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@' A:B;C@' D=E 0,-.< /$#!F G&3

>,-!/9!81 $<H$6$,I8 G&J

)8$, +$8I/.!# I-7-8<H$,I9 /$#!F K&G

+$8I/.!# 1,-<-8<H$,I9 /$#!F G&%

+$9$IL$, 7-I8$ !7/ ,$8-#.1I-7 G&'

M.#1I<!1H G&%

5F81$6 )*+*  -1!# :+55; K&'

 !" #$%&'() $* +,-.),$% $* /0'&,1,$%

 !"!# $%&'(&' %))*+%), %&- ./0(1(/& %))*+%),

A-8I1I-7 !99.,!9F I8 7-1 1H$ 8!6$ !8 1H$ 6$!8.,$6$71 !99.,!9FN 7$L$,1H$#$88N I1

9!7 "$ $!8I#F 0.$88$/ 1H!1 1H$ #!,0$, 1H$ $,,-,8 I7 1H$ 6$!8.,$6$718N 1H$ #!,0$,

1H$ $,,-,8 I7 1H$ <-8I1I-7 $81I6!1$& O1 9!7 "$ $P<$91$/ 1H!1 1H$ HI0H$, 1H$ 7.6"$,

-Q 8!1$##I1$8 .8$/ Q-, 1H$ 8-#.1I-7 9-6<.1!1I-7 I8N 1H$ "$11$, 1H$ 8-#.1I-7&

R-S$L$,N 1H$ 7.6"$, -Q 8!1$##I1$8 I8 7-1 1H$ -7#F <!,!6$1$, 1H!1 I7T.$79$8 1H$

<-8I1I-7 !99.,!9F&  H$ @M5 7!LI0!1I-7 8-#.1I-7 I8 /$9I/$/ "F 1S- Q!91-,8N I&$& 1H$

U.!#I1F -Q 1H$ 6$!8.,$6$718 :<8$./-,!70$8; !7/ 1H$ .8$,C1-C8!1$##I1$  !"#!$%&&

O7 1H$ Q-##-SI70 1HI8 1-<I9 SI## "$ /I89.88$/N "-1H U.!#I1!1IL$#F !7/ U.!71I1!1IL$#F&

 !"! 2%1344(13 '3/531+,

 H$ <-I71 I8 1H!1 1H$ ,!70$ 6$!8.,$6$718 !,$ 7-1 <$,Q$91N !7/ 1H$I, .79$,1!I71F

1,!78#!1$8 I71- <-8I1I-7I70 .79$,1!I71F I7 /IV$,$71 S!F /$<$7/I70 -7 1H$ ,$#!1IL$

<-8I1I-7 "$1S$$7 1H$ 8!1$##I1$8 !7/ 1H$ .8$,&  H$ <-8I1I-7 I8 I7 Q!91 9-6<.1$/

!8 I71$,8$91I-7 "$1S$$7 8<H$,$8N SH-8$ 8.,Q!9$8 !,$ 7-1 S$## /$W7$/N ".1 H!L$ !

1HI9?7$88 1H!1 /$<$7/8 -7 1H$ ,!70$ !99.,!9F&  H$ 86!##$, 1H$ !99.,!9F -7 1H$

,!70$ $81I6!1$N 1H$ SI/$, 1H$ .7/$W7$/ ,$0I-7 -Q 1H$ 8<H$,$ "-,/$,& X$<$7/I70

-7 1H$ 0$-6$1,FN 1HI8 ,$0I-7 -Q I71$,8$91I-7 !6-70 1H$8$ 8<H$,$8 I8 86!##$, -,

SI/$,&  H$ "I00$, 1H$ ,$0I-7 -Q I71$,8$91I-7 I8N 1H$ HI0H$, 1H$ .79$,1!I71F -7 1H$

AY 8-#.1I-7 I8&

X.$ 1- 1HI8 I1 9!7 !#8- "$ 8!I/ 1H!1 !//I70 1- 1H$ 8-#.1I-7 ! 8!1$##I1$ SI1H !

0$-6$1,F L$,F 8I6I#!, 1- !7-1H$, 8!1$##I1$ !#,$!/F .8$/ /-$8 7-1 I6<,-L$ ! #-1

 !



 ! "##$# %&'()* +,)#,-). /0' 1-2&*-$0 $3 4#)5-6-$0

 !" #$%& '$()

*!" +$,#"  !" -"$." ,/0  !" !'-!",  !" 1'%& '$( $2 3,"4'#'$( 51637) *!"  ",.

163 '# 8"49&#" :';","( #9 "%%' " -"$." ,'49% 4$(<-&,9 '$(# 49&#" 9 :';","( 

 !"#$!%& '(  !" #$%& '$( =,"4'#'$( 5>?@0 >AB@7) C( D'-&," A)A0  !" -"$." ,/ ";"4 #

9," #!$+( E&9%' 9 'F"%/)

D'-&," A)AG H9 "%%' " -"$." ,/ 9(: &(4", 9'( / ,"-'$(G 89#'4 4$(4"= )

 !"!" #$% &'()*+'&',-

C( #"4 '$( A)?)A 9 E&9%' 9 'F" 9(9%/#'# $2  !" -"$." ,/ ";"4 +9# :"='4 ":) I

E&9( ' 9 'F" 9(9%/#'# 49( 8" :$(" 5>?J@0 >?@70 9# #!$+( '(  !'# #"4 '$()

I# :'#4&##": '( H"4 '$( K)?0  !" LMN 4$$,:'(9 " 2,9." =,$F':"# '(2$,.9 '$( "9#O

'",  $ 8" &(:",# $$: 2,$.  !" &#",0 +' ! ,"#="4  $  !" LPLD 4$$,:'(9 "#) C(

=9, '4&%9,0  9%Q'(- 98$& =$#' '$('(- ",,$,0 ' '# '( -"(",9% .$," 4%"9,  $  9%Q

98$& !$,'R$( 9% 9(: F", '49% ",,$, 4$.=$("( #)

1"<('(- δρ 9(: δx  !" ",,$,# '(  !" =#"&:$,9(-" ."9#&,"."( # 9(: '(  !"

=$#' '$( "# '.9 " ,"#="4 'F"%/0 2,$. 5K)KS7 ' 2$%%$+#G

δx = (HTH)−1HTδρ 5A)T7

C2  !" =#"&:$,9(-" ."9#&,"."( # 49( 8" 9##&.":  $ 8" '(:"="(:"( 9(:  !" ",,$,

δρ $( "94! =#"&:$,9(-" 49( 8" 4$(#':",": '(:'="(:"( 8& ':"( '49%%/ :'# ,'8& ":

+' ! U9&##'9( :'# ,'8& '$(0 R",$ ."9( 9(: F9,'9(4" σ2

NLVL

0  !"(  !" #$%& '$(

4$F9,'9(4" .9 ,'W 8"4$."#G

4$F(δx) = (HTH)−1σ2

NLVL

, Gσ2

NLVL

5A)X7

 !



 ! "##$# %&'()* +,)#,-). /0' 1-2&*-$0 $3 4#)5-6-$0

 !"#" $!" %"&'"$#( ')$#*+ G *, -"./"- ),0

G = (HTH)−1
12345

6"$)*7, )#" )8)*7)97" */ :;<3

=, &>$7*/"- 9"?&#"@ 123A5 ,!& , $!" $ & ?)B$&#, */8&78"- */ $!" -"$"#'*/)$*&/ &?

$!" ,&7>$*&/ )BB>#)B(0

• C)$"77*$" %"&'"$#(@ #"D#","/$"- 9( $!" %"&'"$#( ')$#*+ G3 = D)#)'"$"#

>,"- $& B!)#)B$"#*E" $!" D"#?&#')/B" &? ) B"#$)*/ ,)$"77*$" B&/.%>#)$*&/ *,

$!" ,&FB)77"- G6HI 1G"&'"$#*B)7 6*7>$*&/ &? I#"B*,*&/5@ -"./"- ), $!"

$#)B" &? $!" ')$#*+ G@ GDOP =
√

tr{G}J

• K)#*)/B" &? $!" D,">-&#)/%" '"),>#"'"/$ σ2

LMNM

@ ->" $& )77 $!" "O"B$,

B)>,*/% -"%#)-"- )BB>#)B( &/ $!" '"),>#"'"/$3

P*%>#" 232 ,!& "- Q>)7*$)$*8"7( $!" "O"B$, &? ,)$"77*$" %"&'"$#( B)/ 9"3 R/ P*%>#"

232@ $!" G6HI D)#)'"$"# *,  &#," */ $!" B)," 1)5  !*7" *$ *, '>B! 9"$$"# */ $!"

B),"1953 P*%>#" 23; ,!& , $!" G6HI '")/*/%3

P*%>#" 23;0 MO"B$, &? $!" ,)$"77*$" %"&'"$#( &/ $!" ,&7>$*&/ )BB>#)B(0 6*7>$*&/

H? I#"B*,*&/ 16HI53

S!" G6HI *, ) D)#)'"$"# $!)$ B!)/%", -"D"/-*/% &/ $!" 7&B)$*&/ &/ $!" M)#$!

)/-  *$! $!" !&># &? $!" -)(3 S!" !*%!"# $!" 7)$*$>-"@ $!" 7& "# $!" />'9"# &?

,)$"77*$", */ 8*" @ $!"#"?&#" $!" D&&#"# $!" %"&'"$#(3 R/ P*%>#" 23A )/ "+)'D7"

 !



 ! "##$# %&'()* +,)#,-). /0' 1-2&*-$0 $3 4#)5-6-$0

 ! "#$% &'()'*) +, -.()+/  +0 -'1 )+ ' ,203)43 5 3'*) + ), ,6 7+8 9 7'-'1,:

*6'+;, * *60 +07 "9<<: = (0 ,'*055)*0, '(0 )+ &)07: *60(0! (0 >0**0( 20(! (?

='+30 3'+ >0 '36)0&0- )+ *0(=,  ! #$%8 @60 (0,.5* )+ A)/.(0 B8C ), (0!0((0-

A)/.(0 B8DE FG'=250  ! "#$% &'()'*) +,  &0( H -'18 I ,* +: JK8 < .(30 LMN:

 !"#$%& '( #)*'+8

* '+  20+?,2'30 ,)*.'*) +: 7)*6 .* '+1  >,*'350 '5 +/ *60 5)+0  ! ,)/6* .,0(?

,'*055)*08

$! 3 .(,0: *60 0+&)( +=0+* 'O03*, *60 20(! (='+30 )+ *0(=,  ! /0 =0*(18 P+ 0+?

&)( +=0+*, ,.36 ', *60 , 3'550- ,&-". /".01.2 Q,00 A)/.(0 B8CR *60 20(! (='+30

(0,.5*, =.36 7 (,0: -.0 *  >,*'350, *6'* 2(0&0+* ' .,0( * ,00 ='+1 ,'*055)*0,

'> &0 *60 6 ()S +: )+ 2'(*)3.5'(: '55 7)+/ *60 .,0( * ,00  +51 *60 ,'*055)*0, *6'*

5'1 '5 +/ *60 ,'=0 -)(03*) +: *60  +51  +0 *6'* ), + * 3 &0(0- >1  >,*'350,8 @60(0?

! (0: )+ ,.36 ' ,)*.'*) +: 0&0+ )! ='+1 ,'*055)*0, '(0 )+ &)07: *60 "#$% 2'('=0*0(

(0,.5*, * >0 >'-: >03'.,0  ! *60 ,2'*)'5 -),5 3'*) +  ! *60 )+?&)07?,'*055)*0,: *6'*

- 0, + * '55 7 * '-- =.36 )+! (='*) + 0&0+ '--)+/ = (0 ,'*055)*0,8

 !" #$% &'(#& )*+,-+$(./012+ *+)+*+$(+

#.0 * *60 /0 =0*(1  ! '+1 "9<< ,1,*0=: )* 6'220+, *6'* *60 #$% )+ *60 &0(*)3'5

-)(03*) +: )+ *60 .,0( 3  (-)+'*0 !('=0: (0,.5*, * >0 )+ /0+0('5 =.36 7 (,0 *6'+

 + *60 6 ()S +*'5 -)(03*) +,8 @6), ), >03'.,0: >0)+/ *60 0'(*6 + * *('+,2'(0+*:

34



 ! "##$# %&'()* +,)#,-). /0' 1-2&*-$0 $3 4#)5-6-$0

 !"#$% &'() *$+,- .,-/0- %-1!$0-2%-3) 4#% 30 35% 0+63,.7% ,70-" 35% 8!-% 09

:!"53 #6%$;6,3%77!3%< 35% "%02%3$!. =>? $%6#736 30 +% 1%$/ @00$'

:0#$.% ABC

35% #6%$ .,- 6%% 35% 6,3%77!3% 0-7/ ,+01% 35% 50$!D0-< 60 !3 .,- 6%% 6,3%77!3%6

,$0#-4 EFGH

◦
I!35 $%6@%.3 30 35% 50$!D0-3,7 4!$%.3!0-6< +#3 0-7/ ,$0#-4 JKGH

◦

I!35 $%6@%.3 30 35% 1%$3!.,7' L6 , .0-6%M#%-.%< 35% "%02%3$/ $%6#736 !- "%-%$,7

I0$6% ,70-" 35% 1%$3!.,7 4!$%.3!0-< I5!.5 .,#6%6 35% 1%$3!.,7 =>? 30 +% 5!"5%$'

N5!6 2%,-6 35,3 ,-/ %$$0$ 0- 35% 2%,6#$%2%-36 O+035 .04% @6%#40$,-"% ,-4

,..#2#7,3%4 =0@@7%$ 2%,6#$%2%-36P 5,1% 5!"5%$ !2@,.3 0- 35% 1%$3!.,7 607#3!0-

35,- 0- 35% 035%$ 4!$%.3!0-6' Q- @,$3!.#7,$< 35% 2%,6#$%2%-3 %$$0$ 4#% 30 35%

70.,7 .70.R 5,6 5!"5%$ !2@,.3 0- 35% 1%$3!.,7' N5!6 .,- +% 6%%- !- 35% %S,2@7%

!- O&'BP< I5%$% G !6 35% 2,3$!S 4%T-%4 !- O&'FP' Q- O&'BP !3 .,- +% -03%4 50I 35%

.$066 .0$$%7,3!0- +%3I%%- 35% 1%$3!.,7 ,-4 35% .70.R 607#3!0-6< $%@$%6%-3%4 +/ 35%

%7%2%-3 OE<UP 0$ 35% %7%2%-3 OU<EP< !6 1%$/ 5!"5'

G =













0.36 0.01 0.21 −0.19

0.01 0.54 0.14 −0.10

0.21 0.14 2.10 −1.16

−0.198 −0.10 −1.16 0.79













O&'BP

N5!6 %V%.3 !6 35% 2,!- $%,60-6 I5/ !- 35!6 35%6!6 0-% 09 35% 90.#6 !6 0- 35%

 !



 ! "##$# %&'()* +,)#,-). /0' 1-2&*-$0 $3 4#)5-6-$0

 !"#$%&' ()'*#$)+ $,-") !,!+#. &+&'/0$+1 &+2 ,)2!''$+1 #3! !4!%#( )5 #3! ')%&'

)(%$''&#)" 6(!! 7&"# 889: ;)#! #3&# #3! 5)%*( 3!"! $( )+ #3!  !')%$#/ ()'*#$)+. <3$%3

$( %)""!'&#!2 #) #3! 5"!=*!+%/ )5 #3! ')%&' )(%$''&#)". <3$'! #3! -)($#$)+ !(#$,&#!

$( "!'&#!2 #) #3! ')%&' %')%> -3&(!:

 !" #$%&' ()*+, ,-.,&/$*

 !"!# $%&'(&)'('*+

8+ ?;@@. & &$'&A$'$#/ $( 2!B+!2 &( #3! -!"%!+#&1! )5 #$,! $+ <3$%3 $# $( -)(($A'!

#) *(! #3! (/(#!,: C3! +& $1&#$)+ (!" $%! $( 2!B+!2 &( *(&A'! $5 $# $( (&#$(5/$+1 &

%!"#&$+ &%%*"&%/ "!=*$"!,!+#. <3$%3 2!-!+2( A)#3 )+ #3! #"&+(,$##$+1 2! $%!(

6(&#!''$#!(9 &+2 )+ #3! !+ $")+,!+#. $+D*!+%$+1 #3! %) !"&1! )5 #3! (&#!''$#!(:

E)" (),! &--'$%&#$)+(. #3! %)+%!-# )5 & &$'&A$'$#/ $+%'*2! &'() )#3!" %"$#!"$&. &+2

$+ #3)(! %&(!( #3! (/(#!, $( %)+($2!"!2 #) A! & &$'&A'! )+'/ $5 &'' #3! "!=*$"!,!+#(

&"! (&#$(B!2:

 !"! ,-*./0'*+

8+#!1"$#/ $( &+ $,-)"#&+# %)+%!-# #3&# ,*(# +)# A! %)+5*(!2 <$#3 & &$'&A$'$#/:

8+#!1"$#/ $( #3! %&-&A$'$#/ )5 #3! (/(#!, #) -") $2! #$,!'/ <&"+$+1( <3!+ #3!

(/(#!, (3)*'2 +)# A! *(!2. A!%&*(! #3!"! $( 3$13 -")A&A$'$#/ #3&# $+ #3&# ,),!+#

(),!#3$+1 $( 1)$+1 <")+1 $+ #3! (/(#!,. &+2 #3! $+5)",&#$)+ #3&# $( 1$ !+ &(

)*#-*# $( +)# #"*(#&A'!: 8+#!1"$#/ $( #3!"!5)"! & ,!&(*"! )5 #3! "!'$&A$'$#/ )5 #3!

%)""!%#+!(( )5 #3! (/(#!, )*#-*#: F (/(#!, %&+ A! & &$'&A'!. ! !+ $5 &%%)"2$+1

#) #3! $+#!1"$#/ %)+%!-# $# $( +)# "!'$&A'!G (),! )*#-*# $+5)",&#$)+ $( & &$'&A'!.

A*# &'() & <&"+$+1 D&1 $( "&$(!2:

E)" & 1))2 <)">$+1 )5 & ?;@@ (/(#!,. $+#!1"$#/ &+),&'$!( ,*(# 3& ! &  !"/

')< -")A&A$'$#/ 6)"2!" )5 5!< #$,!( -!" /!&"9: H)<! !" $+#!1"$#/ $( &  !"/ %"*%$&'

#)-$%. $+ -&"#$%*'&" 5)" %"$#$%&' &--'$%&#$)+( $,-'/$+1 (&5!#/ )5 '$5!. (*%3 &( &$"

+& $1&#$)+:

 !





 !"# $$

%"&'(&)*+ ,-.&.

 "&*-/& 0&12*-#+





 !"#$%& '

(&%)*+% ,%-.)*$/ 0-1.&*$!2

 !" #$%&'()*+, )-.(-/.0

 !"#$"%$ &!"#$'"()#* +,  %*-*./*%& 0%)/.$* 123 41)&.!.)#5 2*()-.!6 "#$ 3.7*8

&)(9!.)# -)709!.#: !;* 0)&.!.)# 9&.#: !;* 0&*9$)%"#:* -)$* 7*"&9%*7*#!& "#$

!;* /*()-.!6 <6 7*"#& )= !;* -)$* 7*"&9%*7*#! >?@ )%5 &)7*!.7*&5 !;* -"%%.*%

0;"&* 7*"&9%*7*#! 4AB? CD>E85 F;.-; "(()F& !) "-;.*/* 79-; <*!!*% 0*%=)%7"#-*?

G# (.!*%"!9%* &*/*%"( "00%)"-;*& ;"/* <**# 0%)0)&*$ .# )%$*% !) .70%)/* "--9%"-6

"#$ 0%*-.&.)# )# !;* /*()-.!6 &)(9!.)#? G# 0"%!.-9("%5 )$)7*!*% "#$ G, 4G#*%!."(

,"/.:"!.)# H#.!8 ".$*$ &)(9!.)# "%* /*%6 9&*$ CDIE?

 )7* -)#&.$*%"!.)#& -"# <* $)#* "<)9! !;* +,  &)(9!.)# 7*!;)$5 "#$ " &9<'

&!"#!."( .70%)/*7*#! -"# <* .#-(9$*$?

J& /"# +%""& "#$  )()/.*/ 0%)0)&*$ .# CIE5 K%&! )= "(( "# "#"(6&.& )# !;* :*'

)7*!%6 )= !;* /*()-.!6 &)(9!.)# #**$& !) <* $)#*?  .#-* !;* /*()-.!6 -"##)! <*

7*"&9%*$ .#&!"#!"#*)9&(65 */*%6!;.#: !;"! -;"#:*& )/*% !.7*5 "0"%! !;* 9&*% 0)'

&.!.)#5 #**$& !) <* .#/*&!.:"!*$ "#$ 7.!.:"!*$5 .# )%$*% !) .70%)/* !;* *&!.7"!*?

3;* K%&! &!*0 "00(.*$ .# !;.& !;*&.& .& !;*# !) .#-(9$* !;* 0%*-.&* /*()-.!6 "(:)'

%.!;7 0%)0)&*$ .# CIE5 .# )%$*% !) -)%%*-! $*!*%7.#.&!.- *%%)%& "#$ !;* &"!*((.!*

-;"#:*& .# :*)7*!%6 "#$ L)00(*%?

G# !;.& -;"0!*%5 !;* 0%*-.&* /*()-.!6 "(:)%.!;7 0%)0)&*$ .# CIE "#$ "00(.*$ .# !;.&

!;*&.& .& %*-"((*$? ,)!* !;"! .# !;.& -;"0!*% !;* *M*-!& )= !;* ()-"( )&-.(("!)% "%*

-)#&.$*%*$ 9#N#)F# !) &)(/* =)%5 "& .# CIE5 F;.(* " #)/*( !*-;#.O9* .& .#/*&!.:"!*$

.# P;"0!*% Q !) "00(6 "# .70%)/*$ =%*O9*#-6 *&!.7"!* !) !;* +,  /*()-.!6

&)(9!.)#?

G# !;.& -;"0!*%5 K%&! " %*-"(( .& 0%*&*#!*$ )= ;)F !;* (*"&! &O9"%*& 7*!;)$ -"#

 !



 ! "#$%&'$ ($)*%&+, -).*#&+/0

 ! "##$%!& '( )($*! +(, '-! .-"/0! %/ '-! 1)!, #()%'%(/2 1)%/0 ") 3!")1,!3!/')

'-! .",,%!,4#-")! )%/0$! &%5!,!/.!) 678)9: ;-!/ '-! 3!'-(& #,(#()!& %/ <=> %)

,!."$$!&2 ?-%.- "$$(?) '( .(,,!.' '-! 3!")1,!& 78) +(, '-! &!'!,3%/%)'%. !,,(,)

"/& '( "&@1)' '-!3 +(,  ('- '-! )"'!$$%'! 3('%(/) "/& +(, '-! .-"/0!) %/ '-!

0!(3!',A (*!, '-! '%3! %/'!,*"$ .(/)%&!,!&: B%/"$$A2 '-! C7 3!'-(& %) "##$%!&

1)%/0 ") 3!")1,!3!/') '-! .",,%!,4#-")! 78)2 .(,,!.'!& "/& "&@1)'!&:

 !" #$%&'()* $+)(,-)$ .+(/0 '-11($1234-+$ 56+

D/ 71 )!.'%(/ E:F:= #,() "/& .(/) (+ '-! 1)! (+ .",,%!, #-")! 3!")1,!3!/' '( .(34

#1'! '-! 1)!, #()%'%(/ ",! &!#%.'!&: D/ '-! *!$(.%'A !)'%3"'!2 '-! .(/ ( )!,*!&

%/ 1)%/0 '-! .",,%!, #-")! 3!")1,!3!/'2 ,!$"'!& '( '-! %/'!0!, "3 %01%'A2 %) /('

%/*($*!& "/A3(,!: D/ +".' %/ '-! *!$(.%'A )($1'%(/ '-! %/'!,!)'%/0 %/+(,3"'%(/ %)

.(/)'%'1'!&  A '-! .-"/0! %/ '-! ,"/0!2 (*!, '-! '%3!: G) +", ") '-! $(.H %) 3"%/4

'"%/!&2 '-! %/'!0!, "3 %01%'A &(!) /(' .-"/0! "/& %' ."/.!$) %+ )%/0$! &%5!,!/.!)

",! #!,+(,3!& (*!, '%3! (+ '-! .",,%!, #-")! 3!")1,!3!/'): D/ '-%) ?"A2 "$$ '-!

"&*"/'"0!) (+ '-! .",,%!, #-")! 3!")1,!3!/' ."/  ! ( '"%/!&2 ?%'-(1' -"*%/0 '(

)($*! +(, '-! "3 %01%'A: ;-"/H) '( '-! .",,%!,4#-")! 3!")1,!3!/'2 -%0- "..1,".A

."/  ! ,!".-!&2 ") &%).1))!& 71 )!.'%(/ E:F:= "/& +(, *!$(.%'A !)'%3"'!) 33I)

$!*!$ "..1,".A %) !/" $!&:

;-! )A)'!3

H∆x̂ = ∆ϕ̃ 6J:E9

%) .(/)%&!,!&2 ?-!,! ∆x̂ %) '-! *!.'(, .(/'"%/%/0 '-! .-"/0! %/ '-! 1)!,K) #()%4

'%(/ "/& "$)( '-! .-"/0! %/ '-! 1)!,K) .$(.H !,,(, 6") !L#$"%/!& %/ M-"#'!, E2

'-! )($1'%(/ -") '(  ! +(1/& +(, '-,!! 1/H/(?/ ,!$"'!& '( '-! 1)!, #()%'%(/ %/

'-,!! &%3!/)%(/) "/& +(, '-! ,!.!%*!, .$(.H !,,(,9: ∆ϕ %) '-! .-"/0! %/ '-!

.",,%!,4#-")! 3!")1,!3!/'2 '-"' %/ 6J:=9 %) !L#,!))!& %/ 3!'!,): D/ 6J:=92 ")

%/ '-! +($$(?%/02 '-! .",,%!,4#-")! 78 %) !L#,!))!& %/ 3!'!,)2 .(/)%&!,%/0 '-!

#-")! 3!")1,!3!/'2 ?-%.- %) ϕ̃rad2 1/&%3!/)%(/!& 6&!0,!!) (, ,"&%"/')92 '(  !

31$'%#$%!&  A '-! #,(#"0"'%(/ *!$(.%'A2 %:!: '-! )#!!& (+ $%0-' c: D' %)

ϕ̃ = ϕ̃rad · c 6J:=9

 !



 ! "#$%&'$ ($)*%&+, -).*#&+/0

H  ! "#$ %$&'$"() '*"( +,

-#$ ./0/&1/ "#*" 1$ 1*/" "& !&23$ 4&(  ! "#$ 3$5"&(6

∆x̂ =













∆x

∆y

∆z

∆B













78,89

1#$($ "#$ ∆x,∆y,∆z ($:($!$/"! "#$ .!$( ; !:2*5$'$/" &3$( " '$ *2&/% "#($$

; ($5" &/!<  / '$"$(!< 1# 2$ ∆B  ! "#$ ($5$ 3$( 52&50 $((&(<  / '$"$(!, -& &="* /

"#$ ($5$ 3$( 52&50 $((&(  / !$5&/;!< ∆B /$$;! "& =$ ; 3 ;$; =) "#$ !:$$; &4 2 %#",

-#$ 3$5"&( &4 "#$ '$*!.($; 5*(( $(>:#*!$ ?@!  !6

∆ϕ =















∆ϕ̃1

∆ϕ̃2

,

,

,

∆ϕ̃N















78,A9

1#$($< 4&( j = 1,2,...N <

∆ϕ̃j(t2) = ϕ̃j(t2)− ϕ̃j(t1) 78,B9

-#$ %$&'$"() '*"( +  !

H =















e1
T (t2) 1

e2
T (t2) 1
,

,

,

,

,

,

eN
T (t2) 1















78,C9

1#$($ ei *($ "#$ 2 /$>&4>! %#" ./*() 3$5"&(! 7*!  / 78,DE99 */; "#$ 5&2.'/ &4 &/$!

 ! ;.$ "& "#$ 4*5" "#*" "#$ 5&/"( =." &/ &4 "#$ 52&50 4($F.$/5) $((&( &/ "#$ ?@

'$*!.($'$/"!  ! "#$ !*'$ 4&( *22 "#$ !*"$22 "$!,

-#$ !&2." &/ "#*" #*! "& =$ 5&':."$;  ! "#$ 3$5"&( ∆x̂ 5&/"* / /% "#$ $!" '*"$!

&4 "#$ 5#*/%$!  / "#$ .!$( :&! " &/ */;  / "#$ .!$( 52&50, -#$ !"*/;*(; 1*) "&

!&23$ 4&(  "  ! "#$ .!$ &4 * G$*!" ?F.*($ 7G?9 *2%&( "#' *::2 $; "& 5*(( $( :#*!$

; H$($/5$!6

∆x̂ = (HT ·H)HT∆ϕ 78,I9

-#$ 3$2&5 " $! *2&/% "#$ "#($$ ; ($5" &/! 5*/ =$ 5&':."$; 4(&' "#$ 3$5"&( ∆x̂

; 3 ; /% =) "#$ " '$  /"$(3*2, -#$ 3$2&5 ") 5&':&/$/"! *($ % 3$/<  / m/s< =)6

 !



 ! "#$%&'$ ($)*%&+, -).*#&+/0

v̂x =
∆x̂

∆t
; v̂y =

∆ŷ

∆t
; v̂z =

∆ẑ

∆t
;  !"#$

%&' ()*+,-* .)*/0*&+1 ,-2 ,& 345

f̂ =
∆B̂

c∆t
 !"6$

78*)* ∆t = t2 − t1"

98* %:*)%;* :*<=+,>1 '0),&; >8* >,?* ,&>*):%< ,-5

v̄ =

√

(∆x̂)2 + (∆ŷ)2 + (∆ẑ)2

∆t
 !"@A$

B8%> &**'- >= C* ?*%-0)*' ,- >8* +8%&;* ,& >8* +%)),*) (8%-* +%0-*' C1 >8* 0-*)

?=>,=&" B8%> %+>0%<<1 8%((*&- ,- >8%> >8*)* %)* ?=)* .%+>=)- >8%> ?%D* >8*

(8%-* +8%&;,&;2 -= >8%> C1 ?*%-0),&; >8* ',E*)*&+* ∆ϕ <=>- =. =>8*) *E*+>- %)*

,&:=<:*'" 98* ?*%-0)*' +%)),*) (8%-* FG %> % >,?* t2 7,>8 )*-(*+> >= % ()*:,=0-

>,?* t1 %)*2 .=) >8* ;*&*),+ j − th -%>*<<,>*5

∆ϕ̃j = ˜ϕj(t2)− ˜ϕj(t1) = ∆Rj +∆B +∆errj +∆nj  !"@@$

78*)* ∆Rj )*()*-*&>- >8* +8%&;* ,& (-*0'=)%&;* >8%> ,- %E*+>*' C1 >8* 0-*)

?=>,=& 7* %)* ,&>*)*->*' ,&2 C0> %<-= C1 >8* -%>*<<,>* ?=>,=&H ∆errj ,- >8* +8%&;*

,& >8* '*>*)?,&,->,+ *))=)-2 )*<%>*' >= >8* j − th -%>*<<,>* %&' ∆nj )*()*-*&>-

&=,-* %&' +8%&;*- ,& >8* *))=) '0* >= >8* ?0<>,(%>8  =& >8* j− th -%>*<<,>*$" ∆B

)*()*-*&>- >8* +8%&;* ,& >8* )*+*,:*) +<=+D2 ,"*" >8* <=+%< =-+,<<%>=) .)*/0*&+1 C,%-2

>8%> 7,<< C* >8* .=+0- =. I8%(>*) J %&' I8%(>*) K" L=>* >8%> ∆B ,- % +=??=&

*))=) >= %<< >8* (-*0'=)%&;*-  '=*- &=> +8%&;* 7,>8 >8* -%>*<<,>*2 -,&+* ,> =&<1

'*(*&'- =& >8* )*+*,:*) =-+,<<%>=)$" M& >8,- +8%(>*)2 %- ,& NOP2 ∆B ,- +=&-,'*)*' %&

0&D&=7& >= -=<:* .=)" M& I8%(>*) J %&' ,& I8%(>*) K2 >8* =-+,<<%>=) (*).=)?%&+*

7,<< C* ,&:*->,;%>*' %&' ?*>8='- >= +=))*+> ,>- *))=) 7,<< C* +=&-,'*)*'"

 ! "#$%&'$ ($)*%&+, -).*#&+/01 0$-'2#$0$3+

%*04$3'-+&*3 -35 -562'+0$3+

Q- ()=(=-*' ,& NOP2 >8* R)-> ->*( >= ,?()=:* >8* :*<=+,>1 *->,?%>* ,- >= >%D* ,&>=

%++=0&> -=?* *E*+>- '0* >= >8* .%+> >8%> >8* :*<=+,>1 +%&&=> C* ?*%-0)*' ,&->%&S

>%&*=0-<1" M& =)'*) >= *->,?%>* >8* 0-*) :*<=+,>12 ',E*)*&+*- ,& >8* (-*0'=)%&;*

 !



 ! "#$%&'$ ($)*%&+, -).*#&+/0

 !"# $%&'&()'& *" $%& +!''*&' ,%!-& .&!-/'&.&"$-01 %!2& $) 3& ,&'()'.&# )2&'

$*.&4 5%& 2&6)+*$7 *- ! (/"+$*)" )( $%& +%!"8& *" $%& /-&' ,)-*$*)"1 3/$ )$%&'

+).,)"&"$- +%!"8& )2&' $*.& !"# !9&+$ $%& .&!-/'&.&"$1 :%*+% %!2& $) 3&

.*$*8!$&# *" )'#&' $) )3$!*" ,'&+*-& 2&6)+*$7 -)6/$*)"4 ;*'-$ )( !661 +!''*&' ,%!-&

.&!-/'&.&"$- %!2& $) 3& +).,&"-!$&# ()' $%& +%!"8& *" $%& #&$&'.*"*-$*+ &'')'

#/'*"8 $%& $*.&4 ;/'$%&'.)'&1 *$ %!- $) 3& $!<&" *"$) !++)/"$ $%!$ $%& =>?

2&6)+*$7 -)6/$*)" *- +).,/$&# !- *"  @4A01 :%&'& $%& 8&).&$'7 .!$'*B *- !- *"

 @4C04 D%*6& $%& 2&6)+*$7 .&!-/'&.&"$ *- '&(&''&# $) ! #*9&'&"+& !3)2& $*.&- t1

!"# t21 !- -%):" *" ;*8/'& @4E1 $%& 8&).&$'7 .!$'*B *- '&(&''&# $) !" *"-$!"$  t204

5%&'&()'&1 *" )'#&' $) !+%*&2& 3&$$&' ,'&+*-*)"1 !" !#F/-$.&"$ *- "&&#&# )" $%&

+!''*&' ,%!-& #*9&'&"+& .&!-/'&.&"$-1 $) $!<& *"$) !++)/"$ $%& +%!"8& *" $%&

8&).&$'71 *4&4 *" $%& '&6!$*2& ,)-*$*)" 3&$:&&" /-&' !"# -!$&66*$&-4 G" !##*$*)"1

$%& H),,6&' ('&I/&"+7 +!/-&# 37 $%& -!$&66*$& .)$*)" !6-) %!- $) 3& .*$*8!$&#1

-*"+& $%& *"$&'&-$ *- )" $%& /-&' ,)-*$*)" +%!"8&4

;*8/'& @4EJ K&+&*2&'L?!$&66*$& 8&).&$'7 +%!"8& )2&' $*.&

 !



 ! "#$%&'$ ($)*%&+, -).*#&+/0

 !" #$"%&'" (")*%&+, -).*$&+!/0 #$*#*'"1 &2 345 -21 -##)&"1 -)'* &2 +!&' +!"'&'0

&' 6$&"7, $"%-))"1 &2 +!&' '86'"%+&*29 :&$'+ *; -))0 +!" 1"+"$/&2&'+&% "$$*$' -$"

/&+&.-+"19 <*+' *; "$$*$' -="%+&2. +!" #*'&+&*2 '*)8+&*2 -$" %*2'+-2+ *("$ - '!*$+

+&/" &2+"$(-)0 +!"$";*$" 8'&2. +!" '&2.)" 1&="$"2%" /"-'8$"/"2+' +!", %-2%") *8+9

 !" "$$*$' +!-+ &2 +!&' -##)&%-+&*2 %-2 6" %*2'&1"$"1 +* 6" 1"+"$/&2&'+&% -$" +!*'"

"$$*$' '8%! -' %!-2."' &2 &*2*'#!"$&% 1")-, -21 +$*#*'#!"$&% "$$*$'0 +!-+ %-2 6"

"'+&/-+"10 $"'#"%+&("),0 >&+! 1*86)" ;$"?8"2%, "'+&/-+"' @'"" A!-#+"$ BCD -21

>&+! +$*#*'#!"$&% /*1")'9 E-+"))&+" %)*%F ;$"?8"2%, "$$*$' -21 1$&;+ %*/#*2"2+'

*; $")-+&(&'+&% %*$$"%+&*2' -$" #$"'"2+0 +!-+ %-2 6" %*$$"%+"1 >&+! &2;*$/-+&*2

;$*/ +!" "#!"/"$&' 1-+-9@345D9  !" (")*%&+, &2;*$/-+&*2 &' &2%)81"1 &2 +!" $-2."

'&2.)" 1&="$"2%" "G#$"''"1 -' ;*))*>'H

∆Rj(t2) = Rj(t2)−Rj(t1)

= (ej(t2),RSVj
(t2)− b(t2))− (ej(t1),RSVj

(t1)− b(t1))

= (ej(t2),RSVj
(t2))− (ej(t1),RSVj

(t1))− (ej(t2),b(t2)) + (ej(t1),b(t1))

>!"$" +!" ("%+*$ b(ti) $"#$"'"2+' +!" $"%"&("$ #*'&+&*2 -+ +!" +&/" (ti) -21 +!"

)&2"I*;I'&.!+ 82&+ ("%+*$ &'H

ej(ti) =
RSVj

(ti)− b(ti)

|RSVj
(ti)− b(ti)|

@J9B4D

-21 +!" 8'"$K'-+"))&+" $-2."0 -+ +!" +&/" ti0 >&+! i = 1,20 &' +!" &22"$ #$*18%+H

Rj(ti) = (ej(ti),RSVj
(ti)− b(ti)) @J9BJD

 !" 1"+-&)' *; +!" -).*$&+!/ -$" "G#)-&2"1 &2 3459

L;+"$ +!" /&+&.-+&*2 *; +!" 1"+"$/&2&'+&% "$$*$' 3450 +!" '&2.)" 1&="$"2%" /"-'8$"I

/"2+' -$"

∆ϕ̃j
c = ϕ̃j(t2)− ϕ̃j(t1) = ∆Rj +∆B +∆nj @J9BMD

+!-+ '+&)) %*2+-&2 +!" "="%+' *; +!" %!-2." &2 +!" ."*/"+$,9  !" %!-2." &2 +!"

$"%"&("$ #*'&+&*2 b &' +!" ("%+*$

∆b = b(t2)− b(t1) = (t2 − t1)v̄ @J9BND

>!&%! &' - ;82%+&*2 *; +!" -("$-." (")*%&+, v̄ +!-+ 2""1' +* 6" "(-)8-+"19  !"

/"-'8$"/"2+ -(-&)-6)" &' +!" #'"81*$-2." /"-'8$"/"2+ -="%+"1 6, O*##)"$ "$I

$*$' &218%"1 6, +!" '-+"))&+" /*+&*29

:8$+!"$/*$"0 +!" '*)8+&*2 &' %*/#8+"1 >&+! +!" ."*/"+$, /-+$&G H +!-+ 1*"'

 !



 ! "#$%&'$ ($)*%&+, -).*#&+/0

 !" "#$% & "! #''!( " ")% ')# *% & ")% *%!+%",- .%"/%% "&+% t1 # 0 # 0 "&+%

t21 2 *%!+%",&'#3 '!,,%'"&! &4 & ",!0('%0 "! "#$% & "! #''!( " ")&4 %5%'"1

6)% '!,,%'"&! 4 7!, ")% 4#"%33&"% 8!993%, # 0 ")% *%!+%",- ')# *%4 #,%: ,%49%';

"&<%3-=

∆fdj = (ej(t2),RSVj
(t2))− (ej(t1),RSVj

(t1)) >?1@AB

∆gi = (ej(t2),b(t2))− (ej(t1),b(t1)) >?1@CB

D E*(,% ?1F: ")% .3!'$ 0&#*,#+ !7 ")% 9,%'&4% <%3!'&"- #3*!,&")+ &4 4)!/ 1

G&*(,% ?1F= H,%'&4% <%3!'&"- #3*!,&")+= .3!'$ 0&#*,#+

6)% '#,,&%,;9)#4% 4& *3% 0&5%,% '%4 '!+9% 4#"%0 # 0 #0I(4"%0 '# .% '!+9("%0

#4=

∆ϕ̃j
c,a = ∆ϕ̃j

c +∆fdj −∆gj >?1@JB

/)%,% ∆ϕ̃j
c
: ∆fdj # 0 ∆gj #,% %K9,%44%0 .- >?1@AB: >?1@CB # 0 >?1@JB ,%49%'"&<%3-1

6)% : (4& * ")% '!,,%'"%0 # 0 #0I(4"%0 L84 & >?1@JB: ")% ML 4!3("&! '# .%

'!+9("%0 #4 & ")% ")%!,%"&'#3 >?1CB 4(.4"&"("& * ")% ",(% L84 /&") ")% +%#;

4(,%0 ! %4: '!,,%'"%0 # 0 #0I(4"%01 6)% 4!3("&! 7!( 0 (4& * ")% '!,,%'"%0 # 0

#0I(4"%0 +%#4(,%+% "4 &4 ")%,%7!,%=

∆x̂c,a = (HT ·H)HT∆ϕ̃
c,a

>?1@NB

 !



 ! "#$%&'$ ($)*%&+, -).*#&+/0

 !"#"$%#"& '()" (* +,-./ 0!" 12"#13" 4#"5(6" 2"'%5(0("6 1'%*3 0!" 0!#"" 7(#"50(%*6&

1#" 3(2"*& (* m/s& 89:

v̂c,ax =
∆x̂c,a

∆t
; v̂c,ay =

∆ŷc,a

∆t
; v̂c,az =

∆ẑc,a

∆t
; +,-;</

=!('"& 16 (* +,->/& 0!" 4#"5(6" $#"?@"*59 (6& (* AB:

f̂ c,a =
∆B̂c,a

c∆t
+,-;C/

=!"#" ∆t = t2 − t1-

 !



 !"#$%& '

()*+,+)- ./0+11"$2& 34"15/+/

 !" #$%&'(%&$)*

 ! "#!$%&'#" &( )#$*&+( ,-.-./ &0 *1# %#$#&2#% $3+$4 $+%%#$*&+( &! 4(+5(/ *1%##

!6*#33&*#! 6%# !78$&#(* *+ +'*6&( 6 (62&96*&+( !+37*&+(/ &($%#6!&(9 &( *1&! 56: *1#

!:!*#; 626&36'&3&*: 6(" #2#(*7633: 63!+ *1# &(*#9%&*:- <1&! $3+$4=0%## !+37*&+( $6(

'# +'*6&(#" 0+% &(!*6($# ': &($+%>+%6*&(9 6 !*6'3# 0%#?7#($: %#0#%#($#/ #(+791

!*6'3# *+ '# ;+"#33#"/ !7$1 6! 6 @7'&"&7; A@'B +!$&336*+%-

 !*6("6%" CD)) %#$#&2#% &($37"#!/ 6! *&;# %#0#%#($#/ 6 ?76%*E +!$&336*+%- )7$1

&(#F>#(!&2# %#0#%#($# &! &(6$$7%6*#/ '7* $+(!&"#%&(9 *1# 3+$63 $3+$4 '&6! 6! 6(

7(4(+5( 6(" !+32&(9 0+% &* 7!&(9 *1# CD)) ;#6!7%#;#(*!/ &* $6( '# $+(*&(7633:

$+%%#$*#" &( *1# >+!&*&+( 6(" *&;# !+37*&+(-

G+5#2#%/ '#**#% >#%0+%;6($# $6( '# %#6$1#"/ 6! #F>36&(#" &( *1# 0+33+5&(9/ 7!&(9

6 1&91#% !*6'3# +!$&336*+%- H&I#%#(* 6>>%+6$1#! $6( '# 7!#" &( *1&! $6!#- J0 6(

6>>%+6$1 5&*1+7* *1# (##" +0 $+(*&(7+7!3: &($37"# $3+$4 $+%%#$*&+(! &! "#!&%#"/

2#%: !*6'3# +!$&336*+%! ;7!* '# 7!#" 51&$1 6%# 2#%: #F>#(!&2#/ !7$1 6! 1:"%+9#(

;6!#%!- <1# 63*#%(6*&2# !+37*&+( &! *1# 7!# +0 6 3#!! 6$$7%6*# %#0#%#($#/ 6! 6

@7'&"&7; $3+$4/ 51&$1 #%%+%! 6%# 36%9#% '7* $6( '# ;+"#3#" 6(" $+%%#$*#"- J(

*1&! 56:/ *1# $3+$4 "%&0* &! #!*&;6*#" 6(" $+;>#(!6*#" 0+%/ %#6$1&(9 9++" >#%0+%=

;6($# 5&*1 ;+"#%6*# $+!*-

J( *1&! *1#!&! 6 (+2#3 6>>%+6$1 &! >%+>+!#"/ *+ 7!# 6( 6$$7%6*# 0%#?7#($: %#0=

#%#($# &( +%"#% *+ &;>%+2# (+* *1# >+!&*&+( '7* *1# 2#3+$&*: !+37*&+( 6$$7%6$:-

<1&! ;#6(! *16* 516* (##"! *+ '# ;+"#3#" &! (+* *1# 3+$63 $3+$4 >16!# #%%+%/

'7* *1# $16(9#! &( *1# $3+$4 #%%+% +2#% *&;#/ &-#- *1# 0%#?7#($: #%%+% +0 *1# 3+$63

+!$&336*+%- <1#%#0+%# &( *1&! >6%* +0 *1# *1#!&! *1# &(*#%#!* &! (+* +( *1# 3+$63 *&;#

 !



 ! "#$%&%#' ()*%++,-./ 01,+2)%)

 !"! !#$!% &'!  !" #% ()& *& *+ ,# &'! -,$.- " !/)!#$0  !"! !#$!% &'! -,$.- "$ %!!&'"(

.#1 *&+ " !/)!#$0 1 *"&2

3'! ,(4!$&*5! *+ &, *#5!+&*6.&! " !/)!#$07.*1!1 89: 5!-,$*&0 +,-)&*,# .#1 &'!

; +& +&!< ," &'! +&)10 *+ &'! .#.-0+*+ ," &'! -,$.- " !/)!#$0  !"! !#$!2 =# <. 7

&*$)-. % *# &'*+ &'!+*+ &'! ",$)+ *+ ,# >)(*1*)? $!-- ,+$*--.&, +2 3'*+ &0<! ,"

,+$*--.&, + *+ 5! 0 $,??,# *# 8@::% *# <. &*$)-. *& *+ )+!1 .+ !A&! #.-  !"! 7

!#$! ", < ,"!++*,#.-  !$!*5! +% .+ B!-- .+ ,#(,. 1 ," +.&!--*&!+2 :*#$! &'! >( .#1

*&+ $'. .$&! *+&*$+ . ! +, $ )$*.- *# &'*+ &'!+*+% &'*+ $'.<&! *+ !#&* !-0 1!1*$.&!1

&, &'! >( $'. .$&! *C.&*,#2 :,?! &'!, !&*$.- (.$D6 ,)#1 *+  !$.--!1% &'!# +,?!

-.(, .&, 0 .#1 *#7E*6'& &!+&+ . ! 1!+$ *(!1 F+!! GHHI% F=JJ2

 !" #$%&'%()* $%+%$%()% ,-./010-*2

.(.1*,0, )$0-%$03(,

 !"!# $%&'(&)*+ ,&-./0.1)2

K!", ! +&. &*#6 &'! .#.-0+*+ ," &'! >( " !/)!#$0  !"! !#$! .#1 &'! +&)10 ," ',B

&, *#&!6 .&! *& *# &'! 8@:: 5!-,$*&0 +,-)&*,#% *& *+ ,<<, &)#! &, $,#+*1! &'!

6!#! .- 1!;#*&*,#+ .#1 $'. .$&! *C.&*,# ?!&',1+ ," &'! " !/)!#$0 +&.#1. 1+2

=" .# *1!.- ,+$*--.&, *+ $,#+*1! !1% &'! &*?! *#&! 5.- *+ !A.$&-0 *# .$$, 1 B*&' &'!
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/$2" (#2+1#& *+1$%'%!4

 !"!# $%&'() &* (%+ (,-*)&(&.* ',+/0+*12

5"$6! $% !"# !-'%&$!$+% 6-#70#%2. '-# !"# 2'0&# +6 ($'&#& $% !"# 6-#70#%2. +&2$))'!+- 

!"'! *0# !+ '8$%8 #3#2!& 2'% ')&+ 2"'%8# $% !$1#4

9/+ #3#2!& 2'0&# !"#&# &"$6!& $% !"# :( 2#))4 9"# ;-&! +%# $& '&&+2$'!#* !+ !"#

+<!$2') <01<$%8 '%* 2'% %#,#- (# !+!')). 2'%2#))#* 2'0&$%8 #3#2!& +6 ' 6#/ "#-!&4

9"# &#2+%* +%# $& *0# !+ !"# (03#- 8'& /"+&# <'-!$2)#& 2+))$*#& /$!" !"# '!+1&

+6 :( !"#-#6+-# !"$& #3#2! $& <-+<+-!$+%') !+ !"# (03#- 8'& <-#&&0-#4 9.<$2')).

$! $& '(+0! = >?@ (0! &$%2# $! $& %+! <+&&$()# !+ 2+%!-+) &+ '220-'!#). !"# 8'&

2+1<+&$!$+% '%* <-#&&0-# !"$& ,')0# 2"'%8#& 6-+1 +%# *#,$2# !+ '%+!"#- +%#4

9"# :( 2#))& <-+*02#& '& +0!<0! ' %+1$%') 6-#70#%2. +6 =A B?@ !"'%>& !+

!"# 2')$(-'!$+% '<<)$#* '& #C<)'$%#* $% 5#2!$+% D4D4 9"# :( 2#)) $& ' &#2+%*'-.

&!'%*'-* (#2'0&# !"$& 2')$(-'!$+% %##*& !+ (# *+%# /$!" -#&<#2! !+ ' <-$1'-.

-#6#-#%2#4

E! "'& !+ (# %+!#* !"'! !"#&# 0%2+%!-+))'()# 2"'-'2!#-$&!$2& 2"'%8# $% !$1# ')&+

'6!#- !"# 2')$(-'!$+% '%* 2'0&# '8$%8 #3#2!& $% !"# +&2$))'!+-4

 !"!3 4.*5 (+,6 ',+/0+*12 &*)(-7&8&(2 -*9 +:+1( .'

+*;&,.*6+*(-8 1.*9&(&.*)

F,#- !"# )+%8 !#-1 /"$2" 1#'%& 6+- τ > 103,104s !"# :( 2#)) +&2$))'!+- <-#&#%!&

6-#70#%2. *-$6!& +6 '(+0! 1− 5 · 10−11
?@G1+%!"4 9"# -#'&+%& +6 !"$& #3#2! '-#

%+! <#-6#2!). >%+/% .#! #,#% $6 !"# $*#' $& !"'! &+1# 2"#1$2') $%!#-'2!$+% +220-&

(#!/##% !"# :( '%* !"# 8)'&& 2+%!'$%$%8 $! 2'0&$%8 2"'%8#& $% 2+1<+&$!$+% '%*

<-#&&0-# +6 !"# (03#- 8'&4

H1+%8 ')) !"# '!+1$2 6-#70#%2. &!'%*'-*& !"# :0($*$01 $& !"# 1+&! &#%&$!$,#

!+ !"# #%,$-+%1#%!') 2"'%8#& #,#% $6 -#2#%!). )#&& &#%&$!$,# :( +&2$))'!+-& "',#

(##% <-+*02#* !"'%>& !+ !#2"%$2') '--'%8#1#%!& &02" '& !"# 2"+$2# +6 !"# 8'&#&

0&#* '%* !"# /+->$%8 !#1<#-'!0-#4 I+- #C'1<)# !"$& >$%* +6 )+/ &#%&$!$,$!. :(

+&2$))'!+- '-# 1+0%!#* +% (+'-* +6 !"# JK5 &'!#))$!#& !+8#!"#- /$!" L& &!'%*'-*&4

9"# !#1<#-'!0-# 2"'%8#& '-# !"# 1+&! &$8%$;2'%! +%#& M'(+0! 10−10
?@GN

◦
LO 

"+/#,#- !"$& <-+()#1 2'% (# 1$!$8'!#* (. 1#'%& +6 +,#%$@#* 2#))& >##<$%8 !"#

 !



 ! "#$%&%#' ()*%++,-./ 01,+2)%)

 !"#!$% &$! '()* %) +

,-! (*'.//% ($* '()*.0!$!0 .)  -.*  -!*.* %$! (1!).2!0 345  -!$!6($!  -!7 %$! )( 

%8!' !0 47 '-%)9!* .)  -! !)1.$()"!) %/  !"#!$% &$!+ : -!$ !)1.$()"!) %/

'-%)9!* ;.// 4! '()*.0!$!0 .)  -.* '-%# !$5 %*  -! /%4($% ($7 %)0 .)<=.9-  !* *

0!*'$.4!0 .)  -! 6(//(;.)9 *!' .()* ;.// *-(;+

 !" #$%&'&$( )*+&,,-.)/ ()'0,*

>) ($0!$  ( ."#$(1!  -! ?@A 1!/('. 7 *(/& .() 47 "!%)* (6 .) !9$% .() ;. -  -!

/('%/ (*'.//% ($ "!%*&$!"!) 5  -! /('%/ (*'.//% ($ "&* #$(1.0! %) %''&$% ! 6$!<

B&!)'7 $!6!$!)'!+ ,( 0(  -% 5 .6 % 34 '!// .* &*!05  -! (*'.//% ($ 6$!B&!)'7 !$$($

"&* 4! ". .9% !0+ >) ($0!$  ( 0(  -% % #(**.4/! %##$(%'-5 '()*.0!$!0 -!$!5 .*

 ( &*! % "(0!/ (6  -! 34 6$!B&!)'7 !$$($+

A.)'!  -! %." .*  ( &*!  -! 6$!B&!)'7 !* ."% !  ( ."#$(1!  -! 1!/('. 7 *(/& .()5

 -! .) !$!* .* () 07)%".' '%*!*+ ,-!$!6($!5  -! 4!-%1.($ (6  -! 34 .) )()<* % .'

'()0. .() )!!0*  ( 4! '-%$%' !$.2!0+ C. -  -.* %."5 *("! 07)%".'* !D#!$."!) *

%$! * &0.!05 4& .)  -.*  -!*.*5 ;-!$! % #$!/.".)%$7 %)%/7*.* .* #$!*!) !05 ()/7

* % .' "(0!/* %$! '()*.0!$!0+

,-! #!$6($"%)'! (6 3&4.0.&" 6$!B&!)'7 * %)0%$0* .* ;!//<0('&"!) !0 6($ * %<

 .()%$7 (#!$% .() E!+9+ FGHIJ %)0 . /((K* $!#!% %4/! %)0 #(**.4/!  ( 4! "(0!/!0+

>) 07)%".' !)1.$()"!) *  -% .)'/&0! '-%)9!* .) ($.!) % .()5 %''!/!$% .()5  !"<

#!$% &$!5 #$!**&$! %)0 "%9)! .' L!/05  -! #!$6($"%)'! (6 6$!B&!)'7 $!6!$!)'!*

6($ #(*. .()5 1!/('. 7 %)0  .".)9 %##/.'% .()* .* )( ;!// '-%$%' !$.2!0 .)  -! /. <

!$% &$!+ ,-!$!6($!5  -! L$* * !# .*  ( * &07  -! 6!%*.4./. 7 (6  -! ;($K5 .+!+5  (

* &07  -! 4!-%1.($ (6  -! 3&4.0.&" (*'.//% ($ .) )()<* % .' '()0. .()*5 .) ($0!$

 ( !1!) &%//7 "(0!/ . * $!*#()*!5 .6 #(**.4/!+

M%4($% ($7 %)0 =.9-  !* !D#!$."!) * ;!$! '()0&' %  -! :-.( N).1!$*. 75 %*

0!*'$.4!0 .) FHHI5 %)0 6&$ -!$ %)%/7*.* 4%*!0 ()  -(*! !D#!$."!) * .* #!$6($"!0

%* 0!*'$.4!0 .)  -.*  -!*.* E>J+

 !"!# $%&'(&)( *+(,- ./0&1, &'( 2),34,'567

,-! * %)0%$0 "(0!/ &*!0 .) /. !$% &$! E!+9+ FGGIJ  ( $!#$!*!)  -! 6$!B&!)'7 %)0

#-%*! !$$($* 6($ (*'.//% ($* *&'- %* 34 4!%" (*'.//% ($* .* *-(;) .) O.9&$! G+H5

;-.'- '()*.0!$*  -! (*'.//% ($ 6$!B&!)'7 4!.)9 % L$* ($0!$ $%)0(" ;%/K #$('!**5

 !



 ! "#$%&%#' ()*%++,-./ 01,+2)%)

 !"#$% &'() *+,-.,$. /0.%1 20$ 3#4!.!#/ 2$%5#%-67 ,-. 89,:% %$$0$

;9!1% +9% 89,:% , :%60-. 0$.%$ $,-.0/ ;,1< 8$06%::'

=-  !"#$% &'( +9% $,-.0/ 8$06%:: w1 !: ;9!+% -0!:% ,-. !+ !: /%,:#$%. !- #-!+: 02

s−2
' >9% 2$%5#%-67 %$$0$ xf ,-. +9% ;9!+% -0!:% w2 ,$% /%,:#$%. !- s

−1
? ;9!1%

+9% 89,:% %$$0$ xp !: !- rad' >9% 4106< 1/s !-  !"#$% &'( !-.!6,+%: ,- !-+%"$,+0$ !-

+9% 60-+!-#0#: +!/% @+9% A,$!,41% s !: +9% A,$!,41% !- +9% B,81,6% .0/,!-C' D0+%

+9,+ 40+9 +9% 2$%5#%-67 ,-. +9% 89,:% %$$0$: xf ,-. xp ,$% 9%$% 60-:!.%$%. !-

+9% .!:6$%+% +!/%? 4#+ +9% %$$0$: ,$% +9% $%:#1+ 02 60-+!-#0#:E+!/% -0!:% 8$06%::%:

!- +9% 34 6%11? ,: %F81,!-%. !- +9% 20110;!-" !- +9% %F81,-,+!0- 02 @&'GC? ,-. +9!:

!: +9% $%,:0- ;97 +9% !-+%"$,+0$: ,$% $%8$%:%-+%. !- +9% 60-+!-#0#: +!/%'

HF8%$!/%-+,1 A,1#%: ;%$% 20#-. ,-. ,$% 60//0-17 #:%. !- 1!+%$,+#$% I&&J 20$ +9%

80;%$ :8%6+$,1 .%-:!+!%: 02 +9% -0!:% 8$06%::%: w1 ,-. w2 !- !-8#+ +0 +9% :7:+%/?

;9!69 6,- 4% %F8$%::%.? $%:8%6+!A%17? ,:

Sf ≃ h0
2

@&'KC

,-.

Sg ≃ 2πh−2 @&'LC

;9%$% +9% 8,$,/%+%$: h0? h2 .%8%-. 0- +9% 0:6!11,+0$ +78% ,: !-.!6,+%. !- >,41%

&'M

N:6!11,+0$ +78% h0 h−2

O$7:+,1 @+%/8%$,+#$% 60/8%-:,+%.C 2 · 10−19 2 · 10−20

NA%-!P%. 6$7:+,1 8 · 10−20 4 · 10−23

3#4!.!#/ 2 · 10−20 4 · 10−29

>,41% &'M) h0 ,-. h−2 8,$,/%+%$: 20$ 60//0- 0:6!11,+0$:'

 !



 ! "#$%&%#' ()*%++,-./ 01,+2)%)

 !"#$%& "'"()*%*

 !!"#$%&' (" ()* +"$*, %& -%'.#* /01 !"#$%$& '(" )*)'"+ $,%)" -) '(" ."/',01

wk,k+1 =

[

w1

w2

]

23456

7("0" '(" )89)/0%:' k,k + 1 %$!%/-'") '(-' '(" )*)'"+ $,%)" 7(%/( /,$'0%98'")

', '(" )*)'"+ "00,0 %$ '(" !%)/0"'" '%+" %) '(" 0")8;' ,< '(" %$'"&0-'%,$ ,< '("

/,$'%$8,8) '%+" $,%)" 2w1 -$! w2 0"):"/'%.";*6 ,."0 '(" '%+" %$'"0.-; [k,k + 1]4

'(" Q +-'0%= ,< '(" )*)'"+ %)

Qk = Ewk,k+1w
T
k,k+1 234>6

'(-' 9"/,+")1

Q =

[

Sp(∆t)3

3

Sp(∆t)2

2
Sp(∆t)2

2
Sp(∆t)

]

234?6

7("0" @ %) '(" )*)'"+ $,%)" +-'0%= <8$!-+"$'-; ";"+"$' %$ '(" !")%&$ ,< -

A-;+-$ #;'"0 2)"" B33C64

 !"!# $%&'(&)*+ ,-.&/0

D$ '(%) '(")%) '(" <,/8) %) ,$ '(" .";,/%'* ),;8'%,$ '("0"<,0" ,$ '(" ,)/%;;-',0

<0"E8"$/* -$! $,' ,$ '(" /;,/F :(-)"4 G(" <0"E8"$/* +,!"; <,0 '(" H89%!%8+

/-$ 9" /,$)%!"0"! -//,0!%$& ', 34I -) - #0)' ,0!"0 0-$!,+ 7-;F 98' %$ ,0!"0 ',

:0,:"0;* +,!"; '(" ,)/%;;-',0 9"(-.%,0 -;), - <0"E8"$/* 9%-) )(,8;! 9" '-F"$ %$',

-//,8$'4 D$ '(" <,;;,7%$& !%J"0"$' <0"E8"$/* +,!";) -0" /,$)%!"0"!4 K%J"0"$'

+,!";) -;;,7 ', 0"-/( !%J"0"$' !"&0"") ,< -//80-/* %$ '(" +,!";;%$& ,< - H9

,)/%;;-',0)4 L,0" -//80-'" +,!";) 7(%/( '-F" %$', -//,8$' +,0" -):"/') ,< '("

,)/%;;-',0 -0" +,0" -//80-'" 98' -;), +,0" !%M/8;' ', 9" !")%&$"! 9"/-8)" +,0"

:-0-+"'"0) $""! ', 9" ".-;8-'"!4

 !"#$"%$ &'$() *'% +, *%(-.(#/0

G(" H9 <0"E8"$/* +,!"; 7(%/( %) /,$)%!"0"! ', 9" '(" )'-$!-0! ,$" +,!";) '("

,)/%;;-',0 <0"E8"$/* "00,0 -) 0-$!,+ 7-;F -) %$ 34I4 G("0"<,0" '(" <0"E8"$/*

"00,0 %)

xf k+1 = xf k + w2k,k+1 234NO6

-$! '(" )/("+" %) -) %$ P%&80" 3434 D$ '(%) 7-* -$* "."$'8-; -!!%'%." <0"E8"$/*

9%-) %) $,' +,!";"!4
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 ! "#$%&%#' ()*%++,-./ 01,+2)%)

 !"#$% &'&( )*+,-+$- ./-%0 1/$ 2#3!-!#. 1$%4#%,56 %$$/$

 !"#$ %&'$("%&) '!&*+,&+ -%,*

7/ !.8$/9% *:% 1$%4#%,56 ./-%0 +3/9%; + 3!+< <:/#0- 3% +--%- */ *:% $+,-/.

=+0> 8$/5%<< */ *+>% !,*/ +55/#,* *:% 1$%4#%,56 <:!1* %?%5*< !, *:% 23 5%00 -%@

<5$!3%- !, )%5*!/, &'A'B' C, D$<* +88$/E!.+*!/, *:+* 3!+< 5/#0- 3% 5/,<!-%$%-

5/,<*+,*' 7:% $%<#0*!," 1$%4#%,56 !< *:%$%1/$%(

xf k+1 = xf k + w2k,k+1 + fB F&'GGH

+,- *:% 30/5> <5:%.% !< 0!>% !,  !"#$% &'A

 !"#$% &'A( I/-%0 1/$ 2#3!-!#. 1$%4#%,56 %$$/$ !,50#-!," 5/,<*+,* 3!+<

 !"#$ %&'$("%&) .,(**/ ,01!2 30!'#**

J:+* +5*#+006 :+88%,< !, + $%+0 -%9!5% +< + 2#3!-!#. /<5!00+*/$ !< *:+* *:%

1$%4#%,56 3!+< !< ,/* 5/,<*+,* /9%$ *!.%; 3#* !* !< + <0/=06 5:+,"!," 8$/5%<<; -#%

*/ *:% +"!," %?%5*< F<%% )%5*!/, &'A'B +,- K&BLH' M =+6 */ ./-%0 + <0/= 8$/5%<<

0!>% *:+* /,% !< + D$<* /$-%$ N+#<< I+$>/9 8$/5%<<' 7:% 1$%4#%,56 %$$/$ $%<#0*<

*:%, */ 3% ./-%00%- +<

xf k+1 = xf k + w2k,k+1 + fBGM(k+1) F&'GBH

*:%$%1/$% *:% 30/5> -!+"$+. $+8$%<%,*+*!/, 3%5/.%< +< !,  !"#$% &'O'

44



 ! "#$%&%#' ()*%++,-./ 01,+2)%)

 !"#$% &'() *+,%- .+$ /#0!,!#1 .$%2#%345 %$$+$ !34-#,!3" 6-+7-5 4893"!3" 0!96

1+,%--%, 96 :$6; +$,%$ <9#66 *9$=+> ?$+4%66

 !" #$%&'$(&') $*+ ,*-.,/0( (12(2

@!;8 ;8% 9!1 +. 1+,%--!3" ;8% 0%89>!+$ +. /#0!,!#1 +64!--9;+$6A ;8% %3>!$+31%3;

78%$% ;8%5 3%%, ;+ 0% #6%, 896 ;+ 0% 4+36!,%$%,A 78!48 !6 9 ,5391!4 %3>!$+3B

1%3;' C+1% ?$%-!1!39$5 ;%6;6 7%$% 4+3,#4;%, ;+ %>9-#9;% ;8% .%96!0!-!;5 +. ;8%

7+$= DEEFA !'%' ;+ 939-5G% ;8% /0 0%89>!+$ #3,%$ 6;$%66A ;+ >%$!.5 !. !; !6 ?+66!0-%

;+ 1+,%- !;'

H8% 9!1 !6 ;+ 489$94;%$!G% ;8% /0 +64!--9;+$ ?%$.+$1934% !3 3+3B6;9;!4 4+3,!;!+36'

H8% +64!--9;+$ 944#$945 ,%:3%, !3 C%4;!+3 &'I'I 896 ;+ 0% ;%6;%, 6!34% ;8% 9!1 !6

;+ %38934% ;8% /0 .$%2#%345 %6;!19;% ;+ !1?$+>% ;8% 944#$945 +3 ;8% >%-+4!;5

%6;!19;%' J3 ?9$;!4#-9$ !; !6 .#3,91%3;9- ;+ ;%6; ;8% ?%$.+$1934% $%?$+,#4!0!-!;5

K,%:3%, !3 C%4;!+3 &'I'ILA 78!48 !6 $%2#!$%, !3 ,5391!46 %3>!$+31%3;'

J3 .94;A +3-5 !. ;8% /0 ?%$.+$1934% $%6#-;6 $%?%9;90-%A ;8%3 !; 4+#-, 0% ?+66!0-%

;+ ,%6!"3 1+,%-6 ;+ .+$%496; ;8% +64!--9;+$ 0%89>!+$'

H%6;6 7%$% 4+3,#4;%, !3 M!"8;A 0#; 0%.+$% ;+ ,+ ;8%1A 9 ?$%-!1!39$5 939-56!6 796

,+3% !3 4+3;$+--%, %3>!$+31%3; K-90+$9;+$5 ;%6;L' H8% 1%96#$%1%3;6 !3 -90+$9B

;+$5 93, M!"8; 939-5G%, !3 ;8!6 ;8%6!6 7%$% 4+3,#4;%, 9; ;8% N8!+ O3!>%$6!;5A

P>!+3!46 Q%3;%$A 05 R$'  $93= >93 <$996A R$ @+#;%$ S%-"$#1 93, C9193;89

Q$9!"' H8% :$6; ?9$; +. ;8% 939-56!6 796 ?$%6%3;%, !3 DEEF'  #$;8%$ $%6#-;6 93,

939-56!6 7%$% ;8%3 !34-#,%, !3 KJL'

/#0!,!#1 .$%2#%345 ?%$.+$1934% !6 7%--B,+4#1%3;%, !3 6;9;!+39$5 %3>!$+31%3;A

0#; #3,%$ ,5391!4 4+3,!;!+36A !34-#,!3" 4893"%6 !3 +$!%3;9;!+3A 944%-%$9;!+3A

;%1?%$9;#$%A ?$%66#$% 93, 19"3%;!4 :%-,A ;8% ?%$.+$1934% +. .$%2#%345 $%.%$B

%34%6 !6 3+; 7%-- 489$94;%$!G%, !3 ;8% -!;%$9;#$%' H8% -90+$9;+$5 ;%6;6 4+3,#4;%,

 !



 ! "#$%&%#' ()*%++,-./ 01,+2)%)

 ! !"# $"%& '(%)#*+%!,  %-#. !& %()#+!%/ !# !"%+ !&0%12 1" * 1!#*%3%(/ !"# 0#*4&*5

- (1# &4 !6& 789%.%8- &+1%:: !&* 8(.#* ) *,%(/ /* )%!,  (. - /(#!%1 ;#:. 1&(5

.%!%&(+2 8+%(/  + -# +8*#-#(! .#)%1#  <+ *#4#*#(1#. 4*#=8#(1, 1&8(!#*> ?"#(2

 + .#+1*%9#. %( @#1!%&( A>B>C2 !"*## 789%.%8- &+1%:: !&*+ 6#*# !#+!#.  :+& %( D%/"!>

E**&* @&8*1# F*#=8#(1, E**&* G&!#+

/5+#(+%!%)%!, HIIJ-J+

2
!& K(1:8.#+ 9&!"

!#-0#* !8*# <HII &)#* !"# 7#+%.8 : %+ (&!

- /(#!%1 ;#:. L2 M < HIJN 8++ 5

0*#++8*# I>OJ-9 * PHI>O 4&* I !& Q2III 4!R 5

*#!* 1# SI  4!#* HA "&8*+

? 9:# A>CT U %( 4 1!&*+  V#1!%(/ #**&* +&8*1#+ %( 789%.%8- &+1%:: !&*+>

F*&- ? 9:# A>C %! 1 ( 9# &9+#*)#. !" !2 4&*  !#-0#* !8*#51&(!*&::#. #()%*&(5

-#(!2 !"# /5+#(+%!%)%!,  (. - /(#!%1 ;#:. +8+1#0!%9%:%!, .&-%( !# !"# 4*#=8#(1,

0#*4&*- (1# &4  79 &+1%:: !&* %( D%/"!>

 !"!# $%&'(%)'(* )+,)

 !"#$#!% &'('#) *+,-.,%(/)+

?"# 0" +#  (. !"# 4*#=8#(1, #**&*+ &4  79 &+1%:: !&* 1 ( 9# -&.#:#.  + %( A>C>

W +%-8: !%&( 6 + *8( 8+%(/ !"# -&.#: %( F%/8*# A>C> ?"#&*#!%1 : 0#*4&*- (1#

 11&*.%(/ !& !"# -&.#: 6 + &9! %(#.2  (. F%/8*# A>B +"&6+ !"# 0" +#  (. !"#

4*#=8#(1, #**&*2 #X0*#++#. %( 8(%!+ &4 -  (. %( 8(%!+ &4 --J+  (. 0Y3JY32

*#+0#1!%)#:,2  +  48(1!%&( &4 !%-# 4&*  .8* !%&( &4 H>A "&8*+> F%/8*# A>B +"&6+

!" ! !"# 0" +# #**&* *# 1"#+  ) :8# &4 5OS>Q - P&* 5SH (+R2 6"%:# !"# 4*#=8#(1,

#**&* *# 1"#+ 5O>O --J+ &* 5C>S×OI
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Whiteness test on innovation matrix, excluding the transient (first 1000 samples).
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1.2
Whiteness test on innovation matrix, excluding the transient (first 583 samples).
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5'3<.362!0' *! %'36+ .< %&' J7,3'+ .< 6'3*% 0*%'- 2B.:'8

#.A2-2F+ %&'3' *+ 2! *!03'2+*!7 *!%'3'+% %.A23-+ $MN 3'0'*:'3+ E-'+03*B'- *!

$'0%*.! >8O8>G; %&'3'<.3' %&' 0&.*0' &2+ B''! %. 2!2/FL' M*7*%2/ ())+ EM())+G;

A*%& %&' 2*6 %. *!0/,-' %&' -'+*7!'- /..5 *! 2 "#$$ <,//F +.<%A23' 3'0'*:'3 PDQR8

9&2!1+ %. %&' +.<%A23' -'+*7!; 2 S'=*B/' 230&*%'0%,3' *+ -':'/.5'-; %&2% 02! '2+*/F

0&2!7'- K,+% 6.-*<F*!7 +.6' 52326'%'3+8

 !+ ,-.)(/&$ $'./'&.0

T'<.3' %. 2!2/FL' %&' ()) 0&2320%'3*+%*0+; 2! .:'3:*'A .< %&' +0'!23*. A&'3' *%

&2+ %. .5'32%' *+ <,!-26'!%2/ %. .,%/*!' %&' .BK'0%*:'+ .< %&' A.318

 ! 7'!'32/; 2!- *! 523%*0,/23 *! "#$$; %&' 5&2+' .< %&' +*7!2/ %&2% &2+ %. B'

%3201'- *+ !.% 0.!+%2!%; B,% *% :23*'+ -,' %. +':'32/ <20%.3+; *! 523%*0,/23 -,'

%. <3'U,'!0F 0&2!7'+8 9&' <3'U,'!0F 02! B' '=53'++'- 2+ *! EO8>G 2!- %&' %.%2/

 !"



 ! "#$#%&' ()&*+ ,-./ ,--0*

 !"#$ %# " &'()*%+( +& *!$ &,$-'$()./ &+00+1%(2 *!$ ,$0"*%+( %( 345675

f(t) =
1

2π

d

dt
φ(t) 34587

φ(t) = 2πf(t)t+ θ(t) 34567

9  !"#$ #!%&* )"( +))',/ :'$ &+, $;"< 0$ *+ " :$0". τ 3'(=(+1(7 %(*,+:')$: >.

*!$ )!"(($05 ?( *!%# )"#$ %& *!$ *,"(#<%**$: #%2("0 %#

x (t) = A · cos (ωc(t)t+ θ(t)) 345@7

1!$,$ ωc(t) = 2π · fc(t)/ >$%(2 fc *!$ #%2("0 &,$-'$()./ "(: θ(t) *!$ %(%*%"0  !"#$/
*!$/ ($20$)*%(2 >+*! (+%#$ "(: +*!$, $A$)*#/ *!$ ,$)$%B$: #%2("0 %#C

x (t) = A · cos (ωc(t) (t− τ) + θ(t))

= A · cos (ωc(t)t− ωc(t)τ + θ(t))

= A · cos (ωc(t)t+ ψ(t)) 345D7

1!$,$ ψ(t) = θ(t)− ωc(t)τ %# *!$ ($1 '(=(+1( %(%*%"0  !"#$/ 1!%)! :$ $(:# +(

*!$ )!"(($0 :$0". τ 5 EB$( %& *!$ *%<$ :$0". τ %# B$,. #<"00/ *!$ )+(#*"(*  !"#$

#!%&* %( E-'"*%+( 45D )"( >$ B$,. 0",2$ %( FGHH "  0%)"*%+(#/ #%()$ ωc(t) %# 0",2$

>$)"'#$ +& *!$ !%2! )",,%$, &,$-'$(). 3%( *!$ +,:$, +& <+,$ *!"( 8 FIJ75

?* %# %< +,*"(* *+ (+*%)$ *!"* 1%*! *!$ *$,<  !"#$ %* )"( >$ %(:%)"*$: >+*!

*!$ $(*%,$ ",2'<$(* +& *!$ #%('#+%:"0 &'()*%+( φ(t) = ωc(t) (t− τ) + θ(t) "(:

*!$ %(%*%"0  !"#$ θ(t)5 ?( *!%# *!$#%# *!$ *$,<  !"#$ 1%00 >$ 2$($,"00. '#$: *+

%(:%)"*$ *!$ $(*%,$ ",2'<$(* φ(t) +& *!$ #%('#+%:"0 #%2("0/ >$)"'#$ *!$  !"#$K0+)=

%# ,$")!$: 1!$( *!$ *+*"0  !"#$ %#  ,+ $,0. *,")=$:5

L!$  !"#$ φ(t) )"( )!"(2$ :'$ *+ #$B$,"0 )"'#$# "(: %( FGHH *!$ <"%( $A$)*

%# :'$ *+ *!$ &,$-'$(). B",%"*%+(# )"'#$: >. M+  0$, $A$)*#/ 1!%)! %( FGHH ",$

"01".#  ,$#$(* #%()$ *!$ *,"(#<%**$,# 3#"*$00%*$#7 )+(*%('+'#0. <+B$/ "(: "0#+

*!$ '#$, )"( <+B$5 L!$ ,$0"*%+(#!% >$*1$$( *!$ ,$0"*%B$ B$0+)%*. *,"(#<%**$,K

,$)$%B$, "(: *!$ +>#$,B$: &,$-'$(). %#C

f = (1 +
∆v

c0
)f0 345N7

1!$,$ ∆v = vr − vt %# *!$ B$0+)%*. :%A$,$()$ >$*1$$( *!$ ,$)$%B$, "(: *!$ *,"(#K

<%**$,/ c0 %# *!$  ,+ "2"*%+( B$0+)%*. +& *!$ #%2("0 %( *!$ <$:%'< "(: f0 %# *!$

 !"
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 !"#$"%&' "()**"+ ,' *-" *!.%/()**"!0 1-" &-.%2" )%  !"#$"%&' )/3

∆f =
∆v

c0
f0 45056

7)()8.!8'9 *-" :;<<8"! !.*" )/ !"8.*"+ *; ∆a = ar − at9 *-" +)="!"%&" ,"*>""% *-"

!"&")?"! .%+ *-" *!.%/()**"! .&&"8"!.*);%/9  ;88;>)%2 *-" "#$.*);%3

∆2f =
∆a

c0
f0 450@6

A;%/*.%* ?"8;&)*' ;! &;%/*.%* .&&"8"!.*);% (".%9 !"/<"&*)?"8'9 *; -.?" &;%/*.%*

:;<<8"!  !"#$"%&' .%+ 8)%".! <-./"9 ;! &;%/*.%* +;<<8"! !.*" .%+ 8)%".!  !"#$"%&'

.%+ #$.+!.*)& <-./"0

B *-" $/"! )/ )% /*.*)& &;%+)*);%9 *-" :;<<8"!  !"#$"%&' +$" *; *-" /.*"88)*" (;*);%

&-.%2"/ +$!)%2 *-" +.' +"<"%+)%2 ;% *-" /.*"88)*" <;/)*);% ;?"! *-" -;!)C;%0 :$"

*; *-" /.*"88)*" *!.D"&*;!'9 . $/"! ;% *-" ".!*- /""/ . :;<<8"! .%+ . :;<<8"! !.*"

*-.* &-.%2" >)*- *-" <;/)*);% ; *-" /.*"88)*" .,;?" *-" -;!)C;%0

A;%/)+"!)%2 *-" /.*"88)*" (;*);% 4/"" 7"&*);% E0@0E69 *-" (.F)($( :;<<8"! )/

<!"/"%* >-"% /.*"88)*" )/ .* *-" 8;>"! <;)%* ;% *-" -;!)C;%9 >-"!" *-" :;<<8"!

!.*" )/ ()%)($(9 .%+ ?)&"?"!/. *-" :;<<8"! !.*" )/ (.F)($( ) *-" /.*"88)*" )/

.* *-" C"%)*-9 >-)8" .* *-.* <;)%* *-" :;<<8"! )/ ()%)($(0 :$" *; *-" /.*"88)*"9

*-" (.F)($( :;<<8"! *-.* *-" $/"! &.% "F<"!)"%&" )/ .,;$* G HI9 >-)8" *-"

(.F)($( :;<<8"! !.*" )/ .,;$* E ICJ/0

K $/"! (;?)%2 >)*- -)2- .&&"8"!.*);%/ "F<"!)("%*/ ?.8$"/ ; :;<<8"! .%+ :;<<8"!

!.*" ($&- -)2-"!3 *-)/ )/ *-" &./" ; -)2-L+'%.()& $/"!/9 >-)&- )/ *-" &./" *-.*

*-)/ *-"/)/ .)( *; .++!"//0

 !" #$$%

 !"!# $%% &'()* +,+-+./(

MNN/ <!;?)+" O8*"!)%29 ()*)2.*)%2 *-" "="&*/ ; )%<$* %;)/"9 .%+ *-.%H/ *; *-)/

)(<;!*.%* &.<.,)8)*' *-"' .!" ?"!' >)+"/<!".+ /'/*"(/0 K MNN &.% ," +"/)2%"+

)% ;!+"! *;  ;88;> (;!" ;! 8"// #$)&H8' *-" )%<$* ;! *; !"(;?" (;!" ;! 8"// *-"

%;)/"9 .%+ 28;,.8 <"! ;!(.%&" +"<"%+ ;% *-"/" &-;)&"/0

K/ )%*!;+$&"+ )% 7"&*);% 50E9 . MNN &;%*.)%/ *-!"" (.)% "8"("%*/3

E0 <-./" +"*"&*;! 4M:6

 !"
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 ! " #$$% &#'()

*! " +$,')$##(- $.+/##"'$) 0123 /, ","#$4 566 $) 723 /, -/4/'"# 5668

9:( 5; +$<%")(. ':( %:".( $= " %()/$-/+ /,%>' ./4,"# "4"/,.' ':( %:".( $= ':(

#$+"# +$,')$##(- $.+/##"'$) ./4,"#? ':(, ':( $>'%>' /. " <(".>)( $= ':( %:".( ())$)

@('A((, ':( 'A$ ./4,"#.! 9:( ())$) /. ':(, 4/B(, ". ", /,%>' '$ ':( #$$% &#'()? ':"'

/. " #$A %".. &#'() ",- "##$A. '$ -(+)(".( ':( ,$/.( (C(+'.? ':(, ':( $>'%>' $= ':(

#$$% &#'() /. "%%#/(- ". +$,')$# ./4,"# '$ ':( $.+/##"'$)! D:(, ':( #$$% /. #$+E(-?

':( +$,')$##(- $.+/##"'$) .('. /'. "B()"4( =)(F>(,+G '$ ':( "B()"4( =)(F>(,+G $=

':( /,%>' ./4,"#! H, ':( =$##$A/,4? ':( 566 .')>+'>)( /. -(.+)/@(-? A/': ':( =$+>.

$, ':( -/4/'"# 566!

 !"!# $%% &'()* +,-*.

I 566 +", @( )(%)(.(,'(- >./,4 " %:".( <$-(# ". /, J/4>)( K!L!

J/4>)( K!LM 5:".( <$-(# $= " 566!

A:()( φ[k] /. ':( /,%>' %:".(? φ̂[k] /. /'. #$+"# (.'/<"'(? ρ[k] /. ':( %:".( ())$)!

9:( <$-(# /, J/4>)( K!L )(=(). '$ -/4/'"# 566. ",- ':( '/<( E /. ':( -/4/'"# '/<(?

A:/+: /, ':( +$,'/,>$>. '/<( t )(%)(.(,'. ':( /,.'",' kT ? +"##/,4 T ':( >%-"'/,4

/,'()B"# $= ':( %:".( (.'/<"'(!

H, )("# #/=(? ':( ')",.</''(- ./4,"# /. "C(+'(- @G ,$/.( ",- -/.'>)@",+(.? ':"' :"B(

(C(+'. $, ':( ./4,"# %:".(! I %:".( ,$/.( Nφ[k] +", @( <$-(#(- ':"' +$))(.%$,-.

'$ " +()'"/, "<%#/'>-( ,$/.( $, ':( /,%>' ./4,"#? ". /, J/4>)( K!L! H' /. )("#/.'/+

'$ +$,./-() Nφ[k] ". A:/'( ",- 4">../", ,$/.(!

 !"



 ! "#$#%&' ()&*+ ,-./ ,--0*

 !"#$% "&'" "&% (!)%* +(%$"*', -%.+#"/ !0 Nφ[k] -%(%.-+ !. "&% 1(-'"#.2 "#3%

T 4 )&#$& #. "&% (&'+% 3!-%, *%(*%+%."+ "&% +'3(,#.2 "#3%5 6. 0'$"4 "&% ,'*2%*

T #+4 "&% ,!.2%* "&% (&'+% .!#+% *%+1,"+ "! 7% #."%2*'"%-4 "&%*%0!*% "&% +3',,%*

"&% 8'*#'.$% !0 Nφ[k] #+4 '.- "&% +3',,%* "&% #3('$" !0 "&% .!#+% !. "&% (&'+%

%+"#3'"% #+5 91*"&%* -%"'#,+ )#,, 7% 2#8%. #. :%$"#!. ;5<5

 ! "#$%&

6. 9#21*% ;5= "&% >&'+% ?%"%$"!* #+ 3!-%,%- '+ ' +13 7,!$@ "&'" $!3(1"% "&%

(&'+% %**!* $!3(1"#.2 "&% (&'+% -#A%*%.$% 7%")%%. "&% #.(1" '.- "&% ,!$',

(&'+%4 0!,,!)%- 7/ "&% 7,!$@ "&'" 31,"#(,#%+ "&% *%+1," 7/ β5 B&#+ ('*'3%"%* #+

#."*!-1$%- "! "'@% #."! '$$!1." "&% 0'$" "&'" #. "&% (&'+% 3!-%, ' ,#.%'*#C'"#!.

#+ !(%*'"%- "! 3!-%, "&% >?5 6. 0'$" #. *%', ,#0% "&% (&'+%+ '*% .!" -#*%$",/ '8'#,D

'7,% 71" "&% (&'+% %**!* #.0!*3'"#!. &'+ "! 7% %E"*'$"%- 1+#.2 +#2.', (*!$%++#.2

"%$&.#F1%+5 G+ %E(,'#.%- #. :%$"#!. ;5;5=4 "&% >? 1+%- #. "&#+ "&%+#+ ,%'-+ "!

β = 15

'() "#$%&

6. "&% (&'+% 3!-%, "&%*% #+ .!" ' $!."*!,,%- !+$#,,'"!*4 +#.$% !.,/ "&% (&'+% #+

$!.+#-%*%-5 B&% 7,!$@ "&'" +#3(,/ 3!-%, #" #+ ' .13%*#$', #."%2*'"!*4 )&!+%

"*'.+0%* 01.$"#!. #+

D(z) =
z−1

1− z−1
H;5IJ

K&'" "&#+ 7,!$@ -!%+ #+ +#3(,/ "! 1(-'"% "&% (&'+% %+"#3'"% "! 7% 1+%- #. "&%

.%E" "#3% +"%(4 7/ +133#.2 "! "&% $1**%." (&'+% %+"#3'"% "&% (&'+% $!**%$"#!.

$!3(1"%- '" "&% $1**%." +"%(5

*##+ ,&-%.

B&% ,!!( L,"%* F (z) #. "&% (&'+% 3!-%, #+ %E'$",/ "&% +'3% '+ #. "&% *%', ?>MM5

B&% '#3 !0 "&% ,!!( L,"%* #+ "! 3#"#2'"% "&% %A%$"+ !0 "&% -#+"1*7'.$%+ !. "&%

%+"#3'"%- (&'+% %**!*4 "'@#.2 #."! '$$!1." "&% "*%.- !0 "&% #.(1"4 7/ 3%'.+ !0

3%3!*/ %,%3%."+ H#. "&% $'+% !0 L,"%* )#"& '" ,%'+" !.% (!,%J5 B&% L,"%*#.2 $'.

)!*@ N1+" '+ ' '""%.1'"!* HL,"%* !0 !*-%* C%*!J4 !* #" $'. &'8% 3%3!*/ %,%3%."+4

"&'" ',,!) "! "'@% #."! '$$!1." "&% "*%.- !0 "&% +#2.', #. "&% "#3%5 O#2&%* !*-%*

!0 "&% L,"%* 3%'.+ 3!*% 3%3!*/ 7,!$@+ '.- 3!*% (!,%+ #. "&% "*'.+0%* 01.$"#!.4

//0



 ! "#$#%&' ()&*+ ,-./ ,--0*

 !"  #$%  &'#'() (% (* +, -. $/$ &/. 0'!1  $ 23!+('%!$ %2 .'1./* %*"/* 4/515 #'!/ *

-. $/ %* 63 "* ('+ -. $/75

8./ 1/!/* # /9-*/$$'%! %2 (./ (* !$2/* 23!+('%! %2  :;<< #%%- =#(/* '$>

F (z) =
azN−1 + bzN−2 + (N − 2) c

(z − 1)N−1
4?5@7

A./*/ N = 1,2,3 '$ (./ %*"/* %2 (./ ;<< 4$// B/+('%! ?5C5D75

E2 F G DH '( '$ $'I-#) F (z) = constant5 J #3/$ %2 N > 3  */ !%( -* +('+ #5

8.'$ (./$'$ '$ 2%+3$/" %! (./  ! #)$'$ %2 $/+%!"  !" (.'*" %*"/* #%%-$5 8./ "/$'1!

 !" (./ I/ !'!1 %2 F (z) '$ "'$+3$$/" '! "/( '# '! K--/!"'9 K  !" '! K--/!"'9

L5

E! (.'$ (./$'$H (./ #%%- 1 '! 4$.%A! '! M'13*/ ?5D7 '$ +%!$'"/*/" (% &/ 3! *)>

kd = 15

 !" #$%&'( $%%)* +,-.&/', /0.1+2%. -.( )3-&' ',4

,%,

8./ -. $/ /**%* + ! &/ A*'((/! '! (./ NO(* !$2%*I "%I '! P??Q5 R%!$'"/*'!1 (./

'"/ # + $/ A'(.%3( !%'$/H '( '$>

ρ (z) = φ (z)− φ̂ (z)

= φ (z)− φ (z) ·H (z)

= φ (z) · (1−H (z)) 4?5DS7

A./*/ H (z) $( !"$ 2%* (./ +#%$/" #%%- (* !$2/* 23!+('%!5 8./ +#%$/" #%%- (* !$2/*

23!+('%! '$ /9-*/$$/" &) 4?5DD75

H (z) =
φ̂ (z)

φ (z)

=
β · F (z) ·D (z)

1 + β · F (z) ·D (z)

=
β · F (z)

(z − 1) + β · F (z)
4?5DD7

A./*/ D(z) */-*/$/!($ (./ FRTH  $ '! 4?5U75

B3&$('(3('!1 4?5DD7 '! 4?5DS7H  1/!/* # /9-*/$$'%! 2%* (./ -. $/ /**%* '$ 2%3!">

ρ (z) = φ (z) ·
(

1− β · F (z)

(z − 1) + β · F (z)

)

=
z − 1

(z − 1) + β · F (z)
· φ (z) 4?5DV7

   



 ! "#$#%&' ()&*+ ,-./ ,--0*

 !"#$% &'( )* +,( -.+/!$'*)/0 1/)1(/+2 #$ !33)/4!$3( 5#+,

Z {x (k + 1)} = z · Z {x (k)} 6789:;

#+ 3!$ <( $)+(4 +,!+ +,( !$+# -.+/!'*)/0 )* +,( $&0(/!+)/ #$ =>&!+#)$ 789? 3!$

<( (@1/(''(4 !'

Z−1 {(z − 1) · φ (z)} = Z−1 {z · φ (z)− φ (z)}
= Z−1 {z · φ (z)} − Z−1 {φ (z)}
= φ [k + 1]− φ [k] 6789A;

B)C 4#D#4#$% <2 zC #+ #'E

Z−1
{(

1− z−1
)

· φ (z)
}

= Z−1
{

φ (z)− z−1φ (z)
}

= Z−1 {φ (z)} − Z−1
{

z−1φ (z)
}

= φ [k]− φ [k − 1] 6789F;

G!HH#$% ∆φ [k] +,( 3,!$%( #$ +,( #$1&+ 1,!'( )D(/ ! +#0( #$+(/D!H

φ [k]− φ [k − 1] = ∆φ [k] 67897;

+,( 1,!'( (//)/ *)/ ! %($(/#3 IJJ )* )/4(/ N 3!$ <( (@1/(''(4 !'

ρ (z) =
z · (1− z−1)

(z − 1) + β · F (z)
· φ (z)

=
z

(z − 1) + β · F (z)
·∆φ [k] 6789K;

L,( '+!<#H#+2 3)$4#+#)$ ,!' +) <( '!+#'M(4 #$ +,( IJJ 4('#%$C 5,#3, #01H#(' +,!+

!HH +,( 1)H(' )* +,( 3H)'(4 H))1 +/!$'*(/ *&$3+#)$ H(z) H#( 5#+,#$ +,( &$!/2 3#/3H(

)$ +,( 3)01H(@ 1H!$(C #8(8 #+ ,!' +) <(E

|pi| < 1 *)/ i = 01,2,...N 6789N;

 ! "#$$ %&'()*+'*,&+ %-. /%&%0+*+&1

L,( )<O(3+#D( )* +,#' 5)/" #' +) 4('#%$ !$ !4!1+#D( IJJ !$4 #01H(0($+ #+ #$

P.Q($( R?ASC +,( ')*+5!/( /(3(#D(/ 4(D(H)1(4 <2 +,( P!DBTB %/)&1C +,(/(*)/( !

4#%#+!H IJJ 0&'+ <( 4('#%$(48

U#%#+!H '#%$!H 1/)3(''#$% )1(/!+(' &$4(/ '(D(/!H 3)$4#+#)$'C 5,#3, )* 3)&/'( !/(

D!H#4 !H') #$ +,#' '1(3#M3 3!'( )* 4#%#+!H IJJ'E
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•  !"#$%& $'( &()*(#+(& ,- .!&+'(/( &$01%(&2

• 3 &$01%( +,#/$!#& $& !#-,'0$/!,# $ #*04(' 5&/,'(. $& .!"!/$% #*04('6

• 7*$#/!8$/!,# !& !#.!&1(#&$4%(9 &!#+( .!"!/$% #*04('& #(+(&&$'!%: ;$<( =#!/(

1'(+!&!,# /;(: ;$<( /, 4( )*$#/!8(.2

• >1('$/!,# ?!/;!# /;( .!"!/$% @AA $'( +,01*/(.2 B,/( /;$/ $ .!"!/$% @AA

!& &,0(/!0(& +$%%(. &,-/?$'( @AA9 4*/ /;$/ /('0 +$# 4( '(-(''(. 4,/; /,

$ &,-/?$'( $#. $# ;$'.?$'( !01%(0(#/$/!,#9 &!#+( !# &,0( +$&(&9 %!C( /;!&

,#(9 /;( *#.('%:!#" $%",'!/;0& +$# 4( *&(. ()*$%%: ?(%% !# (!/;(' &,-/?$'(

,' ;$'.?$'(2

D!"*'( E2FG H@AA $'+;!/(+/*'(2

I;( H@AA $'+;!/(+/*'(9 .(&+'!4(. !# .(1/; !# JEKL9 !& &;,?# !# D!"*'( E2F2 I;(

0$!# 4%,+C& $'( .(&+'!4(. !# /;( -,%%,?!#"2

 ! !" #$%&' (')'*)+,

I;( 1;$&( .(/(+/!,# ,- $ '($% &!"#$%& !& #,/ $ /'!<!$% ,1('$/!,#2

3/ /;( !#1*/ ,- /;( H@AA /;('( !& $ &$01%(. &!"#$%9 ?;!+; +$# 4( '(1'(&(#/(.

4: $ &!#*&,!.$% &!"#$% ?;,&( -'()*(#+: +;$#"(& $#. /;$/ !& $M(+/(. 4: #,!&(2

$M(+/(. 4: #,!&(9 $#. /;( ,4N(+/!<( ,- $ @H !& /, .(/(+/ /;( 1;$&( ('',' 4(/?((#

/;$/ #,!&: &!"#$% $#. $ %,+$% &!"#$%2 I;( !.($ !& /, .!<!.( /;( O#P1;$&( $#.

!#P7*$.'$/*'( +,01,#(#/& ,- /;( 1;$&( ('','9 !# ,'.(' /, .(&+'!4( !/ ('',' $& $
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 !"#$%& '()( *+ ,)"-# $. '/# 0-1 !"#) I "-2 '/# '-134"2%"/4%) Q 5$, $-)-/#(

6'-5) -$'#) '#  %)#)-/& /!) )#/',"/) 5"--$/ *)  )%.$%,)2 5$-#'2)%'-7 84#/ $-)

#", 9) $. /!) #'7-"9& :!'5! :$492 *) ";)5/)2 /$$ ,45! *+ "-+ 2'#/4%*"-5)&

*4/ '/ '#  )%.$%,)2 /"<'-7 '-/$ "55$4-/ " 5)%/"'- /',) '-/)%="9 24%'-7 :!'5! /!)

#'7-"9 '# '-/)7%"/)2( 0- /!'# :"+ /!) );)5/# $. /!) -$'#)& :!'5! '# #4  $#)2 /$ *)

>)%$ ,)"-& "%) ,'/'7"/)2( 6$& /!)  !"#) 2)/)5/'$- '#  )%.$%,)2 /!%$47! #)=)%"9

$ )%"/'$-#?

• 6 9'//)%

• @'A)%#

• 0-/)7%"/) "-2 24, *9$5<#

• B!"#) C)/)5/$%& /!"/ )#/',"/)# /!)  !"#) )%%$%

D # 9'//)% # %)"2# /!) '- 4/ #'7-"9 $- /:$ *%"-5!)#& :!)%) /!) #'7-"9 '# ,49/' 9')2

%)# )5/'=)9+ *+ /:$ $%/!$7$-"9 #'7-"9# 7)-)%"/)2 9$5"99+ E$-) #'7-"9 '# /!) 5$ +

$. /!) $/!)% $-)& :'/! " π/2  !"#) #!'./F(

D./)% /!"/& /!) #'7-"9# "%) '-/)7%"/)2 $=)% "- '-/)7%"/'$- /',) T & #$ /!"/ /!) 0G

5$, $-)-/ 5"-5)9#& #'-5) /!)  )%'$2 $. /!"/ 5$, $-)-/ '# ,45! #,"99)% /!"- T

"-2 $=)% /!"/ 9$-7)% /',) "- '-/)7%"/'$- $ )%"/'$- 7'=)# "# " %)#49/ "9,$#/ -'9(

H!) $4/ 4/ $. /!) '-/)7%"/$% '# /"<)- "./)% " /',) T "-2 2'='2)2 *+ /!) -4,*)%

$. #", 9)# #4,,)2 $=)% /!"/ /',)( H!"-<# /$ /!'# "=)%"7'-7 $ )%"/'$-& /!) -$'#)

5$, $-)-/& :!'5! 5"- *) 5$-#'2)%)2 /$ *) IJK& :'/! >)%$ ,)"-& %)#49/# /$ *)

,'/'7"/)2( I!"/ '# $*/"'-)2 $- /!) /:$ *%"-5!)# %)# )5/'=)9+ "%) /!) 0-1 !"#)

"-2 '-134"2%"/4%) 5$, $-)-/ $. /!)  !"#) )%%$%?

I[k] ≃ cos(ρ[k]) EL(MNF

"-2

Q[k] ≃ sin(ρ[k]) EL(OPF

:!)%) k '# /!) #", 9'-7 /',) "/ /!) #", 9'-7 .%)Q4)-5+ 1/T (

I!"/ /!)  !"#) 2)/)5/$% 7'=)# "# $4/ 4/ '# /!) )#/',"/)2  !"#) )%%$% ρ[k]& :!'5!

'# /!) "=)%"7) )%%$% $=)% /!) '-/)%="9 T ( 0- /!'# /!)#'#& "- "%5$/"-7)-/ /+ ) BC '#

5$-#'2)%)2& :!'5! !"# "# '- 4/ /!) I "-2 Q 5$, $-)-/#& "-2 5"- )"#'9+ 5$, 4/)

/!) )#/',"/)2  !"#) )%%$%( R+ 2)S-'/'$- '/ '#?

ρ[k] ≃ atan
sin(ρ[k])

cos(ρ[k])
EL(OMF

  !



 ! "#$#%&' ()&*+ ,-./ ,--0*

 !"#$%!&$'!("

 ! "#$%&'! ()*)+, %-# ./ &0 1'2#33#2 $'!0&2#4&!5 6 3&!#64&76%&'! 86461#%#4 β, %'

%69# &!%' 6$$':!% %-# $-646$%#4&0%&$0 '; 6 4#63 8-60# 2#%#$%'4 6!2 &%0 3&!#64&76%&'!)

<=#! &; %-# .>> &0 !'!3&!#64 ?6 4#63 ./, 60 %-# 64$'%6!5#!% %@8# ;'4 #A6183#,

&0 !'% 3&!#64B, %-# %46$9&!5 6!2 8-60# #44'4 %-#'4@ &0 C60#2 '! %-# 600:18%&'!

%-6% %-# 8-60# #44'4 &0 01633 #!':5- %' 633'D 6 3&!#64 6884'A&16%&'! 64':!2 %-#

7#4'E#44'4 8'&!%) F-&0 1#6!0 %' !#53#$% %-# !'!E3&!#64 #G#$%0 6!2 %' $'!0&2#4 %-#

3''8 %' C# 3&!#64) F-# 1'4# %-# #44'4 &!$4#60#0, %-# 3#00 %-&0 -@8'%-#0&0 &0 836:0&E

C3#) H'!3&!#64&%@ &!='3=#0 #G#$%0 %-6% 64# 1'0%3@ :!84#2&$%6C3# D&%- %-#'4@, C:%

%-6% 0&1:36%&'!0 $6! 0-'D)  ; %-# #44'4 C#$'1#0 %'' 3645#, %-&0 600:18%&'! %:4!0

$'183#%#3@ D4'!5 6!2 %-# 3''8 3'00#0 %-# 8-60# 3'$9)

F-# 4#0&2:63 #0%&16%&'! #44'4 6G#$%&!5 ρ[k] 2#8#!20 '! %-# %@8# '; ./ &183#E

1#!%#2, 0&!$# %-# #0%&16%#2 ρ[k] 2#8#!20 '! %-# %4:# 8-60# #44'4 %-4':5- 6

!'!E3&!#64 ;:!$%&'!, %-# 0' $633#2 2&0$4&1&!6%&'! ;:!$%&'!  !"#$%&) I'4 01633

#44'40, %-#  !"#$%& $6! C# 3&!#64&7#2 60J

e [n] ≃ β
(

φ− φ̂ [n]
)

?()++B

≃ β · ρ [n] ?()+KB

D-#4#

β =
δ

δρ
S (ρ) |ρ=0 ?()+*B

I'4 6! 64$%6!5#!% %@8# ./, 60 $'!0&2#4#2 &! %-&0 %-#0&0, &% &0 β = 1 0&!$# &! %-#

'4&5&! ?&)#) ;'4 #44'4 #L:63 %' MB %-# %6!5#!% '; %-# "E$:4=# -60 :!64@ 03'8#)

 ! !" #$$% &'()*

 !" #$$% &#'"( )#$*+ ,- .- /$( '!" %!.-" 0$1"# 2-"" 3"*',$4 5676896 3"" :%%"41,;

: /$( 1"'.,#-6

 ! !" #$%

 !" <=0"(,*.# >$4'($##"1 ?-*,##.'$( %($1=*"- . %"(,$1,* -,@4.# .41 .4$'!"( $4"

-!,/'"1 )A 90◦B .- ";%#.,4"1 ,4 3"*',$4 5656C6  !" $-*,##.'$( ,- *$4'($##"1 )A

'!" #$$% &#'"( $='%=' g[k]B ,6"6 )A . &#'"("1 D"(-,$4 $/ '!" "-',0.'"1 %!.-"

"(($(6 :- 1,-*=--"1 ,4 3"*',$4 56CB '!" %!.-" ,- '(.*+"1 )A *$4'($##,4@ '!" #$*.#

  !



 ! "#$#%&' ()&*+ ,-./ ,--0*

 !"#$"%&'( )*"!" +!" ,*" -*./" &+!!"&,0+% g[k] "/,01.,"2 3' F (z) 0/ ,!.%/ +!1"2

0% .% "#$04.5"%, &+!!"&,0+% 0%  !"#$"%&'6 7*0&* 0% ,*" 2080,.5 2+1.0% 0/6 $/0%8 ,*"

0%&!"1"%,.5 !.,0+ 0% ,*" /.1-5"2 ,01"9

∆f̂ =
g[k]− g[k − 1]

2πT
:;(<=>

)*" &+!!"&,0+% ∆f̂ 0/ .--50"2 :.22"2> ,+ ,*" &$!!"%, 5+&.5  !"#$"%&'6 ?""-0%8 0%

,*0/ 7.' .5/+ ,*" &+%,0%$0,' 0% ,*" 5+&.5 /08%.5(

 !" #$%&'()*+, -.&/* 0(+12&1,3

)*" 5++- @#$04.5"%, A+0/" B.%2702,* :@AB>6 0%20&.,"2 0% ,*"  +55+70%8 ./ BL6

&.% 3" "C-!"//"2 3' ,*" 0%,"8!.5 !"5.,0+%

BL =
1

2πT

∮

H(z)H(z−1)z−1dz :;(<;>

7*"!" H(z) 0/ ,*" &5+/"2 5++- ,!.%/ "!  $%&,0+% + ,*" 5++-(

)*" @AB &.% 3" 2"D%"2 ./ ,*" 3.%2702,* + ,*" 02".5 !"&,.%8$5.! D5,"! ,*., .5E

5+7/ -.//0%8 ,*" /.1" #$.%,0,' + %+0/" ,*., .&,$.55' ,*" &+%/02"!"2 D5,"! .55+7/

,+ -.// ,*!+$8*( )*0/ -.!.1","! 0/ +%" + ,*" 1+/, 01-+!,.%, &*.!.&,"!0/,0&/ + 

. FGG6 3"&.$/" 0, 0/ 20!"&,5' -!+-+!,0+%.5 ,+ ,*" ,!.&?0%8 H0,,"! .%2 0, 0/ 0%4"!/"5'

-!+-+!,0+%.5 ,+ ,*" ,!.%/0"%, :,01" .%2 "%"!8'> .%2 ,+ ,*" I,".2' I,.," @!!+!

:II@>6 0 . II@ 0/ -!"/"%,(

)*" @AB &.% 3" /""% ./ ,*"  !"#$ ,*!+$8* 7*0&* ,*" 5++- &.% 5++? ., ,*"

 !"#$"%&' &+1-+%"%,/ + ,*" 0%-$, /08%.56 7*0&* 1".%/ ,*., ,*" 702"! ,*" 3.%2E

702,*6 ,*" 1+!" ,*" 5++- *./ ,*" -+//03050,' ,+ /"" &*.%8"/ 0% ,*" 0%-$,  !"#$"%&'(

J% ,*" &+%,!.!'6 0 @AB 0/ 4"!' ,08*,6 2'%.10&/ "K"&,/ &.% "./05' &.$/" ,*"  !"E

#$"%&' ,+ 8+ +$, + ,*" 70%2+76 /1.556 &.$/0%8 ,*" FGG ,+ 5++/" ,*" 5+&? +% ,*"

0%-$,  !"#$"%&'(

J% ,*" +,*"! /02"6 ,*" 702"! ,*" 3.%2702,*6 ,*" 1+!" 20/,$!3.%&"/ .K"&,/ ,*"

5++-6 /0%&" 1+!" -+7"! + %+0/" &.% "%,"! 0%6 .%2 "4"%,$.5 0%,"! "!"%&" &+1-+E

%"%, +% ,*" /08%.5 /-"&,!. &.% 3" 0%4+54"2 ,++( L /1.55 3.%2702,* *./ 3",,"!

-"! +!1.%&" 0% ,"!1 + %+0/" .%2 20/,$!3.%&"/ !"H"&,0+%(

@#$.,0+% ;(<; /*+7/ ,*., ,*" @AB 2"-"%2/ +% 3+,* H(z) .%2 ,*" 0%,"8!.,0+%

,01" T ( )*0/ 0/ "#$04.5"%, ,+ /.' ,*., H(z) 0/ .  $%&,0+% + ,*" -.!.1","! BL ·T (

)*" $%2"!/,.%20%8 + ,*"/" -.!.1","!/ 0/  $%2.1"%,.5  +! ,*" &+!!"&, 2"/08% + 

. ,!.&?0%8 5++-(

  !



 ! "#$#%&' ()&*+ ,-./ ,--0*

 !" #$ %&'$()!* "+! ,  -+.$! /&)!0 (' 1(2#*! 3454 6' "+($ /&)!0 "+! ('"!2*.7

"&*$ 8&*9('2 ." ('"!2*."(&' "(/! T .*! '&" (':&0:!); <#" "+! ('"!2*."(&' "(/! T

*!-*!$!'"$ +!*! "+! $./-0('2 "(/! &= <&"+ "+! ('-#" φ; "+! !$"(/."!) φ̂ .') "+!

.))("(:! -+.$! '&($! %&/-&'!'" Nφ4 >+! %0&$!) 0&&- "*.'$=!* =#'%"(&' H(z) )&!$

'&" )!-!') &' T <#" &'0? &' "+! 0&&- @0"!* F (z); 9!!-('2 %&'$".'" "+! &"+!*

<0&%9$4 >+!*!=&*!; #')!* "+!$! +?-&"+!$($; "+! -*&)#%" BL · T &'0? )!-!')$ &'

F (z)4 >+! 20&<.0 -!*=&*/.'%! &= "+! ,  )!-!')$ <&"+ &' F (z); &* (' 2!'!*.0;

H(z); .') "+! ('"!2*."(&' "(/! T 4

6' "!*/$ &= '&($!; "+! 0.*2!* T "+! 0&'2!* "+! '&($! ($ .:!*.2!) <? "+! ('"!2*."&*$;

"+!*!=&*! "+! /&*! "+! '&($! ($ @0"!*!) &#" .') "+! 0!$$ (" .A!%"$ "+! !$"(/."!4

>+!'; (' &*)!* "& @0"!* &#" /&*! "+! '&($!; "+! -.*./!"!* BL '!!)$ "& <! .$

$/.00 .$ -&$$(<0!4

>+($ .'.0?$($ "+." %&'$()!*$ $!-.*."!0? "+! !A!%"$ &= "+! ('"!2*."(&' "(/! &' &'!

$()! .') "+! 0&&- @0"!* &' "+! &"+!* $()! %.' <! )&'! 0&&9('2 ." 1(2#*! 34B; 8+!*!

"+! -.*" &= "+! 0&&- "+." 8&*9$ ." "+! $(2'.0 $./-0('2 "(/! ($ 8!00 )($"('%" =*&/

"+! -.*" &= "+! 0&&- .="!* "+! ('"!2*."(&'; 8+!*! "+! 8&*9('2 =*!C#!'%? ($ !C#.0

"& 1/T D#-)."('2 =*!C#!'%? &= "+! 0&%.0 &$%(00."&*E4 >+! 20&<.0 -!*=&*/.'%! &=

"+! 0&&- )!-!')$ &= %&#*$! &' "+! %&/<('."(&' &= "+! "8& -.*"$4

 (/("$ &' "+! 0&&- )!$(2' !F($" .$ *#0!7&=7"+#/<$ &' "+! -.*./!"!* BL·T ; <#" )#!
"& "+! *!.$&'$ !F-0.('!) .<&:!; 0&&-$ 8("+ $./! BL · T .*! '&" !C#(:.0!'"4 1&*

!F./-0!; %&'$()!*('2 BL ·T = 20 ·10−3
; (" %.' <! ".9!'; =&* !F./-0!; BL = 20Hz

.') T = 1ms &* .'&"+!* 0&&- +.:('2 BL = 10Hz .') T = 2ms4 >+! $!%&') 0&&-

@0"!*$ &#" "+! '&($! /#%+ <!""!*; "+.'9$ "& . $/.00!* <.')8()"+ BL .') "+.'9$

"& . 0&'2!* ('"!2*."(&' "(/!4 G' "+! &--&$("!; "+($ 2&&) -!*=&*/.'%! "&8.*)$

"+! '&($! .*! -.() 8("+ 0!$$ %.-.<(0("? (' "*.%9('2 "+! $(2'.0 )?'./(%$4

H 2&&) )!$(2' *#0! $.?$ "+." "+! -*&)#%" BL ·T $+&#0) <! (' "+! &*)!* &= 1 ·10−2
4

6' "+($ "+!$($ "+! .'.0?$($ ($ )&'! 9!!-('2 %&'$".'" "+! ('"!2*."(&' "(/! T "& 1

/$; $& "+." "+! =&%#$ %.' <! -&$!) &' BL; "+#$ &' "+! )!$(2' &= "+! 0&&- @0"!*

F (z); 8+(0! .00 "+! &"+!* <0&%9$ .*! 9!-" %&'$".'"4

>+!*!=&*!; @F('2 !:!*?"+('2 !F%!-" &'0? =&* "+! -.*./!"!* BL; (" %.' <! $"."!)

"+." "+! $/.00!* "+! <.')8()"+ BL ($; "+! /&*! "+! '&($! ($ @0"!*!) &#" <#" "+!

$/.00!* "+! 0&&- %.-.<(0("? "& "*.%9 "+! $(2'.0 )?'./(%$ ($4 G' "+! &"+!* $()!; .

8()!* <.')8()"+ /.9!$ "+! 0&&- =.$"!* D=.$"!* "*.'$(!'" "(/!; $+&*"!* "*.'$(!'"E;

<#" (" .00&8$ /&*! '&($! "& !'"!* "+! $?$"!/ .') "& .A!%" "+! !$"(/."!4 6' 1(2#*!

34I .') 1(2#*! 34J; "+! <!+.:(&* &= "+! 0&&- *!$-!%" "& "+! ('-#" '&($! .') "+!

)?'./(%$ ($ $+&8'; =&* )(A!*!'" :.0#!$ &= KLM4

  !



 ! "#$#%&' ()&*+ ,-./ ,--0*
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 !"#$% &'() *%+,-!.$ ./ 011 2!3+ 4!5%$%63 78*9 !6 6.!:% ;.64!3!.6'
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 !"#$% &'<) *%+,-!.$ ./ 011 2!3+ 4!5%$%63 78*9 !6 4=6,>!;: ;.64!3!.6'
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 ! "#$#%&' ()&*+ ,-./ ,--0*

 !"# $%& '"()*+&!,$*"() +"(&- ,(+ .!"#  */0!& 123 ,(+  */0!& 124- *$ *) &5*+&($

$%,$ , $!,+&6"7 *) (&&+&+ *( $%& '%"*'& ". BL- 8%*'% #&,() $" ,''&9$ , $!,+&6

"7 *( $&!#) ". 9&!."!#,('& $"8,!+) $%& +:(,#*') ,(+ $%& ("*)&2 ;%& ,*# ".

$%& ,(,<:)*) +&)'!*=&+ *( >%,9$&! ? *) $" *(5&)$*/,$& %"8 $%*) $!,+&6"7 ',( =&

!&,'%&+- ,+,9$*(/ $%& 5,<0& ". BL2

 !"!# $%% &'()'

@&9&(+*(/ "( $%& (0#=&! ". 9"<&) *( $%& '<")&+ <""9 $!,().&! .0('$*"(- $%& ABB

"!+&! *) +&C(&+2 ;%& <""9 "!+&! *) , '!0'*,< ,)9&'$ ". , ABB- )*('& $%& ,=*<*$: $"

$!,'D "! ("$ , )*/(,< 8*$% , '&!$,*( +:(,#*') +&9&(+) "( *$2

E.$&! , $!,()*&($ $*#&- , )$&,+: )$,$& '"(+*$*"( )%"0<+ =& !&,'%&+2 F. $%& <""9

"!+&! *) )0*$,=<& $" $!,'D $%& *(90$ +:(,#*')- $%& #&,( GGH *) I&!"- "$%&!8*)& ,

GGH *) =& 9!&)&($2 F( $%& ',)& 8%&( *$ *) 9!&)&($- $%& GGH ',( =& +&'!&,)&+ =:

*('!&,)*(/ $%& <""9 =,(+8*+$% BL2 @&$,*<) ,="0$ $%*) ,!& ,5,*<,=<& *( E99&(+*J

K2

L"$& $%,$- ,$ $*#&)- , GGH ',( =& ,''&9$,=<&- *. $%& !&)*+0,< &!!"! *) =&<"8 ,

+&)*!&+ $%!&)%"<+2 F. $%& GGH *) )#,<<&! $%,( $%& $!,'D*(/ M*$$&!- *$ !&)0<$) $" =&

=0!*&+ 0(+&! $%& ("*)& <&5&<2 N"!&"5&! $%& &!!"! +0& $" , ("$ )0O'*&($ "!+&!

". $%& ABB ',( =& &5&( )#,<<&! $%,( )"#& !&)*+0,< $!,'D*(/ &!!"! +0& $" "$%&!

&7&'$) )0'% ,) #0<$*9,$%- )&& P2Q2R2 F( $%&)& ',)&)- , !&)*+0,< GGH +0& $" $%&

ABB ',( =& .,*!<: ,''&9$,=<&2

E) +&)'!*=&+ *( E99&(+*J K- %*/%&! "!+&! <""9) ',( $!,'D *(90$ +:(,#*') ".

%*/%&! "!+&!2 ;%& 9!*'& ". $%*) ',9,=*<*$: *) 9,*+ 8*$% %*/%&! '"#90$,$*"(,<

&7"!$ ,(+ )$,=*<*$: +*O'0<$*&)2

E) )$,$&+ ,$ $%& =&/*((*(/ ". $%*) G&'$*"(- $%& <""9 "!+&! *(+*',$&) $%& +&/!&& ".

$%& '%,!,'$&!*)$*' 9"<:("#*,<- *2&2 $%& (0#=&! ". 9"<&) ". $%& '<")&+ <""9 $!,().&!

.0('$*"( H(z)2 F$ %,) $" =& 9"*($&+ "0$ $%,$ ,( *#9"!$,($ 9!"9&!$: ". , <""9

*) $%& <""9 $:9&- 8%*'% *) '"##"(<: 0)&+ 8*$%*( $%& '"($!"< ):)$&# '"##0(*$:2

;%& $:9& !&.&!) $" $%& (0#=&! ". *($&/!,$"!) *( $%& <""92 F( $%& ABB '"()*+&!&+

%&!&- "(& *($&/!,$"! *) *( $%& L>S ,(+ , 5,!*,=<& (0#=&! ". *($&/!,$"!) *) 9!&)&($

*( $%& <""9 C<$&! F (z)2 F( $%*) )9&'*C' ',)&- $%& "!+&! ,(+ $%& $:9& ". $%& <""9 ,!&

$%& ),#&- )*('& &,'% *($&/!,$"! !&9!&)&($) "(& 9"<& $" $%& $!,().&! .0('$*"(- ,(+

(" "$%&! 9"<&) &J*)$2 F( /&(&!,<- $%& "!+&! ',( (&5&! =& <&)) $%,( $%& $:9&- =0$

,++*$*"(,< ("(6*($&/!,$"! C<$&!*(/ ',( =& 9!&)&($- '"($!*=0$*(/ ,++*$*"(,< 9"<&)

,(+ $%&!&."!& *('!&,)*(/ $%& "!+&!- =0$ ("$ ,7&'$*(/ $%& $:9&2

  !



 ! "#$#%&' ()&*+ ,-./ ,--0*

 !"# "# $!% &'#% &()#"*%+%* ") $!"# $!%#"#, -!%+% $!% .// (+*%+ *%0%)*# ()12 ()

F (z), ')* &') 3% *%4)%* '# N = M + 1, -!%+% M "# $!% (+*%+ (5 F (z)6 7$!%+

'+&!"$%&$8+%# %9"#$, -!%+% 5(+ %9':01% #(:% *%1'2# '+% ")$+(*8&%*, $( $';% ")$(

'&&(8)$ !'+*-'+% *%1'2#6  !"# "# $!% &'#%, '# ")#$')&%, (5 .//# *%#"<)%* $( 3%

":01%:%)$%* () =.>?6

 ( #8::'+"@%, "$ &') 3% #'"* $!'$ ' .// (5 (+*%+ N .// &') $+'&; -"$! @%+(

+%#"*8'1 :%') %++(+ ') ")08$ 58)&$"() (5 (+*%+ P = N − 16  !"# :%')# $!'$ '

.// (5 4+#$ (+*%+ &') $+'&; ' &()#$')$ 0!'#%6 A5 $!% ")08$ (+*%+ "# P > N , $!%)

$!% $+'&;")< %++(+ *(%# )($ &()B%+<%6 A5 $!% ")08$ "# (5 (+*%+ P = N , $!% 1((0
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(!*%";  !$+! /"("'/% 0' &!" +0"F+$"'& A2 0B ?@1GA1
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&#+$!" &+

√
Et !$: #& #/ G(#%'&(: G#&' ! 8+(M8#($& wt. G'#8' &!9(/ #$&+ !88+,$&
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√
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