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Conditional results about primes between consecutive powers

Abstract. A well known conjecture about the distribution of primes
asserts that all intervals of type [n?, (n+1)?] contain at least one prime.
The proof of this conjecture is quite out of reach at present, even under
the assumption of the Riemann Hypothesis. In a previous paper the
author, assuming the Lindel6f hypothesis, proved that each of the in-
terval [n®, (n + 1)®] contains the expected number of primes for o > 2
and n — co. In this paper we prove the same result assuming in turn
two different heuristic hypotheses. It must be stressed that both the
hypotheses are implied by the Lindeldf hypothesis.
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1 - Introduction

A well known conjecture about the distribution of primes asserts that all
intervals of type [n?, (n + 1)?] contain at least one prime. The proof of this
conjecture is quite out of reach at present, even under the assumption of the
Riemann Hypothesis. D. A. Goldston proved the conjecture assuming a strong
form of Montgomery Conjecture, see [6]. The author improved this result by
proving that all intervals of type [n?, (n + 1)?] contain the expected number of
primes, for n — oo, assuming a weaker hypothesis about the behavior of
Selberg’s integral in short intervals, see D. Bazzanella [2].

This paper is concerned with the distribution of prime numbers between two
consecutive powers of integers, as a natural generalization of the above

*This version does not contain journal formatting and may contain minor changes
with respect to the published version. The final publication is available at
http://rivista.math.unipr.it/. The present version is accessible on PORTO, the Open Ac-
cess Repository of Politecnico di Torino (http://porto.polito.it).



conjecture. In a previous paper the author, assuming the Lindelof hypothesis,
proved that each of the interval [n®, (n + 1)*] contains the expected number of
primes for @ > 2 and n — oo, see [4, Theorem 1],

In this paper we prove the same result assuming in turn two different heuristic
hypotheses. It must be stressed that both the hypotheses are implied by the
Lindel6f hypothesis.

The first new hypothesis is a weakened version of the hypothesis stated in
D. Bazzanella [3].

Hypothesis 1. There exist a constant Xy and a function Ay, T) such that,
for every 5/12 < < 1/2 and € > 0, we have

2X
/ Wy +y/T) —v(y) —y/T + Ay, T) [Py < XHert—2F
X

and
Ay, T) < y/(Tlogy)

for at least one integer k > 1, uniformly for X > X, X°/12 < T < XP and
X <y<2X.

To state the second new hypothesis we need to use the counting functions
N(o,T) and N®*) (5, T). The former is defined as the number of zeros
p = B + i of the Riemann zeta function which satisfy 0 < 8 <1 and |y| < T,
while N®) (0, T) is defined as the number of ordered sets of zeros p; = 3; + iv;
(1 < j < 2k), each counted by N(o,T), for which

i+ =Ykt — o — ek S L
We start to observe that D. Bazzanella and A. Perelli [1] made the heuristic
assumption that there exists a constant Ty such that

N(o, T)*

(1) N (0, T) < 7

TE

for every T' > T and arbitrarily small € > 0, which is close to being the best
possible, in view of the trivial estimate

N(o,T)*

N, T) > %

The above may be generalized and weakened to

N(o,T)?*

N® (g, T
(0,7) < T

¢ (1/2<0<7),

with suitable @ < 1 and arbitrarily small £ > 0. We now observe that the
Lindel6f hypothesis implies that for every n > 0 we have

N(o,T) < T?>1=t1 (1/2< 0 <1),

see A. E. Ingham [10], and then we are led to claim the following.



Hypothesis 2. For every 0 < n < 1/6 there exists an integer k > 2 such that

N® (g, T) « TH(=0)=14n (1/2<0<5/6+n).

We note that Hypotheses 1 and 2 are weaker than the Lindel6f hypothesis, see
G. Yu [13, Lemma B] and D. R. Heath-Brown [8, Lemma 1] respectively.
We are now able to state our main theorems.

Theorem 1.1. Let a > 2 and assume Hypothesis 1, then each of the interval
[n®, (n 4+ 1)*] contains the expected number of primes for n — oo.

Theorem 1.2. Let o > 2 and assume Hypothesis 2, then each of the interval
[n®, (n 4+ 1)®] contains the expected number of primes for n — oo.

Note that despite Hypothesis 1 and 2 are implied by the Lindelof hypothesis
we obtain the same expected distribution of primes between consecutive
powers and then the two theorems are stronger than Theorem 1 of [4].

2 - Definitions and basic lemma

The basic lemma is a result about the structure of the exceptional set for the
asymptotic formula

(2) Y(x + h(x)) —Y(x) ~ h(z) as = — oo.

Let X be a large positive number, § > 0 and let | | denote the modulus of a
complex number or the Lebesgue measure of a set. Let h(z) be an increasing
function such that z° < h(z) < z for some £ > 0 and

Es(X,h) ={X <2 <2X : [¢(z + h(z)) — ¢(z) — h(z)| = 6h(z)}.

Tt is clear that (2) holds if and only if for every § > 0 there exists X (d) such
that Es(X,h) =0 for X > X((d). Hence for small § > 0, X tending to oo and
h(z) suitably small with respect to z, the set Es(X,h) contains the exceptions,
if any, to the asymptotic formula (2). We will consider increasing functions
h(x) of the form h(z) = x/+5(*) with some 0 < § < 1 and a function &(z) such
that |e(x)| is decreasing,

e(x)=o0(1) and e(z+y)=c¢c(x)+0 ( y ) .

zlogx
A function satisfying these requirements will be called of type 6.

Lemma. Let 0 < 0 < 1, h(x) be of type 0, X be sufficiently large depending on
the function h(z) and 0 < §' < & with 6 —§' > exp(—+/log X). If xo € Es(X, h)
then Es (X, h) contains the interval [xg — ch(X),zo + ch(X)] N [X, 2X], where
c=(6—=19"0/5. In particular, if Es(X,h) # 0 then

|Ey (X, h)] > (5 — 6)h(X).



The lemma essentially says that if we have a single exception in Es(X, h), with
a fixed ¢, then we necessarily have an interval of exceptions in Es (X, h), with
0’ little smaller than §. The interesting consequence of this lemma is that we
can use an average estimate to prove the non-existence of the exceptions.
The above lemma is part (i) of Theorem 1 of D. Bazzanella and A. Perelli, see

[1].
3 - Proof of the Theorems

The theorems assert that
(3) P((n+ DY) =) ~ (n+1)* —n® as n — oo,

assuming a suitable heuristic hypothesis. In order to prove the theorems we
assume that (3) does not hold. Then there exists § > 0 and a sequence
n; — 0o such that

[ ((n; +1)%) = ¢(nF) = [(n; +1)* = n)]| = 8[(n; +1)* —nF)].

In the remainder of the proof we will always assume that n; is sufficiently
large as prescribed by the various statements. Putting z; = n§ and

h(z) = (a:}/a +1)* — z;, we then have
[ (2j + hlx;) = d(x;) = h(z;)| = 6h(z;)
and hence we have x; € E5(x;, h). The use of the lemma leads to

(4) |E§/2(Ij7 h)| > h(z;) > x;—l/a'

On the other hand we can bound |Es/2(z;, )| and find a contradiction with
(4). For any y € Ejs/5(x;,h) we can write

(5) 9y + h(y) — i) — h)| = Shl) > 2,

for every z; <y < 2z;. We divide the interval [z}, 2z,] into O(In® z;)
subintervals J; = [a;, a;+1], with

. Ty
(6) Qi =@+ g —
g Tj

and define
Ejo(x5,h) = Esya(as, h) N J;.
We let

(7) Tizag/a/a



and observe that Hypothesis 1 implies that there exist an integer £k > 1, a
constant X and a function A(y,T) such that, for every i, we have

2x
(8) / Wy +y/T) = ) — y/ T+ Aly, T) Py < 23T

and

uniformly for z; > Xo and z; <y < 2x;. From the Brun-Titchmarsh theorem,
see H. L. Montgomery and R. C. Vaughan [12], we can deduce that for every 4
we have

wl.fl/a
Y(y+h(y) —¢(y) —h(y) =¢(y+y/Ti)—w(y)—y/Ti+A(y,Ti)+O( ' )

log z;

for every y € J;. The above bound and (5) imply that

Wy +y/T:) —w(y) — y/Ti + Ay, T)| > o),

for every y € Eg/Q(xj, h). Thus we obtain

| By 2, h)| <y 207103 / [y +y/T;) = (y) — y/T; + Aly, T,)* dy

i Eé/Z(”‘Jah)
QQZJ'

<oy N7 / e+ y/T) — v(y) — y/ T+ Ay T dy.

By (8) we conclude that

(10) |Bsjolj, h)| < a; KOV N7 g2hbeqloh o g/,

K2

For ae > 2, when ¢ is sufficiently small and x; is sufficiently large we have a
contradiction between (10) and (4), and this completes the proof of Theorem 1.
To prove Theorem 2 we use the classical explicit formula, see H. Davenport [5,

Chapter 17], to write

B edir — 1 m~log2x-
(D) Dly+y/T) - o) —y/Ti=— Y o +0(JRij>7

[vI<R; p

uniformly for z; <y < 2z;, where ¢; = log(1 + Ti_l), 10 < R; <z and
p = B + i~y runs over the non-trivial zeros of {(s). If we choose R; = T; log® Z;
and recall (7) and (6) we have

x;/a log’ z; < R; < le/a log® z;



and

eéip_ 1.1'_1/0‘
Dy +y/T) —dy) —y/Ti=— > ¢ 1+O< 2 )

< p log z;

We note also that

dip _ 1
(12) e E

0;
—/ et dt
P 0

Follow the method of D. R. Heath-Brown we can prove that for > 2 and
every fixed u > 5/6 we have

6.
‘ 1
g/ ePdt <ed; < —.
0 T;

(3

1-1
Sin 1 giVe

>, v <
|vI<Ri, B>u P 08 L

see (12.79) in [11]. Thus we obtain

edir _1q 1'1,_1/&
Yly+y/T) —dy) —y/Ti=— > o +0 | +—|,
p log x;
[7|<R;, B<u
for every ¢ and y € J;. As before we observe that for every y € J; we have
xl.fl/a
Yy +h(y) —¥) — hy) =y +y/T;) —(y) —y/T; + O ( légm, )
J
and then
edir _q il
Gly+hy) —vy) —hly) =— Y. v +o|2—,
p log x
Iy|<Ri, B<u /
for every ¢ and y € J;. This implies that
—2k(1-1/a) 205 edir —1 "
(13)  |Bopslas h)] < 25 SIY v ay.
i 7T |yI<Ri, B<u P

To estimate the 2k-power integral we divide the interval [0, u] into O(lnz;)
subintervals I,. of the form

1= r r+1]
" |logz; logx; |
By Holder inequality we obtain

2k 2k

dip _ 1 dip _ 1
e e

E yP < (lmgcj)%_1 E E yP

[vI<Ri, B<u P r ||vI<R:, BEL,




Following again the method of D. R. Heath-Brown, we write

2k
edir _

2$J‘ 1
/ Sy dy <
x P

i [vVI<R;, BEI,

(ij)pl+---+pk+pk+1+---+m+1 . x§1+pz+---+pk+pk+1+~--+m+1

>

By Bak€lr
[V1I<Rs, |72k | <R

X(ePL — 1) (5P — 1)(TRRT 1) (P 1)

1 x14+2k7"/ log x; Z 1

T’?k ! B1,...,B2k>1/log x; |p1+.”+pk+pT‘H+'“+ka+l|’
yeeey = j
[V1|SRiys|v2k | <R;

pr---pak (P14 +pe+ P+ + P2k + 1)

This implies
2k

2z; dip _ 1 1
e
(14) / E y’ 5 dy < 7ok nax x?k”+1+sMk (o, Ry),

i [v|<R;, B<u

where

1
Mk O',R‘ =
(o, Be) Z Lty 4 9k = Ve — o — Yokl
Bi,..sBar>0
[Y1ISRi,o|v2k | SRy

and

(15) M(0, R;) < N®) (0, R;)log z;,

see [11, p. 336]. From (13), (14) and (15) we have

(16) |Esj2(z;,h)| < x}_2k+‘5 max x?k"N(k)(U, R)).
We now consider an arbitrarily small constant n > 0, let u = 5/6 + n and
assume Hypothesis 2. Thus for every 1/2 < o < u we have
4k(1—0o)

i <

HNW (0, R) < a2 R 2o+ (k1) =D/t

For a > 2 the above upper bound attains its maximum at ¢ = v and then
from (16) we obtain

(17) |E6/2(xj7 h)| < x;—k/3+(2k/3—1)/a+s
For o > 2, when ¢ is sufficiently small and z; is sufficiently large we have a
contradiction between (17) and (4), and this completes the proof of Theorem 2.
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