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Generation of carriers in semiconductors by impact ionization is studied under the influence of
a constant, arbitrarily high electric field. Using the density-matrix approach a system of equations
for the coherent dynamics of electrons and holes in the presence of impact ionization and Auger
recombination is derived, which extends the semiconductor Bloch equations by the inclusion of
impact-ionization density-correlation functions as additional dynamic variables. From these equa-
tions we recover the pure (Zener) and the photon-induced (Franz-Keldysh) carrier tunneling rate
and derive an expression for the field-assisted impact-ionization scattering rate. Different levels of
approximation of the kinetic equations are discussed. It is shown that in contrast to the semiclassical
treatment in the presence of an electric field, a fixed impact-ionization threshold does no longer exist,
and the impact-ionization scattering rate is drastically enhanced around the semiclassical threshold
by the intracollisional field effect. The close connection of field-assisted impact ionization to the

Franz-Keldysh effect is emphasized.

I. INTRODUCTION

In today’s ultrasmall semiconductor devices carriers
are subject to electric fields up to 10°V/cm. In this
field regime carrier-generating processes such as impact
ionization! and Zener ionization? influence the device be-
havior significantly. These processes are normally treated
as independent ones and their relative importance is
sometimes regarded to be distinguishable through a dif-
ferent dependence upon the lattice temperature.® In in-
direct semiconductors like silicon, Zener tunneling rates
can often be explained only by considering phonon
assistance? which allows for momentum conservation in
an indirect transition from the valence band maximum to
the conduction band minimum. As was already pointed
out by Keldysh,® instead of phonons, also impact ioniza-
tion can assist the Zener tunneling process which may
equally well help to conserve momentum in indirect ma-
terials. His idea has already stimulated the work of Refs.
6-8 and is further developed here.

In an impact ionization process a high-energy conduc-
tion electron collides with a valence electron with the
consequence that this latter electron is lifted from the
valence to the conduction band. In an electron-hole pic-
ture, this process eventually leaves two electrons in the
conduction band and a hole in the valence band. The role
of impact ionization in semiconductor devices is partic-
ularly pronounced since this process (i) is autocatalytic,
i.e., represents a positive feedback, and (ii) can be orig-
inated by electrons as well as by holes, which leads to
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the eventual destruction of the device by generating a
coupled avalanche of both types of carriers.

The Zener process, on the other hand, describes the
transition of a valence band electron into the conduction
band without participation of other carriers and without
change of momentum (if not assisted by other scattering
processes). In contrast to impact ionization it is caused
only by the external field and not by a carrier already in
the conduction band. Zener transitions occur because the
effect of the electric field in a semiconductor is composed
of a vacuumlike (acceleration) and an isolated-atomlike
(polarization) behavior. The first phenomenon leads to
the intracollisional field effect for scattering processes.®
The second one mixes states of different bands. Both
effects together are involved in real Zener transitions.1%11
The Zener process assisted by photons is called the Franz-
Keldysh effect and gives a direct measurable evidence of
the influence of an external electric field on the tunneling
of carriers through the forbidden gap.

In general, for all types of scattering processes that
change the number of particles within one band the in-
tracollisional field effect is present as well and can supply
energy to the carriers. This is especially true for impact
ionization and, as we will show, leads to a softening of the
impact-ionization threshold. This softening is of a fun-
damentally different nature than that which arises due to
the band structure and which can be understood already
in terms of semiclassical energy and crystal momentum
conservation.!%13

Although the breakdown of the semiclassical theory of
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impact ionization and the need for a full quantum me-
chanical treatment in the regime of ultrashort time and
length scales in modern nanoelectronics is generally ac-
knowledged, it is difficult to verify specific quantum me-
chanical effects directly in semiconductor experiments.
This, for example, is true for effects concerning the role
of energy-time uncertainty in scattering processes, but
also for the effect of an electric field on coherent carrier-
generation processes. With the availability of very effi-
cient tunable femtosecond lasers and experimental setups
such as four-wave mixing the situation has somewhat im-
proved in the field of semiconductor optics.

In this paper, we develop a quantum transport theory
of impact ionization which allows for a unified treatment
of coherent high-field effects. In the theory we include
the coherence of electron-hole pairs (interband polariza-
tion) and a homogeneous arbitrarily high electric field
with both its polarizing and accelerating effects. We es-
pecially study its effect on the process of impact ioniza-
tion and elaborate its close relation to the Franz-Keldysh
effect. The fundamentals of the density-matrix approach
that we adopt are presented in Sec. II. Here, we introduce
our semiconductor model and derive an equation of mo-
tion for operators which includes the acceleration due to
a homogeneous electric field through a time-dependent
basis (accelerated Bloch waves). Differential equations
for the electron and hole distribution functions, the in-
terband polarization, and the impact-ionization density-
correlation functions are obtained. In Sec. III, this hier-
archy of equations, which couples to other higher-order
correlation functions, is closed by a mean field approx-
imation. By neglecting the impact-ionization density-
correlation functions, in Sec. IITA the semiconductor
Bloch equations* for the electron and hole distribution
functions and for the polarization are obtained in our ac-
celerated basis. The coherent first-order contributions of
impact ionization and Auger recombination here appear
through a “self-energy” and an “internal field.” Then
in Sec. IIIB the full system of differential equations is
derived including impact ionization (and Auger recombi-
nation) up to second order.

In the following two sections, the obtained system of
dynamic equations is discussed. In Sec. IV A the semi-
conductor Bloch equations in the accelerated frame are
used to derive the familiar expression for the Zener tun-
neling rate.%!! Tt is shown in Sec. IVB that the su-
perposition of the constant external electric field and
an oscillating light field leads from Zener tunneling to
the Franz-Keldysh effect.!® In Sec. V we examine carrier
generation due to impact ionization and, for nondegen-
erate conditions, derive a formula for the total rate of
change of electron concentration in the conduction band,
which includes tunneling due to the electric field and can
be regarded as an impact-ionization assisted tunneling
or field-assisted impact ionization. This formula gives
direct evidence of the close connection of impact ion-
ization with the Franz-Keldysh effect. This connection
was already noted in Ref. 16 where impact ionization in
the presence of an electric field was called a two-particle
Franz-Keldysh effect.

Finally, in Sec. VI we summarize our results and draw

conclusions. Some technical calculations are given in the
appendix.

II. PHYSICAL SYSTEM AND THEORETICAL
APPROACH

In this section we introduce the Hamiltonian of the
system and the basic quantities such as distribution func-
tions, polarization, and two-particle correlation func-
tions. Then differential equations for those basic quanti-
ties are derived from the Heisenberg equation of motion.
It is shown that they do not only couple to each other
but also to higher-order correlation functions. The latter
ones are again coupled to correlation functions of even
higher order. This infinite hierarchy of differential equa-
tions has to be truncated by some suitable approximation
in order to obtain a closed set of equations. Such a pro-
cedure will be used in the following section.

A. The Hamiltonian

Our semiconductor model is given by the following
two-band Hamiltonian:

H=Ho+ Hg + H,, (1)

where

Hy = Zk: E.(k)cler + Xk: E, (k) dldy (2)

describes free electrons in the conduction band ¢ and
holes in the valence band v with energy dispersion rela-
tions E.(k) and E,(k), respectively. The mode operators
c};, cx and d;, dj. are the creation and annihilation oper-
ators of electrons and of holes, respectively, and k is the
wave vector.

The scalar-potential Hamiltonian Hg describes the ac-
tion of the applied uniform electric field £(t). In a semi-
conductor Hg splits into an accelerating part H, | and a
polarizing part H, (Ref. 17)

He=H|+H,, 3)

where the interband matrix elements Z, of H are zero.
As a consequence H| is diagonal with respect to the

bands and thus describes intraband processes. It can
be written as
H” = Z ch(kl,kz) Cilckz
k1,k2
+ Y Zyolks, k2) df dy, (4)
k1,k2

where
1 3, *
Zii(k1,k2) = 7 [ Tz ik, )

x (—ief:(t)ﬁ—z) pi(kz,z), (5)
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({ = cor i = v). In the above expression @;(k,z) are
Bloch waves

ik, z) = ——et* ey, (k, 1), (6)

VvV
with periodic parts u; and V is the volume.
The matrix elements X;;(k, k') of the polarizing part
H, are zero for k # k'. By absorbing contributions of

the form X;;(k,k) in Hy [renormalization of the band
energies E;(k)], HL can be written as

Hi =) Xye(k)ckd, + 3 X3 (k) d_ex, (7
k k

Xoye(k) = %/d%u:(k,z) (ies(t)a%) w(kyz), (8)

and consequently is nondiagonal with respect to the
bands in contrast to H| and thus describes interband
processes.

The time evolution of the Bloch waves due to H, | is
given by

Ue(H))pi(ko, z)= e oo H197/ P05, (kg )
= <Pi(kt7z) )

ke= ko — /t i?dr. (9)

0

H), changes the crystal momentum of a Bloch carrier with
time as H¢ does for a free carrier in vacuum. In contrast
to Hy the polarizing part of the electric field H; mixes
states of different bands with same k (see above). In
terms of transport this means that H; induces “vertical”
Zener transitions from one band to the other (see Fig. 1).

The perturbation Hamiltonian H;, in principle, rep-
resents a sum of all interaction mechanisms present in a
semiconductor. Among them carrier-phonon and carrier-
carrier interactions are the most important ones in pure
materials. Carrier-carrier interaction, in turn, splits up,

v

FIG. 1. Vertical interband process induced by the operator
H,. The conduction band (c) and the valence band (v) are
schematically shown.
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within the electron-hole picture, into several conceptually
different contributions.'® Here we will concentrate on the
part that yields impact ionization and its inverse process,
Auger recombination. The corresponding Hamiltonian is
given by

H, = Z [Me(q)cL_qc;'c,_qtfr_k,c;c
k,k'.q

+M; (g)eld-krck g

+3 [Mh(q)d,tﬂd,t,_qclk,dk

k,k'\q
+M; (g)d}e—kdi—qdira| (10)
where
e? F..F e? F,,F,
Me — cc+ ve , — v+ cv 11
(9) eeoV g2 + A2 Mi(q) eeqV g2 + A2 (11)

are the usual Debye-like screened Coulomb matrix ele-
ments. In these expressions A is the inverse screening
length, F;;(k,q) are the overlap (or Bloch) integrals, e,
€o are the relative and absolute permittivity, and V is the
crystal volume. H; describes impact-ionization processes
and their inverse, Auger recombination initiated by elec-
trons (index e) (see Fig. 2) and by holes (index k). The
matrix elements for the electron and hole processes are
different due to the different overlap integrals involved.
Furthermore, since F,.(k,0) = 0, we assume throughout
the following M, ,(0) = 0.

In the definition of our Hamiltonian we have sup-
pressed the additional dependence on the spin variables.

B. The density-matrix approach

Time-independent solutions of the system Ho + H)
form a discrete system of eigenfunctions, the so-called

2 v

FIG. 2. Impact-ionization process. A conduction electron
in state 1 collides with a valence electron in state 2, with
the result that both electrons after the collision are in the
conduction band in states 1’ and 2’, respectively.
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Wannier-Stark ladder!® with energy spacing e€£d where
d is the lattice constant. They are used in Ref. 11 to cal-
culate the Zener transition rate. In semiconductor trans-
port experiments a Wannier-Stark ladder in a band can
only form if the total potential drop across the semicon-
ductor exceeds the band width?® that corresponds to the
possibility for a Bloch oscillation. Furthermore, to per-
form at least one Bloch oscillation (to resolve the energy
spacing efd) the carrier must not be scattered within
the corresponding time interval. For electrons in the
conduction band of a nondegenerate bulk semiconduc-
tor this requires an unreasonably high electric field. For
this reason, and because we are explicitly interested in
the time evolution of the system (1), we use a different
(time-dependent) approach which we describe below.

1. The dynamics of the distribution function

The time evolution of the physical system described
by H is reflected in the time evolution of the associated
density matrix. The diagonal parts of the single-particle
density matrices are given by the electron and hole dis-
tribution functions

folk,t) = <ckck> and f,,(k,t)z<d;dk>, (12)

where () denotes the ensemble average. Using time-
dependent Bloch functions ¢;(k:,z) from Eq. (9) elim-
inates H) from the equations of motion for f;(k:,t) [see
Eq. (A2) in Appendix A]. Since Hp commutes with
chk‘, we obtain from (A2) two contributions for the
total time derivative of f.

d

d d
afe(kt,t) = afc(kt)t) + Ei'fe(kt’t) s . (13)

H,

The first term on the right-hand side (rhs) of (13) yields
the interband generation rate

fe(kt, D, = lﬁ Xoelke) 9 (keyt) + cc.,  (14)

where p is the interband polarization

p(k,t) = (d_kck) , p*(k,t)s<c;df_k>. (15)

The second term on the right-hand side of Eq. (13) de-
scribes generation due to Coulomb interaction between
carriers in different bands and is given by

d
a fc(kht)lHl = %Z{Me(q) [ye2 — Ye1 + ye3]

k',q
+Mh(q)ye4} + c.c., (16)

where

7401
Yer = <C;‘=+q°k'-q —k'ck>
Ye2 = <c}:cl, (k' +q)Ck— q> (17)
v = (el o)
Yes = <d"_(k,_q)d_(k+q)ckd_k:> . (18)

The ye,, can be interpreted as the impact-ionization scat-
tering amplitudes. For example, y.; describes the process
where, in the language of second quantization, an elec-
tron is destroyed in state k and created in k + ¢ thereby
generating an electron-hole pair in k' — ¢ and —k’. This
describes an impact-ionization event (see Fig. 2). The
four contributions on the rhs of (16) reflect the four dif-
ferent impact-ionization processes that change the oc-
cupation of state k;; they are the quantum mechanical
analog of four corresponding transition rates in the semi-
classical Boltzmann equation.?! In (16) el, €2, and e3
describe electron impact ionization, while e4 describes
hole impact ionization.

We see that the equations for f. (and f) couple to
the polarization p, i.e., the interband elements of the
one-particle density matrix, and to elements of the two-
particle density matrix. The polarization p and the
impact-ionization scattering amplitudes y., must be ob-
tained by solving their differential equations which in
turn can be derived from Eq. (A2).

2. The dynamics of the polarization
The equation of motion for the polarization reads
d
—p(ke, t) =
dtp( ty )

d d
= Bk ) g, + 2 Plke, ),

d
+ at p(ktat)|H1 ) (19)

and the three contributions are
Qp(kt)l’(kt’ t),

ﬁ [Ec(k) + Ev(k)] ’ (20)

d
dt (kt’t)IHo
Q(k) =
dt (kt’t)|HJ_ = ilhxvc(kt) feh(kh _ktvt) ’ (21)
where
Fij(k, k' t) = [1 = fi(k, )1 = f;(K',1)]
—fi(k,t) f; (K',t)
= l—f,(k,t) —fJ(k,,t), ’L,]G{C,h}, (22)

is the filling factor due to the Pauli principle. The last
term on the rhs of Eq. (19) yields

d
= Plke,t)] g, = Z {M.(q)y
k'yq
+M (9)¥51—Mn(9)y}y }
Z {Mc(q)yge — Mr(q)ul,
k’,q
+M; (q)y;:s -M; (q)y,'.fs} s (23)

©— Mu(q)y™*

where
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ee — [of

t hh
Yy Cr— qck'+qck'ck> y Y

=/t ¥ =/t
= <d—<k-q>d—(k'+q>d—k'd—k>v Ypr = <Ck'—

d—kdf_klck—q> )

ym = <d_(k,_q)Cka:d—(k-q)> y Yg2 = <d kck, d! (k+q)ck’> y Y= <ckd (k,+q)ck+qd k,>

Yga = (d_kd_(kr4q)ChrqChi) » Yhy = (d_krd_(ksq)Chi+qCk ) -

The polarization thus couples to the distribution func-
tions fe, fr, and to further elements of the two-particle
density matrix associated with electron-electron, hole-
hole, and electron-hole scattering.

3. The dynamics of the impact-ionization
scattering amplitude

It is here sufficient to consider only y.; because the
equations of motion for the other impact-ionization scat-
tering amplitudes can be obtained from permutations.
The time derivative of y.; is determined again with the
aid of Eq. (A2)

d _d d d 94
ayel—;i-tyellHO'*'“i_t‘yeﬂHJ_*}"ézyel'Hl . ( )
In the last equation the first term on the rhs gives the
energy difference between the initial and the final two-
particle state multiplied by y.;

d

a yeIIHO = i1 (t) Ye1 (25)

J

< Z M:(q)cz”d—k"'ck'”"Q’Ck"+q’ ) C;rc+qc;‘e'—qdf—k'ck

k! ,k”' q'

ZM*(Q <{ck+q qd (k" +q' )Ckncl,

k' ,q'

f

where
Qur(t) = +Eelke + ) + Belki — )
E,(k;) — Ec(ke)]. (26)

The second term obviously leads to the same type of
density matrices as appear in Eq. (23)

d
at yellHL

(-
= ﬁch(kt + q) <d"(kt+q)clté‘qdf'kzck‘>
h ve(kt) <ckc+qc}:’—qc""=ck'>
q) <c£:+qd—(’°3"ﬂdi’“ick'>

’ togt o
thc(kt) <ck‘+qck,_qdﬁk,d~k'> . @1

+ X* (kl

The third term leads to three-particle density matrices.
For example, the commutator of y.; with the electron
Auger recombination term yields

1 i U
ck,_q_q,d_(k::+q:)ckr: ck+q} d—k’ Ck>

t
+ Z M;(d) <{ck”—q d_(k+q+q' )Ck’-q CL'—q'd—(k’—q+q')cl+q} d—k’ckck">

k',q'

+ Z M;: (q) <C£+qcl,_q {Cl,,_q, ckck:_q:cku — dtk,d_(kll+ql)ck"ck+q’ }> . (28)

k' q'

The remaining permutations give similar results.

This scheme leads to a system of an infinite number of
coupled differential equations. In order to close it, this
hierarchy must be truncated within some approximation
scheme which we will present in the next section.

ITII. SYSTEM OF KINETIC EQUATIONS

In this section we want to close the previously obtained
hierarchy of differential equations for our principal vari-
ables: the distribution functions f. and fj [Eq. (13)], the
polarization p [Eq. (19)], and the impact-ionization scat-

—

tering amplitudes Ye1, Yez, Ye3, and yes [Eq. (24)]. All
other n-particle density matrices will be split into sums
of all possible products of those principal variables. This
amounts to a mean field approximation. For example,
the first term on the rhs of Eq. (23) is approximated by
a sum of two products of two distribution functions

<CL_qCL+qu' ck> = dq,0 <c}:ck> <c};,ck:>

_5k,k’+q <C£Ck> <c;_qck-q> . (29)

In this case the above decoupling coincides with the usual
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Hartree-Fock approximation where the first and the sec-
ond term correspond to the direct Coulomb and the ex-
change interaction, respectively. Other terms of the rhs
of Eq. (23) decouple into products of a distribution func-
|
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tion and a polarization. In the same manner we treat
the three-particle density matrices with six mode opera-
tors. For example, the third term on the rhs of Eq. (28)
decouples into the following products:

<CL'+q’d—(k+q—q')c£’—qdf_k' Cka”> ~ (1= fa(=K")fe(k' — q) fe(k)dkr k' —q0q k+q—k

—[1 = fa(=K")]fe(k") fe(k)dqr,00q! k+q—kr
—P(k)P* (k’)fe(kl - Q)Jq’,q(sk”,k'—q - yel(ka k’a q, t)p(k +q9-— ql)‘sk”,k-f-q—q’ .

All terms containing 84,0 or d4 0 can be neglected because
M, (0) and M (0) are zero (due to vanishing overlap in-
tegrals for ¢ — 0).

The situation of the y., terms is more complicated.
They already contain contributions that are products of
distribution functions and of polarizations. This is seen
by applying the Hartree-Fock approximation to y.; as a
first-order approximation

Ye1 =~ ) ,0 <c;,ck> <C£,dt_k,>

—6k+q,k’ <CLCk> <cl+qd1‘—(k+q)>

= 8q,0 fe(k,t) P* (K',t) — Skyqpr fe(kyt) p* (K + g,t),
(31)

where the first term on the right-hand side due to ¢ =0
can be neglected.

In a systematic expansion of the hierarchy of corre-
lations we shall now consider the deviation from the
Hartree-Fock factorized form as a second-order contri-
bution

Se1(t) = Ye1(t) + Skrq fe(k,t) p* (K +q,8).  (32)

This is a measure for the two-particle correlation in the
impact-ionization process, and will be denoted as impact-
ionization density-correlation function. If we limit the in-
fluence of H; to its first-order coherent contribution we
must neglect s.;. Otherwise we must consider an addi-
tional differential equation for s.;. According to Eq. (32),
we have to evaluate

d d d .
'ﬁsel = Eyel + 6k+q,k’ I:(afe(ka t)) ¥4 (k +q, t)

k) (k). (39)
Analogously, we define
8e2(t) = Ye2(t) + Ok,kr+q fe(k — q,8) P* (K, 1), (34)
8e3(t) = Yes(t) + Okrqp fe(k,t) p*(k +g,8),  (35)
8e4(t) = Yea(t) — Oktq,ir fu(k + g,t) p*(k,1). (36)

In a consistent scheme, besides f. » and p, the pure two-
particle correlations se,, rather than y.,, must be used
as additional dynamic variables.

(30)

A. The semiconductor Bloch equations
in the accelerated frame

We obtain for Eq. (16)
d 1 .
5 Te(kes ), = o Bp(ke)p” (ke t)
1
+1,_ﬁ—, Z {Me(q) [362 — Se1 + 333}

k',q

+Mp(q)ses} + c.c., (37)

and, using the Hartree-Fock approximation (29), for
Eq. (23)

o P (ke Ol = (k)P kot
+%A;(kt)feh(kt,—k,,t), (38)
where we have introduced the self-energy ¥,
Tp(k) = =Y {[Me(q') — Mn(d)]p*(k +¢')
=

+[Me(q') — Mu(¢')]* p(k + ¢')} (39)

and the internal field A,
Ap(k) = - E {Me(q,) fe(k - q’)
ql

—Mi(d) ful-(k - 4"} . (40)

Equation (37) is exact, while in (38) we have neglected
the two-particle correlations associated with carrier-
carrier scattering processes. This is justified for not too
large carrier demnsities (weak carrier-carrier scattering).
The self-energy X, is real and expresses the first-order
coherent contribution of impact ionization and Auger re-
combination to the polarization. It can also be inter-
preted as a renormalization of the electron and hole band
energies E.(k) and Ejy(k) in (20) due to impact ionization
and Auger recombination induced polarization according
to
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Eo(k) = > {M.(d)p"(k+q) + M}(d) p(k + ¢)},

q'

(41)

Ey(k) + Y {Mn(9)p*(k +q) + M (q) p(k +q)} . (42)

E.(k) and E, (k) are shifted in different “directions,” such
that the effect on the band gap may partially cancel.
The internal field A, can be interpreted as a Coulomb
enhancement of the interband matrix element X,. thus
renormalizing the external field £.

If we neglect in Eq. (37) the impact-ionization density-
correlation contribution then we obtain a closed system of
equations for the distribution functions f. and fj and for
the polarization p. Without the explicit time dependence
of the wave vectors due to Hy, this system would coincide
with the semiconductor Bloch equations.'*?2 They de-
scribe a set of two-level systems modified by the presence
of additional scattering processes (contained in H;)?3

d
z& fe/h(ktvt)lgloch = %[{ch(kt) + Ap(kt)}p*(kht)

—{Xoe(ke) +Ap(ke)} pkes 8)]
(43)

B (b Ol = § (R (k) +Ep(ke)/ ) p* (ks 1)

b [{Xuelk) + Aplh)}*
Xfeh(ktv —ktat)] . (44)

It is seen that the importance of impact ionization for the
total self-energy and internal field depends on the differ-
ence of the overlap integrals within different bands. The
internal field contribution, on the other hand, depends
also on the difference of the electron and hole distribu-
tion functions.

B. A quantum kinetic equation for impact
ionization

We will now extend the above system of semiconduc-
tor Bloch equations by including in our set of kinetic
variables the impact-ionization density-correlation func-
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tions Se,. This is obtained by taking into account the
various S., terms in the equations for the distribution
functions and by deriving additional equations of motion
for the se, terms themselves. According to Eq. (33), the
derivatives of f. and p* are needed. In order to be con-
sistent with our approximation scheme, here these time
derivatives are given by the Bloch equations Eq. (43) and
Eq. (44). Therefore, we are left with the determination of
the last commutator in Eq. (24), which after mean field
approximation reads
d )

_ 7
T, Ye =-M; e1(t T Ye Ee k 7k’7
dtylH1 7 E(fl)f1()+ﬁyl 1(ke, kg, q)

+(skt+q‘k; %Wel(ktvkt + q)
+%Wel(kt) k;aq)v (45)
where
M;(q) = Mi(q) — %Mi(k' —q—k), tie{e h} (46)
and
}-el(t) = fe(kvt) [1 - fe(k + qvt)] [1 - fh(-'kl’t)]
X [1 - fe(k, - qvt)] - [1 - fe(kvt)]
X fo(k + q,t) fn(—Kk',t) fe(k' — q,t) (47)

assures that in the impact ionization (first part) and the
Auger recombination (second part) transitions the Pauli
principle is always fulfilled. The real self-energy

Sei(k,k,q) = =) {M:(d)[pk +q+7)

+p(k' —q+4¢') —p(k+q')]
—M;(¢")p(K' +¢') + c.c.} (48)

corrects the band energy of the four states here in the
same way as we have already seen for the polarization.
The next term

Wer(k, k +q) = p*(k + q) [p* (k) Ap(k) — A%(k) p(k)]
“‘A;(k + q)fe(k) feh(k +q, k + q)
(49)

describes virtual impact-ionization transitions in which
energy cannot be conserved. The last term, finally, de-
scribes how polarization due to the Coulomb interaction
can result in real impact ionization or Auger recombina-
tion according to the occupation of the electron or hole
states

Wei(k, k', q) = M?(q) p(k)p* (k') Fee(k + q, k' — q) — M (q) p(k)p* (k + q) Fen (k' — q,—k')
—M;; (q) p(k)p* (K — @) Fen(k + g, —k') + My (q) p* (k + q)p* (K’ — q) F2(k, —k')
~M.(q)p*(K')p* (k' — q)FZ(k,k + q) — Mc(q) p* (K')p* (k + q) F2.(k, k' — q) . (50)
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Here we have additionally introduced

FL(k,K') = fi(k)[1 - £;(K")] = £(K)[1 - fi(k)],

i,je{e,h}. (51)

Setting up the equations for the s., we see that the We,,
terms cancel completely due to the last term of Eq. (33)
and due to the mean field approximation for Eq. (27).
Since £,(k + q) and X.i(k,k + ¢, q) coincide we obtain
for s¢;

d .
E't'sel =1 {Qel (t) + 2:el(kt, k;, Q)/ﬁ} Sel

+=Me(@)Fa(t) + 3 Wer (ke Kpq) . (52)
The W terms, in general, oscillate since they contain
products of the polarization, and their integral contri-
bution to the s, terms should be small compared to
the M.(q) Fen(t) terms for those (k,k’,q) which approx-
imately conserve energy. Especially for the first term on
the rhs of Eq. (50) this assumption may not always be
justified.

Putting all together, our closed system for the dis-
tribution functions, the polarization, and the impact-
ionization density-correlation functions becomes

o Felkurt) = 2 [{Xoclke) + By (k)b 5" (ks ) — e

Y AT

k',q
+Mh(q)se4} - c.c.] , (53)
an analogous equation for fj,
d . *
E *(kg,t) = Z{Qp(kt) +Ep(kt)/h}p (kt,t)

1
+E{ch(kt) + Ap(kt)}' feh(kty _kt’t) L]
(54)
and four equations (j = 1,2,3,4) of the form

d .
77 5¢i(t) = 1{Qe; (¢) + Tej(ke, ke, 9) / R} seg

+% [Me, (@) Fei(t) + Wej(ks, ki, q)] - (55)

In the last term we have additionally used e; = e(j =
1,2,3) and e4 = h. The equations for the distribution
functions are coupled for the same k through H, and
through the internal field due to the first-order coherent
contribution of impact ionization and Auger recombina-
tion, and for different k' through the second-order con-
tribution of impact ionization and Auger recombination.
The first and the second square brackets in (53) describe
generation rates due to polarization and impact ioniza-
tion, respectively.

The equations for the polarization and the impact-

ionization density-correlation functions both are of the
type

%a(t) = iQ(t)a(t) + T'(2), (56)

which can formally be integrated yielding

a(t) = a(to) exp {1. /t t Q(T)d’r}

+/:: exp {i/:ﬂ(’r)d’r} T(t)dt' . (57)

If we neglect self-energy corrections and W,,, the equa-
tions for the polarization and for the impact-ionization
density-correlation functions are not directly coupled. So
with the above formal integration p(k,t) and sen(t) can
be eliminated resulting in equations only for the distribu-
tion functions. As we will show in the next two sections,
for the polarization this will lead to the well-known Zener
effect, and for the impact-ionization density-correlation
functions to field-assisted impact-ionization scattering.

IV. POLARIZATION-INDUCED CARRIER
GENERATION

In the last section, we have derived a differential equa-
tion for f., with two generation terms, generation by
polarization and by impact ionization. In this section,
we will deal with the first one. We show that both the
Zener effect and the Franz-Keldysh effect can be obtained
straightforwardly from the semiconductor Bloch equa-
tions in the accelerated frame.

A. The Zener effect

By neglecting the self-energy X,(k), the differential
equation (44) for p* can be integrated according to
Eq. (57). By defining

Xoc(k) = Xoc(k) + Ap(k), (58)

the following equation for the contribution of the polar-
ization to the rate of change for f.(k) is obtained,

t
Roelke) / dt’

to

d 2
Efe(kg,t)‘z = Ez— Re

t
X exp {z/ dr Qp(k.,)} X2 (k)
tl
xrek(kt'a _kt’7tl)] ’ (59)

assuming that at ¢ = to no polarization exists, i.e.,
p*(k,to) = 0. The above equation can further be elab-
orated analytically assuming that the phase space fill-
ing factor Fen(k,—k,t) is close to unity (nondegenerate
limit) which is often a good approximation in the high-
field region of a semiconductor device. Assuming a direct
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semiconductor, we will see that the only relevant nonas-
sisted Zener processes take place in the vicinity of the
band edges. Therefore, one can approximate X,.(k) by
X,c(0). The Zener transition rate, i.e., the total number
of electrons entering the conduction band per unit time,
is then obtained from Eq. (59) by summing over all k;
(expressed by dimensionless components x and x par-
allel and perpendicular to the field £) and performing the
limit tog — —o0,

dn oo t—to
—_ = CZ / dl‘tﬁ_ / dl‘LH / dr
dt —oo ~(t—to)

1 1
x COS(TM L et §“ﬁ> _

wg wF
(60)
Here we have used the following abbreviations:
Y * /2
B [ Xue(0)|2 [ m 3 . ey,
Cz =25 am2h) 0 " T momy
(61)
Bk2 e2E2 1/3
wg = Bglh, wi=o s, wr= (Zm*ﬁ) - ()

where wp is called the electro-optical frequency. Ex-
pression Eq. (60) justifies the approximation X,.(k:) ~
X,c(0) since due to the rapidly oscillating integrand
higher energy states give only a very small contribution.
Due to the complete symmetry between the (dimension-
less) time 7 and x| in the argument of the cosine, the ini-
tial time to becomes less and less important and we may
take the limit tg - —oo. Then, in the Markov limit, the
well-known result for the Zener tunneling rate in direct
semiconductors? is obtained,

dn | Xue2 [ m* \*? g2 [ W
Et——2 52 (27r2ﬁ TwEm | Al ;;

_:’_ZAF (%)] , (63)

where Ai(z) denotes the Airy function. Neglecting A, (k)
and using the following approximation for the interband
matrix element X,. (Ref. 24):

2¢2

2 152 e“€
X = 64
| UC] /h 4 *Eg’ ( )

the Zener tunneling rate according to Eq. (63) is shown
in Fig. 3 as a function of the electric field £. For the
calculation we used m. = 0.067 mg, m, = 0.45mg, and
E4 = 1.422 €V which are typical values for GaAs at room
temperature.

B. The Franz-Keldysh effect

Let us now suppose that the electric field £ is the sum
of a static field £ (due to an applied voltage) and an
alternating electric field £ as is present in laser light
which, on a semiclassical level, can be described by!*
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FIG. 3. Zener generation rate dn/dt as a function of the
electric field £ calculated for GaAs at T' = 300 K.

Hy =Y My(k)EL) cldl, + 3" Mi (k)€ d_er,
k k

(65)

where the interband matrix element X, (k) is split into
the pure dipole matrix element My (k) and the alternat-
ing electric field written as

EN) = ggetrt, L) =gt (66)

In the case where the electric field strength of the laser
is much weaker than the electric field strength due to
the applied external voltage, which in modern devices
can easily be in the range of 10°-10% V/cm, then the
contribution of the laser to H) is negligible. In H,, on
the other hand, the influence of the laser dominates be-
cause it can transfer energy to the electronic system. The
Franz-Keldysh effect?®26 occurs under these conditions
and describes the creation of an electron-hole pair by a
photon of frequency wy, assisted by a strong static ex-
ternally applied voltage. The calculation is the same as
for the Zener effect except that in Egs. (60) and (63) in
addition to the replacement of the matrix element X,
by Mp&y one has to substitute wy, with wy — wy. One
obtains

dn 1 _, ( m* 3/2 .2 .2
i 5QR (m) TWwprT [Al (z) — zAi (.’E)] ,

c="9"%L (g7)
wp

Here the amplitude & of the laser is given in terms of a
Rabi frequency Qg = |2M(0)&o|/A. The electric field £
from the externally applied constant voltage enters only
through wr. For an electric field £ = 10® V/cm and a
Rabi frequency of Qz = 5 x 1012 s~! the generation rate
due to a laser is shown in Fig. 4 as a function of the pho-
ton energy Awy. As is seen in Fig. 4 the threshold intro-
duced by the band gap is softened by the Franz-Keldysh
effect, i.e., even photons with energy below the gap are
able to create an electron-hole pair. The extra energy is
provided by the intracollisional field effect, i.e., the intra-
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FIG. 4. Optical generation rate dn/dt due to a laser as a
function of the photon energy (normalized to the band gap)
with and without an external static field £ (calculated for
GaAs at T = 300K).

band acceleration of carriers by the field due to H). The
range of the softening is of the order of Awr.2* The gener-
ation rate given by (67) is proportional to the absorption
coefficient,!® i.e., the quantity that can be measured in

experiments.
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V. IMPACT-IONIZATION-INDUCED CARRIER
GENERATION

In the previous section, in the derivation of the Franz-
Keldysh effect we replaced H, with Hy. This results in
the appearance of the frequency wy, of the oscillating light
field in the argument of the exponential function. Now
we will show that in an impact-ionization process in the
presence of an external electric field the impact-ionizing
electron with energy E.(k) plays the role of the photon
in the Franz-Keldysh effect such that the mathematical
description remains almost unchanged. Here the energy
(or part of it) of the impact-ionizing electron is used to
create an electron-hole pair and this process is assisted
by the presence of an electric field as in the case of the
Franz-Keldysh effect.

A. The impact-ionization generation rate

In analogy with the polarization, Eq. (55) can be in-
tegrated according to (57), and the resulting expressions
for the s., can be inserted into Eq. (53). For simplic-
ity we neglect in the following the W,,, terms, and the
self-energies ¥.,. The result of the integration is

2 t 1 t
.ﬁ_‘: E/ dt’; COS{/ dTﬂez(T)} Me(kt'a :'a q) er(t,)
k'\q to v

27 |
+ﬁ12/; dt'; cos{ dTQe;;(T }M (kers t'a‘I) ~7:e3(tl)

Z / dt'—cos{ / & ey (7) }Me(ktf ki, q) Fer(t')

+27r
2
k o

We have used the fact that, in a sum over k' and g,
M;(q) M;}(q) can be replaced by

Mk, K, 0) = 3 (IMi(@F? + [Mi(g) - Mi(k' = g = )1

'HMi(kl —q- k)lz) , ie{e, h}. (69)

The first term in Eq. (68) describes in-scattering of an
electron from the conduction band into the state labeled
by k and its inverse. The second describes in-scattering
of an electron from the valence band into state k and
its inverse. The third term describes out-scattering of
an electron out of state & and its inverse. The fourth
term finally describes in-scattering of an electron from
the valence band due to hole impact ionization. In the
above equation the rate of change of the electron dis-
tribution function at time t depends also on the distri-
bution functions at earlier times, i.e., the dynamics is
non-Markovian. Equation (68) supplemented by a simi-
lar equation for the distribution function of holes f;, rep-

dt’—cos{/ ere‘;(T)}./\/t;1 (ke ki q) Fea(t). (68)

resents a complicated but closed system of differential
equations for the determination of the distribution func-
tions.

In order to discuss some important differences with re-
spect to the semiclassical approach and to emphasize the
similarities with the Franz-Keldysh effect, we assume the
case of a semiconductor device under conditions where
in the high-field region the electron density is nondegen-
erate, and the hole density is negligible. Neglecting thus
all terms containing M}, or products of distribution func-
tions fe(k1)fe(k2), and approximating terms of the type
(1 — f) by unity one obtains the total impact-ionization
rate dn/dt due to electron impact ionization only, by
summing over k. Using the symmetry with respect to
the summation variables, we find

dn(t)

Ry / ' folk,t) Y~

k'\q

xcos{/; erl(T)} IM.(q)|?, (70)
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where we have approximated M (k, k', q) by |M.(g)|.%%"

The last equation was analyzed in the ultrashort time
regime in Refs. 28-30 assuming constant overlap inte-
grals, and parabolic spherical valence and conduction
bands. It was shown there that due to energy-time uncer-
tainty and due to the applied strong electric field impact-
ionization transitions take place even below the “semi-
classical impact-ionization threshold” determined by en-
ergy and momentum conservation according to Fermi’s
golden rule.

B. Field-assisted impact ionization

In the following for simplicity we again assume a di-
rect spherical parabolic semiconductor. The more com-
plicated case of silicon is treated in Appendix B.

With these assumptions five of the six integrations over
k' and q in Eq. (70) can be carried out analytically, and
one obtains

d" / d’ Z Folke, t') / "
xS(wf(kt+),wf(kt+) —w)

1 1 . o .
X = cos (—(w}?t_)a + = (w;zt_)> (71)
3 whk

™

for the number of carriers that enter the conduction
band per unit time and unit volume due to field-assisted
impact-ionization. In the above expression

t_=t—-t, ty=(t+t)/2 (72)

are the relative and absolute scattering times,

i [ w.f"‘-’)
S(wfvw) wf,w)
(73

expresses the impact-ionization scattering rate with
threshold energy p?hw and impact-ionization mean free
flight time 7 defined by

% = —l—ﬁ(l +a)73/? (

T2

LS. B

eegh3/?

The information about the particular band structure is
contained in

1 ﬁk2

wy(k) = 2 2m,

w;‘(wf,w) = % (\/(w,\ —w)? +dwrwy — (wr — w)) ,

A2
2m.

wy = . (75)
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The argument of the cosine in Eq. (71) contains the

impact-ionization electro-optical frequency w¥ and the
(Fermi’s golden rule) threshold u2w:y
1/3
i 1 (e€) _ :
= (GE) T a—en-l®-u, ()
1 B 2m
Wth = F2—mckth , ke = 72 p'Ega
1+ 2a me
= = —. 77
P e “Tm (77)

In Eq. (71) wmax expresses the energy width of the con-
duction band; it would be infinite for a purely parabolic
semiconductor.

We shall now analyze Eq. (71) in the long-time Markov
limit without neglect of the electric field. The summation
over k; in Eq. (71) allows one to substitute k;, with k =
ki. As a consequence fc(ky,t') becomes fo(k_;_/2,t
t_). Applying the Markov limit, the distribution function
is taken out of the time integral and approximated by its
value at t. Then we obtain

dn t) Zfe(kt wm“dw S(wy (k), wy (k) — w)

1 [t 1 1 n
X —= dr'=cos | =7 + %7") . (78)
wi% Jo T 3 we
For ty » —oo the time integration can be carried out
yielding

= Zfe(k’t) P(k7£)a
k

Pk8) = [ do S(os(k),00) ~ ) i (55 )

(79)

Here wax is extended to infinity. This is possible due to
the exponential decay of the Airy function Ai for posi-
tive arguments. By comparing the above expression with
the corresponding rate of the Franz-Keldysh effect we see
that wyy, substitutes wy, and wy substitutes wr. The inte-
gration over w here reflects the fact that, due to energy-
time uncertainty, also energy-nonconserving transitions
to higher energy states in the conduction band are pos-
sible, and corresponds to the summation over k in the
derivation of the Franz-Keldysh formula. Here the inte-
gration over w must be performed numerically.

In the limit of a vanishing electric field £ Eq. (79) re-
duces to the semiclassical result obtained with Fermi’s
golden rule.?"3! The scattering rate becomes

P(k,E =0) = [)w dw S(ws(k),wy (k) — w) 6(@)

= S(wy(k),wg), wf>wg. (80)

In Fig. 5 the impact-ionization scattering rate P(k,£)
is shown as a function of energy E.(k) for different val-
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FIG. 5. Impact-ionization scattering rate P(k, £) as a func-
tion of the energy E.(k) = h%k?/(2m.) for different values of
the electric field £, calculated for GaAs at T' = 300 K.

ues of the applied electric field and compared with the
zero-field limit, i.e., the semiclassical rate.2!3! For the
calculation we assumed GaAs with the same parameters
as in Sec. IV A. It is clearly seen in the figure that the
effective impact-ionization threshold is shifted to smaller
values when an electric field is applied. This is a result
of the intracollisional field effect by which virtually gen-
erated electron-hole pairs gain energy from the electric
field during the impact-ionization scattering process.

VI. CONCLUSIONS

We have derived a closed set of quantum kinetic equa-
tions for the electron and hole distribution functions,
the interband polarization, and the impact-ionization
density-correlation functions which describe the coher-
ent action of an external electric field in terms of Zener
tunneling, field-assisted impact ionization, and Auger re-
combination. In the basis of accelerated Bloch waves,
polarization-induced and impact-ionization-induced car-
rier generation processes with non-Markovian properties
reflecting energy-time uncertainty arise. The first-order
coherent contribution of impact ionization and Auger re-
combination renormalizes the carrier energies and the
electric field. This extends and complements work in
which electron-phonon and/or carrier-carrier scattering
was considered in addition to the action of a constant
external electric field® or a classical laser field,'432 but
where processes that change the number of carriers in a
band due to electron-electron interaction were neglected.

The theory of field-assisted impact ionization pre-
sented here differs substantially from earlier work.578:16
We apply a full quantum transport theory based on the
density-matrix formalism with the inclusion of distribu-
tion functions and the Pauli exclusion principle. We clar-
ify the different effects of the electric field by splitting
the electric field interaction Hg into accelerating (H))
and polarizing (H,) components. Furthermore, our ex-
plicit calculations take full account of the g dependence
of the Coulomb matrix element and thus go beyond the
Keldysh approximation of M.(g) by its value at thresh-
old. Our approach can be extended to the spatially in-
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homogeneous case, for example, by transforming to the
Wigner representation.

In summary, we have shown that for strong electric
fields quantum corrections lead to an enhanced genera-
tion of carriers by impact ionization and a softened ef-
fective impact-ionization threshold, as compared to the
semiclassical theory. This is mathematically described by
a smeared-out energy gap. The impact-ionization thresh-
old is not a fixed field-independent quantity as it would
result from the first-order perturbation theory (Fermi’s
golden rule) commonly used in semiclassical transport to
describe incoherent transitions. The reason for this is the
intracollisional field effect due to the intraband accelera-
tion of carriers during the impact-ionization process even
in the Markov limit. The derived analytical formulas
make evident the close connection of field-assisted im-
pact ionization with other field-assisted generation pro-
cesses. In particular, the decrease of the effective impact-
ionization threshold with field is the analog of the Franz-
Keldysh effect in semiconductor optics.
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APPENDIX A: THE EQUATION OF MOTION

In this appendix we demonstrate that for a homoge-
neous electric field the effect of H|| can be removed from
Heisenberg’s equation of motion. Let us consider an arbi-
trary time-independent Schrédinger operator A and de-
fine

A:=U,(H)) AU} (H)). (A1)
The operator A transformed into the Heisenberg picture
(Ag) obeys the following equation of motion:

d - 1 ~
ZAn =< |(H - H),4x] . (A2)

Let us illustrate the effect of Eq. (A2) for the elec-
tron distribution function f.. In the spirit of Chambers’
approach to semiclassical transport3® we define the fol-
lowing function:

fe(ko,t) = fe(kt,t) . (A3)
Since the following identity holds:
Ck‘ = Ug(H“) cko U:(H”) N (A4)

(and analogous ones for c;fc and clck), the function f, can
be written as

Fe(ko,t) = (Ue(H)) el,cx, U (H))) (A5)
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and according to Eq. (A2) f. obeys

9 Folkoyt) = 3 (ICH — Hy),elend) = S felkes)

dt
(A6)

The drift term of the semiclassical Boltzmann equation
is obtained by substituting in Eq. (A3) k; with k

o e£ O

d -
Eife(ko’t) = Efe(kat) - 7ok

fe(k,t), (AT)

ko=k+<£t
or, equivalently,

4
dt

0 £ 0
Felk,t)= 5 folk,t) = S oo felkst)

=5 (- m),da)

The left-hand side of Eq. (A8) is equal to the left-hand
side of Boltzmann’s equation, the right-hand side has the
meaning of the scattering contribution to the evolution of
the distribution function. In contrast to Boltzmann’s or
Chambers’ equation, Eqs. (A6) and (A8) are not closed
but are only the first level of a coupled hierarchy of in-
finitely many differential equations for the expectation
values of operator products.

(A8)

APPENDIX B: FIELD-ASSISTED IMPACT
IONIZATION IN SILICON

In this appendix we extend the theory of Sec. VB to
the case of an indirect semiconductor to demonstrate that
here besides phonon scattering also impact ionization is
able to supply the necessary momentum for the Zener
transition. We concentrate on silicon and, to describe
the impact-ionization process with the lowest semiclassi-
cal threshold (see Fig. 6), need the following valence and
conduction band dispersion relations (parabolic band ap-
proximation of silicon)

v

FIG. 6. Schematic impact-ionization transition in silicon
with the lowest (semiclassical) threshold (umklapp process,
denoted by shaded arrow).
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me = (mc,l mMe, 2 mc,3)1/3 )

ﬁ,2
Ee(k) = 5—> Bik?,

1

me

i = ) 1
B —— (B1)
L R
Ecr(k) = 5~ D Bilki = Zegi)*, (B2)
€ i=1
" 2 me
Ey(k) = Bgap + 5 — Y alki—Z,:)%,  a= —.
C i=1 v
(B3)

Here E.(k) describes the energy dispersion of the low-
est parabolic (but not spherical) conduction band of sil-
icon (X valley) and m, is the effective conduction band
mass, whose introduction will be useful later. E.¢(k) ex-
presses the same energy dispersion, but of the neighbor-
ing equivalent X valley and E,(k) describes the energy
dispersion of the heavy-hole valence band in spherical
parabolic band approximation. The zero of the energy
scale coincides with the conduction band edge. The k-
space origin is chosen to lie in the minimum of that X
valley from which the impact-ionization process initiates.
Z,,; and Z.5; denote the k-space distance of the other
respective band extrema.

With these energy dispersion relations again Eq. (71)
is obtained but with the following different meaning of
the parameters. First, the definition for the impact ion-
ization mean free flight time 7 is changed to

3 2 2
1_1 172 [ ElFveFeclyme
- = VB (LUI(" +5) ) ( Pl Te)

(B4)

Second, the frequency associated with the energy of the
impact-ionizing conduction electron wy is changed to

" 1 A [ .2 2 usfBz . 2
wy(k*) = 2 3m, [k <cos 0+ msm 0
+(A+ B)? - 2|A + B||k*| c050] , (B5)

where k! = /B:k: (Herring-Vogt transformation) and
0 is the angle between k* and the electric field direction
assumed antiparallel to k3. The electro-optical frequency
in this case becomes

/3
.. a+ (3 (68)2 !

o B6
wg ( L 8moh ’ ( )

and wy, now depends on |k*|

wn(k*) = 1 R [k"z + (A+ B)? +2|Blk;,

#2 2m. th

—2|A]|k*| cos 6] , (B7)
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where 1072
/ 2m.E a+ B3
* c™g B2 - B -
ken H3 ( B3h? + apBs , §10 10
*
and s
N S 00|
Bi(Bi + 20) S
= —, = l[ . B8
Hi o« + 6 12 £Il i ( )
The constants A and B finally contain the information 10”0.8 10 12 14 16

about the location in k space of the different band edges

1 1
A= ——psZy3, B
,—ﬁzﬂs £,3

o3f3

= —=—"(Zy3—2Z:3).
VB s + B s 2era)

(B9)

The above expressions can be derived from a more gen-
eral formula3! if we assume the k3 direction of the k-space
coordinate system in the (001) direction of silicon and the
electric field applied in the same direction.

With the above redefined parameters the formulas of
Sec. VB remain valid. In Fig. 7 the impact-ionization
scattering rate P(k*,£) of Eq. (79) for silicon is plotted
as a function of energy E.(k*). In the calculation the
following values for silicon were assumed:

Z, = (0,0,1.15A), Z; =(0,0,0.34), (B10)

my = 0.6m., mc1 =mc2 =0.19m,,
(B11)

me3 = 0.98m,,
where A = 27/a and a = 5.43 x 1071%n is the lattice
constant of silicon. Comparing the field-assisted impact-

energy (eV)

FIG. 7. Impact-ionization scattering rate P(k*,£) as a
function of the energy E.(k*) for different values of the elec-
tric field, calculated for Si.

ionization rates in Si and in GaAs it is seen that the
field effect in GaAs is much more drastic. This is due to
several reasons. Even without field the impact-ionization
threshold in Si is much softer than in GaAs since it is not
isotropic.!® Furthermore, the large momentum involved
in transitions near threshold makes the Coulomb matrix
element small. The most important reason, however, is
the smaller electro-optical frequency in Si due to the large
conduction band mass in the k3 direction (direction with
the smallest Fermi’s golden rule threshold). An electron-
hole pair state that is created with no energy support
has an energy uncertainty of about the gap energy and
can survive a corresponding time interval. During that
lifetime in the same electric field an electron-hole pair
in GaAs can gain much more energy than in Si due to
the much smaller conduction band mass. This fact is
reflected in the ratio E;/(hwr) which for an electric field
of 10® V/cm is 12.6 in GaAs and 21.4 in Si.
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