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Generalized Mixed-Mode S-Parameters

Andrea Ferrero, Member, IEEE, and Marco Pirola, Member, IEEE

Abstract—This paper presents an innovative approach to ex-
tend the S-parameter definition to multiport networks having
conventional single-ended and differential ports, as is the case
for operational amplifiers, transformers and baluns. To give
maximum generality to this technique, for example, allowing for
complex S-parameter reference impedances, the mathematical
derivation will be carried out with the most general definition of
the S-parameters. The presented approach gives the same results
already published for circuits with differential ports only when
the required simplifications are applied.

Index Terms—Differential S-parameters, microwave measure-
ments, mixed-mode S-parameters, multiport S-parameters.

1. INTRODUCTION

HE NEED of accurate experimental characterization of RF

multiport differential circuits is dramatically increasing in
today’s communication market. Recent improvements in both
device performances and system design techniques allow for the
implementation of differential circuits and systems up to RF and
microwave frequencies. In 1995, Bockelman and Einsenstadt
[1] introduced so-called mixed-mode S-parameters to extend
the classical single-ended power wave theory [2] to the differen-
tial case. Since then, the characterization through mixed-mode
S-parameters has become rather common, either using tradi-
tional multiport vector network analyzers (VNAs) rather then
dedicated mixed-mode ones [3], [4].

The theory shown in [1], however very innovative, can only
be applied to circuits whose ports are all to be considered as
common differential. Therefore, it cannot be extended to hy-
brid networks having some port naturally to be seen as single
ended, and others more effectively to be considered as cou-
pled. A simple, but relevant example, is the operational ampli-
fier, where the single-ended output voltage is normally seen as
a combination of the differential and common mode input volt-
ages through the corresponding gains.

This paper generalizes the theory presented in [1] for a gen-
eral n-port network sketched in Fig. 1, having an even number
p of ports coupled in a common-differential way, while the re-
maining (n — p) are left single ended. The relationship between
the traditional single-ended n-port S-parameters, and the gener-
alized mixed-mode ones presented here will be derived. It will
also be shown that the formulation presented in [1] can be seen
as a reduced case of the new one. The new formulation adopts
the pseudowave definition introduced in [5], rather than the one
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Fig. 1. n-port network with p-ports where differential parameters are defined

and the remaining single ended.

used by Bockelman and Einsenstadt [1], therefore, enabling it to
be used with complex reference port impedances. This issue is
rather common at high frequency, and implicitly assumed each
time a VNA thru-reflect line (TRL) calibration is adopted on
dispersive media [6].

This paper is organized as follows. In Section II, the gener-
alized mixed-mode n-port network is introduced, and the defi-
nition of coupled port S-parameters is assigned. In Section III,
starting from the traditional siglgle-ended n-port S matrix, the

new generalized mixed-mode S representation is defined, while
in Section IV, an application example, proving the effectiveness
of the new description, is given. Some conclusions are drawn in
Section V.

II. n-PORT MIXED-MODE CIRCUIT

Let us consider the general n-port network shown in Fig. 1,
and define the single-ended voltage and current state vector for
the generic port j as

ry=(V; )" M

where the symbol 7" indicates the transpose operator.

The overall number of n-ports is split in two different sets:
the mixed-mode port set (left-hand side of the network box in
Fig. 1) composed by the even number of p-ports requiring the
differential and common mode description, and the one given
by the remaining single-ended (n — p) ports (right-hand side of
the network box in Fig. 1). On the generic port pair j, k of the
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mixed-mode port set, we define the differential and common
mode voltages and currents according to [1]

VdjkE‘/}—Vk
I, — T
IdjkE(J2 k)
V.+V,
‘/c]k:E( J—; k)
I =1; + I, 2)

and the corresponding mixed-mode voltage and current state
vector

?‘jkE (Vajr Lajk Vejr Lejr)™. (3)

The expressions in (2) can be written in matrix notation as

rir=Trj 4)
1 0 -1 0
P L

T=|, 2 ; 2 3)
~ 0 - 0
2 2
0 1 0 1

and the vector r, is defined stacking up the single-ended state
vectors of port j, k, r;, and ry, respectively,

Choosing the n-port reference impedances possibly complex
(however, with positive real parts), we can define the forward
and reverse pseudowaves at port j according to [5]!

V, - I,Z;
bj = Oz\/Rj]2|TjJ|J (7)

where Z; is the reference impedance at port j, I2; is its real part,
and « is a free parameter whose only constrain is to have unitary
modulus, from now on assumed to be 1. The port state vector in
term of waves w; can be defined using (1) as follows:

w; = <Z]> = Mjr; ®)

J

where

M;

‘/RT'(I Zf'). ©)

S 2z \1 —Z%;

Considering the port pair j and k£ of the mixed-mode port set,
and introducing the reference impedances for the common and

I'This is not only the most general definition of waves, but also the only con-
sistent definition with the measurement provided by network analyzers, as ex-
plained in detail in [5]. In the Appendix, the alternative power wave definition
[2], [5] will be assumed, and the modifications occurring in this formulation will
be shown.
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mode differential Zg;;, and Z_;y, respectively, the mixed-mode
pseudowaves are defined as

Vair + IainZair
adjkE\/m djk t Lajk4djk

2| Zajkl
Vair — LojnZa
bagn = /Ty Lk~ LajeZagi
2| Zajxl
‘/::' Ic' Zc'
Goji = /—chkM
2| Z el
‘/c' - Ic" ZC
acji = \/Rejp—2E ik Zeik (10)
2|Zcjk|

where Rqj1, and R.j;, are the real parts of Zq;, and Zji, re-
spectively. From (10) and (4), the mixed-mode state vector is

Y

o ° o
_ T
Wik= (aqjk bajk Gcjk bejr)” =MjiTjk

where
v Bajr  Zajry/Rajr 0 0
2| Z ;x| 2| Zaj|
v RBajr  —Zajry/Rajr 0 0
_ | 21Zajul 2| Zajil
0 0 VB Zejrn/Rejk
2| Zji| 2|Zji|
0 0 VEBeix  —Zejr/Bejr
2| Zeju| 2| Zcji|

(12)

Defining the overall wave state vector of the jk-port pair as

—
Wik = <W2) (13)
from (6) and (8), we have
M, O
Wik = Mrj, = ( . Mk) i (14)

Finally, from (4), (11), and (14) follows the relationship
linking the classical single-ended, and mixed-mode pseu-
dowave state vectors

o © -1
ij:Mjk TM_]k Wik = Xjijk

5)

where X, is given in (16), shown at the bottom of the following
page.
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Equation (15) is the generalized form of [1, eq. (25)]. In fact,
considering the port pair associated to the physical ports 1 and 2,
adopting a unique real reference impedances R, and assuming
Z12 = R/2, and Zgq12 = 2R, (16) simplifies to

and, therefore,

3a1 4+ by — 3as — by

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 54, NO. 1, JANUARY 2006

ad12 = 1
b _3b1+a1—a2—3b2
10 -1 0 diz = 4
_ 1 0 1 0 -1 _30,1—()1—}—3@2—[)2
X2 = Bl o 1 o0 (17) Uc12 = 1
3by —ay — 3b
0 1 0 1 bory = 1—a1—az+ 2 (20)
4
which, once replaced within (15), gives
To obtain the overall generalized mixed-mode wave state
vector vc\)/, we combine the Vc;’]'k vectors, relative to the
(a1 — as) mixed-mode ports, together with the w; ones relative to
1— a2 .
Gq12 = ———= the single-ended ports
di2 N5 g p
bai2 = (b —b2)
V2
_ (al + a2) o o o o T
Ac12 = T w= (W12W34 “W(p_1)p Wp+1Wpt2 -wn,lwn) . 2D
b1+ b
beiz = % (18)

The original single-ended overall state vector is defined as

which are the same expressions reported in [1]. It is worth noting
that, in this simplified case, the mixed-mode waves aq12 and
b412 are only dependent on their single-ended counterparts; that
is not true in the general case. For example, if a unique normal-
ization resistance is adopted (e.g., Z; = Zj, = Zci2 = Zqi2 =

w = (W1 Wy

C Wp_1 wn)T.

(22)

R), we obtain

3 1 -3 -1
11 3 -1 -3
Xe=7313 _1 3 -1
-1 3 -1 3

From (15), (21), and (22), the relationship between the two
overall states becomes

19)
(23)

|Zi 1/ Rajr(2Z;+ Zajk)

|Zil/Raji(2Z—Zaje) |2kl Raje(2Z+Zajr) | Zk|/Rajk(2Zk = Zajr)

4/ RjlZajk| Z;
|Zi1\/Rajr(2Z;— Zajk)

4/ Rj|Zajkl Z;
1Zil/ Bajk(2Zj+ Zaje) | Zkl\/Bajk(2Zk—Zajr) | Zkl\/Raji(22k+Zajk)

4\/Rk|Zdjk|Zk 4\/Rk|Zdjk|Zk

4/ RilZajr|Z;
|Zil/ Beji(Zj+2Zcjk)

4/ Rj| Zaji| Z;
|Zil\/ Beji(Zj—2Zcjk)

44/ Rk|Zdjk|Zk
| Zk|\/Reji(Zr+2Z 1)

44/ Rk|Zdjk|Zk
| Zk|\/Reji(Zr—2Z 1)

AR\ Zejn|Z;
| Zj|/ Reju(Zj =22

AR\ Zeji|Z;
| Zi\/ Reju(Zj+2Zc1)

4\/Rk|chk|Zk
| Zk|\/Reji(Zr —2Zc1)

4\/Rk|chk|Zk
| Zk|\/Reji(Zr+2Zc1)

AR\ ZejilZ;

AR\ Zeji|Z;

4\/Rk|chk|Zk 4\/Rk|chk|Zk

(16)



FERRERO AND PIROLA: GENERALIZED MIXED-MODE S-PARAMETERS

where Z is the 2n x 2n matrix

X2 O - . 0
0 Xi - - . 0
== . . . . . (24)
X(p-1)p
. 1

while 1 is the 2(n — p) x 2(n — p) identity matrix relative
to the single-ended ports. The description given by (23) is far
more general than the traditional one based only on differential
mode parameters; in fact, it can be extended to networks with
differential and single-ended ports. Besides, as will be shown in
Section III, it brings the relationship between the single-ended
and generalized mixed-mode S-parameters to a general form.

III. GENERALIZED MIXED-MODE S MATRIX

o
By introducing the aand b generalized mixed-mode wave
vectors, which combine the p mixed-mode port set and the re-

maining (n — p) single-ended ports
aq12 bai2
aq34 baz4
ad(p—l)p bd(p—l)p
Ac12 bc12
o Q34 ° beaa
a= . = . (25)
Qe(p—1)p be(p—1)p
(p+1 bp+1
Ap—1 bn—l
n bn

o

we can define the generalized mixed-mode scattering matrix S
such as

b=S4 . (26)

The aim here is to find the relationship between the generalized
[e]

mixed-mode scattering matrix S and the conventional single-
ended one S that links the forward a and reverse b vector waves.
To achieve our goal, the vector w defined in (21) must be prop-
erly reordered with a set of matrices having all null elements
apart a single “1” for each row as follows:

Pau,Pea, Pap, Pep : size p X 2n
Paa(l,41 - 3) =1, l=1,...,p; 0elsewhere
ca(l,4l—1) = I=1,...,p; 0elsewhere
an(l,4l —2) = [=1,...,p; 0elsewhere
1, l =1,...,p; 0 elsewhere.

o, Pyt size (n — 2p) x 2n
W(LAp+20—1) =1,
Py(l,4p+2) =1,

P
P
P (l,41) =
P
P

0 elsewhere
27

l=1,...,p;

l=1,...,p; 0 elsewhere.
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By collecting them into a 2n X 2n permutation matrix P, we
find

Pda
Pca
s _fa\ | Po|o 4o
W:<}3>_ P, w=Pw (28)
Pcb
Py

In a similar way, we also introduce other two n X 2n matrices
Qa<la2l - 1) =1,
Qu(l,20) =1,

and combine them into another permutation matrix Q to reorder
the whole single-ended wave state and obtain the swapped state

RS

w
From (23), (28), and (30), we obtain the relationship between the
reordered single-ended state and the corresponding generalized
mixed-mode one (QT = Q! [7])

0 elsewhere

l=1,...,p; Oelsewhere (29)

(30)

w = PEQ"w = Ew. (31)
By splitting E into four squared n X n submatrices,
é — (é‘ll 312 ) (32)
s Ex
we find
g: éna + élgb b= égla + éggb. (33)

Finally, from (26) and (33), and by using b = Sa, the direct and

inverse transformations linking S to S become

S=(Z21 + E228)(En1 + E12S) 7! (34)
S = (é22— S é12)71(é21— S én)- (35)

Equation (34) represents the generalized form of the single-
ended to mixed-mode scattering matrix transformation given
in [1, eq. (7)]. In fact, if the circuit has four common-differen-
tial ports only, and once again it is assumed Z.;o = R/2 and
Zq12 = 2R, we obtain

1 -1 0 0
= = 1 0 0 1 -1 = =
-':-112'—"-22:1\/[:% L 1 0 o0 Z12=E=0
0 0 1 1

(36)
where 0 is the 7 X n null matrix and (34) becomes, as expected,
S=MSML

In the special case of circuits with only n classical single-
ended ports the matrlx E is the n x n identity matrix, _.22 =

Z11 = 1, Ejp = Ey; = 0, and (34), as expected, gives S S.
However, (34) and (35) can be used with any number of ports,
and with whatsoever, even complex, reference impedances.

[e]

The generalized S matrix can be split into nine submatrices
highlighting the self- and cross-coupling between the differen-
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Fig. 2. Operational amplifier equivalent circuit.

tial, common, and single-ended mode as reported in the fol-
lowing expression:

Sua Sac Sue
[p, p] [p, p] [p,n — 2p]
N - See See
[, p] [, 1] [p,n — 2p]
[n—2p,p] | [n—2p,p] | [n—2p,n—2p|

(37)
where the d, ¢, and e sub-matrix subscripts refer to the differen-
tial, common, and single-ended modes, respectively.

IV. EXAMPLE

The operational amplifier is a typical simple case of a circuit
with two input coupled ports and a single-ended output port. To
properly study this circuit, we adopt the simplified model shown
in Fig. 2. The reference impedance for the two input ports is
assumed unique (Ry), however, different from the one of the
output port (R3). With this assumption, the 3 x 3 single-ended
S matrix has the following elements:

ARRp — R2Rp — AR2Rc
(2Rc + Ro)(RoRp + 4RoRc + 2RcRp)
S13 =523 =0

Sll = 522 =

Sy = Rour — R3
Rour + R
S0 G SRéRO
2T T ORe + Ro)(RoRp + 4RoRe + 2RcRp)
S = Gan — 2RcVRoR;
T2 Rour + Ry
N < Ac 2ApRp ) .
2Rc+Ry  RoRp+4RyRc+2RcRp

(38)

As expected from the classical single-ended approach, the in-
formation regarding the differential and common mode amplifi-
cation is all together embedded within the S3;- and S3z-param-
eters, and the common and differential contributions cannot be

easily recognized and separated. Using the above results, it is
simple to transform S into the corresponding new mixed-mode
o]

S matrix. In this particular case, the sub-matrices defined in (37)

are simply the elements of S, and are given by

S12= S13=S521=523=10
° 4RcRp —4Rq12Rc — Ra12Rp

S f—
"7 4RcRp + 4Ra12Re + RaaRp
° Rc— R
=
Re + Reao
S Rour — R
33= 5"
Rour + R3
5(;,12 8ApvV2R3R412RpRc

(4RcRp + 4Rq12Rc + Rai2Rp)(Rout + R3)
°  2AcvV2R3Rc2Rce
52 (RcRc12)(Rout + Rs)

(39)

The differential and common mode amplifications are separated
as highlighted by (39) that show the absence of cross-mode
components at the operational amplifier output. Furthermore,

the elements S3; and S3o only depend on Ap and A¢, respec-
tively, showing in the most straightforward way the separated
contributions of the input differential and common mode to the
single-ended output port. Proceeding with some simplifications:
matched output port and a common reference impedance for all
ports (Rout = R3 = Ry), we find

S12= S13=521="523=533=0
° 4RcRp — 4Rq12Rc — RaieRp

Si1=

"7 4RcRp + 4Ra12Re + RaaRp
SO _ Rc — Reio

7 Ro + Rexa

° [2Rc12 Rc
Sio=A

PPN Ry Re + Rers

e \/m 4RcRp
TPV TRy 4RcRp + 4RcRaws + RaizRp

Finally, assuming the traditional mixed-mode reference imped-
ances Rd12 = RD = 2R0, Rclg = RC = Ro/?, we find

(40)

1
—— 0 0
o 3
S= 0 0 0 41)
24p  Ac 0
3 2

This expression points out once more the effectiveness of the
proposed approach, compared with the traditional one based
on the classical single-ended S-parameters, which, in the same
conditions, would have given

1 1
— - 0
0 o
S = 5 - 0 (42)
Ac  Ap Ac _Ap
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2727+ Zajr 275 — Zaji C2Z5 + Zajk 22y — Zajk
4\/R;jRaji  4/RjRyr  4/RiRajr  4\/RiRak
2Z; = Zaj  2Z;+ Zap 225 —Zin 2+ Zin
X - 4y/RjRaji,  4/RjRajr  4/RiRay  4\/RiRajk @
i Zi 422k Zj— 27 ZF 422 Zn— 27k
4V/RiReje  4/RiRej  4\/RiRejr 4/ RiRejk
27 =225, 2225, Zp =225, Zk 275
4\/RiRr 4\RjRgr  4\/RiRer  4\/RiRop

V. CONCLUSIONS

This paper has presented an innovative approach that intro-
duces the generalized mixed-mode S-parameters starting from
the single-ended ones. These novel parameters allows for a con-
sistent representation of networks with differential and single-
ended ports with real or complex reference impedances. The
new approach is fully consistent with the classical mixed-mode
S-parameter theory when the required simplifications are ap-
plied. The method effectiveness, together with its capability to
immediately identify the common and differential mode effects,
has been proven on a test circuit having both classical single-
ended and mixed-mode ports.

APPENDIX

Alternative definitions to (7) and (10) have been proposed by
[2]

V+17 V-I17
a= b

2V'R 2VR

where Z is the normalization impedance and R is its real part.
Despite these definitions have been demonstrated to be incom-
patible with the experimental data in presence of complex nor-
malization impedances [5] (e.g., when TRL calibration on dis-
persive media is adopted), they are rather popular, and reduce
to (7) for real normalization impedances. The only variations
on the formulation concern the matrix X ;;, that have to be eval-
uated according to (43), and becomes (44), shown at the top of
this page.

(43)
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