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 A B S T R A C T

This paper studies synchronization of heterogeneous multi-agent networks from the perspective of absolute 
stability theory. We consider networks of nonlinear agents coupled via simple diffusive protocols and ask: 
how much can the classical passivity assumption on the agents be relaxed while retaining a verifiable, fully 
distributed synchronization criterion? We show that passivity can be replaced by the strictly weaker property 
of input feedforward passivity (IFP) – the ability to be rendered passive by a special parallel feedforward 
compensator. The key idea is a quadratic constraint satisfied by the diffusive coupling protocol. This relaxation 
becomes especially pronounced in discrete time, where even the first-order integrator fails to be passive yet 
is IFP. We develop synchronization criteria for networks of heterogeneous IFP agents in both continuous 
and discrete time within a unified dissipativity framework, and further show that the presence of sufficient 
damping in a subset of agents ensures global output stability of the coupled network. The results are applied 
to cooperative adaptive cruise control for vehicle platoons.
1. Introduction

The classical formulation of absolute stability theory, inseparably 
associated with the name of V.A. Yakubovich, concerns the stability 
of a Lur’e-type system: a feedback interconnection of a known linear 
time-invariant (LTI) block and a nonlinear element whose structure is 
unknown but assumed to satisfy certain constraints (e.g., sector or slope 
inequalities). The objective is to obtain tractable conditions ensuring a 
prescribed stability property (usually, global asymptotic stability of an 
equilibrium) for all nonlinearities satisfying the specified constraints; 
the term ‘‘absolute’’ underscores that the property holds uniformly 
across all such nonlinearities.

Broadly speaking, absolute stability theory can be divided into 
two major parts. The operator approach to absolute stability, rooted 
in the Popov method of ‘‘integral indices’’ [1,2], treats dynamical 
systems as input–output operators on function spaces. This approach 
allows one to treat many classes of dynamical systems (e.g., differen-
tial, difference, and integro-differential equations) and general integral 
quadratic constraints in a uniform way, yielding elegant frequency-
domain stability conditions [3–5]. This approach, however, provides 
very limited information about the transient behavior of solutions, 
and becomes quite complicated in the case of partial stability, where,

I This article is part of a Special issue entitled: ‘Yakubovichs Centenary’ published in Systems & Control Letters.
E-mail address: anton.p.1982@ieee.org.
URL: https://www.polito.it/en/staff?p=041307.

e.g., only certain outputs of the system can be estimated. The Lyapunov 
approach, pioneered by Lur’e and Postnikov [6,7], establishes absolute 
stability via special classes of Lyapunov functions and requires an 
explicit state-space representation of the system and inherently limits 
the class of admissible quadratic constraints. At the same time, the 
availability of a Lyapunov function enables the derivation of explicit 
convergence rates and transient performance estimates [8,9]. Further-
more, modern semidefinite programming solvers allow for the efficient 
computation of stability conditions expressed as linear matrix inequal-
ities (LMIs) [10], in contrast to frequency-domain criteria whose direct 
validation, especially in the MIMO case, can be nontrivial. Moreover, 
Lyapunov methods permit the replacement of the linear time-invariant 
subsystem, standard in classical absolute stability theory, by a more 
general nonlinear block that is dissipative in the sense of Willems [11] 
with respect to an appropriate quadratic supply rate. The quadratic 
constraint on the nonlinearity ensures that the interconnection remains 
dissipative, while the storage function serves as a Lyapunov certificate. 
Dissipativity properties often arise naturally from the physical structure 
of the system: Euler–Lagrange and port-Hamiltonian models are inher-
ently passive with respect to power-conjugate variables (generalized 
forces as inputs and generalized velocities as outputs); the associated 
energy function serves as a natural storage function [12,13].
https://doi.org/10.1016/j.sysconle.2026.106502
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Fig. 1. A network of Lur’e-type agents (a) recast as a single Lur’e-type system (b): a linear network in feedback with local static nonlinearities. We illustrate a 
special case of output diffusive coupling;  denotes the Laplacian matrix.
Absolute stability for dynamical networks
Dynamical networks, where uncertain and time-varying intercon-

nections align naturally with the classical interpretation of ‘‘nonlin-
earity’’ as an uncertain feedback element, have benefited surprisingly 
little from absolute stability theory. Methods rooted in absolute stabil-
ity theory, treating activation functions (such as ReLU, sigmoid, and 
tanh) as sector-bounded or slope-restricted nonlinearities, have been 
developed for stability and contraction analysis of some neural network 
architectures [14–16]. The main model considered in the multi-agent 
context, however, is a network of diffusively coupled1 Lur’e-type sys-
tems with identical linear parts. Equivalently, such a network may be 
interpreted as a feedback interconnection between a linear network – 
comprising the agents’ linear subsystems and the coupling topology 
– and local nonlinear feedback elements at the nodes (Fig.  1). This 
representation lends itself to direct application of the multivariate 
Popov criterion [19], circle criterion [20] and more general conditions 
based on the integral quadratic constraint (IQC) framework [21]. The 
Kronecker-product structure of the system matrices allows efficient 
validation of the frequency-domain conditions. More commonly, how-
ever, analysis and design employs Lyapunov functions whose quadratic 
part is obtained by summing identical quadratic forms 𝑥⊤𝑖 𝑃𝑥𝑖 over 
all agents, where 𝑃 ≻ 0 is a common positive definite matrix found 
from a Kalman–Yakubovich–Popov-type LMI or an algebraic Riccati 
equation [22–24]. Many works require not only identical linear parts 
but also identical nonlinearities, as is the case, for instance, when 
incremental slope restrictions are imposed rather than sector inequali-
ties [25,26] – while works allowing full or partial heterogeneity remain 
scarce [27,28].

Another approach, which motivates the current work, treats the 
interconnections themselves as the ‘‘nonlinearity’’. The coupling among 
agents can indeed be nonlinear – as in the seminal Kuramoto model
[29] – but even linear interconnections are often uncertain: one may 
only know that the graph remains connected. In many applications, 
the graph is time-varying owing to, e.g., packet dropouts, link failures, 
or changing agent neighborhoods in mobile networks [30]. As shown 
in [31–33], symmetric sector-bounded couplings satisfy a quadratic 
constraint that encodes only minimal information about the intercon-
nection graph. Exploiting this quadratic constraint, analogues of the 
circle [31] and Popov [33] criteria are derived, ensuring synchroniza-
tion of networks of LTI agents subject to nonlinear diffusive couplings. 
These results were largely motivated by earlier work [34], exploiting 
a simple quadratic constraint on diffusive couplings to establish a 
synchronization criterion for passive agents. The passivity-based syn-
chronization criterion, further developed in [13,35] is important for a 

1 The term, formally defined below, originates from models of intercon-
nected living cells [17]. It has a physical interpretation: the coupling between 
neighboring agents represents a flow of mass, charge, heat, or energy, with 
rate proportional to the difference between their outputs [18].
2 
number of reasons. First, it is fully distributed: no information about 
the network beyond connectivity is required – neither its size nor the 
eigenvalues of the Laplacian matrix. Second, it requires only simple 
diffusive couplings among the agents, without dynamic controllers on 
edges or state observers. Third, and most importantly, passivity-based 
criteria are among the few that can accommodate fully heterogeneous
agents that can even have different dimensions of the state vector.

Heterogeneous node dynamics
Stability and synchronization of networks with heterogeneous node 

dynamics remain challenging and incompletely resolved, and passivity-
based conditions [13,35–37] are among the few practically verifiable 
criteria available to date. General stability criteria for heterogeneous 
networks, including input-to-state stability results, have been obtained 
via small-gain theory [38,39]; however, these methods do not extend 
easily to partial stability and synchronization.

Controlled synchronization of heterogeneous autonomous agents is 
typically achieved via an intermediate control layer. Each agent is 
endowed with a virtual copy of a prescribed dynamical system, referred 
to as the local reference model, and a model-matching controller that 
enforces tracking of this reference model. Since the reference models 
are identical, their synchronization — which constitutes the distributed 
layer of the control architecture – can be achieved using standard 
tools, including reduction to the first-order consensus dynamics [40], 
Laplacian-based modal decomposition [18,41,42], contraction analy-
sis [43], and incremental dissipativity [44]. The systematic design of 
the ‘‘upper’’ layer control, including the choice of a reference model 
and agent-specific model-matching controllers, is, however, largely 
confined to linear dynamical systems, since it relies on the solvability 
of the regulator equations [45–49], whereas results for heterogeneous 
nonlinear agents remain comparatively limited [27,50,51]. Frequency-
domain methods for synchronization control design are likewise largely 
confined to linear systems [52,53].

Contribution of this work
Surveying the landscape of existing methods for network stability 

and synchronization, one may notice a clear divide. On the one hand, 
passivity-based designs that inherit the core ideas of absolute stability 
theory accommodate arbitrarily heterogeneous passive agents under 
simple diffusive couplings. On the other hand, the designs prevailing in 
the multi-agent systems literature – including those based on absolute 
stability methods – are either confined to identical agents or reduce the 
heterogeneous problem to one involving identical agents.

While bridging this gap entirely remains a long-term goal, the 
present work takes an important step in this direction. We show that 
the passivity condition can be substantially relaxed, and that a simple 
diffusive coupling protocol can synchronize a broad class of non-passive
heterogeneous agents. It suffices that each agent becomes passive upon 
addition of a parallel feedforward compensator – a property referred to 



A.V. Proskurnikov Systems & Control Letters 215 (2026) 106502 
as (input) feedforward passivity. Many important dynamical systems pos-
sess this property, and it has been widely used in adaptive control [54]; 
recently it has also been employed in synchronization of certain classes 
of homogeneous networks [55,56]. Unlike passive agents, agents that 
are feedforward passive can be synchronized by sufficiently weak dif-
fusive coupling. We further show that in the presence of sufficiently 
weak damping in some of the agents, a diffusively coupled network 
becomes output stable. The difference between feedforward and usual 
passivity becomes dramatic for discrete-time synchronization criteria, 
since even the simplest discrete-time dynamics, such as the first-order 
integrator, are not passive yet feedforward passive. We apply our 
results to the design of cooperative adaptive cruise control (CACC) for 
vehicle platoons.

Some results of this work were reported, without proofs, in the con-
ference paper [57]. Here, we not only provide complete proofs, but also 
treat the continuous-time and discrete-time cases (absent from [57]) in 
a unified framework.

2. Preliminaries and problem setup

In this section, we introduce basic concepts from graph theory and 
define input-feedforward passivity (IFP).
Graphs and connectivity. A weighted graph  = ( ,  , 𝐴) consists of 
a node set  = {1,… , 𝑁}, an arc set  ⊂  ×  , and a non-negative 
adjacency matrix 𝐴 = (𝑎𝑖𝑗 ), where 𝑎𝑖𝑗 > 0 iff (𝑖, 𝑗) ∈  . Since 𝑁 and the 
node indices are fixed, graphs and adjacency matrices are in one-to-one 
correspondence via 𝐴 ↦ [𝐴]; we always assume 𝑎𝑖𝑖 = 0. The weighted 
in- and out-degrees of node 𝑖 are 𝑑+𝑖

𝛥
=
∑

𝑗 𝑎𝑖𝑗 and 𝑑−𝑖
𝛥
=
∑

𝑗 𝑎𝑗𝑖.
A walk from 𝑣 to 𝑣′ is a sequence 𝑣 = 𝑣𝑖0 , 𝑣𝑖1 ,… , 𝑣𝑖𝑠 = 𝑣′ with 

(𝑣𝑖𝑘−1 , 𝑣𝑖𝑘 ) ∈  for each 𝑘. A graph is strongly connected if a walk 
exists between every ordered pair of distinct nodes, and quasi-strongly 
connected (equivalently, has a directed spanning tree) if some node can 
reach all others by walks. For undirected and weight-balanced graphs 
both conditions reduce to the usual notion of connectedness.

The Laplacian matrix of [𝐴] is defined as 𝐿[𝐴] 𝛥
= 𝐷+[𝐴] −𝐴, where 

𝐷+[𝐴]
𝛥
= diag(𝑑+1 ,… , 𝑑+𝑁 ) is the out-degree matrix. By construction, 

𝐿[𝐴]𝟏 = 0, i.e., 𝟏 𝛥
= (1,… , 1)⊤ is a right eigenvector of 𝐿[𝐴] corre-

sponding to the eigenvalue 0. If [𝐴] is quasi-strongly connected, then 
ker 𝐿[𝐴] = span 𝟏 and there exists a unique left eigenvector 𝑝 ∈ R𝑁  such 
that 𝑝⊤𝐿[𝐴] = 0 and ∑𝑁

𝑖=1 𝑝𝑖 = 1. Since (−𝐿[𝐴]) is a Metzler matrix, the 
Perron–Frobenius theorem [18] guarantees that 𝑝 is nonnegative; 𝑝 is 
strictly positive if and only if the graph is strongly connected.
Dissipativity and its special cases. In this subsection, we recall the 
concept of dissipativity for the system 

𝜎𝑥(𝑡) = 𝑓 (𝑥(𝑡), 𝑢(𝑡)), 𝑦(𝑡) = ℎ(𝑥(𝑡)), (𝛴)

where 𝑥(𝑡) ∈ R𝑛, 𝑢(𝑡) ∈ R𝑚, 𝑦(𝑡) ∈ R𝑚 are the state, input, and output, 
and 𝜎 denotes either the derivative 𝑥̇(𝑡) (continuous time, 𝑡 ≥ 0) or the 
forward shift 𝑥(𝑡) ↦ 𝑥(𝑡 + 1) (discrete time, 𝑡 = 0, 1,…). We use the 
shorthand ∫ 𝑡2

𝑡1
(⋅) 𝑑𝑡 and ∑𝑡1≤𝑡<𝑡2 (⋅) for the continuous- and discrete-time 

accumulated supply, respectively.

Definition 1 ([11]). System (𝛴) is dissipative with storage function 
𝑉 ∶ R𝑛 → [0,∞) and supply rate 𝑠 ∶ R𝑚 × R𝑚 → R if, for all 0 ≤ 𝑡1 < 𝑡2
and all solutions defined on [𝑡1, 𝑡2], 

𝑉 (𝑥(𝑡2)) − 𝑉 (𝑥(𝑡1)) ≤ ∫

𝑡2

𝑡1
𝑠(𝑦, 𝑢) 𝑑𝑡

(

resp. 
∑

𝑡1≤𝑡<𝑡2

𝑠(𝑦, 𝑢)
)

. (1)

The most studied case of dissipativity is passivity, i.e., dissipativity 
with supply rate 𝑠(𝑦, 𝑢) = 𝑦⊤𝑢. While natural for many mechanical 
systems and electric circuits, these conditions fail to hold for a wide 
range of practically important systems. We therefore consider a much 
broader class, called input feedforward passive (IFP) [58].
3 
Definition 2.  Let dim 𝑦 = dim 𝑢 = 𝑚. System (𝛴) is IFP with index 
𝑅 ∈ R𝑚×𝑚, denoted IFP(𝑅), if it is dissipative with 𝑠(𝑦, 𝑢) = 𝑦⊤𝑢+ 𝑢⊤𝑅𝑢. 
When 𝑅 = 𝑟𝐼 , 𝑟 ≥ 0, we will simply write IFP(𝑟) for brevity.

Equivalently, system (𝛴) is IFP(𝑅) if and only if it is passive with 
respect to the modified output 𝑦̃ = 𝑦 + 𝑅𝑢, i.e., it is rendered passive 
by introducing a parallel feedforward compensator, called a shunt in 
the Russian control literature [54]. Since the antisymmetric part of 𝑅
does not affect the supply rate 𝑢⊤𝑅𝑢, we may assume without loss of 
generality that 𝑅 = 𝑅⊤. Typically 𝑅 ≥ 0; the case 𝑅 = 0 reduces to 
conventional passivity. 

Example 1. The discrete-time integrator 𝑦(𝑡 + 1) = 𝑦(𝑡) + 𝜏𝑢(𝑡) is not 
passive: sufficiently strong negative feedback 𝑢(𝑡) = −𝑘𝑦(𝑡) (with 𝑘𝜏 > 1) 
not only violates (1) for any nonnegative 𝑉 , but also destabilizes the 
system. Choosing the storage function 𝑉 (𝑦) = 1

2𝜏 𝑦
2, it can be checked 

that this system is IFP(𝜏∕2), because
𝑉 (𝑦(𝑡 + 1)) − 𝑉 (𝑦(𝑡)) = 𝑦(𝑡)𝑢(𝑡) + 𝜏

2
𝑢(𝑡)2.

For general LTI systems, IFP can be tested via the Positive Real 
Lemma [11,58,59] as shown by the following.

Example 2. Consider the continuous-time SISO system2

𝜌
(

𝑑
𝑑𝑡

)

𝑑
𝑑𝑡 𝜁 (𝑡) = 𝑢(𝑡) ∈ R, 𝑦(𝑡) = 𝜂

(

𝑑
𝑑𝑡

)

𝜁 (𝑡), 𝜌(𝜆)
𝛥
=
∑𝑟

𝑘=0 𝜌𝑘𝜆
𝑘,

𝜂(𝜆)
𝛥
=
∑𝑞

𝑘=0 𝜂𝑘𝜆
𝑘.

(2)

which has a single unstable pole at zero, with transfer function 𝑊 (𝑠) =
𝜂(𝑠)∕(𝑠𝜌(𝑠)).

Lemma 1.  Suppose 𝜌(𝜆) is Hurwitz, 𝜌0 > 0 and 𝜂0 ≥ 0 (the residue at the 
zero pole is nonnegative). Then system (2) is IFP(𝛼∗), where the passivity 
index is 𝛼∗ 𝛥

= − inf𝜔∈R⧵{0} 𝑅𝑒𝑊 (𝚤𝜔).

Proof.  Notice first that 𝑅𝑒𝑊 (𝚤𝜔) is bounded below and thus 𝛼∗ < ∞. 
Indeed, as 𝜔 → ∞, 𝑊 (𝚤𝜔) → 0. Near 𝜔 = 0, one has 𝑊 (𝜆) = (𝜂0∕𝜌0)𝜆−1+
𝑂(1), so 𝑅𝑒𝑊 (𝚤𝜔) = 𝑂(1) as 𝜔 → 0 (since the residue 𝜂0∕𝜌0 is real 
and 𝑅𝑒 [(𝚤𝜔)−1] = 0). Hence 𝛼∗ < ∞. As noted in Section 2, the IFP(𝛼) 
condition is equivalent to passivity of system (2) with respect to the 
modified output 𝑦̃ = 𝑦 + 𝛼∗𝑢, with transfer function 𝑊̃ (𝜆) = 𝑊 (𝜆) + 𝛼∗. 
By definition of 𝛼∗, one has 𝑅𝑒 𝑊̃ (𝚤𝜔) ≥ 0 for all 𝜔 ≠ 0. Moreover, 
lim𝜆→0 𝜆𝑊̃ (𝜆) = 𝜂0∕𝜌0 ≥ 0, and all nonzero poles of 𝑊̃  are stable since 
𝜌(𝜆) is Hurwitz. Hence 𝑊̃  is positive real, and the result follows from 
the Positive Real Lemma [11].  ■

Many examples of nonlinear IFP systems can be constructed by 
noticing that the IFP property is preserved under output feedback as 
illustrated by the following lemma. 

Lemma 2.  Consider system (𝛴) with the feedback law 𝑢(𝑡) = 𝑣(𝑡)−𝜑(𝑦(𝑡)), 
where 𝑣(𝑡) is a new input and 𝜑 ∶ R𝑚 → R𝑚 is a static nonlinearity. If 
system (𝛴) is IFP(𝑅), where 𝑅 ⪰ 0 and 𝑦⊤𝜑(𝑦) ≥ (1 + 𝜀)𝜑(𝑦)⊤𝑅𝜑(𝑦) for 
all 𝑦 ∈ R𝑚 for some 𝜀 > 0, then the closed-loop system is IFP((1 + 𝜀−1

)

𝑅
)

with respect to the input 𝑣 and output 𝑦.

Proof.  Denoting for brevity 𝜑 = 𝜑(𝑦), weighted Young’s inequality 
ensures that 2|𝑣⊤𝑅𝜑| ≤ 𝜀−1𝑣⊤𝑅𝑣 + 𝜀𝜑⊤𝑅𝜑. The statement is now 
immediate from the definition of IFP and the inequalities 
𝑦⊤𝑢 + 𝑢⊤𝑅𝑢 = 𝑦⊤𝑣 − 𝑦⊤𝜑 + (𝑣 − 𝜑)⊤𝑅(𝑣 − 𝜑) ≤ 𝑦⊤𝑣 + (1 + 𝜀−1)𝑣⊤𝑅𝑣

− 𝑦⊤𝜑 + (1 + 𝜀)𝜑⊤𝑅𝜑

≤ 𝑦⊤𝑣 + (1 + 𝜀−1)𝑣⊤𝑅𝑣 ■.

2 To apply the definition of IFP, assume that we are dealing with a minimal 
(observable and controllable) state-space realization of this model.



A.V. Proskurnikov Systems & Control Letters 215 (2026) 106502 
Diffusive couplings. a quadratic constraint. Following [17,36], we 
introduce the concept of a diffusively coupled network. Consider 𝑁 ≥ 2
heterogeneous agents of the form (𝛴), indexed 𝑖 = 1,… , 𝑁 : 
𝜎𝑥𝑖(𝑡) = 𝑓𝑖(𝑥𝑖(𝑡), 𝑢𝑖(𝑡)), 𝑦𝑖(𝑡) = ℎ𝑖(𝑥𝑖(𝑡)), 𝑖 = 1,… , 𝑁, (3)

where 𝑥𝑖 ∈ R𝑛𝑖 , 𝑢𝑖 ∈ R𝑚, and 𝑦𝑖 ∈ R𝑚 are the state, input, and 
output of the 𝑖th agent. All agents share the same time domain (all 
continuous-time or all discrete-time).

Definition 3.  The systems (3) interconnected via 

𝑢𝑖(𝑡) = 𝐾
𝑁
∑

𝑗=1
𝑎𝑖𝑗 (𝑦𝑗 (𝑡) − 𝑦𝑖(𝑡)), 𝑖 = 1,… , 𝑁, (4)

with 𝑎𝑖𝑗 ≥ 0 constitute a diffusively coupled network with coupling matrix
𝐴 = (𝑎𝑖𝑗 ) and matrix gain 𝐾 ∈ R𝑚×𝑚.

Typically 𝐾 = 𝐼 or, more generally, 𝐾 = 𝑘𝐼 for some scalar 
𝑘 > 0; the dependence of synchronization on a single scalar gain is 
a common formulation in the physics literature [60]. More generally, 
a diagonal matrix 𝐾 = diag(𝑘1,… , 𝑘𝑚) allows independent weighting 
across output channels, which is useful when the output components 
have different physical units or scales. In the synchronization criteria 
below, we admit an arbitrary symmetric positive definite matrix gain 
𝐾 ≻ 0. As discussed below, the matrix gain 𝐾 must be sufficiently small 
to ensure synchronization.

The following lemma, generalizing the result from [13], shows that 
the diffusive coupling protocol imposes a quadratic constraint. This 
observation places the synchronization problem within the framework 
of absolute stability theory and the quadratic constraint methodology 
developed by V.A. Yakubovich: the role of the sector-bounded non-
linearity is played by the diffusive coupling, and the standard LMI 
conditions on the linear block are replaced by IFP conditions on the 
(possibly nonlinear) agents. 

Lemma 3.  Let the graph [𝐴] be strongly connected and 𝑝 be the 
strictly positive Perron–Frobenius eigenvector for the matrix 𝐿[𝐴] such 
that 𝑝⊤𝐿[𝐴] = 0 and 𝑝⊤𝟏 = 1. Choose constants 𝛼𝑖 ∈

[

0, 1
2𝑑+𝑖 [𝐴]

) for 
all 𝑖 = 1,… , 𝑁 . Then 𝜀 = 𝜀(𝛼, 𝐴) > 0 exists such that all vectors 
(𝑢1,… , 𝑢𝑁 , 𝑦1,… , 𝑦𝑁 ) satisfying (4) obey the quadratic constraint 
𝑁
∑

𝑖=1
𝑝𝑖
(

𝑦⊤𝑖 𝑢𝑖 + 𝛼𝑖𝑢
⊤
𝑖 𝐾

−1𝑢𝑖
)

≤ −𝜀
𝑁
∑

𝑖,𝑗=1
𝑎𝑖𝑗 (𝑦𝑗 − 𝑦𝑖)⊤𝐾(𝑦𝑗 − 𝑦𝑖). (5)

Proof.  Consider first the case where 𝐾 = 𝐼 . As shown in [13, 
Theorem 8.5], the Eqs. (4) in this case imply 
𝑁
∑

𝑖=1
𝑝𝑖𝑦

⊤
𝑖 𝑢𝑖 = −1

2

𝑁
∑

𝑖,𝑗=1
𝑝𝑖𝑎𝑖𝑗 |𝑦𝑗 − 𝑦𝑖|

2. (6)

On the other hand, using the Cauchy–Schwarz inequality, for all 𝑖 =
1,… , 𝑁 one has

𝑑+𝑖 [𝐴]
𝑁
∑

𝑗=1
𝑎𝑖𝑗 |𝑦𝑗 − 𝑦𝑖|

2 =
𝑁
∑

𝑘=1
𝑎𝑖𝑘

𝑁
∑

𝑗=1
𝑎𝑖𝑗 |𝑦𝑗 − 𝑦𝑖|

2

≥
|

|

|

|

|

|

𝑁
∑

𝑗=1
𝑎1∕2𝑖𝑗 𝑎1∕2𝑖𝑗 (𝑦𝑗 − 𝑦𝑖)

|

|

|

|

|

|

2

= |𝑢𝑖|
2.

Combining these inequalities, we obtain
𝑁
∑

𝑖=1
𝑝𝑖𝑦

⊤
𝑖 𝑢𝑖 +

𝑁
∑

𝑖=1
𝑝𝑖𝛼𝑖|𝑢𝑖|

2 ≤
𝑁
∑

𝑖,𝑗=1

(

𝑝𝑖𝛼𝑖𝑑
+
𝑖 [𝐴] −

1
2
𝑝𝑖
)

𝑎𝑖𝑗 |𝑦𝑗 − 𝑦𝑖|
2

≤ −𝜀
𝑁
∑

𝑖,𝑗=1
𝑎𝑖𝑗 |𝑦𝑗 − 𝑦𝑖|

2,

where 𝜀 can be chosen as 𝜀 𝛥
= min𝑖 𝑝𝑖(1∕2 − 𝛼𝑖𝑑+𝑖 [𝐴]). This proves (5) 

with 𝐾 = 𝐼 . The general case is obtained by replacing 𝑢𝑖 ↦ 𝐾−1∕2𝑢𝑖, 
𝑦 ↦ 𝐾1∕2𝑦  for all 𝑖.  ■
𝑖 𝑖

4 
Although computing 𝑝𝑖 and 𝜀 in Lemma  3 may be computation-
ally expensive for large-scale graphs, these coefficients do not appear 
explicitly in the synchronization criteria derived below.
Output synchronization and stability. In this paper, we study dis-
tributed protocols that synchronize the outputs 𝑦𝑗 asymptotically or in 
𝐿2-norm.3 Specifically, we seek conditions under which the coupling 
protocol (4) achieves output synchronization or 𝐿2-synchronization of 
the agents (3). We also consider output stability in the presence of 
damping terms. To this end, we introduce the following notions. 

Definition 4.  Solutions (𝑥𝑗 , 𝑢𝑗 , 𝑦𝑗 )𝑁𝑗=1 of (3), defined for 𝑡 ≥ 0, are 
called:

• (asymptotically) output synchronized if |𝑦𝑖(𝑡) − 𝑦𝑗 (𝑡)| → 0 as 𝑡 → ∞
for all 𝑖, 𝑗;

• output 𝐿2-synchronized if ∫ ∞
0 |𝑦𝑖(𝑡) − 𝑦𝑗 (𝑡)|

2 𝑑𝑡 < ∞ for all 𝑖, 𝑗;
• (asymptotically) output stable if |𝑦𝑖(𝑡)| → 0 as 𝑡 → ∞ for all 𝑖;
• output 𝐿2-stable if ∫ ∞

0 |𝑦𝑖(𝑡)|
2 𝑑𝑡 < ∞ for all 𝑖.

The discrete-time analogues are defined identically, with ∫ ∞
0 (⋅) 𝑑𝑡 re-

placed by ∑∞
𝑡=0(⋅).

3. Main results

To simplify the formulation of continuous-time synchronization 
criteria, we impose some regularity conditions. 

Assumption 1 (Regularity). The functions 𝑓𝑖 ∶ R𝑛𝑖 × R𝑚 → R𝑛𝑖  and 
ℎ𝑖 ∶ R𝑛𝑖 → R𝑚 are defined globally. In the discrete-time case, we 
assume that ℎ𝑖 is locally bounded4 (i.e., maps bounded sets to bounded 
sets). In the continuous-time case, 𝑓𝑖 is continuous and ℎ𝑖 is 𝐶1 for each 
𝑖 = 1,… , 𝑁 .

Henceforth we assume, unless otherwise stated, that agents are IFP 
(whereas their passivity indices may differ). 

Assumption 2 (The IFP Property). For each 𝑖 = 1,… , 𝑁 , the 𝑖th agent 
in (3) is IFP(𝑅𝑖) with a known passivity index 𝑅𝑖 = 𝑅⊤

𝑖 ≻ 0 and a storage 
function 𝑉𝑖(𝑥𝑖) ≥ 0.

In some statements, we will impose an additional assumption on the 
storage functions.

Assumption 3 (Radial Unboundedness). The storage functions 𝑉𝑖 are 
radially unbounded: lim

|𝑥𝑗 |→∞ 𝑉𝑗 (𝑥𝑗 ) = ∞.

3.1. Synchronization criterion

We now formulate the first main result of this paper, establishing 
synchronization in a network of systems (3), interconnected via a 
protocol (4) with a symmetric gain matrix 𝐾 = 𝐾⊤ ≻ 0.

Theorem 1.  Suppose Assumptions  1 and 2 hold, 𝐺[𝐴] is strongly con-
nected, and 
2𝑑+𝑖 [𝐴]𝐾 ≺ 𝑅−1

𝑖 , 𝑖 = 1,… , 𝑁, (7)

for some symmetric 𝐾 = 𝐾⊤ ≻ 0. Then:

3 In practice, the distinction between asymptotic and 𝐿2-synchronization 
is minor. In the discrete-time case, 𝐿2-synchronization implies asymptotic 
synchronization, but the converse does not hold. In the continuous-time case, 
neither condition implies the other. The implication from 𝐿2- to asymptotic 
synchronization or stability is usually established via Barbalat’s lemma (cf. [58, 
Lemma 8.2]).

4 In other words, if the state vectors remain bounded, then the outputs 
remain bounded.



A.V. Proskurnikov Systems & Control Letters 215 (2026) 106502 
1. In the discrete-time case, every solution of (3), (4) is output synchro-
nized and output 𝐿2-synchronized.

2. In the continuous-time case, every solution defined for all 𝑡 ≥ 0 is 
output 𝐿2-synchronized.

3. If, in addition, Assumption  3 holds, then all variables (𝑥𝑖, 𝑢𝑖, 𝑦𝑖) are 
bounded. In the continuous-time case this implies that solutions are 
defined for all 𝑡 ≥ 0 (hence also output 𝐿2-synchronized) and are 
output synchronized.

Proof.  In view of (7), for each 𝑖 = 1,… , 𝑁 we may choose 𝛼𝑖 such that
𝛼𝑖𝐾

−1 ≻ 𝑅𝑖, 0 < 2𝑑+𝑖 [𝐴]𝛼𝑖 < 1, whence

𝑦⊤𝑖 𝑢𝑖 + 𝑢⊤𝑖 𝑅𝑖𝑢𝑖 ≤ 𝑦⊤𝑖 𝑢𝑖 + 𝛼𝑖𝑢
⊤
𝑖 𝐾

−1𝑢𝑖. (8)

We begin with the continuous-time case, which is more involved. 
Define the stack vector 𝑋 = [𝑥⊤1 ,… , 𝑥⊤𝑁 ]⊤ and the aggregate storage 
function 𝑉 (𝑋)

𝛥
=

∑𝑁
𝑖=1 𝑝𝑖𝑉𝑖(𝑥𝑖). The IFP property together with (8) and 

Lemma  3 gives 

𝑉 (𝑋(𝑇 )) − 𝑉 (𝑋(0)) ≤
𝑁
∑

𝑖=1
∫

𝑇

0
𝑝𝑖
(

𝑦⊤𝑖 𝑢𝑖 + 𝑢⊤𝑖 𝑅𝑖𝑢𝑖
)

𝑑𝑡

(5), (8)
≤ −𝜀

𝑁
∑

𝑖,𝑗=1
∫

𝑇

0
𝑎𝑖𝑗 (𝑦𝑗 − 𝑦𝑖)⊤𝐾(𝑦𝑗 − 𝑦𝑖) 𝑑𝑡 ≤ 0.

(9)

Since 𝑉 ≥ 0 and 𝐾 ≻ 0, for each pair of agents with 𝑎𝑖𝑗 > 0 one has

∫

𝑇

0
|𝑦𝑗 − 𝑦𝑖|

2 𝑑𝑡 ≤ 𝑉 (𝑋(0))
𝑎𝑖𝑗𝜆min(𝐾)

∀𝑇 .

Hence, if the solution is defined for all 𝑡 ≥ 0, then 𝑦𝑗 − 𝑦𝑖 ∈ 𝐿2[0,∞)
for every pair of adjacent nodes (𝑎𝑖𝑗 > 0), as follows by taking 𝑇 →

∞ in (9). Since [𝐴] is strongly connected, every pair of agents is 
connected by a walk, and 𝑦𝑖 − 𝑦𝑗 ∈ 𝐿2[0,∞) for all 𝑖, 𝑗 follows by the 
triangle inequality. This proves statement 2.

To prove statement 3, note that radial unboundedness of each 𝑉𝑖(𝑥𝑖), 
together with 𝑝𝑖 > 0 for all 𝑖, implies that 𝑉 (𝑋) is also radially 
unbounded. Since 𝑉 (𝑋(𝑇 )) ≤ 𝑉 (𝑋(0)) for all 𝑇 ≥ 0, the state vectors 
𝑥𝑖(𝑡) are bounded uniformly in 𝑡. Since ℎ𝑖 is continuous, the outputs 
𝑦𝑖(𝑡) are bounded; boundedness of 𝑢𝑖(𝑡) follows from (4). In particu-
lar, the solution exists for all 𝑡 ≥ 0. Since 𝑓𝑖 is continuous, 𝑥̇𝑖(𝑡) is 
bounded, and since ℎ𝑖 is 𝐶1, 𝑦̇𝑖(𝑡) = ℎ′𝑖(𝑥𝑖)𝑥̇𝑖(𝑡) is also bounded. The 
differences |𝑦𝑖(𝑡) − 𝑦𝑗 (𝑡)|

2 are thus uniformly continuous, and output 
synchronization follows from Barbalat’s lemma.

The discrete-time proof is identical, with integrals replaced by 
sums. The only difference concerns statement 1: asymptotic output 
synchronization follows immediately from 𝐿2-synchronization, since 
∑∞

𝑡=0 |𝑦𝑖(𝑡) − 𝑦𝑗 (𝑡)|
2 < ∞ implies |𝑦𝑖(𝑡) − 𝑦𝑗 (𝑡)| → 0 as 𝑡 → ∞. In statement 

3, the outputs are bounded in view of local boundedness of ℎ𝑖.  ■

Discussion and remarks
Note that when 𝑅𝑖 = 0 (the passive case), condition (7) is satisfied 

for any 𝐾 ≻ 0 and any coupling matrix 𝐴, and Theorem  1 reduces 
to [13, Theorem 8.3]. A well-known special case is consensus of single 
integrators (𝑥̇𝑗 = 𝑢𝑗 , 𝑦𝑗 = 𝑥𝑗) under diffusive coupling [61]. As 
noted earlier, discrete-time systems are generally not passive, which 
underscores the importance of the IFP framework in the discrete-time 
setting.

The small gain condition (7) can be fulfilled in two ways. On the 
one hand, one can choose the matrix gain 𝐾 small, e.g., 𝐾 = 𝑘𝐼
with 𝑘 > 0 sufficiently small. This approach is common in the physics 
literature, where synchronization is controlled via a single scalar cou-
pling parameter [60]. On the other hand, one can fix 𝐾 (e.g., use the 
standard diffusive coupling 𝐾 = 𝐼) and choose the edge weights so 
that the weighted degrees 𝑑+𝑖 [𝐴] are sufficiently small. The small-gain 
condition (7) cannot, in general, be omitted, as the following example 
demonstrates. 
5 
Example 3. For any 𝛽, 𝛾 > 0, the system 
𝑦𝑗 (𝑡) + 𝛽𝑦̈𝑗 (𝑡) + 𝛾𝑦̇𝑗 (𝑡) = 𝑢𝑗 (𝑡) ∈ R, 𝑡 ≥ 0, (10)

has transfer function 𝑊 (𝑠) = 1∕(𝑠(𝑠2 + 𝛽𝑠 + 𝛾)) and is IFP(𝛼∗), where

𝛼∗ = − inf
𝜔≠0

𝑅𝑒𝑊 (𝚤𝜔) = sup
𝜔≠0

𝛽
𝛽2𝜔2 + (𝛾 − 𝜔2)2

=

⎧

⎪

⎨

⎪

⎩

4
𝛽(4𝛾−𝛽2) if 𝛾 > 𝛽2∕2,
𝛽
𝛾2

if 𝛾 ≤ 𝛽2∕2.

Applying protocol (4) with 𝐾 = 1 and all-to-all coupling 𝑎𝑖𝑗 = 𝑎 >
0 for all 𝑖 ≠ 𝑗 to a group of identical agents (10), the only non-
zero eigenvalue of the Laplacian matrix is 𝜆 = 𝑎(𝑁 − 1). The output 
synchronization is thus achieved if and only if the feedback 𝑢𝑖 =
−𝑎(𝑁−1)𝑦𝑖 stabilizes the agent’s dynamics [42], that is, the polynomial 
𝑠3 + 𝛽𝑠2 + 𝛾𝑠 + 𝑎(𝑁 − 1) is Hurwitz. By the Routh–Hurwitz criterion, 
this means that 𝑎(𝑁 − 1) < 𝛽𝛾. In particular, as the network size 𝑁 is 
growing, the coupling strength must decay as 𝑂(𝑁−1).

It is interesting to compare this necessary and sufficient condition 
with Theorem  1. Being applied in the case where 𝛾 > 𝛽2∕2, 𝑅𝑖 = 𝛼∗, 
𝐾 = 1 and 𝑑+𝑖 = (𝑁 − 1)𝑎, the condition (7) results in

𝑎(𝑁 − 1) <
𝛽(4𝛾 − 𝛽2)

8
=

𝛽𝛾
2

−
𝛽3

8
< 𝛽𝛾.

This conservatism is not surprising: Theorem  1 guarantees synchroniza-
tion under any strongly connected graph satisfying (7), so some loss 
of sharpness on specific graphs is to be expected. Moreover, Theorem 
1 accommodates heterogeneous agents, whereas the Laplacian modal 
decomposition [42] is applicable only to identical systems.

An interesting phenomenon is that, for heterogeneous agents, diffu-
sive coupling does not always lead to synchronization when the graph 
has a directed spanning tree but is not strongly connected,5 as the 
example demonstrates.

Example 4. Consider a pair (𝑁 = 2) of harmonic oscillators 𝜉1+𝜔2
1𝜉1 =

𝑢1 and 𝜉2 + 𝜔2
2𝜉2 = 𝑢2 of different frequencies 𝜔1 ≠ 𝜔2. These two 

systems are passive with respect to the inputs 𝑢𝑖 and the outputs 𝑦𝑖 = 𝜉̇𝑖. 
Consider the master–slave coupling protocol 𝑢1 = 𝑎(𝜉̇2 − 𝜉̇1), 𝑢2 = 0, 
corresponding to a graph with the single arc 2 → 1 (i.e., 𝑎12 = 𝑎 > 0, 
𝑎21 = 0). It can be shown that the system has a family of solutions 
𝜉1(𝑡) = 𝑅𝑒 [𝑊 (𝚤𝜔2)𝑐𝑒𝚤𝜔2𝑡], 𝜉2 = 𝑅𝑒 [𝑐𝑒𝚤𝜔2𝑡], where 𝑐 ∈ C and 𝑊 (𝑠)

𝛥
=

𝑎𝑠∕(𝑠2 + 𝑎𝑠 + 𝜔2
1), with corresponding outputs 𝑦𝑖 = 𝜉̇𝑖 obtained by 

differentiation. Since |𝑊 (𝚤𝜔2)| < 1, the outputs are harmonics with the 
same frequency but different amplitudes |𝑊 (𝚤𝜔2)𝜔2𝑐| and |𝜔2𝑐|.

3.2. Stability in presence of damping terms

We now turn to a related problem: stabilization of a diffusively 
coupled network via pinning control [62], where local damping feedback 
is applied to a subset of agents (the ‘‘pinned’’ nodes) with the goal of 
driving all outputs to zero. In many applications, diffusive couplings 
do not arise from a designed control algorithm but from the natural 
physical interconnection between subsystems – for instance, diffusion 
of chemical substances across cell membranes or current flow between 
nodes in an electrical network. In such settings, the engineer has little 
or no freedom to modify the coupling, and the goal is not to achieve 
synchronization, but rather to stabilize the outputs at a prescribed 
value. The linear damping terms, added to the inputs of a subset 
of agents, provide actuation that achieves this goal: they anchor the 
network’s output level to zero, while the diffusive coupling propagates 
this effect throughout the network.

5 Under additional assumptions, synchronization over quasi-strongly con-
nected graphs can be established by using some dynamic controller, e.g., via 
internal model control [51].
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We thus consider the algorithm 

𝑢𝑖(𝑡) = −𝑏𝑖𝑦𝑖(𝑡) +𝐾
𝑁
∑

𝑗=1
𝑎𝑖𝑗 (𝑦𝑗 (𝑡) − 𝑦𝑖(𝑡)), 𝑖 = 1,… , 𝑁, (11)

which extends (4) by adding damping terms −𝑏𝑖𝑦𝑖 at the pinned nodes 
(𝑏𝑖 > 0), while 𝑏𝑖 = 0 at the remaining nodes. In practice, one is 
often interested in using one or a few pinned nodes – for instance, in 
vehicle platoons or robot flocks, the velocity can be determined by the 
leading vehicle, while the remaining agents track this reference velocity 
through diffusive interactions with their neighbors. For simplicity, we 
assume throughout that 𝐺[𝐴] is strongly connected.

The output stability criterion is based on the following modification 
of Lemma  2. 

Lemma 4.  Suppose system (𝛴) is IFP(𝑟𝐼) with some 𝑟 ≥ 0 and storage 
function 𝑉 . Let 𝑏 ∈ [

0, 1
2𝑟

) and define

𝑟̂
𝛥
= 𝑟

1−2𝑟𝑏 , 𝛿
𝛥
= 𝑏(1−𝑟𝑏)

1−2𝑟𝑏 ≥ 0, 𝑉 (𝑥)
𝛥
= 1

1−2𝑟𝑏𝑉 (𝑥).

Then (𝛴) is IFP(𝑟̂) with respect to the same output 𝑦, the modified input 
𝑢̂

𝛥
= 𝑢 + 𝑏𝑦 and storage function 𝑉 . Moreover, 

𝑉 (𝑥(𝑇 )) − 𝑉 (𝑥(0)) ≤ ∫

𝑇

0

(

𝑦⊤𝑢̂ + 𝑟̂|𝑢̂|2 − 𝛿|𝑦|2
)

𝑑𝑡 ∀𝑇 ≥ 0 (12)

with ∫ 𝑇
0 (⋅) 𝑑𝑡 is replaced by ∑𝑇−1

𝑡=0 (⋅) in the discrete-time case.

Proof.  The result follows from the definition of IFP by noting that 
1

1−2𝑟𝑏

(

𝑦⊤𝑢 + 𝑟|𝑢|2
)

= 𝑦⊤𝑢̂ + 𝑟̂|𝑢̂|2 − 𝛿|𝑦|2.  ■

The additional term −𝛿𝑖|𝑦𝑖|2 in (12) provides the dissipation needed 
to establish output stability in place of synchronization. We formulate 
the corresponding modification of Theorem  1. 

Theorem 2.  Suppose Assumptions  1 and 2 hold with 𝑅𝑖 = 𝑟𝑖𝐼 , 𝐺[𝐴] is 
strongly connected, 𝑏𝑖 ≥ 0 for all 𝑖 with 𝑏𝑖 > 0 for at least one 𝑖, and 
2𝑏𝑖𝐼 + 2𝑑+𝑖 [𝐴]𝐾 ≺ 𝑅−1

𝑖 , 𝑖 = 1,… , 𝑁, (13)

for some symmetric 𝐾 = 𝐾⊤ ≻ 0. Then:
1. In the discrete-time case, every solution of (3), (11) is output stable 
and output 𝐿2-stable.

2. In the continuous-time case, every solution defined for all 𝑡 ≥ 0 is 
output 𝐿2-stable.

3. If, in addition, Assumption  3 holds, then all variables (𝑥𝑖, 𝑢𝑖, 𝑦𝑖) are 
bounded, every solution is defined for all 𝑡 ≥ 0, and all solutions are 
output 𝐿2-stable and output stable.

Proof.  The proof follows that of Theorem  1. Condition (13) implies 𝑏𝑖 ∈
[

0, 1
2𝑟𝑖

)

, so introducing the modified inputs 𝑢̂𝑖
𝛥
= 𝑢𝑖 + 𝑏𝑖𝑦𝑖 and applying 

Lemma  4 replaces IFP(𝑟𝑖𝐼) by IFP(𝑟̂𝑖𝐼) with 𝑟̂𝑖
𝛥
= 𝑟𝑖∕(1 − 2𝑟𝑖𝑏𝑖) and 

storage function 𝑉𝑖. By construction, the modified inputs 𝑢̂𝑖 satisfy (4), 
and condition (13) coincides with (7) upon replacing 𝑅𝑖 by 𝑟̂𝑖𝐼 ; the 
proof thus reduces to that of Theorem  1 with updated passivity indices. 
Introducing the aggregate storage function 𝑉 (𝑋) =

∑

𝑖 𝑝𝑖𝑉𝑖(𝑥𝑖), the 
inequality (9) is replaced by

𝑉 (𝑋(𝑇 )) − 𝑉 (𝑋(0)) ≤ −∫

𝑇

0

[ 𝑁
∑

𝑖,𝑗=1
𝜀𝑎𝑖𝑗 (𝑦𝑗 − 𝑦𝑖)⊤𝐾(𝑦𝑗 − 𝑦𝑖) + 𝑝𝑖𝛿𝑖|𝑦𝑖|

2

]

𝑑𝑡,

where the expression in brackets is a positive definite quadratic form in 
(𝑦1,… , 𝑦𝑁 ), since [𝐴] is strongly connected and 𝑝𝑖𝛿𝑖 > 0 for at least one 
index 𝑖. This entails statement 2 (by passing to the limit as 𝑇 → ∞). The 
remainder of the proof follows that of Theorem  1, with synchronization 
replaced by stability throughout.  ■

The proof of Theorem  2 in fact allows one to obtain explicit esti-
mates of the 𝐿2 norms of the outputs in terms of the initial state 𝑋(0)
and the system parameters; such estimates are standard in absolute 
stability theory [4].
6 
Fig. 2. Platoon of vehicles. Notation used in the text.

4. Synchronization in vehicle platooning

Cooperative adaptive cruise control (CACC) refers to a class of 
distributed algorithms enabling vehicles in a platoon to maintain pre-
scribed inter-vehicle spacings and a common speed via vehicle-to-
vehicle communication. The stability of CACC algorithms, naturally 
cast as an output synchronization and stability problem, is well under-
stood for identical vehicle models: Laplacian modal decomposition [63] 
reduces the analysis to scalar subsystems indexed by the Laplacian 
eigenvalues and applies to a broad class of interconnection topolo-
gies. For heterogeneous platoons, no comparably general theory is 
available: stability depends on the individual vehicle models, the in-
formation topology, and the adopted spacing and speed policies. For 
predecessor–follower topologies, the stronger condition of string stability
is typically imposed: the ∞ gain from each vehicle’s tracking error to 
its successor’s does not exceed one. This is a conservative yet easily 
verifiable condition guaranteeing that disturbances do not amplify 
as they propagate downstream [64]. Bidirectional platoons, in which 
each vehicle reacts to both its predecessor and successor, are more 
challenging to analyze. Their disturbance attenuation capability often 
exceeds that of unidirectional architectures [65], whereas the stability 
margin can deteriorate as the platoon size increases, leading to slower 
convergence [66,67].

As an application of Theorem  2, we examine the stability of a 
heterogeneous vehicle platoon under a bidirectional-leader topology, 
in which each vehicle measures the relative positions of its prede-
cessor and successor, and the leader’s speed is broadcast to all vehi-
cles. Following [66], we consider a linear control algorithm with a 
constant-spacing policy, here extended to vehicles with heterogeneous 
powertrain dynamics.

Mathematically, we consider a platoon consisting of a leading vehi-
cle (indexed 0) and 𝑁 follower vehicles indexed 𝑖 = 1,… , 𝑁 (Fig.  2). 
The leader maintains a constant speed 𝑣0, broadcast to all followers. Ve-
hicles 1 through 𝑁−1 measure the distances to both their predecessors 
and successors, while the rear vehicle 𝑁 measures only the distance to 
its predecessor. Denoting the rear bumper position of vehicle 𝑖 by 𝑞𝑖 ∈ R
(Fig.  2), the goal of the CACC algorithm is to maintain the prescribed 
bumper-to-bumper spacings 𝑠𝑖 and converge to the leader’s speed: 
𝑞𝑖−1(𝑡) − 𝑞𝑖(𝑡) ←←←←←←←←←←←←←←←←←←←→𝑡→∞

𝑠𝑖, 𝑣𝑖(𝑡) = 𝑞̇𝑖(𝑡) ←←←←←←←←←←←←←←←←←←←→𝑡→∞
𝑣0. (14)

As is standard in CACC modeling [63,64,68], each follower vehicle 
obeys the first-order powertrain lag model 
𝜏𝑖𝑎̇𝑖 + 𝑎𝑖 = 𝑎𝑖,𝑑𝑒𝑠(𝑡), 𝑎𝑖 = 𝑞𝑖, (15)

where 𝑎𝑖,𝑑𝑒𝑠 is the desired acceleration and 𝜏𝑖 > 0 is a time constant 
characterizing the vehicle’s powertrain.

The follower vehicles apply the control law [66] 
𝑎𝑖,𝑑𝑒𝑠(𝑡) = 𝜇𝑖(𝑣0 − 𝑣𝑖(𝑡)) + 𝜂𝑖(𝑞𝑖−1(𝑡) − 𝑞𝑖(𝑡) − 𝑠𝑖)

+ 𝜈𝑖(𝑞𝑖+1(𝑡) − 𝑞𝑖(𝑡) + 𝑠𝑖+1), 𝑖 = 1,… , 𝑁 − 1,

𝑎𝑁,𝑑𝑒𝑠(𝑡) = 𝜇𝑁 (𝑣0 − 𝑣𝑁 (𝑡)) + 𝜂𝑁 (𝑞𝑁−1(𝑡) − 𝑞𝑁 (𝑡) − 𝑠𝑁 ),

(16)

where 𝜇𝑖, 𝜂𝑖, 𝜈𝑖 > 0 are the velocity, predecessor-spacing, and successor-
spacing gains, respectively. The second equation in (16) reflects the fact 
that the rear vehicle 𝑁 interacts only with its predecessor.

Defining the inputs 𝑢𝑖(𝑡)
𝛥
= 𝑎𝑖,𝑑𝑒𝑠(𝑡) + 𝜇𝑖(𝑣𝑖(𝑡) − 𝑣0) and outputs 𝑦𝑖(𝑡)

𝛥
=

𝑞𝑖(𝑡) +
∑𝑖

𝑘=1 𝑠𝑘 − 𝑞0(𝑡), the closed-loop system (15), (16) reduces to a 
network of agents 
𝜏 𝑦 + 𝑦̈ + 𝜇 𝑦̇ = 𝑢 , 𝑖 = 1,… , 𝑁, (17)
𝑖 𝑖 𝑖 𝑖 𝑖 𝑖
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interconnected by the following algorithm: 
𝑢1(𝑡) = −𝜂1𝑦1(𝑡) + 𝜈1(𝑦2(𝑡) − 𝑦1(𝑡)),

𝑢𝑖(𝑡) = 𝜂𝑖(𝑦𝑖−1(𝑡) − 𝑦𝑖(𝑡)) + 𝜈𝑖(𝑦𝑖+1(𝑡) − 𝑦𝑖(𝑡)), 1 < 𝑖 < 𝑁,

𝑢𝑁 (𝑡) = 𝜂𝑁 (𝑦𝑁−1(𝑡) − 𝑦𝑁 (𝑡)).

(18)

This is a special case of the protocol  (11) with 𝐾 = 1 (scalar outputs), 
𝑏1 = 𝜂1, 𝑏𝑖 = 0 for 𝑖 > 1 and weighted degrees 

𝑑+1 [𝐴] = 𝜈1, 𝑑+𝑁 [𝐴] = 𝜂𝑁 , 𝑑+𝑖 [𝐴] = 𝜂𝑖 + 𝜈𝑖 ∀1 < 𝑖 < 𝑁. (19)

The graph 𝐺[𝐴] is a bidirectional chain and is therefore strongly 
connected. Note that only the first node is pinned (𝑏1 > 0): while the 
leader’s speed 𝑣0 is broadcast to all vehicles as a constant reference, 
only vehicle 1 measures the leader’s position 𝑞0(𝑡) and can enforce the 
spacing constraint 𝑞0(𝑡) − 𝑞1(𝑡) → 𝑠1.

We now state the convergence criterion for the CACC algorithm. 

Theorem 3.  Suppose that for all 𝑖 = 1,… , 𝑁 the inequalities hold: 
𝜇𝑖, 𝜂𝑖, 𝜈𝑖 > 0, 2𝜇𝑖𝜏𝑖 ≤ 1, and 

𝜇2
𝑖 > 2𝜛𝑖, where 𝜛𝑖

𝛥
= 𝑏𝑖 + 𝑑+𝑖 [𝐴] =

{

𝜂𝑖 + 𝜈𝑖, 1 ≤ 𝑖 < 𝑁 ;
𝜂𝑁 , 𝑖 = 𝑁.

∀𝑖 (20)

Then the algorithm (16) ensures that (14) holds for every solution.

Proof.  By Lemma  1, agent (17) is IFP(𝑟𝑖) with

𝑟𝑖 = − inf
𝜔≠0

𝑅𝑒 1
𝜏𝑖(𝚤𝜔)3 + (𝚤𝜔)2 + 𝜇𝑖(𝚤𝜔)

= sup
𝜔≠0

1
𝜇2
𝑖 + (1 − 2𝜏𝑖𝜇𝑖)𝜔2 + 𝜏2𝑖 𝜔4

= 1
𝜇2
𝑖

.

where the last equality uses 1− 2𝜏𝑖𝜇𝑖 ≥ 0. Since (17) is a linear system, 
every solution is defined for all 𝑡 ≥ 0. In accordance with Theorem  2, 
the condition (20) is equivalent to 
𝑟−1𝑖 = 𝜇2

𝑖 > 2(𝑏𝑖 + 𝑑+𝑖 [𝐴]) ∀𝑖 = 1,… , 𝑁, (21)

thus implying output 𝐿2-stability. Since 𝑢𝑖 ∈ 𝐿2[0,∞) and 𝑦̇𝑖 is the 
output of a stable linear system driven by 𝑢𝑖, Eq. (17) implies 𝑦̇𝑖 ∈
𝐿2[0,∞), hence 𝑦⊤𝑖 𝑦̇𝑖 ∈ 𝐿1[0,∞). Therefore, the limit exists

lim
𝑇→∞

|𝑦𝑖(𝑇 )|
2 = |𝑦𝑖(0)|

2 + 2∫

∞

0
𝑦⊤𝑖 𝑦̇𝑖 𝑑𝑡 < ∞.

Since 𝑦𝑖 ∈ 𝐿2[0,∞), we conclude 𝑦𝑖(𝑇 ) → 0 as 𝑇 → ∞ for each 
𝑖 = 1,… , 𝑁 , and thus also 𝑢𝑖(𝑇 ) → 0 in view of (18). This proves the 
achievement of the CACC goal (14).  ■

We note that Theorem  3 provides a sufficient condition for conver-
gence, in contrast to the necessary and sufficient conditions available 
for homogeneous platoons [63,67]. At the same time, Theorem  3 
accommodates heterogeneous vehicles in which not only the control 
gains but also the powertrain time constants 𝜏𝑖 may differ, and guar-
antees convergence for any finite 𝑁 , unlike PDE-based results which 
are asymptotically valid as 𝑁 → ∞ [66,68]. We note that [66] 
considers double-integrator vehicle dynamics (corresponding to 𝜏𝑖 → 0) 
and focuses primarily on the stability margin as 𝑁 grows, showing 
that ‘‘mistuning’’ – asymmetric coupling with 𝜂𝑖 ≠ 𝜈𝑖 – dramatically 
improves the margin compared to the symmetric case; this effect is 
further quantified in [67] for more general control architectures.

5. Conclusions and future work

In this paper, we have developed simple distributed protocols for 
output synchronization and stabilization of heterogeneous non-passive 
agents satisfying an input feedforward passivity (IFP) condition. The 
key insight is that diffusive coupling imposes a quadratic constraint on 
the agents’ inputs and outputs – an observation that places the synchro-
nization problem naturally within the framework of absolute stability 
7 
theory, developed by Vladimir Andreevich Yakubovich. We have ap-
plied the results to cooperative adaptive cruise control (CACC) for 
heterogeneous vehicle platoons. Several directions for future work are 
worth pursuing. First, the proposed quadratic-constraint approach is 
not restricted to finite-dimensional dynamics: certain infinite-
dimensional agents, such as delayed integrators [57], can also be 
treated within the same weak IFP framework. The results also extend 
to nonlinearly coupled networks, where the couplings satisfy anti-
symmetry and sector conditions [13,33,69]. Second, we conjecture that 
Theorem  2 extends to the more general quasi-strongly connected case, 
where every node is either pinned or can reach a pinned node via a 
directed path, as in containment control and certain opinion dynamics 
models [70]. Third, the robustness of the synchronization criteria 
against measurement noise and communication delays is a subject of 
ongoing research. Fourth, a natural direction for future research is 
the extension of Lemma  2 to more general Lur’e-type models, where 
a sector-bounded nonlinearity in the feedback loop preserves the IFP 
property of the stable LTI part. This would enable the extension of 
Theorem  3 to nonlinear vehicle dynamics arising when the inner-loop 
linearization is imperfect.
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