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ROBUST A POSTERIORI ERROR ESTIMATES FOR FINITE ELEMENT
DISCRETIZATIONS OF THE HEAT EQUATION WITH DISCONTINUOUS
COEFFICIENTS*

STEFANO BERRONE!

Abstract. In this work we derive a posteriori error estimates based on equations residuals for the heat
equation with discontinuous diffusivity coefficients. The estimates are based on a fully discrete scheme
based on conforming finite elements in each time slab and on the A-stable 6-scheme with 1/2 <6 < 1.
Following remarks of [Picasso, Comput. Methods Appl. Mech. Engrg. 167 (1998) 223-237; Verfiirth,
Calcolo 40 (2003) 195-212] it is easy to identify a time-discretization error-estimator and a space-
discretization error-estimator. In this work we introduce a similar splitting for the data-approximation
error in time and in space. Assuming the quasi-monotonicity condition [Dryja et al., Numer. Math.
72 (1996) 313-348; Petzoldt, Adv. Comput. Math. 16 (2002) 47-75] we have upper and lower bounds
whose ratio is independent of any meshsize, timestep, problem parameter and its jumps.
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1. INTRODUCTION

In many practical applications a heat conduction problem involving a non homogeneous medium, made for
example by different materials, has to be solved. To deal with these situations, we propose robust a posteriori
error estimates for the heat equation with discontinuous, piecewise constant coefficients based on a discretization
by conforming finite elements and the classical A-stable #-scheme with 1/2 <6 < 1.

Since the pioneering work of Babuska and Rheinboldt [1] a posteriori error estimates and adaptive algorithms
have become an important field for scientific computing [2,7,10,12, 16, 18] and many works were devoted to
parabolic problems [3,9,14,17].

The estimator here derived is based on equation residuals as in [3,14,17]. In [14] residual based error
estimators bound the error measured in the norm ftt[ril] V. ||§dt from above and from below; the implicit Euler

scheme with linear finite elements is considered and only refinement is allowed; further, a condition between
the meshsize and the timestep-length has to be satisfied. In [17] residual based error estimators bounding the

.. ] 2 e e .
error containing also the term ftt[n,l] || % ||71dt are presented for constant diffusivity coefficients. The proof of
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the upper bound is performed deriving an upper bound of the error estimator in terms of a “time functional
residual” and a “space functional residual”. In [3] linear and semilinear heat equations are considered: first,
a semidiscretization in time by implicit Euler scheme is introduced; second, a discretization in space by finite
elements is performed. This approach is considered in order to uncouple as much as possible the time and the
space errors. Continuously differentiable diffusivity coefficients are considered.

In our work we consider the case of discontinuous coefficients. We use a full discretization approach instead
of considering a semidiscrete formulation as in [3]. Our estimates allow us to perform a control of the space-
discretization used in each time slab and of the timestep-length. The ratio between the upper and the lower
bounds for the error is independent on any meshsize, timestep, diffusivity parameter and its jumps across the
domain. To ensure this robustness with respect to the parameters jumps the quasi-monotonicity condition [8,13]
is assumed. In the proof of the lower bound we introduce an orthogonal space of edge bubble functions. In
our estimates we consider the data-approximation error and we propose a splitting of this error in two terms:
a data-approximation error in space and a data-approximation error in time; this splitting can be used in the
adaptation of the mesh and in the choice of the timestep-length in each time slab.

In Section 4 we present some numerical results on uniform meshes and constant timestep-lengths to carefully
analyze the behaviour of the effectivity indices and prove robustness of the estimates. These results also confirm
that the terms forming the error estimator and the data-approximation error mainly depend either on the space
discretization or on the time discretization. This splitting can be very useful in an adaptive algorithm to adapt
mesh and timestep-length. A simple adaptive strategy and some preliminary numerical results are proposed in
the Appendix.

2. THE HEAT EQUATION

2.1. The continuous problem

Let Q be a polygonal domain in R? with boundary 92 and let (0, =) be the time interval of interest. For any
feL?(0,Z2;L2(Q)) and ulT € L2(Q), we want to find u : Q x (0,Z) — R such that

% -V - (kVu) = f, in Q x (0,2), (1)
u(z,t) = 0, on 90 x (0,E), (2)
u(z,0) = ul(z), in Q. (3)

The diffusivity parameter x(x), 0 < Kpmin < K < KEpazr < 00, is a function constant in time and piecewise
constant on the polygonal subdomains 4, d =1,..., D, with nglﬁd =Qand ;N Q; =0, Vi#j.

Setting W = {weL?(0,Z;H{(Q)) : 22 eL?0,5;,H1(Q))} the variational formulation of the above prob-
lem is: Find u€W such that u(.,0) = ul® and

<%’U> + (K Vu, Vo) = (f,v), Yo € Hy(Q), ae. in (0,Z). )

Here (., .) stands for the duality pairing between H=1(Q) and H}(Q2),( ., .) is the usual inner product in L?(Q).
If uc W, then ueC®([0,Z];L2(Q)) and the initial condition u(.,0) = ul” is meaningful in L?(Q).

2.2. The numerical discretization

Let us consider a partition of (0,Z) into subintervals (t["’l],t[”]) of length At = ¢l — "= with
0=t < ¢l < ... < ¢V = = get T = [t["_l],t["]]. In each time-slab Q x I, n > 1, we consider a
regular family of partitions Th[n] of Q) into triangles T € Th[n] which satisfy the usual conformity and minimal-

angle conditions [5], we denote by h[;f I the diameter of each element TETh["] and by hl" the maximum of h[;f )
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over all the elements T € Th[n]. From now on the subscript h stands for Al". We assume that each triangu-

lation Th[n} induces triangulations Th[rg of the subdomains Q4, d = 1,.., D, such that Th[n} = UdD=1 Thhg Let

V%n} = {’uh EHYNQ)NC(Q) : vy, €PR(T), VTET,I["]} CV = H}(Q) be a family of conforming finite element

spaces based on the partitions ’Z;L["]. We denote by Py (T) the space of polynomials of degree k > 1 on the

element T € Th[n]. Assuming ul” € L2(Q), we define ug?’]m = P,% ul to be the L2(Q)-projection of ul% on the

finite element space Vg] defined on Thm. The subscript h, At is used to refer to the full discretization in space

and in time. Then, we introduce the discretization based on the classical 6-scheme for the time integration:
Find u&?]& GVEIH] such that Yy GVEZL], n=1,...N

[n] [n—1]
u —Uu
(%700 +0 (HVuEZ]At, Vvh) +(1-9) (HVUEZ&I], Vvh>

) (anM,vh) +(1-0) (an["—H,vh), Vo, eV (5)

In the last scalar products of the previous equation we assume that f € C°([0,Z]; L?(Q)) and we set fI'l =
f, tm)7 r € {n —1,n}. Moreover we introduce an arbitrary piecewise polynomial approximation Iz f of the

]

data f. If the initial condition u[% belongs to C° (€), instead of the projection operator P}[le, we can use the
interpolation operator ﬂ}[ll]k :C0(Q) — VL”.
At last we define the continuous, piecewise affine in time approximation of the solution (., t):

t — =1l

una(@,8) = o,

) tl—t [n]
uh,u(m)+muh7u (z), x € Q, te I, n=1,..,N. (6)

3. A RESIDUAL-BASED A POSTERIORI ERROR ESTIMATOR

In this section we derive a residual-based error estimator for our fully discretized model problem following
the work in [14,17]. In particular, we shall derive a global-in-space local-in-time upper and lower bounds. At
first, we introduce some notation which will be used for the construction of the estimator.

3.1. Definitions and general results

For each time-slab Q x I we define a partitions Th["_l’"] that is a common refinement of Th["_l] and Th["],
satisfying conformity and minimal angle condition and a transition condition or moderate coarsening condition
[17]: there exists a constants Cy, such that

hi!
sup  sup sup et = Cers (7)
n=1,..., N Tefz’}[”] T G'T}[nil'n]:T* cT h’T* ’

[n—1,n]

being Ar. the diameter of the element T* € 7',1[7171’”}. For any T € 7'}1[7171’”] we denote by £(T) the set of

its edges; we denote by gf[ln*l’n] = Uperin—tm E(T) the set of all edges of the triangulation ’Z;L[n*l’n}. Moreover,
h
we split 5,[1”_1’”] into the form 5,[1”_1’”] = 5,[:51’"] Ug}[:a_é’n] with 5,[:51’"] = {EGE,[I"_L"] :E(Z@Q}, and

[n—1,n] n

Ehoa = {EGE}L"_L"] : EC@Q}. Similarly, we define the corresponding sets 5,[1"], H} and 5}[:399 of edges F

[n—1,n]

of ’Z;L[n]. For any edge F€&; and we define:

w%l] = U T

{(T'eT" '™ Beg(T)}
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X,
a
Xy
FIGURE 2. The support of the func-
FIGURE 1. The mapping Fg 7 : T — Ts. tion b[é’]-
To any edge F € 8}[% L) e associate an orthogonal unit vector ng and denote by [.], the jump across E in

the direction ng. Let us denote by T the reference triangle and by F the reference edge as shown in Figure 1 on
the left. Let A\;, i = 0,1, 2 be the barycentric coordinates on the reference triangle, then the reference triangle
bubble function is by = 27TAgA1 A2, and the reference edge bubble function is by = 4#(1 — & —¢) and F%n} T —T
is the affine mapping from the reference triangle to the triangle T € Th[n_l’n] [5,15]. For sake of simplicity, we
will drop the superscript [n] in the symbols of the mappings. For any T € Th[n_l’n] we indicate with b[T" I the
triangle bubble function defined by b[T" - I;T ok ! Note that this bubble function does not depend on time in
each time-slab.

Given any F € Ef[;gl’"], let 7% and T the two triangles of Th["_l’"] such that wgl] =TH*UT". Let us enumerate
the vertices of T% and T” counterclockwise in such a way that the vertices of E are numbered first. Let T be
one of the triangles 7% and 7", assume that E has vertices @y and @; and denote by @, = (Zc, ye) the barycentre
of the triangle T'; let us partition T into the triangles Ty, Th, T» with T having F as a side (see Fig. 1). Let
Fg T — T5 be the invertible affine mapping that maps the reference triangle T' onto the triangle T5

FE,T (ja g) = aO )\O(ia g) + El )\1(:2'; y) + EC )\2(3%7 g) ) if (i'a g) eT.
Then we define the edge bubble function b[g} by patching the two bubble functions:

("] _ 1 -1 ] _ 7 -1
bE,Tﬁ =bgo FE,Tﬁ’ b =bgoFgpy,

each one being nonzero only on T2n and T2b, respectively. Finally, let us define the set ﬁ)[g] = T2ti UT2b (dashed

area in Fig. 2). For the boundary edge F that belongs to the element T only, we naturally identify bgg] with
b[n] —=bsoFot
erT = YE°YET

With this definition of edge bubble functions we have a set of orthogonal functions, in the sense that the
intersection of the supports of two different edge bubble functions is the empty set or a whole segment. This
property is also true for the set of triangle bubble functions.

Moreover, for the reference edge F we define the extension operator P 5 Pi(E) — P;(T') which extends a
polynomial of degree i defined on the edge Ftoa polynomial of the same degree defined on T with constant
values along lines orthogonal to the edge E. Then, we define the extension operator Pg : Ps(E) — P; (cfj[g])
which extends a polynomial of degree ¢ defined on the edge E to a piecewise polynomial of the same degree
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[n] .
defined on &3 by patching the two operators:
E PYDP p

= F (e] 3 OF L = o 2 OF !
Pel, B °Pp E.TH|,’ Pel,, BT °Ppo gy,

The extension operator Pg is continuous, but not C! in w[E]. In the following we will need to collect all the

triangles belonging to some set &Zf], so let us define Th[% L] _ {T € wEg] Ee 5}[?_1’"]} .

The symbol a 3 b means that there exists a constant ¢ independent of any meshsize, timestep, parameter
and jump of parameters such that a < ¢b. The symbol a < b means that a X b and b 3 a.

For any time interval I T e 72”71’”] and F € gh” ! n] the bubble functions b[{f} and b[n} have the
<>[ ] [n ]
, 0 < by

following properties: supp b[;ﬂ =T,0< b["] <1, max(a y)ET b[n](:c y) 1; supp bEg]

= |T], ‘b = |T], ‘b = |E|. Thanks to the regularity

max(x,y)eEbEg](%y) =1 Hb[z?] ‘OT ‘OT 0,E

[nfl’n}, there exist constants depending on the smallest angle in the triangulation, but not

hypothesis on 7,
2
on the mesh size, such that for each n = 1,..., N we have: |T| =< (h[;_l’n]) , VT € ’Z;L[n_l’"], h[;_l’n] =

2
R, VE € g(T) and |T| = (A7), vT e Wl

In the following k7 will denote the constant value of x in the triangle T € Th["], ki 1s the maximum
E

[7]

of the values of kr over the two triangles ' € 7, sharing the edge E (we will use the same symbol to

denote the maximum of xkp over the two triangles T € Th["_l’"] sharing the edge F € 5,[1"_1’"], it will be clear
from the context which situation we are referring to). Moreover we shall use a modified quasi-interpolation

operator I, : V — VLn] like the quasi-interpolation operator of Clément, [6]. The definition of this kind of

interpolation operator requires the quasi-monotonicity hypothesis [8,13] of x(x) with respect to any node chl]

of the triangulation ’Z;L["]. This hypothesis implies the existence of “robust” interpolation estimates [4,8,13].

For any subset w C €, let N, [n] (w) be the set of the vertices x of the triangulation ’T[n] such that x € w; let

w, n be the set of the triangles having :c[ "]

h

coefficient r7 achieves its maximum in w_ ). We recall the following deﬁmtlon of quasi- monotomczty for k(x)

as a vertex. Moreover, let T m be a triangle from w_») where the

from [13], referring to this reference for more details.

Definition 3.1 (Quasi—monotonicity) The distribution of coefficients kr, T € w, (= is said to be quasi-monotone
T,

with respect to the node xh S ./\/ ( ) if for each triangle T' € w, [n there exists a Lipschitz set w,, (» containing
Th

*“h

triangles 7" € w_ [ such that

]andnT</iT/ VTEW L3

ZTp,

;-
7.0 } ymhn] NoN| > 0 and k7 S Kk, VI € wT’IEL"]'

° if:c["] € (), then TUTx Wy
h

o1fx 60(2 then T C @

Let the distribution of coefficients k7, T € Th[ "l be quasi-monotone with respect to every point xh N[n] ( )

For a triangle T' € Th[n} and an edge FE € 5,[:”}2, being 5["] the set of the edges of the triangulation T[ ] , let us
define two sets containing some neighboring triangles

o= @ o= Yy @
= Ty B Ty
len™(T) e eN ™ (Tr)

xh h

where T is the triangle of the two triangles sharing E where k7 achieves the maximum.
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Definition 3.2 (Quasi-interpolation operator). [4,8,13] Let the distribution of coefficients xp, T € Th["] be

quasi-monotone, then we define the quasi-interpolation operator I, : V — V%n} as

dim N[ (92) .

Iyv = Z )‘i(x)p;cgnlv b, £” = T /T UdQv vxgln]z € N}En] (Q)
i=1 2" oln]

h,i i

Let p, = 0 for nodal points x € ).
We recall from [13] the following results:

Lemma 3.3. Let T € Th[n} and E € 5}&"] be arbitrary. Let the quasi-monotonicity condition be satisfied with

respect to any node :L'Ebn] of T and Tg. Then we have the following interpolation error estimates:

[n]

lv—Iwlyr <Clg \/%_T > VR Vol o e HL(al), (8)
T € ~["]

|lv—Iyv|, ; <Clga \/_ Z [ VET VU [lg s VUGHl(@gﬁ]L 9)
T/ea;"
[n]
E

lo—Iwlyp < Cls

ST Ve Voo Yo e BY(GE), (10)

R n
Vel resln

the constants élR, 6’13,1 and Clg depending only on the smallest angle in the triangulation.

For each triangle T* € T["_l’"] suchthat T* C T € TM we define &J[Tj = {T’ ET[" L, :T'CT"e w[ ") CT["]}

i.e. the set of the triangles of ’T[" L) contained in, or equal to, a triangle T" € ’T[ "] belonging to w[ I

Moreover if E* € 5["] orif B* C E ¢ 5}& ], then we define w[ " {T’E’Th[" Lin] .T’QT”GwEE}QTh[ ]}, else
if B* € Shn Ll /5,[1"] and E* ¢ E € é‘h let T € Th[n] be the triangle such that E* is inside 7', then
L:}E;] = {T’ET["_L"] :T'C T”G&Jw Q’Th[n]}, i.e. the sets of triangles of Th[n_l’n] contained in, or equal to, a

triangle of w[ "]

Lemma 3.4. Let T* G’Th[n_l’n] and E* GE}L"_L"] be arbitrary. Then we have the following interpolation error
estimates:

h[n 1,n] [n 1,n]

s Z H VET Vullg7.=Clr \T/— [ ViV HO,Q[T"j o e B (@), (11)

[” 1,n] [n—1,n]

0= I [l p. < Clp 2 Clp~—e || V& V0 |, i, Vo € H' (@), (12)

= Z | Ve VUHO =
/K [n] Tre [ ] /ng*]
[n]

the constants Clg, and Clg depending only on the smallest angle in the triangulation 7,

|[v—Thv HO,T*S Clgr

and the constant Cy,..

Proof. Inequality (11) follows from (8) noting that || v — Inv g p. < [[v — Inv ||y Where T™ € Th["_l’"] CTe
Th["], that kK = kp- and applying condition (7). If E* = FE € 5,[1"] or B* C E € 5}[;1] inequality (12) comes
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from (10), (7) and considering that & ) = & . While if E* € 5,[:1_1’71] /5}?] and E* ¢ F € 5}[?] then E* is
E* E
[n_lan]

inside T € Th[n} and we apply standard trace inequality with (8) and (9) to one of the two triangles T € 7,
sharing E*, with &_n = 7 and condition (7) to get (12). O
e

Let us consider the spaces H}(Q2) and H=1(2) respectively equipped with the norms:

(', v)
lol2, = [ VR Vo = / D)V vudQ, | F[,_ = sp .
veHL(Q) [| v Hm
Let us define the error of our approximation uy s in the interval 1" as e, ar = up ar —u and define Sunae AL —
ugvn]m _u[hnAl]
t[n] —t[" 1] -

[n—1,n]

Deﬁnition 3 5. Let us define the residuals in the triangles T € 7, and inter-element jumps on the edges

E* €&, g =Ll of our approximation up, as
0
R — %’;ﬂ —0rpe Aull'y, — (1-0) kpe Al —0T17 fI7 —(1-) T i) .
] ) ) Oy Dy n
Moo= o M= ||k —2= 1-46 ’ : .
Ra 2. B Jp H - +(L=0)rr onp- ﬂ
T ET}E7L71,7L] .
Definition 3.6. Let us define the following local-in-space local-in-time estimators
2
m )2 ml | (pn-1 n [n] 1 -t 1
(5 IR N (6 RT* DI i :
T pree(r)nelrgt ] 0.5

At

(#n-)

Then, we define the following global-in-space and local-in-time estimators

()’ > ()" )= 2 ()

T GIZ—}En—l,n] T*E'T}Enil’"]

VRV (ufly o) HZ,T* -

4] )
/ ’HTf AT (1 — o) TV ||

tln—1] K,—1

S
S
:Q,i
>
g
5
N———
[ V]
Il

(nﬂ«’f]nT)Q = /t:n]l] I|f—Tipf |12 _dt, (n[f"]) (n% Atn) (n[f"ﬂqT)Q-

In the sequel we will derive upper and lower bounds for the error involving the following norm:
2
dt + /
k,—1 tln—1]

t[”]
lenall i = ( /
tln—1]
7]

Remark 3.7. Following considerations of [14,17], we can say that 7p" is a space error estimator related to the

(7] [n]

triangulation ’Z;L

1
¢n] 2

Oen,n
ot

2
| en,at |H,1dt>

whereas 7y gives information on the error due to time discretization.
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Remark 3.8. The quantity n;"]

terms: ngcrf]nT, that gives information essentially on the space data approximation error and 7

is an estimator of the data approximation error and can be split into two

(n]

.0 ALln] that is a

time data approximation error.

3.2. Upper bound

Theorem 3.9. Under the assumptions on the continuous problem (4) and on the discrete formulation (5), for
eachn =1,...,N, there exists a constant C'[[ZLI] independent of any meshsize, timestep, problem-parameter and

depending only on the smallest angle of the triangulation ’Z;L["], on the constant Cy. and on the parameter 0,
such that

n 2 e 2 n— 2 ~ln n ? i ’ . ’
[l =t O+/t[m] | VRV e [t < ufis) = | 00 {(nﬁg) +(n") +(77}1)]. (13)

Proof. Let us define

t[”]

B, :/ [<a€5ﬁ,eh,m> +(weh,&,veh,&)] dt (14)
’ t[n—l]

and

t[”]

B e =l | =5 [ ubns - b HO+/[ VAV ena [ar. (15)
tln—

1
hAt TS H Up At —

From the continuous variational formulation of problem (4) it immediately follows that

t["] 8u t["] au
E}[zn]At = / |:< 0};7&76}17&) +(Iivuh’At,Veh’At)]dt/ |:<E,€hym>+(HVU,V@hyAt):|dt.
’ tln—1] tln—1]

Recalling (5) with Inen n € Vgln} as test function, we get

t[”]

n Ou n n—

Ef[b,]At = _— |:( a};’maeh,AtIheh,At) + <9KVULL,]At Jr(l — G)Iivu%’ ”,V(ehymffheh’m))
tn—l

- (9 Or 41— 0) T = ey pr — Ihehym)} dt
+ /t:n]l] 0 (KV (uh’At N uEL”]At) vV@h,At)dtJr /t;["]l] (1-10) ("@V (Uh,At — ugz_l]) ,Veh,At)dt

t["] t["]

- / L TS e )t - / | ](HTf 0T {1 —(1 = ) TIr 11, e o .
tln—1 tln—1

Now we define ¢ = g ¢[" (1 — #) t[»~1) and we note that

t —tl 1
una =y = T — 1] (“Ln]m —uj! ]) : (16)

n—1 t— t[n_l] n n—1
uns =l = T 1] 'y — )y, ]> : (17)

) 1] L O I e
9(Uh7N*Uh7At> +(1*9) (Uh’At*U}LAt ) = W (uh,Atfuh,At ) . (18)
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h,AL

After integration by parts of the term (GHV u[n] +(1-6)rV ult ! V (en,at —I;le;lAt)) we apply Cauchy-
Schwarz’s inequality, Poincaré-Friedrichs’ mequahty and the inequalities of Lemma 3.4 getting

¢l
_ 1
B 3 / | —— L VR en e[|y ot
¢l TreTn=tm] r* 0,7 T
t[”]
o X W el I Mo
t E*GS n— 1 n] / [n 0.5

4ln] 416.1]

*/WUWHIV(@?] —t ) | VR et

¢l ¢lnl
+/[ |]|f—HTf|\K771H\/EVeh,AtHOdt—i—/ Hrf 0T 1" —(1 = 0) 11 fn 1 | VAV enn [t
tln—1 K, =

tln—1]

Applying Young’s inequality with a suitable choice of constants, we conclude that there exists a constant C ["]

—1]
such that

) 2 2 1] 2
bty = o+ [ VRV e[t < a3 - a0 |
t[nfl] 0
9 2
z _ 2 1 1
FORLy AT 3T m T = R 3T R e ]
TreT"hm 0.1 Ereg)q ol 0,E*

DI e Clevtie ] )

T*E'T[nil'n] 0T

] ¢lnl 5
+ /[ =T f Il -yt + / | T —0TLr ) (1 = 0) T1g g1 ldt] (19)
tln—1 t" 1] K,—

and we get the thesis. (I

The result given by Theorem 3.9 is an upper bound of the error measured in the L?(€)-norm at time ¢/ and
in the L2( ¢~ ¢["]; H{(Q) )-norm. To have an upper bound in the same norm for which we can get a lower
bound we also need an upper bound in the L2(¢*~1 ¢ H=1(Q) )-norm for d ey s /Ot

Lemma 3.10. Under the assumptions on the continuous problem (4) and on the discrete formulation (5) for
eachn =1,....N and for each t € (t[”_l],t["]), we have

2

n—1i,n ]‘ n
o Zh[ |

2

dennt [n 1n]
H ot H 1 Z \/ T

K, Teerintn] 5;[1"9 1,n] ngﬂ 0.5+
= Trf o+ H Trf =0T f~(1 = ) Tl f ||

titen

g | VR (W=D [+ IVET ensrlly 20



1000 S. BERRONE

Proof. Let us observe that

(P 0) 4 (67 e V) = (Z0) 4 (6,90 = (7,0

- <a%};&’”) + (k0 (0l +( = ) ) Vo) = (0100 £ (1 = 0) Ty 11, )

t — tlom " n _
o (0 (ulrh =l ") Vo) = (F =T f0) = (I f =010 1 —(1 = 0) T 2~ 0)

Moreover, using (5) with v, = Iv, v € H{(Q2), we have

é)eh,u
—= v
H aeh,At — swp ot '’
ot a1 wvemi) |
1 [7] 1 [7]
< sup (RT*,’U—I}L’U) + sup ——— (JE*,U—I}L’U>
veHl L i T yeH}( L e gglneton] E*
h,Q
1 t —tlon] [n] [n—1]
+ sup — (nV(u —u ) VU) sup (f=Trf,v)
vEHL(Q) HU”,Ht nl —¢ln-1l o o vEHL(Q) HUHKI
+ sup ——— (HTf —0 Iy fI™ —(1-=0)Irf ”_1],1}) + sup ——— (kVepa, V).
vEHL () | v ||n,1 vEHL(Q) [ v H
Applying Holder inequalities and Lemma 3.4 we get
dep.ar 1 2 2
; 1
B R e N SR Gl ELr 2l W S VA
k,—1  veH{(Q) K,1 T*E’Z'h[”flm] 0,T* T*ET}EW,—l,n] T
2
1 _ 1 2
+ sup —— Z hgg* L] — Jgi] Z | VEVY ||, 5
veHE(Q) H v ||;<;,1 (n—1,n] K [n] [—1.n] e
E*Egh,ﬂ ' wE* O,E* E*Egh Q

1 t—tlon . 1
+ sup [n] _ ¢in—1] (”V (“hAt _“% Atl ) ,VU) + sup (f —Irf,v)

vEHL(Q) [| v H vEHL(Q) v k1
1
4+ osup ——— (HTf ~OTp [ (1= 0) Ty 1"V, 0) 4+ sup (kY en.ns, V)
veH3(Q) | v] K1 vEHL(Q) v ||n,1
and then we easily get the thesis. (I

Theorem 3.11. Under the assumptions on the continuous problem (4) and on the discrete formulation (5), for
eachn =1,...,N, we have
[n]

¢ 2 2 1 2 t
[n] (n] 2 [n] 2
/ﬂH] dt <6 l(nR) + (nf") +(9 —9+§) () +/ﬂH] IVEV enn|dt| . (21)

Proof. Applying Young inequality to the square of (20) and integrating in time on the n-th time interval, the
thesis readily follows. (I

Oennt
ot

K,—1
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Corollary 3.12. Under the hypotheses of Theorems 3.9 and 3.11 there exist constants C’[Tn["]1 independent of

any meshsize, timestep, problem-parameter, but depending on the smallest angle of triangulations Th[n} and on
the constant Cy,. such that the following inequality holds true forn=1,... N

Clenal g < 7| urm? a1 | ol 1]((n%”)2+(n[v"])2+(n§"])2)- (22)

Proof. Multiplying by 7 inequality (13) and summing to it (21) we get (22). O

(N

Theorem 3.13. Under the hypotheses of Theorems 3.9 and 3.11 there exists a constant C[TO’][N] = nllax C[Tn[n]l}
n=

independent of any meshsize, timestep, problem-parameter, but depending on the smallest angle of triangulations
’Th[n] and on the constant Cy. such that the following inequality holds true

m 2 N n 2 n 2 n 2
R R e R R o (CORTCD R CO D
n=1

3.3. Lower bound

We prove that the terms 77%1] and n[vn] bound from below the error of the discretized problem with respect

to the exact solution of the continuous variational formulation. We consider separately the contribution of the
equation residual, the inter-element jumps and n[vn I We remark that the lower bound will not be local-in-space

as in the elliptic case; instead, it will be global-in-space, but local-in-time.

3.3.1. Equation residual

Here we show how the residual of the equation can bound the error from below on the time interval
(t["_l],t[”]). For any triangle T 67;1[7171’"], let us define the following functions in

. plnmtal® L plod gl i g e T,
wp e (T) = VET=
0, if @ ¢ T*,
o
T*e,z—lin—l,n]

Lemma 3.14. There exist constants Cr and C}, independent of any meshsize, timestep and problem-parameter
such that

2
a1

[ ) < C ( RIM 07! ) : 24
R~ T 01 — R \/ﬁ T RT e ( )
[n] < ph-re? || L pi 95
HwR,T* ore = T e O,T*7 (25)

[n] L1 ‘ [n] H
vaR,T* 0.7+ < Rh[;*_l’n] RT O,T*' (26)

Proof. These results come exploiting the properties of bubble functions and the finite dimensionality of the
residual function [16]. O
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Proposition 3.15. Under the assumptions on the continuous problem (4) and on the discrete formulation (5),
on each time interval (t[”_l],t["]), Ya > 0, we have

2 1
" a+1 a1\ 2 ¥ a+1
At < CC [2— (Venae o+ (nf) )+ \e

Z h[n 1,n]2 1 Rl
Vv oz V2a+ 1 a+2

Tregn M e

["]] (27)

Proof. In the following we introduce an arbitrary function of time b (t)>0,Vtel ["] . We start by subtracting
) (R[;; ] / VK, w%’]g) the continuous variational formulation (4) with wgg]g / /K as test function and integrating
on the time interval I the result against bl"), then we apply (18). We have

t[”]

1 ¢! 1 Oe
L R ) Bl — / < mae o >b[n]dt
/t[n—l] Z (w/’iT* T RT T [n—1] \/_ ot RQ

T* erf}[”*lw”]

¢n] [0,n] ¢n]
- n] . [n—1] [n] t—t™ [n] RV
(\/EV (Uh uh At ) ’va,Q) /t[n,l] t["] — t[n—l] b dt+ t[n71] (\/Eveh,At; VU}R,Q) b dt

4ln] 4ln]

1o ]\ 7 in] / 1 B Il _(1_ =11\ [\ ]
+/t[n1]<\/ﬁ(f HTf)awR,Q>b dt + o \/E(HTf O1Lr f* —(1 = 0) Uz f )awR,Q brdt.

Now we apply Cauchy-Schwarz’s and Hoélder inequality. Moreover we observe that

(Frovulih) = (o ulih) < lollos | VR (Jzolla) | =Tl [Tl

0

Hence
o 1 o, o] o " ] (1% b2
—— R, why ) pMldt < / / Vwy plnl=dt
/t[n—l] - Z <‘/I£T* T RT T - $In—1] (n—1] RQ 0

e,z—’[nfl,n]
t[n] 9 t[n] 2 )
+—!/ [ VEV en,ar ||yt /ﬁ Vugizobw dt

tln—1] tln—1] ’
tln] tln] 2 )
+ /‘ Hffﬂpﬂﬁ_ﬁt‘/ Vw@QOMMdt

— ’ [n—1] g
2 (n] 1% 2
yHTf 0Ty flr) —(1 — 0) Iy =10 || de Vwpq |l b dt

[n 1] s [n 1) 5 0

¢l [6,n]
n_, [n—1] (] t—t ]
VRV (s %NWﬂV%ﬂhﬂﬂmuﬂlb“

2 ml \? (] 2\ * [7] " [n)2
2 (Wemar b2 g+ (07 ) + (17 et ) VwR,QHO [

a7

‘8ehm

plrlde] .

[n—1] [n]ft[n 1]
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After, inequalities (24)—(26) give

t["]

/ AR
tln—1]

" 2 m \* (] 22 [ (]2
< OnC |2 (Nenso a0k + () ) 0
..

T*€T’£n71 \n]

tln] [6,n] 2
(1] t =t m-1n? |l 1 ol
+ H N (uh ' ) HO /ﬂm] Ty DO — Ryl ()
T*E,Z_IEnfl,n] 0,7
Now, let us choose the function bl as [17]
[n] -t T -
and compute the following integrals to be inserted into the previous inequality:
t[”] t[”] 9,77, t[”] 2
/ Bl — Al / =t gl Zlg - @ L] agte / pim2gp— (D Ay
tln—1] ’ tln—1] t[n] — t[n_l] (6] + 2 ’ tln—1] 206 + ].
From inequality (28) we obtain the following relation
> ki H\/—[]Q A (e a2 gt (1) (L )
hn ") R At <CrCh [2——= ( eh, At I[n]-l-(??fnn ) +(77n )
2 1 ) K, S £,0,Atln]
T*GT,E” 1,n] a+
2
a+l 1] [n—1,n]2 [n]
VA o - Mﬁv(uw—um I RRESCID SR 0
a+2 0 Teerinoin N
from which inequality (27) follows. ]

3.3.2. Inter-element jumps

n—1,n]

Now we consider the edges F* € gh Q
Let us define

and we show how the jumps J ][3] can bound the error from below.

. R | g ) o (), i e
wyp-(r) = K nl

0, 1f:c§ZchEEl.

[n—1,n]

We remark that w% vanishes on the edges of the triangles T € Th o
J, $

[n—l,n]'

inside the triangles 7™ € 7,

Remark 3.16. Thanks to the orthogonality of our system of edge-bubble functions we have
2

Z VwJE* = Z HVU}[,"};

E*eg,"ﬂ 1,n] . E*eg[n 1,n]
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Lemma 3.17. There exist constants Cg and C%, independent of any meshsize, timestep and problem-parameter
such that

2

N .
Y wl! (30)

~ E*? ]E* I
K n]
E* O,E* E*
n 1,n]

plntnl

IN

[n] [n—1,n] [n]
|l | = vk — g (31)
sW g Iiw[n]
E* 0,E*
1 (7]
vl < *7’741”* . 32
H P ozl = Tt [[AE g s (32

Proof. The previous results are derived exploiting the properties of bubble functions and inverse inequalities
for the jump functions. O

Proposition 3.18. Under the assumptions on the continuous problem (4) and on the discrete formulation (5),
on each time interval (t[”*l],t["]) we have

2

_ 1 o+ 1 2
plotrl )~ gl Atlnl < Cg (Chy + CrCY; [27( e .
%: . E ’%w[n] E = E( E R R) \/m ||| h,At "ln,l[]
65; Q E* 0,E*

Rk a+1]
+(n[f])> +}9a+2‘ny]. (33)

Proof. We start by integrating (J ] [ JR ,w[,n};) against the arbitrary bubble function b (t), we introduce
E* ’

the continuous variational formulation (4) and we apply Poincaré-Friedrichs’ inequality obtaining

t["]

1 n n
[, = sl | =
tln—1] [n—1,n] K ) '
Eregy, o Y E*
t[”]
/ Z Z / (aw ully +(1 = 0)r uly ;1) wlih. | ag vl
tin—1] E*eg " 1 ] /R E*
" oe 1 " ] ]
. h,At n [n] / n n [n]
= , WYy . ) b At + Ver ass Vw; . | b'dt
/t[n1]< ot ZA R ) SE > tin—1] hod ZA R [n] SE
E*ES,[:Q - “Ep* E*ES,[:?'Q ! “px
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t[”]
1
2 D SRRy PN

tln—1] E*ES,[JT'S;L”] nwg*]
t["] 1
+/ Mpf—0 f0—(1—0) fr=11, 57 m— S N QKD
tin—1] preefiy Kl
t[”] 1
S D DR D EvE A R
tln—1] B g[n 1,n] Tre o[n ngl o
t[”] [9 n]
t— ), —ufr3) |
Breglighm VWi

Then we apply Cauchy-Schwarz’s inequality to get

t[”] 1
/ S (sl | e

tln—1] K [n]
Eregltg b Wi

t["]
S /
tln—1]

t["]
RIS s G O

[n— K [n]
Egi[Lnsz b Y 0

> Vh Vwlh. || oat

K, —1 (n—1.n] 4/ F ]

’ 8 Ch, At
Egh Q EB* 0

ot

t["]
K
S A T (D SRR S
t

[n—1 % n
B ES;EWQ e le[El 0
4lnl
K
+/ ’HTf OIS (1 — §) Ty fln— 11H 3 \F vl || bl
[n—1] E*ESL”QL"] nwg*]
" 0
(]
L plnl VE ) o
> z\ﬁ, [ e
o oln—1,n] 0 VT 0,7’ K in] tln—1]
E eghﬂ T ew Wpx 0,1

|| vEv (il - ] 2 RGN

K [n]
egi[nszl - “p* 0

" [0,n]
t—t%
[n]
x /WH] g
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Applying Holder’s inequality, inequalities (31), (32), the definition of b[™ given by (29) and orthogonality of the
edge-bubble functions we get

1 " - .
/t[vHJ Z R JJ[E*]’U}.[I,}E* binldt < Cy

a+1 2 (] 2 3
22 L (eI o+ ()
m (||| h, At |||K,I[ ] Ny

2
a+1

+

n[g]} At 3 e L

a+2 "
Ereglty b ol 0.5
. 2
—1.n2 1 _ 1
+ Al Z Z Pt Rl Sooongrt ) ——
. oln— l'n.] 0 ] kv 0,7 ['n. 1,n] R [n]
E 68 T € E* 68 wE* O,E*
Inequality (30) give us the following relation
2 1
_ 1 a+1 2 [n] 2\ 2
ploctell ] At < OpCy |2——— ( enall po + (n")
%ﬁlm] E 2 - E E \/m "l s |||K,I[] f
E*Egh’ﬂ Wi 0,E*
atll o plntm® ’
1,n n
+' - U } +Cp | > hqp H R, At["]
a+2 Trerin=tn] v H

hw

and by (27) we conclude with (33).

3.3.3. Time discretization estimator

Now we show how the norm H VEV (uh AN u&?m}]) H can bound the error from below. Let us define
0

_ 4lo.m]
m _ _t—t [n] [n—1]
Wve T -1 ( hoat — Yn,a )

Proposition 3.19. Under the assumptions on the continuous problem (4) and on the discrete formulation (5)
on each time interval (t[”_l],t["]) the following inequality

n moinlll 1
ne <2v3Clp (At ST pprth

1
egi[Lnsz - B* 0,E*

2\ 2
a3 (Hena o+ (7)) (34)

1=

+2\/§CZR Atln] Z [n 1,n)2 H T*
T* [n—1,n]
e,z—h/

holds true.
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Proof. In the proof we use the following relations
o w1\ o, [
n— n

/unfu g (7Y (i — i), vkl Jar

b=t e
] _ ¢n—1] (“h AT Uhoae )

(92 — 0+ %) At

= upn—0 ULZ]At —(1-19) UE?Atl]v

t[] ﬂﬂ
/ (V- (evu),ull)at = - / (rVu, vl )at.
tln—1] tln—1] ’

From the first of the previous relations we get

1
02 — 0+ = | At
(#-0+3)

2 ¢l tl0.n] B
Vi (o) = [ e (o9 (s -, v ukh)a

0 [n—1]
[n]
[ e X (o (59 (b)) (u8h),
S (0 (e () k),
v Trerft
[n] [n]
[y X OEap(k)a- [ X (R, e
E*ESh o T+€T,
+/t["] <aeh’m ["] >dt/t[n] (KV@hAt v ) )dt
tn—1] ot $n—1] = V.0

ﬂﬂ

ﬂﬂ
+/ (f*HTf,w[vn,]Q)dtJr/ (HTf *GHTf["]—(l— )HTf[n 1 [n] )
tln—1] Hln—1]

Now we observe that the discrete equation (5) can be written as

Z (R[jﬂ,vh)p + Z (J["*],v["] (vh)) =0

T pecellg

[7]

then we insert this equation with the test function vy, = Ih(wV’Q) € V%n} in the previous one, obtaining

1
02 — 0+ = | Al
(#-0+3)

n nl n
VeV (ufly — ) | / z | 72

|5 -k, .

n—1,n] OE OE*
ghﬂ
ﬂﬂ tm] ae
+/ > | & w1 () H dt+/ ’ At VEVWll, | a
Hin—1] = 0,T* ' ’ 0,T* £ln—1] ot " **llo
s
HM th]
+/[ ]||\/Eveh,m||OH¢EVwQ}QH dt+/ 1 =T f o || VRV wlfly || at
tln—1 [n—1

4lnl

o,
[n—1]

| T f =0T 1 —(1 = 0) Tip

K,—l‘

VEV (“hAt*“EznAtl]) H

\/EVw[Vn’]Q } Odt.

1007

2

)
0
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Now we apply quasi-interpolation inequalities (11), (12) and Holder inequality to get

2
n n—1 2 n—1,n 1 n
VRV () [ < |ete [ a3 e g

[n—1,n]
E*egh,sz Y

1
02 — 0+ = | At
(#-0+3)

0,E*

) ] 2 3
+2(lens o+ (1))

1 2

—— Rl

2|
RN pln—tn]
+Clg Z T \/W

T*e,z—lin—l,n]

0

t[n] 2
n
X / ’ N Vw[v}g H dt
tln—1] [—1,n] 0,7*
TreTnbn

from which we derive (34) observing that V6 € R, 6% — 6+ % > % O

3.3.4. Final lower bounds
Now we want to collect the results of Propositions 3.15, 3.18 and 3.19 to get a lower bound for the error

2
\/ Il en,a |||i 1+ (n[fn]) in term of n[vn]. Then we use this result to derive a lower bound for the same quantity

with respect to 77%1].

Theorem 3.20. Under the assumptions on the continuous problem (4) and on the discrete formulation (5),
[n]

[n—1
problem-parameter, but depending on the quality of the mesh Th[n} and on Cy,. such that

on each time interval (t[”*l],t[”]) there exists a constant ¢ ] independent of any meshsize, timestep and

2\ 2
<y (Henal o+ (7)) (35)

Proof. We use (27), (33) and (34) to get

n * * * o + 1 2 n g %
n < 2V3 |[CleCr (Ch + CrCE) + ClrCrCH) 2t 2] <||| enat Iy i + (ng ]> )
Ll

+Q¢QC@CE&%+(h@9+ChCM¥)9*312 v

We define C = 2v/3max {ClgCg (C% + CrC}) + ClrCrCH, 1} and we play with the parameter o to get

11
CPQ+‘< . (36)

a+2] 72

By simple algebraic manipulations it is straightforward to see that exist values of @ > 0 satisfying (36).
Being (36) satisfied we conclude that

1

] < a+l 2 %)
0 < 4o 2| (Hensl o+ (7)) 37)
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(7]

Now we collect the previous results to get a lower bound for the error in term of the residual njy".

Theorem 3.21. Under the assumptions on the continuous problem (4) and on the discrete formulation (5),

on each time interval (t[”_l],t[”]) there exists a constant c{ L ] independent of any meshsize, timestep and

problem-parameter, but depending on the quality of the mesh Th and on Cy. such that

2\ 2
[n] < C{Z] . <||| €h, At |||i,1w + (ngc”]) > _ (38)

Proof. If # = 1/2, & = 0 and the thesis comes immediately from (27) and (33), else we consider the square of
inequalities (27), (33) and (37), Young’s inequality to get

[n—1,n]2 2 *\2 (a+1)2 2 [n] 2 1 [n] 2
Z hip. At < 2c} (CR) {42067“ llen,aell, rim + (77f ) ti02 (nv) ;

T*eT w 1,n] 0,7+

e

2

2 2
[n—1,n] 1 [n] [n] < 2 * *\2 (Oé + 1) 2 [n] 1 [n]
Z{; 1hn] . Jg- || At < 2CE(CE + CrCR) 472a+1 Il en,ae |||H,1[n] + (77f ) + 102 (77 ) J
E*eé’ wE* O,E*

2
A _atl 2 (] 2
(nv ) <16 (C " 2V3 ) (lena Iy i + (nf ) ,

We define D? = 2C% (Cg)* + 20% (C + CrC3)* and we get

2 2
m)? < 4pe [ (@t 1) a+l  2V3 ) ) 2
(i) a0 | G+ (e o) | (henar i+ (7))

We finally state the lower bound collecting Theorems 3.20 and 3.21.

Theorem 3.22. Under the assumptions on the continuous problem (4) and on the discrete formulation (5),
there exists a constant C’} []n 1] independent of any meshsize, timestep, problem-parameter, but depending on

the parameter 0, on the smallest angle of the triangulation ’Z;L["] and on Cy. such that the following inequalities
hold true

()" ()" < ol (Renas 2+ (7)) (39)

> <(n£;”)2 + (n[v"])Q) < (m enau s o + (n;”]f) . m=1..N, (40)
n=1

n=1

where C [ ] = MaXp=1,..N Cm}n_l]-

)
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0.6~

=10 K=1

k=100 k=10

FIGURE 4. Test Problem 1: solution,
FIGURE 3. Test Problem 1: domain. t=0.

4. NUMERICAL RESULTS ON UNIFORM GRIDS AND CONSTANT TIMESTEP-LENGTH

In this section we want to compare the true error and the error estimator in the norms we have defined in
the previous sections for some test problem in order to get some indication about the values of the constants
and the sharpness of the estimates with respect to the meshsize and the timestep-length. For this reason we
consider different uniform meshes and different constant timestep-lengths. We consider some challenging test
problem that are designed to be good test problems for an adaptive algorithm, so their solutions are obtained by
the sum of different functions each one describing a structure evolving with a different velocity. These solutions
display sharp internal layers that make the solution hard to describe on uniform grids. One of our target is to
see how we can detect each one of the possible errors (poor time discretization or poor mesh) by the values of
the different components of the error estimator. The domains of the test problems we consider are shown in
Figures 3 and 13 and a frame of their solutions in Figures 4 and 14, respectively. All the || v Hm_l—norms are
approximated by the || 7|, ;-norms of the solution of the problem V - (x Vr) = v with homogeneous Dirichlet

[n]
boundary conditions. The norms ftt[n,l] | v Hi _,dt are then computed by a Gaussian quadrature formula with
three nodes in time.

4.1. Test case 1

The problem (1)—(3) is solved in the domain Q = (—1,1) x (—1,1) and in the time interval (0,Z) = (0,0.5)
with £ = 1 in (0,1) x (0,1), with & = 10 in (=1,0) x (0,1) and in (0,1) x (—1,0), and with £ = 100 in
(—=1,0) x (—1,0) (Fig. 3). The initial condition u% (x, y) and the forcing function f(z,y,t) are defined such that
the solution is

U(z,y,t,1), ifx>0,y>0,
Uz +1,y,t,10), ifz<0,y>0,
u(z,y,t) = S U(z + 1,y + 1,¢,100), ifx <0,y <0,
U(z,y +1,t,10), ife>0,y<0,

=)

, ifr=0o0ry=0,
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Upper bound: true error against estimed error
0.25 ; : .

o (utelMy?

—— (u.e.elM?

0.2 1

0.15%

0.1¢

% 0.1 0.2 0.3 0.4 0.5
FIGURE 5. Test Problem 1: Compar-
ison between the true error and the
estimated error of the upper bound.
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FIGURE 7. Test Problem 1: Data ap-
proximation errors.
where

e

(1 o B ((=3) "+ (w

Lower bound: true error against estimed error
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FIGURE 6. Test Problem 1: Compar-
ison between the true error and the
estimated error of the lower bound.

Effectivity indices

FiGure 8. Test Problem 1: Upper
and lower effectivity indices.

oK) =50022 (1 —2)°y? (1 —y)°
,e(RS—R4 ﬁt)((E,%,% cos(27r(1+sin(27r\/ﬁt)))) +(y7%7% sin(27r (1+sin(27r\/ﬁt))))2)4

)2)z<1—x>y(1—y>> 1 ,

1+ (14 /st)

This solution is made by four Gaussian peaks running and smearing with different velocities; the velocity of each
peak is proportional to the value of & in the corresponding portion of the domain (Fig. 4). The parameters R; are:
R3 =18, R, =1, Rs =100. In Figures 5-8 we plot some results concerning a constant uniform discretization
with a number of nodes N,,pqc = 2113 and N = 3200 uniform timesteps. In Figure 5 we compare the behaviour
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TABLE 1. Test Problem 1: N,,,q. = 2113, N = 3200.

A N N B R
0 1.39E-04 0.00 0.00 0.00 0.00 0.00 0.00
1 3.73E-03 1.50E-03 | 2.73E-04 | 6.85E-03 4.48E-02 | 2.66E-02 | 7.09E-02
800 1.59E-02 1.24E-03 | 1.96E-04 1.08E-05 1.81E-02 | 1.37E-05 | 2.62E-02

1600 2.88E-03 8.90E-05 | 1.05E-04 | 2.15E-04 1.77E-03 | 5.28E-05 | 9.49E-03

2400 1.33E-03 5.87E-05 | 8.90E-05 1.26E-06 6.12E-04 | 2.26E-06 | 6.97E-03

3200 1.00E-03 6.28E-05 | 6.25E-05 1.69E-05 1.80E-04 | 1.58E-05 | 4.53E-03

TABLE 2. Test Problem 1: Njoq. = 2113, N = 3200.

(e-i-)maac (e-i-)7rLi7L (e-i-)mean (e-i-)rms

upper | 2.9447 1.0443 1.3576 | 1.7263E-1
lower | 4.9689 1.1380 2.7774 | 6.8730E-1

2

2
of the true error for which we derive an upper bound (u.t.e.[”])Q = 7H u[:]At —ulm] er egln]& and the
: 0 ,

K, Il
. [n]) 2 =1 =] [P )\ o (e o ()
upper error estimator (u.e.e. ) = 7H Up pp — Ul H+<nR )+<77v )+(77 ) We can observe a perfect
' 0
agreement between the true error and the error estimator. In Figure 6 we compare the behaviour of the true

||

2
€ At ] + (n[n}) and the lower error estimator

2
error for which we derive the lower bound (l.t.e.[”]> =

K, I[N

2 2 2
(l .e.e.["]) = (77%1}> + (n[vn}> , again the agreement is good. In Figure 7 we plot the two data approximation

errors and in Figure 8 we plot, for each timestep, the effectivity indices u.e.i.["l = u.e.e.["] /u.t.e.["] and l.e.il" =
Le.e™ /1t We remark that the values of this effectivity indices are not far from one.

In Table 1, we report some values of the terms of the local-in-time global-in-space true error and error
estimator at ¢ = 0, at the end of the first time-step and at the times ¢t = 0.125,0.25,0.375, 0.5 for N, oqe = 2113

2 [n] NONNIE N2 [n]
and N = 3200 timesteps. We define (g[rf]_l> = ft 9 dt and (EL%) = ft
K,—1

K t[nfl]

h, At
ot tln—1]

‘ . H2 de
Ch A .
K,1

In Table 2, we report the maximal and minimal values of the effectivity indices for the upper and the lower
estimate. In these table we report also the mean values and the root mean square of these values. In Table 3,
we report some values of the terms of the global-in-time and global-in-space true error and error estimator at
the times ¢ = 0.125,0.25,0.375,0.5. In Figures 9 and 10 we plot the quantities 772v and n?,a,m[n] with respect to
the number of timesteps N for two different constant uniform grids. We can clearly see that these quantities
are strongly dependent on the timestep-length. In Figures 11 and 12 we plot the quantities n}% and 77]2‘,HT with
respect to the number of timesteps N for the same grids. We can clearly see that these quantities are essentially
independent of the timestep-length, but they are dependent on the mesh-size. These behaviours justify the
Remarks 3.7 and 3.8.
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TABLE 3. Test Problem 1: N,,,q. = 2113, N = 3200.
—
% ™ % N/'\ ~ ~
T — 3 B o =
B g T N SRR S RN
W = = & =
N— N— N—
w | ST | <LAT | ST (LT | <L | A
800 | 5.40E-01 | 1.74E-01 | 5.09E-01 | 5.60 | 6.44E-01 | 2.95E+01
1600 | 7.19E-01 | 2.83E-01 | 6.22E-01 | 7.26 | 7.40E-01 | 4.11E401
2400 | 8.03E-01 | 3.62E-01 | 6.51E-01 | 7.90 | 7.72E-01 | 4.78E+01
3200 | 8.68E-01 | 4.26E-01 | 6.59E-01 | 8.34 | 7.84E-01 | 5.22E+01
ng Mioat
10° \ 1 10° :
—— Nnode=21 13 —— Nnode=21 13
N, ,=33025
195 500 1000 1500 2000 2500 3000 3500 1% 500 1000 1500 y 2000 2500 3000 3500
FIGURE 9. Test Problem 1: 7 for FIGURE 10. Test Problem 1: 771209 Ar
different timesteps. for different timesteps.
4.2. Test case 2
The problem (1)—(3) is solved in the domain Q = (—1,1) x (0,1) and in the time interval (0,Z) = (0, 1) with
k= 11n (0,1) x (0,1) and with £ = 100 in (—1,0) x (0,1) (Fig. 13). The initial condition u! ( ,Y) nd the

forcing function f(z,y,t) are defined such that the solution is

’U,(.f,y,t) _ {Lﬂ(z,y,t),

u2(1'a yat)a

ifz>0,y>0,
if 2 <0,y >0,
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FIGURE 11. Test Problem 1: n% for
different timesteps.
Q, Q,
k=100 =1
FI1GUrE 13. Test Problem 2: domain.
with

wy (2, u, 1) =50022 (1 — 2)%y? (1 — y) e
1 — o Bi((z=4)+(v=3)") z0-2) (1)

1+1In(1+ wt)

and

us(z,y,t) = <<% — sin (27t)

2

P _eR‘gfh‘,t((l,_l__

S. BERRONE

2
nf,l’l
1 T
10 | l ,
g
10°
107'F
—N_ =213
o N, ,,=33025
G ©
10°

0 500 1000 1500 2000 2500 3000 3500
N

FIGURE 12. Test Problem 1: 77)2c7HT
for different timesteps.
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FIGURE 14. Test Problem 2: solu-
tion, t = 0.74.

cos(2m(1-+sin(2mrt))) )"+ (y— 4 — § sin(2m (1+sin(2mr1))))?) ‘

,% — sin (27rt)> z? + % + sin (27”5)> y(1=y)

1

z? + % +sin(27rt)) y(l—vy).

2
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Upper bound: true error against estimed error x 1072 Lower bound: true error against estimed error
05 ; ; : : 15 ; ; : ‘
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— (u.e.elM? —— (Le.elM)?
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FiGURE 15. Test Problem 2: Com- FIGURE 16. Test Problem 2: Com-
parison between the true error and the parison between the true error and the
estimated error of the upper bound. estimated error of the lower bound.
(“£nr11 2, (npgm[nl)z Effectivity indices
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FiGure 17. Test Problem 2: Data FIGURE 18. Test Problem 2: Upper
approximation errors. and lower effectivity indices.

The normal derivatives du/0x of this function on the edge z =0, 0 < y < 1 are discontinuous with continuous
Kk Ou/dx. Moreover the function w in z > 0, y > 0 includes a Gaussian peak moving at a velocity proportional
to x (Fig. 14). The parameters R; are: R; =1, Rp =100, Rg = 18, R, = 100, R5 = 10.

In Figures 15-18 we plot some results concerning a uniform discretization with a number of nodes Nypqe =
2145 and N = 3200 uniform timesteps. In Figure 15 we compare the behaviour of the error for which we derive
an upper bound and the upper error estimator. We can observe a perfect agreement between the error and the
error estimator. In Figure 16 we compare the behaviour of the error for which we derive the lower bound and
the lower error estimator, again the agreement is good. In Figure 17 we plot the two data approximation errors
and in Figure 18 we plot the effectivity index for each timestep for the upper and lower error estimate. Again
the values of this effectivity indices are close to one.
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TABLE 4. Test Problem 2: N,,,q. = 2145, N = 3200.

A N N B R
0 1.55E-05 0.00 0.00 0.00 0.00 0.00 0.00
1 6.08E-05 1.71E-04 | 6.40E-05 4.14E-07 1.69E-04 | 4.64E-05 | 1.41E-03
800 5.52E-02 4.50E-06 | 3.47E-04 | 1.87E-11 5.69E-05 | 6.26E-10 | 7.12E-04

1600 3.04E-02 9.60E-06 | 2.36E-04 | 1.72E-07 7.94E-06 | 1.61E-07 | 3.97E-04

2400 1.96E-02 3.80E-07 | 1.78E-04 6.24E-12 5.21E-06 | 1.20E-10 | 5.62E-04

3200 2.97E-02 1.06E-05 | 2.13E-04 6.37E-08 1.07E-05 | 1.12E-07 | 2.72E-04

TABLE 5. Test Problem 2: Njoq. = 2145, N = 3200.

(e-i-)maac (e-i-)7rLi7L (e-i-)mean (e-i-)rms

upper | 1.6196 0.9956 1.0010 1.3114E-2
lower | 1.8976 0.9685 1.3756 1.7288E-1

TABLE 6. Test Problem 2: N4, = 2145, N = 3200.

N
~~

™ = a
/N [a\] e N ~ ~

— —~ {1 & o A~
— \h —_—t < —B — —
£ ¢ £ ¢ £ RIS > S

%) < < < <

\LL_)/ N— N— N— N— N—
w | ST | LT | ST | T | ST | e
800 | 2.80E-02 | 2.30E-01 | 1.94E-04 | 2.30E-02 | 2.84E-04 | 5.92E-01
1600 | 3.23E-02 | 4.79E-01 | 2.79E-04 | 3.62E-02 | 4.03E-04 1.02

2400 | 3.57E-02 | 6.40E-01 | 3.49E-04 | 4.38E-02 | 4.98E-04 1.37
3200 | 3.84E-02 | 7.93E-01 | 3.93E-04 | 4.89E-02 | 5.62E-04 1.67

In Table 4, we report some values of the terms of the local-in-time true error and error estimator at the time
t = 0, at the end of the first time-step and at the times ¢ = 0.25,0.5,0.75, 1, for Nyqe = 2145 and N = 3200.
In Table 5, we report the maximal and minimal values of the effectivity indices for the upper and the lower
estimate with their mean values and the root mean square. In Table 6, we report some values of the terms of
the global-in-time true error and error estimator at the times ¢ = 0.25,0.5,0.75, 1.

In Figures 19 and 20 we plot the quantities 72 and n?’ 0. AtIn] with respect to the number of timesteps N for
two different grids. In Figures 21 and 22 we plot the quantities 77}23 and 77]2”,HT with respect to the number of
timesteps N for the same grids. Again, these behaviours agree with Remarks 3.7 and 3.8.

5. CONCLUSIONS

From our numerical experiments we conclude that both the upper and the lower bounds are sharp and
robust. Moreover, for the test problems here proposed, hard to solve with a uniform grid and with a constant
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FIGURE 19. Test Problem 2: 72 for F1GURE 20. Test Problem 2: 77]209 Atln]
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FIGURE 21. Test Problem 2: n% for FIGURE 22. Test Problem 2: n7 .
different timesteps. for different timesteps.

timestep-length, the components of the error estimator n[vn] and ngg] are good estimators respectively for the
quality of the time-discretization and the space-discretization. Comparing these quantities for the same test

2 2
problem on the same grid for different timesteps we find a stronger reduction of (77[9 ]) and >, (77[9 ]) with
2 2
respect to the changes of (ngg]) and Y ", (77@) and comparing the results obtained with the same number
2 2
of timesteps on different grids we find a stronger reduction of (ng}) and ZTZI (UEQ]) with respect to the

2 2
changes of (77@) and ", (77[9]) . These remarks justify the idea to use n[vn] to adapt the timestep-length

and n%l] to adapt the grid in each time-slab in an adaptive algorithm.
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FIGURE 23. Test Problem 2: number
of dofs for each timestep, TOLgq = 0.4, EIGURE 24. Test Probl.em 2:
TOLn = 0.2 timestep-length for each timestep,

TOLq = 0.4, TOL () = 0.2.

Moreover, the behaviour showed in Figures 10, 12, 20 and 22 confirm the splitting of the data-approximation
errors suggested in Remark 3.8.

Acknowledgements. The author thanks Professor Pedro Morin for his useful comments about a previous version of this
manuscript and the anonymous Referees for several helpful comments and suggestions.

APPENDIX

A simple adaptive algorithm

In this section we present a simple possible use of the estimates presented in the previous sections to adapt
the grid and the timestep-length for each timestep. The presented estimates can be applied in many different
adaptive algorithms, possibly more complex and efficient than the one presented here. Our approach is based
on equidistribution and on the splitting between space and time error estimators and data-approximation errors
described in Remarks 3.7 and 3.8. First, let us define the following space error estimator on the triangles

T e Th[n] :
2 2
(TIEQ,]T) = Z (UEQ,]T* )

{reerirtMirecry

and let us denote by Np the number of elements in ’Z;L["]. We choose a space tolerance TOLg and a time
tolerance TOL;n for each timestep.

We mark for refining or coarsening each triangle TETh["] according the following rules:

o if

(1+ a)? TOLZ 5
N—TQ I unacll pm <

( ] )2 N (”EZ}]HT)Q

nR,T NT

mark for refinement,
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of dofs for each timestep, TOLgn = 0.2, timestep-length for each timestep,
TOLm =0.2. TOLg = 0.2, TOL i = 0.2.
e eclse if

2 \2  (1—a)®>TOLY )
(ng:i,]T) < N, I, o |||,§,I[n]
T

mark for coarsening.

We enlarge or shorten the timestep-length according to the following rules:

o if
2 2 2 2
(14 ) TOL3uy Nunse I o < (W) + (97 )
Atlnl
then Atl" .= ,
p
e clse if )
(U[vn]) < (1= 0a)* TOL 1 [l un, |||i,1w
Al
then Atl" .= ,

p
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(W[vn}f + (Wﬂfféwn])Q )

2 )
TOL?[%] (K79 |||H,Iw

where

p = min

We repeat the same timestep performing the mesh changes required by the previous marking strategy if

2 2 2
(1+ a)® TOL || up |||i,1["1 < (77%]) + (n;"]rIT) or if (77?) < (1—a)®TOLE || up, |||i,1["1 at most ten times

2 2
un e I por < (057) "+ (07 ae)
If none of the previous situations occurs, we keep the same mesh and we possibly enlarge the timestep-length
for the next timestep. Leaving the last mesh of the previous timestep unchanged we never need to project the
solution at the end of the previous timestep on a different mesh for the current timestep so we never have any
transmission error to consider.

for each timestep. Moreover, we repeat the timestep also if (1 + a)2 TOL?M

Numerical experiments with the adaptive algorithm

In this subsection we present some numerical results obtained by a simplified version of our adaptive algorithm
applied to the test case 2. In Figures 23 and 24 we report the final number of degrees of freedom and the timestep-
length accepted for each timestep for the following choices of the tolerances: TOLg = 0.4, TOL;m = 0.2,
a = 0.5. In these computations we neglect the contribution of the data-approximation errors considering only
the space error estimator 77%_1] and the data error estimator n[vn]. This implementation is based on the library
LibMesh [11], in these computations we allow the presence of hanging nodes and we do not coarsen the elements
of the starting mesh, that is a uniform mesh with 1073 nodes. We point out that, due to the implementation of
LibMesh, not all the elements marked for coarsening are actually coarsened, since some additional conditions
have to be satisfied to have LibMesh coarsening such elements [11]. In Figure 25 we report the mesh obtained
at time t = 0.1. In Figures 26 and 27 we report the same quantities of Figures 23 and 24 for the choices
TOLq = 0.2, TOL;m = 0.2, « = 0.5.

From Figures 23 and 26 we see that the adaptive algorithm recognize that the two big structures in the two
subdomains are vanishing at times ¢t = 0, ¢ = 0.5 and ¢t = 1.0. This means that the number of degrees of freedom
required by the solution is only related to the small Gaussian peak moving in the second subdomain. On the
other hand, the timestep-lengths plotted in Figures 24 and 27 reflect the fact that the Gaussian peak in the
second subdomain is moving with a varying velocity and stops at times ¢t = 0.25 and ¢ = 0.75, allowing the use
of larger timestep-lengths.
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