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1. Introduction

Spline couplings and gears are mechanical components used in power transmission systems to transfer torque by means
of teeth engaging each other.

Tooth stiffness is a very important parameter influencing their behaviour from both static and dynamic point of view ([1–5]). 
As an example, in spline couplings the tooth stiffness may influence both load and pressure distribution along tooth

surface [6] and also the corresponding engagement [7].
Many theoretical models are available in the literature for calculating the tooth stiffness of gears and spline couplings

[7–14]; the most common model consists of the tooth considered as a cantilever beam [8] subjected to different types of 
loading, namely: bending, shear, compression, and adding the contribution of the root deformation [9–11]; in particular, the 
effect of the tooth profile [12], pressure angle [13], and load [14] have been emphasised.

On the contrary, experimental results are very rare; only few works are available in the literature about gear 
tooth experimental stiffness; as an example Amarnath et al. [15] and Yesilyurta et al. [16] measured the stiffness by 
means of modal testing procedures in order to assess wear in spur gears; Munro et al. [17] used a standard back-to-back 
test rig to evaluate the stiffness throughout the full length of the normal path of contact and also into the extended 
contact region when tooth corner contact occurs.

Concerning spline couplings, literature is completely lacking of experimental works about this topic.
As a matter of fact, in the case of spline couplings, the correct approximation of tooth stiffness is a very important 

parameter when the pressure distribution has to be exactly calculated, as a little difference in the determination of stiffness 
may cause a significant variation in the pressure map [18].
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Due to the fact that all teeth are engaging in the normal torque transmission, optimisation procedures related to spline 
couplings are devoted to correctly determine, already in the design phase, the correct pressure distribution on the teeth 
surface in order to avoid fretting wear, generally being one of the most important failure modes of these components, above 
all in aerospace applications [19].

Moreover, spline coupling stiffness may influence rotor dynamics and stability in aero engines [3].
The object of the present work is the experimental determination of the tooth stiffness of a spline coupling; to this aim, a 

special test rig and a dedicated hexapodal displacement measuring device [20,21] have been set up. In particular, the 
experimental devices (dedicated to the analysis of spline couplings) have an innovative design, being completely new, 
including the power re-circulating scheme associated with the ability to perform tests in misaligned conditions. 
Experimental results have been compared to the corresponding obtained by FEM models and analytical approaches. Also 
the effect of angular misalignment on tooth stiffness has been experimentally investigated. This aspect, is not investigated in 
the literature, but it is very important because the angular misalignment influence the load distribution on teeth, in terms of 
pressure distribution, and may cause both undesired fretting wear [22] and additional loads as tilting moments [23].
2. Experimental set up

Tooth stiffness values have been indirectly obtained by measuring the corresponding deformations of a spline coupling
subjected to an applied torque.

A dedicated test rig (described in the following section) has been designed in order to apply a constant torque, measured
by a torsiometer, and also to allow an angular misalignment between hub and shaft. The deformation of the test article
(a spline coupling) has been obtained by means of a dedicated hexapod measuring device (described in the following
section) capable of measuring the deformation of all the six degrees of freedom.

Being the aim of this work the exact determination of the tooth stiffness, defined as the ratio between applied torque and
measured deformations, the experimental values coming from the hexapod device have to be adjusted for the deformations
of the spline coupling core.
2.1. Spline coupling test rig

The test rig used in this work, shown in Fig. 1, has a power re-circulating scheme, allowing a reduction in energy 
consumption [24].

The test rig is composed (see Fig. 2) of two coaxial shafts (inner and outer) both connected on the right side to a torque 
generator. The inner shaft is divided into two branches connected by means of the spline coupling test article. On the left 
end, inner and outer shafts are coupled through a constant-velocity joint (CV-joint). The CV joint decouples the sleeve 
allowing an equilibrium position to be achieved. When the torque generator applies a torque to the inner shaft, it passes 
through the test article and comes back, by means of the outer shaft, to the torque generator. This apparatus creates a 
torque loop putting the spline coupling under load. External and internal shafts (and of course the test article too) can rotate 
thanks to an electric motor connected to the external shaft by means of a belt.

A lever device allows the creation of an angular misalignment between hub and sleeve of the test article. This deflection
is produced by a flexible joint connecting the two parts of the external shaft.

This test rig is equipped with a 5000 Nm torque sensor to measure the torque applied to the test article, a 20 kN load cell
to measure the reacting force generated by tilting moments and a linear displacement sensor (LVDT) to measure the angular
misalignment between hub and sleeve of the spline coupling.
Fig. 1. Spline coupling test rig.



Fig. 2. Schematic of the spline coupling test rig.
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2.2. Hexapod displacement measuring device

The hexapod device [20], shown in Fig. 3, is a parallel structure such as a Stewart platform [25] allowing the 
determination of the relative position between hub and shaft (in terms of the six degrees of freedom: three rotation and 
three translation), through the measurement of six linear displacements.

This device is composed of a platform and a base connected together by six legs, each containing a linear displacement 
sensor, as shown in Fig. 4. The legs are connected to the base and the platform by means of spherical joints. The platform 
and the base are respectively fixed to the shaft and hub flanges (Fig. 5).

When a spline coupling deformation occurs (i.e. the hub and shaft engage with each other), the platform of the
measuring device moves with respect to the base, causing an elongation of the six displacement sensors.

In particular, referring to the scheme shown in Fig. 5, when deformation of the spline coupling occurs (being hub and 
shaft engaged), a relative motion appears between the reference system fixed on the base Ob and the corresponding one 
fixed on the platform Op. The position of the local reference system of the platform centred in Op respect to the local 
reference system of the base may be given by the homogeneous positioning matrix BAP [20]:

BAP ¼

E11 E12 E13 px
E21 E22 E23 py
E31 E32 E33 pz
0 0 0 1

2
6664

3
7775 ð1Þ

The last column of this matrix represents the three translational d.o.f. and the submatrices E11:E33 represent the
orientation of the two reference systems, that means the relative rotations. Platform rotations may be calculated by the
following relations:

φ¼ tan �1 � E12 sin χ

E11 cos χ

� �
ð2Þ

χ ¼ tan�1 E13
E33 cosψ�E23 sinψ

� �
ð3Þ

ψ ¼ tan �1 � E23
E33

� �
ð4Þ

where φ is the roll angle (around x-axis), χ is the pitch angle (around y-axis) and ψ is the yaw angle (around z-axis) (see Fig. 
5). The yaw angle represents the deformation caused by the torque applied on the spline coupling and is used to calculate the 
tooth stiffness.

Positioning and orientation matrix (1) may be obtained by applying the direct kinematic algorithm to the length of the 
legs measured by the six LVDT displacement sensors [20]. The direct kinematic equations of the device have been obtained 
and solved by means of an iterative algorithm written in Matlab environment [20].

The linear displacement sensors incorporated into the legs of the hexapod device are six LVDT Micro-Epsilon DTA-1D- 
1.5-CA, respectively connected to six signal conditioners Micro-Epsilon MSC 710. Signals are acquired by means of a 
National Instruments NI USB-6210 board and a dedicated software created in LabView environment. Fig. 6 shows the 
hexapod displacement measuring device fixed on the test rig.

2.3. Test article and experimental planning

The test article, shown in Fig. 7, consists of an involute spline coupling made of 38NiCrMo4 steel. Hub and shaft are 
connected to a flange allowing the mounting on the test rig. Table 1 resumes the geometrical characteristics of this spline 
coupling.



Fig. 3. Hexapod measuring device without (left) and with (right) the spline coupling test article.

Fig. 4. CAD model of the hexapod measuring device.
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Experimental tests have been done applying 15 torque levels from 0 to 700 Nm, with 50 Nm steps. Tests have been
conducted with three misalignment levels, 0′, 5′ and 10′, and each test has been repeated three times in order to give the
measurements statistical relevance. A total of 135 measurements have been done.

3. Model for the tooth stiffness calculation

The theoretical tooth stiffness has been calculated by the ratio between the applied torque and the angular deformation
of the tooth pair obtained by considering the tooth as a cantilever beam [26].

KTt ¼
T
θTt

ð5Þ

where KTt is the tooth stiffness, T is the applied torque and θTt is the angular deformation.
The angular deformation is determined by the total teeth deformation (considering the deformation of both external

shaft teeth and internal hub teeth), obtained as the sum of three components: bending deformation, shear deformation and
tooth root deformation (contact deformation has been neglected as in straight involute spline coupling all the involute
surface is in contact), as follows:

f TOT ¼ f B þ f S þ f R ð6Þ
where fTOT, is the total teeth deformation, fB is the bending deformation, fS is shear deformation and fR is the tooth root
deformation.



Fig. 5. Hexapod measuring device mounted on the test article.

Fig. 6. Hexapod measuring device mounted on the test rig sleeve.

Fig. 7. Test article.
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Table 1
Parameters of the spline coupling.

Pitch diameter [mm] 33.02
Modulus [mm] 1.27
Number of teeth 26
Pressure angle [deg.] 30
Shaft external diameter [mm] 34.77
Sleeve internal diameter [mm] 31.32

Fig. 8. Model of the tooth splitted into slices.
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In spline couplings the load is transferred, in nominal conditions, by the contact of the two sides of the engaging teeth so 
the load is distributed along the contact surface. To simplify the problem, the load P is considered applied at a single point 
corresponding with the pitch diameter [26].

To calculate bending and shear deformations, the tooth has been split into n slices, as shown in Fig. 8, and the deformation 
has been obtained as the sum of the deformations of each slice. Distances x(i) ( x1, x2,…xn) refer to the coordinate difference 
between tooth root and ith slice. Bending deformation δF has been obtained by the integral calculation of the elastic curve 
[27].

δF ¼
Z x1

0

MðxÞ
EI1

A1x dxþ B1 þ⋯þ
Z xiþ1

xi

MðxÞ
EIi

Aix dxþ Bi þ⋯þ
Z xn

xn�1

MðxÞ
EIn

Anx dxþ An ð7Þ

where M(x) is the bending moment acting at the ith slice, E is Young’s modulus of the material, I is the second moment of
area of the ith slice, Ai and Bi are the ith integration constants.

Integration constants A1 and B1 have been obtained by considering as boundary conditions nil rotation and deformation 
at the clamped side of the beam is (x¼0) (Eqs. (8) and (9)). Other constants have been obtained by imposing the coherence 
of both rotations and deformations at the joint of each slice (Eqs. (10) and (11)).

A1 ¼
PðLÞ2
2EI1

ð8Þ

B1 ¼
PðLÞ3
6EI1

ð9Þ

Ai ¼
PðL�xi�1Þ2

2EIi
� PðL�xi�1Þ2

2EIi�1
þ Ai�1 ð10Þ

Bi ¼
PðL�xi�1Þ3

6EIi
þ Ai�1xi�1 þ Bi�1�

PðL�xi�1Þ3
6EIi�1

þ Aixi�1 ð11Þ

where P is the load applied on the tooth (x¼L) and L is the xn distance along the teeth involute (see Fig. 8).
Shear deformation δT has been obtained by the integral calculation of the corresponding displacement [27] (Eq. (12)):

δT ¼
Z x1

0
χ

P
GC1

x1 þ C1 þ⋯þ
Z xiþ1

xi
χ

P
GCi

xi þ Ci þ⋯þ
Z xn

xn�1
χ

P
GCn

xn þ Cn ð12Þ

where χ is the shear deformation factor, G is the shear elastic modulus and Ci is the ith integration constant.
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First integration constant C1 has been obtained by imposing nil deformation at the clamped side of the beam (x¼0).

C1 ¼ 0 ð13Þ
Other constants have been obtained by imposing the correspondence of deformations at the joint of each slice as follows:

Ci ¼ χ
P

GCi�1
xi�1�χ

P
GCi

xi�1 þ Ci�1 ð14Þ

The tooth root deformation δR has been calculated by the O'Donnell formulation [12]:

δR ¼ P
cos 2α

WE
16:67
π

L
h

� �2

þ 2ð1�νÞ L
h

� �
þ 1:534 1þ tan 2α

2:4ð1þ νÞ

� �" #
ð15Þ

where α is the load inclination angle, h is the tooth thickness at L and W is the tooth width.

4. FEM model

A 3D FEM model of the spline coupling, created by means of the software Solid Works Simulation, has been done to also
obtain numerical results for the tooth stiffness. The FEM model has been realised by considering the shaft and hub 
separately (Fig. 9). The mesh consists of 519,863 nodes and 360,427 second-order tetrahedral elements.

Shaft and hub have been bounded respectively on internal and external diameter. The load has been applied on each
tooth by a distributed force along the tooth width, on the pitch diameter; 14 load cases have been considered corresponding
to torque levels from 50 to 700 Nm (with 50 Nm load step).

It may be considered that the deformation measured by means of the hexapod device represents the relative rotation of 
the two flanges connected to the spline coupling: this means that the measured deformation is due not only to the tooth 
deformation, but also that of the shaft. To obtain the contribution due only to the teeth, the shaft deformation calculated by 
means of the classical theory of elasticity formula [27] has been subtracted from the measured deformation, and verified by 
means of another FEM model, according to the scheme represented in Fig. 10. In particular, the spline coupling is divided 
into three zones one representing the female shaft, one representing the male shaft and the other representing the teeth.
Fig. 9. Spline coupling FEM model.

Fig. 10. Scheme of the spline coupling.
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The FEM model has been created by dividing the spline coupling according to the scheme represented in Fig. 10, with the
flange bounded and the torque applied on the shaft free end.
5. Results and discussion

Results have been reported in terms of deformations varying both torque level and angular misalignments.
Fig. 11 shows the measured deformations of the spline coupling (singular and average values) without misalignment. 
Fig. 12 shows the average tooth deformations obtained from experimental results (removing the shaft deformation, 
as described in Section 4), compared with FEM and theoretical ones.
It is possible to observe that the stiffness values obtained by the three methods match very well; in particular, the

maximum difference between experimental and FEM results is 7.6% and the maximum difference between experimental
and theoretical results is 8.5%.

It is possible to highlight that the results obtained by means of FEM models are generally more stiff than the
corresponding experimental ones; this phenomenon is more evident for higher torque values.

Otherwise, theoretical results involve a little lower deflection with respect to the corresponding FEM ones; this effect is
probably due to a different approach in simulating the boundary conditions (one tooth is considered in the theoretical
model, the whole component in the FEM one).

Anyway, as observed before, the difference between the three methods is very little and it is possible to point out that all
methods used in this work are suitable to calculate tooth deformation and the corresponding stiffness.

On the basis of the very good agreement obtained between all results (experimental, FEM and theoretical) for the aligned
case, a corresponding reliability may be assigned to the experimental investigation about the effect of the misalignment
angle.

Figs. 13 and 14 show the experimental deformations obtained respectively by imposing 5′ and 10′ angular 
misalignments.

In order to evaluate the effect of angular misalignment on the coupling stiffness, average experimental deformations, 
referring to 0′, 5 ′ and 10′ misalignment values respectively, have been compared in Fig. 15.

It is possible to observe that the tooth deformation increases by increasing the angular misalignment angle.
Fig. 11. Experimental deformation for 0′ of angular misalignment.

Fig. 12. Comparison between experimental, FEM and theoretical results.



Fig. 13. Experimental deformation for 5′ of angular misalignment.

Fig. 14. Experimental deformation for 10′ of angular misalignment.

Fig. 15. Effect of angular misalignment on spline coupling deformation.
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Considering the average stiffness value obtained by the ratio between the applied torque and the relative deformation, it 
is possible to point out (Fig. 16) that by increasing the angular misalignment, the tooth stiffness decreases.

This is justified because of in misaligned spline couplings only a part of the teeth face width is in contact: in this way the 
deformation due to the applied torque is higher than in the aligned conditions [23] and so the resultant tooth stiffness 
decreases.

The above quoted phenomenon is related to a variation of the pressure distribution on the tooth contact surface, that may 
change its behaviour when the spline coupling is misaligned [23] with respect to the case of an aligned spline coupling [1].

Generally speaking a tooth stiffness variation may affect not only the static behaviour of a component, but also the 
corresponding dynamic behaviour [2]; a correct information about both stiffness value and parameters influencing the 
corresponding stiffness variation allows a good prediction of the component behaviour already in the design phase.



Fig. 16. Effect of angular misalignment tooth stiffness.
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6. Conclusions

This paper deals with an investigation about tooth stiffness in spline couplings carried on by means of experimental,
theoretical and numerical techniques.

In particular, experimental values of the tooth stiffness have been obtained by means of a dedicated test rig and an
apposite deformation measuring device. The experimental equipments showed a very good behaviour during the tests,
allowing to apply the right load to the specimen and to properly measure the spline coupling deformation also in misaligned
conditions.

Theoretical values have been determined by applying the classical formulas for beams to a discretised model of the tooth.
Experimental values have been compared with FEM and theoretical results, showing a very good agreement. This means

that the theoretical model used to calculate the tooth stiffness (taking into account bending, shear and tooth root deflection)
is appropriate to a good estimation of spline coupling tooth stiffness.

The effect of angular misalignments on tooth stiffness has also been taken into account; this is a very important point,
because literature is lacking about investigation on this topic. Results show that by increasing the angular misalignment, the
stiffness decreases with a non-linear behaviour; this result agrees well with the physical behaviour of the mechanical
system under study.
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