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Quantum open system description of a hybrid plasmonic cavity

Marco Vallone *

Dipartimento di Elettronica e Telecomunicazioni, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy

(Received 5 December 2025; revised 6 February 2026; accepted 25 February 2026; published 16 March 2026)

We present a unified quantum open system framework for lossy plasmonic cavities, treating coherent dynam-
ics, relaxation, dephasing, and irreversible absorption on an equal footing. The Dyson equation for the cavity
photon propagator in the random-phase approximation yields a complex self-energy S(ω) that accounts for both
the renormalization and damping of hybrid plasmon-photon modes. It shows that increasing losses can drive
a crossover from resolvable normal-mode splitting to a regime without resolved splitting, when the damping
becomes comparable to or larger than the coherent hybridization scale. Tracing out the environment yields a
Liouvillian for the upper polaritons (UPs) and lower polaritons (LPs) with leakage � = −2 Im S(ω), internal
UP ↔ LP scattering, and dephasing. Closed-form dynamics for populations and interbranch coherence provide
analytic steady-state values, line shapes, and UP-LP quench rates, valid at low polariton density and in the
ultrastrong-coupling regime. The theory is directly applicable to spectra, time-domain probes, and dissipation
engineering in plasmonic and nanophotonic cavities.

DOI: 10.1103/2xfb-jcgy

I. INTRODUCTION

Confinement and modulation of light in resonant cavities
enable access to the regime of extreme light-matter interac-
tions for fundamental studies and the development of highly
compact nanophotonic devices. Plasmonic nanoparticles, pe-
riodically assembled as shown in Fig. 1(a), can enhance local
electromagnetic fields and trigger collective electronic excita-
tions, such as surface plasmon polaritons (SPPs), in metallic
or highly doped layers of the cavity itself [1–3]. Strong cou-
pling between SPP and electromagnetic cavity (EC) modes
eventually results in their hybridization, giving rise to upper
polaritons (UPs) and lower polaritons (LPs) with Hopfield-
like dispersion [4], as shown in Figs. 1(b) and 1(c). Their
characteristics are exploited in photonic devices for sensing,
photodetection, and nanophotonic applications [5–11].

Cavity quantum electrodynamics (CQED) provides a
rigorous framework for light-matter interactions in the
quantum regime [12]. In the weak-coupling limit, the Jaynes-
Cummings model describes coherent excitation exchange
under the rotating-wave approximation (RWA) [13–15], while
the quantum Rabi model [16,17] becomes essential in
the ultrastrong and deep-strong-coupling regimes [18–21],
which also renormalize the bare cavity response. Experimen-
tal dispersions often exhibit a blueshift of the polaritonic
branches, which has been shown to arise from the dress-
ing of the photon propagator in the cavity by a real-valued
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self-energy �(ω), which represents SPP-SPP interactions
[22,23].

A central challenge is dissipation, arising from Ohmic
losses, radiative leakage, and interfacial scattering, which re-
duce coherence and limit accessible light-matter coupling,
especially in metals. However, several material and geometric
strategies now enable substantially lower plasmonic damp-
ing: among others, atomically smooth single-crystalline Au
[24,25] and Ag films [26], graphene-plasmon gratings [27],
Na-based nanostructures [28], plasmonic materials based
on C-boron nitride monolayers [29], graphene multilay-
ers, and metamaterial waveguides [30,31]. These examples
demonstrate that underdamped plasmonic cavities are exper-
imentally feasible, motivating a self-consistent treatment of
lossy hybrid plasmon-photon dynamics.

In this work we address the hybridization between an
electromagnetic cavity mode and a collective SPP mode (two
bosonic degrees of freedom) in a regime where dissipation can
qualitatively reshape the polaritonic spectrum. When losses
are considered, the self-energy becomes complex,

S (ω) = �(ω) − i�(ω)/2, (1)

where �(ω) describes irreversible coupling to electronic con-
tinua [32]. Our main technical step is to retain the full
complex photon self-energy S (ω) of the Dyson-resummed
photon propagator and to use it to determine the complex
polariton poles (frequencies and linewidths) and to fix the
leakage rates �k = −2 Im S (ωk ) entering the dressed-basis
Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) dynamics
[32–34], thereby enabling analytic driven steady-state and
time-domain predictions, including Raman-driven UP-LP os-
cillations in the ultrastrong-coupling (USC) regime.

Compared to Ref. [23], which focused on the polari-
tonic frequency dispersion induced by a real self-energy that
dresses the photon propagator, here we retain the full complex

2469-9926/2026/113(3)/033723(15) 033723-1 Published by the American Physical Society

https://orcid.org/0000-0003-3392-1810
https://ror.org/00bgk9508
https://crossmark.crossref.org/dialog/?doi=10.1103/2xfb-jcgy&domain=pdf&date_stamp=2026-03-16
https://doi.org/10.1103/2xfb-jcgy
https://creativecommons.org/licenses/by/4.0/


MARCO VALLONE PHYSICAL REVIEW A 113, 033723 (2026)

1 1.2 1.4 1.6 1.8 2

pl (eV)

1

1.2

1.4

1.6

1.8

2

 (e
V

)

(c)

(blueshifted)

(blueshifted)

FIG. 1. (a) Sketch of a resonant plasmonic cavity illuminated at
normal incidence. A lattice of gold nanoparticles on the illuminated
face excites an SPP mode with frequency ωpl, set by the lattice
period, that propagates along the dielectric-reflector (assumed gold)
interface, while the cavity supports an EC mode at ωc. (b) Schematic
representation of EC-SPP hybridization and (c) dispersion of eigen-
frequencies ω± for ωc = 1.5 eV, plasma frequency �pl ≈ 8.5 eV,
dimensionless EC-SPP coupling constant η = 0.02, and zero losses
[Eqs. (2)–(4)].

self-energy S (ω) and show that its imaginary part has qual-
itative consequences beyond mere linewidth broadening. In
particular, the complex poles ωk of the dressed photon propa-
gator determine both the polariton frequencies and their decay
rates �k = −2 Im S (ωk ), and increasing losses can drive a
crossover from resolvable normal-mode splitting to a regime
without resolved splitting when the damping becomes compa-
rable to or larger than the coherent hybridization scale.

Our approach complements existing plasmonic CQED de-
scriptions and the general macroscopic QED quantization of
absorbing media. Open system descriptions have been devel-
oped for a two-level emitter coupled to lossy single-mode
SPP resonators [35], where a Green’s-function formulation is
recast as an effective Jaynes-Cummings model with effective
emitter and resonator decay rates. Macroscopic QED and
Huttner-Barnett-type models provide a fully general quan-
tization of dispersive and absorptive environments in terms
of linear response and Langevin noise operators [36,37].
Dressed-basis master equations developed for USC yield
consistent reduced dynamics once the system-bath coupling
operators and bath spectra are specified [38]. Here, instead of
introducing independent loss rates as free parameters, we use

the microscopic self-energy S (ω), which also determines the
complex polariton poles, to fix the branch-resolved leakage
rates entering the GKSL dynamics, thereby providing a direct
bridge between a propagator or pole description of lossy po-
laritons and time-domain driven-dissipative predictions.

The structure of this work is as follows. To keep it
self-contained, Sec. II reviews the Hamiltonian and Dyson
propagator framework introduced in Ref. [23] to define the
hybrid EC-SPP modes and their self-energy. The extension
beyond Ref. [23] is the retention of the full complex self-
energy and the use of its imaginary part to relate microscopic
absorption to polariton linewidths. Section III formulates the
GKSL reduced dynamics for UP and LP polaritons, including
leakage, UP ↔ LP thermalization, and dephasing. Section IV
derives closed evolution equations for coherent amplitudes,
populations, and interbranch coherence, which yield analytic
steady-state solutions and explain the quenching of UP-LP
oscillations under coherent Raman-like driving. Section V
summarizes the results and discusses open directions, such as
non-Markovian effects and a microscopic noise construction
consistent with fluctuation-dissipation constraints.

Throughout this work we use natural units (h̄ = c = kB=1,
which indicate the reduced Planck constant, the light velocity
in vacuum, and the Boltzmann constant, respectively) and
report frequencies and energies in eV.

II. LOSSY PLASMONIC CAVITY: HAMILTONIAN AND
PROPAGATOR FORMALISMS

This section summarizes the Hamiltonian and propagator
formalism used to define the hybrid EC-SPP modes and to
connect them to the microscopic susceptibility of the metallic
reflector. The lossless part of this derivation and the Dyson-
resummed photon propagator were presented in Ref. [23]; we
recall the essential steps here to keep the paper self-contained
and to establish notation. The different aspect is the retention
of the full complex self-energy and the use of its imaginary
part to link microscopic absorption to polariton linewidths
and, in Sec. III, to the GKSL open system dynamics.

We refer to the resonant plasmonic cavity sketched in
Fig. 1(a) and illuminated at normal incidence by an elec-
tromagnetic field. A lattice of gold nanoparticles on the
illuminated face excites an SPP mode with frequency ωpl,
set by the lattice period, that propagates along the dielectric-
reflector interface, while the cavity supports an EC mode at
ωc. The reflector is assumed to be gold.

Experimentally, the nanoparticle array can function as a
grating coupler: It provides the necessary in-plane momentum
to access a specific SPP branch, and for a fixed illumination
and collection geometry, one effectively selects a single bright
Bloch mode k‖ (determined by reciprocal lattice vectors) that
participates in the observed anticrossing. Near this anticross-
ing, the hybrid spectrum is well described by a minimal
two-oscillator model (one EC mode and one collective SPP
mode), while localized nanoparticle plasmons, other diffrac-
tion orders, and radiative continua mainly contribute a slowly
varying background. These background contributions can be
incorporated into an effective self-energy S (ω), which may
generally be structured and can reproduce non-Lorentzian or
Fano line shapes [39,40]. The Drude-Lorentz form used below

033723-2



QUANTUM OPEN SYSTEM DESCRIPTION OF A HYBRID … PHYSICAL REVIEW A 113, 033723 (2026)

is the minimal choice that preserves closed-form expres-
sions; if necessary, more structured responses can be included
by replacing S (ω) with an experimentally fitted or numer-
ically computed function without altering the open system
formulation.

There are several excellent papers in the literature that
describe the EC-SPP interaction in the context of the CQED
[4,41–43], in which the interaction produces hybrid modes
with angular frequencies ω±. When modeled as an isolated
system, i.e., neglecting any losses, the Hamiltonian in the
Power-Zienau-Woolley multipolar picture [41,44,45] is

Ĥs = ωc

(
â†â + 1

2

)
+ ωpl

(
b̂†b̂ + 1

2

)

− iη�pl

2
(â − â†)(b̂ + b̂†) + η2�2

pl

2
(b̂ + b̂†)2, (2)

where â and b̂ are bosonic annihilation operators for EC and
SPP modes, respectively, �pl is the bulk plasma frequency,
and η ∈ [0, 1] is a dimensionless EC-SPP coupling factor
that depends on the cavity details. It has been demonstrated
[41,46] that this formulation of Ĥs is gauge invariant and
equivalent to the Hopfield Hamiltonian [4]. Both include
counterrotating terms and the quadratic term proportional to
(b̂ + b̂†)2, controlled by η2�2

pl, is the dipole-gauge counterpart
of the diamagnetic A2 contribution (where A is the vec-
tor potential). This term produces a depolarization-induced
renormalization, i.e., a blueshift of the Hamiltonian eigenfre-
quencies when the light-matter coupling becomes sufficiently
strong.

Following Ref. [23], Ĥs can be diagonalized by a Hopfield-
Bogoliubov transform to obtain

Ĥs =
∑
k=±

ωkB̂†
k B̂k = ω+B̂†

+B̂+ + ω−B̂†
−B̂−, (3)

where B̂± are bosonic annihilation operators for Fock states
|n±〉 and the eigenvalues are

ω2
± = ω2

c + ω̃2
pl

2
±

√(
ω2

c − ω̃2
pl

)2

+ 4g2ω2
c

2
, (4)

with coupling strength g ≡ η �pl and ω̃pl ≡
√

ω2
pl + g2. The

dispersion as a function of ωpl is shown in Fig. 1(c) for
ωc = 1.5 eV, �pl ≈ 8.5 eV (typical for gold [47]), and
η = 0.02, which yields g ≈ 0.17 eV. The adopted value for η

is a representative phenomenological value, so gc ≡ η�pl �
0.17–0.18 eV for Au with �pl ≈ 8.5–9 eV. This implies
a depolarization blueshift ω̃pl − ωpl � g2

c/2ωpl ∼ 10 meV at
ωpl = 1.5 eV and a normalized coupling gc/ωc � 0.11. This
is consistent with experimental values in the literature for the
USC regime, which report a wide range of coupling strengths
that ultimately depend on the cavity details (e.g., gc/ωc ∈
[0.4, 0.6] in [21], gc/ωc ∼ 0.26 in [48], gc/ωc ∼ 0.09 in [49],
and gc/ωc ∼ 0.05 in [50]), where the quadratic contribution
in the Hamiltonian and the associated blueshift are routinely
required for quantitative agreement.

The energy separation between the modes ω+ − ω− has
a minimum at the crossing, which can be found taking its

derivative with respect to ωpl, obtaining

min(ω+ − ω−) = g, (5)

which defines the Rabi frequency as �R = g. The coupled
EC-SPP system behaves as two coupled harmonic oscillators,
and |n±〉 are the corresponding bosonic normal modes. The
description given so far is valid in the absence of losses, from
the weak to the USC regimes, the latter defined as in Ref. [18],
i.e., when �R approaches min{ωc, ωpl}.

A. Introduction of losses: Retarded propagator formalism

The spatial components of the retarded free photon propa-
gator (Green’s function)

D+
0,μν (x − y) = 〈0|T Âμ(x)Â†

ν (y)|0〉, (6)

where T denotes the time-ordering symbol, in conjugate
space are given by D0,i j (ω, k) = δi j ω

2/(ω2
k − ω2 + i0+)

[51]. The photon propagator Di j , which describes the prop-
agation of a photon in the cavity, satisfies the Dyson equation

Di j = D0,i j + D0,ik	
klDl j, (7)

where the polarization operator 	kl describes the interactions
of EC photons with the medium.

When dominant EC and SPP modes are present,
D0,i j (ω, k) becomes the scalar function D0(ω) = ω2/(ω2

c −
ω2 + i0+). The Dyson equation then reduces to D = D0 +
D0	D, with 	(ω) proportional to the electric susceptibility
of the medium χ (ω), i.e., 	(ω) ≡ S (ω) = η2χ (ω), valid in
the long-wavelength limit of the random-phase approximation
[52,53]. For χ (ω) we adopt the Drude-Lorentz form [1,3,54]

χ (ω) = �2
pl

ω2
pl − ω2 − iγDω

, (8)

where γD accounts for SPP absorption, and Fig. 2(a) schemat-
ically illustrates the mechanism.

Without loss of generality, all irreversible losses or leakage
is meant to come from the absorption losses in the metallic
reflector, described by the imaginary part of χ (ω), assum-
ing for the gold reflector γD ≈ 0.05 eV [47]. An additional,
independent leakage channel (e.g., finite mirror reflectivity,
outcoupling to free space, or roughness), although not explic-
itly included in the present description, can be considered as
well without any difficulty; for example, the radiative losses at
cavity boundaries, i.e., the mirrors, can be described by intro-
ducing a factor −iκω instead of the +0+ in the expression of
the free photon propagator D0(ω), where κ is the bare photon
loss rate at mirrors.

The solution to the Dyson equation is

D(ω) = 1

D−1
0 (ω) − S (ω)

= ω2
(
ω2

pl − ω2 − iγDω
)

(
ω2

c − ω2
)(

ω2
pl − ω2 − iγDω

) − ω2g2
. (9)

Neglecting leakage (γD = 0), the four poles of D(ω)
are the symmetric ±ω±, with ω± given by Eq. (4),

033723-3



MARCO VALLONE PHYSICAL REVIEW A 113, 033723 (2026)

FIG. 2. (a) Diagrammatic view of the Dyson equation for D, with
amplitude damping represented as the imaginary part of the self-
energy. The free photon propagator D0 is dressed by the polarization
bubble 	(ω). The vertical dashed cut through the bubble represents
on-pole intermediate states and yields 2 Im S(ω) (optical theorem in
[51], Chap. 4), i.e., physical loss channels (absorption in the metal).
(b) EC-SPP hybridization in the strong-coupling regime with losses,
which reduce (and possibly set to zero) the Rabi frequency splitting.

confirming the equivalence of the Hamiltonian and propagator
formalisms.1

B. Effect of irreversible leakage at crossing

At the resonant condition ωpl = ωc (crossing), one can
work from either the Hamiltonian or propagator side.
However, the latter is convenient here because the im-
pact of leakage appears directly in the denominator of
Eq. (9).

To obtain the eigenfrequencies at crossing, we equate
the denominator of Eq. (9) to the product (ω − ω+)(ω +
ω∗

+)(ω − ω−)(ω + ω∗
−) and require

ω± = ωc ± d + � − i�/2, (10)

where d quantifies the mode splitting, � = �[S] is the en-
ergy renormalization, and � = −2 Im S defines the linewidth.
Matching the coefficients of the characteristic polynomial
yields the analytic expressions (valid at crossing)

d2 = ω2
c

2
+ g2

4
− 3

32
γ 2

D

− 1

8

√
16ω4

c − γ 2
D

(
2ω2

c + g2 + 5

16
γ 2

D

)
, (11)

1The four poles represent two physical modes, the LP and the UP;
the positive frequencies ω± are the corresponding mode energies,
while the two poles at −ω± are required by reality and causality.

� = −ωc + 1

2

{
2ω2

c + g2 − 3

8
γ 2

D

+ 2

√
ω4

c − 1

16

[
(2ω2

c + g2)γ 2
D + 5γ 4

D

]}1/2

,

� = γD/2. (12)

The Rabi frequency

�R = (ω+ − ω−)ωpl=ωc = 2d (13)

is set entirely by d (the common shift � cancels). In the
lossless limit, we recover d → g/2 and �R → g.

For sufficiently large losses, d2 becomes negative, signal-
ing an exceptional point and the loss of a real normal-mode
splitting, as shown in Figs. 3(a) and 3(b). The value of the
loss rate γD, EP above which this happens is determined by the
condition d2 = 0, which yields

γ 2
D, EP = 1

7

(
8g2 + 16ω2

c − 4
√

16ω4
c − 40g2ω2

c − 10g4
)
. (14)

Figure 3(c) shows γD, EP as a function of g/ωc according to
Eq. (14), with the compact estimate γD,EP ≈ 2 g valid in the
experimentally relevant regime {g, γD} � ωc. A well-working
plasmonic cavity has γD � γD,EP, since for γD > γD,EP the
hybrid modes are distinguished by their decay rates rather than
by their resonance frequencies.

Even when the influence of losses on the dispersion is
small, their inclusion is essential for a consistent open sys-
tem description of the plasmonic cavity. In Sec. III the full
complex self-energy S (ω) is shown to enter the open system
dynamics through the density operator: Although its real part
�(ω) only renormalizes the Hamiltonian and can be removed
from the dynamics, its imaginary part −�/2 defines the ir-
reversible damping channel that contributes a non-Hermitian
term to the Liouvillian and directly affects the dynamics. This
establishes a self-consistent connection between the micro-
scopic electron response, the Green’s-function description of
the cavity, and the density-matrix dynamics. Also UP ↔ LP
relaxation-excitation processes (e.g., phonon-assisted ones
[55,56]) are shown to determine the dynamics of the system
and will be described in a similar way by means of a separate
contribution to the Liouvillian of the system.

Although several expressions in this section are derived
at resonance for compactness, the propagator denominator
in Eq. (9) can be treated for arbitrary cavity-plasmon detun-
ing, 
0 ≡ ωc − ωpl. Away from resonance, the two polariton
branches carry unequal EC-SPP fractions (Hopfield coeffi-
cients [41]) and their linewidths generally become asymmetric
[40]. Operationally, one can first solve the pole equation given
by the dressed propagator denominator in Eq. (9) (or equiva-
lently diagonalize Ĥs without imposing ωc = ωpl) to obtain
the complex polariton frequencies ω±(
0). Then the corre-
sponding Hopfield-Bogoliubov coefficients can be extracted,
in particular, the projection of the plasmon quadrature onto
each branch,

X̂pl =
∑
k=±

xk (
0)(B̂k + B̂†
k ) + · · · , (15)
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FIG. 3. (a) Eigenvalues ω± as a function of the normalized coupling strength g/ωc. The inset shows that, in the presence of losses, the
polaritonic splitting does not exist for very low values of g/ωc. (b) Normalized square polaritonic energy separation as a function of the loss
rate γD normalized to the value for gold, for three values of g. (c) Loss rate γD, EP that defines the exceptional point, above which the polaritonic
splitting cannot exist, plotted against normalized coupling strength.

where the ellipsis denotes counterrotating contributions fixed
by the same diagonalization. These weights can then be used
in the dressed-basis secular GKSL construction, which yields
branch-resolved leakage channels

˙̂ρ =
∑
k=±

�k (
0)D[B̂k]ρ̂ + · · · ,

�k (
0) ∝ |xk (
0)|2J (ωk ), (16)

so that the more SPP-like branch typically inherits a larger
linewidth than the more EC-like one. Here, J (ω) denotes
the bath spectral density of the absorption channel evaluated
at ωk , ρ̂ is the reduced density operator, and D[·] is the
Lindblad dissipator, with definitions given in Sec. III. In the
self-energy formulation, this same asymmetry is equivalently
captured by evaluating the imaginary part of the retarded
self-energy at the two poles �±(
0) � −2 Im S[ω±(
0)].
The same replacement � → �± [and detuning-dependent
drive matrix elements f±(
0), weighted by the corresponding
photonic fractions] can also be implemented in the driven
steady-state and time-domain equations of Sec. IV, leading to
asymmetric spectra, unequal steady-state branch populations,
and detuning-dependent damping of interbranch dynamics.
Moreover, the UP-LP energy separation varies with 
0,
which can quantitatively affect thermal activation of the
LP → UP channel.

III. THE CAVITY AS AN OPEN SYSTEM

When losses are zero, Eqs. (10)–(12) yield the same results
as Eq. (4) at crossing. However, in the presence of irreversible
cavity losses characterized by γD and restricting the descrip-
tion to the crossing, the propagator formulation described
in Sec. II most transparently captures the system’s physics.
Irreversible absorption, UP ↔ LP relaxation-excitation pro-
cesses [55,56], and dephasing are addresses together in this
section as dissipation processes relevant for cavity dynam-
ics, within the density operator formalism for quantum open
systems [32,57].

To this end, the hybrid cavity can be conveniently de-
scribed as a bosonic two-mode system in the Fock polaritonic
basis |n+, n−〉, n± = 0, 1, 2, . . . (the vacuum corresponds to
n+ = n− = 0). The Fock states |n〉 ≡ |n+, n−〉, generated
from the vacuum by B†

±, are defined as

|n〉 = (B̂†
+)n+ (B̂†

−)n−
√

n+! n−!
|0+, 0−〉,

B̂±|n〉 = √
n±|n − e±〉, (17)

with e+ = (1, 0) and e− = (0, 1). They belong to the Hilbert
space of the isolated system, the system of interest, for which
{|n+, n−〉} is an orthonormal basis in which Ĥs is diago-
nal, Ĥs = ω+B̂†

+B̂+ + ω−B̂†
−B̂−, and has eigenvalues En ≡

En+,n− = n+ω+ + n−ω−.
Working directly in this polariton dressed basis is partic-

ularly important beyond the RWA and in the USC regime,
where using bare-mode dissipators may predict spurious ex-
citations and incorrect steady states even at zero temperature
[38].

A vector state |φk〉 of the Hilbert space associated with the
total system, defined as the isolated system and the environ-
ment, evolves according to the von Neumann equation ˙̂ρT =
−i[Ĥtot, ρ̂T], where ρ̂T = ∑

k |φk〉〈φk| is the total density op-
erator and Ĥtot = Ĥs + Ĥenv + ĤI is the total Hamiltonian.
Here Ĥenv is the environment (or bath) Hamiltonian and ĤI

describes the system-bath interactions. Tracing over the envi-
ronment degrees of freedom, the reduced density operator ρ̂

is defined as

ρ̂ =
∑
n,m

ρn,m|n〉〈m|,

ρn,m ≡ ρn+,n−;m+,m−

= 〈n|ρ̂|m〉 ≡ 〈n+, n−|ρ̂|m+, m−〉, (18)

and in the Markovian approximation it evolves accord-
ing to the Gorini-Kossakowski-Sudarshan-Lindblad master
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equation [32–34]

˙̂ρ = − i[Ĥs, ρ̂] + Lρ̂, (19)

where the Liouvillian Lρ̂ = ∑
k Dk ρ̂ is defined as the sum of

dissipators

Dleakρ̂ =
∑
k=±

�k

(
B̂k ρ̂B̂†

k − 1

2
{B̂†

k B̂k, ρ̂}
)

, (20)

D↓ρ̂ = γ↓

(
B̂†

−B̂+ρ̂B̂†
+B̂− − 1

2
{B̂†

+B̂−B̂†
−B̂+, ρ̂}

)
, (21)

D↑ρ̂ = γ↑

(
B̂†

+B̂−ρ̂B̂†
−B̂+ − 1

2
{B̂†

−B̂+B̂†
+B̂−, ρ̂}

)
, (22)

Dφρ̂ =
∑
k=±

γφ,k

(
N̂k ρ̂N̂k − 1

2

{
N̂2

k , ρ̂
})

, (23)

which describe the absorption losses Dleak, the UP ↔ LP
relaxation-excitation processes D↓,↑, and dephasing
Dφ , respectively. Here N̂k = B̂†

k B̂k , while the rates
�k = −2 Im S (ωk ) � 0 are fixed by the retarded self-energy
S (ω) = �(ω) − i�(ω)/2 (Sec. II); at crossing and in the
Drude-Lorentz description of susceptibility χ , one has
�+ = �− = γD/2, denoted simply by �. Moreover, if the
bath is thermal at inverse temperature β, the detailed balance
imposes γ↑ = γ↓ exp[−β(ω+ − ω−)]. It is recalled that
the detailed balance condition applies only to the internal
UP ↔ LP scattering channel, not to the combined dynamics.

The GKSL generator in Eqs. (19)–(23) is obtained by ex-
pressing the system-bath coupling in the polariton eigenbasis
and applying the Born-Markov and secular approximations
(see Appendix A). Although microscopic absorption couples
to the plasmonic polarization (matter) operator, its projection
onto the dressed modes yields branch-resolved leakage chan-
nels

∑
k=± �k D[B̂k]ρ̂. The key point is that the leakage rates

are fixed microscopically by the retarded self-energy intro-
duced in Sec. II, namely, �k = −2 Im S (ωk ), so dissipation
is not introduced by postulating a non-Hermitian Hopfield
Hamiltonian, but enters through a causal frequency-dependent
self-energy. In the same Markovian and secular limit, this
construction is fully consistent with dressed-basis USC master
equations, as in Ref. [38]: In our bosonic Hopfield setting,
the dressed-eigenoperator expressions reduce to independent
polariton jump operators with rates �k ∝ |xk|2Jleak (ωk ), which
are equivalently encoded here by �k = −2 Im S (ωk ).

Internal UP ↔ LP thermalization is instead described
by the number-conserving jump operators Ĵ↓ = √

γ↓ B̂†
−B̂+

and Ĵ↑ = √
γ↑ B̂†

+B̂−, which yield the dissipators γ↓D[B̂†
−B̂+]

and γ↑D[B̂†
+B̂−] in Eqs. (21) and (22). The resulting quar-

tic operator structure is simply the standard anticommutator
contribution Ĵ†Ĵ of a Lindblad dissipator; in the single-
excitation (linear-response) sector, it reduces to the familiar

rate equations for incoherent transfer between UPs and LPs
(Appendix A). The rates γ↓,↑ represent effective number-
conserving scattering within the polariton manifold (e.g.,
phonon-assisted processes [55,56], disorder or roughness,
or other low-energy environments) not captured by S (ω);
for a thermal bath, they satisfy detailed balance γ↑ =
γ↓e−β(ω+−ω− ). Finally, while a common bath can in general in-
duce cross-damping terms, within the Markovian and secular
approximations such terms average out when ω+ − ω− is re-
solved, leading to the diagonal leakage dissipator in Eq. (20).

IV. DISSIPATIVE DYNAMICS OF POLARITON
POPULATIONS AND COHERENCES

In Sec. IV A we work in the full number basis
|n+, n−〉 , n± = 0, 1, 2, . . . (including the vacuum), and de-
rive exact equations of motion for the populations pn = ρn,n
and coherences ρn,m, n �= m, within the GKSL Markovian
approximations and the assumed structure of jump operators.
Under the considered approximations, these equations are ex-
act and preserve both the trace and positivity of the density
operator.

In Sec. IV B we move to a complementary coarse-grained
(mean-field) description, introducing the coherent amplitudes
A± = 〈B±〉, the branch populations n± = 〈N̂±〉, and the inter-
branch coherence C = 〈B̂†

+B̂−〉. In this description, the GKSL
generator reduces to a closed set of nonlinear equations for
(A±, n±,C).

To clarify the developed formalism for use in experimental
contexts aimed at characterizing absorption, UP-LP scatter-
ing, and dephasing rates, we calculate the time evolution
of populations and coherences under a coherent continuous-
wave (cw) drive with complex amplitude f± at the cavity
frequency ωc, which populates the hybrid modes |n±〉.

In addition, we consider the subsequent application of a
cw low-frequency drive at a frequency ωext ≈ ω+ − ω− with
effective Raman-like coupling strength 
 (since we set h̄ = 1,
f± and 
 have the dimensions of a rate). This approach
enables exploration, as well as experimental measurement, for
example, by pump-probe experiments, of the rates �, γ↑,↓,
and γφ,±. Importantly, the polariton-basis GKSL formulation
disentangles leakage determined by the retarded self-energy
from internal thermalization and pure dephasing channels,
whereas a phenomenological linewidth alone cannot uniquely
separate these mechanisms.

A. Population and coherence dynamics

Using the GKSL master equation, one obtains the equa-
tion for the evolution of populations (details of the derivation
are given in Appendixes B and C)

ṗn = �[(n+ + 1)pn++1,n− + (n− + 1)pn+,n−+1 − (n+ + n−)pn]

+ (n+ + 1)n−(γ↓ pn++1,n−−1 − γ↑ pn) + n+(n− + 1)(γ↑ pn+−1,n−+1 − γ↓ pn). (24)

Equation (24) describes leakage of each polariton at rate � and UP ↔ LP scattering at rates γ↓ and γ↑. It is understood that
pn+,n− = 0 whenever an index is negative.
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The evolution of the coherences ρn,m (n �= m) follows from the same GKSL equation as

ρ̇n,m = −i(En − Em) ρn,m

+ �
[√

(n+ + 1)(m+ + 1) ρ n++1, n−; m++1, m− − 1
2 (n+ + m+) ρn,m

]

+ �

[√
(n− + 1)(m− + 1)ρn+,n−+1;m+,m−+1 − 1

2
(n− + m−)ρn,m

]
+ γ↓

{√
(n+ + 1)n−(m+ + 1)m−ρn++1,n−−1;m++1,m−−1

− 1

2

[
n+(n− + 1) + m+(m− + 1)

]
ρn,m

}
+ γ↑

{√
n−(n+ + 1)m−(m+ + 1)ρn+−1,n−+1;m+−1,m−+1

− 1

2

[
n−(n+ + 1) + m−(m+ + 1)

]
ρn,m

}
− 1

2

∑
k=±

γφ,k (nk − mk )2ρn,m. (25)

Importantly, the total trace Tr(ρ̂) is conserved, as required by
the Lindblad formalism. A proof is provided in Appendix D.
Moreover, it can be seen that the dephasing rates γφ,± do not
affect the populations and appear only in the time evolution
of the coherences. The structure of Eq. (25) is standard: The
first line describes free rotation at the frequency En − Em,
the second and third lines describe leakage-induced damp-
ing, the fourth and fifth lines describe UP ↔ LP transitions,
and the last line gives pure dephasing suppression propor-
tional to the number mismatch (nk − mk )2. In the single-
excitation truncation (n+ + n− � 1), one recovers the familiar
single-polariton optical Bloch equations [12].

B. Mean-field approximation, coherent drive,
and interbranch dynamics

Throughout this section we use a linearized mean-field
description in which the Lindblad jump operators are
expanded to first order in the polariton occupation numbers.
The dynamical equations used here correspond to a linearized,
first-moment mean-field closure appropriate for the low-
density regime, where occupation numbers satisfy 〈N±〉 � 1
and stimulated scattering terms proportional to N+N− can be
neglected. This form of mean-field approximation is standard
in quantum-optical treatments of weakly excited bosonic
modes and does not require large populations. Making a
concrete example, when calculating mean-field approxima-
tions like d

dt 〈N̂±〉, terms like 〈N̂+N̂−〉 arise, which could
be safely approximated by n+nn. Although they represent
stimulated emission and their inclusion could be important,
we can discard them compared to terms proportional to n±
in the low-density regime. The resulting equations for the
time evolution of populations and coherences are linear in
the coherent amplitudes, but can be solved for arbitrary drive
strengths. Going beyond the linear-dissipation regime requires
keeping the full bosonic excitation factors in the UP ↔ LP
Lindblad terms, which introduces nonlinear damping, density-
dependent relaxation rates, and modifies the quench rate of
UP-LP oscillations. These effects naturally emerge from the
jump operators and become relevant at higher excitation
densities.

Equation (24) allows us to evaluate the evolution of the
occupation numbers 〈N̂±〉 according to d

dt 〈N̂±〉 = Tr(N̂± ˙̂ρ).
Indicating 〈N̂±〉 with n±, we have (details of the calculations

are given in the Appendix F)

d

dt
n± = −�n± ± (γ↑n− − γ↓n+). (26)

Equation (26), as derived from the GKSL equation, is exact
at the level of first moments for the given choice of jump
operators. Only in case we wanted to go beyond the linear
model, additional terms ±(γ↓ − γ↑)n+n− would be retained
in going from Eq. (24) to Eq. (26), making it nonlinear in the
occupation number. Such terms can be considered stimulated
emission terms: The more quanta are present in one branch,
the more efficiently the other branch is fed. Consideration of
these terms is beyond the scope of the present work.

At all density regimes, however, Eq. (26) leads to the irre-
versible decrease of the polaritonic populations as

d

dt
〈N̂+ + N̂−〉 = d

dt
(n+ + n−) = −�(n+ + n−), (27)

showing that that UP ↔ LP processes conserve the total
polariton number, while leakage removes quanta at a rate �

per polariton.
A coherent drive with complex amplitude f± at the bare

cavity frequency ωc is modeled by

Hdrive(t ) =
∑
k=±

fke−iωct B†
k + H.c., (28)

with H.c. standing for Hermitian conjugate, whereas another
coherent drive at rate 
 and frequency ωext close to ω+ − ω−
couples the UP and LP polaritonic branches according to

ĤUP-LP(t ) = 
(e−iωextt B̂†
+B̂− + eiωextt B̂†

−B̂+). (29)

Transforming to a frame rotating at ωc by means of a unitary
operator Ûc(t ) = eiωct (N̂++N̂− ) and then writing ĤUP-LP(t ) in the
interaction picture removes the fast optical phase and makes
the cw drives time independent. The effective system Hamil-
tonian becomes

Ĥeff = δ

2
(N̂+ − N̂−) + 
(B̂†

+B̂− + B̂†
−B̂+)

+
∑
k=±

fkB̂†
k + H.c., (30)

where δ = (ω+ − ω−) − ωext is the detuning of ωext from the
UP-LP frequency difference.

The dissipative dynamics is generated by the GKSL Li-
ouvillian Lρ̂. Introducing the average amplitudes A± = 〈B̂±〉
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FIG. 4. (a) Time evolution of the polaritonic population densities n±(t )/Veff for the plasmonic cavity with a gold reflector (overdamped
regime, � = γD,Au/2 = 25 meV, lifetime approximately equal to 0.026 ps). Because � � 
, turning on the UP-LP coherent coupling at
t = 500 ps with zero detuning (δ = 0) does not generate oscillatory exchange between the branches: Each mode behaves as an independently
driven, strongly damped oscillator. (b) Same as in (a) but for a low-loss cavity (� = 0.25V meV, lifetime approximately equal to 2.6 ps), for
which 
 � � and long-lived relaxation oscillations appear with period P ≈ π/
 � 0.4 ps. Also shown are two-dimensional color maps of
(c) n+(t )/Veff and (d) n−(t )/Veff for the low-loss cavity as a function of time and detuning δ, displaying the characteristic Lorentzian profile
predicted by Eq. (36). For all simulations, 
 = 5 meV (approximately equal to 7.6 ps−1) is turned on at t = 500 ps, the UP→LP relaxation rate
is γ↓ = 1 ps−1, T = 300 K, and ω+ − ω− = 0.1 eV (yielding γ↑ = 0.019 ps−1). The population density has been evaluated for a (30 × 30)-µm2

and 1-µm-thick cavity (effective volume Veff = 9 × 10−10 cm3, just as an example).

and using d
dt 〈B̂±〉 = Tr(B̂± ˙̂ρ) and the dissipators, the equa-

tions for the average amplitudes A± are

d

dt
A+ = −

(
� + γφ,+

2
+ i

δ

2

)
A+ − i
A− − i f+, (31)

d

dt
A− = −

(
� + γφ,−

2
− i

δ

2

)
A− − i
A+ − i f−. (32)

By following a similar approach, the average of the inter-
branch coherence C = 〈B̂†

+B̂−〉 is

d

dt
C = −

(
iδ + � + γ↓ + γ↑

2
+ γφ,+ + γφ,−

2

)
C

+ i
(n− − n+). (33)

The population equations follow from ṅ± = 〈Ḃ†
±B± + B†

k Ḃk〉,
which, exploiting Eqs. (31)–(33), follow as

d

dt
n± = −�n± ± (γ↑n− − γ↓n+)

± 2
 Im C − 2 Im( f ∗
±A±). (34)

Equation (34) reduces exactly to Eq. (26) when 
 = 0 and
f± = 0.

To illustrate the dynamics governed by the dissipation
rates, we solved the coupled equations (31)–(34) considering
two representative cases: (a) the cavity described in Fig. 1,
which resulted in overdamping due to high losses in the metal,
with � = γD, Au/2 ≈ 25 meV, and (b) a low-loss cavity, with
� = 0.25 meV. In both cases, we set a UP→LP relaxation
rate γ↓ = 1 ps−1 and, to avoid additional free parameters,
γφ,± = 0. The rate γ↑ was evaluated from γ↓ for temper-
ature T = 300 K and for ω+ − ω− = 0.1 eV, which yield
γ↑ = 0.019 ps−1. The coherent drive at ωc with equal ampli-
tudes is turned on at t = 0 and the coherent Raman-like drive
with 
 = 5 meV (or, equivalently, approximately 7.6 ps−1) is
turned on at t = 500 ps.

Figures 4(a) and 4(b) illustrate the dynamical response
of the driven cavity when the coherent Raman-like UP-LP
coupling 
 is switched on at t = 500 ps for zero detuning
δ = 0. In the overdamped case [Fig. 4(a)], the condition � �

 suppresses the effects of coherent interbranch exchange:
Each branch behaves as a quasi-independently driven lossy
oscillator and no oscillatory dynamics is observed after the
coupling is activated.

In contrast, the low-loss cavity in Fig. 4(b) operates in
the underdamped regime 
 � �, γ↓, γ↑. When 
 is switched
on, the modes |n±〉 hybridize into new normal modes, which
display pronounced relaxation oscillations with period P ≈
π/
 ≈ 0.4 ps, in agreement with the Rabi-like coupling in-
duced by the low-frequency drive. The oscillation envelope
decays over a few picoseconds, consistent with the effective
quench rate �osc = � + 3

4 (γ↓ + γ↑), which combines irre-
versible leakage with UP�LP scattering. In fact, in the linear
regime and at resonant interbranch driving (δ = 0), the cou-
pled dynamics of the UP-LP population difference 〈n+ −
n−〉 and the interbranch coherence follow a two-dimensional
Bloch-type equation. Its eigenvalues are

λ± = −
(

� + 3

4
(γ↓ + γ↑)

)
± i

√
4
2 − (γ↓ + γ↑)2

16
, (35)

so in the underdamped regime 
 > (γ↓ + γ↑)/8 the UP-
LP oscillations decay with an effective rate �osc = � + 3

4
(γ↓ + γ↑).

The coherent interbranch coupling 
 does not introduce
additional irreversible loss: The decay rate of the oscilla-
tions is determined by the real part of Eq. (35), �osc = � +
3
4 (γ↓ + γ↑), while 
 controls the coherent normal-mode split-
ting (dressing) of the UP and LP, with oscillation frequency

�osc =
√

4
2 − (γ↓+γ↑ )2

16 ≈ 2
 for 
 � γ↓ + γ↑. Depending
on the spectral resolution, this dressing may appear as an
Autler-Townes-like splitting or as an increased effective width
of the response envelope as a function of the interbranch-
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drive detuning δ. Consequently, the intracavity steady-state
population is suppressed by a factor �2/(�2 + 4
2) (if δ = 0,
for simplicity), which can exceed an order of magnitude in
the regime 
 � �. This result can be obtained by solving
the linearized driven-dissipative dynamics in the absence of
internal UP ↔ LP relaxation channels, i.e., by setting γ↑,↓ =
0 and neglecting pure dephasing. In this limit, the two polari-
ton branches are driven symmetrically, and the steady-state
occupations satisfy n+ = n− when 
 = 0 and for f+ = f−,
with a doubletlike dressed response,

nss
±(δ) = | f±|2

(
�
2

)2 + (
δ
2 ± 


)2

[(
�
2

)2 + (
δ
2

)2 + 
2
]2 . (36)

When the phenomenological UP ↔ LP rates γ↑,↓ are restored,
the steady-state populations become unequal even at δ = 0,

 = 0, and equal driving, as Figs. 4(a) and 4(b) show, with
the ratio n+/n− determined by the rates � and γ↑,↓,

nss,general
± (δ) =

∣∣−i f±
(
κ∓ ∓ i δ

2

) − 
 f∓
∣∣2∣∣(κ+ + i δ

2

)(
κ− − i δ

2

) + 
2
∣∣2 , (37)

where we defined κ+ = �/2 + γ↓ and κ− = �/2 + γ↑. The
reduction observed when 
 is turned on is a coherent effect
of mode hybridization: The total population still decays only
through the irreversible loss rate �, while 
 merely redis-
tributes the injected excitations among hybridized modes with
a modified decay channel.

In the case of the low-loss cavity, 
 � � and Fig. 4(b)
shows long-lasting relaxation oscillations with period P ≈
π/
 ≈ 0.4 ps, not present in Fig. 4(a), which refers to the
overdamped cavity.

Figures 4(c) and 4(d) further show n±(t )/Veff for the low-
loss cavity as a function of detuning δ, revealing the expected
Lorentzian response that peaks at δ = 0 and broadens accord-
ing to the denominator of Eq. (37) [the population density has
been evaluated for a (30 × 30)-µm2 and 1-µm-thick cavity,
i.e., in an effective volume Veff = 9 × 10−10 cm3, just as an
example]. The steady-state values nss

±(δ) extracted from Fig. 4
quantitatively match the analytic expression (37), providing
a direct means of extracting the cavity loss rate � from the
linewidth of the polaritonic response. Together with an exper-
imental measure of the relaxation oscillations lifetime �−1

osc,
also γ↓ can be estimated.

As a final note, it is important to emphasize that in the
considered regime the system behaves linearly, so the drive
amplitudes f± and 
 can be large as well as the field-matter
coupling strength, provided the induced polariton populations
remain small. This condition is naturally satisfied in plas-
monic cavities, where leakage usually prevents significant
population buildup.

V. CONCLUSION

We have presented a unified description of hybrid plas-
monic cavities as quantum open systems, combining the
Hopfield diagonalization of the lossless Hamiltonian with a
propagator renormalization based on the Dyson equation and
the Drude-Lorentz susceptibility of the metallic reflector. The
resulting complex self-energy S (ω) = �(ω) − i�(ω)/2 en-

codes both the frequency renormalization and the irreversible
damping of the hybrid plasmon-photon modes, capturing the
microscopic origin of material losses due to absorption in the
metal. It also describes possible crossover from resolvable
normal-mode splitting to a regime without resolved splitting,
depending on the ratio between the damping rate and the
coherent hybridization scale.

Motivated by tracing out the electromagnetic and elec-
tronic environments, we modeled the dynamics by a GKSL
generator that governs the populations and coherences of the
upper and lower polariton branches. The Liouvillian includes
leakage through � = −2 Im S (ω), UP→LP and LP→UP in-
ternal scattering channels γ↓,↑, and optional pure dephasing,
yielding a closed evolution equation for the average polari-
tonic occupations. The general solution is exact within the
GKSL Markovian approximations and the assumed struc-
ture of jump operators and is fully consistent with the
chosen microscopic χ (ω) for material losses. In a mean-
field picture, we obtained a tractable set of equations for
the coherent amplitudes, branch populations, and interbranch
coherence, enabling an analytic treatment of steady-state
properties.

In the linear regime, but allowing for arbitrary interbranch
coupling, field-matter coupling, and detuning, the driven
steady-state populations follow Eq. (37), which generalizes
the Lorentzian response formula (36) by incorporating inter-
nal UP ↔ LP scattering and asymmetric decay rates. The
quench rate of the UP-LP relaxation oscillations, observed
when the Raman-like interbranch coupling is activated, is
found analytically to be �osc = � + 3

4 (γ↓ + γ↑), a simple
expression derived from the eigenvalues of the linearized
two-dimensional Bloch-type dynamics. These predictions are
in quantitative agreement with the time-domain simulations
in Fig. 4, which distinguish overdamped and underdamped
regimes depending on the relative magnitudes of �, γ↓,↑, and
the coherent coupling strength.

Extending the present treatment beyond the linear-
dissipation regime requires retaining the full bosonic occupa-
tion factors in the UP ↔ LP Lindblad channels. Addressing
this nonlinear dissipative regime, as well as incorporating
non-Markovian environments, is left for future work. In par-
ticular, we aim to formulate a time-local, completely positive
master equation that preserves nonsecular interference be-
tween decay pathways, while reducing to the standard secular
description when the environment spectrally resolves the po-
lariton splitting.

Finally, while any GKSL master equation admits an
equivalent Heisenberg-Langevin representation (obtained by
supplementing each dissipative channel with a quantum noise
operator [36,37]), deriving noise correlations that are micro-
scopically consistent with plasmonic absorption is nontrivial.
In lossy and dispersive media, the fluctuations are con-
strained by fluctuation-dissipation relations. Moreover, when
the damping originates from a frequency-dependent self-
energy S (ω), the corresponding noise is generally colored
and can induce correlated fluctuations in the polariton basis.
A fully consistent construction would therefore require an
explicit bath model (or a macroscopic QED quantization of
noise currents) whose spectral density reproduces Im S (ω),
followed by a projection onto the UP or LP operators. For
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this reason, we focused here on deterministic first-moment
dynamics and leave a microscopic treatment of polaritonic
noise correlations for future work.

From an experimental perspective, the analytic steady-state
response and time-domain predictions enable rate-resolved
characterization of hybrid plasmonic cavities: The leakage
rate � can be inferred from polaritonic linewidths, while
the internal scattering rates γ↓,↑ can be extracted from the
damping of UP-LP relaxation oscillations under interbranch
driving. More generally, separating leakage determined by
the retarded self-energy from internal thermalization and pure
dephasing channels provides a diagnostic interpretation of
observed broadenings and coherence decay and predicts the
crossover between underdamped and overdamped regimes
that define loss-limited strong coupling.

Altogether, the framework developed here provides a
minimal yet self-consistent connection between microscopic
material response, Green’s-function electrodynamics, and
open quantum system dynamics. It offers a transparent ap-
proach to modeling dissipative polariton physics in plasmonic,
excitonic, and dielectric cavities and is directly applicable
to pump-probe measurements, terahertz of microwave spec-
troscopy of UP-LP transitions, and linewidth engineering in
strongly coupled nanophotonic platforms.
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APPENDIX A: DERIVATION OF THE GKSL GENERATOR
IN THE POLARITON BASIS

This Appendix provides a detailed derivation of the
GKSL dissipators used in Sec. III, explicitly showing how
Eqs. (20)–(23) arise from standard Born-Markov theory in the
dressed polariton basis. We also clarify the connection with
another dressed-basis master equation from the literature (see
[38]), which addresses a similar problem.

1. Leakage from material absorption

We start from the system-bath partition Ĥtot = Ĥs + Ĥenv +
ĤI, where Ĥs = ω+B̂†

+B̂+ + ω−B̂†
−B̂− is the lossless Hopfield

Hamiltonian, diagonal in the polariton operators, Ĥenv is the
bosonic reservoir, and the reduced dynamics is derived in the
interaction picture. Ohmic absorption in the metal is modeled

by a matter-only coupling between the plasmonic polarization
quadrature and the reservoir,

ĤI = X̂pl ⊗ B̂,

B̂ =
∑

ν

gν (ĉν + ĉ†
ν ), X̂pl ∝ b̂ + b̂†, (A1)

where b̂ is the effective collective SPP (matter) mode de-
scribed in Sec. II and B̂ denotes the collective bath operator
coupled to the system in the interaction Hamiltonian.

The key point, emphasized in Ref. [38], is that beyond the
RWA and in the USC regime, the system operator that couples
to the bath must be decomposed into eigenoperators of Ĥs

[32]. Denoting by 	(ε) the projector onto the eigenspace of
Ĥs with energy ε, one writes

X̂pl(t ) =
∑
ω>0

[Â(ω)e−iωt + Â†(ω)eiωt ],

Â(ω) =
∑

ε′−ε=ω

	(ε)X̂pl	(ε′). (A2)

For the two-branch bosonic Hopfield Hamiltonian, X̂pl con-
nects only polariton Fock states that differ by one excitation
in either branch. Equivalently, expressing b̂ in the polariton
basis

b̂ =
∑
k=±

(ukB̂k + vkB̂†
k ),

X̂pl =
∑
k=±

(xkB̂k + x∗
k B̂†

k ), xk ∝ uk + vk, (A3)

implies that the only positive Bohr frequencies carried by
X̂pl(t ) are ω+ and ω−, with lowering eigenoperators

Â(ωk ) = xkB̂k (k = ±). (A4)

Inserting ĤI(t ) = X̂pl(t )B̂(t ) into the Born-Markov
equation [32]

˙̂ρI (t ) = −
∫ ∞

0
dτ Trenv[[[ĤI(t ), [ĤI(t − τ ), ρ̂I (t ) ⊗ ρ̂env]]]]

(A5)

and using the reservoir correlations yields the standard
dressed-basis GKSL form (see, e.g., Sec. 3.4 in [32]). When
the secular approximation is applied, cross terms oscillating
at ±(ω+ − ω−) are dropped, as they average out when the
energy separation is resolved on the bath correlation time,
|ω+ − ω−| � τ−1

B . The leakage part of the generator then
reads

˙̂ρ|leak =
∑
k=±

(�↓
k D[B̂k]ρ̂ + �

↑
k D[B̂†

k]ρ̂ ), (A6)

with

�
↓
k = 2π |xk|2Jleak (ωk )[nth(ωk ) + 1],

�
↑
k = 2π |xk|2Jleak (ωk )nth(ωk ), (A7)

where Jleak (ω) = ∑
ν |gν |2δ(ω − ν) is the bath spectral den-

sity and nth is the Bose occupation distribution. In our
plasmonic setting, the energies ω± are around the eV scale, so
even at room temperature nth(ω±) � 0 and �

↑
k is negligible.
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Equation (A6) reduces to

˙̂ρ|leak =
∑
k=±

�kD[B̂k]ρ̂, �k ≡ �
↓
k , (A8)

which is exactly Eq. (20).
The Lindblad operators in Eq. (20) are not expressed as

matter-only operators: The bath couples to X̂pl, but after per-
forming the GKSL derivation in the eigenbasis of Ĥs, the
relevant eigenoperators are the polariton lowering operators
B̂± multiplied by the matter weights x±. Moreover, in Eq. (20)
we absorb |xk|2 into the definition of the effective rates �k; an
equivalent representation keeps explicit factors xk in the jump
operators.

Finally, within our Green’s-function formulation, the same
microscopic bath information is encoded in the complex
self-energy S (ω) that dresses the photon propagator. In stan-
dard second-order perturbation theory, one has −2 Im S (ω) =
2π |x(ω)|2Jleak (ω) (up to sign conventions), so evaluating
at the polariton poles yields �k = −2 Im S (ωk ), as used in
Sec. II and in Eq. (20).

2. Internal UP ↔ LP thermalization and pure dephasing

The remaining dissipators in Eqs. (21)–(23) are not fixed
by the Ohmic absorption encoded in S (ω), because they
describe low-energy inelastic processes within the polari-
ton manifold (phonons, disorder, etc.) [55,56]. A minimal
number-conserving GKSL description is obtained by cou-
pling the interbranch operator B̂†

−B̂+ to an auxiliary bath
peaked around the frequency difference ω+ − ω−. In more de-
tail, within the Born-Markov and secular approximations, the
interbranch incoherent process is described by the number-
conserving jump operators

Ĵ↓ = √
γ↓B̂†

−B̂+, Ĵ↑ = √
γ↑B̂†

+B̂−. (A9)

Inserting them into the standard Lindblad form D[Ĵ↓,↑]ρ̂ =
Ĵ↓,↑ρ̂ Ĵ†

↓,↑ − 1
2 {Ĵ†

↓,↑Ĵ↓,↑, ρ̂}, we obtain the dissipators

γ↓D[B̂†
−B̂+] and γ↑D[B̂†

+B̂−], which are exactly Eqs. (21)
and (22).

The appearance of four polariton operators in Eqs. (21)
and (22) naturally arises because the interbranch jump op-
erators are bilinear, J↓,↑ ∝ B†

∓B±. The quartic terms are
simply the standard anticommutator contribution of the Lind-
blad dissipator. When considering the single-excitation sector
spanned by {|1, 0〉, |0, 1〉}, one has B̂†

−B̂+|1, 0〉 = |0, 1〉 and
B̂†

−B̂+|0, 1〉 = 0; hence B̂†
−B̂+ acts exactly as the transition

operator |0, 1〉〈1, 0|. Therefore, D[B̂†
−B̂+] reduces to the stan-

dard GKSL dissipator for incoherent transfer |1, 0〉 → |0, 1〉
with rate γ↓ (and analogously for the reverse process with
B̂†

+B̂−). At the level of first moments, this yields the familiar
rate equations ṅ+ = −γ↓n+ + γ↑n− and ṅ− = γ↓n+ − γ↑n−.

Pure dephasing of each branch can be derived by coupling
the number operator N̂k = B̂†

k B̂k to a low-frequency noise
bath. This directly produces γφ,kD[N̂k], which is Eq. (23).

3. Relation to other approaches

Other approaches in the literature lead to other mas-
ter equations suitable for describing the USC regime. As

an example, in Ref. [38] a dressed-basis GKSL master
equation was derived by starting from ĤI = X̂ ⊗ B̂, de-
composing X̂ into eigenoperators Â(ω) as in Eq. (A2),
and applying Born-Markov plus secular approximations in
the eigenbasis of Ĥs. The resulting Lindbladian is a sum
over Bohr frequencies and transition operators between
dressed eigenstates, weighted by matrix elements of the cou-
pling operator. In particular, the cited reference writes the
dressed dissipator as a sum over transition operators between
eigenstates.

In the present bosonic Hopfield problem, the dressed eigen-
states form harmonic ladders, so grouping all transitions
at fixed Bohr frequency reconstructs the ladder operators
themselves, e.g., ∑

nk�1

√
nk|nk − 1〉〈nk| = B̂k, (A10)

and the corresponding contributions reduce to D[B̂k] with
rates that include the matter-content prefactors |xk|2 (ab-
sorbed in �k in Sec. III). This derivation is exactly the same
construction as in [38] specialized to the bosonic Hopfield
Hamiltonian, with dressed eigenstates given by the polariton
Fock states |n+, n−〉 and coupling operator X̂ ≡ X̂pl. Since
X̂pl only connects |n+, n−〉 to |n+ − 1, n−〉 and |n+, n− − 1〉,
the sum of all transition operators at Bohr frequency ωk re-
constructs the bosonic lowering operator B̂k . This shows that
Eq. (20) is the Hopfield boson specialization of the dressed
master equation adopted in Ref. [38].

APPENDIX B: OPERATOR FORM OF THE MATRIX
ELEMENTS IN THE POLARITON BASIS

In this Appendix we present the explicit evaluation of some
relations that allow for the evaluation of any GKSL term in
closed and explicit forms, followed by the explicit derivation
of the time evolution of populations (the diagonal coefficients
of the density matrix).

Starting from the definitions of Fock states |n〉 ≡ |n+, n−〉
generated from the vacuum according to Eq. (17) in the main
text, the dyadic operator

P̂n,m ≡ |n〉〈m| (B1)

provides a convenient operator basis. The density operator
then reads

ρ̂ =
∑
n,m

ρn,mP̂n,m, ρn,m = 〈n|ρ̂|m〉, (B2)

which can be written equivalently according to Eq. (18). From
these definitions and from the operator number N̂k = B̂†

k B̂k ,
the following useful identities follow:

N̂kP̂n,m = nkP̂n,m, P̂n,mN̂k = mkP̂n,m, (B3)

B̂kP̂n,m = √
nkP̂n−ek ,m (B4)

B̂†
k P̂n,m =

√
nk + 1P̂n+ek ,m, (B5)

P̂n,m B̂k =
√

mk + 1 P̂n, m+ek , (B6)

P̂n,m B̂†
k = √

mk P̂n, m−ek . (B7)
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Consequently, we have, for example,

B̂kP̂n,mB̂†
k = √

nkmkP̂n−ek ,m−ek , (B8)

B̂†
−B̂+ P̂n,m B̂†

+B̂− =
√

n+(n− + 1) m+(m− + 1)

× P̂n−e++e−, m−e++e− , (B9)

B̂†
+B̂− P̂n,m B̂†

−B̂+ =
√

n−(n+ + 1) m−(m+ + 1)

× P̂n+e+−e−, m+e+−e− . (B10)

These relations provide any GKSL term in closed form. For
example,

B̂k ρ̂B̂†
k =

∑
n,m

ρn,m
√

nkmkP̂n−ek ,m−ek , (B11)

{B̂†
k B̂k, ρ̂} =

∑
n,m

(nk + mk )ρn,mP̂n,m. (B12)

Together with (B2), this reproduces the elementwise evo-
lution equations of populations and coherences.

APPENDIX C: EXPLICIT CALCULATIONS
OF POPULATIONS

Let us consider the elements of Eq. (19) that belong to
populations, i.e., ˙̂ρn,n. The Hamiltonian operator is diagonal
in the polaritonic basis, Ĥs = ∑

p Ep P̂pp; hence

ĤsP̂nm =
∑

p

EpP̂ppP̂nm =
∑

p

Epδp,nP̂pm = EnP̂nm, (C1)

P̂nmĤs =
∑

p

EpP̂nmP̂pp =
∑

p

Epδp,mP̂np = EmP̂nm, (C2)

from which the general identity [Ĥs, P̂nm] = (En − Em)P̂nm
follows. For n = m, it is [Ĥs, P̂nn] = (En − En)P̂nn = 0;
therefore, the commutator [Ĥs, ρ̂] leaves populations ρn,n un-
changed.

More generally, for a density operator ρ̂ = ∑
n,m ρn,mP̂nm,

the general identity is [Ĥs, ρ̂] = ∑
n,m ρn,m(En − Em)P̂nm,

imparting phase rotations only to coherences ρn,m, with
n �= m. If En = Em are degenerate, that coherence is also
stationary under Ĥs.

Concerning the dissipators, it is convenient to define the
diagonal coefficients of the density matrix ρn,n = 〈n|ρ̂|n〉 ≡
〈n+, n−|ρ̂|n+, n−〉 shortly as pn ≡ pn+,n− . We have, for
example,(

Dleakρ̂
)

n,n = �
∑
k=±

〈n|(B̂k ρ̂ B̂†
k − 1

2 {B̂†
k B̂k, ρ̂})|n〉

= �
∑
k=±

[(nk + 1) pn+ek − nk pn]

= �
∑
k=±

(pn+ek (nk + 1) − pn nk ) P̂n,n

= �
(
pn++1, n− (n+ + 1) − pn+, n− n+

)
P̂n,n

+ �
(
pn+, n−+1(n− + 1) − pn+, n− n−

)
P̂n,n.

(C3)

Therefore, for each n, this dissipator contributes with a coef-
ficient

[Dleakρ̂]n = �[pn++1,n− (n+ + 1) + pn+,n−+1(n− + 1)

− pn+,n− (n+ + n−)]. (C4)

The explicit expressions of the other dissipators can be ob-
tained following a similar path.

APPENDIX D: OPERATOR AND COMPONENT PROOFS
OF TRACE PRESERVATION

Let Tr ρ̂(t ) = ∑
n+,n− pn+,n− (t ), where pn+,n− ≡

ρ(n+,n− ),(n+,n− ) are the diagonal elements in the polariton
Fock basis. Using the cyclicity of the trace and Tr[Ĥs, ρ̂] = 0,
we find

d

dt
Tr ρ̂ =

∑
j

Tr
(
D[Lj]ρ̂

)

=
∑

j

(
Tr[Lj ρ̂L†

j ] − 1

2
Tr[L†

j L j ρ̂] − 1

2
Tr[ρ̂L†

j L j]

)

=
∑

j

(
Tr[L†

j L j ρ̂] − 1

2
Tr[L†

j L j ρ̂] − 1

2
Tr[L†

j L j ρ̂]

)
= 0.

(D1)

This holds separately for each dissipator: leakage (20), relax-
ation or excitation (21) and (22), and dephasing (23).

APPENDIX E: EXPLICIT CALCULATIONS
OF COHERENCES

This Appendix shows the explicit derivation of Eq. (25).
(i) In Appendix B we showed that for n �= m it

is [Ĥs, ρ̂] = ∑
n,m ρn,m(En − Em)P̂nm �= 0; therefore it is,

explicitly,

−i[Ĥs, ρ̂] = −i[(n+ − m+)ω+ + (n− − m−)ω−]ρn+,n−;m+,m− .

(E1)

(ii) The leakage (absorption losses, mainly in the metal) is
described by L± = √

� B±. Using 〈n+, n−|B̂+|n++1, n−〉 =√
n++1 and 〈m++1, m−|B̂†

+|m+, m−〉 = √
m++1 (and simi-

larly for B̂−), the related dissipator Dleakρ̂ contributes to the
coherences in Eq. (19) with the term

�

[√
(n+ + 1)(m+ + 1)ρn++1,n−;m++1,m− − 1

2
(n+ + m+)

ρn+,n−;m+,m− +
√

(n− + 1)(m− + 1)ρn+,n−+1;m+,m−+1

− 1

2
(n− + m−)ρn+,n−;m+,m−

]
. (E2)

(iii) The relaxation UP→LP is determined by
J↓ = √

γ↓ B̂†
−B̂+, which acts on the Fock states according

to B̂†
−B̂+|n+ + 1, n− − 1〉 = √

(n+ + 1)n−|n+, n−〉 and
〈m+, m−|B̂†

+B̂− = √
(m+ + 1)m−〈m+ + 1, m− − 1|.

Therefore, the related dissipator D↓ρ̂ contributes to
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coherences in Eq. (19) with the term

γ↓

{√
(n+ + 1)n−(m+ + 1)m−ρn++1,n−−1;m++1,m−−1

− 1

2
[n+(n− + 1) + m+(m− + 1)]ρn+,n−;m+,m−

}
. (E3)

The excitation LP→UP is determined by J↑ = √
γ↑ B̂†

+B̂−,
and a similar procedure leads to the related contribution.

(iv) The dephasing is determined by Lφ,k = √
γφ,kN̂k .

Since N̂k|n+, n−〉 = nk|n+, n−〉, the contribution coming from
the related dissipator is

−1

2

∑
k=±

γφ,k (nk − mk )2ρn+,n−;m+,m− . (E4)

APPENDIX F: DERIVATION OF THE AVERAGE
POPULATION EQUATIONS

We start from the exact population equation obtained from
the GKSL dissipators,

ṗn+,n− = �[(n+ + 1)pn++1,n− + (n− + 1)pn+,n−+1

− (n+ + n−)pn+,n− ]

+ (n+ + 1)n−(γ↓ pn++1,n−−1 − γ↑ pn+,n− )

+ n+(n− + 1)(γ↑ pn+−1,n−+1 − γ↓ pn+,n− ), (F1)

with the convention that pn+,n− = 0 if any index is negative.
The expectation values are

〈N̂+〉 =
∑

n+,n−

n+ pn+,n− , 〈N̂−〉 =
∑

n+,n−

n− pn+,n− . (F2)

We compute d
dt 〈N̂±〉 = ∑

n n± ṗn by grouping the contribu-
tions from (i) leakage �, (ii) UP→LP relaxation γ↓, and (iii)
LP→UP excitation γ↑. All manipulations follow from index-
shift identities such as pn++1,n− �→ pm+,n− with m+ = n+ + 1.

1. Leakage

Using only the �-proportional part of Eq. (F1),

ṗn+,n− |� = �[(n+ + 1)pn++1,n− + (n− + 1)pn+,n−+1

− (n+ + n−)pn+,n− ], (F3)

we obtain

d

dt
〈N̂±〉|� =

∑
n+,n−

n+ ṗn+,n−|� ≡ T1 + T2 + T3, (F4)

where, shifting the summation indices in the inflow terms,

T1 = �
∑

n+,n−

n+(n+ + 1)pn++1,n− = �(〈N̂2
+〉 − 〈N̂+〉), (F5)

T2 = �
∑

n+,n−

n+(n− + 1)pn+,n−+1 = �〈N̂+N̂−〉, (F6)

T3 = −�
∑

n+,n−

n+(n+ + n−)pn+,n− = −�(〈N̂2
+〉 + 〈N̂+N̂−〉).

(F7)

Summing them (and corresponding terms concerning 〈N̂−〉)
gives

d

dt
〈N̂±〉|� = −�n±. (F8)

2. UP→LP relaxation and LP→UP excitation

The remaining terms in Eq. (F1),

ṗn+,n−|↓,↑ = (n+ + 1)n−(γ↓ pn++1,n−−1 − γ↑ pn+,n− )

+ n+(n− + 1)(γ↑ pn+−1,n−+1 − γ↓ pn+,n− ),

(F9)

describe population transfer between the branches. Each of the
four terms is evaluated by index shifts exactly as in the leak-
age case. Although higher-order correlators such as 〈N̂2

+N̂−〉
appear at intermediate steps, these cancel out when all inflow
and outflow contributions are summed. The result is the closed
linear exchange law

d

dt
〈N̂+〉∣∣↓,↑ = −γ↓ n+ + γ↑ n−, (F10)

d

dt
〈N̂−〉∣∣↓,↑ = −γ↑ n− + γ↓ n+. (F11)

3. Final result

Summing the leakage (F8) and relaxation-excitation (F10)
and (F11) contributions gives the coupled equations

d

dt
〈N̂+〉 = −(� + γ↓)n+ + γ↑n−, (F12)

d

dt
〈N̂−〉 = −(� + γ↑)n− + γ↓n+. (F13)

Adding these equations shows that UP↔LP transitions con-
serve the total polariton number, while leakage removes
excitations at rate �:

d

dt
〈N̂+ + N̂−〉 = −�(n+ + n−). (F14)

Equations (F12) and (F13) coincide with Eq. (34) when the
coherent drive and the interbranch coupling are switched off,
confirming the consistency between the many-polariton and
mean-field descriptions.

In the main text, when the meaning is clear, we indicated
〈N̂±〉 more simply with n±.
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