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Abstract—Our work focuses on the study of a simple
yet complete one-dimensional reverberation chamber model
presented previously. The statistical properties of the fields are
introduced either by varying the width or the relative dielectric
constant of a perturbing lossless layer. Our aim is to show
the excellent agreement between this simple model and real
RCs. The field statistics in undermoded regime is examined. An
intuitive three-dimensional extension of the model is presented
as a rectangular non-homogenous cavity. With the use of a
suitable change of variables, we are able to find an analogous
RC model which results in an homogeneously-filled cavity, with
a geometrical discontinuity mainly consisting of a conducting
box inside the cavity. The final result is to link the one-
dimensional virtual stirrer with a real one. This process is
performed provided we can calculate (even numerically) the
monostatic radar cross section of the actual rotating stirrer
under study. Excellent agreement with measurements were
found.

I. INTRODUCTION

Reverberation Chambers (RC) are gaining significant
confidence in their use for radiated emissions and im-
munity measurements. RC users need to fully understand
its working principles in order to correctly interpret the
measurement results and to optimize the performance for
various measurement tasks.

RCs’ extensive knowledge up to now, result from a partial
juxtaposition of four different approaches: the deterministic
models, the statistical models, the empirical techniques
and the computer/numerical methods. It is not possible
to leave one of this approaches behind, as each one of
them behaves as a non-exhaustive, non-excluding part of
RC description. Furthermore, they mutually collaborate to
give fairly successful answers in fields where the other one
fails, and viceversa. Therefore, there is an obvious gap
which makes us change our methodology depending on
what kind of result we seek. In this sense it is to point
out that a statistical description is meaningful only if the
chamber is working in an overmoded regime and only on
special chamber geometries (for example, the Plane Wave
Integral Representation [1] has its rigorous validity only in
spherical volumes). On the other hand, the deterministic
models’ success is intimately linked to the specificity of
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the chamber geometry, but it is decoupled from the mode
stirring process, which is an essential constituent of the RC
performance. Consequently, a call for filling this gap and
linking the two approximations is needed. This necessity is
supported by the aim of having a better understanding, to
manage a simpler yet complete model and to reduce up to
a reasonable minimum the empirical techniques.

An attempt of filling this gap was presented in [2], where
a one-dimensional RC model (see figure 1 for a schematic
diagram) was shown to have a statistical behavior equal to
real RCs. The statistically uniform field can be obtained by
means of different stirring processes such as, i.e. varying
the size ¢ = x5 — x7 and/or the relative dielectric constant
x of a 1D ”stirrer” (a perturbing lossless dielectric layer)
placed inside a theoretical vacuum-filled 1D segment.
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Figure 1. Definition of the one-dimensional cavity under study.

Section II will extend this 1D RC model to an under-
moded regime. In section III a three-dimensional exten-
sion of this model will be presented and its analogous
homogeneously-filled non-rectangular RC model, found by
means of a suitable change of variables. Section IV will
present some test cases in order to validate the performance
of this model.

II. UNDERMODED REGIME

One of the essential conditions for the correct functioning
of Reverberation Chambers is that it has to work under
an overmoded situation. Unfortunately, the question about
when does a chamber exactly starts to be in an overmoded
regime remains unanswered (only rule-of-thumb techniques
are provided to estimate it, as in [3]).

Although comparatively little work has been reported on
undermoded RCs, this subject is of a great practical in-



terest. Low-frequency operation, i.e. near the lowest usable
frequency (LUF) of the chamber, often means consistent de-
viations from ideal field distributions. An accurate estimate
of the theoretical distribution function at low frequency can
help RC users to optimize the band of operation within a
given chamber size.

We will demonstrate in the following, that our 1D RC
model can reproduce the main literature findings in this area.

A. Effect of the Number of Modes on the Field Statistics

From what has been reported (i.e. [1], [4]) and empiri-
cally found in measurements, nonnormal data distributions
correspond to a chamber with a relatively low number of
modes present (i.e. undermoded case) and, on the other
hand, normal data distributions correspond to a chamber
with a relatively high number of modes present (i.e. over-
moded case).

In the one-dimensional case, it is very straightforward
to find out the total number of modes N excited inside
the cavity without the stirrer as a function of the source
frequency fy. It is:

N= [%foj )]
Co

where a is the cavity length and ¢, the speed of light.

To start our analysis, four different values of N were
selected to calculate the RC response. The number of modes
were chosen to be N = 10, N = 15 (two undermoded
situations), N = 20 and N = 100.

The resulting field distributions of the real part of the
electric field are compared in Figure 2. It could be seen
a tendency to normality as the total number of modes
increases, but using only a qualitative assessment these
differences seem close to be negligible.
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Figure 2.  Histograms of the real part of the electric field for a one-

dimensional reverberation chamber when different number of modes are
excited.

We will quantitatively assess these data with an
Anderson-Darling (A-D) Normality Test [5]. Both situations
when N = 10, N = 15 showed p-values below 0.005 while
the other two sets of data show p-values of 0.435 and 0.769,
thus largely justifying the hypothesis of normality.

This calculation seems to suggest that in this particular
case, the step from the undermoded to the overmoded situa-
tion occurs at some point between N = 15...20 modes. The
significative difference in Jthe number of modes sufficient to
reach the overmoded situation in this case with respect to the
accepted in [3] (viz. N = 60...100) is not new, as reported
i.e. in [6].

It is seen that the overall effect of the number of modes
over the field statistics is in agreement with what is found
in measurements.

B. Undermoded Statistics

Important contributions on this subject are found in
[7] (and references therein), where theoretical first-order
probability density functions are derived for the electromag-
netic fields inside RCs. It basically uses the deviations of
some physical characteristics of the fields in undermoded
RCs, from those for ideal reverberation. In [8] the Weibull
distribution is proposed to model the distribution of the
magnitude of the electric field component.

The overall behavior of the fields described by these
models is mainly to vary from x2 and X3 (i.e. exponential)
distributions as the frequency of operation approaches the
LUF. It is known that the Weibull distribution is a two-
parameter distribution, with a shape parameter k and a scale
parameter A [9].

Figure 3 shows the histograms of the absolute value
of the electric field with their fitted Weibull Distributions,
calculated at a fixed measurement position inside the test
volume after 500 independent calculations as explained in
[2]. The six panels of figure 3 correspond to F3 = a/\ =
5,10,15,50,100,200 (F3 is defined in [2], and A refers
to the wavelength of the source A = ¢/ fy, not to the scale
parameter of the Weibull distribution). Of the values chosen
for F3, three refer to an undermoded regime and three to
an overmoded one.

It can qualitatively be seen that the Weibull distribution
gives a very good and smooth approximation of the under-
moded-to-overmoded regimes transition. Figure 4 shows the
shape parameters k for values of F3 = a/\ ranging from
2 up to 100. It can be seen that the overall behavior is to
converge towards a Rayleigh distribution (k = 2) from the
exponential one (kK = 1). This is mainly due to the capacity
of the Weibull distribution of embody the asymptotic laws
and to shift from an exponential distribution to a Rayleigh
one. To make it easier to see, a fitted polynomial line was
added to the curve.

All of the above is in excellent correspondence of what
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Figure 3. Histograms of the absolute value of the electric field with their
fitted Weibull distributions at a fixed measurement position inside the test
volume for three undermoded and three overmoded regimes.
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Figure 4. k shape parameter of the Weibull distribution fitting the data
calculated from 500 independent variations of the stirrer.

is reported in [7] and [8].

C. Validity of the Physical Analogy of the Dielectric Stirrer

At this point, a question could arise: what is the link and
correlation between real stirrers and our virtual “dielectric”
stirrer?

The effect of placing a material with a considerable
dielectric constant inside an electric field as in our cavity
is mainly to change the configuration of the eigenvalues.
It is analogous to adding a capacitance to a circuit, or a
reactive load into a transmission line. As we are assuming
that no losses are into the dielectric, what happens is that
this new material inserted has stored some energy from the
system. This would result in a particular field configuration.
It is then intuitively easy to imagine that a little change in

size or in its relative dielectric constant, could generate a
fairly different distribution of the field. The present analogy
could be justified by the fact that usually, “complex-shaped”
stirrers outperforms simpler ones (i.e., see [10], [11]).

Nevertheless, it is true that real stirrers do not “store”
energy and so the problem remains unanswered in a closed
manner. A change of variable strategy over a 3D extension
of this model will be presented in the next section to solve
this problem.

I11. 3D EXTENSION

A change of variables will be applied to an extended
3D version of our 1D model, resulting in a successful
strategy for its study. This process will help us identify one
irregularly-shaped homogeneously-filled cavity, that resem-
bles quite much the setup of a real RC.

A. The 1D Model Extended into 3D

The analogous 3D model of figure 1 is schematically
shown in figure 5. In this non homogenously-filled cavity,
the “dielectric” stirrer has width ¢, relative dielectric con-
stant x and its height and depth are equal to the cavity.

v

Figure 5. Cross section plane for the schematic figure of the three-
dimensional cavity under study.

The electromagnetic field inside this chamber obeys the
wave equation:

V2E() + s(FK2E(7) = 6(|F - 13)), 2
where
_J K 1 <<z
K(F) = { 1 elsewhere

and k = w,/p€ is the free-space wavenumber; , ¢ are
the free-space permeability and permittivity, respectively, 7
is the position vector in cartesian coordinates and 7y the
position of the point source. The e~/** time dependence is
suppressed.



B. Change of Variables Basic Theory

Let us consider the inhomogeneous Helmholtz equation
in three dimensions:

[V2,. + K] f(z,y,2) = g(z,y,2) . 3

Let us apply the function f : R — R3 with components:

u= fl(x)y’z)
v= f2(ma ZI,Z)
w = f3(z,y,2),

to (3) to obtain a slightly more complicated equation
[Vfww + kz/JuvwxyZ] F(u,v,w) = G(u,v,w), @

where V2, = 8%/0u®+6%/0v? + 0% /0w? and Jyywzy: is
the Jacobian determinant of the transformation (z,y, z) <
(u,v,w) associated with the change of variables

Ou/dx Ou/dy Ou/dz
dv/dx Ov/By Ov/bz | . ®)
Ow/dx Ow/dy Ow/dz

Juvwzyz =

Equation 4 corresponds to an inhomogeneous medium
situation, where the wavenumber k£ would be a function of
the coordinates.

C. Changing Domains

The cavity described in Section III-A is indeed of the
same class of (4) if we assume that & (u, v, w) = 1/Juywey:-
Let us now suppose it as if it were a certain cavity in
the transformed domain and find out a geometry in the
physical domain that maps into it. In other words, we would
like to find out a change of variables f : R® — R3
whose Jacobian determinant corresponds to the inverse of
the k(u, v, w) function. One possible solution was found to
use the following transformation

U = x
z 0<z<m

w = 2/6+9(y) T1<T< T2
z o<zx<a

in the cavity depicted in figure 6, where

o) =c(1- 1) (H-0) - Hu-w) +1), 0

and H(y) is the Heaviside step function.

It is quite straightforward to see that the change of
variables in (6) will have a Jacobian determinant as the one
we search for.

Figure 6. Cavity of figure S in the assumed physical domain.

D. Highlighting the Analogy

The cavity geometry conceived as our new physical
domain has two discontinuities in the horizontal walls of
the cavity: a ”box” of height (x — 1)c and square section
of side t = x2 — 1 = y2 — y1 pending from the roof, and
an "inverted podium-like” discontinuity in the floor.

The discontinuities are a function of k. In fact, if we
make k = 1 in the physical domain, this means that no
discontinuity steps are present. On the transformed domain,
this means that the perturbing layer is made of vacuum. So
the change of variables will transform a rectangular cavity
into itself.

We have then establish an homogeneously-filled non-
rectangular cavity that is analogous to another rectangular
non-homogeneous cavity which is a 3D extension of our
1D RC model of figure 1. The mode-stirring process in
the 1D RC model was obtained by varying the dielectric
layer width ¢ and/or its relative dielectric constant . It is
reasonably expectable that the 3D model with the dielectric
slab would work in the same way, and so, its analogous
cavity.

The analogy stands that a variation in the width ¢ of the
dielectric is equivalent to a variation of the width and depth
of the metal box and a variation of the relative dielectric
constant k is equivalent to a variation in the metal box
height. Also the podium-like discontinuity will change its
aspect as a function of ¢ and «.

E. Linking the Model

If we concentrate only in the upper discontinuity, we can
see that the mode stirring process inside this RC model is
due to a metallic box that is changing its height and section.
This description is quite close to real RCs, if we think that
the shape-changing metal box is acting similar to a rotating
stirrer. In order to relate the effect of them (the box and
an actual stirrer) on RCs statistical behavior, a Radar Cross



Section (RCS)-based calculation in free space with plane
wave illumination will be applied.

The RCS o is the measure of a target ability to reflect
radar signals in the direction of the radar receiver, i.e. it
is a measure of the ratio of backscatter power per unit
solid angle in the direction of the incident wave (from the
target) to the power density that is intercepted by the target.
Mathematically the RCS can be represented as

P,
o= 4n backscatter (8)
Pintercepted

The idea is to generate a changing in the dimensions of
the front panel of the metal box whose RCS is able to follow
that of the rotating stirrer. The process is:

1) Calculate (or simulate numerically) the monostatic
RCS of a stirrer in free space as a function of its
rotating angle, o(¢).

2) The relative dielectric constant is calculated from the
relation of the stirrer height with respect to the height
of the chamber in which it is inserted. Mathemati-

cally:
hmetal box _ hstirrer K= hstirrer +1
hRrc Model hreat RC hreal RC ©)

3) The layer width ¢ is calculated knowing that the RCS
of a planar surface G is

. A?
G = 47r—/\—2— (10)
where A = (k — 1)ct is the area of the front panel of

the metal box.
4) Make & = o(¢) in order to get the variation of ¢ as
a function of the rotating angle, i.e. t(¢) as:

__ A a9
He) = 2k -1V 7

The 1D cavity length is chosen in a way that the same
number of modes are present for a given frequency. Using
the well-known formula in [3] for the number of modes
inside a chamber and equation 1 we are able to deduce:

an

4
3

(w+h+l)+c_0

i
whl=— - 5 i

12)

By this process we can run a simple experiment in a 1D
RC model, which is able to reproduce the same statistical
behavior of a particular stirrer inside a particular chamber.

Iv. VALIDATION

In order to validate the previous considerations, an eval-
uation of the stirrers and chambers presented in [12] will
be done. The choice of this set of experiments is mainly

(a) Basic Stirrer

(b) Large Stirrer

Figure 7. Stirrer models used in the measurements performed in [12].

due to the fact that every design parameter is provided in
the report, so the link from real stirrers and RCs to the 1D
model can be directly done.

A. Measurement Setup

In [12], stirrer efficiency measurements have been per-
formed in FOA’s RC facility that consists of two RCs
(one large, E3 and one smaller, F4) of different size.
Measurements were made with two different stirrers, named
“basic stirrer” and “large stirrer”, with 200 angular positions
in the frequency range of 0.2 — 18 GHz. Figures 7(a) and
7(b) shows the stirrers models used to simulate their RCS.

The quantity used for the evaluation is the linear corre-
lation coefficient [3]:

N
Y (@i = (@) - (@isr — (@)

_ 5
pr) =3 po 13)

where N is the total number of stirrer positions and
T1,%2,T3,... is the normalized received power at consec-
utive stirrer positions. The subindex ¢ + r is modulo N.

B. Results

The RCS of the stirrers in figure 7 was simulated using
the CST® simulation software. All the process explained
in section III-E was applied in order to solve three different
1D models. Correlation coefficients for the two stirrers in
different chambers are shown in figure 8. It can be seen
that they have an excellent matching with the measurements
reported in [12].

In figure 9 it can be seen that the correlation coefficient,
when using the Basic Stirrer in RC Ej is falling with respect
to the frequency and increasing stirrer interval. This is in
accordance of what reported in [12].

Many figures can be reproduced and they have all found
the same correspondence with measurements. We omit them
here for the sake of brevity.
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Figure 8. Correlation coefficient for 3 frequencies vs. angular stirrer in-
crement of the Basic and Large stirrer efficiency measurements performed
in [12].
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Figure 9. Correlation coefficient |p| of the basic stirrer in RC E3.

V. CONCLUSIONS.

This paper discusses the field statistics within a 1D RC
model that presents a strong behavioral analogy with 3D
RCs. Besides recognizing in it the same statistical behavior
(as done in [2]), a further characteristic of real RCs was
compared with our 1D RC model i.e. the field distribution
in RCs working in undermoded regime and their statistics
(section IT). A 3D RC model was conceived as an intuitive
extension of the 1D RC model presented. With the use of a
proper change of variables, we can interpret the role of the
dielectric stirrer as a geometrical discontinuity. Changing
the width of the dielectric slab is equivalent to changing the
width and depth of a ”metal box” inside a cavity. Changing
the relative dielectric constant is equivalent to changing the
height of the "metal box”. Knowing the monostatic RCS in
free space of a particular stirrer, we are able to reproduce the
same statistical behavior by means of linking the real setup
with its 1D parameters. A validation analysis was done,
confronting the mentioned process with real measurements
reported in [12]. An excellent agreement was found. The
main convenience of the 1D RC model consists on giving
a complete understanding of RCs, without leaving any gap
on its theoretical development. Future work (currently under
way) involves a wider measurement campaign in order to
better establish the correct analogy and convenience of this
model.
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