
LP(M) — LP(M), 1 < p < oo. For s € R,

Sy (M) ={ueD'(M):p(z,D)uec LP(M) for all p(z,D)e OPS;,}.

Proposition 5.43. Let u € D'(M) and let g(x, D) € OPSY be elliptic. Then u € S;(M) iff
q(z,D)u e LP(M),if 1 < p < 0.

Proof. Let g(x,D)~' € OPS[§ is parametrix of ¢(x,D). If p(x, D) € OPS; is given,
then p(x, D)u = p(z, D)q(z, D) 1q(z, D)u(modC*>) = r(z, D)q(x, D)u € LP(M) since r(z, D) €
OPSY , leaves L? invariant.

For s € R, (1— A)*/2 € OPS; ;, we have

s o —s/2
Sa(M) = (1—A)"*/2LP(M).
Theorem 5.44. Let p(z, D) € OPST; on M. Then
p(z,D): S =S, 1<p<o (5.13)

and
p(z, D) : C*+e — gkta—m, (5.14)

provided k + « and k + o — m are both positive and nonintegral.

Proof. a(z, D) € OPS; , b(z, D) € OPS; ™ is elliptic with A™, B~ parametrices. Then
b(z, D)p(z, D)u = b(z, D)p(x, D)A™ a(z, D) mod C* belongs to L? if u € S} yields a(z, D)u €
L? and b(x, D)p(x, D)A~! € OPSY , this proved (5.13).

Next we take u € C***(R") in Bg and p(x, &) = 0 for |z| > 2R then p(x, D)u € Ckroe—m ig
provided k 4+ o and k + o —m are positive and nonintegral. We have ¢ € C§°(Bar), ¢ = 1 on
Bg,

o(x)(1 = A)™/2y e CFre—m(R™).

But p(z, D)u = p(z, D)(1-A)~"™/2p(x)(1—A)™/?u modC™>, since p(z, D)(1-A)~™/2 € OPSY,,
follows from Theorem 5.10.

They are consider the Strichartz argument is given the operator
Tua,y) = [ ply.€)ie)ede.
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Therefore

lp(x, D)ul| o (rey < ClTullLe(rr ey < CllullLelllpl]]s

where

l[lpl[ls = sup ||erH5(Q,HS(R"))'
0<r<oco

Here two spaces are respectively C' and H*(R"), s > n/2 and p,(z,§) = p(x, rf).
Theorem 5.45. Let u € LP be supported in Bg, and let (n/2) + ¢ = k + o, k an integer,
0 <o < 1. Then

|lp(z, D)ullLe(B,r) < C(p) ,3up pellx 7 llpel1741, 1 <p < oo, (5.15)
(Yol

where

— B Do
prl|lk = max sup Do Dgp,(x,€)|.
H T|| lal|BI<k (m,g)eR"xQ| g r( 5)‘

Proof. To show

11Plllnj24e < C sup ool llpr 1741
0<r<oo
in Sobolev space.
Theorem 5.46. Suppose p(x, D) € OPS;Z;"'. Then

p(z,D): L2, — L

comp loc?

l<p<oo, and p(z,D):C¢,. —CE., 0<a<l,

comp

provided m > (n/2)(1 — p + 9).
Proof. Given
|DIDgp(x,6)| < Cap(L+ [g))~m At

By using (5.15), we have Dng‘pr(x,f) = r“"'Dng‘p(gc, rf), so

k k+1
||pr||,1f”||pr|\§+1 < C[Z Tj(l + T)—m—pj-i-él]l—a[ Z (1 + ,,,)—m—PH-‘r(”\]o'
1,j=0 A,u=0
k k+1
<O+ (L4 P OmI=o[ 3 (1 g )P0y
1,7=0 A,u=0

<C(1+ 7a)—M+(1—p+6)(k+a)7
is bounded on 0 < r < oo provided
m > (k+0)(1=p+08) = (5 +e)1—p+0).

The C® has the inclusions

C® C Mpeoc W ™/2 c C°F

last inclusion is Sobolev’s imbedding theorems.
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Theorem 5.47. Suppose p(z, D) € OPS_§" with 0 < 4§ < p <1(6 < 1). Then

p(z, D) : LE,,., — LY., 1<p<oo, if
_n
2
The Wainger [118] result is sharp, if 6 = 0, symbols which are independent of z. Hérmander [55]

shows for 0 < < p < 1, Ops;((;”ﬂ)(lfp)

m (1-p+9).

e, .. — LV

comp locr 1 <P <00

By E.Stein [106] shows if p(z, D) € OPSY’, and either 0 < d < p=1or0 <d =p <1,
then p(z, D) is weak type (1,1) if m = —(1 — p)n/2 and p(x, D) is bounded on L? (1 < p < c0)
it (1-p)(1/2) - 1/p)| < —(m/n). Also p(xz,D) is bounded on C* if 0 < p, 1 > § and
m = —(1—p)(n/2). Fefferman [34] take p(z, D) : L — BMO. Stein’s results derived by Kagan
[62] and others, is that, if 0 <& < 1, OPS? ;5 is bounded on LP 1 < p < oo.

5.9 L? behavior of OPS};

Theorem 5.48. If p(z, D) € OPS%(;, 0<éd<1,then p(z,D): LP, . — LV

comp loc?

1 <p<oo.
This contains the Theorem 5.47 with special case. they give following (1,1) estimate.
Proposition 5.49. Suppose p(z,£) € S?’l;, 0 < 1 has compact z-support. Then for u €
LY(R™), A € RT,
meas{x : |p(z, D)u()| = A} < SJullu.

Since p(x, D) : L? — L2, by Marcinkiewicz [87] interpolation theorem implies p(z, D) :
LP — LP for 1 < p < 2 proving above theorem. The result for 2 < p < oo by duality, since
p(x, D) € OPS} 5 implies p(z, D)* € OPSY ;.

Assume p(z,€) =0 for |§| <1, ¢ € C§° on {£:1/2 < |¢] < 2} such that

d v =1
j=0

for [¢] > 1. Set qi(x,) = p(z, V(27),

2

pv(.6) =3 45(,6).

j=0

We take estimates on the kernels k;(x,z —y) of ¢;(x, D) given

by, 2) = / €€ p(, ) (2IE) e,

the kernel K, (z,z —y) of py(z, D)



Lemma 5.50. We have

/ Kn(z+2°a —y) — Kn(z+2°2)|dz < Co,
|z|>2t

if ly| <t
Proof. For k = [n/2] + 1, |a| < K, we have

(20a)kj(zx + 20, z) = 271 Z Cag/e”ngp(m + IO,E)|§||B|D?’5¢(2*j§)|§|"ﬁ|d§.
B

D?p(:c + 2°,€)[¢]1P! is bounded subset of SY 5 with 2° parameter, so

1(272) kj (@ +2°,2)|[72 < Ca2%1°1 Y |IDE™ (277€) 16|73

Bla

<02, ol < [5]+1, (5.16)

where (7, is independent of j and z°. And
[ hsta e < 1] 022 1af? ks 2%, 2) o2 [ (12204 2 < €, )
C; is independent of j, z°. By (5.16),

[ s ataldo <[ @)oo+ o0 0)de]
|| >t

|z|>t
x[/ (2%9[2]?)~*da] /2 < Cy(206)/2",
|z|>t
For [y| < t,

/|>2 |k‘j(x+x0,x—y)—kj(a;—i—xo,x)\dxS/ |kj(z + 2% + y, x)|dx
x| >2t

|| >2t
+/ kj(z + 20, x)|de < 2C5(271)"/2 7", (5.18)
|| >2¢
When 27t < 1 and |y| < ¢, then

le™E — 1] < |yl|€] < 27t, for & € supp Y(279¢),

and
|DE(e=¢ —1)| < ¢IP1 < 271277181 |3] £ 0.
By (5.18),
/|kj(x—|—a:0,x—y)—kj(x—i—xo,x)\dx < Cy(291) (5.19)

for |y| <t and 27t < 1 and with

N

Ky(z,2) = Zk:j(x,z),
=0



it follows from (5.18), (5.19) for |y| < ¢,

Ky erxO,zfy — K :chzO,x de < Cy min{ (27¢)"/? ”,th < Cy,
|z
x| >2t -
= j=0

proved the lemma.
Lemma 5.51.(Calderon and Zygmund)[55]. Let u € L'(R") and A > 0. There exist v,
wy, in L*(R™) and disjoint cubes Iy, 1 < k < oo, with centers x(*) such that

[ee] [ee]
Du=v+Y w, ollp+ Y [wnllpe < 3lJullz;
k=1 k=1

i) Jo(@)] < 2"A;

i) / wi(x)dr =0 and supp wy, C Ii;
Iy,

iv) Zmeas([k) <A Hul| 1
k=1

If u has compact support, the support of v and wj, are contained in a fixed compact set.

It follows from this decomposition lemma that
(&) = 0(6) + Y _wn(€), [0(€) + D [dn(€)] < 3lJullz,
k k

and
pn(z,D)u = pn(z,D)v + ZpN(a:,D)wk.
k

Set
Il: = {m cR":x— q;(k) = 2\/5(],‘/ — J,‘(k)), some .T/ € Ik},

where (I*) = ymeas (Ix), v = (2¢/n"). For t;, > 0,
I, € {z: |z — 2®) <1y},

Y, = R™\I} C {z: |z — 2P| > 2t;.}.
By iii) we find
pr o Dy = [ K.z = yun(w)dy

=/ {Kn(z,2 —y) — Kn(z,2 — ™) wg(y)dy.

By Lemma
(e Dun@lds [ [ gl 4o = ) - Ko +a®,0)
Y ly|<ti J|z|>2t)

x|wi(y +2™)|dedy < Collwl| 1.
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Set
oo oo
@*:UI]:, w:Zwk.
k=1 k=1

By iv)
meas (0") < %||u||L1.

Above inequality become
/ lpn (z, D)w(z)|dx < 3Ch||u||:-
R™\O

Since py (z,¢) is bounded in S} ; we have
[lpwv (2, D)vli < Cllvllzz < CAllullz,

We have \ \
0 meas{z : |pn(z, D)w(z)| > 5} < 3Co]|u||

and \ \
(5)2meas{x s pn(x, D)v(z)| > 5} < CA||ul| 1.

5.10 L? continuity of operators on the a complex Hilbert
space

We give recently result by Boggiatto, Buzano and Rodino [20] for pseudodifferential operator in
L?. Let Ais

Au(z) = / eV (2, y, E)u(y)dyde,

on the a complex Hilbert space H and by domain D 4 is linear subspace of H. Assume D = H,
if Do = H, we call A is densely.

Theorem 5.52. Consider a pseudo-differential operator A € L p» On L?(R") with domain
D4 = S(R™). Then A is closable in L2(R™). A is the restriction to Ds = {u € L?(R")|Au €
L?*(R™)} of the extension A : S'(R™) — S’(R™).

In particularly

(Au,v) =< Au,v >
for all w € Ds and v € S(R™).

Here P C R™ is a convex Newton polyhedron and a finite set of points in R™.

Proof. They consider the restriction A|p of A: S'(R™) — S'(R™). If u,, € S(R") = D4 is a
sequence such that

up — u and Au, — v, in L*(R"),
then Au, tends to Au and also v in S’(R™). By uniqueness of the limit in S’(R"™) there exist
Au = v and u € D. The restriction to D of the extension A : S’(R™) — S’'(R") is closure of A
in L2(R").

85



Following proposition is the connection between adjoint and formal adjoint.
Proposition 5.53. Let A is a pseudo-differential operator. Then the adjoint A* in L?(R™)
has domain D4« = {u € L*(R")|ATu € L?(R")} and coincides with

i) The closure of AT : S(R") — S(R™) in L*(R");

ii) The restriction of A* : S'(R"™) — S'(R™) to Da-;
iii) The adjoint of A in L*(R™).

Proof. From
(Atu,v) g2 = (u, Av)r2 for u,v € S(R™)

they obtain
(ATu,v)r2 = (u, Av) 2, foru € Dsy, v € Dj.

There exist AT = (A)*. On other side
(u, A*v) 2 = (Au,v) 2 = (u, ATv)z2, for w€ Dy and v € S(R™).

A* is an extension of A% so it is an extension of AT because A* is closed, since A* = (A)*.

Definition 5.54. An operator A on Hilbert space H is called symmetric if
(Au,v)r2 = (u, Av)2, for u,v € Da.

Proposition 5.55. A densely defined symmetric operator has symmetric closure.
Proof. Let u,, € D4, u, — 0 and Au,, — v. Let w € D4. There exist

(u,w)g = lim (Aup,,w)g = lim (u,, Aw)g = 0.
n—oo n—oo

v = 0 because D, is dense in H. And A is closable. Let u,v € D 4. Exist sequences u,,,v, € D4
such that

(A, 0)g = lim (Aup,v,)g = lim (un, Avy) g = (u, Av)g
n— oo n—oo

Definition 5.56. A densely defined operator A is self-adjoint if A = A*.

Definition 5.57. A densely defined symmetric operator A is called essentially self-adjoint if
its closure A is self-adjoint.

From Proposition 5.55 they obtain immediately following theorem.

Theorem 5.58. A formally self-adjoint pseudo-differential operator A is essentially self-
adjoint in L2(R™).
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5.11 On some classes of L”-bounded pseudodifferential op-

erators

Introduction and discussion of the results

The pseudodifferential operators considered in this work are of the standard quantization:

(e, D) — (;ﬂ) [ eate e

where - & = Y30 &5, W(€) = [g. e *Cu(x)dz is the Fourier transform of u. The function
a(x,&) is called the symbol of the operator a(xz, D). A symbol a(x,&) of weighted pseudodiffer-

ential operator satisfies the estimates:
0800 a(@, )] < ca,sm(E)(E)APL 2, ¢ e RY,

for all multi-indices o, 8 € Z7}, m(§) is a positive continuous weight function and (£) = (1 +
€212,

There is the general framework given by the symbol classes S*(¢, p) and S(m, g), introduced
respectively by R.Beals [17] and L.Hérmander [55], [54]. L.Rodino [101] is studied a general-
ization of the Hérmander smooth wave front set and G.Garello [39] get the extension to the
inhomogeneous microlocal analysis for weighted Sobolev singularities of L? type is performed.
Recently G.Garello and A.Morando [43] introduce a vector weighted pseudodifferential operator

is characterized by a smooth symbol which is satisfies the estimates:
0g07a(z,€)| < casm(©AE) T, @, € € R,

where m(€) is a suitable positive continuous weight function, which indicates the order of the
symbol, and A(§) = (A1 (£), ..., A\ () is a weight vector that estimates the decay at infinitive of
the derivatives and study continuity properties in suitable weighted Sobolev spaces of LP type
and microlocal properties.

LL.Hwang and R.B.Lee [57] give a new proof of the L”- boundedness, 1 < p < oo on the Sg,
where m = —n|1/p — 1/2| and a € S, satisfies |8§‘8§a(aj,£)| < Co ()™ for (z,£) € R x R™,
|a] < k and |B] < K/, in the Holder continuous sense, where k > n/2, k¥’ > n/p (the case
1 <p<2)and k > n/p, k¥ > n/2 (the case 2 < p < 00). They also study on the class
Sg’fp, which were symbols have derivatives with respect to = only up to order k, in the Holder
continuous sense, where k > n/2 (the case 1 < p < 2) and k > n/p (the case 2 < p < x0). A
symbol a(z,§) is said to be of class Si. wherem € R, 0 <6 < p <1andd <1,if it satisfies
the inequalities

0202 a2, €)] < Cap(e)™ 110181 5 ¢ 7,

for all multi-indices o and 3, where (¢) = (1 + |¢]?)1/2.
As to the boundedness of the pseudo-differential operators with symbols belonging to the
class ST or A" ;. the following theorems are known.
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Theorem 5.1.1. Let 1 <p < oo, =p=0and m =—n|l/p—1/2|. If ki’ are sufficiently
large real numbers and a : R” x R — C is a continuous function whose derivatives 6585 a in
the distribution sense satisfy (1.1) with |a| < k and |8| < &/, then a(z, D) is continuous from
LP(R™) to LP(R™).

The first result presented by Calderon-Vaillancourt [24] in the case p = 2 proved if for
a,f € {0,1,2,3}" and Coifman-Meyer [21] proved it the case (1 < p < oo) for k, k' > 2n.
Cordes [29] proved it (p = 2) for |al,|8] < [n/2] + 1.

Theorem 5.1.2. Let 1 <p<o00,0<d=p<land m=—n(l—-p)|1l/p—1/2|. If k, k' are
sufficiently large real number and a : R™ x R® — C is a continuous function whose derivatives
8§8§a in the distribution sense satisfy (1.1) with || < k and |8] < &’ then a(x, D) is continuous
from LP(R™) to LP(R™).

This result is due to Calderon-Vaillancourt [25] (the case p = 2) and Fefferman [34] (the
case 1 < p < o0); cf. Wang-Li [57]. Calderon-Vaillancourt proved it for |3] < 2[n/2] + n and
la| < 2m' with m’ € N and m/(1 — p) > 5n/4. Coifman-Meyer |63] proved it (the case p = 2) for
laf, [B] < m/ with m’ € N and m’ > [n/2] + 1. Kato [68] proved it (p = 2) by using the method
of Cordes [29]. Beal [17] proved it (p = 2 and —oo < p < 1). Nagase [98] proved it (the case
2 <p <) for k, k' = [n/2] + 1. LL.Hwang [57] proved it (the case p =2 and —oo < p < 1) for
a, B e {0,1}™

In the work Miyachi [95],[96] we show following the sharpest results.

Theorem 5.1.3. Let 0 <0 <1 and m = —n(l —6)[1/p—1/2|.

1)I0<p<1,§=0,k>n/2,k' >n/pand a € As 1 (R” xR"™), then a(z, D) is continuous
from H?(D) to LP(R™), where H? are the hardy spaces.

2)If0<p<1,k>n/2,k >n/pandac€ Afy ;,(R" xR"), then a(z, D) is continuous from
h?(R) to LP(R), where h? are the local Hardy spaces.

3)I1<p<2,k>n/2, k" >n/pandae Ay (R xR"), then a(z, D) is continuous from
LP(R™) to LP(R™).

HIH2<p<oo, k>n/p, K >n/2and a € As i (R” x R™), then a(x, D) is continuous
from LP(R™) to LP(R™).

Sugimoto [107,108] proved LP- boundedness results, 0 < p < oo, by means of Besov spaces,
which are an improvement of Theorem C with § = 0. Muramatu [96] also obtained some L? -
boundedness results by means of Besov spaces, which also are an improvement of Theorem C
with 0 < § < 1. Bourdaud-Meyer [21] proved Theorem C with p = 2 and 6 = 0, and obtained
the sharpest result.

The following theorem is Sugimoto’s result ([107, Theorem 2.2]), which is closely related to
our problems.

Theorem 5.1.4. let (1) p=2,q=(q,¢') € [2,00)?Uocox2,000r (2) p€ [1,2),q=(¢,¢) €
(2,00) X [2,00) Uoo x 2,00. Then for a € BZ’/(zljlr)l’/(%/’f//;:://% and f € SNH? we have

2—n/q’, —
lla(z, D) fllze < ella(z, ONBY e 520 £l
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where c is a constant independent of a and f, S is the collection of rapidly decreasing functions,

B(n/2—n/q’m/p—n/fI)

HP? is the Hardy space, and Bq is the Hardy space, and a,(1,1),(0,m/p—n/2)

defined in [107].

In this work, we prove the LP- boundedness, 1 < p < oo, of pseudodifferetial operators with

is a Besov space

the support of their symbols being contained in E x R™, where E is a compact subset of R™.

The contents of this work are as follows. First, we give some lemmas and corollaries and
formulate the main results, finally is given the proof of main results.

We require the derivatives 05a and 82‘85’8 a up to finite order for L? - boundedness of pseu-
dodifferential operators.

Definition 5.1.5. Let m(€) is positive continuous weight function, k¥ > 0 and k£ ¢ N and we
define A,, x(R*R™) to be collection of continuous functions a : R™ x R™ — C whose derivatives
0%a satisfy the following conditions:

(1.1) Vx,&,h € R™, a constant C' > 0 such that for o € N”, |a| < [k], we have

1) Tt Ja| < [K] then [9%a(z,€)| < Om(©).

2) If |h| < 1 and |a| = [k] then [0%a(x + h, &) — 0% (2, &)| < Cm(€)|h|F~F.

We denote by ||a||,(e),r the smallest C' such that (1.1) holds. The constant C'is depending
on n.

Definition 5.1.6. Let m(&) is positive continuous weight function, 0 < § < 1, k, k¥’ > 0, and
k, k' ¢ N. The collection of continuous functions a : R™ x R™ define by As k. ,- and the derivatives
8;"85 a satisfy the following conditions:

(1.2) Vx,&, h,n € R™, a constant C' > 0 such that for a, 8 € N, |a| < [£], |8] < [K] we have

1) If |o] < [k] and |8] < [K] then

020 a(x,€)| < Cm(&)(g)*II=18D.
2) If |h| < 1, |o| = [k] and |B| < [k'] then
0202 a(x + &) — 020 a(w, )| < Cm(€)(€)°*=1PD |n|k=H,
3) If [n| < 1, |a| < [k] and |8| = [K] then
10207 a(x, € +n) — 0200 alw, )| < Cm(€)(&)° IRy M =¥,
4) If |h| <1, |n| <1, |a| = [k] and |B| = [K'] then
|020Z a(x + h, € +n) — 0207 a(x + h, &) — 050 a(x, & +n) + 0297 a(x, £))|
< Cm(€)(€)° R =k | ¥ =1,

We denote by ||a]|m, k .k the smallest C such that (1.2) holds.
Now we start to prove the LP- boundedness , 1 < p < co by using the method of Hwang [56].
For u,v € C§°(R™), a € AT (R™ x R") and supa C E x R”, where E is a compact subset of R,

we can write (a(x, D)u,v) in the following form:
(@e.Dju) =3 [ [ e giten (e
1:71 n n
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where 1 € N. Similarly, for u,v € Cg°(R") and a € A}, (R™ x R"), we also can write

(a(z, D)u,v) in the following form:
(@.Dyu) =3 [ [ e Qoo Ohita, e
— Jrn Jrn

where ro € N. Here, b;(z, £) are related to a(z, ) and its derivatives, g;, h; are Wigner functions

which have following form:

1) gie,€) = / ey — y)uly)dy,

n

2) hi(z,€) :/ e~ (€ + N)D(N)dA,

n

where x,£ € R" and ¢; € LP(R"), ¢; € L?(R") (the case 1 < p < 2), ¢; € L2(R"), ¢; € LP(R")
(the case 2 < p < 00).
Then, by Paley’s inequality, we can get

|(a(z, D)u, v)| < Cllul[e[[v]|zs, 1 <p<oo, 1/p+1/g=1,

where C' = Cg . p.illa||m.k OF Chpiekr|al|m k-

Lemmas and Corollaries

First, we have the following lemma. Its proof can be found in [17].

Lemma 5.1.7. Let ¢ (\) = (1 + |\?)*/? with A € R” and 0 < s < 1. Then the Fourier
transform of ¢ has the following properties:

Ps € C°(R™\ 0). (5.1.1)
There are constants C,, s and C), s; such that
|@s(z)| < Cpstlz| ™t for |z| > 1 and t €N, (5.1.2)

and
|ps(x)] < Cpslz| ™% for 0 < |z| < 1. (5.1.3)

Remark 5.1.8. In fact, if we define ¢, .(A\) = gps(/\)e_suﬁ, A€R™and 0 < s,e < 1, then ¢, .
satisfies (5.1.1)-(5.1.3) with C,, s and C,, s independent of ¢.

For a € A7, (R™ x R™), we define a', a* as follows:

1) al(A,g):/ e~ a(x, &)dx, M EER"

n

2) i(ey) = [ e alw)de, ay R
Then we formulate the following lemma.
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Lemma 5.1.9. Let m(&) is a positive continuous bounded function, 0 < s < k, k' < 1, a €

Ce°(R™ xR™) NAR,, (R™ xR™) and ¢,(A) = (14]A[*)*/2, A € R™. Suppose ji (-, &)

and §3(-,€) = a*(-,€)ps(), z,& € R™. Then we have

19:(2, )] < Crms

m(&)|llall, , & € R,

where i = 1,2, ||a|| = ||a||m,kk and Cy, ., s depends only on k or k.

=a' (- es()

(5.1.4)

Proof. We shall prove the case ¢ = 2 only, since the proof of the case i = 1 is similar.
Without loss of generality, we may assume that @s(A) = ps(A) = (1 + IA|2)8/2e<M* X e R™

and 0 < € < 1. Then we have

1

9= (5) [ e

~(5) [ enctmate.n+an
- 11(3375) + IQ("IJ,f), .’1?,§ S an

where )
B9 = Go" [ pucaan+
@ [n|<1
and )
Be)= G [ pucaan+ i
m In|=1
By (1.2) and (5.1.2), we obtain

[L2(x,§)| < Chs.illal] | [l =" fm(€)ldn, t € N.

n|>1
We get
(2 (2,&)| < O m.s|m(E)]||al]-

We now estimate I;. First, we write I; in the form

Il(xag) = Il,l(xvg) + 11,2($7£)7 xvg S an

where

1
2T

Iia(z,€) = <

and
1

I o(%, &) = (27r> /||<1 Ps,e(m)dn - a(x,§).
n|<
By (1.2) and (5.1.3), we get

1
[I1,1(z, &) < Cp slm(§)|||al] et de < Cp,sIm(8)l]all,
n=

where C), s depends on £’.
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Since ¢;(0) =1 and [, [&y.e(n)|dn < Cy,s, We obtain

[T12(2, )] < Cr s[m(E)]]]all;

where C,, s depends on k'

Corollary 5.1.10. Let m(¢) is bounded continuous function, 0 < s < k < 1, a € C*(R" x
R™) N AP(R™ x R™) and ¢4(\) = (1 + |[A[?)*/2, A € R™. Suppose §*(+,&) = a'(-,&)ps(:), £ € R™.
Then

l9(2, )| < Crm,s|m(E)]l[al], 2,§ € R,

where ||a|| = ||a||k r and Cy m, s depends only on k.

Proof. This is an immediate consequence of Lemma (5.1.9).

Corollary 5.1.11. Let m(€) is bounded continuous function, 0 < s <k < 1,0 < ¢’ <k’ < 1,
a € C(R™ x R™") N AP, (R™ x R™) and ¢3z(A) = (1 + IA[?)/2, A € R™ and § = s, s’. Suppose
JNy) = a(\ y)es(Nes (y), y, A € R™. Then we have

l9(2,&)| < Cm.slm(E)llal], =, & R,

where ||a|| = ||a||m k& and C, ., s depends only on k, k.

Proof. Without loss of generality, we may assume that pz(\) = ¢z .(\) = (1+ IA]2)3/2e =M,

AeR™ §=s5,s and 0 < € < 1. First, we have

000 = () [ [ oueleriuetmats s+ €yt

1 2n 4
= (271_> ZI]<J;7£)? CL‘,&ER”,
j=1

where
1 = Asa As/a 5 dzd 3
(2,6) /.Zgl/mgﬁ” (@) pere(n)alz + 2, + €)dzdn
I == Ass As/s 5 dzd )
2(2,6) /|/||“” (@) pere(n)alz + x,m + €)dzdn
1. - Aes As’s 3 d d )
A(2,6) /| /|n|<1“”" (2)pwre(m)alz + @, + E)dzdn

and

14(5[;75) = / / 9275,6(2)9275’,6(77)0’(2+$7n+€)d2dnu
[2|>1 J|n|>1
By (1.2), (5.1.2) and Peetre’s inequality, we get
a(z, &) < Cpm,slm(E)l]all,
where C), s depends on k, k'.
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We now estimate I; only and leave the estimates of I and I3 to the reader. We write estimate

I; in the form
4
X g) - le,t(xag)a l’,f S Rna
t=1

where

La(z,8) = / / 2)¢s e(M(a(z+z,m+ &) —alz+ 2,8 —alz,n+ &) + a(z, §))dzdn,
s Jini<r ©

La(2,€) = // e c(m)(alz + 2,€) — a(z, €))dz=dy,

I 5, €) = /| | /Mg Bocl2)pw e () (alz, 7+ &) — az, €))dzdn,

z|<1

and

s’ e dzdn - AN
Iy(z,8) = /||<1/77<1 2)pst (n)dzdn - a(z, )

By (1.2) and (5.1.3), we get
[1,4(z, )| < Cpym,s|m(&)|l]all,

where t = 1,2,3,4 and C,, ,,,s depends on k, k.
We give the following lemma of Hwang [56] which is related to the Winger function.
Lemma 5.1.12. For u, ¢ € C§°(R"), we define

g(z, &) = /n e Weo(x — y)u(y)dy,
and

h(zx,€) :/ e i (€ + Nu(N)dN, z,& € R™,
Then we have

n/2

191l 22 (n xrr) = [Pl L2@®n xRR) = (270)™ =[] | L2 () [0 L2 (RP)-

To prove the LP- boundedness of pseudodifferential operators, we also need the following lemma
which is related to the Hausdorff-Young inequality and Paley’s inequality [57]. It can be found
in [56] and [55].

Lemma 5.1.13. If 1 <p <2,1/p+1/g=1and p < r < g, then

R 1/r
([ grmemifera) < il

Remark 5.1.14. In this work, Lemma 5.1.13 is applied in the case of r = 2.
Now we use the following partition of unity.
Let r >0 and s = 1,...,n. We define

Lop ={€R"E = (15, 6n), [&] S 7I&s|if t# s}
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Then we can find Wy € C§°(R™) and Wy € C*(R"), s = 1,...,n, such that the following
conditions hold:

HoO<W,<1, s=0,1,...,n,

2) supp Wo C {[€] < 1}, supp W C g5 N {[€] > 1/2}, Wi(€) = Wi(sg) for € > 1, and
We() =1for £ €l 0 and (| >1,5=1,...,n,

3) YimaWs =1,

4) for a € N, there exists a constant C, > 0 such that

|08W, ()] < Ca(l+ €))7, €€R™ and s =1,...,n.

To prove the LP- boundedness, 2 < p < oo, of pseudodiferential operators, we need to study the

Fourier transform of the following functions:

1 1

77&‘3(6) = Ws(g) 14 Zggn/p] (1 + |€|2)%(n/p7[n/p]+s/2)a

(5.1.5)

where £ € R", s =1,...,n, W, are defined as above and ¢, ¢ > 0, is so small that n/p+¢/2 ¢ N,
n/p—[n/pl+¢ <1, [n/p+e) = [n/p] and n/q— [n/q) # /2 with 1/p+ 1/q = 1.

It is clear that 15 € LP(R"™), and to proof that that 15 € L7(R™), we give following lemma of
Hwang [57] without proof.

Lemma 5.1.15. Let ¢, be defined as in (5.1.5). Then we have

[ths(2)] < Cpclz| /72 for 0 < |2| < 1, (5.1.6)

[hs()] < Crilz|™ for || >1, andteN (5.1.7),
where z € Rand 1/p+1/g =1 with 2 < p < o0.
Corollary 5.1.16. For £ € R™ and 2 < p < 0o, we define

1
(14 [€[2)z(/pte/2)”

(&) =

where €, > 0, is so small that n/p +¢/2 € N, n/p — [n/p] +& < 1, [n/p + €] = [n/p] and
n/p—[n/q] #¢/2 with 1/p+1/q = 1.
Then we have
[ih(z)| < Cpclz| ™92 for 0 < || <1,

and
[h(z)] < Cpilz|™ for || >1 andt € N,

where x € R™.
Proof. By an argument similar to the proof of Lemma 5.1.15, Corollary 6.1.16 is obtained.
Main results
First, set m(§) bounded continuous function, ||a|| = ||a||m,k if a € AP (R™ x R™) and ||a|| =

[allm, ke if @ € APy (R™ x R™). Then we have the following theorems.
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Theorem 5.1.17. Let 1 < p < 2, k > n/2, k ¢ N, E a compact subset of R" and
Q) = {z € R"d(z,F) < 1}. If a € AP(R™ x R") and supp a C E x R", then a(z, D) is
continuous from LP(R") to LP(E) with its norm bounded by Cg ., , 1|1 |"/?|m(€)|||a||, where ||
denotes the Lebesgue measure.

Theorem 5.1.18. Let 2 < p < o0, k > n/p, k € N and E a compact subset of R". If
a € AJ'(R™ x R™) and supp a C E x R™, then a(z, D) is continuous from L} (R™) to L?(E).

Theorem 5.1.19. let 1 <p <2, k>n/2, k' >n/pand k, k' ¢ N. If a € AP}, (R" x R"),
then a(x, D) is continuous from LP(R™) to LP(R™) with its norm bounded by C, p k& |m(§)|]]all-

Theorem 5.1.20. Let 2 <p < oo, k> n/p, k' >n/2 and k, k' ¢ N. If a € A} ., (R" x R"),
then a(x, D) is continuous from LP(R™) to L?(R™) with its norm bounded by C,, p k& |m(§)]]|all.

Proofs of the main results

Proof of Theorem 5.1.17. Without loss of generality, we may assume that
a € CPR" x R") N AR x R").

Let k =n/2+¢ and @2(\) = (1 + |A|2)2("/2-[n/214</2) where A € R™ and ¢, > 0, is so small
that n/2 — [n/2] —e < 1 and [n/2 + ¢] = [n/2]. Then for u,v € C§°(R™), we have

(a(z, D)u, v) (%) / n / e"a(z, )il o(x)dedr. (5.1.8)

We write (5.1.8) in the form

(a(z, D)u, v) <2w> / / O O)()F(\ + €)drde

()" [ [ a0 om0 i + i

:<27r) / / / T b, ©)i(€)py (MDA + €)dAdEd, (5.1.9)

(&) =a' (-, &)pa(), EER™

Making use of the partition of unity Wy, s = 0,1, ..., n, we write (5.1.9) in the form

(a(z, D)u, v) = < >2ni15,

where

where
Is:/ / / efixAb(%f)ﬁ(f)Ws()\) ()\)15()\+§)d/\dfdx s=0,1,....,n

We estimate I; only. Integrating the above integral with respect to = first and making the use

of the identity
1

e

)

(1— (_Z-)l—[n/2]ag[£/2])(e—ixx> — pirX
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we write I; in the form
11_1—11'1-()1 [n/2}1-12

where
Ia 7/ / (z,&)u(é)h(x, &)dEde,
and
Lo —/ / (x,8)a(&)h(x, &)dEde, (5.1.10)
with
b(w, &) = /2 (b(x, £)),
h(z, ):/ e TAPNON + E)dN, z,€ € R, (5.1.11)
and
—1 _ n
¢(/\) - Wl()‘)<p2 (/\) 14 'LA[n/2] ’ - (Ah seey >‘n) € R™.
We shall estimate I; 5 only, since the estimate of Iy ; is similar. First, we write (5.1.11) in the
form
hz,€) = / =20 (2)5(z — 2)dz. (5.1.12)
Substituting (5.1.12) into (5.1.10), we write I 2 in the form
Iio=Ji + Jo,
where
Ji = / / (z,8)a (x, &)dEdx,
Q; JRn
and

Jo = /R\Q1 /n (z,§)u(é)h(x,&)dEd,

We first estimate J;. By Holder’s inequality, Corollary 5.1.10, Lemma 5.1.13 and Parseval’s

formula, we obtain

1/2

e[ ([ miegicopa) ([ neopac)” a

< (@)l | ([ 1GIote - opa:) i

where € = C,ppllal] and 1< p < 2.
By Holder’s inequality and Minkowski’s inequality, we get

1] < CIU P [m(E)ful o @y 11| 2 ey 0]l Loy, 1/p+1/q = 1.

Now, we estimate J,. We have

o) = (35) [ o ale+ ety
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- (;ﬂ") /n(&[ﬁi/%)(yvﬁm(y —a)dy, @& R,

and |z —y| > 1 for z € R"\ ©; and y € E. Hence, by Holder’s inequality, Corollary 5.1.10,

Lemma 5.1.13, and Parseval’s formula, we have

2 < Ol [ 4@ ([ 1inte - opas) i

R7\Qq

where C = Cgnpillall, 1 <p <2, and

XEeY)
A)= | XEYL R"
@)= [ G s R

with

(1 ifyeE
MZY 0 ifyeE.

By Holder’s inequality and Minkowski’s inequality, we obtain
| Ta| < CLE[MP||ul| Lo @yl [$]] 2@ |[0] | Lo@ny, 1/p+1/q = 1.
Proof of Theorem 5.1.18. Without loss of generality, we may assume that
a € CP(R" x R") N A (R™ x R™).

Let k = n/p+e and @, (A) = (14|A[2)z(/p=[n/pl+¢/2) where A € R™ and €, > 0, is so small that
n/p+e/2¢ N, n/p—[n/pl+e<1,[n/p+e]=[n/p] and n/q—[n/q] #¢/2 with 1/p+1/q = 1.
It is enough to show that the conclusion holds in every open ball. So fix a ball, say B. Then for
u,v € CP(R™ x R™) and supp u C B, we have

(a(z, D)u,v) = <217T)n/n /n e a(x, &)u(€)v(x)deda.

Since the arguments are similar to the proof of Theorem 5.1.17, we only study the following
lemma.
Lemma 5.1.20°. For u,v € C§°(R™) and supp u C B, we define

J = / / b(z, )a(&)h(z, €)déd, (5.1.13)

where
b(x, &) = /P (b(x,€)), o= (21,....,7a), EER", 2<p < 00,

with
(-, &) = a' (- O)ep(-),

h(z,&) = / e b, (NN + €)dN, x,€ € R™, (5.1.14)
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with
A=(A,.., \n) €ERY,

and W is defined as in the proof of Theorem 5.1.17. Then we have
p—2
|71 < Compillall|BI= Q0[P [ul| Lo sy 0] Lo any

where |B|, 21 denote the Lebesque measure of B, €1, respectively, with Q; = {x € R"|d(z, F) <
1},and 1/p+1/g=1 with 2 < p < 0.
Proof. First, we write (5.1.14) in the form

h(z,§) = / e @28 () v(x — 2)dz. (5.1.15)
Substituting (5.1.15) into (5.1.13), we write J in the form J = J; 4+ J2, where
n= [ [ e a©nie ez,
Q; JRn

and

Ty = / . / b, ), €) e,

By an argument similar to the proof of Theorem 5.1.17, we have

1/2

iz [ ([ oore)” ([ imene o) a

<@l [ ([ Wt ) i

a) ([ tinte o) i

where C), . 1|lal|, A is defined as in the proof of Theorem 5.1.17 and 2 < p < oo.

A1 < Cp@lilsecs) [

R\

By duality and Fubini’s theorem, we obtain
p-2 R
1] < CIB|'= [m(&)]l[ul| o) | BP9 (2)] | La@m) 0] | Lagan),

p=2 ~
|7 < C1BI= [m(&)||[ull o) | EI'P1$ ()| o ||0] L iny-

Then Theorem 5.1.18 follows by applying Lemma 5.1.14

Proof of Theorem 5.1.19. Without loss of generality, we may assume that a € C§°(R x R) N
AP (R x R™). Let k =n/2+¢, K =n/p+eand ,(A) = (1 + |A[2)2(n/p=In/pl+e/2) where
A € R" and ¢, > 0, is so small that n/p — [n/p] + ¢ < 1 and [n/p + €] = [n/p]. Then for
u,v € C§°(R™), we have

(a(x, D)u,v) = (;ﬂ)n/n/nei"’”/\a(x,f)ﬁ(f)@(w)dfdz. (5.1.16)
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We write (5.1.16)in the form
w0 = (5) [ [ aounsonian
~(5) [ [ a0t wer 00y

= <217r)"/n /n /n /n b, €)e~ Ve €061 o oL () F(A, ) dydAdE, (5.0.17)

b(Ay) = a(\y)ep(y)p2(N), 1<p<2, (5.1.18)

where

and
fy) = / e u(w + y)o(w)dw, N,y € R™. (5.1.19)

Making use of the partition of unity W, s = 0,1, ..., n, we write (5.1.17) in the form

n

(ale, D)) = (5-)™" O Lo

s,t=0

where

L= [ ][ b e =W g, Wies 0 FO g)dyddgd,
s,t=0,1,...,n.

We shall estimate I; ; only, since the estimates of the cases are similar. By an argument similar
to the proof of Theorem 5.1.17, we use the following method:
1) We integrate the above integral with respect to £ first and make use of the identity

1 /ol

1+ iy (1- (_i)lf[n/P]agl/P])(efigy) — ity

2) We integrate the result of (1) with respect to z first and make use of identity

1 [/l

- (1— (_i)l—[n/2]a:£2/2])(e—ix)\) — oA

Then we obtain
Iig=J1+ (i)lf["/Q]Jg + (i)lf[”/p]Jg + (i)lf["/z] (i)lf[”/p]Jél,

where
I = / / bi (2, ) A(w, E)dede, k=1,2,3,4,
with
bl(x7€> = b<x7£)a
ba(z, &) = O/ (b(x,€)),
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bs(,€) = 07" (b(x,€)),
ba(z,€) = AL M (b(x, €)),

Az, ) = / /n e e A (Y)a(N) F(N, y)dyd), 2, € € R™, (5.1.20)

and .
’(/)p(y):WI( )W 1(y)’ y:(ylaayn)eRn7 1<p§2
1+1y

We shall estimate J; only, since the other cases are similar. First, we estimate the following

// A(z, €)|dédz.

By Lemma 5.1.3 and 1, € L*(R"), we see that the integral in (5.1.19) is in L'(R" x R"™).
Therefore, without loss of generality, we consider the following integral:

integral:

| [ @ olacds G.121)
where
As(r,&) = / / e Ve Ay 5o s(N) F(N, y)dyd\, x,€ € R, (5.1.22)
with
bps(y) = Yp(y)e ¥ yeR™, 1<p<2and0<s<1. (5.1.23)

We now give a proposition that will help us to study (5.1.20).
Proposition 5.1.21. For u,v € C§°, 1 < p < 2and 0 < § < 1, let As be defined as in
(5.1.21). Then we have

/ / €)As(z,€)|dedx < Crpp ool o s 10| o gemy 1/p+ 1/g = 1.

Proof. Substituting (5.1.18) into (5.1.21), writing v(w) in the form

1\" i
B(w) = (%) [ i, were,

and making the change of variables w + y — w, we write Ag in the form

1\" . .
Aé(x,@_(%) / / &= i

‘ ( [ s - sw) w(w)i(n)dwdn, z,¢ € R™.

By Taylor’s expansion formula, we write 12 5 in the form

PrsAtn—0= 3 2o

lal<4n
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)\a
+n+1) Y / 0) g s(n — €+ ON)dO, A,n,& € R™.
la|= 4n+1

Substituting (5.1.23) into (5.1.22), we have

8508 = () X tapsleOanse )+ (5-) Gnt D00, s e R

2 s
la|<dn
where
Japs(2,€) = (i)~ '“'/ ™) (wyu(z + w)dw, (5.1.24)
ha2,5(2,8) = / i e~ Y8 5(n — €)0(n)dn, (5.1.25)
and

Os(r,6) = Y / gyin+1

|a]= 4n+1
X / | / | ( /R | =g () —5+9A)A%ﬁp,5(A)dA> &M =8y (1) () dwdndh. (5.1.26)
We now give a lemma to help us study the following integral:
L[ im0 gus(z,hazs(e.€)ldede (5.1.27)

for o <4m, 1 <p<2and 0 <4 < 1.
Lemma 5.1.22. For u,v € C°(R"), || <4n,1<p<2and 0 <d < 1,let gops and hq 25
be defined as in (5.1.24) and (5.1.25), respectively. Then we have

[ (€0 o2 €)ldeds < Coplm©llullsgo el 10+ L/g =1
Proof. First, we write (5.1.25) in the form
haos(z, &) = / e iz Ag’og)(z)@(x — z)dz. (5.1.28)

Substituting (5.1.28) into (5.1.27), by Holder’s inequality, Lemma 5.1.13 and Parseval’s formula,

we obtain

/n /n ga,p, xz g)ha,Q,(S(xag)'dgd(E
1/2

g/n (/n Im(é)ga,p,a(x,€)2d§)1/2 (/Rn |ha,2,5(x,§)|2d§> dx

1/2

<o [ ([ wpswntrwran)” ([ e - ope)a

where C' = Cy, p i 1/
By Holder’s inequality, Fubini’s theorem and Minkowski’s inequality, we have

[ im(©05ta0@ oo, € ldeds
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< Crptot 1053 | oy 1l oo 1655 || 2 s 0] gy, 1/p +1/q = 1.

We now give a lemma to help us study UOs.
Lemma 5.1.23. For u,v € C§°, 1 <p <2and 0 < § < 1, let Os be defined as in (5.1.26).

Then we have
[ im(©0s(.e)deds < Coprartm@llallogee ollzoenys Lo+ 1/a =1,
Proof. First, we study the following integral:
e = € N a0 (5.1.29)

where w,z,n,£ € R", 0 <6 <1 and |o| =4n+ 1.
Making use of the following identity:

- 1 - , ,
- | I(l + b S) (ez(w—z)A) _ ez(w—z)A7
(gl—i—z(ws—ws))(szl )

we write (5.1.29) in the form

/n ei(w—m))xwg’g(n _ f + GA)(Aazzp,é()\))d)\

n

~ (Ml =) SV S [ 00550 = € +00)08 7 (1750

s=1 s BeT ~<p
(5.1.30)
with
T ={(f1,P2,.,Bn) EN"B: =0 or 1,t =1,...,n}.
Substituting (5.1.30) into (5.1.26), we get
Z Z |5\ Z/ / 4n+185 ’Y(}\awpé( ))
la|= i1 Y per v<B "
xe AT G(2, € Nha~(x,€,00)dNd0, x,€ € R, (5.1.31)
where N
6N = [ om0 M i xs>)U(w)dw,
and
o (2.6,6N) = [ 0305500 - € + ON)i ()i, A € R (5.1.32)
By an argument similar to the proof of Lemma 5.1.13, we have
/ / G(2,6, N ha~(x, €, 00)|dEd
< Crupl 1] 2o oy 1l o ey 077 1055 L2y 0] Laggen, (6.1.33)
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where

1
l(z) = H [ and 1/p+1/q=1.
s=1

Also, we have

| 100, slar < €., (5,130

with |a| =4n 4+ 1 and 8 € T. Therefore, (5.1.29)-(5.1.31) imply

[ [ m@ose o< > LSS [ a- oo g,

|a]= 4n+1 " BeET <A

(/ / 9, € Nha (xvfa”)ldﬁdx> dAdf

v||L‘1(]R")7 1/p+ 1/(] =1, 1<p<2

< Co e, I ()|l | Lo (mn)

Thus, Proposition 5.1.21 gives
[Jal < Co e I alll|ull oy [0l Lomny, 1/p+1/g=1, 1 <p<2.

Proof of Theorem 5.1.4. Without loss of generality, we may assume that a € C§°(R™ x R™) N
A (R x R™). Let k=n/p+e, K =n/2+¢ and ¢y (\) = (14 |[A2)2 (/P ~[/214/2) where
A€ R" 2<p < ooandee > 0,is so small that n/p’ +¢/2 € N, n/p' — [n/p'le < 1,
[n/p' +¢] = [n/p] and n/q — [n/q] # /2 with 1/p+ 1/q = 1. Then for u,v € C§°, we have

(a(z, D)u,v) = (%) // (2, £)0(€)v(x)dEda.

Sice the following arguments are similar to the proof of Theorem 5.1.19, we shall only study the
following lemma, which is similar to Lemma 5.1.13
Lemma 5.1.24. For u,v € C§°, |o] < 4n, 2 < p < oo and 0 < § < 1, we define g, 2,5 and

ha,p,s as follows:
o2a@ &) = (07 [ e U wulo + wido,
ans(e€) = [ 0= Oimdn. w.€ R
with

1
72 ),

by (y) = Yo ()e W Y (y) = Wi W)
149y;

y:(y:l?"'?y'"/)eRn) 2Sp/<OO’

and W7 is defined as in the proof of Theorem 5.1.18. Then we have

/n /n ONga2,6(@, hap,s(w,§)|dEdx

< Crp e M) |[ul[ Lo @y [0l La@ny, 1/p+1/q=1.
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Proof. First, we write (5.1.33) in the form

o€ = [ ol - 2

By an argument similar to that in the proof of Lemma 5.1.13, we have

// §)9a.2,6(%; E)hap,s(x,&)|dsdx

1/2

< /n (/Rn |9a,2,5(x7§)|2d§)1/2 (/n Im(§)|ha,p,5(m,§)|2d§) dx
=¢ Rr (/ W(a)( Ju (w+w)|2dw>1/2 (/ W(Q)( )v (x—z)lqu)l/qu

< C||1/)3,5||LP(R")HU||LP(R”)\WJ sllawny, 1/p+1/g=1,

where C = Cn,p,k,k’-
Thus, by an argument similar to the proof of Theorem 5.1.19, Lemma 5.1.12, and Lemma
5.1.13, Theorem 5.1.20 is obtained.
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Part 6

Appendix
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Appendix A

A Few Basic Definitions and

Theorems of Functional Analysis

The aim of this chapter is to recall some basics definitions and theorems, which are useful for

our generally calculus.

6.1 Closed and closable operators

Throughout this section, E denotes a Banach space (over K or C) with norm || ||. By L(E), we
denote the space of all bounded linear operators on FE.
Definition 1.1. An operator B : D(B) C E — E is called a closed operators if the graph

G(B) :={(u; Bu),u € D(B)}

is closed in ¥ x E.

This definition can be rephrased as follows:

If (z,), € D(B) is such that x, — = and Bz, — y in E (as n — o0), then z € D(B) and
y = Bzx.

Note also that B is a closed operator if and only if D(B) endowed with the graph norm
|| - || + || B]| is a complete space.

Definition 1.2. Let B : D(B) C E — FE be an operator on E. A scalar A € K is the
resolvent set of B if A\ — B is invertible (from D(B) into E) and its inverse (Al — B)~! is a
bounded operator on E. For such A, the operator (A — B)~! is the resolvent of B at \.

The set

p(B) :={\ € K,\I — B is invertible and (\] — B)~! € L(E)}

is called the resolvent set of B.
The complement of p(B) in K
o(B) ==K\ p(B)
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is called the spectrum of B.

Proposition 1.3. 1) Assume that B is a closed operator on a Banach space F. Then a
scalar \ is in p(B) if and only if A — B is invertible (from D(B) into E).

2) If the resolvent set p(B) is not empty, then B is a closed operator.

Definition 1.4. An operator B on a Banach space E is closable if there exists a closed
operator C': D(C) C E — E such that D(B) C D(C) and Bu = Cu for all v € D(B). In other
words, B has a closed extension C'.

Assume that B is a closable operator on a Banach space E. One can define the smallest
closed extension B of B as follows:

D(B) = {u € E s.t. 3u, € D(B) : limpu, =u, lim, m|[Bu, — Bu,,] =0} (6.1),
and if u and (uy), are as in (6.1) we set
Bu = lim,, Buy, (6.2)

where the limits are taken with respect to the norm of E.

One shows easily that B is closed operator and every closed extension of B is also an extension
of B.

If B is an operator such that B, defined by (6.1) and (6.2), is well defined (i.e., B = lim,, Bu,,
does not depend on the choice of the sequence (u,)), then B is a closed extension of B. Conse-
quently, B is closable if and only if B is a well defined operator.

Let now v € D(B) and let u,, € D(B), v, € D(B) be two sequences which converge to u and
such that Bu,, — Bu,, — 0 and Bv,, — Bv,, — 0 as n, m — oo. Thus, Bu,, and Bv,, converge to
some w and w’ in E. Now, barB is well defined if and only if w = w’. Thus, we have proved the
following characterization of closable operators.

Proposition 1.5. A linear operator B on FE is closable if and only if it satisfies the following
property:

if (u,) € D(B) is any sequence such that u, — 0 and Bu,, — v (in E), then v = 0.

Definition 1.6. Let B be an operator with domain D(B) on a Banach space E. A linear
subspace of D(B) is called a core of B if it is dense in D(B), endowed with the graph norm
- 11+ 1B

Let B act on a Banach space E and D a linear subspace of D(B). The restriction of B to D
is the operator

B|pu:= Bu for we D = D(B|p).

The next result follows easily from the previous definitions.

Proposition 1.7. Let B be a closed operator on a Banach space E and D a linear subspace
of D(B). Then, D is a core of B if and only if the closure of B|p is B, i.e., B|p = B.
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6.2 Function spaces and Fourier transform

We first define spaces of smooth functions, C*>°(Q2) and C§°(€2), and E'(2), D'(Q2) are spaces of
distributions. Let €2 is a smooth paracompact manifold and open subset of R, when Q = R",
we define the Schwartz space S of rapidly decreasing functions, and its dual S’.

We define, on functions on R", the seminorms g; by

gjx(u) = sup (14 [z[*)/*[D%u(x)] : |a| < k.
TER™

Definition 2.1. The space S(R™) consists of smooth functions u on R" for which each g; ,(w)

is finite, with the Frechet space topology determined by these seminorms. It dual is denoted

S'(R™).
We have defined the differential operators D“ on functions on R™ by
. — 8 « e} [e3
D;=i 1%, D = D{*...Dgm.
If P(¢) is a polynomial,
PO =3 aut?,
la|<m
denote by P(D) the differential operator
P(D)= Y a,D".
la|<m
If
pa,&) = > aa(2)E”, aq € C¥(Q),
la|<m
let

p(z, D) = Z aa(z)D".

lal<m
The differential operators are continuously p(z, D) : C*°(Q2) — C*°(9) and p(x, D) : C§*(2) —
Ce(Q2) on Q C R™
If the coefficients a, € C°°(R™) satisfy the slow growth condition

[DPag ()| < Cap(1+ |2)Y, N = N(a, B),

then p(z, D) : S(R") — S(R™) and similarly p(z, D) : S'(R") — S'(R™).
The Fourier transform. If v € L'(R"), we define by

a(€) = (2m) "/ / w(@)e = dy (6.3)

where x - &€ = 1161 + ... + 2,&,. If u € LY implies @& € L and ||0|[z~ < (2m) 7 2||u||p:. We
denote (&) by Fu(€). Changing the sign in the exponent in (6.3), we define

Fu(€) = al€) = (2m) > / u(z)e*d.
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Proposition 2.2. If u € S(R™), then 4,4 € S(R").
Proof. If u € S, then we can differentiate (6.3) under the integral sign to obtain

D2i(e) = (2m) " [ ula)(-a)*c" .
Now, realizing that ¢%e=¢ = (—1)I#ID8e~%*¢ and integrating (6.4) by parts we get

gﬁD?ﬁ(f) = (27r)—n/2(_1)\a|+\/3\ /Df(xau(m))e‘midx,

(6.4)

which implies that each £° Dgd € L>(R"), provided u € S(R™). This yields @ € S, and similarly

one has o € S.

Theorem 2.3. The Fourier transform § : S(R™) — S(R™) is an isomorphism; in fact

3§ =3*F = I, so in particular, for u € S,

u(z) = (2m) "2 / (&) de.

Proof. By (6.3) implies §*F = I and §§* = I is similar, so we can prove only (6.5)

2n) 2 [aleeis = 2m [ [ utgesayag

= lim (27)~ // @ E=<lEl gy e
e—>0

_ hm 27)~ / / i(z—y)é—elé|? d&Yu(y)dy

=lim [ p(e,z —y)u(y)dy

e—0
where

pe,z) = (o) " [ eint - el

We evaluate (6.7)
ple,w) = (4m) 2T = o7 2 0/ )
where ¢(z) = p(1,2) = (47?)/”/26_“”‘2/4. If g € S(R™), by (6.8)we have

/n q(z)dz = 1.

For any bounded continuous u(z) to verify that,

= lim [ p(e,z — y)u(y)dy = u(2).

e—0

(6.6) and (6.8) yield (6.5).

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

To establish (6.9), p(e,x) defined by (6.7) is an analytic function of x € C™ to verify that

p(e,iz) = (471’)_”/26'90‘2/48, reR"
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Now,

p(e,ix) = (2#)_"/6_15_5|g|2d£

- (QW)—ne\wIQ/%‘/e—l(x/2\/5)+\/5€|2d§

= (27T)7”e‘z|2/45/67552d§

:(27T)—ng—vn/2e|x\2/4a/ P ge

n

so to prove (6.10), we show that
/ eIt de = 7n/2,

If
o0
A:/ e-lel?de.
—o0
then
/ eI dg = Am,
but

2 00 o)
A? = / e_|5|2d§ = / / e rdrdd = 27r/ e rdr = T,
R? o Jo 0

so we are done. The proof of Theorem 2.3 is complete.

We define

5:S8(R") - S'(R™)
by
(u, Fw) = (Fu,w). (6.11)

The (6.11) holds for w € S(R™) and defines the unique continuous extension of § from S to
S’, similarly §* : 8’ — &’. From Theorem 2.3 it follows §§* = §*§ = I on S'(R"™), § and §* are
isomorphism from S’ to itself.

Integrating by parts that (6.5) implies

Dru(e) = (2m) 2 [ ra(esas,

(—z)Pu(z) = (2m)~"/? / DZu(€)e' dg (6.12)

where v € S(R").
Thus D = §~1¢F, 2f = F1(—D)?F on S(R"), similarly on S’(R"). From §~! = §* on
S it follows
lallZ: = (§u,§u) = (3" Fu,u) = (u,u) = |[ullf:, ueS. (6.14)

By (6.5) follows § has a unique extension as an isometry § : L?(R™) — L?(R™), similarly also §*
on L? and §*F = §F* = I on L? in fact by using Plancherel’s theorem both of them are unitary
operators.
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We define the convolution
uxv(zx) = / u(x)v(x —y)dy, u,v e S(R™),
Rn

then uxv € S, we say S*S C S and have L' x L C L', C° xS C S, C§° x C> C C™.
By Fubini’s theorem we have for u,v € S(R™)

(uxv)" (&) = (2m)"2a(€)d(€).

The delta function § € & ¢ &' C D’ is defined by < u,v >= u(0) and also §(¢) = (27)~"/2,
d*xw=uw, P(D)w = P(D)J *xw. By (6.12) for a polynomial P({), we have

(P(D)u)"(§) = P(§)a(s)

or
P(D) =§'P(&)3. (6.15)
For general function p(§) has
p(D) =3 'p(&)F. (6.16)
If p(€) satisfies the slow growth condition, p(D) maps S(R") and S’(R™) to themselves and by
Plancherel’s theorem p(D) : L? — L? if p € L>(R").
The Fourier series has defined on T = R™ /27 Z™ by

u(x) = Z w(m)e'™®, where a(m) = (27r)_"/ u(z)e "™ dx, u e D'(T")

mezZmn "
or

a(m) = 2m) ™" < u, e T >

By using Plancherel’s theorem we have

S lam)P = r) " [ Jute)Pde

n

There is
D%u(z) = Z ma(m)e™*.
mezn
It follows that u € C*°(T™) iff 4(m) is a rapidly decreasing sequence in Z7,

sup (14 |m|)*|a(m)| < oo, VEk.
mezZn

By duality, v € D'(T™) iff 4(m) is a polynomially bounded sequence for some ¢, |a(m)| <
C(1+ |m|)*.
As in (6.15) for p on Z™ we have

p(D)u = Zp(m)a(m)eim’”.
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Thus p(D) : C*° — C* and p(D) : D'(T™) — D'(T™) provided p(m) is polynomially bounded,
while p(D) : L2(T™) — L?(T") iff p(m) is bounded.

We define the Sobolev space H*(R") = {u: u € L*(R"), D% € L?*(R"), |a| < k}. By the
Plancherel formula this is equivalent H*(R") = {u : £*a(¢) € L2(R™), (1+|¢))*a € L2(R™), |a| <

Definition 2.4. For s € R, H*(R") is the set of u € §’'(R™) such that 4 is locally square
integrable and (1 + |£])%|a| € L2(R™).

We defined norm by

|||

2. = / (1 + [€P) a6 Pde

which, when s = k is an integer, is equivalent to

> IID%ullz.

lo| <k

H?#(R") is a Hilbert space, and the Fourier transform is an isometric isomorphism § : H*(R") —
L2(R, (1 -+ [€P)°de).

The Schwartz space S(R™) is dense in L?(R"™, (1 + |¢[?)*d¢), and F~1S = S, it follows that
S(R™) is dense in H*(R").

It is easy to see that, [p(&)| < C(1+|¢)™, then p(D) = F~1p(¢)T maps H*(R"™) — H*~™(R").
If a(z) € S, then au = (27)"/2F"(a * 4) € H*(R") provided u € H*(R"). If s =k > 0 is a
integer, then v — au is map from H*(R™) to itself provided

|DPa(z)| < cs, VB >0. (6.16)

It follows by duality that u — au maps H*(R") to itself, if p(x, &) = 2 la|zm 4ad® and aq ()
satisfies (6.16), then p(z, D) : H*(R™) — H*(R™).

Theorem 2.5. If s > n/2, then each v € H*(R") is bounded and continuous.

Proof. We must prove @(¢) € L*(R™). Using Cauchy’s inequality, we get

/ li(€)]de < ( / () 21+ [€]2)°)de) /2 / (1+ [€2)~de)~ /2

second factor is finite for s > n/2, we can conclude u(z) vanishes at infinity.
Corollary. 2.6. If s > (n/2) + k, then H*(R™) C C*(R").
If s=(n/2)+a, 0<a<1,wecan obtain Holder continuity. If u € C*(R"), 0 <a <1, u

is bounded

lu(x +y) —u(z)| < clyl®, |yl < 1.

Proposition 2.7. If s = (n/2) + a, 0 < a < 1, then H*(R"™) C C*.

Proof. We use the Fourier inversion formula for u € H*(R™)
e +) = u(w)] = (2m) "] [ a()e (e - 1y
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<ol [ 1P+ g 2ede) x ([ 6~ 1P+ ) e

if [y] <1,
Jlem i g <e [ PP
€<yl
A le)mede <y [ 0 =
+4/ 1+ €))7 2de < ey / 7(17"—#40/ —dr
€11yl o (LAmnize jy) =+ (L r)mrze
M (O <a< 1)
< cly)* + clyl? { 12‘”‘? } + cly**
08 Ty (a=1)
if [yl < 1/2,
1
lu(z+y) —u(@)] <cly|* if 0<a<l or <cly|(log m)lm if a=1.

Note the different modulus of continuity for o = 1. Elements of H™/?*1(R") needn’t be Lipshitz,
and elements of H"/2(R"™) needn’t be bounded. In fact, if @(¢) = (1 + [£])™"/log(2 + |€]), then
u € H*(R") and u ¢ L>®(R").(Va > 0, if @ ¢ L', then u ¢ L*.) By duality, Theorem 2.2
implies that all finite measures on R™ belong to v € H*(R") for s < —(n/2), particularly
§€ H"/?7¢(R"),e > 0 and D*§ € H~"/?~lel=¢(R").

Sobolev imbedding result is that

2n 1
S n a i = —_— ) < —n.
H*(R™) Cc LY(R"), q n—25’2f0*8<2n

We consider the behavior of the trace map 7 : S(R") — S(R"™!) with z = (21,2'), Tu(2) =
u(0,z").

Theorem 2.8. The map 7 extends uniquely to a continuous linear operator
7 HY(R") — H*"V2(R"™Y), if s >1/2.
Proof. Let f = 7u, u € S, we have f(¢') = [a(€)d&; and
FE)? < (/ [a(§) (1 + |§|)25d£1)1/2(/(1 +[¢]) 7 dgn) 2
if s > 1/2, we estimate the last factor
Jasighda <c [arigr + @) ede =gy, (617)
Therefore,
(1 R PUHOR < e [la@ P+ g de,
and integrating with respect to &’ gives
HfH?{S*U?(R”) < C||U\|12L1s(m)~
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Theorem 2.9. The restriction map 7 : H*(R") — H*~Y/2(R"), s> 1/2, is onto.
Proof. Take g € H*~Y/2(R"™1), g(¢').

et (14 [e/[2)1/
. , 1 + 112\s—1/2

and let u = @(z), & = ¢. We claim u € H*(R"™), u(0,2") = cg(z'), ¢ = const > 0 and

AP

(L+1¢1%)°
by (6.15) [(1+ [£2)7°d& < (1 + |€']2)7*F1/2, so left side of (6.16) has finite integral, giving
u € H*(R"). Meanwhile

L+ 1EP) le©F =g+ 1€ (6.18)

/ p(&)dér = (&) (L + ¢ 7))~ 1/? / (1+[&?)7*d&r = cg(&1), ¢ #0,

so u(0,z") = cg(z').
If the operator (1 — A)*/2 is defined by p(D) = § 'p(&)F with p(&) = (1 + |£[?)*/2, then

H*(R") = (1— A)"*/2L*(R"). (6.19)

For s > 0, H*(R") = D((1 — A)*/?), the domain of self-adjoint operator (1 — A)*/? and also
H~°(R™) is the dual to H*(R").

We can replace L? by LP and study such spaces. We consider Sobolev spaces LP style
WFR"™) = {u:u e LP(R"),D*u € LP(R"),|a| < k}. In analogy to (6.19) of H*(R") define
Ss5(R™) by S5(R™) = (1— A)=*/2LP(R"), s € R.

Theorem 2.10. Let p(§) be a smooth function on R"™ such that

[l |p(€)] < Cay o] < [g] 1.

Then, for 1 < p < oo,
p(D) : LP(R") — LP(R"),
with operator norm bounded by C(p) ", Ca.
Where C(p) = Cp for p > 2, C(p) = C/p—1for 1 < p < 2. We establish
k n k n
Wy(R") =S, (R"), 1<p<oo.

In fact, |af < k, D*(1 — A)=%/2: LP — LP by Theorem 2.5 and Sk C W}. Conversely u € W}
Theorem 2.5 implies for |a| < k, D*(1 — A)~*/2D% € LP, so (1 — A)~*/2(1 — A)*u € LP, or
(1— A2y e LP and u € SZ’f.
We claim
LP(R"). Sy(RM)s = SR, 1<p < .

The Theorem 2.5 implies that
(1= 2)"¥|ls(Ley < Cp(1+ |y)™ (6.20)
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p o 1€
u(z) = ez2(1 - A)( #+0)s/2y,

Then u(f) = e v, u(iy) = e=¥*(1— A)~ws/2((1— A)*%/2p) is bounded in L?(R") and u(1+iy) =
e+ (1 — A)=5/2(1 — A)=i/20((1 — A)*%/2p) is bounded in Sp(R™), 80 u € Hpw(rnyss(rm) ()
which implies S5? C [LP(R™), S5(R™)]s. Generalizing (6.18), we establish for 1 < p < oo,

[Sg(Rn), S;(Rn)}o _ Sg(l—G)—i—sO(Rn).
Generalizing Rellich’s theorem for s > 0, 1 < p < oo,
I:8577() = S5() compact, o > 0.

By using the Marcinkiewicz multiplier theorem for the torus, we have p(D) : D'(T™) — D'(T™)
and p(D) : LP(T™) — LP(T™), 1 < p < oo. For multipliers on the torus that Marcinkiewicz
proved his theorem. We take ¢ € C°(R"), p(£) = 1 for €] < 1, let p. = (1 + [€])77/%¢p(&€).
Then each p.(D) has finite rank, so is compact. Marcinkiewicz multiplier theorem implies

(1= A)=7/2 — p.(D)||s(zry = 0 as e =0, 1<p< oo,

so (1 — A)~9/2 is a norm limit of compact operators.

The Sobolev imbedding theorem, Theorem 6.2 has the following generalization:
S n n o0 n . n
S,(R") CC(R")NL>™(R") zf5>5.

To prove this it suffices to show that (1 — A)~%/2§ € L¥'(R") if s > (n/p), since u = (1 —
A)~5/25(1 — A)*/?u, and

) = (1 )72 = ()™ [ 5501+ jg2) e

We can show v(z) = (1 — A)~%/2§ is smooth for x # 0, rapidly decreasing as |z| — oo, and
satisfies the estimate
(@) < Cla|™"*, J2[ <1, s<n.

Bergh and Lofstrom take the generalization result is

S n n np
Sp(R") C LYR"), q= — 0<s<n/p.

The trace theorems for restrictions to 02 of u € S;(£2) are more subtle for p # 2 than for p = 2.
Tu loses 1/p derivatives, generally, but doesn’t belong to S*~'/?(99), necessarily, but rather to
a Besov space:

T:83(Q) = ByTVP(0Q), s> %.
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heat equation, 32
Hormander-Melin inequality, 37,49
Bochner, 78
Boundary conditions, 23,45,56,
Dirichlet boundary conditions, 12
Neumann , 13
periodic, 88,
Calderon-Zygmund decomposition, 84,
Calderon-Vaillancourt theorem, 89,
Conservation property, 79
of a operator, 110
Degerate-elliptic, 67
Diagonal lower bound, 72
Ellipticity constant, 35
adjoint, 14,87
bounded from bellow, 29, 48
closed, 35
microlocal, 91,95
parametrix, 95
polyhedron, 108

pseudifferential operator, 17,63,104,91,92
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Projection, 49
Resolvent, 24
Sobolev inequality, 88

coercive, 26,36
densely defined, 39
differential operators, 98
eigenfunction, 97
energy estimate, 96
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fundamental solution, 24,35,58
harmonic oscillator, 89
Holder continuity, 96
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Dirichlet, 79
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Friedrichs extension, 74
Cauchy problem, 43
Functional calculus, 109
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