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Preface

This booklet was intended to provide a minimum of ready-to-use
references for the minicourse given by the author during the XXII
Escola de Algebra (40 Anos), held in Salvador de Bahia (July 2012).
The purpose of these lecture notes is twofold. On one hand they
aim to introduce and advertise a natural, flexible and elegant purely
combinatorial-algebraic approach to the well-known classical theory
of linear ODEs witheae constant coefficients (Chapter 3), and to in-
troduce generalised Wronskians associated to a fundamental system
of solutions (Chapter 4). Elementary applications will be shown, e.g.
to the computation of the exponential of a square matrix without
reducing to the Jordan normal form (Chapter 5). On the other hand
it wishes to bring to the fore a number of relationships with other
branches of mathematics. Examples include the theory of symmetric
functions (Example 2.1.3), the theory of universal decomposition al-
gebras associated to a polynomial (Example 3.2.8 and Remark 6.1.8),
derivations of the exterior algebra of a free module (Chapter 6), D-
modules (Example 3.2.3), Schubert calculus for the complex Grass-
mannian (Section 6.2), boson—fermion correspondence in the repre-
sentation theory of the Heisenberg or the Virasoro algebra, the latter
seen as an infinite-dimensional analogue of Poincaré’s duality for the
complex Grassmannians. The present exposition is totally inspired
by the paper [18] and must be considered an expanded version of it.

The level of the exposition is elementary, given that more than
seventy percent of the material can be followed with a basic under-
standing of polynomial algebras and the Leibniz rule for the product
of two differentiable functions. More advanced topics, like Schubert
Calculus or the bosonic representation of the oscillator algebra have



been only sketched in the last two chapters. A deeper knowledge of
those subjects is not necessary for the purposes of the minicourse, as
they have been treated just to provide further examples to certify the
surprising ubiquity of the Jacobi-Trudy formula in mathematics.

The present lecture notes have been written on a short notice,
so they will certainly contain misprints and omissions and possibly
some mistakes. Corrections and/or integrations can be found in the
author’s web page at the url

l http://calvino.polito.it/~“gatto/public/XXIIEA/bahia.htm ‘
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Introduction

These lecture notes tell a story which begins with a rather simple
observation: all the solutions of a linear ODE with constant com-
plex coefficients are analytic, i.e. they can be expressed in terms of
convergent power series. It is then natural to suspect that the corre-
sponding theory can be carried out in a purely formal way, working
with rings of formal power series with coefficients in an arbitrary Q-
algebra. This is indeed the case and, pursuing the task, one easily
obtains a simple, economical and elegant theory which offers both
practical advantages and a novel perspective for interpreting other
mathematical phenomena.

One of the most relevant features of the theory is that it comes
with a wniversal basis of solutions for linear homogeneous ODEs
of order, say, r + 1 (Chapter 3). The universal basis cosnists of
formal power series with coefficients in the polynomial ring F, :=
Qle1, - .., er+1], where the indeterminates ey, ..., e,41 are the coeffi-
cients of the equation. For the reader convenience, basics on formal
power series, exterior algebra and the philosophy of generating func-
tions, through the well known example of those of binomial coeffi-
cients, are collected in Chapter 1 in order to keep the exposition as
self contained as possible.

A linear ODE of order r + 1 with coefficients aq,...,a,+1 taken
in any Q-algebra A (for instance A = R or A = C) induces on A a
natural structure of E,.-algebra, and the module of solutions to the
equation is nothing else than the module of universal solutions after
extending the coefficients. In down—to—earth, yet suggestive, terms
this amounts to solve all the linear ODEs at once, and once and for
all.



2 INTRODUCTION

The idea of solving linear ODEs using power series, of course, is
not new, and is taught in any standard calculus textbook — see e.g. [2,
pp. 169-172]. The subject of the present notes is also obviously re-
lated with linear recurrence sequences, see e.g [1, Section 212]. The
cutting—edge aspect is the implementation of it, which is based on
a purely algebraic language and some combinatorics inspired by the
theory of symmetric functions. In the present context, in particu-
lar, the knowledge of the roots of the characteristic polynomial is
no longer necessary for solving a linear ODE. As a matter of fact,
standard bases of solutions constructed via the exponential of the
roots of the characteristic polynomials are not as canonical as the
aforementioned universal ones — see Example 3.2.6. The latter re-
veal themselves especially useful for computing the exponential of
a square matrix without reducing it to Jordan normal form (Chap-
ter 5), thus completing an observation made by Putzer [33] in 1966
(see also [2, p. 205]) and relatively more recently by Leonard [28§]
(1996) and Liz [27] (1998).

The motivations for investigating, jointly with I. Scherbak, the
combinatorics behind the universal ODE, come from Schubert calcu-
lus for Grassmannians, which can be thought of as the generalization
of the classical Bézout theorem®, widely known for projective spaces,
to more general Grassmann varieties G(r, P?) which parameterize r-
dimensional linear subvarieties of the d-dimensional projective space.
In [13, 14, 17] Schubert calculus was dealt with in terms of derivations
on a Grassmann algebra. The formalism indicates a kinship with gen-
eralized Wronskians (Chapter 4), associated to a basis of solutions of
an ordinary ODE, and their derivatives (see also [15]). The main
result of [18] is a kind of Giambelli-Jacobi-Trudy formula for general-
ized Wronskians (Section 4.4). Tt shows that, from a formal point of
view, the celebrated Pieri’s formula that governs Schubert Calculus
is nothing but Leibniz’s rule for suitable derivatives of a generalized
Wronskian. The proof of such Jacobi-Trudy formula forces to look at
the most general linear ODE, which eventually led us to find, or pos-

5Bézout’s theorem is best known for the projective plane P2. It says that if
C1 and Cq are two projective curves of degree di and da respectively, with no
component in common, then they intersect at dids points, keeping intersection
multiplicity into account.
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sibly rediscover®, the universal basis of solutions alluded above. The
universal solution of the Cauchy problem for a (in general non ho-
mogeneous, like in Section 3.4) linear ODE with constant coefficients
has a number of consequences, besides those already mentioned.

For example, it shows that many properties of the matrix expo-
nential are purely formal and hold for square matrices with entries
in any commutative ring. If, in addition, the latter is an integral
domain one can easily prove that the determinant of the exponential
of a square matrix is equal to the exponential of its trace. Using this
property, we show in Example 5.4.5 an amusing generalization of the
celebrated fundamental trigonometric identity cos? ¢ + sin® ¢ = 1.

In a second instance one (re)discovers in a natural way a formal
Laplace transform defined on A[[t]], which amounts to multiplying
the coefficients of t" of a formal power series by the factorial n! (see
Sections 1.4.2 and 3.3).

Combinatorial properties of generalized Wronskians associated to
a universal fundamental system, following [18] and [19], as well as
their relationships with Schubert calculus and derivations of a Grass-
mann algebra are also briefly discussed (Chapter 4). One shows that
wedging altogether the elements of a universal fundamental system is
the same as considering the Wronskian of it. The universal Cauchy
formula (3.11), that gives the explicit expression of the unique so-
lution to a linear ODE with given initial data, is a consequence of
a purely combinatorial property. The latter exhibits an alternative
basis of the ring A[[t]] of formal power series in the indeterminate
t (Chapter 2) which is related to universal solutions to linear ODE.
Such combinatorial property leads in a very natural (and probably
unavoidable) way to consider universal linear ODEs of infinite or-
der. They possess a universal basis of solutions, whose elements are
indexed by negative integers. In this case, the algebra E, must be
replaced by the polynomial algebra E, := Qle1, eq,...] in infinitely
many indeterminates. The latter will be interpreted in Chapter 7 as
the Fock space of the theory of representations of infinite dimensional
Lie algebras (Oscillator Algebra, Virasoro algebra), which in turn is
isomorphic to each fermion space of total charge m: the latter can
be identified with the Q-algebra generated by certain infinite wedge

6We do not know any explicit reference for this.
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products of solutions of the linear ODE of infinite order. The very
natural isomorphism one obtains in this way, based on the universal
Cauchy formula for infinite—order linear ODEs, is nothing but the
so-called boson-fermion correspondence, as described for example, in
the introductory book [22] — see also [3, 23, 30].



Chapter 1

Algebraic Preliminaries

This chapter collects some basic notions of commutative and exterior
algebra which may be useful to follow the remaining part of these
lecture notes.

1.1 Modules

1.1.1. Let A:= (A, +,-) be a commutative ring with unit, i.e. (A,+)
is an Abelian group, the product “” is associative, satisfies the dis-
tributive laws over the sum “4”, possesses a neutral element 1 € A
and a-b=b-a for each a,b € A. A module over A, briefly said an
A-module, is an abelian group M together with a map

{AXM — M,

(@,m) — am,

such that 1-m = m, a(bm) = (ab)m, (a + b)m = am + bm and
a(my + ma) = amy + ame, for any arbitrary choice of a,b € A and
m,mi,me € M. A wvector space is a module over a field. A ring
homomorphism is a map ¢ : A — B such that ¢ (a1 + az2) = ¥(a1) +
Y(az) and Y (araz) = ¥(a1)y(az).

1.1.2. Given A-modules M, N and P, a map ¢p : M x N — P is
bilinear if it is linear in both the first and second argument, i.e., if

5
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for each a,b € A and each m, my, my € M and each n,ni,ne € N:
P(amy + bma,n) = ap(my,n) + bip(ma,n),

(m,any + bng) = ap(m,ny) + bp(m, na).

A tensor product of M and N is a pair (T, ¥) where T is an A-module
and ¥ : M x N — T is a universal bilinear map in the sense that
for each bilinear ¢ : M x N — P there is a unique A-homomorphism
fo : M ®a4 N — P such that ¢ = f4 o W. The tensor product is
unique up to a canonical isomorphism and is denoted by M ® 4 N.

1.1.3. The multiplication of the elements of a module by the elements
of a ring can be described through the A-linear map

A M — M,
(1.1)
a@Qm +—— am.

If M is an A-module and N a B-module, a morphism M — N is a
pair (¢, ) such that ¢ : A — B is a ring homomorphism, ¢ : M — N
a homomorphism of abelian groups and the diagram

AQM — M

| |

B®N — N

commutes. The horizontal maps are the defined by the module struc-
tures of M and N over A and B respectively, as in (1.1).

1.1.4. From now on and for all the rest of these notes, if mq,...,my
are elements of an A-module M, then

[m17 v amh]A = {Zaimi | a; € A}7

will denote their linear span. The A-module M is said to be free of
rank n if there exist elements my, ..., m, such that each m € M can
be uniquely written as:

m=aymi + asms + ...+ @My,

for unique aq,...,a,. In particular M := [mq,...,my]4.
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1.1.5. If (my,...,my,) freely generate M, they are A-linearly inde-
pendent, in the sense that aymi 4+ asmso + ... + apym, = 0 implies
a; =0 for all i € {1,...,n}. The converse is not true. For instance

) = ()

are linearly independent in Z2? but they do not generate it. The
A-module A™ is free as it is freely generated by the coordinate co-
lumnseq,...,e,, where the column e; has all the entries zero but the
ith, which is 1. A module is said to be principal if there is mg € M
such that the map A — M given by a — amyg is surjective. If such a
map is also injective then M is said to be invertible .

1.1.6. Example. Let
_ Zz,y]
(zy)
Then M is obviously a Z[z, y]-module, but it is not free. It is gener-
ated by x + (zy) and y + (zy). But, for instance

(zy) =y (z+ (zy)) =z (y + (vy))

so we have found two distinct decompositions of 0 + (zy), the null
element of M, as a linear combination of z + (zy) and y + (zy) with
non zero coefficients in Z[z, y].

1.2 Algebras

1.2.1. Any ring homomorphism ¢ : A — B turns B into an A-
module by setting a * b = ¢(a) - b, for each (a,b) € A x B. The
ring B with respect to such an A-module structure is said to be an
(associative, commutative, with unit) A-algebra (the homomorphism
¢ being understood). An A-homomorphism of A-modules M and
N is amap ¢ : M — N such that the equality ¥ (am; + bms) =
ap(my) + by (mz) holds for each choice of a,b € A and my,mge € M.

1.2.2. Example. The set Ends(M) of all A-endomorphisms of an A-
module M is an A-algebra with respect to the usual notion of linear com-
bination

(a1 + bpa)(m) = a -1 (m) + b - pa(m),
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and the product “o” given by the composition of maps: (¢, ¢) — ¢ o .
In general it is not commutative. For example, the algebra EndZ(ZQ)
is isomorphic to the non—commutative algebra of 2 x 2 matrices with Z-
coefficients.

1.2.3. Example. The R-vector space R? of columns vectors with three
(real) components, acquires a Euclidean structure via the inner product

<u,v>=u’ v, (1.2)

where T denotes transposition. Equality (1.2) defines a positive definite
symmetric bilinear form. If u,v € R3, the cross product u x v is the
unique vector of R® such that

<uxv,w>=det(u,v,w),

where “det” denotes the determinant of the square matrix of the compo-
nents of u, v and w. It turns out that (R3 x) is a R-algebra, but it is
neither commutative (u X v = —v X u) nor associative. In fact if (i, j, k) is
the canonical basis of R® one has 0 = (i x i) x j # i x (i x j) = —j). Indeed
(R3, x) is the simplest example of (non commutative) Lie algebra, because
it satisfies the Jacobi identity:

(uxv)xw+(vxw)xu+(wxu)xv=0.

1.2.4. Example. If A is any commutative ring and ¢ an indeterminate,
the polynomial ring A[t] has an obvious structure of an associative com-
mutative A-algebra, through the monomorphism A — A[¢] mapping each
a € A to the constant polynomial.

1.3 Exterior algebra of a free A-module

1.3.1. To each free A-module M := [my,...,myla =Y, Am; of
rank n, one may attach a sequence /\k M of A-modules, k > 0, as
follows. By definition /\O M = A and /\1 M = M, and for k > 1 one
sets /\k M to be the A-module generated by all elements of the form

mi, N ... Amy,
subject to the relation:

Mi oy Ao Ao = sgn(T)ma, Ao Ay, (1.3)
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where 7 € S, is a permutation on n-elements and sgn(r) is its sign,
i.e. £1 according to the parity of 7 (the number modulo 2 of pairs
i < j such that 7(¢) > 7(j)). Keeping relation (1.3) into account, it
turns out that A" M is free over A, generated by all m;, A ... A m,
with i; < iy < ... < i. Clearly /\kM:Oifk>nand N" M is free
of rank 1 generated by mq A ... Amy,.

1.3.2. Definition. The exterior algebra of M is the graded module

n

/\M:@;\M:A@M@;\M@...@/\M,

k>0
with respect to the product A defined by juztaposition:
(mil/\. . ./\mih)/\(mihﬂ/\. . /\mlk) = mil/\. . ./\mih/\mihﬂ/\. . ./\mik.

1.3.3. Each endomorphism ¢ € Enda (M) (Cf. Example 1.2.2) in-
duces a distinguished A-endomorphism

As e — A,

which is nothing but the A-linear extension of the map

k
/\w(mh A "'/\mik) = w(mn) AR /\w(mik)‘

One says that the rank of ¥ is k, and writes rk4 (v) = k, if /\k ¥ # 0
and \"t'y =o0.

1.4 Formal Power (and Laurent) Series

1.4.1. A formal power series with A-coefficients is a formal infinite
sum
a(t)=> ant",  an €A (1.4)
n>0
The set of all of formal power series is denoted by A[[t]]. If a(¢t) €
A[[t]], then a := (ag,a1,...) is the sequence of its coefficients. Con-
versely if a := (ag, a1, . . .) is any sequence one may construct a formal
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power series a(t) as in (1.4). If b(t) = >, ., b,t™ and A, € A then

xa(t) + () = 3 (Aap + by )", (1.5)
n>0

is the linear combination of a(t) and b(t) with coefficients A, 4 and
Al[t]] is clearly an A-module with respect to such a notion. The

equality:
a(t)-b(t) = 3 ( abbn_h> e, (1.6)
h=0

n>0

defines the product of a(t),b(t) € A[[t]]. Each ring homomorphism
¢ : A — B induces a formal power series homomorphism ¢ : A[[t]] —

B[t]: ~
¢(Z ant™) = Z P(an)t".

n>0 n>n

The A-algebra A[t] of polynomials in the indeterminate ¢ will be
seen as an A-sub-algebra of A[[t]], by identifying a polynomial with
a formal power series having all but finitely many zero coefficients.

1.4.2. Each commutative ring is naturally a Z-module, by defining
n-a=a+...+aif nis positive and (—n) - (—a) if n is negative. If
~—_———

n times

a(t) € A[[t]] is as in (1.4) we define:

L(a(t)) = > nlapt".

n>0

We also set L(a) := (aog, a1, 2lag, 3las, . . .), so that L(a)(t) = L(a(t)).
The map L will be called the formal Laplace transform and is not in-
vertible, unless A is a Q-algebra (i.e. elements of A can be multiplied
by rational numbers).

1.4.3. The sequence t := (1,¢,t2,...) is a multiplicative system in
the A-algebra A[[t]], i.e. the product of any two terms of the sequence
belongs to the sequence itself (t™¢™ = ™). Let

Al 4] = Al e,
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be the localization of A[[t]] with respect to the multiplicative system
t. Any element of A[t~!,¢]] is a ratio of the form

where a(t) € A[[t]]. The elements of the localization A[t~1,#]] are
said to be a formal Laurent series, which can be written as a sum:

Z ant”, a, € A,

nez

where a; = 0 for all but finitely many ¢ < 0. The order of a formal
Laurent series is k& > 0 if and only if a_; # 0 and a; = 0 for all
j < —k. The residue of a(t) € Alt~,t]] is a_1. The set A[t~1 ¢
is obviously an A-module and is an A-algebra with respect to the
product

a(t)b(t) => < > ahbk> ", (1.7)

n€Z \h+k=n

The right—hand side of (1.7) is well defined, as the sum Y agb,—g,
h+k=n
by construction, is finite for all n € Z.

1.4.4. One similarly defines the A-algebra A[[t~!,t], which is the set
of all formal series with at most finitely many non zero coefficients
of positive powers of t. The set A[t~!,¢] of the Laurent polynomial

(all coefficients zero but finitely many) is obviously an A-subalgebra
of both A[t=1,t]] and A[[t~!,t]. Indeed:

At ) = At ) N AL ).

Furthermore A[t] is a sub-algebra of A[t~! ¢] and of A[[t]] and A[[t]]
is an A-sub algebra of A[t~1,¢]].

1.4.5. Remark. One may wonder why one did not define formal
Laurent series A[[t™1,#]], i.e. the set of all expressions

Z a,t"

neZ
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with no restriction on the number of non zero coefficients of nega-
tive powers. The main reason is that while such a set is certainly
meaningful as an A-module, it is not as an A-algebra if A is an arbi-
trary ring. This is because the sum occurring at the right hand side
of (1.7) would be infinite and hence meaningless without any pre-
scribed notion of convergence. However if A is a topological field like
R (the reals) and C (the complex numbers), the product of formal
Laurent series with infinitely many non zero positive and negative
terms can be considered provided that the series occurring in (1.7)
are convergent.

1.4.6. Invertible formal power series. Let a(t) := ) . ant" €
A[[t]]. If ag is a unit in A, then a(t) is invertible in A[[t]], i.e. there
exists b(t) € A[[t]] such that

a(t)-b(t) =b(t)-at) =14. (1.8)
To see this, it is sufficient to define b(t) = > ., b,t" through the
equality:
1
Z bnt" = —1a0 k
= 1+ ag Zk21 apt
=ap ' (1= (ag" Y ant®) + (ag" D _awt™)> =) (L9)
E>1 E>1
a1 e S )
n>0 E>1

Because in (1.9) only positive powers of ¢ occur , b; = 0 for all j < 0,
i.e. the inverse b(t) is a formal power series strictu sensu (no negative
power of ¢ involved). To explicitly determine the coefficients b,, of ™,
one may also observe that Equation (1.8) implies agbg = 1 and, for
each k > 0, the bilinear relations:

apbr + a1bp_1+ ...+ apbg =0,

showing that, inductively, all the b;’s are polynomial expressions in
the a;’s:

-1 —2 -3 2 —2
bo=ay,", bi=—ag a1, b= —ay°ai+aza,”,
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1.5 The formal derivative

1.5.1. If B is any A-algebra, an A-derivation d : B — B is an
A-linear map satisfying the Leibniz rule:

d(b1be) = b1d(be) + d(b1)ba.
The map D : A[[t]] — A[[t]] defined by

DY ant" =Y nant""", (1.10)

n>0 n>0
is an A-derivation of A[[t]]. In fact it is easily seen that it is A-linear:
D(Aa(t) + pb(t)) = A - D(a(t)) + uD(b(t)),

ker D = A (constant formal power series are mapped to zero) and
Leibniz’s rule holds:

D(a(t) - b(t)) = D(a(t)) - b(t) + a(t) - D(b(t)).
for each a(t),b(t). In fact, if a(¢t) and b(t) are as in 1.4.1, one has:

D(a(t)-b(t)) = Zn( > ahbk> =t

n>0 h+k=n

= Z( > nahbk> ¢t

n>0 \h+k=n

= Z ( Z hapby, + kahbk> gt
n>0 \h+k=n

= Z Z hahbktn_l + Z Z kahbktn_l
n>0 h+k=n n>0 h+k=n

= ) hapt" ™ bth £ " apt" > kbt
h>0 k>0 h>0 £E>0

= D(a(t))-b(t) +a(t) - D(b(1)).

If a := (ag,a1,...), one sets Da = (0,a1,2as2,3as,...) so that
(Da)(t) = D(a(t)).
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1.5.2. The i-th iteration of the A-derivation D is a differential oper-
ator of order 4: it is linear as well and satisfies a generalized Leibniz
rule whose verification is based on an easy induction:

D*al(t) - b(t) =Y
k=

0

(Z) a®) () . bR (¢), (1.11)

where one has set al)(t) := D(a(t)).

1.6 The generating function of binomial
coeflicients

1.6.1. To each pair (k,n) of integers one may attach a binomial

coefficient
n
i)

By definition, it is the coefficient of t* in the expansion of (14t)". The
latter is a polynomial for n > 0 and a formal power series for n < 0.
This is one of the easiest examples where generating functions come
into play in combinatorics. In fact one can say that f(¢) := (1 +¢)"
is the generating function of the binomial coefficients:

<1+t>"%(’,’;)7

in the sense that the right hand side of the equality is defined through
its left hand side. In particular

()

for all k£ < 0, as there is no negative power of ¢ in the expansion of

(14 ¢)™. Similarly
0y Jo if k#0,
E) |11 if k=0,
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because (1 +1)°=1=1-t". As a further example, for each k > 0

because of the equality®:

1
=1 —t+2 4. = —1)k¢k,
T 2.1

The binomial coefficients {(7} ) |n > 0} can be computed induc-
tively. In fact:

Z<_ln>tl: (1Jit)n - 1it'(1+1)n71 = lit-2(1;”>tk.

1€z k>0

Hence

> ()=pere 2 (0

lez h>0 k>0

=> | X (1)h(1k") t,

1>0 \h,k>0|h+k=l

<_l”): 3 (—1)’1(1;”). (1.12)

h,k>0 | h+k=1

from which:

1.6.2. Example. To compute

(_z ) =(-D)*k+1) (1.13)

one uses (1.12):
(5()
h=0
_ (;) - (k—11> +...+(1)k+1<ol>

= (~1)*(k + 1),

IHolding in A[[t]] for each commutative ring A (in particular A = 7).
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Formula (1.13) is equivalent to the equality:

1

=1—2t+3t2 — 43+ ...
e * *

1.6.3. Example. To compute the coefficient of > in (1 4 ¢)™*, one can
use induction as follows:

EECACAURVAT

(2) = () (2 () (D) -smeren
) - () (e ()oseane

Therefore

—4
=-10-6—-3—1=-20.
<3> 0-6-3 0

1.6.4. Similarly, for each n > 0, the right hand side of the equality

n—1

> <Z)tk= A+t)" =1+t 1+0)" " =1+1) > <”;1)tk7

kEZ k=0

can be rewritten as
n—1 n 1 n—1 n 1 n—1 n 1
1 ) - k _ - Kk - k+1
(1+1) <k>t Z(k)t—I—Z(k)t

But:
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-1
because (n ) =0 and

n

[y | " /n—1

2: k+1 2: k

( k )t (kl)t ’
k=0 k=0

obtained by substituting k — k41, changing the index of summation
and using the fact that ("__11) = 0. Thus:

> (- [+ (o)
(D N (n;) N (Z:D (1.14)

for each n > 0 and each k € Z.

from which

1.6.5. Exercise. Using (1.14) prove by induction that:

n n!
E) " K-k L
(1) = o (1.15)

for 0 <k <n.

1.6.6. Similarly, using (1.12) and (1.14) prove that for all n € Z and
each k>0 2%

(n) n(n—l)-..l;:!~(n—k+1)

2Recall that the definition of the factorial n! of a non negative integer n is
inductive: 0! =1 and n! =n- (n— 1)\



Chapter 2

Formal power series
over (Q-algebras

2.1 Basics on (Q-algebras

2.1.1. An associative commutative Q-algebra with unit (Cf. Sec-
tion 1.2.1) is a Q-vector space A equipped with a binary operation
“.” such that (A,+,-) is a commutative ring whose product has a
neutral element. All overfields of Q, in particular Q, R and C (the
rationals, the real and the complex numbers), are Q-algebras. A ring
of polynomials with coefficients in a Q-algebra is a Q-algebra. The
expression QQ-algebra with no additional adjective will always mean
an associative commutative Q-algebra with unit.

2.1.2. A monic polynomial P € A[t] of degree r + 1 with coefficients
in any Q-algebra A, will be written as:

Pt):=t"" —ey(P)t" + ...+ (1) e, 1 (P),

and the sequence e(P) = (e1(P),e2(P),...,er41(P)) will be said,
abusing terminology, the sequence of the coefficients of P.

2.1.3. Example. Suppose that A := Q[z1,...,Zr+1], where z; is an

18
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indeterminate over Q (1 <i¢<r+1). If

r+1

P::H(t_m):(t_‘rl)"”'(t—:rr)~(t—mT+1)

i=1

then e;(P) is the i-th elementary symmetric polynomial in the indetermi-
nates Ti,...,Tr, Tr41:

er(P) = T1+ ...+ Tr + Ty,
e2(P) = > ma,
1<i<j<r+1
ej(P) = Z xil‘...'mij
1<y <in<...<ij<r+1
er+1(P) = T1*een TpLpgl-

This explains the notation, which follows that of [29, p. 12].

2.2 Formal power series in (Q-algebras

2.2.1. Since the elements of a Q-algebra A can be multiplied by
rational numbers, any formal power series a(t) € A[[t]] can be alter-
natively written as an infinite linear combination of the monomials
tn
E:
tn
a(t)=>» n—,  (an € A)L. (2.1)
n>0

The formal Laplace transform (Cf. Section 1.4.2) of a(t) € A[[t]] writ-
ten like in (2.1) is

Lat) = 3 ant™,

n>0

1The coefficients a,, occurring in this expression have not the same meaning
of those occurring in (1.4)
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and so L(a) = (ag,a1,...). Notice that L is now invertible:
1 t/n,
A ) = Tl
n>0 n>0

because it is possible to divide by nl. To each sequence L(a) :=
(ag,a,...) in the Q-algebra A corresponds the formal power series
a(t) as in (2.1). If L(b) := (by, b1, ...), the product a(t)b(t) can be
now expressed as:

a(t)b(t) = [Zn: <Z> ahbn_h] g

n>0 Lh=0
In fact
t" t" ok ag bn—k
a(Bb(t) = D any ) buy=), lz R (n—k)'] g
n>0 n>0 n>0 Lk=0
- ag bnsz t"
= > |Don T YRS
== ' (n—k)!| n!
n n tn
= Z lz </€> cag - bn—k‘| ol (22)
n>0 Lk=0

The formulas above in particular show that L(a(t)b(t)) # L(a(t))x
L(b(t)).

2.2.2. Example. For each a € A, the exponential formal power series is

n

exp(at) Za o

n>0
For each choice a,b € A, one has:
_ . n kin—k 1 _ n " _
exp(at) exp(bt)= Z [Z (k) a”b :| e Z (a+0b) i exp((a+0b)t)
n>0 Lh=0 n>0
The formal Laplace transform of the exponential of at is

L(exp(at)) Z a"t"
= T
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2.2.3. Example. Let f(¢) € C[[t]] be a formal power series with complex
coeflicients and let

= lim sup Van.

n—o0o

= o=

By Hadamard’s Theorem (see e.g. [6, p. 20]), f defines a holomorphic

function in the disc Dgr := {z € C||z| < R} given by f(z) = Z anz" . If
n>0

a € C, exp(at) defines the entire (i.e. defined on the whole C) exponential

function exp(az).

2.2.4. A map ¢y : A — B is a homomorphism of Q-algebras if

Y(A-a1+p-az) = A-p(ar) +p-v(az) and Y(araz) = ¥(a1)-1(az), for
arbitrary choices of A\, p € Q and a1, a2 € A. If € Homg_q14(4, B),

then the induced Q-algebra homomorphism ¢ : A[[t]] — BJ[[t]] can be
expressed as:

n>0 ’ n>0 ’ n>0

2.3 Polynomial QQ-algebras
2.3.1. Let us fix once and for all a sequence
e:= (e1,ea,...,) (2.3)

of indeterminates over Q. For each r > 0, denote by E,. the polyno-
mial Q-algebra
ET = Q[el,eg,...,erﬂ]. (24)

We set by convention £_; = Q. By giving degree ¢ to the indetermi-
nate e;, the algebra F, can be seen as a graded Q-algebra:

E'r‘ = @(Er)wa

w>0

where (E,.), is the set of all weighted homogeneous polynomials of
degree w. For example

(En)1 = Qer, (Br)2 =Qei@Qe, (E)3=Q-ei®QeresdQees, ...
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2.3.2. If —1 < s < 7, the module F; may be viewed either as Q-
subalgebra of E, or as a quotient of it under the map

Pr,s - E, — E; (25)

mapping €s41,...,er+1 to zero. Notice that pr, r, 0Py, ry, = Pry ry for
each ry > ro > r3 and hence the ring of infinitely many indetermi-
nates

Eoo = Q[61,62, .. .],

is in fact the inverse (or projective) limit of the algebras E, in the
category of graded Q-algebras. This just means that if B is any Q-
algebra equipped with homomorphism ¢, : B — FE,., then there is a
unique Q-algebra homomorphism 1) : B — E, such that ¢, = p, o,
where

pr: Ey — E, (2.6)

is the unique Q-algebra epimorphism sending e; — e; if 1 <i<r+1
and e; — 0if j > r+1. An element P € E is a polynomial P € E,
for some 7 > —1. In other words Eo :=,~_; Er.

2.3.3. For each 0 < r < oo, the algebras F,. are the most economical
ones, in the following sense. Given any other Q-algebra A and an (r+

1)-tuple a := (a1, ..., ar,ar41) € A", there is a natural evaluation
morphism
evg @ F., — A,
(2.7)
P~ Pl

which is indeed the unique Q-algebra homomorphism mapping e; —
a;, for 1 <i<r+41.

2.3.4. Definition. The universal Q-polynomial U,,1 € E.[t] of
degree v+ 1 is

Ut () =t —egt" 4+ .o+ (=1)" ey, (2.8)

In other words e;(U,+1(t)) = e;. We also define, for each r > 0:

1
Vigr =t U (t> =l—eit+...+ (=) e t™ (29
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and (setting eg = 1):
Vie =3 (=1)"ent™ =1 —est +eat® —... € Exo[[t]].  (2.10)
n>0

Notice that under the maps (2.5) p, s : B — E; and (2.6) p, : Eoo —
Erv one has ﬁr,s(‘/rJrl) = V:e+1 and ﬁr(voo) = ‘/T’Jrl'

2.3.5. To each sequence L(a) := (ag,ai,...,) of elements of an
arbitrary FE,.-algebra A, one may attach the sequence Uy(a), Ui (a),
Us(a), ... by setting Up(a) = ag and

Ui(a) ‘=a; —e1a;—1 + ...+ (—1)r+16,«+1a,’_,«_1 (2.11)

for each ¢ > 1, with the convention that a; = 0 if j < 0. So, for
instance,

Ul(a) = a1 — ei1ap, Ug(a) :a2761a1+62a0,...

Any finite sequence in A will be thought of as an infinite sequence
such that all but finitely many terms are zero.

2.3.6. Remark. For each j € Z, let sj(a) be the sequence a shifted
by j
Sj(a) = (a’jvaj-i-l: e )
In particular so(a) = a. If e,414; = 0 for each j > 0, then
Uri115(a) = Urga(s;(a)).
2.3.7. Combinatorial Lemma. For each 0 < r < oo, the equality
S (=1 et > ant™ = Ui(a)t! (2.12)
§=0 n>0 i>0

holds in A[[t]].

Proof. By the rule (2.2) for multiplying formal power series, it turns
out that the coefficient of ¢, for ¢ > 0, is the sum of products of the
form (—1)7ejay such that j+ k =i, i.e.

a; —e1a;—1+ ...+ (71)7;61'0,0 = Uz(a) (213)

and (2.12) is proven. "
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2.3.8. Remark. Equations (2.13) for 0 < i < r can be summarized
into the following equality:

Uo(a) ag
Ul(a) aq
Ua(a) [ =g, . | a2 (2.14)
Ur(a) ar
where
&= ((_1)i_]ez—1)
1 0 0 0
—eq 1 0 0
— €9 —e1 1 0
(=D"e, (=) te,_1 (=1)"2e, o 1

2.3.9. Let 0 < s < oo and let h = (h;) ez be the sequence of
elements of E, defined through the equality

1
Bt = 7 (2.15)
72 Vsta(t)
s+1 )
holding in E[[t]]. As the inverse of the polynomial Vi1 (t)= > (—1)%e;

i=
is an A-linear combination of positive powers of ¢ only, then h; = 0
for all j < 0. In addition hg = 1. Equaltion (2.15) is equivalent to:

s+1
1= (—1)e;it’ - Y hnt" =Y Uj(h)t/, (2.16)
i=0 n>0 >0

which implies Up(h) = 1 and U;(h) = 0 for all j > 1. The conditions
Up(h) = 1 and U;(h) = 0 for each 0 < r < s can be equivalently
written as

E - Hp=Hp & =1, (2.17)
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where 1 denotes the (r 4+ 1) x (r + 1) identity matrix and

1 0 0 0
h1 1 0 0
H'r — (h17j) hg hl 1 O
hr hrfl h'r72 1

ap Uo (a)
a Ui(a)

=H, - : . (2.18)
ar Ur(a)

2.3.10. For each j € Z, let

W) = L s (W)(0) = 3 by

n!’
n>0

(2.19)

Notice that D'u)) = u(*+9) for all i,j € Z. Then:

2.3.11. Main Lemma. If A is any E,-algebra and L(a(t)) =
S a0 ant™ € A[[t]], then the formal power series u) are linearly
independent in Al[t]] and, in addition:

n

t .
a(t) = Zanﬁ = Z Uj(@)ul™ = apu® + Uy (a)u=Y +... (2.20)
j>0 : n>0

Lemma 2.3.11 says that each element of A[[t]] is an infinite linear
combination of the w(~7). Taking infinite linear combinations of the
u(~7) is meaningful, as the sequence (u(*j))jzo is summable in the
sense of [6, p. 11]: for each k > 0, all terms except a finite number
have order greater that k (the order of a formal power series is the
smallest power of ¢ occurring in it).
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Proof of Lemma 2.3.11. For each j > 0, the order of u(~7) is j:

I titn
oS b
J! Z (4 +n)!

n>1

w9

Hence all the u(=7) are linearly independent, because they have dis-
tinct orders. To prove (2.20) one considers the coefficient of ™ in the
right hand side of it:

Y U@u | =3 U@ (0)], = Y U@y

Jj=0 n 420 j>0
=Up(a)h, + hp—1Ur(a) + ... + hoUp(a) = ay,

where [ ],, denotes the coefficient of degree n and the last equality is
due to (2.18). -

2.3.12. Example. For each n > 0 one has

(—n—2)

1" =4 — Y fegu + ...

Furthermore
e =u + U (a)u™Y + Uz (a)u™? + ...

2.3.13. The map (2.7) induces a Q-algebra homomorphism ev, :
E.[t] — Alt], denoted in the same way abusing notation:
= pi(e)t” + . A (1) e (ed) = T = pr(aa)t”
+...+ (_1)r+1pr+1(ai)7
where p1,...,pr+1 are arbitrary elements in E,. The adjective uni-
versal used in Definition 2.3.4 is to emphasize the fact that for each

monic P € Alt] of degree r + 1, the unique evaluation morphism
eve(p) mapping e; — e;(P), sends U, 41 to P:

eve(p) (Ur+1(t>) = P(t)



Chapter 3

Universal Solutions to
Linear ODEs

In this chapter A will denote any E,.-algebra, fixed once and for all.

3.1 Universal Linear Homogeneous ODE
3.1.1. The E,-algebra A is a Q-algebra as well. Thus, formal power

series in A[[t]] will be written as in (2.1) and D : A[[t]] — A[[¢]], the
first—order ordinary differential operator (1.10), in the form

(Da)(t) :== D Zan%n' :Zanﬂg.

n>0 : n>0
For each ¢ € Z, let:
D = D' i r 3.1
(D'a)(t) = D' | D an— | =D ansiy. (3.1)
n>0 n>0

with the convention that a; = 0 if j < 0. In particular D° = id
is the identity morphism of A[[t]] and, if i > 0, the operator D is
just the ¢-th iteration of the endomorphism D.

27
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3.1.2. For a(t) € A[[t]] and n > 0, denote by (D™a)(0) the class of
D"a(t) modulo the ideal (t"*1), so that:

(D"a)(0) = ay,.

Any formal power series a(t) € A[[t]] can be expressed in Taylor form:

n

a(t) = _(D"a)(0)—-

n:
n>0

One says that a(t) vanishes at 0 with multiplicity at least n + 1 if
a(t) € (t"*1) or, equivalently, if (D7a)(0) = 0 for all 0 < j < n. For
each integer r > 0, the map

Afft]

Al — Gy

associates to each formal power series a(t) like (2.1) its truncation to
the power t":

T

t
a(t) b—>a0+a1t+...—|—arﬁ € Alt].

3.1.3. By Universal differential operator we shall mean the evalua-
tion at D of the universal monic polynomial (2.8):

Urs1(D) := D™ —e D" +.. .4+ (=1)""te, 41 € Endg(E[[t]]). (3.2)

Let
U, :==kerU,11(D).

It is an E,-submodule of E.[[t]]. Then
U, @p, A:=ker(Up11(D) ®4 14)
is the A-submodule of A[[t]] of solutions of the universal ODE:
Ui (D)y =y — ey + . 4 (1) e,y = 0. (3.3)

In general, if

£:=Y fn;—n! e Allt], (3.4)

n>0
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then a solution of the linear Ordinary Differential Equation (ODE)
Ui (D)y = £ (3.5)
is an element of the set U,.1(D)~(f) C A[[t]].

3.1.4. The linear ODE (3.5) is usually more explicitly written as:
Dty —eDy+ ...+ (=1)"le, 1y =f. (3.6)

If f is the zero formal power series, then U, 1(D)"}(0) =U, @ A is a
submodule of A[[t]] called the module of solutions of the homogeneous
linear ODE P(D)y = 0.

3.1.5. Proposition. Let yo(t) € U,+1(D)"*(f). Then
U (D) () = yolt) + ker Uy (D)
={yo(®) +y(®) |y(t) € ker U1 (D)}-

Proof. Tt is standard linear algebra. The A-linearity of U,1(D) im-
plies the inclusion yg(t) + ker U,41(D) C U,41(D) 1 (f). Conversely,
if y1(t) € Ups1(D)71(f), then y1(t) — yo(t) € ker U,41(D), and then
U (D)) € o) + ker Up 1 (D). .

3.1.6. Proposition. Let a(t) € A[[t]] as in (2.1). Then a(t) €
ker U,11(D) if and only the bilinear relation:

Un+r+1(a) = Ap4r+1 — €10p4r + ...+ (—1)T+ler+1an =0 (37)

holds for all n > 0.
Proof. Substituting y = a(t) in the equation (3.6) with f = 0 and
keeping into account the expression of D* given by (3.1), one obtains:

£ t o tn
Zan+r+1a*elzan+rﬁ+...+(*l)r 6»,,_;,_120,”5:

n>0 n>0 : n>0
1 "
= > (ansrt1 — €18nir + .+ (1) epgan) ol (3.8)
n>0 ’

Then a(t) € ker U,41(D) if the formal power series (3.8) vanishes, i.e.
if and only if (3.7) holds for all n > 0. "
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3.1.7. Example. The formal power series exp(eit) solves the differential
equation Uy (D)y = 0. In fact

6?+1 _ n n+1 _

1
e1-el =ejg ntl

1
e1- el = e ntl — .

€1

If A is any Q-algebra and a € A, then A has a structure of algebra over
Ey := QJe1] via the unique homomorphism mapping e; — a. The module
structure is given by e; - 14 = a. Hence exp(at) € A[[t]] can be seen as a
solution of the equation Dy — ey = 0 as well. In fact

n+1 n n+1

1 1
a —e1-a"=a —a-a"=a"" —a"t = 0.

which is the same as saying that exp(at) is solution of the differential
equation Dy — ay = 0. The equality

P(t):=t—a=Ui(t) ® 14,
implies
ker P(D)=ker Ui (D) ®g, A=ker(D —a)=[exp(at)] := {\-exp(at) | X € A}.
3.1.8. Example. Suppose that P € A[t] is monic of degree r + 1 and has
a root in A, i.e. there exists a € A such that P(a) = 0. It turns out that

exp(at) is a solution of P(D)y = 0. In fact, by Ruffini’s theorem, P(t)
admits the decomposition

P(t) = Q(t)(t — a),
where Q(t) is a monic polynomial of degree r. It follows that
P(D)exp(at) = Q(D)(D — a)(exp(at)) = 0
because exp(at) € ker(D — a) by Example 3.1.7.
3.1.9. When imposing a formal power series a(t) to belong to
ker U,4+1(D), no condition is required on the first  + 1 coefficients

ap,ai,...,a,: these are the initial conditions of the solution: a; =
(D7a)(0), for 0 < j <r.

3.1.10. Proposition. If all the initial conditions ag,a1,...,a, of
a(t) € ker U,11(D) vanish, then a(t) =0, i.e. a, =0 for each n > 0.

Proof. In fact if a(t) is a solution, equation (3.7) holds for all n > 0.
In particular, for n = 0, it gives a,4+1 = 0 and by induction, assuming
that ap = a1 = ... = ar4,—1 = 0, one proves that a,.r = 0, by
using (3.7) again. "
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3.1.11. Corollary. Two formal power series a(t), b(t)€ ker U,.,1(D)
coincide if and only if they have the same initial conditions.

Proof. If a(t) = b(t), the initial conditions obviously coincide.
Conversely, if they have the same initial conditions a(t) — b(t) €
ker U,11(D) and all initial conditions vanish, then a(t) — b(t) = 0,

because of 3.1.10, i.e. a(t) = b(t). "
As in Section 2.3 let now h = (hg, hq,...) be given by
1
hnt" =
7% 1— €1t + ...+ (—1)T+16T+1tT+1

and the (u9));ez as in (2.19).

3.2 Universal solutions

3.2.1. Theorem. The A-module U, @ A :=kerU,;+1(D)® A is free
of rank r + 1 generated by

(w®, uY W), (3.9)

Proof. We already know that (u(=7)),>¢ are linearly independent in
A[[t]]. In addition, for all 0 < j < r one has:

Uri1(D)u™ = U, (D)D" 9u"") = D" 79U, ;1 (D)ul"",

and then to show that (=) € U, for 0 < j < r, it suffices to show
that «(=") € U,. Now
L) =s_.(h)=(0...,0,1,hy,...)
~——
T times
(recall that h; = 0 if j < 0). The left-hand side of Equation (3.7)
with a,, = h,,_, is:
Qp4r4+1—€10n4r +...+ (_1)r+1er+1an

3.10
= hn-‘,—l — elhn + ...+ (*1)T+1€r+1hn_r, ( )

and the right-hand side of (3.10) is U, 11 (h), the coefficient of t"*! in
expansion (2.16), which vanishes for all n > 0 by definition of the h;.
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By criterion 3.1.6, u(~") € U,, and then u(~7) € Y, for all 0 < j < r.
To show that (u(®),...,u(~")) generates U, over A, recall that each

tn
a(t) = D an— € Al
n>0
can be expressed as an infinite linear combination of the (u(~7) j>o0:
a(t) = Up(a)u® + Uy (a)u= +... + Up(a)u' ™"

+ Z Ur—‘,—l-‘,—n (a)tr+l+n7
n>0

by (2.3.11). But a(t) € kerl, if and only if U, 14n(a) = 0 for each
n > 0, by Proposition 3.1.6, i.e. if and only if

a(t) = Up(@)u® + ...+ U.(a)u"" |, (3.11)

and the theorem is proven. [

Formula (3.11) will be called the Universal Cauchy Formula.

3.2.2. Remark. Notice that (u(®,u(=1 ... u(=")) is a basis of
ker U, 1(D) such that each u(~7) is obtained by differentiating r — j
times the solution u(~"). Such kinds of bases are known in analysis.
In particular u(~") generates the impulsive response kernel. See e.g.
the nice account [5] by Camporesi.

3.2.3. Example. The universal Cauchy formula says that the map
A[D] — U, defined as the A-linear extension of DJ s Diy(=") =
uY=") is an epimorphism. In fact any element of ker U, (D) ®
A can be written uniquely as an A-linear combination of u(~7) =
D" 3u(=") for 0 < j < r. The kernel is generated by the polynomial
expression in D vanishing on U,., which is precisely U,.1(D). So, one
obtains the A-algebra isomorphism:

A[D]

ker U, 1(D) = (kerU,41(D)® A)
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The latter is an A-algebra generated by the differential operator D.
It is a D-module, i.e. a module generated by differential operators,
see [9] for a nice and enlightening exposition. Much of the theory we
have presented could be developed using solely this language, but we
will not pursue this alternative approach just for reasons of space.
Notice that

A[D] E.[D]

= A
(ker U,41(D) @ A)  ker U, 1 (D) ©E,

and so the right-hand side is the universal D-module associated to
the differential operator D. It is a free E,.-module of rank r + 1
generated by 1,D,...,D".

3.2.4. As suggested by Example 3.1.7, if A is any Q-algebra and P €
A[T] is any monic polynomial of degree r + 1, the unique Q-algebra
homomorphism ¢ p : E,, — A mapping e; — ¢;(P), for 1 <i <r+1,
makes A into an FE,-algebra. Then (3.11) holds as well in such a
situation. In particular, by definition of the FE,.-algebra structure of
A, eja=1vYp(ej)a = e;j(P)a, for each a € A, and then the E,-module
product U,41(D)y is the same as P(D)y € A[[t]] in this case. It
follows that a(t) is a solution of the equation P(D)y = 0 if and only
if it is a solution of U,.1(D)y = 0, thinking of y as an element of the
E,-algebra A[[t]]. We have then proven the following:

3.2.5. Theorem. Given P(D)y = 0, a homogeneous linear ODE
with coefficients in any Q-algebra A, then

ker P(D) = kerU,11(D) ®p, A,

where the tensor product is taken with respect to the E,.-algebra struc-
ture inherited by A via the unique homomorphism Yp : E, — A
mapping e; — e;(P).

Theorem 3.2.5 can be rephrased by saying that (u(0)7u(_1), ey
u(~")) is a universal basis of solutions, i.e. that each solution of
P(D)y = 0 is an A-linear combination of the image of the universal
basis of U, under @Zp.

3.2.6. Example. Let A := Q[z1, z2] where x1, 2 are indeterminates, and
consider the Ej-algebra structure determined by the map E; — A given
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by e1 +— x1 + x2 and ez — z1x2. Then (exp(z1t) and exp(z2t) are linearly
independent solutions of Uz(D)y = 0. However, they are not a basis of
ker Uz(D). In fact, by the universal Cauchy formula (3.11):

0)

exp(z1t) = u® —zuY,

exp(zat) = u® — gV

from which, e.g.:
(z1 — z2)u' ™Y = exp(z1t) — exp(zat).

It follows that (™Y cannot be expressed as linear combination of exp(z1t)
and exp(z2t), because x1 — x2 is not invertible in A. Clearly (exp(z1t),
exp(zat)) is a basis of ker(Uz) thought of as a submodule of A, —z,)[[t]],
where A, _z,) denotes localization at the multiplicative set {1,z1 — 2,
(z1 — x2)?,...). This example shows that @ and w(~Y is a “proper”
canonical basis of ker Uz(D).

3.2.7. Example. Consider the differential equation 3" + y = 0, thought
of linear ODE with real (or even rational) coefficients. This is the same as
P(D)y = 0 where P(t) = t* +1. The above theorem says that all solutions
are of the form

M@ 4w = X dp ) 4 e ), (A pueR)

where the linear combination is taken with respect to the unique E1-module
structure of R induced by the unique Q-algebra homomorphism sending
e1+— 0 and ez — 1. Let v = 1/JP(U<Z)). First of all notice that

1
vp(Va(t) 1+t

According to the recipe of theTheorem, then,

=12+t — ...

and v~ is the unique primitive of v(?) vanishing at 0, i.e.:

3 5
-y _,_ b v
v =t 30 + B
Both series have convergence radius equal to co and they define in fact
analytic functions everywhere on R, the well known sine and cosine.
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3.2.8. Example: the universal Euler formula. Let U(t) = t* —
eit + e2 € Eq[t]. The polynomial Us(t) has no roots in F1[t] but one may
construct a larger Q-algebra where Uz splits as the product of two linear
factors. The most economical one is the universal splitting algebra of Uz (t)
(see [10]) , constructed as follows. Let
_ _Et]
Bl )
where x denotes the class of ¢ modulo the principal ideal generated by
Ui(t). Then
U1 (x) = 07

by construction, and so x is a root of the polynomial Ui(t) € Ei[z][t].
Indeed

Ur(t) = (¢ — 2)(t — (e1 — ),
in Fi[z][t]. Clearly Fi[z] is an Fi-algebra and exp(zt) is an element of
ker U1 (D). By the universal Cauchy formula (3.11):

exp(zt) = u'® + (z —er)u"V |, (3.12)

because the initial conditions of exp(xt) are 1 and z. It is reasonable to call
Equation (3.12) universal Euler formula. In fact, consider the differential
equation
y'+y=0,

with coefficients in the Q-algebra C. Then i := v/—1 is a root of the charac-
teristic polynomial ¢* 4-1 of the equation. Therefore exp(it) € ker(D? 4 1),
ie.

exp(it) = v + (i — er)o 7V
under the Ej-algebra structure of C induced by the unique homomorphism
1 : B1 — C sending e; — 0 and ez — 1, where we have defined v; = 9 (u;).
One has then:

exp(it) = v + ™Y € ker(D? + 1) C CJ[[t]].
ie.
exp(it) = cost + isint, (3.13)
by Example 3.2.7.
3.2.9. Example. The Euler formula (3.13) generalizes as follows. If
@ =Y 9= are the canonical solutions of the equation ™14y = 0
and if  is any (r 4+ 1)th root of unity, then

exp(xt) = u'® + 2V + 42",
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3.3 A few remarks on the formal Laplace
transform

3.3.1. Recall that the formal Laplace transform L : A[[t]] — A[[t]] is
defined by L(t™) = n!t" and extends to infinite linear combinations
of powers of ¢, i.e.:

. m\ o L) .
Sl S e
n>0 n>0 n>0

3.3.2. Proposition. For each h > —1 and each a(t) € A[[t]] one
has:

th* LD Va)(t) = L(a)(t) — ap — art — ... —apt™.  (3.14)

Proof. If L(a) = (ag,a1,as,...), then

t’l’L
n!

LD ) () = ML Zan+h+1
n>0

h+1
= " Zan+h+1tn
n>0

_ § an+h+1tn+h+1

n>0
— § n h
= ant —ao—alt—...—aht
n>0

= L(a)(t) —ag — art — ... — apt".

3.3.3. Classically, the Laplace transform is defined for real functions
f R — R of one real variable. Even if the domain of f coincides
with the entire real line, the Laplace transform

L)) = [ expl-st)f @i (3.15)
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may be not, because of the restriction on the parameter s to guaran-
tee the convergence of the integral (3.15). For intance, the Laplace
transform of f(t) = exp(at) is, according to (3.15), (s — a)~*!, but
this is defined only for s > a, otherwise the integral

/OO exp((a — s)t)dt
0

would not converge. The integral (3.15) is defined for analytic func-
tions as well, and then it commutes with infinite sums. For analytic
functions it is completely determined by the action on monomials ¢™:

n!

L(t")(s) = /000 exp(—st)t"dt = pr

Therefore on analytic functions we have the equation:

e =510 (3) (3.16)

and, conversely
zn=1£0(3) (317)

If one considers the Laplace transform as acting on elements of R][¢]],
equations (3.16) and (3.17) tell us that the pair (L, L) is the local
representation of a rational section of the tautological bundle 7 over
the real projective line RP', which is the Mébius band. The section
L(t") : RP! — 7 is given as follows

i
x?+1

(w0, 1) — L(t")(x0 : 21) = n!

and extended by linearity to infinite sums. It is clearly not defined at
the point (1 : 0). Furthermore it is not a function, because it depends
on the representative used to represent a point P := (g : 7). On
the open set Dy := {(zo : ¥1) | 2o # 0} C RP! it is represented by

n!

L") (zo: x1) = sy
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where we set s := x/x1, while on the open set Dy := {(z1 : z9) | z1 #
0} it takes the form

L(t")(xg : x1) = nlt"

where t = x1/x9. The two “versions” of the Laplace transform may
be viewed, at least for analytic functions, as two different local rep-
resentations of a same rational section of the tautological bundle.
Working over the complex numbers, one can say that the Laplace
transform IL(f) of a holomorphic function on the complex plane is a
meromorphic section of the line bundle Op: (—1), which corresponds
to a divisor of degree —1 on the projective line.

3.4 Linear ODEs with source

The best way to study non-homogeneous linear ODEs is via the for-
mal Laplace transform t" — nlt"™. See below.

3.4.1. Let L(f) = (fo, f1,...) and L(c) = (co,c1,...,¢r) be two
sequences of indeterminates over E,. Let F, := E,[c,f]. From the
infinite sequence L(f) form

0) = 3 fusy € Bl

n>0
Solving the universal Cauchy problem

UT’+1(D)y = fa
(3.18)
(Dly)(o) = G, 0 < 1 < T,

amounts to finding a formal power series p € U, 1(D)~}(f) having
L(c) as a vector of initial conditions. The first of (3.18) implies the
equality:

CH LU (D)) = PLE), (02 0)

from which

tTH(L(y(TH)) - €1L(y(r)) +.o..F (_1)T+16r+1L(y)) = Z fut" T

n>0
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i.e., applying Proposition 3.3.2:

L(y) — i:citi—eﬂf <L(y) - icﬂ) +o A (CD)TTHHL(y)
i=0 e

1=

— Z fnthrrJrl )

n>0
Factorizing L(y) and a few more easy computations yield:

L)1 —ert+ ...+ (=1)"Tle,1t™)
=Up(c) + Ui(e)t + ...+ U.(c)t" + Z Fott L

n>0

One eventually gets the expression:

Up(c) + U(e)t + ...+ Up(e)t" + 3,5y foral”
L—ept+...+ (=1)le, gttt '

(3.19)

Writing L(p(t)) as >, <~ pnt™, with p, determined by equality (3.19)
holding in F,[[t]], then

p(t) =Y pity

n>0

is the unique solution of the Cauchy problem (3.18 ). "

3.4.2. Corollary. The formal Laplace transform of u{=7) for 0 <
J<rais:

. + )
L(u=9) = =17y hpt".
() l—et+...+ (=1)rtle, tr+! 7;)
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3.4.3. Remark. If r < oo, a formal power series a(t) is a solution
of Ur41(D)y = 0 if and only if (Cf. (2.9)):

L(a(t)) = V:l o (3.20)

where V,.41(t) is as in (2.9). If r = oo, it is not possible to write
Ur4+1(D)y = 0. Equation (3.20) can however be displayed even if
r = 0o and it is then natural to think of (u(®),u(=D ...) as a ba-
sis of Uy, regarded as the module of solutions of the linear ODE
of infinite order with coefficients e := (ej, e3,...). By Lemma 2.3.11
each formal power series is a linear combination of the (u(~7)) ;> and
hence U, = A[[t]]. Thus any formal power series with A-coefficients,
where A is any E,-algebra, can be thought of as a solution of an in-
finite order linear ODE, and its expression as an infinite linear com-
bination of u(®, w1V w(=2) .. is nothing but the Universal Cauchy
formula (3.11)!



Chapter 4

Generalized Wronskians

4.1 Partitions

4.1.1. By a partition of length at most r + 1 one will mean a non—
increasing sequence A = (A\g > A1 > ... > \,) of non negative inte-
gers. Each \; is said to be a part of the partition. The length ¢()) is
the number of its non zero parts and its weight is |\ = >_'_, \;. Each
partition is a partition of the integer |A|. The set of all partitions of
length < r+ 1 will be denoted by ¢,.. If A\, u € £,., the partition A+
is the partition whose parts are the sum of the parts

)\-‘r/j,:()\0+M0,)\1+M1,...,/\T—|—MT)_

4.1.2. Example. (3,3,1,1,0) is a partition of length 4 and of weight
8. It is a partition of the integer 8. Another partition of the integer
8ise.g.:

(2,2,1,1,1,1)

which has length 6.

4.1.3. The generating function of the integer p(k) of all partitions of
the non negative integer k is given by

oo

1 ,
Zp(”)tn I H(Ztm)»

n>0 =1 i=1 n>0

41
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a result due to Euler (see e.g. [26, p. 211]).

4.1.4. A partition can be expressed in the form (1712™2 .. k™*)
where m; indicates how many times the integer j occurs in A. For
example, the partition A = (4,4,2,1,1,1) can be written as (132142).
The partition (1,...,1) can be written as 1*. Each partition A can be
~————
k times
identified with its Young diagram, an array of left—justified rows, with
Ao boxes in the first row, A\; boxes in the second row, ..., \.-boxes
in the (r + 1)th row.

The Young diagram of the partition
(4,3,1,1) of the integer 9.

Each box of a Young diagram determines a hook, consisting of that
box and of all boxes lying below it or to its right. The hook length
of a box is the number of boxes in its hook. So, for instance, filling
the Young diagram of the partition (3,2,1,1) with the hook length
of each box gives the following Young tableau:

— | = | SN
o

The hook length filling of (3,2,1,1)
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We denote by P the set of all partitions and by P+1x(d=7) the set
of all partitions whose Young diagram is contained in a (r+1) x (d—7)
rectangle, i.e. the set of all partitions A such that:

d—TZAoz)\lZZ)\()ZO

One denotes by 0 the unique partition of weight 0. For more on
partitions, see [12, 29].

4.2 Schur Polynomials
4.2.1. If a := (a;)iez is any sequence in Aand A := (Ag > Ay > ... >

Ar) a partition of length at most r + 1, the Schur polynomial Ax(a)
associated to a and X is by definition®:

axg ax,—1 ce ax,—r
Axo+1 A, B |
Ax(a) :=det(ax,_,—ip1) = |Pho+2 It X —(r-2)| € A,
Axo+r  Oxj+r—1 - -- ay,.

The reader can easily check that adding a string of zeros to a par-
tition A does not change the Schur polynomial. In particular, if
e = (e1,e2,...) and h = (h;);ez are as in (2.15) one has:

hi = Aqry(e)
ie.

hy = e
(& &

h2 = A(lz)(e) = 11 6? :ef — €9;
€1 €2 €3

hy = A(13)(e) =11 e e = e‘;’ — 2eq1e9 + e3.
0 1 €1

IThere are other equivalent ways to express the Schur determinant, e.g. by
transposing the matrix.
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In order to keep a simple and neat notation, for each partition \ we
shall write:

h)\ = A,\(h) . (41)

So, e.g., h(1,1) stands for h? — hy and h,1y = h1hy — hs.

4.3 Generalized Wronskians

4.3.1. Let

u, = (u® D u)

be the row of the universal fundamental system. The generalized
wronskian (determinant) of u, corresponding to the partition A :
Ao > A1 > ... > )\, will be denoted as:

Wi(u,) := DMu, A DA =1u, AL A D™ Poq,, (4.2)

shorthand for:

DAy () DA ry(=1) . D ry(=7)
D1+)\,.,1u(0) D1+)\,.,1u(71) o D1+)\,.,1u(7r)
W)\(ur) =
DrJr):ou(O) D'H»)\(.)u(fl) o DT+)‘(.)U(7T)
(4.3)
uAr) w71 A
S R (E
u(rJ'r/\o) u(71<F.T+)\()) ) u(;\o)
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It is nothing else than a formal power series generalizing the classical
Wronskian determinant:

u(o) u(_l) . u(_"')
Du® Du-Y .. Dyl
Wo(u) = : : ) :
Du® DryD . pry
w® D )
u® u©) o ylertD
R e BN O

which, accordingly, will be simply written as u, A Du, A... A D"u,.
Notice that Wy(u,)(0) = 1. We like expression (4.2) more than its
determinantal expression (4.3), because the derivation operator D
satisfies a Leibniz—like rule with respect to the wedge product A,
namely:

DWy = D(D*u, A D™ =1u, A... A D"FPou,)

_ § DioJr)\rur A D1+i1+>\7-71ur

io+i1+ ...+ i =1

A...A\Drtirthoy

(4.4)

4.4 The Jacobi-Trudy formula for Wron-
skians

The fact that each generalized Wronskian can be seen as a “deforma-
tion” of the usual Wronskian is shown in the following:

4.4.1. Proposition. Let A € £, be any partition of length less than
r+ 1. Then:

Wi(u,) = Z Z (Z) Pty - %"!’ (4.5)

n>0 pel,,|pl=n
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where if |p| =n

(n) B n!
w) o polpale e pg!

; ' o : :
is the coefficient of x# := x®x!" .. .-zl in the expansion of (zo+x1+

oot x)™. In particular, the constant term Wy (u,)(0) of Wx(u,) is
ha (see (4.1)) which, for X =0 (the null partition), yields Wy (u)(0) =
ho = 1.

Proof. The transpose u’ of the row u,. can be written as:

b,
Rn—1 tn
T _ R
ur _Z . n'
n>0 .
hn—r

By renaming n as u,—;, for each 0 < i < r, one easily finds:

h>\'r~7i+//wr~7i+i

R, _, e i
DitAr—igT — Z Ap—itpr_it+i—1 | tHr—i
T . .

pr—i2>0 Nr—i!
h>\7-7i+/1‘7-7i+i*7”

Invoking the fact that the determinant of a matrix coincides with the
determinant of the transpose, one can write:

Wi(u,) = D*ul A DA =1l A A D oul =

h)\,\-i-ur h>\r—1+ﬂ7‘—1+1
P
— § h>\r+#r—1 t h)\r—1+ﬂr—1
nel, h Hr h
Ao =T Ap—1+pr—1—(r—1)
h>\0+uo+r
fr— i
i A A h>\0+uo—1 the —
p*r—ll : ,UO!

h)\0+#0
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h’)\r"l‘//h* h)w71+lwf1+1
-3 hatue=1 | o P i
=
h)\r+ﬂT7T h)\r—1+ﬂr—1_(r_1)
h)\OJrlL(rH"
Hor Hr— i
A | Protmot t—'t—l't—o':
! 1! 0!
h>\0+uo
n!
=> X T
Ho-p1: e e
>
20 ety |lul=n}
h>\r+ur h>\r71 +pr—1+1 cee h>\0+M0+T
hxstp,—1 Pxe it R N
X —_ =
: : - : n!
Pxctpr—r P tpei—(r=1) - gt
n tTL
-> 2 (Dmed
>0 K v
"= {uety|lul=n}

as desired. Notice that the constant term of W) (u,) is obtained for
1 = 0, which has weight 0:

Wi(u;)(0) = ha.
In particular, if A = 0 one has Wy(u,)(0) = hg = 1. n
An immediate consequence of Proposition (4.4.1) is :

4.4.2. Theorem. (Cf. [18]) The Jacobi-Trudy formula holds:
Wi(u,) = haWo(u,) (4.6)
for each \ € £,.

Proof. One first notices that Wy (h) is an E,-multiple of Wy(h). In
fact, each column of the form D%u, with i; > r + 1 occurring in
the expression of Wy (u,) can be replaced by a linear combination of
lower—order derivatives of u,., using (3.2) (and its consequences). One
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finally obtains the product of an element of F, with a determinant
involving derivatives of u,. of order 0 < h < r only, which is the Wron-
skian up to a permutation of the columns, i.e. Wy(u,) = y2Wo(u,)
for some vy € E,. As two formal power series are proportional if and
only if the coefficients of all powers of ¢ are proportional, with the
same coefficient of proportionality, it follows that:

Wi (u,)(0
= D)) _
W (u,)(0)
because of the last part of Proposition 4.4.1. n

4.4.3. Corollary (Liouville, Abel). The derivative of the Wron-
skian is proportional to the Wronskian itself. Indeed:

Wo(u,) = exp(est).
Proof. By differentiating the Wronskian W

DWy(u,) = D(u.ADu,A...AD""'u.AD"u,)
= w.ADu,A...AD""tu, AD"Tlu,
= W(l) (ur) = h1WO(ur) = 61WO(11T),
where the last row of equalities is based on both Theorem 4.4.2 and
the equality h; = e;. The equation DWy(u,) = e; Wy implies that

Wo(u,) = woexp(ert), and since wy = Wy(u,)(0) = 1, the claim
follows. "

4.4.4. Corollary. Pieri’s formula for generalized Wronskians holds:
hiWi(uy) =32, We(u,)

where the sum is over all partitions p € £, such that |u| = i+ |\| and

Ho = Ao = i1 = A1 > 2>y > Ay (4.7)

Proof. By [11, Lemma A.9.4] one has the equality h;Ax(h) =
>, Au(h), where the sum is over all partitions p such that [u| =
[A| + 4 satisfying inequalities (4.7). Thus, applying 4.4.2, one has
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hiWi(ur) = (hiAx(h)Wo(uy) =32, Apu(h ) Wo(uy) =32, Wy (hy)
as desired. n

4.4.5. It is well known that the multiplication in A of two Schur
polynomials is an integral linear combination of Schur polynomials

Ax(a)-Aufa)= > L, -A(a)
| =IA|+|ul

The numbers LY € Z are known as Littlewood-Richardson coeffi-
cients. These are known to be non-negative (see e.g. [29]). They are
very important at present as suggested by the following:

4.4.6. Theorem. The product of two generalized Wronskians
Wi(u,) € E.[[t]] obeys the following equality:

Wi(u,) - Wy(u,) = oK, Wo(w) | - Wolw,). (48
(V1=
Proof. In fact, by Theorem 4.4.2
Wi(u)Wy(u,) = haWoy(u,) - h,Wo(u,)

= (hx- huWO(ur))WO(ur) Z LK[LhVWO(uT) Wo(u,)

[vI=IAl+p]

= Yo L) | Wolu,).
WI= DT

where in the third equality the definition of the Littlewood-Richard-
son coefficients has been used and in the last the Jacobi-Trudy for-
mula (4.6). "

4.5 The hook length formula

Generalized Wronskians are clearly related to derivatives of Wron-
skians. For instance one easily checks that

DWO (ur) = W(l) (ur).



50 [CAP. 4: GENERALIZED WRONSKIANS

Differentiating a determinant is the same as applying Leibniz’s rule
with respect to the wedge product A. Using the fact that a determi-
nant vanishes whenever two rows are equal, one gets:

DWy(u,) = D(u, ADu, A...A\D"u,)
=u.-ADu,A...AND""'u, A D" Tlu,
= W(l)(ur).

The reader can easily convince himself that, in general, the j-th
derivative of a wronskian is a linear combination of generalized Wron-
skians:
DIWo(u,) = Y gaWa(uy). (4.9)
[Al=j

This is a consequence of (4.4) and of an easy induction. It is well
known that the Jacobi-Trudy formula, or its Pieri’s consequence, im-
plies that the coefficient of W) (u,.) in the expansion of hfWy(u,) can
be computed by means of the hook length formula (Cf. Section 4.5.1).
In terms of generalized Wronskians, this property reads:

4.5.1. Theorem. (see [18]) The coefficient g in (4.9) can be com-
puted by the hook length formula:
Al j!

_ _ 41
PNk ke (4.10)

where k; is the hook length of each box of the Young diagram of the
partition A .

Proof. In fact by the Liouville formula DIWy(u,.) = hWy(u,), and
then one may apply the hook length formula holding for the multi-
plication of h] with a Schur polynomial hy, as in [12]. "

A consequence of Theorem 4.5.1 is the following remarkable fact,
already observed in [14] (see also Chapter 6):

4.5.2. Corollary. Let (d — 7)™t be the partition with v + 1 parts
equal to d—r. Then the coefficient giq_yr+1 multiplying Wig_pyr+1 (u,.)
in the expansion of DUTD@="V(u,) is precisely the Plicker degree
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of the Grassmannian G(r,P%), parameterizing r dimensional linear
subvarieties in the complex projective space, i.e.:

1Mool (r+ 1) (d—1)!
(d—r)(d—r+1)-...-dl’

9(d—r)r+t =

4.5.3. Example. Let u; = (19, u(=1). Then:

D*Wy(uy) := D*(u; A Duy) = D® o D(u; A Duy)

= D3(u1 AN Dzlll) = D2(DL11 A D2U1 +u; A D3u1)

= D(2- Du; A D3u; +u; A D*uy)

=2.D%uy AD?*uy +3- Duy A D*uy +uy A DPwy

=2 D""?u; A D' ?uy 4+ 3. DOy A DU

+u A D1+4u1

=2- W(272) (ul) +3- W(371)(u1) + W(4) (ul).
The coefficient 2 multiplying W, 2y(u1) is precisely the Pliicker de-
gree of the Grassmannian G(1,P3) in its Pliicker embedding, i.e the
number of lines meeting 4 others in general position — see [13, 14] for
details. All other coefficients have an enumerative interpretation in

either the classical or the quantum cohomology of the Grassmannian
(see e.g. [14]).



Chapter 5

Exponential of matrices

5.1 A brief historical account.

5.1.1. Any system of linear ODEs with constant coefficients:

T1 = @1121+ @122+ ...+ A1nTy
Tg = a1¥1+ a2+ ...+ a2y
Ty = Qp1%1 4 @poTo + ...+ Apny

in the unknown functions z; : D C C — C can be written in matrix
form as:

x=M-x,

where x is the column of the unknown functions z; and M is the (con-
stant) matrix of the coefficients (a;;). It is known that the solution
of the system is of the form

x =exp(tM) - ¢ (5.1)
where ¢ € C" is a column of constants depending on the initial con-
dition x(0). If M is a square matrix, its exponential exp(M) is an

invertible square matrix defined by extending formally the definition

52
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of the exponential of a complex number:

M? M"
exp(M)::l—l—M—!-f—F...:ZW.

o (5.2)
’ n>0

One is naturally led to wonder if the exponential of a matrix defined
in this way is a matrix itself, i.e. if the series (5.2) is convergent. This
can be easily done. Indeed

exp(tM) = Z

n>0

M
n!

converges for each ¢ € C and then it defines a family of inverti-
ble square matrices. The second problem is to computing it. To
this purpose one uses the fact that if P is any invertible matrix,
then exp(P~'MP) = P~!exp(M)P. Over the complex numbers one
knows that each matrix is conjugated to an essentially unique matrix
in Jordan normal form J,;. Then

exp(A) = exp(P™ ' J4P) = P exp(Ja) P

and the problem is reduced to compute the exponential of a matrix
which is already in Jordan normal form. This is easy, because any
such matrix can be written as a block matrix, whose blocks are sums
D + N of a diagonal and a nilpotent matrix commuting with one
another. The exponential of any such block is exp(N) exp(D). Using
such a procedure, all the technical issues due to the computation of
the exponential of a matrix are reduced to the problem of computing
a canonical Jordan form of it. Such a computation can be however
avoided, as noted by E. J. Putzer, in a paper appeared on Ameri-
can Mathematical Monthly [33] in 1966. Before explaining Putzer’s
method let us make a comment. To show that exp(Mt) - ¢ is a solu-
tion of (5.1) one has just to compute its first derivative with respect
to t in a purely formal way:

d d Mmn M t2
— tM) = — - = =M+M*+M3=—+.. . =
dt exp(tM) dt 7%% n! T; n! * + 2 *

2t2

2!

:M(1+Mt+ —|—...):Mexp(tM).
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Thus exp(tM)c satisfies (5.1) for purely formal reasons, a remark
suggesting that much important information can possibly be obtained
by considering the exponential of a matrix in a purely formal way.

5.1.2. Putzer’s idea. As well known, each square matrix A €
C™*™ gatisfies at least one polynomial identity (indeed many poly-
nomial identities), e.g. it is a zero of its characteristic polynomial
by the Cayley-Hamilton theorem. In other words, the exponential
of M, if it exists, can be written as a complex linear combination of
1,M,M?, ..., M1,

exp(M) = apl + a1 M + asM? + .. oy M,

and the task consists now in computing such coefficients. Putzer
(1966, [33]) solves the problem by considering the exponential exp(Mt)
which, because of the Cayley—Hamilton theorem, can be written in
the form:

exp(tM) = ag()1 + a1 ()M + ... + a1 (H)M™ L, (5.3)

where aq,aq,...,a,_1 should be suitable holomorphic functions.
This is indeed the case and in [33] the author is able to describe
precisely all coeflicients «; occurring into the expression (5.3). Let
Pys(t) be the characteristic polynomial of the matrix M. Then the
coefficient «,,—1(t) is the unique solution of the Cauchy Problem
Py (D)y = 0 such that y® =0for 0 <i<mn-—2and Yy 1(0) =
1 (which is a generator of the impulsive response kernel, see Re-
mark 3.2.2). Once the coefficient «,—1 is known, Putzer gives a
precise description of how to determine the remaining coefficients,
based on the sole knowledge of a,,_1. To apply his method, however,
the author needs to find the roots of the characteristic polynomial,
in order to express a,,—1 as a linear combination of a fundamental
system of solutions.

5.1.3. Although Putzer’s description of the computation of
Q1,...,Qn_9 occurring in (5.3) is very precise, the Author proposes
no interpretation of them. The latter is offered in a couple of short
papers by I. H. Leonard [28] (1996) and E. Liz [27] (1998), published
in the SIAM journal. They show that, for each 0 < i < n — 1, the
function «; is the unique solution of the Cauchy problem P4(D)y = 0
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satisfying the initial condition yi(] )(0) = 03;. This result, although
very elementary, is beautiful and elegant. To compute the exponen-
tial of a matrix, however, even the aforementioned authors have to
cope with the technical issue of finding the roots of the characteristic
polynomial. The purpose of next section is to show that working
formally the matter gets easier, basing on the results of the previous

Chapters.

5.2 The matrix exponential

5.2.1. Let M := (a;;) € A™*" be a square matrix with entries in the
E,-algebra A and let t be an indeterminate over A. Then M -t is a
square matrix with entries in A[t] C A[[t]]. Define:
Mmm
exp(Mt) := Z o

n>0

tviewed as a matrix of formal power series, under the identification
A[[t]]"™ =2 Am*"[[t]]. Notice that {P € A[t]| P(M) = 0} is non—
empty. In fact 1, M, M2, ..., M™ are n? + 1 matrices living in the
free module A™*™ of rank n?, and thus they are linearly dependent.
The Cayley-Hamilton theorem holds for A-valued matrices as well:
each matrix M € A™*" is a zero of its characteristic polynomial, i.e.

Par(t) = det(M — t1).

In other words M™tJ is an A-linear combination of 1, M, ..., M"™1
and so exp(Mt) must be a linear combination of (1, M, ..., M"1) as
well, with coefficients in A[[¢]]. To determine the coefficients we shall

first analyze the case when M is the companion matriz associated to
the universal ODE (3.3). See below.

5.3 The exponential of a companion ma-
trix

5.3.1. Let ey, ..., e, be the canonical basis of A" thought of as the
A-module of the columns of n elements of A. The entries of the
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column e; are 0 except the i—th which is equal to 1. One says that
a:= (a;) € A" is the initial condition of a solution of the linear ODE:
P(D)y = 0 if and only if y(0) = a;.

5.3.2. The universal ODE: U,11(D)y = 0 can be equivalently written
as a system of differential equations:

y(l) = Y1,
1
yg ) = Y2,
o _ _ Y
Yr = €1Yr €2Yr—1 +...+ ( ) €r+1¥,
or, more compactly:
Yy =¢..v
where
Yy
Y1
Y= .1, and
Yr
0 1 0 0
0 0 1 ... 0
Cp:= ) ) ) ) - (5.4)
(—D)"err1 (=D e, (=) 2er1 ... e

The matrix C, is the companion matriz associated to the polynomial
Ur11(t) € E.[t] and YV is the column of the derivatives of the entries
of Y, with respect to the indeterminate ¢. For purely formal (and not
substantial) reasons, we shall regard C, as an endomorphism of the
E,.-module E, @ E” of columns of (r + 1) elements of E,, with basis
€p,€e1,...,€,:

1 0 0

0 1 0
e=|.|=1®0g, e1=|.|, e =

0 0 1

So, in particular, the columns of C, are numbered from 0 to r.
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5.3.3. Proposition. Let a;, 0 < i < r, be the unique element of
ker U,41(D) such that (D7c;)(0) = &;;. The matriz exp(Cyt) is the
Wronskian matrix associated to the fundamental system of solutions
(0&0, Apy. .. ,OzT).

Proof. For each 0 < j <r
Y =exp(Crt)e;

is a solution of the system such that Y (0) = ej, i.e. it corresponds
to the unique solution «;(t) of the linear ODE: U,41(D)y = 0, such
that yU)(0) = 1 and 3*(0) = 0, for all i # j. On the other hand
exp(Crt)e; is the (j + 1)-th column of exp(C,t), i.e.:

@
o
exp(Crt)e; = :
ol
Then
(7)) (5] [67%
Oé(()l) O451) a&l)
exp(Crt) = )
Oé((;) agr) 015«7)
as claimed. n

5.3.4. We are now in the position to give a precise expression of the
exponential of C,.. By the universal Cauchy formula (3.11) one has:

a; =Y Uej)ul™
=0

i.e.:

ar = w9 —eu fequ=P 4+ (—1)Teru(_7").
= ulTY —euY 4 4 (1) el

a, = ul™".
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5.3.5. Example. To compute the exponential of

0 1 0
Co:=10 0 1
€3 —e2 e1

we consider the solutions a1, oz, ag of the linear ODE: Uz (D)y = 0, having
€p, €1, €2 as initial conditions. Then:

ag = u® — elu(fl) + ezu“?), ap = uY — elu(ﬂ)7 g = u(72)7
from which
o = u® Z @ 4 e, ol = 4@ _ Yy = uD,
One uses now the fact that
u® = e1u® — eV 4 egu(72>,
which substituted into the expression of aél) gives af)l) = ezul~?. Hence:
a((f) = 63U(_1), agm = 76271(_1) + egu(_2>, as =u®.
In conclusion, the exponential of Cs is:
w©® — e D 4 oegu(=2 wD e G
exp(Cat) = esul™? u® — ey uY
ezul ™ —e2u™Y 4 egu=?

5.3.6. Lemma. For 1 < j <r, all entries of the first row of CI are
0 but the j—th, which is equal to 1.

Proof. For 0 < i <r, let € = eiT be the row which has all entries 0
but the i—th which is equal to 1. Then the first row of CJ is given by
the matrix product €' - C1. Now

6?”

(—D)"epp1€® + (1) Lepel +... +ege”
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We claim that for 7 —1 < r — 1 one has:

€l
e+l

The property is true for j = 1. Suppose it holds for 1 < j—1 <r—1.
Then

et.ci—t €
e2.ci—t el
j—cC..ci71 = : =
cl=¢C -ci ' = =]
61”—]—1 _Cg‘—l €"

by inductive hypothesis. In particular the first row of CJ is €?-CJ = ¢/
as claimed. -

5.3.7. Proposition. The exponential of the companion matriz C,

exp(Crt) = a1l + aoCr + ... + @ 41C). (5.5)

Proof. The characteristic polynomial of C, is precisely U,1(t).
Hence C; is a linear combination of 1, C,, ..., C;. for each n > r +1,
and thus the exponential of C.t can be expressed as a linear combi-
nation

exp(Crt) = Aol + MCr + ... + A.Cy, (5.6)

where Ag, A1,...,Ar € E.[[t]]. Then (5.6) implies
€? - exp(Crt) = Xo€’1 + \1€°Cp + ...+ N\ €0C).

By Lemma (5.3.6) the first row of C/ is precisely ¢/ and so by Propo-
sition 5.3.3 one has the equality:

(o, 1y vy n) = M€ + A1l + . A€ = (Mo, Aty ey Ay,

whence A\j = a;, forall 0 < 5 <. n
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5.3.8. If A is any Q-algebra and P € A[t] is a monic polynomial of
degree 1+ 1, we shall denote by C'p the companion matrix associated
to P, i.e.

0 1 0 0
0 0 1 0
Cp:=
(1 ersa(P) (~1)" " ter(P) (1) 2era(P) ... en(P)
(5.7)
where e;(P) € A. Let §8; := ¢p(c;) be the image of the universal basis
(o, a1y ... ) of kerU,41(D) through the unique homomorphism

¢ : F. — A mapping e; — e;(P). Then
exp(Cpt) = Bol + 51Cp + ... + 5,.Cp.

5.3.9. Given a m x m matrix, let P € A[t] be any monic polynomial
of degree r + 1 vanishing at M, ie. P(M) = 0. If P were the
characteristic polynomial of M, then r+1 = m, if P were the minimal
polynomial of M then r+1 < m. The degree of P may also be bigger
than m and, of course, any such polynomial would be a multiple of
the minimal polynomial. Suppose now that 5y, 01, ..., 3, € A[[t]] are
the unique solutions of the Cauchy problem P(D)y = 0 with initial
conditions e;, 1 <1 <n.

5.3.10. Theorem.
exp(M -t) =Bl + M+ ...+ 5.M".

Proof. By definition of exponential of a matrix, one has:

tn
exp(Mt):ZM”E
n>0 ’
T tn t’l‘+l t’r+2
= Mr— 4+ M- M
;0 w T rrol "

Now M™ 1 = e;(P)M" + ... + (=1)"e,+1(P)1 and, by induction,
each M™, for n > r + 1, can be expressed as a linear combination of
1,M,...,M". Therefore the exponential of M - is:

eXp(M-t) =Xl+MM+...+NM", N\ EA[t”
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The coefficients \; are determined in a purely formal way using the
relation P(M) = 0 and do not depend on the choice of the matrix.
So, in particular, they are the same that one would find if M were
the companion matrix Cp associated to P. In this case, by 5.3.8,
Aos A1, -« -, A are precisely the unique solutions (8g, f1, - - -, 8,-) of the
Cauchy problem P(D)y = 0 with initial conditions (D’3;)(0) = 6;;.m

5.4 Some properties of the exponential

The A-module A™*™ of A-valued n x n matrices is a Lie A-algebra,
with respect to the commutator:

[M,N] = MN — NM.
5.4.1. Proposition. Let M, N € A"*™. Then
exp(M + N) = exp(M) exp(N) (5.8)
if and only if [M, N] = 0.

Proof. It is enough to compare the summands of degree 2 on both
sides of (5.8). The summand of degree 2 in the expansion of exp(M +
N) is
(M+N)(M+N) M?*+MN+NM+ N?
2 B 2 ’
while that in the expansion of exp(M)exp(N) is

M? +2MN + N2
5 .

Equality (5.8) implies
M? 4+ MN + NM + N? = M?+2MN + N2,
ie. MN = NM. Conversely if [M,N] =0,

(M+N)" Y ()M N
n! - n!

which coincides precisely with the summand of degree n in the ex-
pansion of exp(A) exp(B). "



62 [CAP. 5: EXPONENTIAL OF MATRICES

5.4.2. Let M € A™*™ and N € A"*"™. Denote by M @ N the block
diagonal
(m+n) x (m + n) matrix

M O’ITLXTL

M@ N =
0n><m N

The notation is motivated by the fact that M & N, when seen as an
endomorphism of A™*", decomposes the latter into the direct sum
of M and N-invariant subspaces:

AT = (A" 3 0,) @ (0, D A™).
By induction one easily proves that:
det(M; @ ... ® Mp) =det(My) - ... det(My),

and
tr(My @ ... 0 My) = tr(My) + ...+ tr(My,).

Finally, it is clear that

exp((M1 @ ... ® Mpy)t) = exp(M1t) @ ... D exp(Mpt).

5.4.3. Lemma. Let Cp be the companion matriz associated to a
monic polynomial P € A[t] of degree r +1 (r > 0). Then

det(exp(Cpt)) = exp(tr(Cp)t).

Proof. By the expression (5.7) it is clear that tr(Cp) = e1(P). Now
exp(Cpt) is the Wronskian W = W (S, 51, . .., Br) of the fundamen-
tal system of solutions 3; such that D73;(0) = 4&;;. By Proposi-
tion 4.4.3 one knows that

W = exp(Cpt) = exp(e1(P)t) = exp(tr(Cpt)),

and the claim is proven. n
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5.4.4. Theorem. Let M € AUr+D)x(r+1)  Thep
det(exp(Mt)) = exp(tr(Mt)). (5.9)

Proof. We shall prove the property under the additional hypothesis
that A is an integral domain. In this case we consider the matrix M
as being an (r+1) x (r+ 1) matrix with entries in Q(A), the quotient
field of A. Then M is conjugated to a block matrix such that each
block is a companion matrix, i.e. there exists g € Gl,+1(Q(A)) such
that

gilMg =Cp, @...®Cp,

Therefore

det(exp(Mt)) = det(exp(Cp,t ® ... ® Cp,t))
= det(exp(Cp,t) @ ... ® exp(Cp,t))

The last equality gives, again:

det(exp(Mt)) = det(exp(Cp,t))-...-det(exp(Cp,t))
— exp(tr(Cry 1)) - .. - exp(tr(Cr, 1)
= exp(tr(Cpt)) + ... +tr(Cp,t))
= exp(tr(Cp, ®...® Cp,,) ) = exp(tr(M)t).

and the theorem is proven. u

5.4.5. Example. Let

M = (a b) € A%*?
c d

be a matrix with entries in the polynomial ring A := Q[a, b, ¢, d] which is
certainly an integral domain. Let Par(t) := t* — e; (M)t 4 e2(M) be its
characteristic polynomial, i.e. e1(M) := a+d and e2(M) = ad — be. Let
vo,v1 be the canonical basis of ker Py (D). Then

exp(M-t)Zvo((l) ?)“ﬂKZ Z)fel(é (D]

o Vo — dv1 bvl
CU1 Vo — avi1
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Equation (5.9) says that

vg — e (M)vovy + ea(M)v3 = exp(eit)

which is the generalization of the celebrated equation

cos’t +sin’t = 1.

, (5.10)

In fact if e1 (M) = 0 and e2(M) = 1, the solutions vg, v1 occurring in (5.10)
are precisely cost and sint¢ while exp(e; (M)t) = exp(0-t) = 1.



Chapter 6

Derivations on an
Exterior Algebra

This chapter aims to provide a quick overview of the theory developed
in [13, 14, 17] which will be applied to the situation we are mostly
interested in, regarding modules of solutions of linear ODEs. Those
papers mainly motivated the research carried out in [18].

6.1 Schubert Calculus on a Grassmann
Algebra

6.1.1. Given a graded integral Q-algebra A := @;>0A;, finitely
generated as an Ap-algebra, consider the quotient

Alt]

T (p)

where p 1=t —¢; (p)t?+.. .4+ (—1)?* ey 1 (p) is a monic polynomial
of degree d + 1, such that e;(p) € A;. For each j > 0 let

&=t + (p)

65
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be the class of ¥/ modulo P. The A-module My, is free of rank d + 1
and generated by €, e!, ..., €?, because of the relation

e = e (p)e™ 4+ 4+ (=) g (p)e’, (5> 0)

holding for each j > 0. There is a direct—sum decomposition

M, == P My,

w>0
where My, == Ape” @ A1V 1 @ ... Ay. Let

r+1

N\M,=AaP N\ M,

r>0

be the exterior algebra of M, (A’ M, = A and A M, = My). The
module /\TJrl My, 0 <7 < d, is freely generated by

{d = Tron AT A (6.1)

where A ranges over the set £,. of all the partitions A\g > Ay > ... > A,
of length at most r + 1. The weight of a homogeneous element € is
by definition the weight |A] = > A; of the partition A\. There is a
direct sum decomposition

r+1 r+1
N My = P Mp)w (6.2)

w>0

where (\""! M,),, is the A-submodule of A"*" M generated by

{ Z axe* | ax eAw,w}.

AEL,
0<|A[<w

Clearly (A" My)o is a free Ag-module of rank 1 generated by
€D =" AT AL AE.

The decomposition (6.2) defines the weight gradation of N M.
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6.1.2. Let us consider now the A-algebra A M;[[t]] of formal power
series with A Mp-coefficients. The product is defined by

i>0 >0 n>0 it+j=n

Next, one considers End(/\ Mp)[[t]], the A-algebra of formal power
series with coefficients in the (non commutative) A-algebra of endo-
morphisms of A M. Each element

Dy := Do+ Dyt + ... € Enda(/\ Mp)[[t]], (6.3)

can be regarded as an A-module homomorphism D, : A\ My— A M[[t]]
via the obvious map p — D(p) = ZiZO D;p - t'.

6.1.3. Definition. A formal power series (6.3) is a derivation on
the exterior algebra if

DipAq)=D;pADiq, (p.qc \ M), (6.4)

i.e. if the map Dy : N\ My — A Mpl[[t]] is an A-algebra homomor-
phism.

Condition (6.4) implies that the homomorphism D; is uniquely
defined once one knows how it operates on M — the degree 1 part of
the exterior algebra.

6.1.4. Definition. The Schubert derivation on A M, is the unique
derivation such that that D;e' = €7,

The reason for such a terminology, adopted in [14], is that Equa-
tion (6.4), the fundamental equation of Schubert Calculus, presides
the formalism of the intersection theory on Grassmann bundles — see
below. Observe that each D; : A M, — A M is a homomorphism of
degree 0, i.e. Di(A"™"M) € A\"T" M,. By its very definition, it is
homogeneous of degree 7 on each /\TJr1
graduation:

M, with respect to the weight

r+1 r+1

Dz(/\ Mp)w < (/\ Mp)w-‘ri-
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Moreover D;D; = D;D;, for each i,5 > 0. Let
A[T] = A[Tl, T27 . ]

be the polynomial ring in infinitely many indeterminates with A-
coefficients. Each indeterminate T; is given degree i. For a polyno-
mial @ € A[T], let Q(D) be its evaluation at D := (Dgy, Dy,...,)
through the map T; — D;. It turns out that A[D]:=evp(A[T]) is a
commutative subring of Enda (/A My).

6.1.5. Proposition. The natural evaluation map
evaoy : AD] — AT Mp
(6.5)
QD) +— QD)®
s onto.
Proof. To show the surjectivity of the map (6.5) it is sufficient to

show that for each A\ € £, there exists Q\ € A[T] such that ¢* =

Qx(D) - €. Then one argues by integration by parts as in [14]. See
the example below. u

6.1.6. Example. Consider e = 2 A€l Then
ENet = 62/\D160
= Di(E€ANE)— (D) Ae
= Dl(D1el /\60)—63/\60
= D' Ae® — Do A®) = (D} — Dy)eb.
In other words:

(LD 'D1 1

1 0
D2 D1 € Ne :A<171)(D)

In general, one can show that Giambelli’s formula holds:
& = Ax(D)e, (6.6)

where Ax(D) is the Schur determinant associated to the sequence
D := (Dy, Dy, ...) corresponding to the partition A. Formula (6.6) is
equivalent to Pieri’s formula:

DhEA = Z €'u (h Z O)a

HELr h X
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where
¢ [ partitions p € £, such that |u| = |A| + h and (6.7)
A o= Ao = = A > > e = A 20 S

6.1.7. Let o
(N gy AP
(kereve)

By construction, A" M, is a free AN M;)-module of rank 1
generated by €©) = €" A ... Ae! A €. The module multiplication is
given by the A-bilinear map:
r+1 r+1 r+1
A*(/\ Mp) ® /\ My — /\ My
given by (Q(D) + kerev, (o), €*) — Q(D)e .

6.1.8. Remark. It turns out that A*(A\""" Mp) is the universal splitting
algebra of the polynomial p as the product of two monic polynomials one
of degree r + 1. See e.g. [10, 24, 25].

6.1.9. Example. Let p,q € A M,. Then Newton’s Binomial formula
for D; holds, i.e.:

D'(pAq) =) (Z) DipA D" "q. (6.8)

k=0
This is easily seen by induction. If m =1 it is just Leibniz’s rule:
Di(pAq)=DipAgq+pADiq.
For m = 2:
DI(pAq)=Di[Dip Aq+pADiq]
=DipAq+ DipADiq+ DipADig+pADiq
=DipAq+2-DipADig+pADiq.
If (6.8) holds for h =m — 1 > 1 it holds for m. In fact
DT (pAaq)=Di(D{" ' (pAa))

m—1

m—1 m—1—
—Dlz< i )D’fp/\D1 k.

k=0

See [8] for generalizations and applications to the enumerative geometry of
rational space curves.
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6.2 Connection with Schubert Calculus

Schubert calculus rules the intersection theory on Grassmann bun-
dles. We give here a quick account to illustrate its relationships with
the derivations on a Grassmann algebra. Detailed references for this
section are [13, 14, 17, 24, 25]. The original motivation was to study
loci of Weierstrass points on families of possible singular Gorenstein
curves (which exclude, therefore, the case studied in [34]). For a
nice survey about some combinatorics related with ramification loci
of linear systems which inspired the present work see e.g. [7].

6.2.1. Each smooth complex projective variety X can be equipped
with an intersection theory, by attaching to X an Abelian group
A,(X) and a Z-algebra A*(X) which are isomorphic as Z-modules
(Poincaré duality). The group A.(X) is generated by cycles modulo
rational equivalence and is a free module of rank 1 over A*(X) gener-
ated by the fundamental class [X]. The A*(X)-module multiplication
of A,(X) is said cap product:

A*(X) @7 Au(X) 5 A(X)

sending (a,¢) — aNc € A, (X). See [11].

6.2.2. Example. The intersection theory of the projective space may be
described by saying that A.(P") is a Z-module freely generated by the class
of linear subvarieties of codimension i, for 0 < ¢ < n:

A.(P") =Z[P"|&Z HSZ H*&...0Z-H".

The generator H' is the class modulo rational equivalence of any linear
subvariety of codimenion i. The generator [P"] is the fundamental class,
while H™ is the class of a point. The class of each subvariety of codimension
i is of the form d- H* and the integer d is called the degree of the subvariety.
The Chow ring of P™ is

Z[H]

A*(]P’") = (Hn_H)

and says what is the dimension and the degree of the intersection of a
hyperplane and a projective subvariety of P™ in general position. The
relation H™"' = 0 expresses the fact that the intersection of (n + 1)-
hyperplanes in general position is empty. The cap product H N [S] is the
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operation of cutting with a hyperplane. If S and S2 are closed subvarieties
of P™ in general position, of_ codimension 71 and i2 and degree di and da
respectively, then S ~ di H" N [P"], Sz ~ d2 H*? N [P"] and

[S1NSo) =diH N[Se] = di H" N (d2H™ N [P"]) = didoa H"' 2 N [P"].

In other words two subvarieties of P" of degree d1 and d2 in general position
do intersect along a subvariety of degree did; having as codimension the
sum of the codimensions. This is Bezout’s theorem for P".

6.2.3. The intersection theory of Grassmann bundles is only slightly
more complicated. First of all recall that the set G(r,[P?), parame-
terizing all linear subvarieties of P% of dimension r, is itself a smooth
projective variety of dimension (r 4 1)(d — r). It is called the Grass-
mann variety (of r-dimensional linear subavarieties of P¢).

6.2.4. Example. Let Opi(d) be the line bundle over the projective line
whose global sections are the homogeneous form of degree d in two inde-
terminates (say zo and z1). A linear system of degree d and (projective)
dimension r on P!, denoted by g7, is a choice of an (r + 1)-dimensional
subspace of H°(Op1(d)). Hence the set of all gjs on P! are parameterized
by the Grassmann variety G (r, PH®(Op1(d)).

6.2.5. Let p: E — X be a vector bundle of rank d+ 1 over a smooth
projective variety X and let pg : PE — X be the associated projective
bundle (the fiber over z € X is the projective space PE,). Let
pr : G(r,PE) — X be the Grassmann bundle of all linear projective
subvarieties of dimension r in the fibers of PE:

G(r,PE), = G(r,PE,).
Over G(r,PE) sits the universal exact sequence
00— 8 — piE — Q — 0,

where S, is the universal subbundle of p} E: the fiber of S, over [A] €

G(r,PE,) is the r-linear subvariety A € G(r,PE,) parameterized by
the point [A] itself. Let

Pp(t) =t p ey (BE)t + ...+ ca(E) € A (X)[t],

where ¢;(E) are the Chern classes of the vector bundle E. Then
(Ctf. [11]) the Chow ring of P(FE) is given by



72 [CAP. 6: DERIVATIONS ON AN EXTERIOR ALGEBRA

where Pg(€) is the evaluation of the polynomial Pg at £ = —c1(Sp),
the class of any section of PE cutting fiberwise a hyperplane sec-
tion. The Chow group A.(PE) is an A*(X)-module generated by
(m% mt,...) where m’ := ¢N[PE]. Indeed, A,(PE) is a free A*(X)-
module of rank d 4 1, generated by m®, m', ..., m?, because of the
relation

mé 4 e (B)ym? 4 4 cg(BE)m' =0,
holding for each ¢ > 0. For each j > 0 define

Djm" = mits,

In this case D; = DJ. Then, trivially, A.(P(E)) is a free module of

rank 1 over
A[D]

(Pe(D1))
generated by m®. The module A" "' A, (PE) is a free A*(X)-module
generated by

m* =m" oA AmTAT A m

and it turns out to be a free A*(A\"" A, (PE))-module of rank 1
generated by m(® :=m” A ... Am' Am°.

6.2.6. Let

(@, - piB) = 242

=(1+c(Q)t +ea(Q )t +..)(1 —c1(prEt
+(c1(prE)? = capr B +...)

=14 (c1(Qr)t — c1(prE))t
+(e2(Qr) — c1(Qr)er(prE) — ea(pr ) + ..

Then (Cf. [11, Ch. 14]) the Chow group A, (G(r,PE) is a free A*(X)-
module generated by

{Ax(ci(Q, — p*E)) N [G(r,PE)] | X € €,}.
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It follows that A.(G(r,PE) is a free A*(G(r,PE))-module of rank 1,
generated by the fundamental class [G(r,PE)]. Furthermore Pieri’s
formula holds (see notation (6.7)):

cn(Qr — p"E) N Ax(ct(Qr — p"E)) N [G(r, PE)] =

Y Aue(Qr = p*E) N [G(r,PE)).

Heznh,)\

Let :
r4+1

v: A*(G(r,PE)) — A*( \ M)
be defined by ¢, (Q, — p*E) — Dj, and

r+1
11 AG(r,PE) — \ M

by Ax(ct(Q,—p*E))N[G(r,PE)] — m*, where for the sake of brevity
we set M = A.(PE). The following result is a generalization of
the theory developed in [13], obtained in [24] (see also [25]) in the
language of symmetric functions and universal splitting algebras, and
in [17] within the framework of derivations on an exterior algebra.

6.2.7. Theorem. The diagram
H*(Gr,d) ®z H*(Gr,d) L> H*(Gr,d)

L ®‘]l L] (6.9)
A*(/\r-i-l M) ®Z /\7"+1 M /\r+1 M

commutes and the vertical maps are tsomorphisms.
Proof. The very easy argument is based on the construction of the

Schubert derivation on the Grassmann algebra of a free A-module.
In fact

L®J(chﬂA>\(ct(Qr—p:E))HDhmA: Z m”.

HELr nox
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On the other hand

Wen N AN (Qr = prE)N[G(r,PE))) =)( D cu(Q—piE))

HELr b A

:Zm#,

HELy A

and the commutativity of diagram (6.9) is proven. The fact that the
vertical maps are isomorphisms is obvious. u

6.2.8. Remark. Theorem 6.2.7 says that making computations at
the top level of diagram (6.9) is the same as performing them at the
bottom level, where the basic computational recipe is Leibniz’s rule
for derivatives. Notice that the bottom line of diagram (6.2.7) is the
algebraic translation of Poincaré dualily for Grassmann bundles, as
it translates the fact that A*(G(r,PE)) is isomorphic as an A*(X)-
module to A, ((G(r,PE)) via the cap product. This picture has been
used in [16] to interpret the class of hyperelliptic locus in M, in
terms of Schubert calculus in a suitable vector bundle containing the
universal curve as a section. However it is not yet clear how to extend
such techniques in the situation studied, e.g, in [32].

6.2.9. Remark. If X = {pt} is a point, then one obtains classi-
cal Schubert calculus on the Grassmannian G(r,P4) parameterizing
closed linear subvarieties of the d-dimensional projective space. In
this case Pp(t) = t¢*1 and A*(P(E)) = Z[£]/(£"T1), where ¢ =
c1(Opa(1)). If F* is a flag of linear subspaces of P?

F* P =F'>F'>..OF' >0
where F* has codimension i, one sets
QA (F*) := {A € G(r,P) | dim(F"~" T N A) > i}.

The class of Q) (F*) in A.(G(r,P?) does not depend on the choice of
the flag and is denoted by ). Giambelli’s formula says that

Oy = ex(Q) N[G(r, P
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and is in fact equivalent to Pieri’s formula:

o, Ny = Z QH'

HELy p A

where o, = ¢,(Q,). According to Theorem 6.2.7 each Schubert cycle
Q) corresponds to m*, and computing oj, N Q) amounts computing

Dypm? = Dy(m" A Am" M AL Am,

6.2.10. Example. The Grassmannian G(1,P?) of lines in P* can be em-
bedded a la Pliicker in P where

_[d+1
v ()

The class of a hyperplane section in A.(G(1,P%)) is o1 N [G(1,P?)]. Hence
the Pliicker degree di,q of G(l,IF’d) can be computed by calculating the
degree of the intersection cycle of the Pliicker embedding of G(1,P?) with
2d—2 (= the dimension of the Grassmannian) hyperplanes of PV in general
position, i.e.:!

di,a = / o172 N [G(1,PY).
According to the dictionary (6.9), this amounts to computing the coefficient

di,q of m? A m? ! in the expansion of Dfd_le A mP. Using Newton’s
binomial formula (6.8) one has:

242 (o,
Dfd_le Am’ = Z <k > mit* A m2d-2k (6.10)
k=0

Since Dm' Am°® € (A? A.(P?))24, which is free of rank 1 generated
by m® Am?~!, only the contributions corresponding to k = d — 1 and to
k = d — 2 survive in the sum (6.10). Hence:

D2 m! Am® = ((2dd__12> - (2dd__22>> m? A m!

(2d — 2)!

_\e@—2) 4 d—1
Sdd—iy ™
and
g (2d=2)!
BT A d =)

IThe integral sign means just “taking the degree of the cycle”.



76 [CAP. 6: DERIVATIONS ON AN EXTERIOR ALGEBRA

6.3 Connection with Wronskians

6.3.1. Let u, be the canonical basis of solutions of the linear universal
ODE (3.2) and let
Wiu,) = Wa(u) A € 6}

be the Wronskian Q-vector space. It is an E,—submodule of E.[[t]].
The submodule of E,.[[t]]: U, := ker U,41(D) is a Q-vector space as
well, generated by /) with j > —r. It is an infinite dimensional
vector space. Its (r 4 1)-th exterior power A" ker(U,41(D)) is gen-
erated by

{ut := uP) AT A AT X e g, )

The non negative integer wt(u*) := || is by definition the weight of
u® and we have the direct sum decomposition:

r+1 r+1

Nth =P ).

w>0
Here is a useful
6.3.2. Lemma. Let A be a partition. Then

Uo(sm4ro(h)  Uo(sm—14x,(h)) ... Uo(sm—rsa,(h))

Ui(smiro () Ui(sm—14x, () ... Ui(Sm—riar,.(h))
= Ax(sm(h)).

U, (Sm+AO (h)) Ur(sm71+>\1 (h)) s UT‘(Sm7T+Ary' (h))
(6.11)

Proof. Using the fact that the determinant of a matrix coincides with
that of its transpose, one observes that the determinant occurring on
the left hand side of (6.11) can be written as:

hm+A0 hm+1+A0 hm+)\0

hm—1+)\1 hm+/\1 hm—1+)\1
A . —e1 . AN

h7n77'+>\,~ h'rnf1'+1+>\,,~ h7n77'+)\,,,
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hm+r+)\0 hm+r7i+)\0
hm+7‘—1+)\1 hm+7’—i—1+A1

A : + Z(_l)iei : =

R, hm—itx, /|
hm+/\o hm+1+Ao hm+r+/\o
Rm—14x, Rom4a, hmgr—14x,
= . A . VANAN . , (6.12)
hm7T+X,- h»mfr+1+)\,,v hm+/\,,.

where the last equality is because of cancellations due to the skew—
symmetry of the determinant and (6.12) is precisely the explicit ex-
pression of Ay (s, (h)). "

We can then prove the following:

6.3.3. Theorem. The Q-vector space /\r—i-l U, has a canonical struc-
ture of free E,.-module of rank 1 generated by ugo).

Proof. Before defining the module structure, one checks that the
following Giambelli formula holds:

u) = hy -ul?. (6.13)

Applying the universal Cauchy formula (3.11) to the solution u(~#+*¢)
one has:

TN = Ug(s_iyp, ())u®
+ Ui (s—ipn, ()Y 4+ 4 Un(s_iqn, (h)u™"),
from which
ut =y AT A A A = det[Ui(s—j1x,; (h))] - u®,

According to Lemma 6.3.2, det[U;(s_;1x; (h))|=Ax(so(h))=Ax(h) =
hyx and (6.13) follows. One can now define the module structure by
means of Pieri’s formula

hju)‘ = E ut.
:ufeer,j)\

which, as is well known, is equivalent to (6.13). "
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6.3.4. Theorem. There is a canonical E.-module isomorphism be-
tween the module W(u,) and N\ U,..

Proof. Let ¢, : W(u,) — A" "' U, be the Q-linear extension of the
bijection
Wi(u,) — u}

re

Then:

HhWA) = (D W)

WELy 5 X
= Y u(Wa(uy)
Heémj,)\
= ) u=nu)
l"ezr,j,k

proving that ¢, is E,-linear as well. L]



Chapter 7

The Boson-Fermion
Correpondence

7.1 Introduction

7.1.1. The oscillator algebra (see [22]) is a complex Lie algebra with
basis {ay,, h} obeying the commutation relations

[h,am] =0, [y Gn] = MOy —phi (m,n € 7).

The Fock space is by definition the ring B := C|xy, 3, ...] of poly-
nomials in infinitely many indeterminates, where each x; has degree
1. To each pair p and & of real numbers, one may attach a certain
bosonic representation 3 : A — Endc(B) of A in the Fock space B,
defined on generators by:

B@)(P) = oo (el
Ba_)(P) = hnwnP, (n€Nsg)
Sao)P) = P
s = hp

79
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where P denotes an arbitrary polynomial in B. For example
G(as)(3x1 — xows) = 15hx w5 — 5hx§, B(as)(3x1 — x2xs5) = X2.

The constant polynomial 1 is the vacuum vector of B. One obviously
has:

Blan)(1) =0, Blao)(1) = p, BR)(1) =h, Bla—n) = nhz,.

From a mathematical point of view, such a representation is impor-
tant because it allows to define certain Virasoro operators in the Fock
representation of A for ag = . The Virasoro algebra is a central ex-
tension of the Lie algebra of C>°—vector fields on the unit circle S'. If

d
d,, = 2"t — the Virasoro algebra is generated by {dn; c}nez subject

z
to the commutation relations
[dn,c] =0 and [dm,dn] = (M — n)dpmina(m,n)e,

where o must be chosen in such a way that [,] defines a Lie algebra
structure on V := C - ¢ @,z Cd,,. This forces « to be:
3
a(m,n) = 5m’,nWC.

7.1.2. According to [22], Dirac hole positron theory can be phrased
in mathematical terms via a different kind of representation of the
oscillator algebra A, namely using a semi-infinite exterior power F' of
an infinite dimensional C-vector space generated by a basis indexed
by the integers. Such an infinite wedge space is called the fermionic
space. Remarkably, there is an isomorphism between the bosonic and
fermionic representations, known as Boson-Fermion correspondence.
For more background on this exciting mathematical subject and its
relationship with the theory of algebraically integrable dynamical sys-
tems, the reader can consult the excellent expositions [3, 23, 30] and
references therein. See also [4] for a bi-hamiltonian approach.

7.1.3. In this last chapter we will show that to each representation
of a given algebra in the Fock space B there corresponds, in a nat-
ural manner, an isomorphic fermionic one — see also the note by
Neretin [31]. This is due to the fact that each semi-infinite exterior
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power of an infinite dimensional vector space V := @®;czC - v; is natu-
rally a free-module of rank 1 over the Fock space B generated by some
reference vacuum state vector, and the fermionic representation of the
oscillator algebra turns out to be the composition of its bosonic repre-
sentation in B with a canonical C-vector spaces isomorphism B — F.
It turns out that the isomorphism is the infinite-dimensional analogue
of the Poincaré duality for Grassmannians phrased in terms of deriva-
tions of an exterior algebra. Such an isomorphism becomes especially
natural when one identifies the vector space V with the space gen-
erated by the solutions of a linear ODE of infinite order. Indeed we
shall prove that A2 Eo[[t] is a free B module of rank 1 generated
by a certain perfect vacuum vector ®3. Our main ingredient will be
the universal Cauchy formula (3.11)! See below.

7.2 Linear ODEs of infinite order

7.2.1. As in Section 2.3 let (e1,e2,...) be an infinite sequence of
indeterminates over @ and h := (hg, h1,...) be defined through the
equality

1 1
> gt = = —— (eg=1).

neZ 1-— e + 62t2 — ... Zizo(*l)zeitz

Let Eo := Qler, ea,...] = Q[hq, he,...], and

Then (u(=7)) ;50 is an E-basis of A[[t]], where A denotes an arbitrary
E-algebra. In fact by Lemma 2.3.11:

Z an%n, = i Ui(a)u~,
n>0 : n=0

where L(a(t)) = Y, <o ant™ € A[[t]] and Up(a), Uy (a), ... are defined
as in (2.11). By Remark 3.4.3, the sequence

u:=(u®, D))
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can be regarded as a E.-basis of the space U, of solutions of the
linear ODE of infinite order with coefficients (eq, eg, .. .).

7.2.2. In particular, for each m > 1, the m-th derivative of u(?) is
a(n infinite) linear combination of the u(=7) (j > 0): it is the infinite—
dimensional counterpart of the fact that the derivative of the solution
of a linear ODE is a solution as well. More precisely one has:

ul™ =" Uj(sp (h))ul=7), (7.1)

Jj=0

which is nothing but the infinite-dimensional version of the Cauchy
universal formula (3.11) applied to the solution (™. Formula (7.1)
can be generalized as follows:

ul™™ =N " Uj(sm (h))ul ). (7.2)
j=0

Notice that while the expression on the right of (7.1) is unique, the
one on right-hand side of (7.2) is not, because all the u(*~7) such that
i —j > 0 can be expressed as linear combination of (u(o), u, s
which is a basis for A[[t]], again by Lemma 2.3.11.

7.3 Fermionic spaces

7.3.1. According to [22], let F), be the Q-vector space generated by
the semi-infinite monomials
(I)A (ll) — um+)\0 A u(m—l—i—k])
o(a):

A AT A g (M=) g (mer=2) A (73)

where A € £, (r > 0). Physicists would call F,,, a fermionic space of
charge number m.! The degree of a semi-infinite monomial like (7.3)
is by definition the weight |\| of the partition A. One defines the
Fermionic space as being

F::@Fm.

mEZ

1But of course the author has no idea of what this means, yet.
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The Bosonic Fock space , instead, will be, by definition, the ring
E := Qlhy, ha,...]. It turns out that each F™ is a free Fo.-module
of rank 1 generated by

B, (u) =00 (u) = u™ AU AL (7.4)

which is the vacuum vector with charge number m, where now (0)
denotes the null partition (0,0,...). The algebraic content of the
boson-fermion correspondence as described in [22] and stated in our
ODE language is described by:

7.3.2. Theorem (The Boson-Fermion Correspondence). The
equality:
o), (u) = hy - 27 (w) (7.5)

holds for each partition \, where, as in (4.1), hy = Ax(h).

7.3.3. Remark. Formula (7.5) may be called Jacobi—Trudy formula

for the fermionic vectors @53[).

Proof. Suppose A := (Ag > Ay > ... > \,) for some r > 0, so that
o) is as in (7.3). One uses formula (7.2):

ul™ A = Ug (s, () a0 4 Us (sy, (h))yulm™ 7Y
+ o+ Up(sy, ())um=7m)

Therefore
O () = 37 Uy (sng 0)u™ 9 A 37 U, (s, (0))u™ ) A
Jo=0 j1>0
AST U, (sn, (B)ul™ 97 A Dy
Jjr=>0
- (m—3o) - (m—31) (7.6)
= Z Ujo (830 ())u 0N Z Ujy (sx, (h))u 7
Jjo=0 j1=0

Ao N U (s, (D) ul™ ) A Dy

Jjr=0

In the last equality we restricted the summation range, because wedg-
ing with ®(,,,_,_1)(u) kills the summands containing u(m="=%) with
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¢ > 1. Now simple linear algebra (multilinearity of the wedge prod-
uct) shows that (7.6) can be written as:

Uo(sxo(h)) Ui(sr,(h)) ... Uy(sr,(h))
Ub(sn,(B) Urlsn,(B) o Urlon ()]
Un(sn () U(sn,(B)) ... Up(sn, (b))

x u™ Au™D AL AW A Dy i,
Using (6.11), eventually:
@ (W) = Ax(h) - @y (0) = hy - Dy ()
a Jacobi-Trudy-like formula.

7.3.4. The perfect vacuum (see [22]) is the vector
o(u) ;= u O AuTY AT AL

The ezxcitation of the vacuum by means of a Schur polynomial hj
gives a vector ®) which has as many holes (unoccupied energy states=
number of missing u(~7) with j > 0) as positive energy states (number
of u(=ItX) with —j + Aj > —j). In this case, the boson—fermion
correspondence (7.5) reads as:

DY (u) = hy®p(u). (7.7)

which says, as anticipated, that Fy := /\% Uy = /\% FE is a free
E-module of rank 1 generated by ®( given as in (7.7).
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