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Abstract

This research work deals with damage detectionngineering machines and
structures. This topic, developed in particular bearing diagnostics in the first
part of the work, is strictly related to dynami@idification when structures are
considered. Thus, subspace-based methods areigatedtin the second part of
the work, with particular attention to nonlineas®m identification.

Changes in operational and environmental conditfonsstructures (such as air
temperature, temperature gradients, humidity, watcl) or machines (such as oill
temperature, loads, rotating regimes, etc.) arevknim have considerable effects
on system features and, consequently, on the ilélabf diagnostics. Useful
tools for eliminating this influence are provided la Principal Component
Analysis (PCA)-based method for damage detection.

The PCA-based method has been applied in manyghaaliworks for diagnostics
of structures, while in this research work a lesgestigated bearing diagnostic
application is considered. After a detailed degip of the test rig, the huge
amount of acquired data, on several different daddgparings, is investigated.
Results are useful for giving an overview on how tCA-based method for
damage detection can be applied on a complicatgdifee machine.

In general cases of real structures, the applicatd efficient identification
techniques is crucial for correctly exploiting thapabilities of the PCA-based
method for damage detection. Moreover, in manyscdaenage causes a structure
that initially behaves in a predominantly linear mar to exhibit nonlinear
response: the application of nonlinear system ifleation methods to the
feature-extraction process can also be used aseet dietection of damage. For
these reasons, a detailed study of the nonlinebspsice-based identification
methods is presented in the second part of thik.wor

Since the classical data-driven subspace methothcsmme cases be affected by
memory limitation problems, two alternative techudq are developed and



demonstrated on numerical and experimental apmitsit Moreover, a modal
counterpart of the nonlinear subspace identificatinethod is introduced, to
extend its relevance also to realistic large ereging structures.

In a conclusive application, two of the main sosroé non-stationary dynamics,
namely the time-variability and the presence oflimearity, are analysed through
the analytical and experimental study of a timesay inertia pendulum, whose

dynamics is governed by a nonlinear equation ofionadue to its large swinging
amplitudes.
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Chapter 1

Introduction

Engineering structures and systems are designepei@te within limits specified
by the environment in which they will be used. Bhliity has always been an
important aspect, but a true picture of the behavad a system is not available
until it is in-service. The solution of implemerdirvery conservative factors of
safety produces systems that are heavy and costbreover, because of
deterioration over time, they will still damage. iMt@nance has, thus, been
introduced as an efficient way to assure a satisfadevel of reliability during
the useful life of a physical system.

The earliest maintenance technique is basicallyaKo@wvn maintenance (also
called unplanned maintenance, or run-to-failurentemiance), which takes place
only at breakdowns. A later technique is time-bgz@¥entive maintenance (also
called planned maintenance), which sets a perioticval to perform preventive
maintenance regardless of the health status ofysiqai system [1]. Eventually,
preventive maintenance has become a major expehsenany industrial
companies, since products have become more and coonplex while better
quality and higher reliability are required. Thenmef, more efficient maintenance
approaches are being implemented to handle thatisity by taking maintenance
actions only when there is evidence of abnormabbielurs of a physical system.
The history of maintenance technique developmeninfachine tools is briefly
summarised in [2]. Indeed, the history applies tioep types of machines and
systems as well.

Diagnostics and prognostics are two important @speca maintenance program
[1]. Diagnostics deals with fault detection, is@at and identification when it
occurs. Fault detection is a task to indicate weretomething is going wrong in



the monitored system; fault isolation is a taskdcate the component that is
faulty; and fault identification is a task to detene the nature of the fault when it
is detected. Prognostics, which involves the ddtation of the expected
remaining useful life of a component, uses the past current status of a
machine to predict the future status with the wtengoal of using the machine
within a safe buffer period to avoid any catastioghilure [3]. For a successful
prognostic system, the first crucial part invohgesorrect early diagnosis of the
fault, which must have sufficient lead time to deaburther monitoring and
actions.

The present work deals with diagnostics, while pamgics is not treated. In the
following section, some concepts of diagnostics| viné introduced. Then,
Sections 1.2 and 1.3 will focus on diagnostics aichines and structures,
respectively, while Section 1.4 deals with patteatognition methods for
diagnostics.

1.1. Diagnostics

An extremely exhaustive overview of diagnostics basn found in [4]. Some of
its main concepts, in particular those relevantthar analyses carried out in the
present work, are summarised in this section.

In general, all the engineering disciplines areenested in damage evaluation:
however, there are four key multidisciplinary ardas which monitoring and
assessing damage are principal concerns [4]:

* Condition Monitoring (CM)

e Structural Health Monitoring (SHM)
* Non-Destructive Evaluation (NDE)
e Statistical Process Control (SPC)

Condition Monitoring (CM) is relevant to rotatingné reciprocating machinery,
such as used in manufacturing. CM also uses ontéiobniques that are often
vibration-based and use accelerometers as ser&oustural Health Monitoring
(SHM) is relevant to structures such as aircraffisildings and bridges and
implies a sensor network that monitors the behavafuthe structure on-line.
Typical sensors are optical fibres, electrical s@sice strain gauges or acoustic



devices; however, all the techniques presenteldiswtork are vibration-based so
that accelerometers are used as sensors. Non-Ctesdricvaluation (NDE) is
usually carried out off-line after the damage ha&®rblocated using on-line
sensors. In some exceptions, NDE is used as a onmgjttool for, for example,
pressure vessels and rails. NDE is therefore piiynased for characterisation
and as a severity check when thera ipriori knowledge of the location of the
damage. Typical techniques include ultrasound nibgraphy and shearography.
Statistical Process Control (SPC) is process-bestbér than structure-based and
uses a variety of sensors to monitor changes iprheess.

In detail, CM and SHM are addressed in Sectionsah@ 1.3, for giving an
overview of how damage evaluation can be perforfoedifferent systems such
as rotating machinery or structures. NDE and SRCnat treated in the present
work.

In the following, a requisite providing a unifiegpoach to damage evaluation
across all the engineering disciplines is givenpracise definition of what
constitutes a fault, damage and defect. This unguolis definition is a primary
consideration in developing an intelligent faulted#ion system. The second step
makes use of a hierarchical damage identificatohrese.

1.1.1. Definition of fault

All materials and hence all structures contain cisf@t the nano/microstructural
level: the difficulty is to decide when a structusé‘damaged”. Because of slight
compositional and process variability, materialsyntaave slightly different
microstructures and possibly varying numbers opskaf inclusions, voids and
other defects. It is clearly seen that this typ&anilt” should not be considered as
damage. For the structure in-service, the most comiorm of damage evolution
will be under dynamic load. Here, damage evolvemfmicrocracks and results
in changes in the material properties.

A discrimination between when a structure is merégmaged and when a
structure contains a fault should be defined: incigherent definitions of faults,
damage and defects are established:

« A fault is when the structure can no longer operate satwly. If one
defines the quality of a structure or system aditit®ss for purpose or its
ability to meet customer or user requirementsyffices to define a fault as a
change in the system that produces an unacceptahletion in quality.



« Damage is when the structure is no longer operatingsndeal condition but
can still function satisfactorily, i.e. in a subtimpal manner.

* A defect is inherent in the material and statisticallyrakterials will contain
some unknown amount of defects, this means thadttheture can operate at
its design condition even if the constituent matlsrcontain defects.

A hierarchical relationship can be developed fréva above definitions: defects
lead to damage and damage leads to faults. Usisgdba, a damage tolerant
structure can be designed: it is necessary to dewiten the structure is no longer
operating in a satisfactory manner. This meansdkhsitict definition of fault has
to be given, for example the stiffness of the dtiec has deteriorated beyond a
certain level.

Another consideration is the level of damage toleearequired. An helicopter
gearbox is a good example of damage tolerant systermaeronautics, the
monitoring of gearboxes for faults is standard ficac Based on the vibration
response of the gearbox, threshold levels arergbtance these are exceeded, a
fault is detected and the gearbox is taken oueofise.

In conclusion, a fault is defined as a change m ¢bndition of the structure,
producing an unacceptable quality reduction. Bylicagion, such a change will
be evident. Thus, fault detection actually mearisadieg the damage that will, if
not corrected, lead to a fault. Damage detectigugs part of a larger problem:
damage identification. Before addressing this isBueSection 1.1.3, a brief
description of the data acquisition process ismive

1.1.2. Data acquisition

Data acquisition is a process of collecting andirsgouseful data (information)
from targeted physical systems for the purposeaaiafe identification.

The measurements related to the health conditade/sif the physical system are
very versatile [1]. It can be vibration data, adeuglata, oil analysis data,
temperature, pressure, moisture, humidity, weathrelenvironment data, etc.
Various sensors, such as micro-sensors, ultraseemsors, acoustic emission
sensors, etc., have been designed to collect eliffaypes of data [5]. With the
rapid development of computer and advanced seneohntlogies, data
acquisition facilities and technologies have becomere powerful and less



expensive. Different techniques for multiple sergata fusion are also discussed
in [1].

After data acquisition, but before processing, ddé&aning ensures, or at least
increases the chance, that clean (error-free) atataised for further analysis and
modelling. Data errors are caused by many factoeckiding the human factor.
For monitoring data, data errors may be causedegas faults: in this case,
sensor fault isolation [6] is the right way to go.

1.1.3. Damage identification

A monitoring system must have the objective of awglating sufficient
information about the damage, for taking appropriaimedial action. The system
should be restored to high-quality operation deast safety must be ensured.
The identification problem can be thought as aan@ical structure, composed of
five levels [4].

1. Detection: the method gives a qualitative indication thamege might be
present in the structure.

2. Localisation: the method gives information about the probaloigitpn of the
damage.

3. Classification: the method gives information about the type ahdge.
4. Assessment: the method gives an estimate of the extent otitleage.

5. Prediction: the method offers information about the safetyhef system, i.e.
estimates a residual life.

In addition, Level 5 needs an understanding of ghgsics of the damage, i.e.
characterisation. Level 1 can also be consideratistimguished from the others,
since it can be performed with no prior knowled@i¢he behaviour of the system
when damaged. One of the strategies for addressintage identification, based
on a pattern recognition (see Section 1.4) teclmiquil be described and applied
in Chapters from 2 to 5. It is as general as ptssib the sense that it can be
applied to many different types of system, providbdt useful (i.e. damage-
sensitive) measured data are exploited.



1.2. Rotating machines

Gearbox plays a crucial role in industrial appimas, and the condition
degradation monitoring of the gearbox is importdot its design and
maintenance. Rolling element bearing condition nwrimg has received
considerable attention for many years because #jerity of problems in rotating
machines are caused by faulty bearings. For tlasorg in this section some of
the main concepts about bearing diagnostics arensuised. However, gears are
also a fundamental part of a gearbox, so that gaadition monitoring is also an
important topic. Although gear diagnostics is meated in this work, some issues
are addressed in Section 1.2.3.

Rolling element bearings represent one of the nmswalent and critical
components in a majority of machines. There is iclmmable interest in
diagnostics and prognostics of rolling element ioggr based on vibration
analysis and signal processing, because the mag@roeic benefit from such
monitoring comes from being able to predict withsenable certainty the likely
minimum lead time before breakdown.

Some parts of a short history of bearing diagnsspablished in [7], are reported.
One of the earliest papers on bearing diagnostisshy Balderston [8] of Boeing
in 1969. He recognised that the signals generatdabhring faults were primarily
to be found in the high frequency region of resameanexcited by the internal
impacts, and investigated the natural frequenciebearing rings and rolling
elements, which were often to be found in the raspovibrations. Braun [9]
made a fundamental analysis of synchronous avegyagirl975, and the basic
technigue was also applied to bearing signals [IBis appears to be one of the
first references to the fact that bearing signadsret completely periodic, with a
random variation in period. Braun made an analgsihe effects of jitter (of the
synchronising signal) and likened this to the rand&pacing of bearing response
impulses. This model was much later shown to bernect, even though it can
give satisfactory results in some situations. Abuad that time, the “high
frequency resonance technique” (HFRT), later cafieavelope analysis”, was
developed, with the original aim of shifting theduency analysis from the very
high range of resonant carrier frequencies, tontlveh lower range of the fault
frequencies, so that they could be analysed witdgesolution [7]. This concept
of demodulating high frequency resonant responsgédd the development of a
number of bearing diagnostic methods, where theodehated frequency was the



resonance of the transducer itself. Systems inetpdicoustic emission (AE)
transducers, with frequency ranges from 50 kHz ¥Hz, were also introduced
at that time: they can often be effective in impngvthe signal/noise ratio of
bearing signal to background noise.

Morever, it is recommended in [7] to choose therappate resonance frequency
for demodulation in each case. There has long be#scussion on how to choose
the optimum bandwidth for the demodulation assediatith envelope analysis.
For example, prior to the development of the spédturtosis based methods
described in Section 1.2.2, the best approach avdermodulate the band with the
biggest dB change from the original condition, aithh this does require having
reference signals with the bearings in good comaliti

In this work, the classical approach based on empesanalysis is not exploited in
the experimental application. However, it is sumset in Sections 1.2.1 and
1.2.2 for completeness. A completely different aagh to bearing diagnostics is
investigated in this work and applied to a spedifearing test rig, in Chapters
from 2 to 5. This approach is based on the matheatatool of Principal
Component Analysis (PCA), which is part of a moemegral set of methods that
can be found in the literature as statistical méshibased on pattern recognition.
These rely on training a pattern recognition systenth typical signals
representing the different classes to be distifmpds These methods are very
general and can be applied to different systems) a8 machines or structures.
However, they require large amounts of data fortth&ing, and it is very rare
that sufficient data can be acquired by experien@ctual faults in practice.
Moreover, most published results are not non-dinoeadised and would only
apply to a particular bearing on a particular maehiior which the system was
trained. It is likely that some of these problemsl Wwe overcome by fault
simulation in the future. For a detailed discussodmmethods based on pattern
recognition, the reader is referred to [11], whalébrief description is given in
Section 1.4.

An extremely large amount of case histories, inclvhtondition monitoring is
performed by means of envelope analysis or pategagnition, can be found in
literature. Among them, three applications are gmé=d in [7]: (1) a helicopter
gearbox test rig, which was run to failure undeavhyeload; (2) a bearing test rig,
on which bearings are tested to failure; (3) a mrambaver driving system,
consisting of a motor, a gearbox and a spur piniogrdgear combination. In [3] a
bladed disk test rig, designed to develop modedstachniques for monitoring the
health of turbomachine blades, is studied. A lo@espmachinery fault simulator



Is presented in [12]: this test rig enables modgllbf bearing and gearbox faults
under different loading conditions. A fatigue te$tan automobile transmission
gearbox has been performed in [13]. In [14] a stapdbearing test rig is
analysed, with a spindle driven by a variable spaetbr.

1.2.1. Envelope approach

Vibration signals from a defective bearing withoadlised fault contain a series of
impulse responses, which result from the impactshef defective part(s) with
other elements [3]. These impulses are generatedsalperiodically and their
characteristics depend on the location of the defhat is, whether it is on the
inner race, outer race or rolling elements. In pecac the spacings between the
impulses vary randomly to a certain extent, duslifp caused by varying load
angle, which leads to the smearing of the defeanhbaics at higher frequencies
(defect frequencies will appear as discrete harosoof negligible amplitude in
the low frequency region but will be smeared in lingh frequency region where
their amplitude is amplified by correspondence witsonances). This random
slip, while small, does give a fundamental changéhe character of the signal,
and is the reason why diagnostic information is awadilable from frequency
analyses of the raw signal, in particular at loaqgfrencies, due to the low energy
at the bearing frequencies and to the maskingropgtbackground noise [7, 15].
In the vicinity of a resonance (high frequency o&yj this information could be
extracted if no random fluctuations existed, butfien not possible with a small
amount of random fluctuation, as the harmonics srr#a one other [15]. This
problem has been solved by frequency analysingethelope of the response
signal (envelope analysis or high frequency resomatechnique (HFRT))
obtained by amplitude demodulation [7, 15]. Thigedaping is usually applied to
a frequency region where the signal-to-noise rg86IR) is the highest, for
example around a structural resonance frequendiedxay the bearing fault. For
this reason, the most powerful bearing diagnositititiques depend on detecting
and enhancing the impulsiveness of the signals.

In the following, the approach based on envelogyais is briefly presented, by
first introducing descriptions on how a faulty kegrcan be modelled and how
bearing signals can be enhanced.



Bearing fault models

Several studies [16 - 19] have been conducted faex the mechanism of
vibration and noise generation in bearings. Beariact as a source of vibration
and noise due to either varying compliance or tlesgnce of defects in them.
Radially loaded rolling element bearings generatgations even if they are
geometrically perfect [20]. However, a significamtrease in the vibration level is
caused by the presence of a defect, such as surtagghness, waviness,
misaligned races and off-size rolling elements. sehelefects are caused by
manufacturing error, improper installation or albrasvear, while bearing faults
are in general due to fatigue.

Fatigue in rolling element bearings is caused by #pplication of repeated
stresses on a finite volume of material and resanlthe loss of material from the
inner race, the outer race or the rolling elemgitsBearing faults usually start as
small pits or spalls, and give sharp impulses & e¢arly stages covering a very
wide frequency range (even in the ultrasonic fregyaange to 100 kHz). As the
rolling elements strike a local fault on the oweinner race a shock is introduced
that excites high frequency resonances of the wtoleture between the bearing
and the response transducer. The same happensawhalt on a rolling element
strikes either the inner or outer race. As explaime[16], the series of broadband
bursts excited by the shocks is further modulatednnplitude by two factors: (1)
the strength of the bursts depends on the loadebwyrthe rolling element(s), and
this is normally modulated by the rate at which thelt is passing through the
load zone; (2) where the fault is moving, the tfanfunction of the transmission
path varies with respect to the fixed positionsesponse transducers.

In a number of studies [3, 21], the signature @& Wbration signal originating
from the passage of a rolling element over thelsparea has been reported as
being composed of two main parts. The first origggafrom the entry of the
rolling element into the fault, while the secondulks from the exit of the rolling
element as it strikes the trailing edge of thetfads the size of the fault increases,
the separation between the two points, i.e. the timimpact, increases and if the
entry and exit events can be successfully extraicted the vibration signal, the
size of the fault can be estimated. In partic@lrexplores the idea of enhancing
the two events by means of the envelope approach.

However, for some faults such as brinelling, whareace is indented by the
rolling elements giving a permanent plastic defdram the entry and exit events
are not so sharp, and the range of frequencieseexoot so wide. They would
still generally be detected by envelope analysisydver, as stated in [7]. This



reference also reports that cases have been eecedinvhere faults have not
been detected while small and the spalls have be@xtended and smoothed by
wear. Although not necessarily generating sharpastgpany more, this type of
fault can often be detected by the way in whichmiddulates other machine
signals, such as the gearmesh signal generateelay supported by the bearings.
The optimum way to analyse a faulty bearing sigiegglends on the type of fault
present. The main difference is between initial Iftnaalised faults and extended
spalls, in particular if the spalls become smoott#oth fault types give rise to
signals that can be treated as cyclostationaryrdéron (i.e. its n-th order
statistics must be periodic) [7].

L ocalised faults

Localised defects include cracks and pits on tHagosurfaces. Whenever a local
defect on an element interacts with its mating eletnabrupt changes in the
contact stresses at the interface result which rgee® a pulse of very short
duration [20]. This pulse produces vibration angsaavhich can be monitored to
detect the presence of a defect in the bearingtéted in [7], the question arises
as to the correct way to model the random spacirtheoimpacts. Good results
were obtained in [22], by modelling the vibratiagrals from localised bearing

faults as cyclostationary of order 2. However, Weay of modelling the random

variation in pulse spacing in [22] was later foudbe incorrect, and in [23] a
more correct model was proposed.

Extended spalls

The dominant mode of failure of rolling element itdegs is spalling of the races

or the rolling elements, caused when a fatiguekchegins below the surface of

the metal and propagates towards the surfaceaiptéce of metal breaks away to
leave a spall [20].

For extended spalls, there will often be an impaceach rolling element exits the
spall, and in that case, envelope analysis wikmfteveal and diagnose the fault
and its type [7]. However, there is a tendencytherspalled area to become worn,
in which case the impacts might be much smallen ihathe early stages. Such
extended spalls can still be detected and diagnibgbd bearing is supporting a

machine element such as a gear (see Section 1.2.3).
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Enhancement of the bearing signals

One of the major sources of masking of the relativeeak bearing signals is
discrete frequency “noise” from gears, since sughads are usually quite strong,
even in the absence of gear faults. Even in mashotieer than gearboxes, there
will usually be strong discrete frequency composetitat may contaminate
frequency bands where the bearing signal is otlserwiominant. It is usually
advantageous therefore to remove such discreteudrmy noise before
proceeding with bearing diagnostic analysis [7]. neamber of methods are
available: (1) Linear prediction [24]; (2) Adaptim@ise cancellation (ANC) [25];
(3) Self-adaptive noise cancellation (SANC) [26,];27) Discrete/random
separation (DRS) [28]; (5) Time synchronous averggi SA) [29, 30].

Even after removal of discrete frequency “noiseg bearing signal will often be
masked in many frequency bands by other noise naay also be rendered less
impulsive than at the source if the individual faulilses are modified by passage
through a transmission path with a long impulspoese (IR) [7].

A method known as minimum entropy deconvolution MEemoves the effect
of the transmission path, for enhancing the beagiggal with respect to residual
background noise. The MED method is designed taaedhe spread of IR
Functions, to obtain signals closer to the origingbulses that gave rise to them.
The MED method, which was first proposed in [31l]aswapplied to gear
diagnostics in [32] and to bearing diagnostics2i] |

A very powerful technique for enhancing the impudsiess of bearing signals is
Specrtal Kurtosis, which deserves a longer desonpnd it is thus presented in
Section 1.2.2.

An alternative to spectral kurtosis methods is stkenuse of wavelets [33]. Many
authors have described the use of wavelets forctiegelocal faults in gears and
bearings (see review in [34]). However, much of tiberature on the use of
wavelets for machine diagnostics does not takewatoof all the steps presented
here when applying the envelope approach, or makess in doing so (as stated

in [7]).

Envelope analysis

The spectrum of the raw signal often containselittiagnostic information about
bearing faults, and over many years it has beambkstied that the benchmark
method for bearing diagnostics is envelope anglysigere a signal is bandpass
filtered in a high frequency band in which the famhpulses are amplified by
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structural resonances [7]. It is then amplitude odéuatated to form the envelope
signal, whose spectrum contains the desired didgignmgormation in terms of
both repetition frequency (ballpass frequency dispa frequency) as well as
modulation by the appropriate frequency at whiahféult is passing through the
load zone (or moving with respect to the measure¢mpeint) [35].

It was shown in [15] that it is preferable to ars@y{the squared envelope signal
rather than the envelope as such. Ref. [15] alewst that even where the power
of the masking noise (random or discrete frequem@s up to three times the
power of the bearing signal, in the demodulationdyat was still advantageous to
analyse the squared envelope. Using spectral ksirioss usually possible to find
a spectrum band where the signal/noise ratio ob#aging signal is much higher.

1.2.2. Spectral Kurtosis

From the earliest days of envelope analysis thaseldeen a debate on how to
choose the most suitable band for demodulations phoblem has now largely
been solved by the use of spectral kurtosis andktinengram to find the most
impulsive band (after removal of discrete frequemasking).

Spectral Kurtosis (SK) provides a means of deteirginvhich frequency bands
contain a signal of maximum impulsivity. It is bdsen the short time Fourier
transform (STFT) and gives a measure of the impeisss of a signal as a
function of frequency. Kurtosis had long been use@ measure of the severity of
machine faults. The application of SK to bearingltawas first outlined in [36,
37].

Definition and calculation

The spectral kurtosis extends the concept of thto&is, which is a global value,

to that of a function of frequency that indicatesvithe impulsiveness of a signal,
if any, is distributed in the frequency domain. Tgrénciple is analogous in all

respects to the PSD which decomposes the powesighal vs frequency, except
that fourth-order statistics are used instead abrs@ order. This makes the
spectral kurtosis a powerful tool for detecting thiesence of transients in a
signal, even when they are buried in strong adalitigise, by indicating in which

frequency bands these take place.
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The spectral kurtosis of a signalt) may be computed [36] from the STFT
X(t, f), that is the local Fourier transform at tinteobtained by moving a
window along the signal. When seen as a functiont ofX(t,f) may be
interpreted as the complex envelope of signél bandpass filtered around
frequency f and its squared magnitude will then indicate howrgy is flowing
in that frequency with respect to time. If thatguency band happens to carry

pulses, bursts of energy will then appear. This rbaysimply detected by
computing the kurtosis of the complex envelopé, f as)follows:

EhX(t, f)|4] S

K(f)= e
E[X(t, f)

with E[[]] the time-averaging operator and where the sulractf 2 is used to
enforce K(f) = 0in the caseX(t, f )s complexGaussian (instead of 3 foeal
signals).

Because of the high values it takes at those frezjee where an impulsive
bearing fault signal is dominant and because dhisretical nullity where there
is stationary noise only, it makes sense to usespeetral kurtosis as a filter
function to filter out that part of the signal witihe highest level of impulsiveness
[37].

The kurtogram

As previously pointed out, the spectral kurtosisd @herefore the optimal filter
which can be obtained from it, will critically depe on the choice of the STFT
window length or, equivalently stated, on the baidtlvof the band-pass filter
that outputs the complex envelopdt, f . Qne solution is to display the spectral
kurtosis also as a function of the latter parametaus giving rise to a two-
dimensional representation calleartogram [37].

Computation of the kurtogram for all possible conabions of centre frequencies
and bandwidths is obviously costly and not convanfer practical purposes.
Suboptimal solutions are however conceivable bydstigion of the bandwidths
into rational ratios that permit the use of fastltimate processing. The simplest
division in this respect is the dyadic one, whemadwidths are iteratively halved
(similar in principle to the FFT algorithm).
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In [38], an even finer decomposition is proposeakda on a “1/3-binary tree”,
where each halved-band is further split into 3 othands, thus producing a

frequency resolution in the sequeri¢2, 1/3, /4, 1/6, 1/8, 1/12, ..., 1/27%.

1.2.3. Gear diagnostics

In literature, there is plenty of papers aboutghely of gears, their modelling and
the vibrations they produce. Among them, [39, 4@ general procedures for
developing characteristic frequencies (includingaldfault frequencies) in simple
and elaborate gearbox systems. A review of prddiecdniques and procedures
employed to quiet gearboxes and transmission ubjtssolving the gear noise
problem, is presented in [41]. The problem of rédgcthe noise level or
assessing the mechanical condition of a gearbaisis important for planetary
gears, which are common in aeronautical and in@lispowerplants. The
vibration spectra of planetary gears commonly exhdsymmetry of the
modulation sidebands around the meshing frequesmyte explanation is given
in [42]. In [43] a method to detect gear tooth &sads proposed, by using the
instantaneous phase of the demodulated time sigra. following general
description of gear faults can be found in [44].

Gears represent a typical component where the Jiidguency range of
accelerometers is needed. The basic vibration geéngrmechanism in gears is
the “transmission error” (TE), which can be undaust as the relative torsional
vibration of the two gears, corrected for the gatin. The TE can be expressed as
a linear relative displacement along the line dfoag which is the same for both
gears but represents an angular displacement glygrsoportional to the number
of teeth on each gear.

The TE results from a combination of geometric exrof the tooth profiles and
deflections due to tooth loading. Thus, even a gatr perfect involute profiles
will have some TE under load. It is thus importemimake comparisons of gear
vibration spectra under the same load to obtainorinétion about changes in
condition.

Gear vibration signals are dominated by two mapgesyof phenomena [45]:

(1) Effects that are the same for each meshinghtpetr, such as the tooth
deflection under load and the uniformly distribufeadt of initial machining errors
and/or wear. These manifest themselves at the rtaesgthing frequency and its
harmonics. Since there is a pure rolling actionhat pitch circle and sliding on
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either side, tooth wear tends to occur in two pagcbn each tooth. Wear is thus
often first seen as an increase in the second lacmaf the toothmeshing
frequency.

(2) Variations between the teeth, which can be libed or distributed more
uniformly around the gears. These manifest thenaseht other harmonics of the
gear rotational speeds, for the gear on which #reylocated. Localized faults
such as cracks and spalls tend to give a wide rahg@rmonics and sidebands
throughout the spectrum, whereas more slowly cmanfgiults such as those due
to eccentricity and distortion during heat treatimetend to give stronger
harmonics grouped around zero frequency and abasidis around the harmonics
of toothmesh frequency.

Since even with faults the same geometric shapesyalmesh in the same way,
the signals produced by gears are basically detéstic, at least as long as the
teeth remain in contact [46].

For light load or very large geometric errors tleeth can lose contact and
introduce some randomness or chaotic nature tostpeals. For condition
monitoring it is better for the loading to be saikint to maintain tooth contact, to
ensure that changes in the vibration signals aeg@ghanges in condition [44].

1.3. Structures

The process of implementing a damage identificadtostegy for aerospace, civil
and mechanical engineering infrastructure is retérto asstructural health
monitoring (SHM). This process involves the observation ofteucture or
mechanical system over time using periodically spaeneasurements, the
extraction of damage-sensitive features from theseasurements and the
statistical analysis of these features to deterrtirecurrent state of system health
[47]. For long-term SHM, the output of this procdssperiodically updated
information regarding the ability of the structute continue to perform its
intended function in light of the inevitable agire;nd damage accumulation
resulting from the operational environments. Unalerextreme event, such as an
earthquake or unanticipated blast loading, SHM sedufor rapid condition
screening. This screening is intended to provide,near real-time, reliable
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information about system performance during suclreexe events and the
subsequent integrity of the system.

1.3.1. Nonlinear dynamics applications

In many cases, in the process of SHM strategy, dantcauses a structure that
initially behaves in a predominantly linear manterexhibit nonlinear response
when subject to its operating environment and lopads rattling or sliding
against one another. The formation of cracks ocardelations that subsequently
open and close under operating loads is an exaofigiegch damage. Another type
of nonlinearity encountered in engineering systeisthe bilinear stiffness
characteristics exhibited by a metallic structurat tyields during severe loading.
An example of such damage is the yielding of sfemine civil engineering
structures during an earthquake.

In this section, based on the exhaustive paper bydéh et al. [48], the feature
selection portion of the SHM process is discusgagkther with the application of
nonlinear system identification methods to the desextraction process. In
particular, the second part of the Thesis (Chagtera 6 to 10) is focused on the
development and application of subspace-basedifidation techniques.

This section is not intended to be a compreherngview of all damage detection
methods rooted in nonlinear dynamics. It providase concepts for approaching
the feature-extraction portion of the damage d&tecprocess. These features,
which are damage-sensitive and based on nonliystars response, can either be
used as a direct diagnosis of damage or as inpstatestical damage classifier,
such as the Principal Component Analysis (describ&thapter 2).

Common damage-sensitive features and limitations

A damage-sensitive feature is some quantity exdcatom the measured system
response data that indicates the presence of damagestructure. ldentifying
features that can accurately distinguish a damagedture from an undamaged
one is the focus of most SHM technical literatu4®][ The feature-extraction
process is based on fitting some model, eitheripbysased or data based, to the
measured system response data. The parametemsefrtiodels or the predictive
errors associated with these models then beconsathage sensitive features.
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Inherent in many feature-selection processes idusiag of data from multiple
sensors and condensation of these data [48]. A @mnerample of data fusion is
the extraction of mode shapes from sensor arraiysilaly, the extraction of
resonant frequencies from measured acceleratiom histories can be thought of
as a data condensation process. Also, various fafrdata normalization are
employed in the feature-extraction process in &ortefo separate changes in the
measured response caused by varying operationaémwiconmental conditions
from changes caused by damage. The process ofrgrenifrequency response
function (FRF) whereby the measured responses igiged by the measured
input can be viewed as a data normalization prodesgarticular, the present
work will focus (see Chapters 2 and 3) on the RpadcComponent Analysis
method for damage detection, in order to take adoount the influence of the
operational and environmental conditions.

The most common features that have been reportid iSHM literature, and that
represent a significant amount of data condensdtiom the actual measured
quantities, are resonant frequencies, mode shagergeand quantities derived
from these parameters. These features are idehtifjefitting a physics-based
model, specifically a lumped-parameter modal model measured kinematic
response time histories, most often absolute aatela, or spectra of these time
histories. Well-developed experimental modal anslpsocedures are applied to
the measured response time histories or spectestimate the system’s modal
properties [50, 51]. The fitting process is donengdata from the structure in
some initial and usually assumed undamaged condiind then is repeated at
periodic intervals or after some potentially damggievent triggers the
assessment process. Changes in the modal parametéhen used to indicate the
presence and location of damage.

The features described above have several issgesia®d with them that have
prevented their use in most “real-world” applicasoFirst, most of these features
involve fitting a linear physics-based model to theasured data from both the
healthy and potentially damaged structure. Oftease¢hmodels do not have the
fidelity to accurately represent boundary condsicend structural component
connectivity, which are prime locations for damagecumulation. Also, this
process does not take advantage of changes ilystemsresponse that are caused
by nonlinear effects. As a result, nonlinear efigeind to be smeared through the
linear model-fitting process. From a more practigarspective, real-world
structures’ modal properties have been shown tosémesitive to changing
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environmental and operational conditions [52, 58] auch sensitivity can lead to
false indications of damage.

Based on these limitations and the observationrttzaty damage scenarios cause
a previously linear structure to exhibit nonlindaghaviour, researchers have
developed damage-sensitive features that take taby@of the nonlinear response
exhibited by a damaged structure. An exhaustiveugsion of some indicators of
the presence of nonlinearity is given in [48]: th&armonic or waveform
distortion, the coherence function, the probabitignsity function, two simple
correlation tests and the Holder exponent are destrA different approach is
analysed in this work. As introduced in the follogj it is based on nonlinear
dynamical systems theory and identification.

Analysis based on nonlinear dynamical systems theory

The main concept is that, if a given type of damameverts a linear system into a
nonlinear system, then any observed manifestatmnsonlinearity serve to

indicate that damage is present. In this sectionpdel for representing a crack is
described [48], based on nonlinear dynamical systé&meory. This model is

useful for mathematically representing a relatigmdbetween damage (and its
extent) and nonlinear contribution.

Consider a simply supported beam. In its undamatgte an assumption that the
beam can be modelled as a linear system is quiéquatie, but consider what
happens when a crack is introduced half-way al¢®dength, as shown in Fig.

1.1. When the beam sags, the effects of the creckegligible because the two
faces of the crack come together and the beam bslas/though the crack was
not there. When the beam hogs, however, the pressnite damage must affect
the beam because the crack opens and the effentigs-sectional area of the
beam is reduced. Under these circumstances, aw@mie model of the beam
would perhaps be that shown in Fig. 1.2a, which th&s general equation of
motion:

m(t) + ¢, 2(t) + Kz(t) = £ (1), (1.1)
where
K={k Z<O:ak—(1—a)k[€Mj. (1.2)
ak z=20 2
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When the displacemerzt of the masan is positive, the stiffnesk of the system
is reduced by a facto# . The two-valued stiffness produces an overallorasg
force F, that is bilinear (Fig. 1.2b). This type of modelncbe applied to a
number of mechanical systems in which moving paréke contact with each
other at intermittent points in time.

Different levels of damage can be given to theesysby varying the value of the
stiffness ratio coefficientr , by assuming thad < a <1 according to model (1.2):
the undamaged system is representedrby and higher levels of damage lead
to a decreasing value af. For this reason, it is better to consider a patenthat
increases as the damage increase: the coeffigfen(l-a is pyeferred, with

0< S <1. In this case, the undamaged system is represbpt@d= 0.

z<0

z>0

Figure 1.1. A cracked beam under negative and positive didles [48].

19



z(t), f(t)

ak
@L-a)k %
m
Q i
z=0
(b)
ak
k

0
Displacement z

Figure 1.2. (a) Single degree-of-freedom bilinear system Bitinear elastic force
F., with a = 05.
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The question of importance for damage detectiopgmes is whether the induced
bilinearity from a crack can be used to determhne gresence of the fault. More
specifically, the objective consists of procesdimg recorded dynamics in order to
extract one or more features that detect the creith a degree of statistical

confidence. Further, a deeper level of damage tletets related to obtaining a
feature that shows the severity of the damage.

The use of some features proposed in the past, asthe correlation dimension
of the attractor and the highest Lyapunov exponentliscussed in [48], by

considering typical nonlinear manifestations sushsabharmonic motions and
chaotic behaviour. In the present work, a differamproach is exploited:

nonlinear system identification.

Nonlinear system identification

The nonlinear system identification is a parameapproach which not only
allows the immediate characterisation of the nadnty, but also vyields
information on its location. The idea is to obtastimates of the actual equations
of motion of the system of interest using measui@é-series data. The presence
(and location to an extent) of nonlinearities beesnmmediately obvious in this
approach, which will be exploited in the secondt g&@hapters from 6 to 10) of
the present work. In fact, this part is focusedsahspace-based nonlinear system
identification. In the following, a brief state-tie-art about dynamic
identification and subspace methods is given, watime references.

During the last 20 years, there has been a growitegest in subspace-based
linear system identification methods. These methedsch process either raw
data or correlation matrices, have proven efficifamtthe identification of the
eigenstructure of a linear multivariable systengrewithout observed inputs [54,
55]. Several variants of stochastic subspace ifiemtion exist, but two main
categories can be defined, according to the typelabh matrices used in the
algorithms [56]: data-driven and covariance-drivegthods.

In the 90s the control and system identificatiormomunity carried out an
extensive work on data-driven methods. The famitysobspace state-space
identification (4S1D) methods consists of identfiion techniques which directly
estimate a state-space representation [51, 57, BRjre recently, many
researchers started focusing on covariance-drivethads [59 - 61]. A direct
estimate of a state-space representation is atsinel, but in a different way.
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Nonlinear system identification has been thoroughlestigated in recent years
and many efforts have been spent leading to a lawgeber of methods. An
exhaustive list of the techniques elaborated tatiflethe behaviour of nonlinear
dynamical systems is hard to write and, moreovesre is no general analysis
method that can be applied to all systems in atlucnstances. A comprehensive
list describing the past and recent developmerds/en in [62].

One of the established techniques is the Restdtorge Surface (RFS) method
[63]: this simple procedure allows a direct idengéfion for single-degree-of-
freedom (SDOF) nonlinear systems. There exist ie therature several
applications of RFS method to experimental systema: recent paper [64], it is
applied for the analysis of a nonlinear automotiaenper. A similar approach is
the Direct Parameter Estimation (DPE) method, wimay be applied to multi-
degree-of-freedom (MDOF) nonlinear systems: a pracimplementation of the
procedure is found in [65].

Recent methods are suitable for identification ofencomplex nonlinear systems,
in particular MDOF systems. One of them is the Goowked Reverse Path (CRP)
method [66]: this technique is based on the cooBtm of a hierarchy of
uncorrelated response components in the frequermyaith, allowing the
estimation of the coefficients of the nonlineasti@vay from the location of the
applied excitation. One of the examples of expentaleapplication is given in
[67].

More recently, a frequency domain method called IMear Identification
through Feedback of the Outputs (NIFO) has beepqgsed in [68], which has
demonstrated [69] some advantages with respedietdCRP, mainly due to the
lighter conceptual and computing effort. This methexploits the spatial
information and interprets nonlinear forces as wmsneed internal feedback
forces.

Starting from the basic idea of NIFO, the Nonlin€aibspace Identification (NSI)
method has been developed in [70], showing a hidgnsl of accuracy with
respect to NIFO. NSl is a time domain method whegploits the robustness and
the high numerical performances of the subspaceritigns. This technique has
been deeply investigated in the present work: firesented, together with some
interesting developments and applications, in Girapfrom 6 to 10. Several
additional references can be found there, refawetie specific arguments dealt
with in each of those Chapters.
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1.4. Pattern recognition

The idea ofpattern recognition (PR) is adopted in many modern approaches to
damage identification. Generally speaking, a PRrélym simply assigns a class
label to a sample of measured data. The appropelats labels would encode
damage type, location and extent. In order to cauy the higher levels of
identification using PR, it will almost certainlgmecessary to construct examples
of data corresponding to each class [4]. Each ples$ault class should usually
have atraining setof measurement vectors that are associated ugiquéh it.
This type of learning algorithm in which the diagtio is trained by showing it
the desired label for each data set is cadigubrvised learning.

The main drawback of supervised learning is tharepossible damage situation
should be known and data should be available réanihg the algorithm with the
class labels, from modelling or experiment. The plaxity of systems may cause
problems in modelling. Moreover, the damage itegly be difficult to model and
it may also make the system dynamically nonlinadypical structural example is
an opening-closing fatigue crack. For experimentsisimply not possible to
damage a real system for accumulating data from palésible damage
configurations.

An alternative isunsupervised learning, which can only be applied for detection
(Level 1 of Section 1.1.3). The techniques are rofteferred to asovelty
detectionor anomaly detectiormethods [71, 72]. In this case, diagnostics is
established by using only training data from thewed operating condition of the
system. Any significant deviation from training s$ais identified as a departure
from normal condition, i.e. as acquired damage.irAportant remark is that only
significant deviations should be detected: sonterta must be applied in order to
distinguish between statistical fluctuations in taga (for example, measurement
noise) and a real deviation from normality. An agprate approach iStatistical
Pattern RecognitiofSPR).

Another important observation is that there mayvlaeations in the normal
conditions that are not statistical: the charastes of the system may vary with
changing environmental conditions, and this mustdmesidered when designing
the monitoring system [4]. If the data used to abterise the normal operating
condition does not span the whole range of operatiand environmental
conditions observed in practice, it is likely t@rsal novelty when a previously
unseen condition occurs. A fault will incorrectlg diagnosed.
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A technique for preventing this situation to ocdoy, taking into account all the
practical conditions, is presented and applied aers from 2 to 5: it is based
on Principal Component Analysis.

Another pattern recognition technique that will lméefly described in Section
1.4.4 is quite different, since it is not based \brations. It is the Acoustic
Emission method.

1.4.1. Component analysis

Component analysis is a technique of multivariasisical analysis that can
linearly or nonlinearly transform an original sdtwv@riables into a substantially
smaller set of variables. It can be viewed as ssatal method for dimensionality
reduction. This technique has been widely appledittually every substantive
area including cluster analysis, visualization oighhdimensionality data,
regression, data compression and pattern recognitio

The Principal Component Analysis (PCA) techniquedéeply investigated in
Chapter 2, with a discussion (in Section 2.2.5)uabmther methods based on
component analysis. A more detailed descriptiorsaine extensions of PCA,
such as the Kernel-PCA (KPCA) or Local-PCA, canfbend in [13]. This
reference also introduces a collection of time-domand frequency-domain
statistical features, which should effectively eefl the machine status. PCA is
exploited in the first part of this work (Chaptdrem 2 to 5) for addressing the
problem of machine fault diagnosis. However, tleishnique can be also applied
in structural diagnostics, by adopting the ideotifion methods presented in
Chapters from 6 to 9 in order to estimate propatuiees such as the natural
frequencies of a structure.

Several papers reported the success of applyingp@oemt analysis to machine
fault diagnosis, often in combination with otherttpen recognition techniques.
For example, in [73, 74] the combination of compdnand Support Vector
Machine for induction motor fault diagnosis hascassfully been implemented.
Fault diagnosis of low speed bearings is presemedl2] using a pattern
classification method based on Relevance Vector hivkec in this case
component analysis was employed with the aim tgertphe data preparation
process. Another class of detection techniquesisgd on subspace methods: for
example, [13] explores subspace-based gearbox tammdmonitoring using
KPCA.

24



1.4.2. Vector machine

Vector machine methods are here briefly introdut@@dcompleteness, without
getting into detalils.

Support Vector Machine (SVM) is a kind of machiearhing technique based on
statistical learning theory. The basic idea of wimg SVM to pattern
classification can be stated as follows [12]: firslap the inputs vectors into one
features space, possible in higher space, eitheadly or nonlinearly, which is
relevant with the kernel function. Then, within tfeature space from the first
step, seek an optimized linear division, that isnstruct a hyperplane which
separates two classes. However, this techniqualsarbe extended to multi-class
classification. SVM training seeks a global optiedzsolution and avoid over-
fitting, so it has the ability to deal with a largember of features. A complete
description about SVM is available in [75].

A more recent method is the Relevance Vector MachiRVM), that uses
Bayesian inference to obtain parsimonious solutidos regression and
classification. The RVM has an identical functiofarm to the SVM, but
provides probabilistic classification. Interesteshders are suggested to refer to
[76].

1.4.3. Subspace methods

Subspace methods can be exploited in different@dmns such as, in particular,
diagnostics of machines and structures. These mgtban be considered as part
of the pattern recognition framework, since theg applied to condition-based
maintenance consisting in the early detectionighsideviations with respect to a
characterisation of the system in usual workingdtoons.

When applied to machine diagnostics, subspace methave recently been more
investigated by researchers and were effectivegdus pattern recognition.
Subspace methods have the good merits of combif@atyre extraction and
pattern classification into one single step. In thethod, data in the original
pattern space are projected onto a low-dimensitezdlire subspace extracted by
the redundancy reduction techniques, such as P@depkendent Component
Analysis (ICA) and KPCA. For example, in [13] thé&A technique was chosen
to construct the nonlinear subspace for gearbogition monitoring.
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When structures are considered, in many applicatitre problem of fault
detection is solved by investigating changes in eéfigenstructure of a linear
dynamical system. Several fault detection algorghimased on subspace-based
identification methods and statistical process negpes, are described for
example in [77, 78]. Extensions to damage locatisatan be found in [79, 80].
Subspace methods are introduced in Chapter 6 ame& s®w techniques are
presented in Chapters from 7 to 9 (with an appbecain Chapter 10).

1.4.4. The acoustic emission method

The Acoustic Emission (AE) method is a high frequyeanalysis technique which
was initially developed as a non-destructive tgs{iNDT) tool to detect crack
growth in materials and structures. The AE techaigan be found in a wide area
of applications such as structural health monitprimachine tool monitoring,
tribological and wear process monitoring, gear dsfenonitoring and bearing
fault monitoring.

For example, [81] overviews the modern applicatimisAE technique for
monitoring damage in a variety of structures, amel new approaches that have
enabled the successful application of the technitpaling to automated crack
detection.

The utility of advanced signal processing algorishand pattern recognition
techniques for bearing acoustic emission to acheasy detection of bearing
defects is established in [14]. During the bearapgration, bursts of acoustic
emissions result from the passage of the defecudgtr the roller and raceway
contacts. Defects at different locations of a begarvill have characteristic
frequencies at which bursts are generated. Therefbe signal of a damaged
bearing consists of periodic bursts of AE. The alga usually considered to be
amplitude modulated at the characteristic defegjudency. In the end, modulation
of the AE by the characteristic defect frequencykesait possible to detect the
presence of a defect and diagnose in what patieobéaring the defect appears.
The AE method should have an earlier detection lwlipyathan is achieved with
vibration; moreover, AE is also found to be a lretignal than vibrations when
the transducers have to be remotely placed frombdaing. A comprehensive
and critical review on the application of Acoustamission Technology to
condition monitoring and diagnostics of rotatingamiaery is given in [82].
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Chapter 2

Principal Component Analysis

Principal Component Analysis (PCA) is one of thesimwealuable results from

applied linear algebra, widely used in all formsaoflysis because it is a simple,
non-parametric method of extracting relevant infation from confusing data

sets. A simplified structure often underlies a ctarpdata set: PCA provides a
way for reducing it to a lower dimension to revélails hidden structure, with

simple computational issues.

The goal of this chapter is to provide both an itite feel for PCA and a

thorough discussion of this topic. The mathematicahcepts introduced in

Sections 2.1 and 2.2 are taken from the excelletdrial by Shlens [83]. In

Section 2.3, particular attention is given on ho@APcan be applied for damage
detection.

2.1. Motivation

Experimenters are often trying to understand soimenpmena by measuring
various quantities (e.g. spectra, velocities, \gdt& etc.) in a system.
Unfortunately, the data appear clouded, unclear eveh redundant, so this
fundamental obstacle does not allow to figure olatns happening.

A simple example from physics is given to provideiatuitive explanation: the
motion of an ideal spring is studied, as shownig E.1. The system consists of a
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ball of massm attached to a massless, frictionless spring. phieg is stretched
by releasing the ball and it oscillates indefinitellong the x-axis at a set
frequency.

This is a standard problem in which the motion gltre x direction is solved by
an explicit function of time, so the underlying dynics can be expressed as a
function of a single variable.

However, suppose to ignore which axes and dimeasiom important to measure.
Thus, the position of the ball is measured in adlkdimensional space, by placing
three movie cameras around the system. At everg tinstant, an image
indicating a two-dimensional projection of the iusi of the ball is recorded by
each camera. Supposing the experimenter does eatlewow what are theeal

x, y and z axes, so three camera axgsb,c} are chosen, at some arbitrary
angles with respect to the system. Moreover, thglean between the
measurements might not even be 90°. The camerasdret a set sampling
frequency for several minutes. The big questionaiesmhow a simple equation of
X can be obtained from this data set.

This is what happens in real world. Often, experiteess do not know which
measurements best reflect the dynamics of a sydtemthermore, the recorded
dimensions are sometimes more than the needed, thisaeal-world problem of
noise is always handled. In the spring example théans that air, imperfect
cameras or even friction (in case of a not ideahgp have to be dealt with. To
obfuscate the dynamics further, noise contamirthieslata set.

camera B ‘

< \, camera C
y

A
z

camera A

x

Figure 2.1. A diagram of the spring example [83].
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The spring example is used as reference in nextidBe@.2, when abstract
concepts are introduced. By the end of next sectibe question of how to
systematically extracx using PCA will be clearly addressed.

2.1. What is behind: mathematics

This section focuses on building a solid intuitifem how principal component
analysis works; furthermore, it illustrates this olwiedge by deriving the
mathematics behind PCA [83], from simple intuitions

2.2.1. Change of basis

The goal of principal component analysis is to categhe most meaningfolsis

to re-express a noisy data set. With this new pasiedden structure is supposed
to be revealed by filtering out the noise. In othards, the goal of PCA is to
discern dimensions to determine which dynamicsimugortant, which are just
redundant and which are just noise.

Data can now be defined: every time sample (or exyatal trial) is treated as an
individual sample in the data set. At each time @ama set of data consisting of
multiple measurements is recorded. Each sarnipie an n-dimensional vector,
where n is the number of measurement types (also calleaifes). Equivalently,
every sample is a vector that lies in apdimensionalvector spacespanned by
some orthonormal basis (e.g. the naive bfsis (10,....0),...,e, = (00,... D}).
With the assumption of linearity, PCA consists ebbre-expressing the data as a

linear combination of its original basis vectoretlY 0 R™N be the original data
set, where each column is a single sample i§ the number of samples). Let

X O R™N be another matrix related by a linear transforara® 0 R™". Y is
the original recorded data set aXdis a re-representation of that data set:

PY=X. (2.1)

An interpretation of (2.1), which represents a gef basis, can be seen by
writing out the explicit dot products d?Y :
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Py PO o POy
X =PY=]| : [yl yN]: . . :

o 2.2)
Py PnDn - Pn D

It can be recognised from (2.2) that theth coefficient of each columm; of X
IS a projection of the columiy; of Y on to the j-th row of P. Therefore, the
rows {pl,..., pn} of P are indeed a new set of basis vectors for reptiegethe

columns ofY .
This new set of basis will become thiencipal components of Y . A good choice
of basis P depends on what matriX is wanted to exhibit, as seen in next

sections.

2.2.2. Variance
For best expressing the data or, equivalentlyjrfearpreting confused data, three

potential interferences can be distinguished: nas&@tion and redundancy. The
spring example of Section 2.1 is exploited for éxetinderstanding these concepts.

(@) (b)

variance along p

Ya

SNR

P
0 45 90
A angle of p (degrees)

Figure 2.2. (a) Simulated data dfx,,y,) for cameraA. (b) An optimal p°,
where the variance an8NR are maximized, is found by rotating the axes.
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Noise and rotation

No information about a system can be extracted faosndata set, if measurement
noise is not low, independently from the appliedlgsis technique. No absolute
scale for noise exists, but rather all noise issuezd relative to the measurement.
A common measure is the following ratio of variameg?, calledsignal-to-noise
ratio (SNR)

SNR= —0225‘9”3' . (2.3)
0 noise

A high SNR (>>1) indicates high precision data, while a I®NR indicates
noise contamined data.
Referring to the spring example, suppose thatatth d'rom camera A are plotted
in Fig. 2.2a: noise consists of any value deviafmogn straight-line motion. Each
line in the diagram represents the variances dileetsignal and noise. TH8NR
is the ratio of the two lengths, measuring how datige cloud is. By considering
reasonably good measurements, the dynamics ofesitareassumedto be
contained in the directions with largest variant@sd presumably higheSSNR)
in the vector space of measurements.
Maximizing the variance (and th&NR) consists of finding the appropriate
rotation of the naive basis (Fig. 2.2b). This cgpends to finding the direction
p  that falls along the direction of best-fit linerfthe data cloud of Fig. 2.2a.
Thus, the direction of motion of the spring (foetB-D case) would be revealed
by rotating the naive basis to lie parallel 0. A generalisation will be given in

Section 2.2.3.

Redundancy

Fig. 2.2 introduces an additional confounding faatothe data: redundancy. This
issue can be clearly demonstrated through the gesiample, in which the same
dynamic information is recorded by multiple sensdiig. 2.3 shows a range of
possible plots between two arbitrary measuremepésy; and r,. Fig. 2.3a

depicts two recordings (for exampléxA,humidity) [83]) with no apparent
relationship: in other wordg; is entirely uncorrelated with, . Since in this case

r, cannot be predicted from,, they are statistically independent. On the other
side, Fig. 2.3c depicts highly correlated recordirfgr example it can be a plot of
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(xA,xB) if camerasA and B are very nearby. Clearly in this casgcan be

obtained fromr, (or vice versa) using the best-fit line. In thiaywywith a reduced

number of sensor recordings, a more concise express data would be
extracted. This is the main idea behind dimensioedliction.

(@) (b) (c)

Figure 2.3. Representation of possible redundancies in @@ the two separate
recordingsr; and r,. From (a) to (c): from low to high redundancieheTbest-fit line

r, =kr, is indicated by the dashed line.

2.2.3. Covariance matrix

In this section the previously described concepés generalised to arbitrarily
higher dimensions. Consider two sets of measuresneitlh zero means (because
the means have been subtracted off or are zero):

A={a,a,,...,ay}, B={b,b,,....by}.
The variances oA and B are defined as:
oi=Elaa], of=Ebh]

where the expectatioE[]l is the average oveX variables.
Thecovariance betweenA and B is a straight-forward generalisation:

o3e = Elab].

The covariance measures the degree of the lindatioreship between two
variables. A large (or, on the contrary, small) nealindicates high (low)
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redundancy. For example, in the case of Figs. arh2.3c the covariances are
large.
By converting A and B into the corresponding row vectors,

a=[al a ... aN], b=[bl b, ... bN],
the covariance may be expressed as a dot produgk rm@mputation

2 1 T
o, =——ab,
ab n-1

Where% 1 is a constant for normalisation providing an usbdestimation.

Finally, a generalisation from two vectors to arbiary number can be
performed by defining a new matrik 0 R™N :

Y1

Yn

Each rowy, corresponds to all measurements of a particulae.tffach column

of Y corresponds to a set of measurements from onieydarttrial. A definition
for thecovariance matrix C, can now be given:

1
C,=—YY. 2.4
v E— (2.4)
Specifically, theij -th element ofC,, is the dot product between the vector of the

I -th measurement type with the vector of theh measurement type.

Some properties of the square symmetric ma®jxJ R™" can be summarised,
reflecting the noise and redundancy in the measemés{83]:
* The diagonal terms are theariance of particular measurement types.
Large (small) values correspond to interesting dyina (or noise).
* The off-diagonal terms are ttmvariancebetween measurement types.
Large (small) values correspond to high (low) reghncy.

Diagonalisation

If matrix C, could be manipulated, the objectives should bg:tglminimize
redundancy, measured by covariance, and (2) tomaeithe signal, measured
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by variance. Such an optimised matrix (definedCgs) must be diagonal, since
all its off-diagonal terms should be zero.

PCA applies a method for diagonalisin@y, by assuming thatP is an
orthonormal matrix and that the directions with tgest variances are the most
“important”. In the simple example of Fig. 2.2B, acts as a generalised rotation
to align a basis with the axis having maximum va& In multiple dimensions
this could be performed by a simple linear algeblgorithm. The resulting
ordered set of row vectorg, of P are theprincipal components.

This method allows for judging the “importance” e&ch principal direction.
Namely, the variances associated with each diregioquantify how “principal”

each direction is [83]. Each basis vecigrcan thus be rank-ordered according to

the corresponding variances: the concept of dino@asireduction is appearing
again.

2.2.4. Solving PCA

Two solutions to PCA are derived using linear atgelsome of its concepts and
theorems are not treated in details. The readefaesred to [84] for them.
Given a data seY, the goal consists of finding some orthonormal rmaP
where X = PY such thatC, E%XXT is diagonalised. The rows &t are the

n —
principal componentsf Y .

Eigenvectors of covariance

Matrix Cy is rewritten in terms oP:

1 T 1 T 1 T\pT 1 T
Cy =——XX' =———(PY)(PY) =——P(YY' )P =———PAFP',
X n-1 n—l( NP n-1 ( ) n-1

(2.5)

where the new matrid =YY" is symmetric.
The keypoint is to recognise that a symmetric rraisi diagonalised by an
orthogonal matrix of its eigenvectors:

A=VDV', (2.6)
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where D is a diagonal matrix and is a matrix of eigenvectors o4, arranged
as columns.

Matrix P can be selected such that each rpwis an eigenvector o¥Y' . By

this selection, P=V' and substituting into (2.6)A=P'DP is obtained.

Moreover, the inverse of an orthogonal matrix sstitnspose, s®* = P' and
the evaluation (2.5) o€, can be concluded:

Cy = L pppr=_t P(P'DP)PT = 1 ppipppi=_L p.
n-1 n-1 n-1 n-1
(2.7)
It is evident that the choice d? diagonalise<C, and these matrices summarise
the results of PCA [83]:

« The principal components &f are the eigenvectors &fY" , or the rows
of P.

* Thei-th diagonal value o€, is the variance o¥ along p; .

Singular Value Decomposition

Another algebraic solution for PCA is derived ammdthe process, it is found that
PCA is closely related to Singular Value Decomposi{SVD), which is a more
general method of understanding change of basis.

The decomposition is written in its final form adléws [85, 86]:

A=UzVT, (2.8)
stating that any arbitrary matrid 0 R™" can be converted to an orthogonal
matrix U O RV, a diagonal matrixx 0 R and another orthogonal matrix

vV OR™.
By manipulating (2.8),

UTA=3VT =Z.

Hence,U ' is achange of basifom A to Z: U is termed th&€olumn spacef

A since it transforms column vectors, meaning thas$ ia basis that spans the
columns of A.

By symmetry to SVD (2.8),

VIAT=U"z=2Z.
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The rows ofV " (or the columns o¥ ) are an orthonormal basis for transforming
AT into Z. It follows thatV is an orthonormal basis spanning tbe spaceof

A.

With some computations PCA can be demonstratedltavithin the framework
of SVD, so that the two methods are related. Byrretg to the originainx N
data matrixY, a newN xn matrix X can be defined:

X = 1 YT,

-1

where each column oK has zero mean. The definition f becomes clear by

analysing X' X :

1 1

;
1

XTX = YT] ( YTj= YY' =C,.

( n-1 Jn-1 n-1 Y

By construction X' X is equal to the covariance matrix ¥f. From previous

subsection, the principal components ¥f are the eigenvectors of, . By
computing the SVD ofX as in (2.8), the columns of matrX contain the
eigenvectors of X' X =C,. Therefore, the columns of are the principal

components of .
As a final interpretation, observe thdt spans the row space & . Therefore, it

must also span the column space Xf = Y. The conclusion is that

1
An-1
finding the principal components amounts to findeany orthonormal basis that
spans theolumn spacef Y [83].

2.2.5. Discussion

Dimensional reduction

The main benefit of PCA is that the variandgg associated with the principal
components can be examined. Large values of vasaare associated with the
first m<n principal components and often a sudden jump ty small values
can be seen. The conclusion is that most integestymamics occur only in the
first m dimensions.
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This process, namedimensional reductignof throwing out the less important
axes can help in revealing hidden, simplified dyresnm high dimensional data.

Limits and extensions

PCA is a non-parametric analysis. This can be wika® a weakness, if some
features of the structure of a system are knownatpThese assumptions should
be incorporated into a parametric algorithm.

As an example, consider the motion along a circueniee [83]: PCA finds two
orthonormal principal components, but this answearat optimal. By recognising
that the phase contains all dynamic informatiore #ppropriate parametric
algorithm is to first convert the data to the ammpiately centered polar
coordinates and then compute PCA.

This parametric algorithm is termdarnel PCA The procedure is parametric
because the user must incorporate prior knowleflfeecstructure in the selection
of the kernel [87].

Sometimes the assumptions may be too restrictive.ekample, there may be
situations in which principal components need rotbe orthogonal, or the
distributions along each dimension are not neededhet Gaussian. This less
constrained set of problems is not trivial and Ibesn solved adequately by means
of Independent Component Analy8iSA) [88].

Local PCA for nonlinear cases

PCA is limited by its linearity and may sometimestbo simple for dealing with
real-world data especially when the relations amvaripbles are nonlinear. Thus,
nonlinear generalisations of PCA have emerged, @&s ifistance vector
quantization principal component analysis (VQPC29][

VQPCA is a local implementation of PCA that invadva two-step procedure: a
clustering of the data space into several disjagtons and the estimation of the
principal axes within each region. From a numermaiht of view, this leads to
piecewise application of PCA in each local region.

The application of VQPCA for damage diagnosis hasnbstudied in [90], in
which a close look at the choice of the distortionction used in data clustering
leads to new clustering strategies.
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2.3. PCA for damage detection

PCA is a multi-variate statistical method whichviery useful for eliminating
environmental effects in damage detection. Changesvironmental conditions
for structures (such as air temperature, temperaguadients, humidity, wind,
etc.) or machines (such as oil temperature, laadsting regimes, etc.) are known
to have considerable effects on signal featuresst\b the time, environmental
variables are not measured but their effects arelgnebserved from the variation
of the measured features [53].

The PCA-based method has been successfully usednhptfor time-invariant
systems, but also for time-varying ones, as a brigigh crossing loads [91].

2.3.1. Methodology

The n-dimensional vectory, denotes a set of signal features identified aetim

t,, (k=1, ..., N) with N the number of samplings. All the samples are

collected in a matrixY O R™™. For example, if the natural frequencies are
chosen as features, represents the number of selected modes. PCAda®vhe
following linear mapping of data from the origindimension n to a lower
dimensionm:

X =PY, (2.9)

where X O R™N s called the scores matrix a0 R™" the loading matrix.
The dimensionm may be interpreted as the physical order of tlstesy which
can be here related to the number of combined emviental factors that affect
the features. By such dimensional reduction, the&esy is forced to learn the
inherent variables driving changes of the featuned to capture the embedded
relation between the environmental factors anddhtaures [53].

Selecting the number of components

As seen in Section 2.2.4, matrix may be calculated by extracting the main
eigenvectors of the covariance matrix Wf. Alternatively, a more practical
method is to perform the SVD of the covariance matt the features:
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YY" =uz®UT, (2.10)

>, 0
2= ,
0 2,
where U is an orthonormal matrix, the columns of whichidkefthe principal
components and form a subspace spanning the data. définition,

with

5, =diag(o,0,....,0,) and %, =diag(0,u1.Ozs....0,) and the singular

values are written in decreasing order

0,20,220,>0,,220, - 0.

In most practical situations the elements 2f are assumed to be small with
respect to the elements @f, but they are not equal to zero due to the efbéct
noise (see Section 2.2.2) and/or the presencendifiear effects.

The reason of this dimensional reduction, as seedection 2.2.5, is that among
all the possible environmental factors, omhy of them have a strong influence on
the features and have to be considered. Matherigticthe features
approximately remain in the hyperplane defined by tm adopted principal
components. However, the selection of an appraprimensionm is not so
critical as it appears [53]. Since the relativergde of this hyperplane from the
reference to the current states is considereds ipassible to obtain stable
monitoring results with different values of the erdm. In some practical
situations temperature is the only significant emwmental factor (som= )1
while where the number of factors is not known iampor it is difficult to find by
observing the singular values, a verification bgpating a series of orden may
be considered.

Novelty detection technique

From the decomposition in (2.10), the first columns ofU may be used to build
matrix P in (2.9), which is exploited to project the mea&slifeatures into the
environmental-factor characterised space. Somernm&ton is lost when

performing this projection. This loss can be ass@$g/ re-mapping the projected
data back to the original space:

Y=P"X=P"PY. (2.11)

39



The residual error matriR is estimated as
R=Y-Y. (2.12)

From the residual error vectd®, obtained at timet, , the Novelty Index (NI)

[92] can be defined by using different types ofmpsuch as the Euclidean norm:

NI =R, (2.13)

or the Mahalanobis norm
NIM =JRC/R, , (2.14)

1 : : :
where C, :—1YYT is the covariance matrix of the features. If theliElean or
n F—

Mahalanobis indices are further assumed to be rtyrdsstributed, statistical
analysis may be performed. The following quantitezs be defined for the
prediction in the reference state by constructim¢<ebar control chart [93]:

Mean value: m, Standard deviationo ,

Threshold value: Th= NI +ao ,

where coefficienta is taken equal to 3, which corresponds to a cenfie

interval of 99.7% with the assumption of a normatribution.

After performing this “training” procedure for threference (which is definitely
healthy) state, a “test” procedure is carried opelaluating N, current states:

equations from (2.11) to (2.14) are applied to ment feature matrix', [ RMNe

in place of the reference feature matiixand the resulting Novelty Indexes are
compared to the threshold value in order to ingesti if damage has occurred.
Outlier statistics allows counting how many predicterrors p, (represented in
percentage) overpass the threshold: this percectaybée used as an indicator of
the damage detection. In the absence of damagé&dahees corresponding to the

current data should lie in the hyperplane spannethé features of the reference
state. The outlier statistics value of the curdatt should thus remain at the same

level as for the reference data apd= %0 Conversely, damages should cause a

departure of the features from the original hypamnpl and the outlier statistics of
the damaged state increase significantly: in threadped case the prediction errror
should bep, = 100%.
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Figure 2.4. Geometric interpretation [53].

In addition to the outlier statistics, the ratidlc/NI; (c and r denote,
respectively, the current and the reference statesy also be used as a

quantitative indicator of the damage level [53]. &hNI/NI; — 1 means no

damage, a relatively large rath/mr corresponds to the opposite situation.

2.3.2. Geometric interpretation

To illustrate the method, an exhaustive geometitierpretation is given in [53]: a
two dimensional case, i.e. when two featurgs and y, are considered, is

presented since it is the easiest to depict inrdigu

In Fig. 2.4, the reference features are represdmyedrcles: they are distributed
around their geometric centre. It is assumed tmatdispersion of the features is
mainly due to environmental variations. The appiaraof PCA to this data set
gives two principal components, namely PC-I and IPCFhe first one is
associated with the highest singular value andegpansible for the greatest
variation of the features; so it corresponds torttan environmental factor (or a
combined effect of several factors). By adopting terminology introduced in
Section 2.2, PC-l is associated to the most impbdgnamics of the system. PC-
Il represents the effect of secondary factors.
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Point Y is selected as an example. It is first getgd into the 1D space spanned
by PC-I, according to (2.9). The result is a scalgual to the length of segment
OXj. This data point is then re-mapped into the o@D space, resulting in
point Yi: the corresponding residual error is Y-YBy adopting the Euclidean
norm as in (2.13), the Novelty Index associategdmt Y is given by the length

of segment YY, thus NIy =[Y -Y,].

Suppose now the current set of features (repreddntecrosses in Fig. 2.4) is
obtained from the damaged state. Then, the envieatah factors influence the
new features in a different way, in comparison wikie reference features,
although the reference data may be intersectedolne of the current data as
shown in Fig. 2.4. Consider point Z, chosen in sacWay that its re-mapping
results again in point )Y By processing it as done for Y, the residual refor ',

leads to aNI; =|Zz-Y,|| that increases significantly with respectNy . In such

a comparison between healthy and damaged statesiféitt of the environmental
factors has been approximately eliminated.
In the classical PCA approach as described in @e&i2, a data normalisation
procedure is generally required, leading to vadabkith zero mean and unitary
standard deviation:

_ (Yk - 37)

Vi = ,
Jy

wherey and o, are, respectively, the mean and standard deviafi@ach data

set. In [53] it is pointed out that such normaisatshould be avoided in the
present case where PCA is exploited for damagecti@te To illustrate this,
consider again the two data sets represented irRHglf the mean value of each
data set is removed, Fig. 2.5a shows that the resmtaorresponding to the
damaged state are merged with those corresponalitigg treference state, so that
damage may no longer be detected. The problem maydided if the damaged-
state data are normalised by removing always trenmalue of the reference data
rather than its own mean value, as shown in Fip.2.
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Figure 2.5. Geometric interpretation of PCA with data normsalion [53]: (a)
eliminating mean value of each set; (b) eliminatmgan value of reference data
for both sets.

By using the non-normalised features, it may be alestrated that, in linear (or
weakly nonlinear) cases, the PCA-based detectiotihadeis robust even when
features are identified in a limited range of eommental variations [53]. This is
due to the fact that the PC-I calculated from daé&d A in Fig. 2.4 is
approximately the same as the one calculated frata get B or from the full
reference data set. In addition, a part of datenfdamaged state (e.g., data set C
in Fig. 2.4) may be compared with any data setetérence to issue a damage
alarm. If data normalisation is adopted as in Bigb, this robustness is lost, and
one needs to identify the reference features ®mthole set of data representative
enough of all the environmental variations.

In summary, without data normalisation, it may betnecessary to measure the
features in reference state on the full range wfrenmental variations. It may not
be even necessary to care about the environmeotaitons in which the
features are measured. This is the main reasontidyPCA-based method is
useful for damage detection. However, it should Kept in mind that the
assumption of linear behaviour is very stringenis iwell known that completely
linear cases are seldom in practical applicatidinerefore, no clear conclusions
may be obtained when features are available omn flimited environmental
variations. A preliminary study of the system, ae full range of environmental
variations, should be carried out when possiblehieck the range of validity of
the linearity assumption. An example is given irafier 5.
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Chapter 3

Numerical application of PCA for
damage detection

In this chapter a simple numerical example is pseploto illustrate the PCA-
based method for damage detection under varyingamaental conditions, as
described in Chapter 2.

3.1. Five degrees of freedom system

The five degrees of freedom system shown in Fiy.is8considered. A damage is
introduced between masses 1 and 2, as indicatdtelnged region in the figure, in
the form of a stiffness reduction of 10%. The fimasses have the same value of
m =2 kg, while the system is assumed to be made ointaterials. The stiffness
of both materials is considered as temperaturerdkgrg, as shown in Fig. 3.2.

k2 kl k2 k2 kl k2
m _@ m vy m m m
e = L s = =y =
Co C1 [®) ) C G

Figure 3.1. Representation of the five degrees of freedostesy. Damage is
located in the red region in the form of a stiffnesduction of 10%.
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Figure 3.2. Assumed stiffness of the two materials versasptrature: (a)k,;
(b) k,.
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Observe that all the parameters associated teea@sple are not assumed to be
quantitatively related to physics: the aim is togtrate the capabilities of the
PCA-based method from a qualitatively point of vidwen if they are useless in
this application, two values of damping = 28 Ns/m andc, = 48 Ns/m are

also defined for completeness.

The (non-normalised) natural frequencies of the &d@s of the system are
considered as the vibration features: their contjmutas performed every 0.3 °C
in the temperature interval assumed for each of ghesented cases. Since
temperature is the environmental factor under gi®m@ of which the system is
monitored, it is assumed to be unknown and unmedsur

Observe that for real structures the natural fraqies can be computed by
performing an identification procedure starting niraneasurements of input
and/or output data. This issue is fundamental fgplyang PCA in structural
health monitoring and some identification methodk lve addressed in Chapters
from 6 to 9.

3.2. Quasi-linear case

In this section the focus is on the temperatureruatl from 0 to 30 °C. Fig. 3.3
shows the evolution of the natural frequencfegi = 2,...,5) as a function off;.

The frequencies are scaled with respect to theianmegalues, for better
visualisation. Fig. 3.3 reveals the presence ofeakwnonlinearity due to the
existence of two different materials and, in paac, to the nonlinear
characteristic ofk, versus temperature. Since the nonlinearity is wehk

assumption of linearity is made in order to applky toncepts of Section 2.3.

It may be observed that both temperature variatenms$ structural damage are
responsible for changes of the natural frequenei®shown in Fig. 3.4 for modes
3 and 4. In absence of a precise correlation betwibe variations of the

temperature and of the features, since the formernat measured, a simple
comparison between the features identified in ckffié environmental conditions
does not lead to a clear diagnostics of possibheag@s [53]. This can be seen in
Fig. 3.4 by noticing, for example, that the sameura frequencies can be
associated to two conditions: the reference (hgglteystem at higher

temperatures or the damaged system at lower tetopesa
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3.2.1. Effect of noise

Fig. 3.4 has been obtained by representing thetexalces of the natural
frequencies, i.e. without accounting for the preseof random effects. To do so,
in this section the vibration features are pertdrbg adding a certain amount of
noise: by referring to the comments about Fig. 8.4vill be shown that more
noise leads to a less clear diagnostics of posddnigages.

A high amount of noise, obtained by adding to tbatdires a Gaussian random
vector with a standard deviation of 1% of their &xaalue, is considered in Fig.
3.5. The reference and the damaged conditions ntegggher and the natural
frequencies associated to them are hardly separatethcorrect diagnostics is
expected. This is demonstrated by Fig. 3.6, in tvluoly 2 data acquisitions out
of 100 are identified as damaged (and they are slesge to the threshold anyway)

and the ratioNI /NI is very close to 1.

A low amount of noise, obtained by adding to thatdees a Gaussian random
vector with a standard deviation of 0.1% of theda& value, is considered in Fig.
3.7. A clear separation between the reference haddamaged conditions is
observable, so that damage is expected to be ddtdny the PCA-based
procedure. This is shown in Fig. 3.8a: the compdeteof 100 data acquisitions is
correctly identified as damaged, with a large diséa from the threshold

demonstrated by a high ratﬁc/mr :

In general cases of real structures, the concepoist is related to errors coming
from the performed identification procedures: a lawount of noise is associated
to a high level of agreement when estimating theiraé frequencies. Again, as
stated in Section 3.1, the application of efficiedéntification techniques is

crucial for correctly exploiting the capabilitied the PCA-based method for
damage detection: more and more accurate estimétée natural frequencies

lead the method to be more and more sensitiverttaga extent. For this reason,
a detailed study of the subspace-based identificatiethods will be addressed in
Chapters from 6 to 9.
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Figure 3.5. Natural frequencies of modes 3 and 4 varying wethperature, for
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Figure 3.6. Incorrect damage detection in case of a high |€4®) of added
noise. The reference data are on the left of thiécae dashed line, while data
from the damaged system are on the right. The hibtdss represented by the
horizontal dashed red line.
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Figure 3.7. Natural frequencies of modes 3 and 4 varying wethperature, for
the reference and the damaged case, with a low(@Jéo) of added noise.

3.2.2. Results

The 0.1% amount of noise is retained for illustrgtall the results of the present
and the following sections. In order to assessetfieiency of the PCA-based
damage detection method, two objectives are inyat&tidl and the results are
presented in the following:

The method should be able to detect existing damagiependently of the
environmental conditions at which the identificatiof the vibration features
is performed. In Fig. 3.8a the complete set of A8t acquisitions is correctly
identified as damaged: temperature effects have tEaoved by the method.
Moreover, since non-normalised features are useyl, 38b is helpful to

demonstrate what stated in Section 2.3.2: the P&#edb detection method is
robust even when features are identified in a éohitange of environmental
variations. In fact, in Fig. 3.8b the data acqiositon the damaged structure
has been realised at a lower temperature rangeo (@5t °C) than the

measurements on the healthy structure (15 to 30 DQg to temperature
effects, the difference between the features cporeding to the healthy and
the damaged structure, respectively, could have baered [53]. However,
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as indicated in Fig. 3.8b, this has not been amactesfor the method, which
clearly detects the presence of damage.
In the end, Figs. 3.8a and 3.8b can be comparezlpatis related to reference

data are similar, in terms of mean valdg, and threshold: this is due to the
application of PCA in combination with the Mahalamonorm (2.14), which
involves the covariance matrix of the featur€g. Referring to the parts

related to the damaged system, their NiIs both sh®hght increasing trend:
this is due to the weak nonlinearity of the feasutoreover, the mean value

Nl¢ in Fig. 3.8b is a bit larger than the one in A@a. Again, the reason is
weak nonlinearity. The principal component (jusepsincem =} calculated
from a data subset in Fig. 3.8b is not exactlyshme (as expected in a linear
case) as the one calculated from the full referatata set in Fig. 3.8a: the
effect is seen in the NIs of data from damagecstat

e No alarm should be issued if no damage occurs ed@m measurements are
performed under different environmental conditioAs.second set of 100
healthy data is computed to be monitored by the &@ged method. In Fig.
3.9a the complete set is correctly identified aalthg: only 1 data acquisition
out of 100 is identified as damaged (but it is vetgse to the threshold

anyway) and the ratidmc/mr is very close to 1. In Fig. 3.9b the data

acquisition on the monitored structure has beeliseshat a lower temperature
range (0 to 15 °C) than the measurements on tleeergfe structure (15 to 30
°C): the false-positive verification is correcttivonly 2 small false alarms.

In this example, the main environmental variablthestemperature: then, a single
principal component was retained in the calculatfpe. m= 1). However, it
should be observed that no significant differenaa be seen in the results by
considering more principal components in the amalySor instance, Figs. 3.10
and 3.11 display the results obtained by usmg pridicipal components. In
particular, Fig. 3.10 is the corresponding of B@ and the same comments hold;
Fig. 3.11 is the corresponding of Fig. 3.9, the samamments hold but with no
false alarms in Fig. 3.11a and only 1 small falaenain Fig. 3.11b.
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Figure 3.8. (a) Damage detection using full range (from 03@ °C) data of
reference and damaged system. (b) Damage detadiog two sets of data at
different temperatures: reference from 15 to 3@A@ damaged from 0 to 15 °C.
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Figure 3.9. (a) False-positive verification using full ranfeom 0 to 30 °C) data
of reference and monitored system. (b) False-p@siterification using two sets
of data at different temperatures: reference fréol30 °C and monitored from
0to 15 °C.
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Figure 3.10. m= 3. (a) Damage detection using full range (from @@c’C) data
of reference and damaged system. (b) Damage detacting two sets of data at
different temperatures: reference from 15 to 3@AG@ damaged from 0 to 15 °C.
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Figure 3.12. Evolution of the damage level percentage linear and quadratic
representation.

3.3. Damage evolution

The sensitivity of the PCA-based method to damagene is investigated in this

section. The considered temperature interval ismffbto 30 °C as in previous

section, but now each feature acquisition is coeghwtith a temperature chosen
randomly from a Uniform distributiorl! (0, 30). The aim is demonstrating the
capability of the PCA-based method to detect arregming damage extent
independently of any temperature characteristia éwee, i.e. to uncouple the

time evolutions of damage and temperature.

The damage location is between masses 1 and 2,Fag.i3.1, but in this case the
damage level is expressed in percentage by a amofitimea(t ). The damaged

stiffness can be representediasiefined by the following:

ey [1_a®)
KET) —(1 mojklm.
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Figure 3.13. Damage detection using the complete data seefefence and
damaged system. (a) Linear damage evolution. (lad€atic damage evolution.
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where T~ U (0, 30) °C for each data acquisition. Two chanasties for
representing the damage level are considered,cagnsin Fig. 3.12: a linear and a
guadratic function for increasing damage from (QL@8%6. Observe that the data
acquisition number is adopted instead of time, esithe study is qualitative and
they can be related by specifying some feature Baghfrequency. The reference
data set is assumed to be the same for both cases.

The capability of the PCA-based method to deteetetvolution of damage extent
iIs shown in Fig. 3.13. A qualitative evolution linetraced (in red) for the data

sets of the damaged system, frow, to the last values of NI, for both linear
(Fig. 3.13a) and quadratic (Fig. 3.13b) cases:Nls&ecomputed for the damaged
cases are in agreement with these evolution lines.

A further quantitative consideration can be donetyparing Fig. 3.13a and Fig.

3.13b, since the reference states are the santke linear case, the threshold is
crossed after about 35 damaged data acquisitiags §F.3a), corresponding in

Fig. 3.12 to a damage level of about 3.5%. On thgrary, from Fig. 3.12 such a

damage level should be reached after about 60 dadn@@ta acquisitions in the

guadratic case. This is exactly what can be obddarv€ig. 3.13b: the threshold is

crossed after about 60 damaged data acquisitions.

3.4. Nonlinear case

The robustness of the method (still with lineaagsumptions) is investigated in a
slightly stronger nonlinear case, by extending tperature range (Fig. 3.2)
from -45 to 45 °C. The strong nonlinearity is shawriig. 3.14, which represents
the evolution of the natural frequencids (i = 2,... 5) as a function off,. The

frequencies are scaled with respect to their medures, for better visualisation.
The results of the damage detection are given gs.R.15a and 3.15b. In Fig.
3.15a the data acquisition on the damaged struttasebeen realised at a lower
temperature range (-45 to 0 °C) than the measursnoenthe healthy structure (0
to 45 °C): in this case data contained in regioncéiresponding to the high
nonlinear effects, are not identified as damaged. t@e contrary, when the
features start again to behave in a quasi-linegr(asin the reference region), the
damage can be detected. A similar situation ocaurfig. 3.15b, where the
complete set of 300 data acquisitions is considerettis case both the reference
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and the damaged data sets include data influencétemonlinearity in regions B
and C, respectively. Nonlinearity causes outliergdgion B and it is also the
reason why the damage detection fails in regioM@reover, in Fig. 3.15 the Nis
computed for the damaged case show a trend thahcarrectly be interpreted as
a damage evolution: this is again due to the s@#ompnlinear nature of the
features.

Another main problem when applying the PCA-basethotto a nonlinear case
occurs in the false-positive verification, as shown Fig. 3.16a. When
measurements are only available for two differemgerature intervals (reference
from 0 to 45 °C and monitored from -45 and O °Galae or unclear detection is
possible. The opposite of what happens in Fig.8ddeurs: in Fig. 3.164a, in fact,
healthy data corresponding to the high nonlineferces are incorrectly detected as
damage. On the contrary, when the features starh ag behave in a quasi-linear
way (as in the reference region), the Nlis returtenrthe threshold value.
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Figure 3.14. Diagram showing stronger nonlinearity: evolutioh the scaled
natural frequencies; (i =2,...,5) as a function off; .
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Figure 3.17. m= 4. False-positive verification using two sets ofadat different
temperatures: reference from 0 to 45 °C and madtfnrom -45 to O °C.

Two strategies can be exploited in order to overa@malleviate this drawback.
The first consists in considering the complete (feB00 data acquisitions, as
shown in Fig. 3.16b. Nonlinear effects are stilsetvable but are now merged
into a larger data set of quasi-linear data: onlgala acquisition out of 300 is
identified as damaged (but it is very close tottiveshold anyway) and the ratio

m/m is very close to 1. With the second strategy siheation is the same as

in Fig. 3.16a: the two temperature intervals aretkebut four principal
components are used instead of one. As shown in Fiy, this is a more
conservative choice leading to a reduction of fglssitive manifestations, even if
the drawback has not completely been overcome #s the application of the
first strategy.

In conclusion: since the exact number of environiaeiactors may be unknown
in practice, it seems appropriate and safe toheeynethod with several increasing
model orders [53]; since linearity cannot generbityassumed, it is safer to apply
the method by considering a full range data setlucing all values of
environmental conditions that can occur in practice

A procedure for extending the PCA-based damagecti@emethod to nonlinear
cases has been studied in [90]. The method inval\es-step procedure, namely
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a clustering of the data space into several regamaisthen the application of PCA
in each local region. The application of local P@llews performing a piecewise
linearization of the nonlinear problem.
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Chapter 4

Experimental application: the
bearing test rig

In this chapter the experimental application of Pi@Aearing damage detection
is introduced. The test rig, set up in the Labosatof the Department of
Mechanical and Aerospace Engineering of Politecrd¢oTorino, is at first
described in detail. Then, the instrumentation respnted and a complete
description of the (huge) amount of performed testgven.

Next Chapter 5 will deal with the PCA analysis loé tacquired data, by showing
all the obtained results.

4.1. Description

The bearing test rig has been conceived to cartyanwexhaustive experimental
campaign on bearings with different damage levelscontrolled laboratory
conditions. Since the test rig involves only thbearings and a rotating shatft, the
objective is to minimize spurious signals due t® pinesence of many mechanical
elements and in particular meshing gears or otifieating elements.

The test rig (a detail is shown in Fig. 4.1, in @i®Norks rendering) has been
designed in collaboration with Avio S.p.A. and iash been conceived for
simulating the bearings operative conditions aslaito those observed on real
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gearboxes. For this reason, the selected elementeaved from those mounted
on one of the real Avio gearboxes.

Referring to Fig. 4.1, bearings 1 and 2 have agrimal diameterd® = 28Bm. The
rotating shaft has been properly modified, by stltgtg the central transmission
gear with the housing of bearing 3, to which aahbltiad is applied. Bearing 3 has
an internal diamete® = 4@m and a different number of rolling elements with
respect to bearings 1 and 2. Moreover, it is oveedisioned and it can be stressed
with a load that is about twice the load allowedbearings 1 and 2: the reason is
to avoid early wear or damage, since this beasngt considered for the tests.
The oil pump and the lubrication system have beahlly Avio for these specific
tests. The whole test rig is shown in Fig. 4.2wimch an electric spindle and a
load cell can be seen.

The electric spindle is provided with its fixingmort, its power supply and its
connections (in white, in the background of Fi@)4with the cooling circuit. The
spindle has been properly selected in order tchreaotating speed of 30000 rpm
(or 500 revolutions per second, “Hz"), as requesigdhe project proposal. For
the purposes of the tests, the rotating speedsacage from 6000 to 30000 rpm
(100 to 500 Hz).

The load cell measures the radial force actingemaribg 3. The springs (in green)
for imposing the load on the bearing can be seahenforeground of Fig. 4.2.
The calibration characteristic of the load cekl®wn in Fig. 4.3.

Figure4.1. A view of the test rig, in a SolidWorks rendering.
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4.2. Instrumentation

42.1. Sensors

The test rig has been equipped with some triax@el@rometers (3 or 4,
depending on the setup as described in the follg)istrictly fixed to the
structure by grub screws. The characteristics efabcelerometers are given in
Table 4.1, while their axes orientation is showrFig. 4.4: the x, y and z axis
correspond, respectively, to the axial, radial tarhential direction. The sensors
are connected to a Oros OR38 data acquisitionrayste

In order to record some significant temperaturauesl two thermocouples are

placed in the oil basin and in proximity of the exxtal ring of bearing 3,

respectively.

Two similar setups have been designed for the.tests

* Setup #1 (Fig. 4.5), with 4 accelerometers: on bearing dpsut (channels 1-
2-3), on bearing 2 support (channels 4-5-6), onibga& support (channels 7-
8-9) and on the motor support (channels 10-11-12).

* Setup #2 (Fig. 4.6), with 3 accelerometers: on bearing Bpsut (channels 1-
2-3), on bearing 2 support (channels 4-5-6) antearing 1 support (channels
7-8-9). Moreover, in this setup an electrical nesisan be used to heat the oil
properly and control (up to a certain level) it perature.

4.2.2. Damaged bearings

Some different damaged bearings were availablglsapby SKF by keeping the
specifications requested by Avio. A comprehensig¢ ¢f damages type and
extent is given in Table 4.2. These bearings camtented in housing number 1

(Figs. 4.1 and 4.2).

Table4.1. Characteristics of the accelerometers

Producer Model Full scale Nominal sensitivity Resonance

Kistler  8763A500, triaxial 5009 10mV/g ~55 kHz
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Spindle sid

Nozzle sid

Figure 4.4. Axes orientation.

Table 4.2. List of damages.

Load cell sid

Denomination Type Extent (in microns)

0A No damage (“Healthy”)

1A Inner ring indentation 450
2A Inner ring indentation 250
3A Inner ring indentation 150
4A Rolling element indentation 450
5A Rolling element indentation 250
6A Rolling element indentation 150
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Figure4.5. Setup #1.
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Figure 4.6. Setup #2.
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4.3. Data collection

The test campaign covered a period of almost tvessydrom September 2009 to
July 2011. During the tests, both setups have hdepted to acquire a very large
data set through some different types of measuresm@&he complete data set is
useful for giving an overview on how the PCA metloach be applied on such a
complicated real-life system. The PCA analysis Wdlpresented in Chapter 5, by
following the conceptual baseline presented in @rap for a simple structural
numerical application.

In the following, a description of the five differetypes of test is given. Observe
that all time series have been recorded at a sagpiequency of 102400 Hz, for
8 seconds.

Test #1

Measurements have been acquired on Setup #1.

The seven types of bearing listed in Table 4.2 HBen mounted in sequence on
the test rig and, for each of them, the tests l@en performed by crossing five
values of rotating speed (100, 200, 300, 400 ar@ B9 with three values of
loading (1000, 1400 and 1800 N). A total numbefd Bfacquisitions per bearing
type was finally obtained.

For each type of mounted bearing, the tests hawn lparried out in close
succession (about 30 minutes were needed for thacdgisitions), so that the
temperatures (oil and bearing) waret expected to reach stabilisation. This is
shown in Figs. 4.7a and 4.7b for the 2A and 6A ibgar respectively: for a fixed
value of loading, the five rotating speeds weré&tbsn sequence, from 100 to 500
HZ; then, the motor was switched off for changihg applied load and switched
on again, for next tests. Observe that the bedengperature decreases when the
motor is switched off, while the oil temperaturesisl slightly increasing since
the oil circulation system is not switched off.
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Test #2

Measurements have been acquired on Setup #1, fiestthe end of Test #1
described above.

Only the bearing 4A (Table 4.2) has been considéoethis endurance test. The
initial rolling element indentation of bearing 44 shown in Fig. 4.8. During the
test, the operating conditions were constant, witbtating speed of 300 Hz and a
loading of 1800 N.

A total number of 268 measurements has been acguirslightly different ways,
for a total amount of almost 200 operating hours:

- Measures from 1 to 101: the first measure of dag was recorded 30
minutes after switching the rig on. A measuremerdry 30 minutes was then
acquired. In this way, the first measurements & tlay were takemnvithout
reaching a complete rig heating (Fig. 4.9a).

After about 50 operating hours, the bearing has heenounted and its rolling
element indentation has been inspected: no signifidifferencies have been seen
with respect to what observed in Fig. 4.8.

- Measures from 102 to 183: the first measure ef day was recorded 90
minutes after switching the rig on. A measuremerdry 30 minutes was then
acquired. In this way, an almost complete rig mgptias reached (Fig. 4.9b).
After about 50 operating hours, the bearing has heenounted and its rolling
element indentation has been inspected again: grfisant differencies have
been seen with respect to what observed in Fig. 4.8

- Measures from 184 to 268: the first measure ef day was recorded 90
minutes after switching the rig on (reaching anadmcomplete rig healing). A
measurement every 60 minutes was then acquired. pirt lasted for about 95
operating hours. Again, no significant damage im&et was seen from a final
inspection of the rolling element.
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(b)

Figure 4.8. (a) The initial rolling element indentation of asang 4A. (b)
Magnification: the scale is represented in tenthsiidimeters (the values 2, 4, 6
and 8 are in millimeters).
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Test #3

Measurements have been acquired on Setup #1.

The bearing 4A (Table 4.2) has been considered) wie same operational
conditions (a rotating speed of 300 Hz and a laadinl800 N) of Test #2. In this
case, the measures have been recorded in closessimtin order to follow the
bearing temperature increasing, from switchingrip@n at about 20 °C.

Two successions of 13 measurements were sepaetglyred (on the 19th of
October and the 27th of November, 2009). For eaatession, the measured
temperatures are shown in Figs. 4.10a and 4.18pectively, against the time
elapsed from switching the rig on. They are venyilgir, but in the second
sequence the oil temperature is about 5 °C lowaar th the first sequence. There
is no particular explanation about that, excepttf@ change of date causing a
cooler outside temperature that may induce a loagj&eating time.

Test #4

Measurements have been acquired on Setup #2.

The undamaged bearing OA has been considered avatinstant loading of 1800
N. Three values of rotating speed (200, 300 andHgf)0are tested. For each of
them, by using the electrical heater, the measumerieve been recorded in four
steady-state values of the oil temperature (45,780and 85 °C, within a 7%

margin). An average number of 20 measures was @j@ior each combined

condition and the test was repeated twice, for tal toumber of about 480

measurements. The temperatures for the case witating speed of 200 Hz are
shown in Fig. 4.11: the use of the heater allows ¢lystem to reach high

temperatures. Moreover, they are very similar fgeeeted) when comparing Day
1 and Day 2.

Test #5

Measurements have been acquired on Setup #2.

The undamaged bearing OA has been consideredsat Tine tests have been
performed by crossing three values of rotating @60, 175 and 200 Hz) with

three values of loading (1400, 1600 and 1800 N). éach configuration, 40

measures per day were acquired and a single testapaated over two days, for
a total number of 720 acquisitions.
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The electrical heater has been exploited in ordleeduce the time needed by the
system to reach temperature stabilisation. Obseilvat different stable
temperatures correspond to different configuratiodge to the changes in
operating conditions (rotating speed in particulém)other words, there is not a
global stable temperature for the system, but eactiguration reaches an own
stable value. This is shown, for example, in Fg&2a and 4.12b. Different stable
values of temperature can be seen for differemtingy speeds and a fixed loading
(Fig. 4.12a). On the contrary, when the rotatingespis fixed (Fig. 4.12b) no
significant differencies can be observed for tHeded different loadings.
However, the differences are slight (within 10%gl,aim addition, no other way of
fixing a universal stable value for temperaturesl@de practically adopted. So
these cases will be considered “at a fixed (comstamperature”, when applying
PCA in Chapter 5.

The same tests have been repeated by considearathaged bearing 4A (Table
4.2). In this case each configuration was testdy amce, so that a total number
of 360 measurements was acquired.

The same considerations about temperatures holgls.(M.13a and 4.13b).
Moreover, no particular differencies can be seercdiyparing the temperatures
of bearing OA and 4A: this will be useful for dareagdgtection in Chapter 5.
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speed of 200 Hz. The four steady-state values efadih temperature can be
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Chapter 5

Experimental application: PCA-
based bearing diagnostics

In this chapter the experimental application of Pi@Aearing damage detection
is shown through the obtained results (see alst).[I4e test rig, set up in the
Laboratory of the Department of Mechanical and Apexe Engineering of
Politecnico di Torino, is described in previous Qtea 4.

At first, the motivation for exploiting PCA is ilkirated: the features are shown to
be dependent on the operational and environmeatalitons. Then, the obtained
results are described and three objectives of dstgs are investigated: damage
detection (and false-positive verification), damageent and localisation.

5.1. Motivation: operational and environmental
conditions

Starting from the methodology introduced in SecoB.1, then-dimensional set
of signal features defining thex N matrix Y in (2.9) has to be defined\( is
the number of measurements).

The selected parameter, for each of the measurenteminels as defined in
Section 4.2.1, is the root mean square (RMS):
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S
RMS = EZXiZk, fori =1,...,n (5.1)
Ska1

where s is the number of recorded samples for each measumteandx; , is the

k -th sample of the -th channel.

This statistical parameter has been found to beitbem to damage and easy to
compute. Moreover, the operational and environmesdaditions influence the
RMS in such a way that it satisfies the lineardy quasi-linearity) assumption for
applying the PCA method, as demonstrated afterwafayy other damage-
sensitive parameter can be used, in both the timEequency domains [13],
provided that the (quasi-) linearity condition isaganteed.

The number of features can be 9 or 12, depending on which Setup (seedBect
4.2.1) is considered. However, channels 4, 5 aatetot so good because they
correspond to the sensor placed in proximity ofringa2, on which the load is
applied. This produces high levels of noise whicaynmask the damage-
sensitivity capability of these channels, which moéconsidered in some cases.
In the following, the dependence of the RMS fronche@af the measurable
operational and environmental conditions of theé t@gis investigated in detall,
together with the quasi-linearity demonstratiort tdbows the PCA to be applied.

5.1.1. Rotating speed

In order to investigate if both rotating speed atwons and damage are
responsible for changes of the RMS, Test #5 isidensd in Fig. 5.1, with a fixed
loading value of 1800 N. In particular channel &®wn, but similar results can
be obtained for all channels. All measured valuesdepicted with circles; the
solid and dashed lines represent linear regressi@iscan be used to observe a
quasi-linear dependence between RMS and rotatiegdspThis is a sufficient
condition to assert the quasi-linearity among ladl teatures, as demonstrated in
the next Fig. 5.2a, but it is not necessary. Irt,fdwe quasi-linearity must be
checked in a feature versus feature diagram, wdifeature versus condition
relationship can also be nonlinear, as reporteékeiction 5.1.3.

In absence of a precise correlation between thati@rs of the rotating speed and
of the RMS, since the former are supposed to beawk, a simple comparison
between the features identified in different operal conditions does not lead to
a clear diagnostics of possible damages. This easebn in Fig. 5.1 by noticing,
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for example, that the same RMS values can be adedcio two conditions: the
reference (healthy) system at higher rotating spemdthe damaged system at
lower rotating speeds.

Fig. 5.2a (Test #5) shows the evolution BMS (for i=3 andi=9 as a

function of RMS,, for the healthy bearing OA (see Table 4.2). ThdSRvalues
are not scaled, for better visualisation. Fig. sc@afirms the absence of a clear
nonlinear relationship among features, so in thsecthe assumption of linearity
can be made in order to apply PCA as in Section 2.3

However, a nonlinear behaviour is observable fonesehannels. For example, a
slight inaccuracy in considering a linear relatlmpsamong RMS values can be
illustrated in a feature versus feature diagrang. Bi2b shows the evolution of
RMS as a function oRMS,, for the healthy bearing OA. A quadratic behaviour
can be observed: the application of linear PCA teag to uncorrect results, as
demonstrated in Section 3.4. In particular, in tiase false alarms may be issued,
as shown later on in Section 5.2.2.
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The same remarks can be obtained by considerintpemtest, as shown in Figs.
5.3 and 5.4 for Test #4, with a fixed oil temperataf 45 °C. Since the damaged
bearing was not mounted during the Test#4, a casgaris not possible.
However, for this test higher rotating speeds weoesidered, to extend the
validity of the linear assumption. In Fig. 5.3 chah8 is shown, while Fig. 5.4
(Test #5) illustrates the evolution &8MS (for i =1 andi = § as a function of
RMS,.

In conclusion, in case of a dependence from thetingt speed the assumption of
linearity can be made in order to apply PCA, bus thssumption may be too

strong when trying to apply PCA to different sulsef data, i.e. in a limited
range of operational variations (as explained ictiSe 2.3.2).

5.1.2. Applied load

The same analysis as in Section 5.1.1 can be daueby investigating the RMS
changes due to the applied load. Test #5 is coresid@ Fig. 5.5, with a fixed
rotating speed of 200 Hz. In particular channet 8hiown, but similar results can
be obtained for all channels. All measured valuesdepicted with circles; the
solid and dashed lines represent linear regressi@is<an be used to observe that
the RMS can be considered as constant over thedtgatues of load. This means
that the parameter is not influenced by loadindeast for the values used during
the tests. In this case, with fixed temperature eotdting speed, PCA is not
needed. However, its application is not expectealtar the results.

Fig. 5.5 also demonstrates that the RMS parameitirput any influence by the
operational and environmental conditions, is semsib damage: the RMS of the
damaged bearing are well separated from thosesdighlthy bearing.

Fig. 5.6 (Test #5) shows thRMS (for i =3 andi = 7) as a function oRMS,,
for the healthy bearing OA (see Table 4.2). The Rhfies are not scaled, for
better visualisation. Fig. 5.6 confirms the abseofcany relationship among the
features: they are placed around a fixed pointha gpace, without showing a
linear behaviour as in Figs. 5.2a and 5.4.
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5.1.3. Temperature

The last condition to be investigated involves tR&S changes due to
temperature. Since two values of temperature (od bearing 3, see Section
4.2.1) are available, but these values have venylasi behaviours (see Figs. from
4.9 to 4.13), only one is retained in this Chaptiee: bearing 3 temperature, as a
reference of the whole system temperature.

Test #4 (Setup #2, bearing OA) is considered in big, with a fixed rotating
speed of 300 Hz. In particular channel 7 is sholurt, similar results can be
obtained for all channels. All measured valuesdmgicted with circles; the solid
line represents a polynomial fitting that can beduso observe a nonlinear
dependence between RMS and temperature. Sinceathaged bearing was not
mounted during the Test#4, a direct comparisonas possible. However, a
similar behaviour can be shown in Fig. 5.8 by cdesng Test #3 (Setup #1,
bearing 4A, first succession of measurements). @&lahis shown in this case, as
a counterpart (but not exacly located in the sataee) of channel 7 of Setup #2
(see Section 4.2.1): almost the same nonlinearndigmee can be observed, even
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if a quantitative comparison with the healthy cagEig. 5.7 can not be performed
since two different setups are involved.

The results of Figs. 5.7 and 5.8 may drive to thectusion that PCA can not be
applied in the case of temperature dependencetodilne nonlinear characteristic
of RMS versus temperature: this is uncorrect. bt,fas stated in Section 5.1.1,
the (quasi-)linearity must be checked in a featueesus feature diagram: the
quasi-linearity among features is demonstratedgs.’5.9a and 5.10.

Fig. 5.9a (Test #4) shows the evolution BMS (for i=2 andi=9 as a
function of RMS,, for the healthy bearing OA. Fig. 5.10 (Test #8pws the
evolution of RMS§ (for i =3 andi = § as a function oRMS, for the damaged
bearing 4A.

However, as seen in Section 5.1.1, a nonlinearwhetais observable for some
channels. For example, an inaccuracy in consideifigear relationship among
RMS values can be illustrated in a feature versatufe diagram: Fig. 5.9b shows
the evolution of RMS as a function ofRMS,, for the healthy bearing OA. A
nonlinear behaviour can be observed: the applicatiolinear PCA may lead to

uncorrect results, as demonstrated in SectionIB.particular, in this case false
alarms may be issued, as shown later on in Sebtiba.
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In conclusion, also in case of temperature depereddre assumption of linearity
can be made in order to apply PCA, but this assiemphay be too strong when
trying to apply PCA to different subsets of data. iin a limited range of
environmental variations (as explained in Sectith2).

5.2. Results

After the detailed description of the motivationr xploiting PCA, this section

focuses on the results of the application of thenalge detection procedure
introduced in Section 2.3. The results are preseintéour parts, involving all the

tests described in Section 4.3: damage detectmisg-positive verification; a

technique for damage localisation; an attempt ofalge extent evaluation.

For each of the presented cases, a specific numbef principal components is

selected. However, it should be observed that grufgant difference can be seen
in the results by considering a different numbempohcipal components in the
analysis.
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5.2.1. Damage detection

The method should be able to detect existing damagaependently of the
operational and environmental conditions at whictiadare measured. In the
following, some of the tests described in Sectidh &e studied and results are
presented.

Test #5

Data collected at the fixed loading of 1800 N avesidered and analysed in Fig.
5.11, with m= 3 principal components. Fig. 5.11a demonstrates cimeect
damage detection using full range (150, 175 and 280data of reference and
damaged system. Moreover, since non-normalisedriemaare used, Fig. 5.11b is
helpful to show that the PCA-based detection isusbbeven when data are
measured in a limited range of operational vametidn fact, in Fig. 5.11b the
data acquisition on the damaged structure has tesised at lower values (150
and 175 Hz) of roating speed than the measurenaénsference (175 and 200
Hz). Due to the effects of rotating speed on RMSseen in Fig. 5.1, there may be
no difference between the RMS corresponding to hbalthy and damaged
structure: however, as depicted in Fig. 5.11b, tiethod clearly detects the
presence of damage.

Similar comments emerge when observing Fig. 5.42ykich all loadings are
considered, withm= 4principal components. The correct damage detection
using full range (150, 175 and 200 Hz) data ofrexfee and damaged system is
shown in Fig. 5.12a. Damage is also correctly detem Fig. 5.12b, in which the
data acquisition on the damaged structure has te=dised at lower values (150
and 175 Hz) of roating speed than the measurenoérsference (175 and 200
Hz).

In Figs. 5.11 and 5.12 the effects due to the dhffe operational conditions have
been removed by the method: the Nis of referenta ai@ very smooth and do
not show any depencence on rotating speed or dpjpbed. However, these
effects have not completely been removed on theadach data: this can be
observed in both figures by focusing on region8Agnd C, which correspond to
150, 175 and 200 Hz, respectively. An explanat®given in Fig. 5.13a, which
depicts the evolution oRMS, as a function ofRMS,, for the reference and the

damaged system. Fig. 5.13a shows a different “slbpaveen the reference and
the damaged case: damaged data at 150 Hz are rfosdr to the blue linear
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regression of reference data, while damaged d&2@(atHz are farther. This leads
to the “slope” formed by the Nls of data corresgagdo regions A, B and C in
Figs. 5.11 and 5.12. Note that this concept isswevident when considering
different values of applied load.

Moreover, what is clear for channels close to tamage (such as channel 9 in
Fig. 5.13a) may not be observed when considerintpda channels. This is the
case of Fig. 5.13b, which depicts the evolutiorRMS; as a function oRMS,,

for the reference and the damaged system. In #ss,@ny difference in “slope”
cannot be seen and even a damage detection i®s&ibfe. This remark about the
damage detection capabilities of a single chanoelg(oup of channels, i.e. a
sensor) will be useful for introducing a damagealmation technique in Section
5.2.3.

Test #3

In Fig. 5.14 damaged data are those of Test #3h®bearing 4A, at fixed values
of rotating speed (300 Hz) and applied load (1800thi measures have been
recorded in close succession in order to followktbaring temperature increasing.
Since for this test a reference case in the sameoemental conditions has not
been measured, other data from the same setupbleaveselected as reference.
Then, reference data are those of Test #1, forh#adthy bearing OA, at all
rotating speeds and applied loads.

Damage detection of Fig. 5.14 is correct. Howexeference data of Test #1 have
not been acquired in an optimum way for carrying @alPCA-based detection,
since this was not the main objective at that tibata have been measured in
close succession, so that the temperatures (oibaadng) werenot expected to
reach stabilisation. The consequence is shown gn 3:15: the temperature at
which each reference measurement is acquired isthstdependent on the
assumed values of rotating speed and loading.her etords, reference data from
Test #1 do not cover the entire domain of posdiateperatures: for each couple
of operational conditions (rotating speed and a&gpload), temperature is single-
valued. For this reason, reference data are naiginto perform the PCA-based
detection when data are measured in a limited rahg@&vironmental variations:
temperature is the only condition that changesamaiged data of Test #3.

95



(@)

Mahalanobis norm (order 3)
300 T T T

Reference

Damaged

250+

200+

Novelty Index
o
o

100+

50r- -

Threshold
() RS R AR AR SRR = mmmmm==——— pe=e=e=———— r=

0 50 100 150 200 250 300 350
Measurement number

(b)

Mahalanobis norm (order 3)
250 T T

Reference

Damaged

200+

-

G

o
T

Novelty Index

—

(]

o
T

50+ f

Threshold

0 50 100 150 200
Measurement number
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Test #2

In Fig. 5.16 damaged data are those of Test #2h®bearing 4A, at fixed values
of rotating speed (300 Hz) and applied load (1800thé endurance test can be
monitored in order to observe any possible damagrease.

This case is very similar to the analysis of Text 8 reference case in the same
environmental conditions has not been measuredablse, reference data are
those of Test #1, for the healthy bearing OA, atr@thting speeds and applied
loads. But reference data are few, with respechéohuge amount of damaged
data, so a data “enlargement” has been considerkdvie more data and a more
robust statistical confidence. In detail, each @&egureference data has been split
into 10 shorter (0.8 seconds) time histories, farch the RMS values have been
computed. Observe, however, that this procedurs doé solve the problem of
having a single-valued temperature, as seen inJid: each group of 10 time
sub-histories shares the same temperature value.
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Damage detection of Fig. 5.16 is correct. Moreowaarincreasing trend in the Nls
of damaged data can be observed: this may be dae tacrease in the damage
extent. Unfortunately, when the bearing has beemaumted and its rolling
element indentation has been inspected, no signffidifferencies have been seen
with respect to the original damage of Fig. 4.8e Plossibility of a slight damage
increment during the endurance test, which carbeatlearly detected through a
rough visual inspection, should not be excludedweler, the main reason of the
increasing trend in the Nls is probably due to terafure, as explained above:
reference data are not completely suitable forrpméting the (correct) damage
detection as a damage extent evaluation. An attefatldressing the issue that
concerns damage extent evaluation will be madeatié 5.2.4.

5.2.2. False-positive verification

The method should be able to issue no alarm if amatje occurs even when
measurements are performed under different opesdtiand environmental
conditions. In the following, some of the testsatdmed in Section 4.3 are studied
and results are presented.

Test #5

Healthy data (bearing 0OA) collected at the fixeadimg of 1800 N are considered
and analysed in Fig. 5.17, witm=  3rincipal components. Fig. 5.17a
demonstrates the correct false-positive verificatising full range (150, 175 and
200 Hz) data of reference and monitored systeny @rdata acquisitions out of
120 are identified as damaged (but they are vergecto the threshold anyway)

and the ratioNI /NI is very close to 1.

Fig. 5.17b shows what happens when measurementsnireavailable for two
sets of operational conditions: reference at higrednes (175 and 200 Hz) and
monitored at lower values (175 and 150 Hz) of iotaspeed. Monitored data at
175 Hz are correctly placed under the thresholdejasince data at 175 Hz are
included in the reference data set. On the conteagjearly false detection occurs
for monitored data at 150 Hz, since this operationadition is excluded from the
reference data set.
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Similar comments emerge when observing Fig. 5.48yMich all loadings are
considered, with m= 4 principal components. The correct false-positive
verification using full range (150, 175 and 200 Hiata of reference and
monitored system is shown in Fig. 5.18a. In Fid.86. measurements are only
available for two sets of operational conditionsonitored data at 175 Hz are
correctly placed under the threshold value, whildearly false detection occurs
for monitored data at 150 Hz.

An explanation to the wrong results of Figs. 5.1atd 5.18b is given by
observing Fig. 19 (all loadings are consideredjceaithe features are not perfectly
linear, the PCA-based detection method is not rolwhen features are identified
in a limited range of operational variations. Figl9a shows the evolution of
RMS, as a function ofRMS;: in this simple 2D case, the straight blue line

corresponds to the principal component of the egfee data set. It is easy to see
that monitored data at 175 Hz are on this line Jevimionitored data at 150 Hz are
separated from this line and are consequently titexs damaged.

A similar behaviour can be seen in Fig. 5.19b, shgwhe evolution ofRMS, as

a function of RMS,. Moreover, three regions of data can be distirgrdsat 150

Hz: regions A, B and C corresponding to the threlies of applied load, 1400,
1600 and 1800 N, respectively. Each region hasffareint distance from the
straight blue line and this corresponds to theedgficies that can be observed in
Fig. 5.18b.

In conclusion, in those cases in which linearityoag features is not perfectly
guaranteed, the only way for preventing false d&tes to occur consists in using
full range data of reference and monitored systsperformed in Figs. 5.17a and
5.18a.

Test #4

By using the electrical heater, the measuremeni®sf #4 have been recorded in
four steady-state values of the oil temperature §05 75 and 85 °C, within a 7%
margin).

Healthy data (bearing OA) collected at the fixethting speed of 300 Hz are
considered and analysed in Fig. 5.20, witt=  pBncipal components. Fig.
5.20a demonstrates the correct false-positive igatibn using full range (all
temperatures) data of reference and monitored reystk the 80 data acquisitions

are identified as healthy and the ramc/mr is very close to 1.
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Fig. 5.20b shows what happens when measurementsnireavailable for two
sets of data at different temperatures: referendegaer values T > 6€C) and
monitored at lower valuesl'(< 6C). A false detection occurs for all monitored
data: as seen for Test #5, the reason is nonltgewaiith the difference that in this
case nonlinearity is due to temperature variatiomfead of rotating speed
variations. Since the features are not perfectigdr, the PCA-based detection
method is not robust when features are identifiadai limited range of
environmental variations.

An explanation to the wrong results of Fig. 5.28lgiven by observing Fig. 5.21:
in a simple 2D case, the straight blue line comwesis to the principal component
of the reference data set. All monitored data apasated from this line and are
consequently detected as damaged. Moreover, FRL also explains the
decreasing trend of the monitored-data Nlis in 5ig0b: as their temperature gets
closer to the “splitting” value of 60 °C, the diste between the monitored data
and the straight blue line is reduced. As a consecg, the NI of these monitored
data decreases and they are more hardly detectiureged.

As seen for Test #5, the same conclusion can bendna those cases in which
linearity among features is not perfectly guarattelke only way for preventing
false detections to occur consists in using fulhigea data of reference and
monitored system, as performed in Fig. 5.20a.

The study is extended by adding rotating speedatrans to those caused by
temperature. Healthy data (bearing OA) collectetivat values (200 and 300 Hz)
of rotating speed are considered and analysedgn5m22, withm= 4principal
components. Fig. 5.22a demonstrates the corresg-fadsitive verification using
full range (all temperatures) data of reference mditored system: only 1 data
acquisition out of 160 is identified as damagedt (kuis very close to the

threshold anyway) and the rathdl ./NI, is very close to 1.

Fig. 5.22b shows what happens when measurementsnireavailable for two
sets of data at different temperatures: referendegher values T > 5%) and
monitored at lower valuesl'(< 8B). In this case the majority of monitored data
are correctly identified as healthy and those idfiedtas damaged are very close

to the threshold anyway; moreover, the ramc/mr is is not far from being

equal to 1.
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The situation depicted in Fig. 5.22b is clearlyfetiént from the one in Fig. 5.20b:
this can be explained by observing Fig. 5.23. ia iimple 2D case, the straight
blue line corresponds to the principal componernthefreference data set, which
iIs composed by data acquired at two rotating spé2@i3 Hz and 300 Hz). All
monitored data are close to this line and cannoiseguently be detected as
damaged. In this situation, the feature variatidus to temperature are “masked”
by the more significative variations due to rotgtispeed. In other words,
temperature variations are local, with respecth® global variations caused by
rotating speed, and they are considered by the P&3&d method as a kind of
“noise”. Since the global variations due to rotgtispeed are (approximately)
linear, the false-positive verification of Fig. BI2is correct.

5.2.3. Damage localisation

In this section a simple damage localisation temimiis introduced and applied to
some of the tests described in Section 4.3. Obdbatethis procedure is proper
for the present case, in which the PCA-based meikodpplied to bearing
diagnostics.

Once a damage has been detected, the startingipdin® estimate of the residual
error matrix, given by (2.12). Thg-th row of R represents the residual error

vector associated to the-th signal feature (measurement channel). Thempapg
of channels (denoted b@ ) can be selected and consequently a new residwal e
matrix R® is defined by gathering the rows oR such that thej -th channel

belongs toG . For exampleG can be composed by the three channels of a single
sensor, or by some channels which are placed isahee zone, close or far from
the monitored bearing.

The next step consists in defining a local Novétgex Nl , by using one of the

norms in (2.13) or (2.14), for each group of chasnEhen, a threshold value can
be computed as in Section 2.3.1.:

Th, =Nl +aog.

In this way, each group of channels can be evaluaterder to determine which
is the most sensitive to damage: this is expeatethet strictly related to its
distance from the damaged bearing. Such an evatuatn be performed by
defining a Relative Distance from Threshold (RDar) éach group:

111



RDT, = Nlg =Ths (5.2)
The

RDTs from different groups can be directly compai@dhvestigate which group
has the highest value, i.e. is closer to damagatitmt. Another way of exploiting
RDTs is to define a new threshold, as done forNke a damage localisation
analysis can be performed in the same way of dardatgetion. It is easy to see
from (5.2) that the new threshold is equal to Odach group, since it corresponds
to the relative distance of the threshold fromttireshold itself.

Test #5

The damage localisation technique is applied ta ffam Test #5. Three groups
of channels are considered, corresponding to thecg&lerometers of Setup #2:
group S1 (channels 1-2-3) is far from damage; gi®Rgchannels 4-5-6) is mid-
placed; group S3 (channels 7-8-9) is close to damiguation (5.2) is exploited
to obtain the results shown in Fig. 5.24.

Data collected at the fixed loading of 1800 N amesidered in Fig. 5.24a, with
m =3 principal components, while all loadings are cdased in Fig. 5.24b, with

m=4 principal components. In both cases, the RDTs aihabed data are
correctly detecting group S3 as closer to damagereblVer, the figures

demonstrate that RDT depends on the distance ob@pgf channels from the
damaged bearing.

Test #2

The damage localisation technique is applied ta ttam Test #2. As remarked in
Section 5.2.1, for this test a reference caseeansime environmental conditions
has not been measured: other data from the samp bate been selected as
reference. Then, reference data are those of Te$v#the healthy bearing OA, at
all rotating speeds and applied loads. Moreovegesreference data are few with
respect to the huge amount of damaged data, a“dalargement” has been
considered to have more data and a more robusitisi@t confidence. In detail,
each acquired reference data has been split intehb@ter (0.8 seconds) time
histories, for which the RMS values have been cdsthu
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Figure 5.24. Test #5. Damage localisation using full rangeada50, 175 and
200 Hz) of reference and damaged system. (a) Foexting. (b) All loadings.
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Figure 5.25. Incorrect damage localisation. Reference dataterse of Test #1
(enlarged), for the healthy bearing OA, at all tioig speeds and applied loads.
Damaged data are those of Test #2, for the bednat fixed values of rotating
speed (300 Hz) and applied load (1800 N).

Three groups of channels are considered, correspptalthe 4 accelerometers of
Setup #1: group S1 (channels 1-2-3) is the cldsedamage; groups S2 (channels
4-5-6) and S3 (channels 7-8-9) are mid-placed; @®4 (channels 10-11-12) is
the farthest from damage. Equation (5.2) is exgtbib obtain the results shown
in Fig. 5.25. The results are quite confused, revgaa failure in applying the
presented damage localisation technique.

Some reasons may be found to explain such an extaesult. The first is related
to the different conditions at which reference date acquired, as already
described in Section 5.2.1. Reference data haven bweasured in close
succession, so that the temperatures (oil andrzpanierenot expected to reach
stabilisation. Then, reference data are not endaogperform the PCA-based
detection when data are measured in a limited rah@®vironmental variations:
temperature is the only condition that changesamaped data of Test #2. The
second reason is related to the mounting/unmourdpegations that have been
applied to the damaged bearing, in order to inspecolling element indentation.
These operations can be clearly recognised in3=&h, by splitting the damaged

114



data into three parts, corresponding to the thueeessive bearing mountings on
the test rig. Large changes can be seen in thdtge$tom one mounting to

another. In this way, different mountings can benseas a new operational
condition that can influence the results. This niay due to the different

conditions (i.e. screw tightenings) applied to #ystem when mounting the
damaged bearing: such a dependence, for exam@ehewmn demonstrated for a
cantilever beam in [95].

5.2.4. Damage extent evaluation

The sensitivity of the PCA-based method to damagene is investigated in this
section. The aim is demonstrating the capabilitytttdé method to detect an
increasing damage extent independently of any ¢@ipeed and environmental
condition.

The damage extent evaluation is applied to data fi@st #1, in which all the
seven types of bearing listed in Table 4.2 have loeeunted on the test rig.

At first, all loadings are considered. Fig. 5.2@wk damage detection by using
three rotating speeds (200, 300 and 400 Hz) ofert® and damaged system, for
increasing damage extents (150, 250 and 450 micréings. 5.26a and 5.26b
represent the investigation of the inner ring indeéan and the rolling element
indentation, respectively. Some dependence ondhede extent can be observed
in both cases, even if some influence of the operak conditions is still present.
This is due to the few number of reference dataesthe tests have been carried
out in close succession.

As in previous sections, the data sets (for boghrédierence and damaged states)
have been “enlarged” to have more data and a notmgst statistical confidence.
In detail, each acquired reference data has bdenrgp 10 shorter (0.8 seconds)
time histories, for which the RMS values have beemputed. The results are
presented in Fig. 5.27, but they are very simidathbse of Fig. 5.26, as expected:
some dependence on the damage extent can be ahsewesome influence of
the operational conditions is still present. In dasion, with a few number of
reference data, the influence of all the conditigptating speed and applied load,
with some additional uncertainty over temperatwee Fig. 5.15) cannot be
eliminated by the PCA-based method.
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Figure 5.27. Test #1 (enlarged), all loadings. Damage deinctising three

rotating speeds (200, 300 and 400 Hz) of refeream damaged system, for
increasing damage extents (150, 250 and 450 micr@@)sinner ring indentation.

(b) Rolling element indentation.
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Then, some restrictions on the operational conaitiare applied for obtaining
Figs. 5.28 and 5.29. In Fig. 5.28 a fixed loadifd 400 N is considered, at three
rotating speeds (200, 300 and 400 Hz): resultsremes regular and a dependence
on the damage extent can be observed. In this bas&ver, the influence of the
rotating speed has not been removed by the metimadng the damaged data
(and for each damage extent) the three regions andC can be distinguished,
corresponding to 200, 300 and 400 Hz, respectivalyhis situation an accurate
damage extent evaluation is not possible, sincajarmdamage at a lower rotating
speed may be confused with a minor damage at @higtating speed. This is the
case, for example, of Fig. 5.28b: the NIs of bepdA, at 200 Hz (region A), are
similar to those of bearing 6A, at 400 Hz (region C

In Fig. 5.29 a fixed rotating speed of 400 Hz issidered, at three applied loads
(1000, 1400 and 1800 N). By fixing the rotating epethe best results are
obtained, in terms of damage extent evaluation. fhinee damage extents are
correctly identified and well-separated, in patacufor the rolling element
indentation (Fig. 5.29b). Some dependence on th#ieap load can still be
observed, especially in Fig. 5.29a, but its effemsthe results are slight with
respect to those due to the rotating speed vamni@im. 5.28).

Unfortunately, the problem of having a few numbérdata, for each type of
mounted bearing, affects all the results contaimedhis section. As already
remarked, data of Test #1 have not been acquirad optimum way for carrying
out a PCA-based detection, since this was not @ie wbjective at that time. This
is the reason why this section have to be congiderdy as an “attempt” of
applying the PCA-based method for damage extenuatran. A more suited
analysis for this issue should be carried out bjopening a more accurate test for
each of the seven types of bearing, as done in #=d$br bearing 4A. Future
works and developments will be oriented in thigdiion.
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Figure 5.28. Test #1 (enlarged), fixed loading. Damage da&trctising three

rotating speeds (200, 300 and 400 Hz) of refeream damaged system, for
increasing damage extents (150, 250 and 450 micr@)sinner ring indentation.
(b) Rolling element indentation.
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Figure5.29. Test #1 (enlarged), fixed rotating speed. Dandsgection using all
loadings (1000, 1400 and 1800 N) of reference aadhaded system, for
increasing damage extents (150, 250 and 450 micr@@)sinner ring indentation.
(b) Rolling element indentation.
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Chapter 6

Subspace identification

In this chapter the state-space representatiomeéd and nonlinear systems is
presented, together with some useful basic pragzertn the second part of the
chapter the identification procedure is descrildgstly, the state-space matrices
are estimated through the application of a subspetbod; particular attention is
given to the problem concerning computational mgnionitations. Then, the
estimated matrices are exploited for applying arieque suited for nonlinear
system identification. In the end, a proceduretl@r identification of linear time-
varying (LTV) systems is briefly introduced.

6.1. System modelling and properties

6.1.1. Equation of motion

The equation of motion of a linear time-invarianmdmical system, withN
degrees of freedom and with lumped parametersheastescribed by means of a
linear operatory z(t )las follows:

Fz(1)] = M2(t) + C, 2(t) + Kz(t) = f (1), (6.1)
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whereM , C, K U R™N are the mass, viscous damping and stiffness reatric
respectively, z(t) 0 R™® is the generalised displacement vector and

f(t) O RN the generalised force vector, at time

In case the dynamical system contains some noniiiesa that can be described
by lumped nonlinear springs and dampers, the emuati motion is expressed
from (6.1) through the additional nonlinear opera‘m_[z(t), z(t)]:

h
Sz(t)]+ NL[z(t), 2(t)] = S[z(t)] + > ;L9 () =F (1) - 6.2)
j=1

The nonlinear operator is expressed as the sumh ocbmponents; each of the
nonlinear components depends on the nonlinear itmcy; (t) U R, which
specifies the class of the nonlinearity (e.g., @o friction, clearance, quadratic
damping, etc.), and on a scalar nonlinear coefficig, . The vectorL ; [J RN,

whose entries may assume the values 1, -1 ori@Jated to the location of the
nonlinear element: it specifies the degrees ofdioes joint by the j -th nonlinear

component, and the sign of the term appearingdaretjuation of motion (6.2).

The characterisation of nonlinear terms should beprerequisite for the
implementation of the method proposed in next eacifand also for other
methods). However, this method shows the capalfitgealing simultaneously

with several functiongy, (t ,)in order to select only those providing a sigrafit

contribution to the nonlinear term, as can be $e¢96].
By moving the nonlinear term to the right-hand d¢6.2),

h
M2(t) +C,2(0) + K2(t) = F - > 11,0, = T O+ f (), (63)
j=1

the original system may be viewed as subjectedheoeternal forcesf (t #and
the internal feedback forces due to nonlinearitigs(t) .

This concept, already used in [68] to derive the@frequency domain method,
is also on the basis of the present time domaintifigation method.

6.1.2. State-space model

The commonly adopted model for handling and solviregidentification problem
is not the one described by (6.3), but the so-datate-space model
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X(t) = Ax(t) + Beu(t) (6.4)

where:
Z(t) - nx1
- x(t) =| . is the state vectory(t) O R
2(t)
- A = Oy e is the system matrix, JR™"
-M7K -M7C, ’
[0 Onx Onx . : : x
_ B, =| " e o } is the input matrixB, OR™’
M Ml L ML,
f(t)
—g,(t
- u(t) = g:l( ) is the input vectory(t) DR "¢
= gn(t)

- ¢ is the number of inputs, < (N +h .)The unforced degrees of freedom,
i.e. those for whichf = 00t, are not included in the input vector; this

clarifies the use of the previous inequality.
- n is the model ordem = 2N .

Since in applied mechanics some observable quastitie needed for reference,
(6.4) is associated to a second equation relatetheadefinition of the output

vector y(t) O R%:
y(t) = Cx(t) + Du(t), (6.5)

where, by assuming that the measurements concggsladements only,

C= {I NN ONXN} is the output matrixC OR %"

D= {ONXN Onsg -+ Ole} is the direct feedthrough matrigy R %,
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The followingcontinuous state-space model can then be defined:

{X(t) = AX() + Buu(t)

(6.6)
y(t) = Cx(t) + Du(t)

Discrete model

The continuous model may be converted into a discetate-space model
assuming zero-order hold for the input u. Prembyfitiig the first of (6.6) by the

exponential matrixe™*" one obtains:

At oy _ A=At _d ~Act — At

e "TX(t) —e T AX() r e T x(t))=e "TB.u(t), (6.7)
and integrating

x(t) = e™'x(0) +]e’*c<”) B.u(r)dr. (6.8)
0

In order to discretise the above expression a eliscstate vector is defined as
X, = X(rAt), At being the sampling period amd]N . By assuming that the input

u can be considered as constant during each timéstepAt , the equation (6.8)

becomes
riAt
x, = e*x(0) + [ B u(r)dr,
0

and for the next timestep

(r+1)At
Xr+1 — eAc(I'+l)At X(O) + J’eAc((r+l)At—T) BCU(T)dT
0

rit (r+)At
- eAcAt(eAcrmX(o) + J‘eAc(rAt—r) BCU(T)dTJ” IeAc(rAtmt—r) B.u(r)dr
0 rit

at
=e"x + [edvB.u,.
0

The following discrete state-space model is finalbyained:
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odoltod
where

A= O R™
is the dynamical system matrix,

B= (™ -1)A'B, O R™/ (6.10)

is the input distribution matrix, which represenit® linear transformation by
which the inputs influence the next state (the eggion is valid for nonsingular

A.), C O R%¥" is the output distribution matrix, that descrithesv the internal

state is transferred to the measurementsand D 0 R9* is the matrix defining
the algebraic relationships between input and dutpu

Model with noise

A more accurate model must accout for the unavtedad@asurement noises and
excitation sources that are not considered in ¥peession of f (t ) these errors

are often occurring and can be modelled as furtit@se components. The
following discrete-time deterministic-stochasticatstspace model is then
obtained:

Yr :CXr +Dur Vv ’
wherew, 0 R"™* is called process error and it is due to distutkarand model

inaccuracy, whilev, 0 R is called measurement error and it is due to senso

imprecision. These are unmeasurable vector sigaats they are generally
assumed to have zero mean value and to be modmleghite noises having
covariance matrices:

e ()i i) | = e e

where E is the expected value operator adyg is the Kronecker operator.
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6.1.3. System properties

Frequency domain

Thetransfer function is defined as the function relating the Fouriansforms of
the input and output signals. Then, by taking tharieo transform of (6.9) the
frequency domain counterpart of the state-spaceshsabtained:

Y(w) = He (@)U (@),

where i=+-1 and capital letters define the Fourier transforms.
Y(w) =F[y()] and U(a) =F[u(t)]. In this way the transfer function of the

nonlinear system has been defined as:
He(w)=D+Cliad - A)"B.. (6.12)
One of the objectives of the identification methpposed in the following

consists in extracting the transfer functibi{c. of)the linear system (6.1) which
is underlying to (6.2); by applying the Fourier transform tol{6.

H(@) = (K +iaC, &M ) ", (6.13)

that is also defined as Frequency Response Fun@i®R) of the system.

Similarity transformation

It is worth noticing that the state-space matrize$6.11) can be obtained only

within a similarity transformation. So there exists invertible matrixT OR™"
such that

A=TAT L. B=TB

. . (6.14)
C=CT*D=D

(the symbol * denotes estimated matrices). In @&@dt is not necessary to
compute the matrixT (subjected to the choice of the algorithm) sincenly
establishes similarity relationships without addsmgmne knowledge about new
system properties. In fact, it is sufficient to rext only one set of matrices
satisfying (6.11) and then moving to a similar eystthrough the relationships
(6.14).
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For example, it is possible to demonstrate thatntla¢rix defined in (6.12) does
not depend upoil . In fact, by taking into account (6.10) and (6,13}e yields

5. = A[A-1] 8=
= T‘lA\:T(T AT —T‘llT)'lT 1B =
=T2ATTHA-1)'TT'B=
=T?A(A-1)"B
and, substituting in (6.12),
He(w) =D +Cliad - A ) B, =
=D+CTT il - A ) TT?A(A-1)"B=
=D+Cliad -A,)7'B, =
=Heg(w)

which is not dependent upadn.

Computation of modal parameters

The underlying linear system modal parameters (abkftequencies and damping
factors) can be extracted from the eigenvaluesaifimA or from those ofA, .

The eigenvaluesl of matrix A are defined adiscrete poles of the linear system,
while the eigenvaluesA® of A_ are defined ascontinuous poles. The

relationship between them, due to the propertigh@Exponential matrix, is
A =exp(A9At), (6.15)

where At is the sampling period.
By supposing to start from a matri that can be diagonalised:

A=DADT,

where A = diag(4;) 0 C™", j=1,.,n and®OC"™".

It is important to observe that the eigenvectorg\ofconstitued by the columns of
®, coincide with those obtained from the dynamicatnw A, of the continuous
time model:

A: = q)C/\Cq)(:l
®, = O
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where A, =diag(4,?)0 C™", j=1,..,n.

The eigenvalues  of A, are obtained through the relationship (6.14):
© - 1
29 =in()).

Since matriceM , C, and K are real valued, symmetric and positive definite,

case of underdamped modes the eigenvaﬂ,{é)s can be proved to be complex

conjugate pairs. These can be expressed, in casemfrtional damping, through
the relationship:

/11-(0) =-(,w tiw, 1_(1_2 (6.16)

where w; represents theatural frequency and {; thedamping factor, related to

the j -th system mode.

In the end it is important to notice that, due ke tsimilarity transformation
introduced in (6.14), the eigenvalues @& (and then the extracted modal
parameters) are invariant with respect to diffeigate-space bases and can then

be directly obtained from matrid, which is estimated through the identification
process.

6.2. Data-driven subspace method

6.2.1. Description

Among the efforts spent from the ‘90s in the frardw of subspace
identification, a theoretical overview must follotwo milestones such as the
books by Ljung [50] and by Van Overschee and De M64d]. The following
exhaustive summary is taken from [70].

Starting from input and output vectors, a geneulosspace method is capable of
estimating (up to within a similarity transformatjothe state-space matrices,

B, C and D of system (6.11) and the model orderwhich is unknown in most
of the applications.
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Two main categories can be distinguished in thesctd subspace methods: data-
driven methods are well-established and are noweritesl, while covariance-
driven methods will be accurately exposed in Chate

A deterministic-stochastic state-space model ismias defined by (6.11), with
measurements of the input and of the output. Irddia-driven approach the input
data are gathered in a block Hankel matrix:

U U - Uy,
ul u2 sae uJ

defl y. U - U U

—_ i-1 i i+J-2 —_ p

Uq2i—1 T U VY —{ (6.17)
i i+1 i+3-1 U;
Uy Uy Uity
[ Ugi1 Uy o Upiygo |

The subscriptp denotes the “past”, the subscriptdenotes the “future” and the
number of block rows is a user defined index, that should be large ghauth
respect to the maximum order of the system to batified [51]. The number of
columns is typically equal td =s—2i + ,Wwhich implies that all given data are
used.

The output block Hankel matrice§y,_,, Y, andY; are defined in a similar
manner by replacing with y in (6.17). Both input and output data may be then
collected in the block Hankel matrix

System properties may be obtained by means of aagbspdentification
algorithms through geometric manipulation of thevrepaces of the above
defined matrices. It is possible to decompose thgirmY; as linear combinations

of the two non-orthogonal matricedl; and W, and of the orthogonal

complement ot ; andW, as follows:

U.\°

f

Yi =Ly, Uy +LWpr+LUfD’WpD[W J :
p
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where the symboll means orthogonal complement. The reader is reféorés1]
for the computation of these three terms and feir teometric interpretations.

In particular, for the subspace methods the malt(,i)éwp Is needed, which is

called the oblique projection of the row spaceYpfalong the row space &f ;

on the row space o, and is indicated with the symb@) =Y /W, . Next step
Ut

consists in performing the Singular Value Decomipasi(SVD) of the following
weighted oblique projection:

S0 |vT
— T _ n
an, o =uzv ‘{U“ UO}{O zok&’ ©19

where I‘IUfD Is the projection on the orthogonal complementefrow space of

the U ; matrix.

The model ordem is determined by inspecting singular values arzbitingly
U,,V, andZ,, are determined. By defining the following extenaédervability

matrix

C
CA
M =| CA? |,

CA‘ -1

an estimate may be obtained fE}SZUnZn%, from which the matrice\ and C

of system (6.11) can be obtained (the estimatioB aind D represents a step of
the procedure also discussed in [51]), up to wighgimilarity transformation.

As a conclusive remark, a wide class of subspase¢balgorithms require
different left and right user defined weighting nias for the oblique projection
O, in (6.18); the choice of the weighting matrice$eets only the similarity

transformation, but this aspect is not relevanenrgig to the considerations of
Section 6.1.3.
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6.2.2. Implementation

A common feature in the implementation of all algons concerning the
subspace methods is the following QR factorisatbbra block Hankel matrix

g OR A constructed from all input and output measuresient

1717 T 10,7 T T T T T
H=—=lUry Yo l=—Us, Ul U, Ya. Y& YI._.|=0OR
/—J [ 02i-1 02i 1] /—J [ Qgi-1 ifi i+12i-1 0i-1 ifi i+12i-1

(6.19)

with QOR”A™" orthonormal QQ" = I,q) and RORA AT ypper

triangular.

The book [51] includes a series Bfatlab® functions, which are useful for
applying the subspace methods. It is also showhdhly the termR of this
factorisation is needed in order to finally compilite system matrices:

RL Ry Ra Ry Ry Re
R R Rz R Re
0 R R R, RL|
0 0 Ry Ry Ry
0 0 0 R Res
0 0 0 0 R

0
0
0
0
| 0

These few guidelines are enough to define the i@ig concept of memory
limitation problems. Further and very exhaustiveade about the implementation
and the geometric interpretation of the so-obtasdsmatrices oR are given in
[51].

6.2.3. Memory limitation problems

The considerations of this section refer to/mdow$ operative system: by using
aMac®, the performances of the data-driven method (imseof virtual memory

space and data storing) should be different arteietgeneral.

Assuming to work in aMatlab® environment, matrixR contained in (6.19)

should easily be computed through the standard ftgttion, after constructing

the block Hankel matrixy O R %91
This procedure is certainly valid and efficient feery small linear systems,
because an accurate identification does not reguer@alues of and J to be so
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large to fall into the problem described below itatly J ~10* andi does not
exceed some tens). But in some cases, especiadiy tie number of degrees of
freedom is large and when a high level of noiseliespusing a large number of
samples to avoid poor estimates, such a problerts stppearing even for linear
systems.

Moreover, in order to apply subspace methods tolimear systems with
satisfactory results, it is necessary to considemany samples as possible (so

J = s should be of the order df0° or 10°) and in particular to extend the index
I to some hundreds, especially in presence of nomasurements. The
consequent problem consists in dealing with a matfi which results to be too
large to be stored nor factorised.

In fact, Matlab® stores data (each matrix element takes 8 Byteg)drcomputer
virtual memory, a space generally limited to 1.8-GigaBytes. Even if it is
extended up to its maximum, this space cannot ex@&eGigaBytes at the
moment. Moreover, the virtual memory space takeouih the QR factorisation
Is doubled and a small part of the virtual memarglivays designed for operative
system processes and for the graphical interfacklaifab® itself. For further
details abouMatlab® and virtual memory space, visittp://www.mathworks.com
Therefore, it is clear that the data-driven subspaethod, which is based on the
QR factorisation (6.19) undergoes severe limitaion its applicability, in
particular as regards large MDOF systems (incrgagnor systems having many

nonlinear terms (increasing).
For example, suppose that an identification prooedicarried out on a nonlinear
system with four degrees of freedom; displacemardsneasuredg= Mand the

system has an external force and a nonlinear tér2(). Assume that matrix

is factorised by considering=5x10" samples (soJ =s) and by choosing
I =300 block rows. Only the storing of matri¢s would need about 1.34
GigaBytes of virtual memory space, while its QRtdaisation would take about
2.68 GigaBytes. As it can be directly verified, thpace is not enough and
Matlab® generates an error message.

A conclusive remark is given about trying to pemicthe QR factorisation outside
the Matlab® environment, for example i€® or in Fortran®. Although data
storing and managing are more autonomous and theaVmemory space can be
slightly extended, the problem described above #ed consequent failure in
performing the QR factorisation can not be avoidegwvay.
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6.3. Nonlinear identification

The nonlinear identification procedure is basedtlo®m computation of system
parameters. They are carried out from mattix(w) defined in (6.12), (or from

other invariant matrices), once the state spaceiaeat,&, B, C and D have
been estimated by a subspace method in the timeaidonn fact, system
parameters (included iM , C,, K, and g, ) are contained in the invariant matrix

H:(w) here calledextended Frequency Response Function (FRF) matrix,
because it also includes nonlinear terms in thetiplal Input Multiple Output
(MIMO) model.

The implementation of system parameter computat®nntroduced in the
following, according to whether displacement [70} acceleration [97]
measurements are available.

6.3.1. Measured displacements

Let us denote

P Plz} 6.20)

GZl 22 I:)21 I:)22

G:iaj—AC:{Gll Glﬂ and P=(iaj—AC)'1:{

Taking into account the definition of matrices agpeg in (6.6), matrix
H: (w) becomes

P, P,|O 0 0
Ho(ew) = 0 . +1 1 nx 0 § 11 12 NxN Nx1 Nx1
e (W) Nx(N+h) { NxN N N:||:P21 P, M L M_lﬂll—l M_lﬂhl—h
= PpM ﬂ{' J L SR :uth}
(6.21)
Recalling the block matrix inversion rule
P, = _Gll_lGlszll_l’ (6.22)

where

Sell_l = (Gzz - GZlGll_lelZ)
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is called theShur complemerdfG, ;, one yields:

1 1\
—[M'10V+iw| +M'1K_—j :(M‘1K+ia1v|‘1cv—w2|)

-1

P12 B
iw iw

(k +iac, -a?M ) M.

(6.23)

Since the underlying linear systeneceptance matrix is defined by (6.13),
equation (6.21) finally becomes

HE(w){H Hul, ... Huth} (6.24)
In the particular case. = :0
HE(O)=D—CA{1BC={K_1 Kl ... K‘l/,zhl_h] (6.25)

This latter expression will be adopted in the aggilons, more precisely for
estimating then nonlinear coefficienty; .

6.3.2. Measured accelerations

The computation of parameters is of interest, imtig#aar for experimental
applications, when the available measurements dmmeaccelerometers. This is
a significant difference with respect to the casmeasured displacements, which
are more easily considered for numerical simulation

In case accelerations are measured, matri@eand D appearing in the state-
space model (6.6) are modified and can be writsen a

C{—M‘lK —M‘lcv}

D:|:M‘1 Ml . M‘l/,Jth}

In this way, by using (6.20), matrid . (w) can be written as:
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He(w) = {M—l Ml M—lluth:l
-1 M 1 K M _1C Pll I:)12 ONxN Ole Ole
YPy Pp M Ml MLy,
= |:M -1 M_lﬂll—l M_ll,[th}

—(M_lKF’l2+M_1CVP22]M_1{I )7 P uth}

(6.26)

As in the previous case, by using (6.22) the equg.23) is obtained. Moreover,
in a similar way

P, =iaK +iaC, - M )M

can be derived.
Then equation (6.26) can be rewritten as:

He(w)

(M‘l—M_l(K+iaﬁv)(K+iaJCv—a)2M)_lj{l wly . /,zth}

-1

(M‘l(K +ia)CV—a)2M)(K +ia)Cv—a)2M)

-1

~M (K +iaC, K +iaC, - M) J{l wl, .. /Jth}

—a)z(K+ia)CV—w2M)_l{l wly uth}
(6.27)

Since the underlying linear systenertance matrix is defined as
-1

H (w) =—w2(K +iaC, —a)zM)

equation (6.27) finally becomes
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HE(a))z{H Hul, ... H,uth]

It is worth noticing that the particular value ¢f.(w) at « = 0 cannot be
considered to estimate thre nonlinear coefficientg/; , sinceHg (0) =0. In such

a case, the nonlinear coefficients can be estimayetbmputing a spectral mean
over a frequency band of interest [98].

6.4. Linear Time-Varying systems: the ST-SSI
method

In addition to the identification of nonlinear sgsts described in Section 6.3, a
procedure for the identification of linear time-y@ng systems called Short-Time
Stochastic Subspace Identification (ST-SSI) [99)]16 briefly introduced in the
following.

The idea is to divide the signal in many parts tmdonsider the system as time-
invariant in that time interval: the process idexlfrozen technique.

If the output data are measured at discrete timgsa sampling interval\t and
the input is a discrete signal characterised byeeo-prder hold between
consecutive sample points, the corresponding destime state-space
representation of a general linear time-varyingesyisat a time instartt=rAt is:

X(r +2) = A(r)x(r) + B(r)u(r) +w(r)
y(r) =C(r)x(r) + D(r)u(r) +v(r)

where A(r) and B(r) are not constant and in general their closed foames

unknown [101]; x(t )is the state vectoy(t the input vector and/(t dhe output

vector; w(t ) and v(t ) are the process and measurement error, respgctivel

The frozen technique considers the state matrisesoastant during each time
step so that

X(r +1) = Ax(r) + Bu(r) +w(r)
{y(r) =Cx(r) + Du(r) +v(r)
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The complete time record is splitted into time vand (frozen system), which
can be almost completely overlapping except foramming periodr (or its
multiples), as indicated in Fig. 6.1.

The natural frequencies are extracted by calcyatime eigenvalues of the
identified matrix A in every window. The length of the windol; is usually

chosen as short as possible, in order to considaegtime interval and hopefully
a time-invariant system. This is the main reasory Wte data-driven approach
(Section 6.2) is preferred with respect to the cawvee-driven one (Chapter 8),
which needs more samples to obtain accurate results

For these reasons, the ST-SSI method can be usedalgse non-stationary
systems that are regarded as time-invariant in ess#gr-defined short-time
interval, providing they change “slowly” with timeélhe term “slowly” here
mainly means that their time variations are byléager than their dynamics, i.e.
the frequency ranges are well apart.

> e
to ty £y T rin

Figure 6.1. Choice of the windows in the ST-SSI method.
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Chapter 7

An alternative data-driven
Implementation

This chapter starts from the memory limitation peahs introduced in Section
6.2.3. In order to find a way for overcoming thgseblems, the NSI method is
enforced by the development of a new algorithmampute the QR factorisation
in aMatlab® environment, in those cases in which the dataimistttoo large to
be stored nor factorised. This new algorithm, wregploits some useful features
of the Householder transformations, allows the M$#thod to reach more
accurate results in the parameter estimation [102].

As a global overview of the data-driven subspacéhotk its limitations and the
application of the novel algorithm, the methodpgléed to an oscillator described
by the Duffing equation, with different types of ogation including random
forces, which are demonstrated to be very suitilehe identification process.
In order to present all the possibilities offeregg an accurate method in
identifying a nonlinear system and its dynamicss thumerical application also
focuses on sudden nonlinear transitions betwednestdtractors (jumps) caused
by nonlinear hysteresis phenomena, which are adgocto essentially nonlinear
dynamics caused by bifurcations [62].
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7.1. Householder transformations

7.1.1. Definition

In this section some concepts, exploited in Secfi@to conceive a new useful

algorithm to compute the QR factorisation of a matare presented. For a

detailed overview of Householder transformationsa&known as elementary

reflectors), see [85]. In particular, the algorithmresented below are a revised
form of those contained in [85, pp. 40-41].

An elementary reflection is a matrix of the form

U=I-2uu'

whereu is a vector of lengthju |,=vu'u =1.

Linear transformations associated to these matriaes also known as
Householder transformations. Householder matricesU are symmetric

(UT =U), orthogonal  "U =1) and involutive U2 =1).
The geometrical interpretation of the transfornmatiy =Ux can now be

examined. Letx be a generic nonzero vector, having two componeatsedv
and w, so x=v+w; v is parallel to vectonu while w is orthogonal, so that

v=alu (with a scalar) andi"w=0. The following can be computed:
Ux=Uv+Uw=v-2uu'v+w-2uu'w=v+w-2uu'v.
Sincev=alu, we haveu(u'v) =g i =v and

Ux=-v+w.

Figure 7.1. Reflection of vectorx with respect to the axis orthogonal to veatior
and passing through the origin.
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Then, from a geometrical point of view mattik reflects vectorx with respect

to the axis orthogonal to vectar and passing through the origin, as shown in Fig.
7.1.

Next theorem shows how to exploit elementary réfbas for “inserting zeros”
into a vector.

Theorem: Given a generic nonzero vecter the Householder transformation
U=I1-pu" (7.1)

with u=x+o&, ¢ =[10...0]", o=%|x|, and B=2/||u|} yields the
following relation:

Ux=-ol&. (7.2)

The proof is not hard: by first considering vector
Ux = (I —,BUUT)X =x-Au" xu

and then the quantitie( is the first entry of vectok)
u'x=(x+o@) x=x"+o@& )x=
X'x+o@ x=0°+00 =0(0+x)

and

2 _ 2 _
U (x+oy) (x+oR)

2 1
(X'x+20 X +0?) 0(0+%)

'8:

we can obtain:
Ux=x-u=x-(x+ole)=-cle.
It can be observed that the couple S , fdrmed of n+ 1real numbers, is

sufficient to uniquely determine matrid , having n® elements. Thus, given a
vector x=[¢&,,&,,...,&.]", an efficient algorithm providing the quantitias

(which is overwritten tox) and S (and alsoo ) can be written:

141



Algorithm 1
1. nemax|é | i=1..,n}
2. 00

3: cycdel:i=1...n

it it1€ Br7Jepsthenc — o+ (& /n)*

5. endofcyclel
6.  o=sgné o
7. & & to

8: B-Y)

Note that eps stands for the lowest possible machine number, thatl this

algorithm avoids possible phenomena @ferflow, underflow and numerical
cancellation.
The couple (u, ) determined through the above algorithm is suffici¢éo

construct products of the form

UA=Ula,a,,...,a,] =[Ua,Ua,,...,Ua,], (7.3)
in fact we have

Ua =(1 - A" o, =a - (A" .

This remark is important since matrices will be adopted for operations like
(7.3), or products of the formAU = (UAT)" .

Given the two vectorsu =[v,,v,,...,v.]' and a=[a,,a,,...,a,]", and the
number S, the substitution ofa with vector Ua can be computed in the

following way:

Algorithm 2

1. 1< ﬂzn:viai
i=1
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2. a, ~a -1, i=1...,n

Observe that a general product of morder matrix by a vector requireg flops
(floating point operations), while only2n flops are required for thdJa
transformation.

7.1.2. Application: the QR factorisation

In this section the action of elementary reflectiaa generalised, in order to
derive useful matrix transformations. In particultre following problem can

initially be faced: given a vectorx:[xl,xz,...,xn]T, the possibility of

determining an elementary reflectith, =U " such that
U X=[X,.., % 0,...,.0]"

can be investigated.
The answer is positive. In fact, by remembering tmaracterisation of the
elementary reflectioty =U" as defined by the Theorem abolg, can be built

as:

Uy :{ 0 U:En+1—k):| =1 = B U Ug

0 , - . 2
Uy :LJ' uy OR™, B = B =m.
where I,, is the identity matrix of order (k- 1) and
um = - B ()T is the elementary reflection of ord¢n+1-k , )
defined by the relationship
UMM X, X X 1T = =0y [

The proposed matrixJ, has also the advantage of not modifying the firstl

components of vectok; this means that only th&-th component of the new
vector U, x is needed. In the end it can be observed thag tdme integerk is
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fixed, matrix U, OR™" is univocally defined by the coupléu,,fB. , with

u, OR™; moreover,

U a= Ik 0 & | _ 2] _ 2]
Lo UM e, ] (U™, | &, - Bu) auy

The possibility of finding elementary reflectiobl, with the properties described
above can be exploited for reducing a generic ma#ito the upper triangular

form. In fact, given a matrix AODR™, n-1 elementary reflectors
U,,U,,...,U,, can be built such that the new matrix

Uy...UUA=QTA=R (7.4)
is upper triangular; note the orthogonality of
Q=[Upq...UU]" =[UU,...U 4],

which is a product of orthogonal matrices. Fron¥),7the QR factorisation is
then defined as

A=QR.

As a final observation, the QR factorisation carcomputed even if matriA is
rectangularmxn; in this caseA=QR with QOR™™ and ROR™™", and the
factorisation is attained with r =mi{fm-1n } elementary reflectors
u,u,,....uU,.

7.2. New algorithm

As explained in Section 6.2.3, memory limitationolgems affect the QR
factorisation contained in the data-driven subspaethods. It is then necessary
to conceive a new algorithm to compute the QR faaton. This algorithm is
based orMatlab® commands “save” and “load”, which allow to savel doad
variables directly from the hard disk, and the candh“clear”, useful to clean
virtual memory.

Moreover, it is observed that the development of tlew procedure exploits the
particular structure of the matrix” as defined in (6.19) and the useful features of

144



Householder transformations: in particular, fronwnan, the Algorithms 1 and 2
reported in Section 7.1.1 will be considered.

The new algorithm is described in the following anflow chart representation is
given in Fig. 7.2:

1. Load measured datg, representing the system outputs, and the values of
the external forcef ; compute from these data the vectorof the / system

inputs.

2. Choose the number of samplesfor the identification procedure, and the
number of block rows ; this choice determinates the number of rows and
columns of matrix# , respectively] =s—2i + landd =2(q+ /)i .

3. Start aCyclel, k=1...d; define d as thek-th column of matrix# . J is

constructed by using the input (if it is a colunfrsobmatrixU (Tpi_l) or output

(if it is a column of submatri%&z_l) data, as defined in (6.19).

4. Start aCycle2, g =1,...,k—1; for each iteratiorg :

4.1. “load” from the hard disk vecto@, = [vg N VS ]T;

4.2. execute, on part5=[5 ,...,5J]T of vector d, the transformations
defined in Alg. 2, also using numbg ; vector d is obtained:;

4.3. “clear” vectorQ, from virtual memory.

End of Cycle 2.

5. Subdivide vectord into two vectorsy = [51,...,5k_1]T and & = [gk,...,gJ ]T.

Make a copyy of vectoré.

6. Apply Alg. 1 to vector ¢, which becomes the new), :[vk,...,vJ]T,

obtaining also numbeg, .

7. Execute, on vecto€, the transformations defined in Alg. 2, in orderobtain

the new vecto€ =[¢&, 0,...,0].

8. Attain thek-th column of matrixR, denoted here aB, :

8.1. construct vectoR =[y &]' OR’:
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8.2. truncate vectorR, by eliminating all unnecessary zeros and keeping

only the firstd elements, in order to obtaiR, JRY.

9. "save” vectorsQ, and R, on the hard disk, and “clear” them from the viftua

memory.
End of Cycle 1.

10.Reconstruct matrixR, by loading (“load”) thed columnsR, from the hard
disk.

At the end of the algorithm, all saved vect@s and R, (and S also) will be

deleted from the hard disk.

Note (referring in particular to step 3 of the abalgorithm) that in this way it is
not necessary to store the entire matrix, and the already discussed memory
problems can be avoided. It is indeed sufficientdastruct and factorise a new
column for each iteratiok of Cycle 1.

As a final consideration, it should be observed thes new algorithm does not
present any limitations about the choice of indeand the number of samplas

to be considered in the NSI procedure. The onlytdiion may be represented by
a larger amount of time requested for the computatf matrix R .

Hard Disk | r- Pe STEP 6 | STEP 7
0.5, :
STEP 3 “ STE"F’ 4 & » STEPS5 £
4

Y

@: STE"F’ 8

Figure7.2. Flow chart representation of the new algoritinormn step 3 to step 8.
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7.3. Numerical example

In this section the NSI method is applied to a Dwffoscillator, which has been
studied for many years as representative of mamjimear systems [103]. This
system can be considered in order to simply desctiie sudden transitions
between co-existing stable branches of solutioosthis type of system there are
frequencies at which the vibration suddenly jumpssudown, when it is excited
harmonically with slowly changing frequency.

One of the main topics about the study of the Dgffoscillator consists in
searching for analytical expressions of the jungg@iencies and the amplitudes of
vibration at these frequencies. For example, in4[1005] these points are
computed by using the harmonic balance method,ewhil[106] the minimum
excitation force required for the jump phenomenorappear is determined, by
using a method based on the elimination theoryadyrpmials. A more recent
paper [107] provides a full set of expressions meiteed by using the harmonic
balance approach, as a link between the earlielytaozd work and the later
numerical studies.

—>
J\/\/ki
C
m
ks

Figure7.3. The nonlinear system described by the Duffingagign.
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Table 7.1. System parameters.

m (kg) k (N/m) ¢ (Ns/m) kg (N/MP)

1.3 800 1.3 1.5x1¢°

7.3.1. lIdentification

Consider the SDOF system with cubic hardeningr&# depicted in Fig. 7.3,
whose motion is described by the following Duffiaguation

mz(t) + c(t) + kz(t) + k23 (t) = f (1) (7.5)
with system parameters summarized in Table 7.1.sTiength, the type and the
location of the nonlinearity are defined respediivdey the three scalar quantities
t =kg, g,(t)=-2%(t) and obviouslyL, =1. The system is excited by two
different types of force:

- Case 1. A linearly varying frequency sweep (of amplitude=1) between 3 and

6 Hz, applied for an upward (Case 1up) and a dowah\{@ase 1down) frequency
sweep.

- Case 2. A zero-mean Gaussian random input whose r.m20 idl, selected so
that the r.m.s. of the nonlinear force is equab86 of the corresponding linear
stiffness force.

A fourth order Runge-Kutta numerical integratiorittwa time stepAt =107°s) of

the equation of motion has been performed andahnomber ofs =10°> samples
has been generated (g, = B)Gand then corrupted by adding a zero-mean

Gaussian noise (1% of the r.m.s. value of the djtpu
The invariant matrixH E(a)) can be easily computed far= , @s in (6.25):

S A
E =D - ‘1C= - 1 k3 == 2 (76)
He (0 =D-CA'B,=[0 0]-[1 0]{ f k][ ] {k k}

Ollm m

From the eigenvalues of the system matAx it is possible to obtain [55]

estimates for the angular frequeney, of the undamped system and for the
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damping factor{ , so that all system parameters can be estimated (r.6) and

from the following relationships:

k C C
W, =.|— and (¢ = = : 7.7

It is observed here that in each of the identifaratprocedures performed, the
model ordern = 2is determined by inspecting a singular value phth i =60
block rows), as shown in [70].

The identification results for all system parameigre presented in Table 7.2: the
best estimates are obtained by applying a randgmt.inn fact, for Case 1, it
should be observed that the added noise is retatdte r.m.s. of the entire time
history, which is non-stationary; so, samples apoading to small
displacements are more deeply corrupted by noisgé are consequently

counterproductive for the identification proceduréis is shown in Fig. 7.4 for
Case 1lup, in which this concept is more evidentabge the system reaches
higher values of response amplitudes (and thengaehir.m.s. of the time
histories).

A slightly better result for Case 1 can be obtaibgaonsideringk; as depending
on « : for eacha, matrix H (w) defined in (6.12) simply reduces to a vedtgr

with two elements as in (7.6), and it is possibleamputek, = hg (2)/he (1) .

Table 7.2. Identification results: percentage error (10@stjmated — actual | /

actual).
m k C Ks
lup) Upward sweep 4.63 4.01 4.04 5.86
1ldown) Downward sweep 1.71 1.30 2.64 3.97
2) Random 0.13 0.54 0.73 0.73
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— Output without noise
----- Output with 1% noise
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0.024 - .

0.022

0.02+
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0.018
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4 1 1 1 1 1
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Time (s)
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1.4 T

— Outpﬁt Withbut noise

O s Qutput with 1% noise |
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Displacement (m)

0.4+

0.2+

v

1 1 1 1 1 1 1 1
98.11 9812 98.13 98.14 9815 98.16 98.17 98.18 9819 98.2

Time (s)
Figure 7.4. Effect of noise corruption for Case lup. The.s.mof the entire time

history is 0.0088 m. (a) Magnification just befoine jump-down (large
amplitudes). (b) Magnification after the jump (shahplitudes).
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— Run-up estimate
18- | Run-down estimate ||

-
o
T
|

1.1 | 1 | | 1
3 35 4 45 5 55 6

Frequency (Hz)

Figure 7.5. Real part of the estimated nonlinear coefficikgt in the frequency

range considered.

The estimated coefficient of the nonlinear termfrisquency dependent and
complex, albeit its imaginary part is some ordersnagnitude smaller than the
real part. A single value can be obtained by petiog a spectral mean in the
frequency range from 3 to 6 Hz (Fig. 7.5). In tway, the percentage errors
related to thek; estimates become 2.74 for Case lup and 1.78 fee Cdown.
Note that this procedure is not applicable to ggpectral mean fok , because for
« >0 vector h: is not defined as in (7.6).

In Fig. 7.6a the true Frequency Response Func(ieR&s) of the nonlinear and
underlying linear system are shown in comparisothwhe NSI estimates,
computed from the identified system parametersase2. As a consequence of
the results reported in Table 7.2, the curves &rost overlaid: an excellent
agreement can be observed, even in estimating uimp-pyp and jump-down
frequencies and responses. The values for the gonm and the jump-up (Fig.
7.6b) have been obtained from the approximate egmes derived in [107]: the
approximation of the true jump is obtained with tleal system parameters of
Table 7.1, while the approximation of the estimgtedp is obtained with the NSI
estimates of Case 2.
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Figure7.6. (a) Frequency response curves. The crosseharirtles denote the
responses at the jump-up and jump-down frequen@spectively. The dotted
lines denote unstable solutions. (b) Magnificatiear the jump-up.
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7.3.2. Output prediction

The NSI method presented in Section 6.2 is alsadcive for its predictive
capability. In fact, once the system matricks B, C and D in (6.9) have been
estimated, it is possible to predict the systemabiglur when it is subject to a
different type of excitation.

It is important to remark that recent methods sashfCRP [66, 108] and NIFO
[68] would require a second step to perform oufpetiction in a general case of
MDOF systems. In fact, these methods only prodstienates of the underlying
linear FRFs and of nonlinear coefficients. On tbatrary, the NSI capability of
predicting the output is intrinsic in its formulati, since a state-space model is
used. In other words, system parameter estimasiamot strictly necessary and
this represents a great advantage of NSI in cad4DdDF systems. However, for
simplicity’'s sake, in section a SDOF numerical eplmis considered so
estimating system parameters out of state-spaagcests both possible and easy
to perform.

Starting from the best estimates of system paras)atbtained through the Case
2 identification procedure, it is possible to gextemew time histories considering
the system as excited by the frequency sweepsidedcin Case 1. Now the
numerical integration has been performed fgr = 190 order to have a

slower frequency sweep and to obtain a more aaurgiresentation of jump
phenomena.

In Fig. 7.7 the results are shown, in terms of mgarison between the true (i.e.:
system parameters as in Table 7.1) and the preddicte.: identified system
parameters) time histories, for the Case 1dowFkidn7.7a it can be observed that
the predicted jump-up occurs at a higher frequdaty lower time instant in the
downward sweep), as expected from the FRFs zoomrshoFig. 7.6b. After the
jump-up, this slight shift has no longer effecttbe prediction: as shown in Fig.
7.7b, the true and the predicted output are almestiaid just a few seconds after
the jump. Notice the high global level of accuratyhe prediction results, albeit
system parameters have been estimated startingdrome history corrupted by
measurement noise.
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Figure7.7. Downward prediction. (a) Comparison between &me predicted
output, near the jump-up. (b) Magnification jugeathe jump.
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7.3.3. Improved results

In this section the novel algorithm of Section &2ested and the results of the
NSI procedure exploiting it are analysed. Note thatpreviously adopted= 60

is the maximum index (for the calculator used far tomputations) which allows
to avoid the memory limitation problems describedSection 6.2.3. In fact, for
larger values of , Matlab® goes out of memory and the NSI procedure with the
standard “gr” function fails.

The same time histories £10° samples) as in Section 7.3.1 are considered, and
the NSI procedure with the novel algorithm is perfed for higher values of the
number of block rows .

Since Table 7.2 shows that the best parameter &sbims are obtained in Case 2
(Gaussian random input), the results presentedisrsection refer only to Case 2.
Note also that in all the following tables the rdeswbtained by choosing= 60
are also reported for comparison purposes. Forvtilise ofi the results are the
same as in Table 7.2, as expected: the novel Higordoes not alter the NSI
results, it just proposes a useful way to compu&imn R in those cases in which
Matlab® produces an “out of memory” message. However ibbiserved that,
when the standarsllatlab® “gr” function is still applicable, the novel algthm is
about 26 times slower because of its many savingsl@adings from the hard
disk.

Table 7.3 shows the identification results relatven output corrupted by 1% of
noise: it is clear that the percentage error ingsiemates ok and k; decreases

asi increases. This trend is not so evident for theneses ofm and c: this is
due to the fact that these parameters are nottlgirestimated from matrix
HE(a): O), ask andk; in (7.6), but they depend on the estimate& pty, and

¢ through the relationships of (7.7); this may caas®rt of error propagation or
compensation. This remark is also valid for Tablgsand 7.5.

From Table 7.3 it can also be observed that a wvailue= 60 is anyway sufficient
to obtain an excellent level of accuracy in thenestes, so the application of the
new algorithm is not necessary.

The new algorithm appears to be more appealing \lieioutput is corrupted by
a higher level of noise: in this case it is necgss$a increase the value af in
order to attain acceptable accuracy in the estsnateparticular as regards the
nonlinear coefficienk,.
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For this reason, the previously generated outpebisupted by adding a higher
percentage of zero-mean Gaussian random noise kedrdasults of the
identification procedures are shown in Tables hd &5 for 3% and 5% noise,
respectively. It can be observed that the inderequired in order to obtain the
same level of accuracy increases as the noisergageeincreases.

Table 7.3. Identification results (noise 1%): percentageefiO0 ¢ | estimated —

actual | / actual).

[ m k Cc Kq
60 0.13 0.54 0.73 0.73
90 0.13 0.33 0.57 0.49
120 0.08 0.13 0.15 0.21
180 0.07 0.11 0.33 0.18

Table 7.4. Identification results (noise 3%): percentagerfiOo0 « | estimated —

actual | / actual).

[ m k C Kq
60 0.68 1.87 1.54 2.98
90 0.76 1.37 1.22 2.32
120 0.57 0.74 0.80 1.37
180 0.51 0.66 0.63 1.20
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Table 7.5. Identification results (noise 5%): percentagerfiOo0 ¢ | estimated —

actual | / actual).

| m k C k3

60 1.19 3.08 0.53 6.24
90 1.60 2.62 0.15 5.29
120 1.41 1.84 0.73 3.82
180 1.26 1.61 1.59 3.34
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Chapter 8

A complete covariance-driven
method

In this chapter a multivariate subspace-based ftation in the time domain for
modal parameter identification using covariancesldgeloped, with the aim of
proposing a complete input-output covariance-drividentification method
applicable in the same way as its well-establiskegd-driven counterpart.
Input-output covariance-driven subspace identilicahas been less investigated
in the past than its output-only counterpart, lmrhe results are available. In the
literature, most of the proposed approaches [6%isisd in handling different
projections of the system onto the subspace gestkiat the inputs, or onto its
orthogonal subspace, for eigenstructure identiboabnly.

In this chapter the main purpose consists of thienason of the input matrix8
and the direct feedthrough matrik of (6.11), since it is believed that these
matrices should also be provided by an input-ouigentification method in order
to be defined as complete. This state-space racmtish capability, which is
fundamental for time response prediction and fraqueresponse analysis, is
well-established for data-driven methods as sedbhiapter 6, but it has not been
investigated for an input-output covariance-drivegthod yet.

Moreover, an important issue of structural vibmati@nalysis consists of
considering mechanical structures subject to umobed, unmeasured and
nonstationaryexcitation [109]. The concept of nonstationary cstescy of
subspace-based methods in the identification ofetigenstructure of a linear
multivariable system is dealt with, for example,[110] for nonstationarities in
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unobserved disturbances. The same concepts can ppieda when
nonstationarities are in the known input, the stqi@ce estimates also being
consistent.

Two numerical examples are given, to demonstragecipabilities of the present
covariance-driven subspace identification method f(ather experimental
application can be found in [111]). Some compassevith the data-driven
subspace identification method are also indicatesimple SDOF system is used
to demonstrate the consistency of the proposedadathder weak nonstationary
input and, consequently, output. A 15 DOFs exaniplaised to show the
capability of the covariance-driven method to de#h large and complicated
systems, even when a high level of noise impli@sgua large number of samples
to avoid poor estimates. The covariance-driven otktin fact, is not suffering
from the memory limitation problems described irct8m 6.2.3, such as in the
data-driven method.

As a final remark, the presented covariance-driveethod has been only
demonstrated on linear identification procedureghoagh on large MDOF
systems. Some computational difficulties leadingwimng results have been
encountered when trying to apply the method onineal systems. The reasons
of this failure (and possibly a solution) are unoheestigation: this aspect can be
a starting point for future research developments.

8.1. Methodology

8.1.1. Output only

The output-only covariance-driven subspace idextiibn is well-established in
the literature [54, 59, 112] and it is recalled enén order to introduce some
concepts and notations [60] that will also be usetthe following sections, where
the input-output approach will be presented.

Given a stochastic state-space model witheasurements of the output

{Xr+l = Axr +Wr (8.1)

Yo =Cx +v,
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where w, and v, are unmeasurable vector signals called process amd

measurement error respectively, the subspace fdatibn problem consists in
estimating the model order and the system matricés and C up to within a
similarity transformation.

Assuming w, and v, as Gaussian white noise, the stochastic naturéhef

problem leads to the definition of the covarianicesveen all outputs
R; = E|:yr+j er}

Furthermore, the next state-output covariance metriefined as
G = E|:Xr+1 er}

After defining a block index, the algorithm starts with the construction of a
block Hankel matrix of output covariance matricesnstructed with theq

measured outputs:

R R R - R
I:'22 R3 I:24 I:'2i+1 o
R=|R, R, R - Ry | RORM (8.2)

I:ei Ri+1 Ri+2 R2i—1_

Note that in this paper square matrices are thiedbesce found by the authors for
representing the block Hankel covariances matr{essin [59]); in some other
papers [61, 112] rectangular matrices are preferbed the influence of this
choice on the results is not significant.

In order to get an implementation of this matrixansider the followingiq -

dimensional column vectors, containing the futured goast received data,
respectively:

yr +1 yr
Yr+ — yl':+2 ' Yr— — yl':—l (8 . 3)
Y+ Yr-is1

Due to the stationarity assumption, Hankel matnix3.2) writes:
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R= E{Yﬁ Y[T:l . (8.4)

Given as-size data sample, it can be deduced from (8.4)tki®acorresponding
empirical block Hankel matrix also writes:

. S
R= %ZY*Y;T , (8.5)

where J =s-2i + 1denotes the number of data used in the calculaifotine
covariances (the symbal indicates estimated matrices).
The block Hankel matrix in (8.2) decomposes as

C

CA i-1 i-2
R: : A G A G AG G :riCi y

CA™

where I, OR'™" is called the extended observability matrix aBd]R™ the

stochastic controllability matrixp is the system order.
From this equation, it is clear th&f and C, can be estimated (up to a similarity

transform) fromR by performing a singular value decomposition (SVD)

R=UsvT =[U, U 0]{ }{ T} (8.6)

Vo

where matricesU,, Z, and V, have dimensionsgxn, nxn and igxn,

respectively. Observe tha, - 8s the number of samplesincreases. The
model ordern is determined by inspecting singular values. Taerestimate of
the extended observability matrix may be obtained;a= UnZ’,{z; in order to get
an estimate of the system matricds and C, it can be seen thdf, has the

following shift-invariant structure:
2) — 1
ri( ) — ri( )A,

where submatriceg” andl® are defined fronT, as

r(l) C
il PR L—i@)} :
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It follows that matrixC can be estimated from the firgt rows of I', , while the

state matrixA can be estimated as
_rof-e
A= ri() ri( ),

where the symbol “1” denotes the Moore-Penrosediséwerse.

8.1.2. Input-output

Input-output covariance-driven subspace identiicat(CDSI) has been less
investigated in the past than its output-only ceywdrt, but some results are
available. In the literature, most of the proposgiproaches [61] consist in
handling different projections of the system orfte subspace generated by the
inputs, or onto its orthogonal subspace, for edtimgamatrices A and C only.
This procedure has been used in this section,thstbelieved that a complete
input-output identification method should also cdte the estimation of matrices
B and D. In the following, a covariance-driven approach &wtaining these
matrices is proposed and details for its implenteortawill also be provided in
next section.

Given a deterministic-stochastic state-space mdtiel same derived in (6.11),
which is reported here for completeness), witheasurements of the input and of
the output:

(8.7)

Xr+1:AXr +Bur +Wr
Yr :CXr +Dur tV

where w, and v, are unmeasurable vector signals as in (8.1), tEspace
identification problem consists in estimating thedal ordern and the system
matricesA, B, C and D up to within a similarity transformation.

Observe that (8.1) can be considered as a panticake of (8.7), by combining
Bu, +w, =W, and Du, +v, =V, and regarding these two terms as noises. This
assumption is usually adopted when excitations @aiwe measured, such as
during ambient testing of large complex structuresid the output-only
identification is performed.

In (8.7), the stochastic termg andv, are unknown, but they are assumed to be

zero mean, stationary noise vector sequences.sidehastic nature leads to the
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definition of the following covariance matricesethovariance matrix between all
outputs

R, = E{yrﬂ. er},
between the states and the outputs

G, = E{xrﬂ- er}
and between all inputs and outputs

L = E{urﬂ. yj}. (8.8)
The following properties can be easily verified:

. i
G, =A7G + Y ATBL,,
g=2

and

R, =CG + DL,

R, =CG, + DL, = CAG, +CBL, +DL,

. i .
R, =CG; +DL; =CAl 1Gl+ZZCAJ 9BL,, +DL;.
g:

(8.9)

Estimating matrices A and C

The algorithm which leads to an estimate of masriéeand C is similar to that
introduced in Section 8.1.1, but it needs somemneary operations in order to
consider the contribution deriving from the knowgedf the inputs [60].

After defining a block index, the algorithm starts by considering the outpuada
as in (8.3), and the following/ - dimensional column vectors, containing the
future and past input data, respectively:
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Ui Ui

To remove the influence of the input in the outgata formulation, the projection
of the output data on the orthogonal space of #s¢ ipput data is performed.

The key point of this section consists in perforgnine orthogonal projectiomot
before (for example as in [61])but after the calculation of the covariance
matrices: this issue turns out to be very usefiéims of a reduced computational
effort and, in particular, of a strongly reduced meey occupation (see the
15DOFs numerical example in Section 8.3.2).

For two random vector¥ and Z with zero means and finite variances, the
orthogonal projection o on sp(Z) is defined as

v/z=elvz"Ezz") z
V/z"=v-V/zZ.

In this case, the projection of each outgyton the past inputs,,...,u, is to be
known. Due to the property of contraction Af it is sufficient to project on the
last inputsu, _;,,,..., U, , that means o) ~, for i large enough.

For this procedure, the following empirical covaga matrices are needed:

. R B A=
C0 =E|:Yr Ur :|zjzyrur )
r=i

s—i
rR™=gluu [=1Suu T,
‘] r=i
where J =s-2i + 1denotes the number of data used in the calculaifotihe
covariances.
Now, the orthogonalized outputs are given by

et
yr/UD:yr_COR Ur

and, with these new measures, the classical ootgytidentification method as
described in Section 8.1.1 can be applied.
Defining the future and past new data as
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(vuo) =y -csru;

(vju) =y -coru;,

the new empirical block Hankel matriW/ has the same structure Rsin (8.2)
and is defined as

UJ

W = @AJ) @AJDXT. (8.10)

L.||—\

_‘
1,

So, once this new Hankel matrix is computed, tisé séthe method leading to an
estimate of matrice®\ and C is exactly the same as in Section 8.1.1, Within
place of R.

Estimating matrices B and D

Consider now the state space system of (8.7), appose that the extended
observability matrix I, has successfully been estimated by the procedure

described above. By using the covariance matriedwden inputs and outputs,
defined in (8.8), it is possible to get a new Hdnkatrix L having the same
structure of matrixR defined in (8.2), so the following block Hankel tnia is
introduced:

I-1 I-2 L3 e I-i
L, Ls Ly - L
L={Ly L, Lg - L/, LOR™ 4, (8.11)
_Li Ly Lz - I-2i—1_

By manipulating (8.7) in a “covariance” form, ang bxploiting the property
written in (8.9), it is possible to yield the folling important matrix relationship:

R=IG+AL, (8.12)
where
G:[Gl G2 e Gl]DRnXIq

contains the covariances between the states arwithets.
A is aigxi/ lower triangular Toeplitz matrix formed from thiest i impulse

responses as
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D 0 0O - 0
CB D 0O - 0
A=| CAB CB D ... 0. (8.13)

CA™?B CA™SB CA™B ... D

Pre-multiplying (8.12) by"”, in order to exploit the properties of the orthoglo

matrix, and then post-multiplying it bly", the following equation is obtained:
r“rRU =r"A. (8.14)

A set of linear equations foB and D can be derived from (8.14), by using the
estimatedr,” and by examining the structure 4fin (8.13). This procedure will

be described in detail in Section 8.2.

8.2. Implementation

As a remark, note that all the covariance matraeftned in (8.2), (8.11) and in
the following can also be computed in a very faayWwy using the FFT algorithm
[113, 114].

The calculation of covariance matrices has a meawback: data are squared up,
while data-driven methods are implemented as nuwaléyi robust square root
algorithms. For this reason, data-driven resultsukh be more accurate than
covariance-driven ones, even if in practical agtlans no accuracy differences
can be observed when looking at the identified rhpdeameters [56]. However,
the inaccuracy of covariance-driven methods caredaced by considering very
large data sets [109].

Another source of errors leading to poor estimasesoise: when measured
signals are heavily corrupted by noise (i.e. wilv ISNR) and some denoising
procedures are required, the quality of estimatas still be improved by
considering a larger number of samples.
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Estimating matrices A and C

An easy and robust technique for building the erogliblock Hankel matrix\Vv
defined in (8.10), by performing the orthogonaljpation after the computation
of covariance matrices, has been found in [60].

Consider the notations introduced above forJ, Y,", Y, U’ and U/;

r

moreover, the following collections of vectors argoduced:

YP=|YT YL e Y

S|

Y =Y Y, - Y

S|

and in the same way the future and past collectbigpoutsU * andU ~.
An almost equivalent way to remove the influencehef inputs from the outputs

is to project the vectoY,” orthogonally onlJ " andU, , since for each
ur)

v/uc) =(Y/(Uf_j )

r

In order to write the projection procedure in a pact form, the following
empirical cross-covariance matrices

S=i S=i
ct =13y ct =13y,
J r=i J r=i
Sl s-i
cr=13vuT, c™ =13y U
J r=i J r=i
and empirical auto-covariance matrices
s—i s—i
R =1Suru;T, R =130,
J r=i J r=i
s—i
R™=13uu, ", R =(RJ

are introduced.
The new empirical block Hankel matrix of (8.10)
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+ O
W=1(Y+/(U j e
J U
Is simply

W:R_[C++ C+_[R++ R+_}T|:

R R

C—+
c—

|

Then, the extended observability matriX and the stochastic controllability

where R is defined as in (8.2).

matrix C, can be estimated by performing the SVD as in (8.6)

s 0T
W=UsVvT =[U, U,] " V”T , (8.15)
0 %,V

and matricesA andC are estimated the same way as described in Sextiadh

Estimating matrices B and D

Before considering (8.14), it is necessary to aefiow to write the covariance
matricesR and L : matrix R writes as in (8.5), while matrik is defined as

s—i
L= E{U:Y;T} :%ZufY;T =[] (8.16)
r=i

The last term to be estimated, before proceedirgpiving the linear system, is
the orthogonal matrixl,”: this can be easily obtained by exploiting the

orthonormality property of matri¥)J in the SVD of (8.15). It can be shown that a
numerically robust estimate is given by

ro=u] (8.17)

which, in particular, has full rank (equal tg—n). Note that this peculiarity is

crucial in order to obtain correct results for testimates, by keeping a
compatibility with the dimensions oB and D. In fact, the following classical
definition of left orthogonal matrix

T s
r=1-r, (riTri) r," OR™«

is not applicable in this case, since it is notudifrank.
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Once the quantities in (8.16) and (8.17) have baefmed, it is possible to
determine an estimate for matricBsand D, after partitioning and rearranging of
(8.14), using the standard least squares technigesimilar approach, but
applied in a data-driven framework, has been adbipt§l15].

An appropriate way of computingd and D exploits the lower triangular
structure of matrixA, as it can be seen in (8.13), in order to write fibllowing
set of (ig —n)i linear equations:

Fmp

The unknown has dimension®+n)x/ and can be determined through the

pseudo-inverse oF as

Matrices F and P have dimensions(ig—n)ix(g+n )and (ig—-n)ix/,

respectively, and are defined as

Ug (1:q) Ul Cg+1:ig)r @€ qi -1, |
Ug (,q+1:20) Ug (29 +1:0g); @ q(i - 2),2)
F= : :
Ug(:,q(i -2)+1:(i—-1q) Ug(:,q(i -D+1:iq)l; @:q,:)
Ug ¢.q(i -1 +1:iq) 0 |
and
P(1:0)
P(:,/+1:20)
F= :

PG, /(i —2).+1: (i -1)
PG> =D +1:i/)

Matrix P=UJ]RL' OR ™ from the above equation represents the left-hand

side of (8.14) andP is formed by partitions oP .
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8.3. Numerical examples

In this section two numerical examples are showmemonstrate the capabilities
of the proposed covariance-driven subspace ideatifin method (CDSI) to deal
with large and complicated systems, even when faleigel of noise implies using
a large number of samples to avoid poor estim&eme comparisons with the
data-driven subspace identification method (DD®3alibed in Section 6.2 are
also indicated. By using the same user-definednpeters (number of samples
and block indexi ), the latter method gives in general better resoiit in some
cases, especially when the number of samples ayréekeof freedom is large, the
DDSI method can not be performed with valuessodnd i sufficiently high to
obtain good results. This is due to the memorytétron problems described in
Section 6.2.3, related to the storing and managihthese large Hankel data
matrices. In detail, when working withlatlab®, these problems consist of an
error message (“out of memory”) which may occutwo situations: (1) when the
block Hankel matrices are too large to be storetihénvirtual memory space; (2)
when they can be stored but the QR factorisatiqgpeeted by the procedure can
not be performed since it requires more virtual mmgnspace.

The CDSI method is not suffering from these drawbaand the user-defined
parameters can be increased in order to improvafisgntly the quality of the
results. Furthermore, the results can reach anllertdevel, even better than
those obtained by applying the DDSI method at igimum capabilities, at least
for eigenstructure identification. This concept Iwile shown in the second
example, concerning a 15 DOFs system.

8.3.1. Single degree of freedom system

Consider a simple SDOF system whose parametermaré.3 kg, c= 2 N s/m
and k = 800N/m. This system can be used to demonstrate thgistency of the
proposed CDSI method even under weak nonstatiangamt and, consequently,
output. The concept of nonstationary consistencgeialt with, for example, in
[110] for nonstationarities in unobserved distudes In this example
nonstationarities are in the observed input anguwubut the same concepts can
be applied.
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In order to obtain statistically significant resyltt00 Monte Carlo identification
procedures have been performed, each with a diffenecitation specified by the
following

u(t) = 6[sin(2/7(%3 + tD)) } w+z,
where

V,Z~N(@0,1); P~U(25,80); ®~1U(Q,1).
Note that the notatiod\V (u, o) refers to a Normal distribution with meagmn

and standard deviatioa , while ‘U (a, b) refers to a Uniform distribution defined

in the interval (a, b).
For each identification procedure, time historiewvér been obtained through a

numerical simulation with a time stefst = 125x107 s, and a total number of

s=10" samples has been generated. As an example, dhe afalisations of the
input and the corresponding output (assuming that output y(t ) is the
displacement) is shown in Fig. 8.1. The effectled theasurement noise on the
parameter estimation results is investigated byupting the output with an
additive Gaussian zero-mean noise (5% of the r@atmsquare value).

The analysis through the covariance-driven appradedcribed in Sections 8.1
and 8.2 has been carried out by considerirg  kR@k rows and by selecting
the model ordem = 2The results are presented in the following, togetvith
those obtained by applying the DDSI method. The mmaad the standard
deviation (std) of the percentage errors over 10fhté Carlo estimates of the
natural frequencyf,, and the damping factaf are indicated in Table 8.1.

The results obtained by simply exciting the systsith a stationary Gaussian
random input (with a root mean square value of 4iMing the same levels of
displacement as for the nonstationary case) a® m@missented for comparison
purposes. The estimates provided by the CDSI metredworse than those
attained by the DDSI method, but they are stiliyvgood if considering that 5%
noise affects the output. However, it is believieat tthe quality of the estimates,
for the CDSI method in particular, may be furthemproved by increasing the
selected model order, according to a usual proeedased on stabilization
diagrams [55, 59]. The quality of nonstationaryutts is also excellent as
compared to the stationary ones, that are suppgodselthe best.

In order to evaluate also the quality of the estiomaof matricesB and D, a
comparison between the actual and the estimatepl&ney Response Function is
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carried out by computing the matrix defined in &.1The curves, as shown in
Fig. 8.2, are almost overlapped, with a maximunorewf 0.8% around the

resonance for the CDSI estimate (the DDSI estinsaletter, as for the estimated
parameters).
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Figure 8.1. One of the realisations of the input (a) anddbeesponding output

(b).
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ﬂestimated— actual|
0 with 100 Monte Carlo

Table 8.1. Percentage errgrl0
actual

experiments with 5% noise. The mean and the stideoéstimated parameters are
presented for both the CDSI and DDSI methods, antdth the nonstationary

(NonSt) and stationary (St) excitations.

3 7

mean std mean std

CDSI DDSI| CDSI DDsSI| CDSlI DDSl CDSI DDS

NonSt| 0.0083 0.0025 0.0062 0.00R1 0.2931 0.0895258.2 0.0707

St 0.0080 0.0028 0.0058 0.0022 0.2580 0.0833 0.1918652

— Actual
DDsI
— CDslI

H magnitude (m/N)

Frequency (Hz)

Figure 8.2. FRF of the system: actual (blue line), DDSlrestie (green line) and
CDSI estimate (red line).
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8.3.2. Fifteen degrees of freedom system

Consider the 15 degrees of freedom system showiygir8.3. The system, which
is the same defined in [116], is excited by a zeean Gaussian random input
with a root mean square (r.m.s.) value of 120 Ngliag only to DOF 6. By

assuming an output consisting of all displacemetitse histories have been

obtained through a numerical simulation with a tistep At = 25x10™ s, and a

total number of s=3x10* samples has been generated. The effect of the
measurement noise on the parameter estimationtsesll investigated by
corrupting the output adding a Gaussian zero-me#er{5% of the r.m.s. value).
A comparison is made by performing the CDSI and EH2SI methods with
different choices for the number of sampkesand the block index. A number of

samples ofs=2x10"* and s=3x10" is selected and for each value ®fthe
block index is selected as= @&hdi = 12Q

T 1
PEEIeLIES:
=g B
T B
T B
. géf 1

1

Figure 8.3. Representation of the 15 degrees of freedonesygl16].
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Figure 8.4. Mean (a) and standard deviation (b) of the peege errors related to 100 Monte
Carlo estimates of some of the natural frequen&8esd lines represent performed identifications,
while dashed lines indicate that the DDSI methothwi= 120 cannot be performed. Thus, the
dashed line is reported for comparison purposegs onl
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Figure8.5. Mean (a) and standard deviation (b) of the pdegge errors related to 100 Monte

Carlo estimates of some of the damping factoradSiokes represent performed identifications,
while dashed lines indicate that the DDSI methatthwi= 120 cannot be performed. Thus, the
dashed line is reported for comparison purposes onl

The model ordem = 30s fixed and both methods identify 10 out of 15des:
modes from 1 to 5, from 7 to 10 and mode 13. Tharahfrequency of mode 6 is
very close to that of mode 5, so its identificatisndifficult in case of noisy
measurements like these. In order to improve thebes and the quality of
identified modes, the model order can be increagedugh a stabilization
diagram, but this is not the goal of this example.

Information about the accuracy of the methodsvemin Figs. 8.4 and 8.5, where
the mean and the standard deviation (std) of tiheepéage errors related to 100
Monte Carlo estimates of some natural frequendies(Fig. 8.4) and damping
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factors ¢, (Fig. 8.5) are indicated. Similar results and ad&stions hold for the

other identified modes. In most of the cases theSDimethod cannot be
performed because of the memory limitation problelascribed above: the only

applicable choice (the full circle in the figurds) s=2x10* andi= 6Q For
higher values of these parameters the DDSI methowi available (the dashed
lines in the figures are indicated for comparisamppses only). The CDSI
method is not affected by memory limitations and tjuality of the results get
better by increasing the values selected for ther-defined parameters, as
indicated by the solid lines.

A comparison between the actual and the estimatesjuEncy Response
Functions is carried out by computing the matrikireel in (6.12). This equation
involves all the estimated state-space matriceshsocomparison is useful in
order to evaluate also the quality of the estinmatd matricesB and D. The
results are shown in Fig. 8.6 fét,q andH,, 4, the same level of accuracy being

obtained by all other FRFs. The DDSI estimate issh@own, since it is very close
to the CDSI estimate and differences could notpdyexiated in the figures. For

evaluating the quality of estimates, the residussputed as}estimated actuall

are also reported, for both the CDSI and the DD®thods. An excellent
agreement can be observed by the CDSI estimatdaifed with parameters

s=3x10" andi = 120, since in presence of noise the residues aretatamu
orders of magnitude smaller. Even better resuksadotained (with parameters

s=2x10* andi = 60 by the DDSI method, since the residues are atioae
orders of magnitude smaller.

In conclusion, this numerical example demonstrétespresented CDSI method,
which can be applied as well as the establishedIDihod with similar results.
For both methods, the quality of results is excelEnd they can be both used in
practical situations, depending on the size of dla¢a sets that have to be
managed. In particular, the CDSI method can halatlger data sets to obtain
more accurate estimates of modal parameters suadiatasal frequencies and
damping ratios, while the DDSI method producesendiRF estimates, due to its
robustness in estimating matricBsand D .
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Figure 8.6. Two of the system FRF3$144 (a) andH,,¢ (b). The residues have
been computed destimated-actug. The CDSI estimate has been obtained with

parameterss = 3x10* and i = 12Q the DDSI estimate has been obtained with

parameterss = 2x10* andi = 6Q
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Chapter 9

Continuous structures: a modal
approach

In practice most structural nonlinearities are ribsted and an ideal nonlinear
identification method should cater for them as wgll7]. Moreover, any
nonlinear method is requested to correctly identhg types of nonlinearity
present and possibly to quantify the extent ofrtfaice contributions. Therefore,
the identification of a whole parametric nonlinearodel is an important
instrument for many purposes. For example, it woaltbw for treating
nonlinearities in possibly damaged structures [11&] attaining improved
predictions of vibration response amplitude, whighan issue for accurate long
term fatigue estimates.

In order to extend the current method to be apphéb on realistic large
engineering structures, a model reduction is need®t can be performed by
selecting a set of modes that span the dominarardis. To this purpose, a
modal counterpart of the NSI method has been dpedlatogether with ideas for
handling a large complex nonlinear system as simmpdelal single degree of
freedom systems [119].

In this chapter, the modal NSI technique is descriland some mathematical
details are consolidated through a numerical examphe method is also
demonstrated through an experimental applicatibrugen Pescara, Italy, where
some tests on reinforced concrete beams have leefemmed.
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9.1. Methodology

9.1.1. NSI method in modal space

Nonlinear modal model

A dynamical system withN degrees of freedom and with lumped nonlinear
springs and dampers can be described by the eguatimotion (6.3), which is
reported here for completeness:

M2(t) +C, 2(t) + Kz(t) = £ (t)+ f(t)., (9.1)

where
h
fNL(t):_zIUijgj(Z’z)- (9.2)
j=1

The transformation between physical and modal spafter selecting N
retained modes, is defined by

z(t) = op(t), (9.3)

where p(t ) is the generalised modal displacement vector @nd the N x N

modal matrix of the underlying linear system. Thedal approach is a form of
model order reduction, since the number of retaimedles, in general, will be
much smaller than the number of physical degreéeetiom, so thaN, << N .

Substituting equation (9.3) into the equation oftiom (9.1) and pre-multiplying
by @' yields:

h
P MPp(t) + ©TC,dp(t) + DTKPp(t) =T f(t) - T Y 4L, g, (Pp,Pp)-
j=1

(9.4)

By using the orthogonality of the modes, equat@A) becomes:
Mi(t) + C, plt) + Kp(t)= f (t)+ fu. (). (9.5)

where

_ h
fNL(t)z_ZﬁjGj(pl p)- (9.6)
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The matricesM ,C, and K are N x N,. The modal mass matrix and the

linear modal stiffness matriX are diagonal, while the modal damping matrix
C, is diagonal for proportionally damped systems onfyt) is the Ny x1
applied modal force vector anfl (t) is the N, x1 vector of internal feedback

modal forces due to nonlinearities. Each of theonlinear components depends
on the scalar modal nonlinear functiag (p, p), which is related tof, (t)

through aNg x1 vector of coefficientszz; (this aspect will be clarified in next

section).
Assuming that the measurements concern displacemaiy, so thaty(t) = p(t )

the state-space formulation of the equation of emo{{9.5), corresponding to a

T
T .
state vector chosen as<(t):[p(t)T p(t) } and to an input vector

u) =07 -a)" .. -5, s

ft) |
p ONRXNR I NRXNR p ONRXNR ONRX]. ONRXl - GI(t)
= +
p| |[-MK -M7C,|p M™* Mmoo M7
-G, ()]
(9.7)
() |
P - gl(t)
Y= Inpxng  Ongxng +[Onpxng  Onga o Ongua . (9.8)

- G5 (t)]

By writing the previous equations in a compact fothe following continuous
modal model can be derived:

X=AXx+B.u

y=Cx +Du 9

The continuous model of (9.9) may be converted anthscrete modal model and

then processed by means of the subspace methoadiyeihe same way as
discussed in Chapter 6.
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Nonlinearities in modal coordinates

Let's focus on howf, (t) in (9.6) can be obtained from the nonlinear tefm o

equation (9.4). A vectoEj = (DTLJ- , Whose entries depend on matdx, can be

defined. Moreover, it can be assumed that
h o ﬁ —_— o
2.9;(Pp,Pp)=>0:3;(p. D), (9.10)
j=1 j=1

where the coefficientsp; and the number of nonlinear modal componehmts
depend on®, h, N and on the nonlinear functiong (z,2). In (9.10),h new
nonlinear modal functiong; (p, p) are derived. Then,
h T R h - — R h — R
2 H® LG (Pp,®p) =3 piLi4;G; (P, P) =2 79, (p. P). (9.11)
=1 j=1 j=1
A simple example is given, in case of a 3DOFs systégth a single nonlinear
function g,(2) = (z, — ), a cubic stiffness between DOFs 1 and 2. In thgec

N=3andh=1
From (9.3),9; can be written as:

N

>y}

((DZ,V_chy)pyj =(NZR:aypyj :

(9.12)

Ng Ng 3
glz{zq)z,ypy_ijlypyj :(
y=1 y=1

IIM

1

Y

By considering just the first modé&J, =1, (9.12) becomes

0 =a’p’ =4.p° = 41Gu(p), (9.13)
soh=1.
By taking into accounfN; = 2, (9.12) turns into a more complicated expression:
0, =(aip+a,p,) =a’p’ +3a°a,p’p, +30,a,° pip,” +a,7p,’ =
=PP° PP P2+ BaPiPy” + Py = ij,@,- (P)
: (9.14)

and in this casé = 4.
Written as in (9.14), the transformation from plogsito modal coordinates can be
seen as an unattractive step, since it can inteoduare nonlinear terms and then
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increasing difficulties and computational efforfBhis is true for numerical
applications in which small systems with known lledparameters are analyzed:
the class and characterisation of nonlinear tem@&m@own and their expression in
modal coordinates is in general disadvantageous. tRese systems, other
methods (such as those introduced in Chapters @réon8, or in [68]) in physical
coordinates are most suited, although the moda&lespegpresentation behaves well
anyway.

The present modal approach can be much effectivenwdrealyzing real,
continuous (not lumped-parameter) and complex wstras, for which the
characterisation of distributed nonlinearities igt kknown but can be easily
approximated with some nonlinear modal functi@gngp, p) -

Estimating the modal model

The modal coordinatep(t 9f equation (9.3) will in practice be obtainednfro

the measurements oN, measured physical coordinateg,, where usually

Ng <Ny <<N. Then

p= ((ng)q)_lq)TZ

12, (9.15)

where @ is the N, x N modal matrix corresponding to the measured set of

responses [117].

For systems with a significant class of stiffnessnlmearities (such as
polynomials, sine and piecewise linear functiorigk ipossible to obtain nearly
linear responses as long as the excitation apphi¢be system has a sufficiently
low amplitude, so the system behaves in an esfigrtieear manner. A general

nonlinear stiffness element whose extension is ehby x and restoring force

by f(x) can be said to be nearly linear at small displasemif

lim izc, (9.16)

x-Xg QX

wherec is a real constant and. is an equilibrium point of the system. Applying
excitation forces of low amplitude to systems comntey such nonlinearities
allows for the identification of the modal matrie, and consequently of the

modal model of the underlying linear system [117].
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9.1.2. Single degree of freedom approach

Starting from the equation of motion (9.5), the &tpn for a particular mode for a
proportionally damped nonlinear system is in themnfoof a single degree of
freedom (SDOF) system:

myijy-'réypy"'lzypy: fy(t)+ fNL,y(t)' (9.17)

where

h

_ 14
Faiy ()= A9y, (p. ). (9.18)
J:

p, is the y-th modal displacementn,, ¢, and Ry are they-th mode modal

mass, damping and stiffness arﬁg is the applied modal force [117]. The term

fuL, refers to they-th mode internal feedback modal force and in galnisra

function of several modal coordinates to allow fionlinear cross-coupling. The

contribution of each of thdﬂ_y nonlinear termsgy,j(p, p) is defined through a
scalar coefficientz, ; . Note that the subscrigt has been introduced here also to

denoteﬁy andg, | (p, p), in order to underline the possibility to choossudable

number and type for each of theth modal nonlinear terms, since the equations

are separately dealt with. This can be useful irtiqadar for real continuous
structures, for which the main nonlinear modeslmaidentified in more detail.

Nonproportional damping would lead to the presesfamodal damping coupling
terms, so (9.5) should be identified by subspacthous as a wholéN, degrees

of freedom system instead df; SDOF systems.

Forced response

One of the main advantages of the present modabapip is that it is not required
to perform a mode by mode excitation as for exampld17], so multi-exciters

are not necessary. By dealing witlh; separate SDOF systems, a single point
excitation on the structure is sufficient to obtaiy, modal forces, with also a

little gain in terms of testing time. Moreover, dsmonstrated in Chapter 7, the
NSI method best performs with a zero-mean Gaugsiadom excitation, but is
effective with many types of applied forces.
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Consider the equation (9.17) for tlpeth mode, in presence of an applied modal
force. Assuming that the measurements concernadiepients only, the modal

formulation corresponds to a state vector chosema[apy py]T and to an input

vectoru={f,(t) -g,.() - —Gy,hy(t)JT,aSthefOIIowing:
£, (0
A I O T R (9.19)
P my my P my my my
__gy,ﬁy(t)_
f, )

p Gy,l(t)
y=fp o] |+[o 0o - o (0.20)

p :

__gyhy(t)_

and matricesA,, B,, C and D of (9.9) are consequently defined.

For the identification of system parameters, thematation of matrixﬁylE(a))

can be performed as in (6.24).

HV,E(w):[ﬁy,y Hyy o Hyylys | (9.21)

Once all theN; SDOF systems have been analyzed, the modal unugfigear
system frequency response function (or “modal FRET) be written as follows:

H
F(w) = * , (9.22)

HNRvNR_

By simple calculations and using the propertiesthef modal matrix® it is
possible to derive an expression for the underljingar system FRF matrix
H(a) in physical space:
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H(w) = PH (w)®" . (9.23)

Note that for lumped-parameter systems, in thaquaat case in whichlN; =N,
the expression (9.23) gives the exact complete FREiX H(a), even if the
force is applied on just one of thé degrees of freedom (different from a node).
In general cases in whictN; << N, an approximation of the exad (e i}
obtained, whose accuracy depends on the numbetadhed modes.

Consider now the identification of the-th mode nonlinear coefficientg, ; . The

particular casec = @an be easily computed from (6.25), (9.19) an2((®.
0o - 0
1

_ 5o 1

/'Iy,l ﬂy,hy = [k

m m 4 4 4
my my

N
X<
iN
ANl =
=
<

Ayew=0)=lo - d- d|”

[¢)
= Yx“Y !

_My
Ky
0

5“"‘ o

(9.24)

From (9.24), the parameté?y can be estimated from the first entry of vector

ﬁylE(a}: 0) and then theh, modal nonlinear coefficients, ; can be obtained

from the other entries.
Moreover, from the eigenvalue, , of the system matrixA, it is possible to

obtain estimates for the eigenfrequencfgs of the undamped system and for the

damping ratios{,,, as follows:

A Re(A. )
fo, = a;”r;’ = ‘ ZCI;‘ and ¢, = ‘AC’:‘V (9.25)

Then, all modal parameters can be estimated fro24)9(9.25) and from the
following relationships:

k c c
w,, == and (,=—t-=—Z—. (9.26)
’ my Cy,crit 2./k,m

Free response

In absence of an applied force, a different typeamdlysis can be performed by
considering the system as subject to initial coodg or an impulsive excitation.
Although it is not possible to estimate the FRFrmas as in (9.22) and (9.23),
and the exact modal nonlinear coefficierfig ; can not be obtained, a free
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response analysis can be useful in order to perforcharacterisation of modal
nonlinearities, in particular for large structureshen forced tests are often
uneasy.

In this case, the input vector of (9.9)us= [-g,,(t) --- - gy,ﬁy (t)]T and matrix
B, is
o - 0
B.=| A4 Ay |, (9.27)
m, m,

the equation (9.21) turns into

H,elw)= [ﬁwﬁyl ﬁwﬁyﬁ ] (9.28)

and the equivalent of (9.24) is

c, mJ o - 07 .
— —— — _ — /J ’H
Hva(a):o)z[o o 0]-fr o A :[ IZy,l I’(’y]
1 0 my my 14 14
(9.29)

In case of monotonic nonlinear functions, such alyrmials, these estimated
values can be used to evaluate the ratio betweenjtth nonlinear modal

feedback and the linear stiffness force contrilyutio

3. =P maxg,,; (p. p))
bk, max(py)

Then, the absolute contribution of each nonlinean teith respect to the whole
nonlinear force can be evaluated in percentagellas\s:

, for j=1,2,...,h

, (9.30)

.—100u for j=1,2,...,h (9.31)

ZIA |

The investigation of the); leads to the elimination of the minor or negligibl

nonlinear terms and then to a suitable choice e)ﬁ;h nonlinear modal functions

for further detailed identification procedures.
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For example, a broad free response analysis cqefiermed by considering as
much nonlinear terms as permitted by the computatioesources; then, those
corresponding to the minor values of can be discarded; eventually, the FRF

matrix and the coefficients of the selectEpI nonlinear modal functions can be

identified with more accuracy by performing a fatgesponse analysis, with less
computational effort.
The relationships (9.25) and (9.26) are still usetfol estimate the modal

parameters, but in this case this is not suffickeetause the estimate 5; from

(9.24) is not available.
Note that in this case (9.26) are two equatiorthénthree unknowns,, ¢, and

Ey: depending on the system under analysis, a solu#n be estimating the

modal mass, or normalizing the parameters withaetsjp a unitary modal mass.

9.2. Numerical example

In order to illustrate the proposed approach, #mesfive degrees of freedom
system used in [117] is considered: some of theewm@de linear while others are
nonlinear.

The system is shown in Fig. 9.1: the parameters aseoh = 1kg, ¢ = 4.8 Ns/m,

k=4x10> N/m and £=5x10° Nm?> It has a hardening cubic stiffness

nonlinearity between Masses 2 and 4, and it isgdesi to be symmetric in its
linear components so as to yield very simple mddgss.

2m

k
2m vV 3m
—L
c

k k
C o

iba

B

By
C

Figure 9.1. Representation of the five degrees of freedostesy.
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Table9.1. Natural frequencies and damping ratios of tlE8- system

Mode 1 2 3 4 5
Natural frequency (Hz 3.51 8.01 10.72 15.48 15.63
Damping ratio 0.0132 0.0302 0.0404 0.0584 0.0589

For best describing the capabilities of the prodasethod, as explained in prior
sections, the casbl; = N is considered, siNg =5. It is also assumed to know

the modal matrix® from a previous low level identification.

The natural frequencies and damping ratios are suin@dan Table 9.1. It can be
seen that modes 4 and 5 are very close in frquéifey.normalized mode shapes
of the undamped system, corresponding to the mmodsix, are:

[0.264 -0418 -0446 -0.664 0651 |
0496 -0571 -0386 0243 -0.267

® =|0.607 0 0.550 0 0.102 |. (9.32)

049 0571 -0386 -0243 -0.267

10264 0418 -0446 0.664 0.651 |

As pointed out in [117], by writing the equationfsnootion in modal space it is
shown that some of the modes are completely unedupthile the modal
equations for modes 2 and 4 contain nonlinear dmrttons.

For this system, the elements appearing in theimeeanl term of equation (9.2) are

h=1, 4 =4,L,=[0 -1 0 1 0] andg,(z2)=(z, - z,)*.

Following the procedure described in (9.18),can be written as:

Nk Ng 3 Ng 3 Ng 3
9: =(Z¢4,ypy‘2¢z,ypyj :(Z(¢4,y_cb2,y)py] :[ZaypyJ =
y=1 y=1 y=1 =l

h
= (0'2 P2 +a4p4)3 = ¢1pz3 +¢2p22 Py + P3P, p42 "'¢4p43 = Z¢jgj (p)
=
(9.33)

so theh =4 nonlinear modal functiong; (p, p) are defined.
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The vector[j :CDTLJ- :[O a, 0 a, O]T is derived and in the end the

vectors of nonlinear coefficienfg; can be obtained as in (9.11):

g, =[o pap, 0 pag, Of, forj=1,2,..h (9.34)

Only the coefficientsiz, ; and z, ; are different from zero: this is a further proof

that only modes 2 and 4 behave in a nonlinear ntanne
The system is excited by a zero-mean Gaussian mamngaut having a root mean
square (r.m.s.) value of 15 N, applied only to DQFime histories have been

obtained through a numerical simulation with a tistep At = 25x10™ s, and a

total number ofs = 1.6x10* samples has been generated.

The effect of the measurement noise on the paranmest@mation results is

investigated by corrupting the output adding a Geunszero-mean noise (1% of
the r.m.s. value).

The modal coordinates are obtained through théi@akhip (9.15) and the single
degree of freedom approach is applied for eacthefNy retained modes, by

performing a subspace identification with=  30Block rows and s
measurements. Note that the model for modes 1d®anay be written from the
low level identification stage, but it is identifienere as a linear alternative of the
proposed SDOF approach. The results are presentbd following.

The Frequency Response Functions (FRFs) of therlyimde linear system in
physical space are estimated through the procethgeribed in (9.23), and some
of them are shown in Figs. 9.2 and 9.3; the leveloguracy of the other ones is
the same. Since the excitation is applied only @FDt, Fig. 9.2 shows the FRFs
H,, andH,,. In this exampleNg = N is assumed, so the modal NSI method is
able to estimate the complete FRF matrix: this lodipais demonstrated in Fig.
9.3, by showing the FRAd;; and H ;. In both figures the estimates and the true
linear FRFs are almost overlaid: an excellent agesa can be observed.
Information about the accuracy of the modal NSgigen in Table 9.2, where
estimates of natural frequencies, damping ratiasla@ar modal parameters are
indicated, as obtained through the relationshipga4(9 (9.25) and (9.26).
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Table 9.2. Estimates of natural frequencies, damping rateosd modal

parameters: percentage error (100 ¢ | estimatetirald / actual).

Mode 1 2 3 4 5

Natural frequency 0.0009 0.0229 0.0018 0.07115 @004

Damping ratio 0.0883 0.1213 0.10538 1.2214 0.0628

Modal mass 0.0341 0.7444 0.1505 1.1955 0.0461
Modal damping 0.0533 0.59972 0.0468 0.1120 0.0209
Modal stiffness 0.0358 0.6983 0.15411 1.0508 0.0377

The identification results for the nonlinear modakfficients 7, ; and f, ; of

Mode 2 and 4 are presented, respectively, in Téhksand 9.4. The estimates are
accurate, except for the values obtained fer wlich seem to have a too high
percentage error. This is due to the fact thatdbetribution of the nonlinear
terms related to coefficientgs,, and 4,, to the whole nonlinear force is
negligible w.r.t. the others, so good estimates lenelly obtained. This can be
demonstrated through the application of (9.31)hwite following definition of
A; which is slightly different from (9.30):

A =a,rms(g,;(pp), for j=1,2,...h,
The differences come from the knowledge of the egatimate ofz7, ; (and not

of 4, ; /Ey as in (9.29)), since the applied force is measurexteover, since the

force is a zero-mean Gaussian random input, thé mean square (r.m.s.) is
preferred. Then, the application of (9.31) leadshi following (observe that the
contributions are the same for mode 2 and mode ug t the system
configuration):
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0, =54.4636%, O, =321937%, 05 =10.79226, J, = 2.5506%.

The value ofd, is less than 3%, so the error associated to teass of 17, ,
and f,, is not considerably affecting the estimate of whele nonlinear modal

force.
As a further demonstration, the coefficienqts; and z,; can be used to obtain

the contributions of the"2 and 4' mode internal feedback modal force as in
(9.18): a comparison between the true and estimasedinear functionstL2

and fNL,4 is made, respectively, in Figs. 9.4 and 9.5. acelbent degree of

agreement is achieved.

Table 9.3. Nonlinear modal coefficients for Mode 2.

Coefficient La,@, Ba,p, Ba,¢, Bay,
Actual 8.4782x10° | —1.0835x10'° | 4.6154x10° | - 6.5536x10°
Estimate 8.4208x10° | —1.0725x10°° | 4.4872x10° | - 6.0429x10°
Percentage
0.6778 1.0167 2.7774 7.7916
error
Table 9.4. Nonlinear modal coefficients for Mode 4.
Coefficient Ba ¢, Ba,9, Ba 9, Ba,p,
Actual -3.6116x10° | 4.6154x10° | -1.9661x10° | 2.7917x10°
Estimate —-35944x10° | 45779x10° | —1.9330x10° | 2.3719x10°
Percentage
error 0.4763 0.8115 1.6814 15.0366
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A

Figure 9.6. Scheme of the beam analyzed in Pescara.

Table9.5. Characteristics of the beam.

Total length =32 m

Length between the supports | L= n3

Area A=0.0072m"
Moment of inertia | = 43210° m*
Young modulus E =50481 GPa
Density p = 25972 kg/nm?®

9.3. Experimental application

The proposed modal NSI method can be effectivepliegh to real, continuous
structures, as demonstrated by the following expental application.

In the framework of the project titled "Monitoringnd diagnostics of railway
bridges by means of the analysis of the dynamipa®ese due to train crossing",
financed by Italian Ministry of Research, some ekipental tests on reinforced
concrete beams have been performed in Pescana, Ataletailed description of
the tests is given in [120]. In Fig. 9.6, a schemhehe simply supported beam
under study (called T4-1, series 4, number 1) @wsh and the characteristics of
the beam are presented in Table 9.5 as a genézedmee.
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By carrying out a preliminar study through the S3F$nethod (Section 6.4), a
softening nonlinear behaviour has been observeshawn in Fig. 9.7a: during a
decay, lower values of the identified first natuirgiquency correspond to higher
signal amplitudes, i.e. those in which nonlinede@t are stronger. As time goes
by, the beam behaves more and more as a lineansysind noise affects more
the signal for low amplitudes): the first natureédquency should asymptotically
approach the value assumed for the “underlyingalihesystem. A similar
behaviour can be seen for damping, as shown in9dp. From a physical point
of view, such a nonlinear behaviour is hardly eid: it is likely that a material
nonlinearity is involved, maybe due to the preseatair bubbles inside the
reinforced concrete.

This qualitative demonstration justifies the apgiicn of the proposed method, in
order to characterise the nonlinear contributioms hssumed that the “underlying
linear” beam can be approximated by a simply suppobeam, so the mode
shapes of the undamped system can be obtainedtietheoretical relationship

@, :sin(n%yj, for y=1 ..., Ng (9.35)

where L denotes the length of the beam andk the position over the beam.
Since the contribution of other modes is negligibi¢h respect to the first one
[120], Ng =1 is selected and the normalized modal matrix is:

0.5000

¢ =|07071|. (9.36)
0.5000

The beam has been excited by an impulsive forcengiby lifting it a few
centimetres by one end and then by releasing ¢ty shiat it bumped against the

support; accelerations in points 1, 2 and 3 (plaesgectively at%, |/2 and

3%) have been measured. For the present analysiglacksnentsz(t )are

obtained through a numerical integration and shawhkig. 9.8. Then, equation
(9.15) is applied in order to obtain the modal claate p, (t) .

A SDOF equation for the first mode is obtainedragquation (9.17); in order to
perform a free response analysis as described qudyi a ninth-order odd
polynomial stiffness has been attempted, with tleing four modal nonlinear
terms (the subscript = i omitted from now on):
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g,(t) = pu(1)®, To(t) = pu(t)°, To(t) = pu(t), Tu(®) = po(1)°  (9.37)

A subspace identification is carried out by consite s=6x10° samples and
i =150 block rows. The matrixH ¢ (w= 0) is obtained as in (9.29); the absolute

contribution of each nonlinear term with respectite whole nonlinear force is
evaluated as in (9.31) and shown in Table 9.6.
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Figure 9.8. Generalised displacement vecttft uged for the present analysis.

Table9.6. Nonlinear terms contribution to the nonlineaict in percentage.

3 5, 3 3,

23.84 44.07 30.11 1.98
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Since J, is negligible with respect to the others, the mwdr termg,(t) is
discarded and a new identification procedure idopered with the remaining
three modal nonlinear termg, (t), §,(t) and g(t). Estimates for the natural

frequency, damping ratio and modal parameters mengn Table 9.7 for both
the identification procedures carried out (in cabd and 3 nonlinear terms): the
modal parameters are computed, by assuming thamdidal mass is theoretically

equal tom =%. The results of a linear analysis (0 nonlineamgemcluded in

the model) are also reported to show that a siripéar analysis would lead to
wrong estimates, especially for damping and nafiuegluency, as can be seen by
comparing them with Fig. 9.7.

Moreover, both the estimated nonlinear modal stgicharacteristics are shown
in Fig. 9.9: the two nonlinear functions are almadtntical, this justifying
discarding the termg,(t). The estimated modal nonlinear internal force,

evaluated at the maximum measured modal displadenseaqual to 8% of the
corresponding linear internal stiffness force. Thisasure of the weight of the
nonlinear contribution with respect to the lineae®eems not significant, but it is
sufficient to considerably reduce the accuracyhefrhodel.

Table 9.7. Estimates for the natural frequency, dampingprahd normalized
modal parameters, in case of 4 and 3 modal nomlite¥ens. The case with O
nonlinear terms (linear analysis) is also reported.

Number of
nonlinear f, (Hz) , ¢, (Ns/m) ky, (N/m)
terms
4 18.97 0.012 82.9 398x10°
3 18.94 0.013 88.3 397x10°
0 18.74 0.016 106.7 389%x10°

202



20 T T T

— 4 terms

L N 3 terms :

2107 |
Q

Q st |
| .
he,

o 0F |
®
)

=3Iy |
c

%-107 |

15+ i

-20 1 | I | ) | |
8 6 -4 2 0 2 4 6 8
Modal displacement (m) x10

Figure 9.9. Estimates of the nonlinear contribution to thedadostiffness curve.
The two nonlinear functions are almost overlaid.

In order to verify the accuracy and validity of identified model, it is possible to
perform a numerical simulation starting from thetireated parameters, by
considering the system as subject to known inidahditions. This way, a
reconstruction of the output is obtained and it barcompared with the measured
modal displacement. In Fig. 9.10 this comparisorshsewn, together with the
output reconstructed by carrying out a classica¢dr identification [51]. An
excellent level of accuracy is observed for thelinear reconstruction, while the
linear one is inadequate in estimating the ampdisuend the frequency of the
system, especially towards the end of the decapasn in detail in Fig. 9.10.

In the end, it is possible to notice that the idestt model can then be used to
predict the behavior of the system starting frorifiedent initial conditions. For
example, a second “lift and release” excitation bhasn produced for the same
beam, with a similar level of response. In Fig. 19.the measured modal
displacement is compared against the one predmstexbnsidering the previously
estimated parameters. A good agreement can bevedser
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Chapter 10

A time-varying inertia pendulum

In this chapter two of the main sources of noni@tairy dynamics, namely the
time-variability and the presence of nonlinearigre analysed through the
analytical and experimental study of a time-varyimgrtia pendulum. The
pendulum undergoes large swinging amplitudes, abith equation of motion is
definitely nonlinear, and hence becomes a nonlitiga-varying system.

The analysis and simulation [121] of mechanicatesys with imposed relative
motion of components is challenging: time-varyingrtia, created by a part that
slides along a rotating member, reveals the Carigle effects present in the
system. This relative movement can excite but aklsduce the structure’s
vibration, providing new means or techniques fdivacattenuation of vibrations.
An example of such a technique, in which a massimgoradially is treated as a
controller to attenuate the pendulum oscillatiomss demonstrated in [122].

The concept of controlling the motion of a systédmotigh mass reconfiguration
has been examined in [123] using a variable lenggthematical pendulum. The
control of angular oscillations is accomplisheddhiging the end mass towards
and away from the pivot. A variable length penduluas also been considered in
[124], where a rigorous qualitative investigatiohits equation is carried out
without any assumption on small oscillations. Thaot and approximate study of
the nonlinear pendulum can be found in variousneepapers; most of them deal
with obtaining analytical approximate expressioos the large-angle pendulum
period [125, 126]. Among the few papers devotedohbtaining approximate
solutions (the angular displacement as a functibrtime), [127] derives an
accurate expression in terms of elementary funstion
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10.1. Experimental set up

The structure under testing is a pendulum with traeying inertia: a disk on a
cart can travel along it through a runner, while tbendulum is swinging.
Moreover, this structure cannot be considered singsl a linear time-variant
system, since for large swinging amplitudes theadqn of motion of the
pendulum has to be considered as nonlinear.

10.1.1. Description

An overview of the design of the structure is presd in this section, together
with a description of the instrumentation used doquiring data. The measured
characteristics of the considered elements, sucmass and dimensions, are
defined in next section, where the equation of arois introduced.

A CAD model of the whole structure is shown in Fig.1, in which the main
supports are observable. The pendulum is congtitbfean aluminium runner
along which a cart can slide, as represented inIT@. The cart has two screw
holes for mounting an added mass which can slidénempendulum, thus varying
its inertia.

Moreover, in order to avoid a non optimal clampwestn the runner and the shaft
due to the large deformability of aluminium, a shpdfite has been added to the
system to enforce the clamp.

The traveling mass is a steel disk, whose motien régulated by a
counterbalancing mass driven by hand without afigcthe pendulum swing.
This counterweight is connected to the moving nihssugh a system of pulleys
and a cable that can be considered as non-extendEid complete structure is
shown in Fig. 10.3, with the sensors used and destin next section. The main
supports, plates, pulleys, bearings and precidiaft are observable.
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Figure 10.1. CAD model of the whole structure, including thengelum and its
supports.

Figure 10.2. Detail of the runner and the cart.
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Figure 10.3. Complete structure. At the top, the plate addedhte system to
enforce the clamp is highlighted. The travellingssi@and the counterweight are
observable on the left and on the right, respelgtive

Instrumentation

The sensors can be seen in Fig. 10.3. A triaxial dour monoaxial
accelerometers have been mounted along the bedormation about their
masses and positions is given in Table 10.1. Tt¢tearacteristics are useful for
elaborating some considerations about the paramgtdating that will be
performed in Section 10.2.1.

The triaxial accelerometer is a PCB 356B18 pieatate sensor (ICP). This
sensor is used to demonstrate some practical @masiohs in Section 10.1.2. To
show typical measurement errors, some data seeslieen acquired by adding a
capacitive accelerometer to the system, in the sasition of the ICP sensor.
Each monoaxial accelerometer is a Bruel&Kjser 45000B piezoelectric sensor.
These sensors are used to measure the transvimsdions of the pendulum for
performing the analysis of the flexural vibratiomghich is not contained in this
work (it can be found in [128]).
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Table 10.1. Characteristics of the accelerometers.

Distance from the pivot

Type Mass
point
Smonqz = 0205 m
Smongz = 0:525 m
Monoaxial Miono = 0.0046 kg
Smongz = 0-750 m
Smongs = 0.980 m
Triaxial m,; =0.0243 kg Syi =0.930m

A direct measure of the angular position of the dudum is given by a

Penny+Giles SRS280 sealed rotary sensor, with earacy of +1% over 100°,

connected to the precision shatft.

A Celesco PT1A linear potentiometer, with a maximextension of 1.2 m, has
been connected to the counterweight (see Fig. 10I®) position of the travelling
mass along the runner can be simply obtained frosmieasure.

All signals have been acquired with a samplingdesgey of 256 Hz. The signals
have been measured by using an OROS acquisitie@nsysvith 32 channels and
anti-aliasing filter.

10.1.2. Considerations about accelerometers

In this section some considerations about the gmaeasured by the
accelerometers are proposed, together with congrarisvith those acquired
directly from the rotary sensor.

In the following, 6(t ) is the output of the potentiometer, which is vacgurate at
these low frequencies; thus using supplementargosenis not necessary to
describe the dynamics of the SDOF system. Howesdecelerometers are
mounted to give some useful guidelines in case tantiometer would not be
available.
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Figure 10.4. Actual value of the radial acceleration.

A piezoelectric sensor (ICP) is not suited to measie radial acceleration of the
pendulum under exam, because it removes the DC aoemp of the output,
which is non-null. This is why a capacitive accelaeter was chosen for
comparison.

To show this, the two accelerometers have been tadwon the beam in the same
position p, = 093m. Let’s focus on the radial direction. The sigéé) of the

rotary sensor has been numerically differentiatedrder to obtaird(t )which is

used for computing the “actual” value of the radiatelerationa, (t) = p,8(t)?,

shown in Fig. 10.4.
The signals acquired by the accelerometers aresepted in Fig. 10.5: the ICP

measuremend, ,cp(t has zero mean and its value is zerodor  an@l 6= Oat
the end of time history, while the capacitive sersdputa, yc (t ) is asymmetric

and its value tends tg for 8 = 0 and 8 = Q Clearly, none of the two behaviours

can be associated with the actual value of radelaration.

Another consideration arises from this figure: #féect of the acceleration of
gravity g on the measured signals must be taken into acanohtremoved in
order to get the correct value of the radial agedilen. This is due to the fact that
the measurement axes of the accelerometer on tituoen have an orientation
that changes considerably over time, while mosdyofamics applications do not
show such a behaviour.
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Figure 10.5. Measured accelerations in radial direction, by EFC and the ICP
sensor.

A “cleaning” operation can be thought as trivialit it cannot be performed on

signals from classical ICP accelerometers, becatisee continuous component

removal described above.

Then, we can consider the capacitive sensor saggmebrrupted by the presence of
g

&, pe (t) = &, (t) + geosAt) . (10.1)

By cleaning this measurement, we get an estimatic@ted byl ) of the actual
radial acceleration:

& pc (1) =& pc (t) — gcosH(t) - (10.2)

Fig. 10.6 shows a comparison between the actuallracceleration and this latter
estimate: an almost perfect correspondence cabta@ed.
A similar approach can be adopted if the tangemntigdction is considered. By

differentiating again the sign@(t i order to obtaind(t )the “actual” value of
the tangential acceleratioa, (t) = p,&(t Has been computed. The DC estimate

&, pc (t) can be obtained from the measured sighal. (t as:)

8 pc(t) = 5(,00 (t) — gsind(t) . (10.3)
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The comparison between the actual tangential aatele and the DC estimate is
shown in Fig. 10.7: again, a perfect agreemenbeanbserved.

—— Actual
4 | I L e DC estimate ]
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Figure 10.6. Radial direction: comparison between actual @areébn and DC
estimate.
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Figure 10.7. Tangential direction: comparison between actuakkeration and
DC estimate.
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Figure 10.8. Pendulum with the travelling mass.

10.1.3. Equation of motion

The pendulum with a travelling mass is considerggilrating in two directions:
in the flexural direction (the axis in Fig. 10.8) the system behaves as a linear
continuous beam, while in the orthogonal directiprihe swinging pendulum can
be considered as a simple nonlinear SDOF systame ghe flexural stiffness
along this direction is very high. In this work grthe swinging motion in the
orthogonal direction is studied.

Note that the two motions can be considered asupted: flexural vibrations are
influenced by the effect of an axial force (tengitesitive) due to gravity. For the
beam of this experimental application the contitruf gravity, which depends
on 4(t) (Fig. 10.8), can be considered as negligible anlhsis of results in
[129].

From the rotational equilibrium of the system shawrig. 10.8, the equation of
motion can be derived as follows:

(1o + 1oo * 1 mo ©)B1) + (c, +2mys(t)s(t))EcE) + (m,gd, +m,gd, +m,,gs(t))sina(t) =
ot (DB(1) + Coor (DB(t) + Py () SiNO(E) =0
(10.4)
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in which the subscriptg, b and m refer to the plate, the beam and the travelling
mass, respectively. The angle swept by the pendidundicated by&(t ) Other
terms appearing in (10.4) are the positigt of) the travelling mass, the
acceleration of gravityy = 98In/< and a viscous damping coefficieny.

For each component of the system, the moment diangas been computed with
respect to the pivot poir® as follows:

_1 2 2 2
IpO_Emp(ap +bp )+mpdp 1
1
|bo:Emo|-b2+modb2.

1 2
o =5 Ml + m,s(t)? =1, + m,s(t)*.

The properties of the components have been meaanctare reported in Table
10.2. These values are those used for preliminamyparisons between identified
and “expected” results in Section 10.2.1.

When the travelling mass is fixed on the beam, te@gh=35, $(t) =0 and the

following restricted forms of (10.4) are considered
(1 oo + 1o * 1o )J8®) + 6,80) + (M gd, +mygd, +m,, gB)siné(t) =
(1 +m,52)(t) +c,80t) + (P +m,, &5)sinét) =
latO() +€,0(t) + R SINO(t) =0
(10.5)

wherel =1+ 1, + 1, andP=m,gd, + m,gd,.

Table 10.2. Characteristics of the components.

Centre of mass

Component Mass (kg) Sizes (m) distance fromO
(m)
a, =0.044,
Plate 0.0713 d, =001
b, =0.063
Beam 0.29 L, =1 d, =05
Travelling Mass 0.5025 r, = 005 s(t)
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Swinging frequency

When the swings are not “small”, i.e. the lineaticma sind C & of (10.4) is not
possible, the period of oscillation of the penduldepends on its angular
amplitude.

In the following, the behaviour of the undampeddadam in case of large swings
is studied, with fixed mass, in order to achieveamalytical expression of its
time-varying frequency [125]. The starting point Bgq. (10.5), with the
assumption that, = 0

Consider the energy balance for the undamped pemd(the time dependency is
omitted from now on), in whiclg, stands for the maximum amplitude (note that

0=0in 6,):

1-
2|tot0 +Ptot(1 COSQ) tot(l COS@O)

By using the trigonometric identityosd =1-2sin?(8/2) , we obtain

1- 6, o
§|mt9 —Zﬂot(sm 5 smzz)
and then
1
dr=1 [lot (smzi—sinzgj 2 de. (10.6)
tot 2 2

By integrating both sides of (10.6) between 0 &yda quarter of the period@ is

obtained on the left and then:

—
T=2 /'_t_ot j(sinz % _in? 9) de. (10.7)
I:)tot 0 2 2

We can now apply the following relations (note tigtis the period for “small”

oscillations)

of . sin@/2)
T, = 271\/: Slnw_—sin(HO/Z) (10.8)

to rewrite (10.7) as

._.'U =
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T=2T,K(K), (10.9)
T

wherek =sin(@,/2) and

/2

dg
! J1-K2sin?g
is the incomplete elliptic integral of the first nki. This integral can be

approximated, for example, by expanding the integriunction in power series
or by using an accurate arithmetic-geometric maae][

K(k) = forlk <1 and |6,| <, (10.10)

The period T, is a function of the mass positiosi and then the analytical
expression of the swinging frequency can be writtem (10.9) as:

n 1

T NCTRC)

(10.11)

In order to derive an analytical representatiofr@fuency for large oscillations in
presence of small damping, (10.11) is simply ex¢endy considering the
swinging frequency as “instantaneous”: for eaclugalf timet the pendulum is
seen as a new system having a new maximum ampléydehich implies a new

value of K (k ) and consequently a new value bft) in (10.11).

The meaning ofg,(t )is shown in Fig. 10.9: it can be seen as a timgivg
maximum amplitude. Note thaf,(t )xan be computed (for example, by
interpolation of maxima/minima) only posteriorj after having full knowledge of
the time history of9(t )

Then, the new definition of frequency is given alofvs:

n 1

f(t)=1(56,(1) = 2T. (K KW)
0

(10.12)

wherek(t) =sin(G,(t)/2) .

A nonlinear effect can then be observed in (10.1#:large oscillations of the
pendulum affect the elliptic integralK(k(t .)) Moreover, this nonlinear
contribution is decreasing in time, since the maximamplitude is reduced by
damping, and the frequency tends to the vafye=1/T,(S) assumed for small

swings. An example of this latter effect is givenHig. 10.10, where (10.12) is
used to compute the frequency for the mass inealfpositions = 0.5 m.
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The problem of estimating the frequency of a nadmnsystem as a function of
time, and also of the maximum amplitude of swings) be handled by using
other approaches. As an example, by approximatiegermsing with its Taylor
series expansion, a nonlinear system having a gepelynomial nonlinearity can
be obtained. Then, many different analytical methcah be applied, as described
in [130], in order to derive a relationship betweka amplitude and frequency of
the oscillator. With these techniques, such asvédwgational Approach (VA), the
Energy Balance Method (EBM) or the Hamiltonian Aggch (HA), the same
results are attained and can be considered as>am@toons of (10.12). In the
present case, however, the elliptic integral apgraa preferable since it is aal
hoc procedure for the nonlinear tersind of the pendulum and it can also be
associated to a precise physical meaning of tinmghvag frequency.

Baseline frequencies for fixed mass positions

Equation (10.12) is useful as an analytical “exageoh” that can be adopted for
comparisons with the identified results of Sectidn2. In particular, in order to
analyze the cases with the travelling mass, a septation of some curves, for
fixed values ofs, can be used as a baseline grid. This is showAigin10.11, in
which the frequencies are plotted as a functiorthef maximum amplitude of
swing, for 10 equally spaced mass positiaslt can be observed that the 10

curves have the same behaviour, as expected. Mereiba fixed value ofg, is

considered, the frequencies are not monotonic thighpositions. In fact, they
are increasing for values & between 0.95 m and 0.25 m, but then they start
decreasing fors = 015 m and 0.05 m. This is due to the values assumettidoy
characteristics of the components (Table 10.2) iancbnfirmed by showing in
Fig. 10.12 the behaviour of the small-swings freguyef, as a function ok :

fo(@) = [P

: 10.13
2\ | +m,s° ( )

This function has a maximum at abosi= 0.  28Y so that there are values of
frequency that can be associated to two differesgspositions. This might lead
to extra difficulties in interpreting the results.
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10.2. Motion of the pendulum

The swinging motion has been analysed by applyireg NSI and the ST-SSI
methods separately. This is due to the main draklzdfecting them when
studying such a time-varianand nonlinear system: both methods cannot
distinguish the time-variant contribution from thenlinear one, since the effect
of both contributions consists of swinging frequerariations.

As a consequence, the study of the swinging mdi@as been divided into two
parts. In the first one, dedicated to the fixed snasse, the NSI method is used to
identify the nonlinear contribution and the “ungerfy” linear frequency: to
validate the method, the results are compared th@élknown actual values. Then,
the system parameters are updated to build a ndvib&ked model. In the second
part, which focuses on the swings in presence ofoaing mass, the ST-SSI
method (introduced in Section 6.4) is applied: aseterence, the baseline
frequencies described above are computed by ugiagpteviously updated
parameters, so that all information given in Tallde? is no more needed (except
for the valuem,, of the travelling mass).

10.2.1. Fixed mass

In this section, the NSI method is applied in orderidentify the system

parameters as only depending upon the nonlineactsffdue to the large
oscillations. To this aim, the travelling mass hasn fixed along the beam in two
different positions, namelg = 091 m ands = 05 m.

Relying on the values resulting from both confidimas, a parameter updating
can be done and adopted for validating the idextifionlinear models.

NSI method

With the mass fixed on the beam, the starting psir§fL0.5). Moreover, in order
to apply the NSI method, it is useful to considexr Taylor expansion of the sine
(for 6 C 0):

_1\n
sin@ DH—EHS +...+ (=) 6%™ + 0(6%™?) (10.14)
6 (2n+1)!
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By truncating the expansion in (10.14) to= (®r this value the level of

accuracy is excellent, WhEH < 7/2), (10.5) can be written as:
[atB(t) +C,000) + P (61) + B,OM)° + B,6(1)° )= 0 (10.15)
(-’
(2j +1)!
Taylor expansion.

where 3, = for | =12 are the coefficients of the nonlinear terms in the

In this way, the linear part of the equation aral tonlinear feedback force can be
separated as seen in Section 6.1.1:

Lat8(t) +€,6(t) + PoO(t) = ~BiRat8(t)° = BoPoO(t)° (10.16)

From (10.16), the discrete state-space model dkfineSection 6.1.2 can be
identified by means of subspace methods, by onlyguhe system output vector
y = 6(t) measured by the rotary sensor described in Setfiadhl and the input

(feedback forces)u=|-6(t)> -6(t)° . The natural frequency of the
“underlying” linear system (i.e. linear part of tleeuation of motion) can be
extracted by calculating the eigenvalues of thatiied matrix A: in the case of
a pendulum, the linear frequency sought for is edoathe frequencyf, of
“small” swings.

The identification of the nonlinear coefficientosid be carried on as follows, by
exploiting the method used in Section 9.1.2 and pheticular form of the
nonlinear coefficients defined through (10.14) gdd.15). In fact, they are

defined asy; = B P, for j =12, so they are both dependent By,. Equation
(9.29) is exploited, which in this case turns ir1’fQ(a))=[H/,11 H/Jz], where
H () is the FRF of the “underlying” linear system.

In particular, whenae = Othen H (0) = Eot_l and an estimate of the coefficients

defining the Taylor expansion of the sine in (10.dd@n be obtained as

He(w=0)=[8 Bl (10.17)

The NSI method as described above has been repeafmulied to several time
records where the nonlinear contribution was maoneartant. N overlapping
time windows of 30 seconds each, covering a rarfgdeoreasing amplitudes
from 70 to 45 degrees, have been selected: incp&atj N = 20 for the case
S=091 mandN = 11for S= 05 m, since for the latter the range of amplitudes
Is swept faster. The results are presented hereafte
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The identified swinging frequencies of the “underty linear system with fixed

mass inS=091 m and S=05 m are shown in Fig. 10.13 and Fig. 10.14,
respectively. For each window, an estimate of tlegency is obtained and a
comparison with the expected valug, computed from the nominal values in

Table 10.2, is also given. At this stage, the dbjecis not to attain a perfect
identification, since the knowledge of the expectadue is inaccurate due to
errors in any of the mass, length or position & tomponents. Here, it is only
verified that the identified values are placed glanconstant line, thus validating
the removal of the nonlinear contribution carried by the NSI method. In next
section a parameter updating procedure based se tentified values will be

performed in order to remove the bias observedaspein Fig. 10.14.

To reconstruct the nonlinear terms, the Taylor espma in (10.14) of the sine is
used, with the estimated valugs and £, obtained through (10.17). Figs. 10.15

and 10.16 show a comparison between the actuad \wdlsingd and the estimated
Taylor expansion, for the first window (i.e. larg@snplitudes). Note that similar
results, in terms of accuracy, are obtained fohezfcthe windows used. In Fig.
10.15 the cass = 091 m is presented: good agreement can be seen, nveéhrar
of 2% in correspondence with the maximum valuedofin Fig. 10.16 the case
S =05 mis presented: excellent agreement can be satnamverror of 1%.
These results about the nonlinearity further dennates the effectiveness of the
performed identification procedures, even if thenegted frequencies are not in
perfect agreement with the expected values.
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Figure 10.13. Estimates of the frequency of oscillations, fog tases = 091 m.
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Figure 10.15. Estimates of the sinusoidal term, for the c&se 091 m. The
actual valuesing is represented with a dashed line. A magnibcator large
amplitudes is also shown.
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Figure 10.16. Estimates of the sinusoidal term, for the case0.5 m. The actual
value sind is represented with a dashed line. A magniboatfor large
amplitudes is also shown.
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Parameter updating and validation

As explained above, the bias seen in Fig. 10.14 Ioeayaused by inaccuracies in
the characteristics of the components or by thesgmee of instrumentation

(accelerometers, cables). An updating proceduithen performed, in order to

build a new model based on identified results.

In more detail, consider Eq. (10.13), which defitles swinging frequency for

small amplitudes, and assume that the valuds afhd P have to be updated to fit

the identified model. In the identification stepetNSI estimateszo’j = fo(§j)

for two fixed mass positions, = 091 m and S, =05 m have already been

computed: in order to have a single value for gautition, the mean value over
the N estimates (Figs. 10.13 and 10.14) is computed.aBsuming that the
moving massm,, = 0. 502%g is also known, the following system of equasion

can be obtained from (10.13), in the new unknowpsand P,

_ )2 1l f01)°My,S% ~ g,
_(27{0,1)2 1{Pup}: (273"0,1)2mm_812_9mnf1 _ (10.18)
(@2 0)? 1 (27 02)?myS,” — gm,S;

up

A comparison between the nominal and the updatkesas given in Table 10.3:
as expected, the updated quantities are higherubecaf the influence of
instrumentation.

As a further control, the contributiorlg., and P,.. due to the accelerometers can

be evaluated by considering the information givemable 10.1:

4
I acc — My Syi ? + mmonoz Smonqj ?= 0.0295 kg m21
j=1

4
P = g(mtri Sy + mmonojzismonq J- ] =0.3327 kg m2 s-2.
These quantities are in good agreement withand AP shown in Table 10.3,
this highlighting the contribution of the accelereters in the dynamics of the
pendulum.

In order to validate the updated model, a firsp stensists of computing the new
values of the “expected” oscillation frequency bath the cases = 091 m and

S =05 m. Itis called updated frequency and it is defitterough (10.13) as
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P + M, &6
foup(8) = o |72 B (10.19)

2\ I + M52

The updated frequency and the NSI estimates (tbbs&ined in the previous
subsection) are shown in Fig. 10.17 and Fig. 10di8serve that now, in
comparison with Fig. 10.14, the NSI estimates arehncloser to the actual
updated value, confirming the accuracy of the idiext model.

In this way, by parameter identification (for thentinear terms) and updating (for
the linear terms) a general model representing etkgerimental pendulum is
defined:

(1o + m,S200) +c,60) + (R, + My )0+ B,6° + B,6°)=0, (10.20)

As a concluding verification, the model (10.20) ¢enused to perform numerical
simulations, starting from the same initial cormh, and compare the measured
and the obtained “estimated” time history&t . This is shown in Fig. 10.19 for
the cases = 091 m: an excellent level of agreement is observaldtdae that the
same accuracy can be obtained for all the time evisdconsidered and also for
the other cases = 050 m.

At this point, all information given in Table 10i2 no more needed (except for
the valuem,, of the travelling mass): the updated parametggsand R, can be

used to compute the baseline frequencies of Edqxl1Z)l and (10.13), as a
reference for the application of ST-SSI.

Table 10.3. Comparison between nominal and updateand P .

| (kg nT) P (kg nt s?)
Nominal 0.0973 1.4294
Updated 0.1292 1.8380
A=Updated-Nominal Al =0.0319 AP = 0.4086
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Estimation of the frequencies with ST-SSI

To identify the swinging frequencies the ST-SSIoetis finally applied to the
angular position signal. In this case, the idemtifvalues can be depicted as a
function of the amplituded, and compared with the baseline frequencies

described in Section 10.1.3.

The ST-SSI identification is applied on signalsideted with a factor of 12. 60
samples are considered in each window, correspgridia time duration of 2.81
s, with an overlap of 59 samples. With these patarseeach window included
from 1.5 to 2 periods of the first natural frequgnc

The results are shown in Fig. 10.20, where ther#imal curves have been
calculated for two different positions of the mgss= 091 m ands = 05 m), for
different angular amplitudes. The identified anddietical frequencies are very
close, confirming that the adopted model is abl@redict the evolution of the
frequencies, in the case of swings with a fixedsyasthe pendulum.

10.2.2. Moving mass

Let us consider two cases in which the load iselfang on the pendulum, this
producing both nonlinear and time-varying effects:

e case M1: the mass is moving upward

* case M2: the mass is moving firstly upward and th@wnward
For both cases, the time histories of the anglethadoad position are shown in
Fig. 10.21, together with the frequencies identifley means of the ST-SSI
method and compared to those obtained by applygsg @0.12) and (10.13) with
the updated parametertg, andF,,.

In order to have a final visualization, Fig. 10&#ws the identified frequencies
and compares them with the baseline frequenéigatroduced in Section 10.1.3.

Ten different mass positions on the pendulum (fb@% m to 0.95 m) have been
depicted to verify the correspondence among fregyeangle amplitude and
mass position (in a certain time instant) for thearetical and the identified
models. Some mass positions measured by the lpa@ntiometer have been
marked on the graph by means of diamonds, bothh®rase M1 and the case
M2. The identified values are very close to thedmred frequencies, for both the
experiments.
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Conclusions

In this research work two main topics were invedtd: damage detection and
dynamic identification. For this reason, two maantp can be recognised.

In the first part, the well-known Principal Componh@nalysis (PCA) method for
reducing a complex data set to a lower dimensios waeesented. PCA can
successfully be adopted in diagnostics, since dvipges useful tools for
eliminating the influence of the operational andvimnmental conditions on a
system. Changes in these conditions for structur@sachines are known to have
considerable effects on system features. In fatiieiwhole range of conditions is
not span by the data used to characterise the hopesating condition, incorrect
diagnostics will occur.

After a structural example was used to show how RE#A-based diagnostics
works, a bearing diagnostic application was considleThe bearing test rig was
conceived to carry out an exhaustive experimentahpaign in controlled
laboratory conditions. Some different damaged begariwere available and the
huge amount of performed tests was useful for gihan overview on how the
PCA-based method for damage detection can be dpphie complicated real-life
machine.

Moving to the second part of the work, in many sadamage causes a structure
that initially behaves in a predominantly linear mar to exhibit nonlinear
response: the application of nonlinear system ifleation methods to the
feature-extraction process can also be used aseet dilagnosis of damage. For
these reasons, a detailed study of the subspaeé-ldentification methods was
given: in particular, the Nonlinear Subspace Idamtiion (NSI) method was
considered.

Particular attention was given to the problem comog computational memory
limitations, which affect the classical data-driv&rbspace method. Due to a data
matrix which can be too large to be stored nordiastd, the method undergoes
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severe limitations in its applicability, in partlan as regards large MDOF systems
or systems having many nonlinear terms. In orddimni a way for overcoming
these problems, two techniques were introduceddamdonstrated on numerical
and experimental applications. Moreover, a modahterpart of the NSI method
was developed, to extend the current method toppbea also on realistic large
engineering structures.

In a conclusive application, two of the main sosroé non-stationary dynamics,
namely the time-variability and the presence of limearity, were analysed
through the analytical and experimental study biree-varying inertia pendulum.
The pendulum undergoes large swinging amplitudesthat its equation of
motion is definitely nonlinear, and hence becomesoalinear time-varying
system. A general model representing the experamhgr@ndulum was correctly
defined, by means of parameter identification (foe nonlinear terms) and
updating (for the linear terms).

Main contributions

The main achievements of this research work arersanmsed in the following.

Diagnostics

« The PCA method was presented, with a deep matheahatisight. An
existing PCA-based technique for damage detectias deeply investigated
through a structural numerical application. Thémg more challenging issue
of applying the PCA-based method for bearing diagns was addressed, by
considering an experimental bearing test rig.

 The motivation for exploiting PCA on the experimentest rig was
illustrated: the influence of the operational amyisonmental conditions on
the extracetd features was studied. Then, the redataiesults were described
by investigating the main objectives of diagnostidamage detection and
false-positive verification.
The assumption of linearity can be verified, bus thssumption may be too
strong when trying to apply PCA to different sulseif data: as a
consequence the PCA-based detection method wasmadt when features
are identified in a limited range of operationatlanvironmental variations.
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In conclusion, the only way for preventing missedadse detections to occur
consisted in using a full range data set, includitigyalues of the conditions
that can occur in practice.

After a correct damage detection, two other diago®sissues were
addressed. A simple damage localisation techniguech is proper for

bearing diagnostics, was introduced and appliettheéoexperimental test rig.
In this way, each sensor (or group of channels)=mevaluated in order to
determine which is the most sensitive to damages. ith expected to be
strictly related to its distance from the damageshring. Moreover, an
attempt of applying the PCA-based method for daneagent evaluation was
also proposed.

Identification

The data-driven subspace identification (DDSI) rodtlwvas enforced by the
development of a new algorithm to compute the QBtofésation in a
Matlab® environment, for overcoming the memory limitatiproblems in
those cases in which the data matrix is too laogket stored nor factorised.
This new algorithm, which exploited some useful gexies of the
Householder transformations, allowed the nonlineBSI method to reach
more accurate results in the parameter estimation.

A multivariate formulation in the time domain for oghal parameter
identification using covariances was developedhlite aim of proposing a
complete input-output covariance-driven subspacentiication (CDSI)
method. It can be applied in the same way as itb-eseablished DDSI
counterpart with similar results: for both methotlee quality of results was
excellent and they can be both used in practitahsons, depending on the
size of the data sets that have to be managedCDi&# method, in fact, was
not suffering from the memory limitation problensych as in the DDSI
method.

In order to extend the NSI method to be applied asa realistic large
engineering structures, a model reduction is neeseldcan be performed by
selecting a set of modes that span the dominardrdis. To this purpose, a
modal counterpart of the NSI method was develofmgkther with ideas for
handling a large complex nonlinear system as simpidal single degree of
freedom systems.

As one of the main advantages of the present maplatoach, it was not
required to perform a mode by mode excitation, sdtiraxciters were not
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necessary. By dealing with separate modal singleegeof freedom systems,
a single point excitation on the structure was isigfit to obtain several

modal forces, with also a little gain in terms e$ting time. However, a free
response analysis can also be useful in orderrforpe a characterisation of

modal nonlinearities, in particular for large sttwes, when forced tests are
often uneasy.

Future works

In addition to the main conclusions and resultsioiatd throughout this research
work, both the topics of PCA-based bearing diagosstand subspace
identification have shown that some drawbacks oorirect results can be further
studied and fixed. In particular, the following uss should be considered for
future developments.

Diagnostics

Unfortunately, some of the tests performed on tearing test rig were
affected by the problem of having a few numberatadIn particular, data of
Test #1 (involving all the damaged types of begrimave not been acquired
in an optimum way for carrying out a PCA-based d&te, since this was not
the main objective at that time. This is the reasdmny damage extent
evaluation had to be considered only as an “attenapth a few number of
reference data, the influence of all the conditimasmnot be completely
eliminated by the PCA-based method. A more suitelyais for this issue
should be carried out by performing a more accuesefor each of the seven
types of bearing.

As demonstrated by the experimental applicatiomlwving a bearing test rig,
PCA is limited by its linearity and may sometimestbo simple for dealing
with real-world data especially when the relati@mong the features are
nonlinear. The proposed solution, which consistasimg full range data of
reference and monitored system, is effective biyt when the nonlinearity is
weak.

In future works, data collected on the test rig bananalysed by means of
nonlinear generalisations of PCA. This should altbe detection method to
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be robust even when features are identified inmétéd range of operational
and environmental variations.

Identification

The presented CDSI method was only demonstratelihear identification
procedures, although on large systems with manyegsgf freedom. Some
computational difficulties leading to wrong resulitere encountered when
trying to apply the method on nonlinear systemsthe same way as the
DDSI method was demonstrated to be capable of.rédasons of this failure
are currently under investigation: the procedureekiimating the state-space
matricesB and D should probably be revisited.

The study of a particular nonlinear time-varyingsteyn, such as the time-
varying inertia pendulum of last chapter, reveadedrawback affecting the
NSI method. In fact, the method was not capabldistinguishing the time-
variant contribution from the nonlinear one, sinte effect of both
contributions was the same: it consisted of swigdirequency variations.
Further investigation on the method should be edrout, so that the two
contributions can correctly be separated and gfisohti
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