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Simplified Log-MAP Algorithm for Very
Low-Complexity Turbo Decoder
Hardware Architectures

Maurizio Martina, Member, IEEE, Stylianos Papaharalabos, Member, IEEE,
P. Takis Mathiopoulos, Senior Member, IEEE, and Guido Masera, Senior Member, IEEE

Abstract— Motivated by the importance of hardware imple-
mentation in practical turbo decoders, a simplified, yet effective,
n-input max* approximation algorithm is proposed with the aim
being its efficient implementation for very low-complexity turbo
decoder hardware architectures. The simplification is obtained
using an appropriate digital circuit for finding the first two
maximum values in a set of n data that embeds the computation
of a correction term. Various implementation results show that
the proposed architecture is simpler by 30%, on average, than
the constant logarithmic-maximum a posteriori (Log-MAP) one,
in terms of chip area with the same delay. This comes at the
expense of very small performance degradation, in the order of
0.1 dB for up to moderate bit error rates, e.g., 10-5, assuming
binary turbo codes. However, when applying scaling to the
extrinsic information, the proposed algorithm achieves almost
identical Log-MAP turbo code performance for both binary
and double-binary turbo codes, without increasing noticeably the
implementation complexity.

Index  Terms—Digital circuit, logarithmic
a posteriori (Log-MAP), Max-Log-MAP, turbo codes.

maximum

I. INTRODUCTION

HE max* operation [1] is the computational kernel of the

logarithmic maximum a posteriori (Log-MAP) algorithm
employed in the decoding of turbo and low-density parity-
check codes. These codes have become a reference for several
applications, such as magnetic disk reliability and telemetry
[2], [3]. For this reason, several research efforts have been
devoted to reduce the complexity of the max*™ operation
both at algorithmic and implementation level, to obtain low-
complexity very large scale integration architectures [4]-[10].
Since the publication of [1], the computation of the n-input
max* operation has been implemented by recursively applying
the two-input max* operation (over n — 1 times) as

max*{x1, x2} = max{xy, x2} + fe (Jx1 — x2]) (D
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where f. (x) = log (1l 4 exp{—x}) been usually referred to
as correction term. Indeed, many research works, including
[4]-[8], [11], concentrate on low-complexity implementations
of (1). Even if low-complexity algorithms for the computation
of the two-input max™ operation lead to these previously
published efficient architectures, in this paper it is shown that
further hardware complexity can be saved by analyzing the
n-input max* operation as a whole.

Specifically, this paper is motivated by [12], where it was
shown that by exploiting the Chebyshev inequality the n-input
max™ operation can be approximated as

max*{X} ~ y; + log[(1 + K exp{—3})] + K> )

where X = {x1,...,x,} is the set of the n input values,
y1 = max{X’}, yo = max{X'\ y;} are the first and second max-
imum values in X, respectively, d = y; —y», K1 = (n—1)/n,
and K> = log[2n/(n 4+ 1)]. To the best of our knowledge, the
only implementations of the n-input max™* operation presented
in [12], which are available in the open technical literature, are
the ones proposed in [13] and [14]. In particular, [13] describes
the design and implementation of a radix-16 modified Log-
MAP decoder architecture based on [12] that achieves a max-
imum throughput of 502 Mb/s and outperforms, in terms of
chip power efficiency, previously published MAP processors
available in the open technical literature. Furthermore, in [14],
it has been shown that both the Log-MAP approximation of
(2) and the constant Log-MAP algorithm [4] achieve nearly an
optimal bit error rate (BER) performance. However, the Log-
MAP architecture presented in [14] for approximating (2) was
more complex than n — 1 instances of the constant Log-MAP
architecture [4]. Thus, the efficient hardware implementation
of (2) leading to a very low-complexity turbo decoding archi-
tecture is still an open problem.

Motivated by the above, this paper has the following contri-
butions: 1) it shows that (2) can be further simplified without
compromising its near optimal turbo code BER performance
and 2) it obtains a very low-complexity Log-MAP architecture,
which is significantly simpler than the constant Log-MAP
architecture. The design of this novel n-input max* approxi-
mation is based upon: 1) the search of the first two maximum
values among the n possible inputs and 2) the use of a constant
correction term added to the first maximum value. As it will
be shown in the subsequent Section IV of this paper, the pro-
posed architecture not only requires lower area than constant
Log-MAP algorithm [4] (e.g., 30% area savings, on average,
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with the same delay for both architectures) but it is also
simpler than the solutions presented in [13] and [14]. Fur-
thermore, when applying scaling to the extrinsic information
almost identical Log-MAP turbo code BER performance is
obtained with the proposed algorithm for both binary and
double-binary turbo codes. Hardware complexity results are
also provided for some practical implementations of MAP
decoders based on the universal mobile telecommunication
system-long-term evolution (UMTS-LTE) [15], Consultative
Committee for Space Data Systems (CCSDS) [3], and World-
wide Interoperability for Microwave Access (Wi-MAX) [16]
turbo codes. It is shown that for these codes, the proposed
n-input max* architecture features the lowest area among the
Log-MAP implementations.

This paper is structured as follows. After the introduction,
Section II details the proposed simplified n-input max* archi-
tecture, leading to very low-complexity turbo decoding hard-
ware architecture. Section III deals with the BER performance
evaluation results of the proposed n-input max* approximation
algorithm and comparison against other algorithms for both
binary and double-binary turbo codes. Next, Section IV shows
the hardware implementation results of the proposed simplified
architecture, including some practical implementations and
comparisons of MAP decoders based on the UMTS-LTE,
CCSDS, and Wi-MAX turbo codes. Finally, in Section V
conclusion is drawn.

II. SIMPLIFIED n-INPUT max* ARCHITECTURE

Since K in the right-hand side of (2) is a positive constant
it can be ignored in the iterative decoding process and for large
values of n, K1 ~ 1, so (2) is further simplified to

max*{X} ~ y; +log(1 +exp{—d) =y1+ fe ). ()

The implementation of (3) relies on finding y;, y», comput-
ing ¢ and then applying to y; a correction term that depends

Block diagram of modified architectures shown by the gray-shaded blocks. (a) Two MVG and (b) n-input max* approximation.

on 0. An efficient architecture, based on a tree structure
of maximum-value generators (MVGs), has been proposed
in [17] and generalized in [18] for finding y; and y» in a set of
n elements. The structure used for » inputs (n-MVG) in [17]
is derived recursively from two (n/2)-MVG architectures and
three maximum-value units (MVUs), as shown in Fig. 1(a)
and (b), where s is the sign of A — B. This tree structure is the
best known architecture to find y; and y;. Therefore, a straight-
forward implementation of (3) is composed of an n-MVG
architecture followed by a substractor to compute ¢, a lookup
table (LUT), which stores precomputed f.(J) values and
an adder. To improve this solution, it is shown here, for
the first time in the open technical literature, that: 1) f.()
in (3) can be effectively implemented resorting to a modified
version of the approximation proposed in [4] for (1) and 2) a
modified version of the MVG-based architecture is proposed
to incorporate the generation of the correction term.

As a previous art baseline and for comparison purposes,
the numerical results reported in [8] show that the constant
Log-MAP algorithm is the lowest complexity Log-MAP ap-
proximation with near-optimal turbo code BER performance.
The constant Log-MAP algorithm can be described as follows:
A 2’s complement p-bit fixed-point data representation with
three fractional bits (i.e., m = 3) approximates the smallest
nonzero value of f.(x) as 1/8. Thus, there exist a value +x,
such that f.(|x]) = 1/8 (|x| ~ 2). Therefore, if |x| > 2
then f.(x) ~ 0. On the other hand, according to [4], when
|x] < 2, f¢(x) can be approximated by its mean value in [0, 2),
that is f.(x) ~ 1/2 - foz fe(t)dt, whose best representation
with m = 3 is 3/8. Thus, the constant Log-MAP algorithm
approximates f,(x) as

3/8,
09

—2<x<?2
otherwise

Je(x) ~ I “)

resulting in a simple logic circuit to selectively add a con-
stant to the output of the maximum selection circuit [4].
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In particular, the constant Log-MAP algorithm achieves area
savings of 40% with a BER performance loss of 0.03 dB
compared with Log-MAP turbo decoding [4]. In this paper,
it is shown that the complexity of the constant Log-MAP
algorithm can be reduced more by implementing the correction
term f.(x) as follows.

Since 6 > 0 the implementation of f.(J) in (3) can be
further simplified. Let ¢ be the value taken by f,(d) for a given
value of § and ¢ = cp—1... ¢, 0 = Op_1... dp being their
p-bit fixed-point representations with m = 3. Then, it is
observed that 1) if ¢ = 3/8 then ¢)—1...co = “0...0.0117
otherwise ¢p—1...¢co = “0...0.000” (ie., co = c¢1 and
ci="“0"for2<i<p-—1).2)if 6 <2 (note that > 0 so
Op—1 = “0”) then p_2... dp = “0... 0x.xxx”, where ‘X’ is
a do not care bit (i.e., 6; = ‘0’ for 4 < j < p — 2). Thus, cp
and c; are 1 only when ¢; = ‘0" for4 < j<p-2

p—2
c=c=\9 =0 2<i<p-1 5)
j=4

where (-) and \/ represent the NOT and OR logic operations,
respectively. Since ¢ is already computed inside the n-MVG
architecture, the architectures of two-MVG and MVU blocks
are modified to embed the computation of cg into the n-MVG
architecture, so as to obtain z = y| + f.(J). To the best of our
knowledge this is a novel contribution, the implementation
of which is explicitly shown by the gray-shaded blocks in
Fig. 1(a) and (b). Therefore, the whole implementation of (3)
can be obtained by introducing a few additional gates in the
n-MVG architecture. Clearly, the proposed implementation for
the correction term takes advantage of 6 > 0, so that the
complexity of the proposed correction term is roughly half the
complexity of the correction term of the constant Log-MAP
algorithm.

II1. BER PERFORMANCE EVALUATION

In this section, the proposed n-input max™ approximation
method is evaluated in terms of turbo code BER performance
versus Ep/N,, where Ej, is the bit energy and N, is the one-
sided power spectral density of an additive white Gaussian
noise channel. In particular, performance evaluation results
have been obtained for the following algorithms: 1) constant
Log-MAP [4]; 2) the proposed algorithm from (3) and (4);
3) Log-MAP with 3-b LUT [1]; and 4) the least complex Max-
Log-MAP algorithm [1]. A 16-states turbo code is considered
with overall coding rate equal to R = 1/2 and generator
polynomials (1,33/23), in octal form representing the feed-
forward and backward polynomials, respectively. This turbo
code is used in the CCSDS standard [3]. An information
sequence of N = 103 bits is considered with the total number
of transmitted frames being 10°. To ensure the accuracy of the
performance evaluation results, in the simulation experiments
at least 100-b errors have been counted for each performance
point, which has been obtained. A pseudorandom turbo in-
terleaver is considered and at the receiver a maximum of
10 decoding iterations are performed. The modulation type
has been selected to be binary phase-shift keying (BPSK).
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Fig. 2. BER performance comparison. Max-Log-MAP, constant Log-MAP,

Log-MAP, and the newly proposed algorithm. A binary turbo code is assumed
as in the CCSDS [3] standard.
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Fig. 3. As in Fig. 2, but considering a QPSK modulation format and

employing a double-binary turbo code as in the Wi-MAX standard [16] with
different coding rates R.

Additionally, a double-binary turbo code is considered having
eight-states component convolutional codes as proposed in
Wi-MAX standard [16] with the overall coding rates R = 1/3,
2/3, and 4/5, and information sequence length of N = 752 bit
couples (MPEG packets). The modulation type in this case
is quadrature phase-shift keying (QPSK). At the receiver, a
maximum of 10 decoding iterations are performed. Notice
that in computer-based simulations, BPSK/QPSK modulation
is implemented with an antipodal baseband signaling repre-
sentation, i.e., carrier frequency is not considered.

As shown in Figs. 2 and 3, the proposed algorithm shown
with dashed lines always achieves the near-optimal BER
performance, which is significantly better than the equivalent
performance achieved by the Max-Log-MAP algorithm. The
proposed algorithm is slightly inferior to the performance of
the constant Log-MAP algorithm up to moderate BERs (e.g.,
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TABLE I
REQUIRED Ej/N, (INdB) AT BER = 10~5 FOR BINARY TURBO CODE
AND AT BER = 10~% FOR DOUBLE-BINARY TURBO CODE
WITH CONSTANT SCALING DENOTED AS sc.
R DENOTES OVERALL CODING RATE

Decoding Binary Double-binary | Double-binary | Double-binary
Algorithm Turbo Code Turbo Code Turbo Code Turbo Code
R=1/2 R=1/3 R=2/3 R=4/5
1.7 1.3 2.55 3.75
Max-Log-MAP
(sc = 0.65) (sc =0.75) (sc =0.75) (sc =0.75)
1.62 1.25 2.45 3.65
Proposed algorithm
(sc=0.8) (sc =0.85) (sc =0.85) (sc =0.85)
1.6 1.25 2.45 3.65
Constant Log-MAP
(sc =0.85) (sc =0.9) (sc=0.9) (sc=0.9)
1.6 1.25 2.45 3.65
Log-MAP
(sc=0.9) (sc=0.9) (sc=0.9) (sc=0.9)

performance degradation less than 0.1 dB at BER = 107>
assuming the binary turbo code of Fig. 2) since the former al-
gorithm is a simplified version of the latter algorithm. It is also
observed from Fig. 2 that at low BERs, e.g., 10~ the proposed
algorithm achieves essentially identical performance with both
constant Log-MAP and Log-MAP algorithms. As additionally
shown in Fig. 3, the BER performance degradation between
the proposed algorithm and the constant Log-MAP becomes
even smaller for the double-binary turbo code since for this
turbo code the BER performance difference between the Log-
MAP and Max-Log-MAP is smaller than in the case of binary
turbo code [19]. Especially, for R > 1/2 it is observed that
the proposed algorithm achieves an identical performance with
both constant Log-MAP and Log-MAP algorithms at BER =
107% and lower.

To further improve the BER performance, constant scaling
to the extrinsic information has been applied [19], [20], which
adds a very small increase in the implementation complexity,
i.e., two extra multiplications per decoding iteration. This is
denoted as sc in Table I. The best performing values for
scaling were found by trial and error for all the investigated
algorithms, although they can be computed analytically off-
line using extrinsic information transfer charts at the expense
of small complexity increase [21]. The obtained performance
evaluation results for both binary and double-binary turbo
codes with constant scaling are summarized in Table I. From
this table, it is noticed that scaling improves BER performance
and the proposed algorithm achieves an essentially optimal
BER performance for both binary and double-binary turbo
codes.

IV. HARDWARE IMPLEMENTATION

Apart from the detailed BER performance evaluation results
presented earlier, in this section, the proposed n-input max*
approximation method is evaluated in terms of hardware
complexity. In Table II, the proposed n-input max* architecture
(denoted as C) is compared in terms of area (A) and delay (D)
with two tree structures being implemented as: 1) two-input
Log-MAP with 3-b LUT architecture (denoted as .4) [1] and

TABLE II
POSTSYNTHESIS RESULTS: AREA (EQ. GATES) AND DELAY (ns)
COMPARISON AMONG: TWO-INPUT LOG-MAP ARCHITECTURE
WITH 3-b LUT (A) [1], TWO-INPUT CONSTANT LOG-MAP
ARCHITECTURE (B) [4], AND THE PROPOSED
n-INPUT max* ARCHITECTURE (C)

n,p A B C
Aq Dy | Ap Dy Ac D¢ Ac @ Dg

4.8 1096 1.40 568 1.20 484 1.05 379 (-33.3%)
4,12 1445 1.50 769 1.45 712 1.20 605 (-21.3%)
4,16 2140 1.55 1245 145 | 1075 1.20 895 (-28.1%)
8,8 2427 2.05 | 1432 1.80 | 1299 1.35 961 (-32.9%)
8,12 3596 2.10 | 2255 2.05 1980 1.55 1475 (-34.6%)
8,16 4615 220 | 3145 2.15 | 2533 1.60 2053 (-34.7%)
16,8 5416 2.60 | 3213 235 | 2610 1.75 2160 (-32.8%)
16,12 7920 270 | 4907 2.65 | 4078 2.00 3406 (-30.6%)
16,16 | 11068 2.85 | 7312 2.80 | 5768 2.00 4515 (-38.3%)

2) two-input constant Log-MAP architecture (denoted as B)
[4]. Postsynthesis results have been obtained via Synopsys
Design Compiler on a 90-nm standard cell technology for
n =4,816 and p = 8§, 12, 16 being the number of inputs
for the max™* operation and the data width, respectively. All
the implementations rely on m = 3 fractional bits, for this
reason p — m integer bits are assumed. Various experimental
results have confirmed that the proposed architecture is not
only significantly smaller than the ones obtained by recursively
applying the Log-MAP LUT-based and constant Log-MAP
approximation, but it can also run at higher clock frequency as
it features lower delay. As an example, assuming n = 16 and
p = 16 in Table II, the proposed n-input max* architecture
requires 5768 equivalent gates for a minimum delay of 2 ns,
whereas the two-input constant Log-MAP architecture requires
7312 equivalent gates for a minimum delay of 2.8 ns. Thus,
the proposed n-input max* architecture features 21% less area
and has 28.5% lower delay than the two-input constant Log-
MAP architecture [4]. However, to have a fair area com-
parison the architectures should have the same delay. Thus,
the delay constraint of the proposed architecture has been
relaxed, namely the logic synthesizer has been constrained to
achieve Dg that is the same minimum delay D of the constant
Log-MAP architecture 3. The corresponding implementation
results are shown in the last column of Table II. As it can be
observed, the complexity saved by the proposed architecture
is approximately 30%, on average, as compared with the
complexity of the constant Log-MAP architecture, under the
condition to achieve the same delay Dg.

In [13], the n-input max* operation presented in [12] is
adopted for the design of a power efficient Log-MAP decoder.
Unfortunately, in [13] only complexity results of the whole
MAP decoder are given. Thus, for a fair comparison the
n-input max* architecture proposed in [13] that is sized for
n = 16, p = 11 and relies on three stages, has been also
implemented. The first stage contains a dynamic range selector
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TABLE III
POSTSYNTHESIS AREA RESULTS [«m?] FOR TURBO CODE USED
IN UMTS-LTE [15] AND CCSDS [3] STANDARDS WITH
A TARGET CLOCK FREQUENCY OF 200 MHZz

UMTS-LTE CCSDS
MAP MAP
APO APO
decoder decoder
12151.83 3219228 | 26228.56  63687.45
Proposed architecture
(68.2%) (85.0%) (61.7%) (79.7%)
13299.13  33339.58 | 31088.03  68546.92
Log-MAP Delta [14]
(74.6%) (88.1%) (73.2%) (85.7%)
12318.35  32358.80 | 29709.29  67168.18
Constant Log-MAP
(69.1%) (85.5%) (69.9%) (84.0%)
17820.63  37861.08 | 42483.47  79942.36
Log-MAP
(100%) (100%) (100%) (100%)
TABLE IV

AS IN TABLE III, BUT FOR TURBO CODE USED IN Wi-MAX [16]
STANDARD. a0 AND fi: FORWARD AND BACKWARD
METRICS, RESPECTIVELY

Wi-MAX
MAP
ol APO
decoder
15101.25  28052.54  71559.83
Proposed architecture
(67.6%) (69.6%) (72.8%)
16547.72  31246.06  77646.29
Log-MAP Delta [14]
(74.1%) (77.6%) (79%)
16066.20  29284.50  74721.69
Constant Log-MAP
(71.9%) (72.7%) (76.0%)
22338.12  40289.06  98270.09
Log-MAP
(100%) (100%) (100%)

to find b, the position of the leading 1 bit in the p bits of the
n input data, where b is the most significant bit. The second
stage performs a coarse search of y; using only three bits for
each input. The third stage uses the four least significant bits of
each input to refine the search of yj, identify y;, and compute
fc(0). Postsynthesis results for the same 90-nm standard
cell technology used for the proposed architecture show that
the three-stage architecture presented in [13], denoted as 7,
requires A7 = 3513 equivalent gates for a minimum delay
D7 = 2.45 ns. For the same parameters (n = 16, p = 11),
the architecture proposed in this paper, requires Ac = 3976
equivalent gates for a minimum delay of D = 1.95 ns.
Considering the same minimum delay as the three-stage
architecture (D7 = 2.45 ns), the area of the proposed
architecture reduces to Ac@D7 = 3027 equivalent gates,
which is 14% less than A7.

Regarding the area required to implement a MAP decoder
based on the proposed n-input max™* architecture, further novel
results are shown for the UMTS-LTE [15] and CCSDS [3]
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(see Table IIT) as well as the Wi-MAX [16] (see Table 1V)
turbo code decoders. For binary codes (UMTS-LTE and
CCSDS) the proposed n-input max* architecture can be ex-
ploited only in the computation of the a posteriori information.
Thus, columns labeled as APO in Tables III and IV refer to
the area of the hardware block required to compute the a
posteriori information. Indeed, the computation of the a poste-
riori information requires us to: 1) add forward state metrics,
backward state metrics, and branch metrics; 2) compute two
and four max* operations for binary and double-binary codes,
respectively, where each max™ operation has a number of input
values equal to the number of trellis states of the component
convolutional code; and 3) perform one and three subtractions
to compute the a posteriori information for binary and double-
binary codes, respectively. Therefore, columns labeled as APO
in Tables III and IV list a realistic result of the complexity
reduction achievable in a MAP decoder with the proposed
n-input max* architecture. On the other hand, for double-
binary codes, the proposed n-input max* architecture can be
exploited to reduce the complexity of the computation of
forward (o) and backward (/) state metrics as well. The com-
putation of state metrics has been accomplished by following
the wrapping technique proposed in [22] for Viterbi decoding,
and which has been employed subsequently for turbo decoding
[23], [24]. The computation of a posteriori information has
been implemented by extending the data width to prevent the
overflow and performing saturation on the extrinsic informa-
tion. The implementation results of Tables III and IV show that
the proposed n-input max* architecture features the lowest area
among the Log-MAP implementations in all the considered
cases, even when compared with Log-MAP delta proposed
recently in [14]. Results shown in Table III also highlight that
with the proposed n-input max* architecture the amount of
saved area increases as long as n increases. Indeed, more area
is saved in the CCSDS case (n = 16) than in the UMTS-LTE
case (n = 8). Moreover, by comparing the results in Table IV
with the equivalent ones in Table III it is observed that for
eight-state codes (UMTS-LTE versus Wi-MAX turbo codes)
the proposed n-input max* architecture is more effective in
reducing the area of double-binary codes (Wi-MAX) than the
area of binary ones (UMTS-LTE). This figure of merit relies
on the fact that in binary codes the proposed n-input max*
architecture is used twice in the computation of the a posteriori
information, whereas in double-binary codes it is used four
times. Moreover, in double-binary codes the proposed n-input
max* architecture can be exploited in the computation of state
metrics as well.

V. CONCLUSION

A novel approximation for the n-input max* operation has
been proposed and its efficient hardware architecture was
explicitly shown. Both simulation and experimental hardware
results confirmed that the proposed approximation requires
from 21% to 38% smaller area than the constant Log-MAP
algorithm with the same delay, while maintaining the near
optimal Log-MAP turbo code performance, especially when
scaling was applied in the extrinsic information. Further-
more, the proposed n-input max* architecture required 14%



536 IEEE TRANSACTIONS ON INSTRUMENTATION AND MEASUREMENT, VOL. 63, NO. 3, MARCH 2014

lower complexity than the three-stage one recently presented
in [13] with the same delay. Hardware complexity results
were also provided for some practical implementations of
MAP decoders based on UMTS-LTE [15], CCSDS [3], and
Wi-MAX [16] turbo codes showing that the proposed n-input
max* architecture features the lowest area among Log-MAP
implementations.
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