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A B S T R A C T

This paper proposes a study on the thermal buckling of Variable Angle Tow (VAT) composite plates using
high-order theories. Here, the governing equations are derived via the principle of virtual work. Under the
assumption of linear pre-buckling, the stability problem is reduced to a linear eigenvalue analysis considering
proportional geometric stiffness. In contrast, a constant thermal load is assumed to be known along the plate
thickness, and the uncoupled thermo-mechanical formulation is used, where the thermal effects are described
as external loads. The plate is discretized using the Finite Element Method (FEM) and high-order theories
are developed using the Carrera Unified Formulation (CUF). Using the CUF, the equations are expressed as
an invariant of the plate theory approximation order. Therefore, Equivalent Single Layer (ESL) and Layer-
Wise (LW) models can be easily implemented. Several geometries and lamination cases are considered for
verification purposes, including different side-to-thickness ratios and fiber orientations, which result in various
anisotropy effects. In addition, the effect of changing constraints and materials is evaluated. Particular attention
is paid to the effect of the structural theory approximation on the evaluation of the thermal buckling load. It
is shown that the correct evaluation is highly dependent on the edge-to-thickness ratio and on the anisotropy
given by both the fiber orientation and the material properties. As a final remark, sensitivity analysis and best
fiber angle solutions are discussed to highlight the importance of the LW modeling approach.
1. Introduction

Over the years, composite materials have attracted increasing inter-
est in different industries, including aerospace, automotive, mechanic,
and civil engineering, particularly due to their high strength-to-weight
and stiffness-to-weight ratio [1,2]. These materials offer not only re-
duced weight but also valuable properties, including an interesting
thermal application range. The thermal properties, which can be cus-
tomized through fiber orientation, coupled with the possibility of neg-
ative coefficients of thermal expansion, support the use of composite
materials for specific thermal applications [3]. Moreover, their ability
to tailor directional stiffness and strength makes it possible to create
large and complex-shaped components in a single part without addi-
tional connections [4]. This tailoring capability is even more present
in Variable Angle Tows (VAT) composite materials that are different
from traditional composites due to the characteristic curved fibers.

VATs are advanced composite materials exhibiting a local variation
in the material properties. The idea of curved deposition is not new but
has become achievable only in the last few years due to technological
gains. VATs were deeply described by Hyer and Charette in 1991 [5]
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when new technologies for fiber deposition were developed. In the
VAT framework, it is possible to act on more degrees of freedom
than traditional composites to adapt the material deposition to loads,
boundary conditions, and geometric configurations in order to select
the best fiber orientation distribution. The VAT capability to adapt fiber
deposition has been widely researched over the last few years. The most
frequently studied areas are the optimal fiber deposition to reinforce
hole geometries [6,7] and optimize the critical buckling load [8–10].

Buckling is a non-linear phenomenon associated with a sudden
change in the shape of the thin structure. The associated displacement
is typically very pronounced and can occur smoothly without causing
permanent damage or can occur abruptly with catastrophic outcomes.
In the case of flat panels, when buckling starts, failure does not occur
necessarily [11]. Nevertheless, the buckled deformed shape influences
the structural behavior and this phenomenon can be due to various
external loads, including thermal ones [12]. Therefore, it is essential
to consider thermal buckling in the design for a safe and lightweight
structure when thermal loading may be present.
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263-8223/© 2024 The Author(s). Published by Elsevier Ltd. This is an open access a

https://doi.org/10.1016/j.compstruct.2024.118393
Received 15 April 2024; Received in revised form 4 July 2024; Accepted 15 July 2
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

024

https://www.elsevier.com/locate/compstruct
https://www.elsevier.com/locate/compstruct
mailto:francesca.bracaglia@polito.it
mailto:rebecca.masia@polito.it
mailto:alfonso.pagani@polito.it
mailto:enrico.zappino@polito.it
mailto:erasmo.carrera@polito.it
https://doi.org/10.1016/j.compstruct.2024.118393
https://doi.org/10.1016/j.compstruct.2024.118393
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compstruct.2024.118393&domain=pdf
http://creativecommons.org/licenses/by/4.0/


Composite Structures 345 (2024) 118393F. Bracaglia et al.

c
t
o
i

𝜃

a
t

w
a
i
t
𝑥

t
i
𝑪
e
t

𝑪

I
c
v

Many thermal buckling studies have been carried out over the
years for different configurations [13,14]. To the best of the author
knowledge, the study published by Thangaratnam et al. [15] is the
first attempt at the Finite Element Method (FEM) application on the
thermal buckling of a straight fiber composite plate. In the work, two-
dimensional elements are used to investigate the thermal buckling
critical load of the plate, and the results are compared to analytical
results. After this study, many other analyses were carried out to
investigate thermal buckling using FEM. Among those, Shiau et al. [16]
focused on the influence of the thermal and mechanical property
ratios of the material on the buckling and critical temperature, and
Chen et al. [17] employed the thermal-elastic Mindlin plate theory
to assess the influence of several parameters on buckling when uni-
form and nonuniform temperatures are applied. More recently, the
thermal-buckling analysis of VAT plates has been studied.

Li et al. [18] presented the buckling thermal analysis for VAT
laminate under uniform temperature through the First-order Shear
Deformation Theory (FSDT). The influence of different laminations
and material parameters on the critical temperature is outlined by
Manikam et al. [19] through the use of FEM and FSDT. A thermal-
buckling optimization of a symmetric, simply supported VAT plate was
examined by Duran et al. [20] and conducted on 4-noded Kirchhoff
plate elements. All these studies employed FEM in conjunction with
classical theories that were developed for thin and single-layer plates.

The necessity to analyze multilayer structures gives rise to nu-
merous numerical challenges. Consequently, both the description of
the in-thickness material properties and the kinematic in-thickness
assumptions become central for creating an accurate numerical model.
As a consequence, several theories have been introduced to describe the
behavior of displacements, strains, and stresses along the thickness con-
sidering lamina interfaces. Among these theories, the most widespread
are Equivalent Single Layer (ESL) and Layer-Wise (LW) [21]. The
ESL considers a homogenization of the material properties along the
thickness, analyzing a one-layer plate with equivalent properties. Con-
versely, the LW model considers each layer individually and imposes
continuity conditions at each interface. For the latter issue, high-order
theories are introduced. Even though classical theories, such as the
Kirchhoff theory or FSDT, are appropriate for a wide range of applica-
tions, some high-order phenomena cannot be captured through classical
theories [22]. High-order theories allow the accurate calculation of the
stresses rising along the whole plate with more precise results, enabling
the consideration of the phenomena due to the high anisotropy of these
materials. Furthermore, the importance of considering the transverse
shear strains in thermal problems is also demonstrated through the use
of modified FSDT in [23,24] for functionally graded material. Due to
the high complexity of VAT, some works on non-linear thermal analyses
for post-buckling and large deflections of VAT have been published
recently [25–27].

The need to use high-order models to describe VAT behavior, also
in case of mechanical problems, is demonstrated in [28,29] where the
Carrera Unified Formulation (CUF) is employed to implement high
kinematic models that allow the consideration of the shear deformation
in the problem solution. The CUF is also used in conjunction with
the Ritz method by Vescovini et al. [30] that described the thermal
buckling of VAT employing refined theories.

The CUF is a unified framework that can be used to derive any
FEM model for any structural element with the use of Fundamental
Nuclei. These FNs are the fundamental components of the matrices that
describe the structural problem and are independent of the selected
kinematic theory. Furthermore, the formulation makes a multifield
load easy to implement, and the study of multilayered structures is
possible [31] thanks to the potentially unlimited degree of freedom that
can be imposed at each node. The present work exploits the CUF within
the FEM method to investigate the critical thermal buckling load of a
VAT plate through high-order theories.
2

o

The present work aims to assess the influence of the adopted high-
order theory on the evaluation of the buckling critical temperature
within the Finite Element framework in a more general form using
high-order theories. The use of CUF demonstrates that a model with
high-order theories combined with the FEM is mandatory to obtain a
realistic description of the phenomenon. Furthermore, thanks to the use
of FEM, it is possible to describe a wide range of constraints. In contrast,
the widespread use of 2D classical models includes some limitations in
terms of constraints and an inability to accurately represent phenomena
where the volumetric part has a significant effect.

The manuscript is organized in the following sections. First, Sec-
tion 2 describes the numerical approach used to describe the VAT.
In Section 3.1, the Carrera Unified Formulation used with the Finite
Element Method is reported, and the governing equations for the
linearized thermal buckling problem are obtained in Section 3.2. The
numerical results are reported in Section 4, where different geometries,
materials, and constraints are evaluated. Finally, some conclusions are
outlined in Section 5.

2. Varibale angle tow plates

Variable Angle Tow (VAT) composite materials exhibit a distinctive
curved fiber deposition, resulting in an increased degree of freedom
for lamina customization. Traditional composite materials have been
extensively researched across a wide range of applications, and incor-
porating additional degrees of freedom in the deposition process offers
novel advantages. The curved fiber path enables the adaptation of fiber
orientation in response to external loads or specific phenomena that
need to be mitigated.

The variation in fiber orientation within the lamina plane can be
described using various mathematical models. Among these, in the
present work, the deposition is described by linear variation along
a specific direction within the plane of the lamina. In this context,
the local deposition angle denoted by 𝜃 depends on three orientation
angles indicated as 𝛷, 𝑇0, and 𝑇1. 𝜃 exhibits a linear variation in a
haracteristic distance denotes as 𝑑, and follows the coordinates of
he new reference system ′𝑥′. The notation used to describe the fiber
rientation is consistent with that introduced by Gürdal et al. [32] and
s detailed in Eq. (1)

(𝑥′) = 𝛷 + 𝑇0 +
𝑇1 − 𝑇0

𝑑
|𝑥′| (1)

where 𝛷 is the rotation of the local reference system concerning a
reference direction. 𝑥′ is defined from the rotation by the relation
𝑥′ = 𝑥 cos(𝛷) + 𝑦 sin(𝛷) and the distance 𝑑 is equal to 𝑎∕2 when 𝛷 is 0◦

nd equal to 𝑏∕2 when 𝛷 is 90◦. Fig. 1 is included herein to elucidate
he fiber deposition process and its associated degrees of freedom.

An example lamination of [0 < 90,−45 >] is represented in Fig. 1,
here the fiber orientation is indicated by the use of the three rotation
ngles. [0 < 90,−45 >] means that 𝛷 is equal to 0◦ (and is not reported
n the figure), 𝑇0 is equal to 90◦ and 𝑇1 is −45◦. As a consequence,
he orientation 𝜃 can be calculated replacing the terms in Eq. (1), 𝑥′ =
cos(0)+ 𝑦 sin(0) = 𝑥 and 𝜃(𝑥′) = 𝜃(𝑥) = 0+90+ −45−90

𝑎∕2 |𝑥′| = 90− 135
𝑎∕2 |𝑥|.

The material properties are introduced in the structural problem
hrough Hooke law, which links the stress 𝝈 and the strain 𝜺 as reported
n Eq. (12). This link is expressed by the material properties matrix

whose explicit formulation can be found in literature [33,34]. 𝑪 is
xpressed in the Cartesian global reference system and is obtained from
he matrix in the material reference system �̃� from Eq. (2).

(𝑥, 𝑦) = 𝑻 (𝑥, 𝑦)�̃�𝑻 𝑇 (𝑥, 𝑦) (2)

Where 𝑻 is the rotation matrix, and the apex 𝑇 means transposition.
n VAT material, the rotation matrix cannot be uniquely defined, unlike
ases with straight fiber configurations. As a result of the continuous
ariation in the fiber direction, the orientation angle changes from
ne point to the next, necessitating an alternative formulation for



Composite Structures 345 (2024) 118393F. Bracaglia et al.

d
𝑻
t
f
p
c
w
a
m
s
i
a
o

m
o
f
i
d

3

3

i
s
p
(
d
t
d

𝒖

T
n
e
a

H
d
t
o
c
l
f
a
s
c
t

f
t
s
h
l
m
c

⎧

⎪

⎪

⎨

⎪

⎪

⎩

e

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

T
w
d
i
f

𝒖

w
i
𝑁
o

Fig. 1. VAT parameters representation for lamination [0 < 90,−45 >].

escribing local material properties. The rotation matrix, denoted as
(𝑥, 𝑦), establishes the relationship between the reference system of

he element and the reference system of the material. The rotation is a
unction of the local fiber orientation, which varies across the lamina
lane. In commercial software, this issue is addressed by assuming a
onstant lamination angle throughout the entire finite element domain,
hich entails increasing the number of elements necessary for an
ccurate description. Therefore, the present work uses an alternative
ethodology wherein the VAT material coefficients are calculated in

pecific Gauss points as outlined by Viglietti et al. [35]. The Gauss point
ntegration approach makes the study of VAT structures more precise
nd effective by accounting for the variation of the stiffness coefficients
f the materials across multiple evaluations in the single finite element.

Usually, the techniques employed to achieve the desired fiber path
ay exhibit certain imperfections, including misalignment, gap, and

verlaps [36,37]. Employing the chosen orientation law, these imper-
ections in the fiber deposition are not accounted for, and the theoret-
cal deposition is assumed to coincide with the actual deposition, as
one in the present work.

. Mathematical approach to the linearized thermal buckling

.1. The Carrera Unified Formulation and FEM

The plate theories enable the characterization of structural behav-
or when at least one dimension is at least one order of magnitude
maller than the in-plane dimensions. A two-dimensional (2D) ap-
roach provides a simplified representation of the three-dimensional
3D) structure by introducing established mathematical functions that
escribe the through-thickness behavior of the primary unknowns in
he problem. These primary unknowns are the 3D displacements as
etailed in Eq. (3).
𝑇 (𝑥, 𝑦, 𝑧) = (𝑢, 𝑣,𝑤) (3)

he complete displacement field can be expressed through a condensed
otation provided by the Carrera Unified Formulation. This formulation
mploys the combination of the expansion functions denoted as 𝐹𝜏 (𝑧)
nd the general 2D displacement vector 𝒖𝜏 (𝑥, 𝑦). It lets us schematize

the 2D structural problem through an index model that allows the
representation of the displacement field as reported in Eq. (4).

𝒖(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑧)𝒖𝜏 (𝑥, 𝑦) 𝜏 = 1, 2,… , 𝑁 (4)

Where 𝑁 is the number of expansion terms, and the double subscript
means summation. Within the CUF framework, the formulation remains
invariant when the expansion functions 𝐹 (𝑧) or their order is changed.
3

𝜏 q
In the present work, two different families of expansion functions will
be employed in the formulation, and several kinematic models with
different orders are thus employed.

Taylor Expansion functions (TE) are hierarchical polynomials in
the thickness coordinate 𝑧. TE allows the structural problem to be
solved by returning the three-variable dependence unknown to a ref-
erence surface, typically the middle one. For instance, Eq. (5) re-
ports a second-order Taylor model. Higher orders of expansion can be
achieved by adding terms to the displacement field in a hierarchical
progression [31].

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑢(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) ‖ + 𝑢1(𝑥, 𝑦) ⋅ 𝑧 ‖ + 𝑢2(𝑥, 𝑦) ⋅ 𝑧2

𝑣(𝑥, 𝑦, 𝑧) = 𝑣0(𝑥, 𝑦) ‖ + 𝑣1(𝑥, 𝑦) ⋅ 𝑧 ‖ + 𝑣2(𝑥, 𝑦) ⋅ 𝑧2

𝑤(𝑥, 𝑦, 𝑧) = 𝑤0(𝑥, 𝑦)
⏟⏞⏟⏞⏟

𝑁=0

‖ +𝑤1(𝑥, 𝑦) ⋅ 𝑧
⏟⏞⏞⏞⏟⏞⏞⏞⏟

𝑁=1

‖ +𝑤2(𝑥, 𝑦) ⋅ 𝑧2
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

𝑁=2

(5)

ere, the symbol 𝑁 denotes the expansion order, and the subscript
istinguishes the different coefficients. Taylor models are based on
he calculation of displacement values upon a reference surface. High-
rder terms are particularly desirable in the case of thick plates and
omposite laminates when classical theories cannot fulfill the Inter-
aminar Continuity condition 𝐶𝑧

0 requirements [38]. Using the Taylor
unctions, the model is denoted here by TE𝑛, where 𝑛 denotes the
ssumed expansion order; the Lagrangian models are indicated in the
ame way. The classical First Order Shear Deformation Theory (FSDT)
an be considered as a special case of TE1 where 𝑢 and 𝑣 are assumed
o be linear and 𝑤 presents only the term corresponding to TE0.

Lagrange Expansions (LE) constitute another group of expansion
unctions 𝐹𝜏 (𝑧) commonly used in the context of high-order kinematic
heories. In LE models, the variables are defined above the physical
urface of the structure and consist of pure displacements, not including
igh-order variables. As a result, the thickness is divided into several
ocal expansion sub-domains, and the degree of the expansion polyno-
ial depends on the type of Lagrange functions used. For the sake of

larity, an example expansion of the third order is reported in Eq. (6).

𝑢(𝑥, 𝑦, 𝑧) = 𝑢1(𝑥, 𝑦) ⋅ 𝐹1(𝑧) + 𝑢2(𝑥, 𝑦) ⋅ 𝐹2(𝑧) + 𝑢3(𝑥, 𝑦) ⋅ 𝐹3(𝑧) + 𝑢4(𝑥, 𝑦) ⋅ 𝐹4(𝑧)

𝑣(𝑥, 𝑦, 𝑧) = 𝑣1(𝑥, 𝑦) ⋅ 𝐹1(𝑧) + 𝑣2(𝑥, 𝑦) ⋅ 𝐹2(𝑧) + 𝑣3(𝑥, 𝑦) ⋅ 𝐹3(𝑧) + 𝑣4(𝑥, 𝑦) ⋅ 𝐹4(𝑧)

𝑤(𝑥, 𝑦, 𝑧) = 𝑤1(𝑥, 𝑦) ⋅ 𝐹1(𝑧) +𝑤2(𝑥, 𝑦) ⋅ 𝐹2(𝑧) +𝑤3(𝑥, 𝑦) ⋅ 𝐹3(𝑧) +𝑤4(𝑥, 𝑦) ⋅ 𝐹4(𝑧)

(6)

Usually, to describe the Lagrange functions, it is preferred to use a
natural reference system where the variable 𝜉 is defined between −1
and 1. Eq. (7) reports the Lagrange functions related to the third-order
xpansion.

𝐹1(𝑧) = − 9
16

(

𝜉 + 1
3

)(

𝜉 − 1
3

)

(𝜉 − 1) 𝜉1 = −1

𝐹2(𝑧) =
27
16

(𝜉 − 1)
(

𝜉 − 1
3

)

(𝜉 + 1) 𝜉2 = −1
3

𝐹3(𝑧) = −27
16

(𝜉 + 1)
(

𝜉 + 1
3

)

(𝜉 − 1) 𝜉3 =
1
3

𝐹4(𝑧) =
9
16

(

𝜉 + 1
3

)(

𝜉 − 1
3

)

(𝜉 + 1) 𝜉4 = 1

(7)

he CUF power can be fully employed using the FEM within its frame-
ork; the FEM approximates the plane unknowns 𝒖𝜏 (𝑥, 𝑦) using two-
imensional shape functions denoted by 𝑁𝑖(𝑥, 𝑦). Introducing the FEM
n Eq. (4), it is possible to express the displacement in the following
orm:

(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑧)𝑁𝑖(𝑥, 𝑦)𝒒𝜏𝑖 (8)

here 𝒒𝜏𝑖 denotes the nodal displacement, and the (𝑥, 𝑦) dependency
s transferred from the 2D displacement vector to the shape functions
𝑖. The order of the finite element changes depending on the number

f nodes employed. In the case of a nine-node plate element, a bi-

uadratic behavior of the 2D displacement can be characterized. Fig. 2
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Fig. 2. Nine node finite element disposition (denotes as Q9 in the figure). Third-order Lagrange Expansion (LE) and Taylor Expansion (TE) graphical representation.
depicts the nine nodes finite element distribution, and the TE and LE
approaches to modeling through the thickness. In the Taylor model,
the reference surface is depicted in red, while Lagrange nodes along
the thickness are reported in blue.

Besides the adopted expansion theory, a comprehensive description
of the material properties along the thickness becomes imperative,
whereas the presence of multi-layers. In the present work, TE models
characterize stacking sequences using an ESL approach. Conversely, a
LW approach is employed within the Lagrange in-thickness expansion.

The ESL approach involves a description along the thickness in
which a material of equivalent properties of the selected lamination
is considered. In fact, the in-thickness homogenization simply adds
the components relative to the different layers to build the stiffness
matrix. On the other hand, the LE unknowns merit supplies to impose
BC on displacement variables with a simple LW implementation. As
a result, the Layer-Wise approach necessitates considering each layer
individually with its specific material properties. Interface conditions
are enforced through the stiffness matrix assembly, whose dimensions
expand with the order of Lagrange expansion. However, it is worth not-
ing that while the LW approach offers increased accuracy compared to
ESL models, it also incurs a higher computational cost. Comprehensive
explanations and detailed formulations for both theories can be found
in [31].

3.2. Thermal-buckling problem

The thermal problem is here expressed in a purely decoupled form,
wherein the thermal profile is treated as an external load with a pre-
determined behavior. As a result, the primary variables of the problem
are the displacements, as defined in Eq. (3). This approach is realistic
because the thermal profile analyzed here is constant all over the plate,
and the accuracy of the analysis is not reduced using the decoupled
model. Furthermore, the computational cost is lower than that of the
coupled model.

The expressions of strains and stresses are provided respectively in
Eqs. (9) and (10).

𝜺𝑇 =
(

𝜀𝑥𝑥, 𝜀𝑦𝑦, 𝜀𝑧𝑧, 𝜀𝑥𝑧, 𝜀𝑦𝑧, 𝜀𝑥𝑦
)

(9)

𝝈𝑇 =
(

𝜎𝑥𝑥, 𝜎𝑦𝑦, 𝜎𝑧𝑧, 𝜎𝑥𝑧, 𝜎𝑦𝑧, 𝜎𝑥𝑦
)

(10)

The geometrical relations establish the link between strains and dis-
placements via a differential operator denoted as 𝒃, which explicit form
is expressed in Appendix A. The geometrical relations are expressed as
4

follows:

𝜺 = 𝒃𝒖 (11)

The constitutive relation establishes the strain-stress link using the
global material properties matrix 𝑪 whose explicit formulation can be
found in [33,34]. It is noteworthy that, in the case of VAT lamina,
matrix 𝑪 becomes a function of the position, 𝑪(𝑥, 𝑦), implying the
action of the differential operator on it. The constitutive equation is
presented in Eq. (12) where the material properties matrix is referred to
the global reference system and indicates by 𝑪(𝑥, 𝑦). Additional details
can be found in [29] for further insights into the applied rotations and
their implications.

𝝈 = 𝑪(𝑥, 𝑦)𝜺 (12)

In the decoupled thermo-elastic problem, it is worthwhile to decom-
pose strains and stresses in mechanical and thermal contributions,
represented respectively by the subscripts 𝑚 and 𝜗.

𝜺 = 𝜺𝑚 + 𝜺𝜗 (13)

𝝈 = 𝑪𝜺 = 𝑪
(

𝜺𝑚 + 𝜺𝜗
)

= 𝝈𝑚 − 𝜷𝛥 (14)

Where 𝛥 is the applied over-temperature, 𝜶 denotes the vector of the
coefficients of thermal expansion, and 𝜷 couples the thermal and the
mechanical fields and is defined as 𝜷 = 𝑪𝜶, expressed in the global
reference system. It should be noted that the materials properties are
considered temperature-independent in the present work.

The non-linear static equilibrium equations can be easily obtained
through the Principle of Virtual Displacements (PVD), whose formula-
tion is reported in Eq. (15).

𝛿𝐿𝑖𝑛𝑡 = 𝛿𝐿𝑒𝑥𝑡 (15)

Where 𝛿𝐿𝑖𝑛𝑡 is the variation of the internal strain energy and 𝛿𝐿𝑒𝑥𝑡 is
the variation of the mechanical external load, which is null because no
mechanical load is applied. The relation becomes as follows:

𝛿𝐿𝑖𝑛𝑡 = ∫𝑉
𝛿𝜺𝑇 𝝈𝑑𝑉 = ∫𝑉

(

𝛿𝜺𝒎 +�𝛿𝜺𝜃
)𝑇 𝝈𝑑𝑉 = ∫𝑉

𝛿𝜺𝑇𝒎𝝈𝑑𝑉 (16)

where the thermal strain is linear with respect to 𝒖 and the correspond-
ing virtual variation 𝛿𝜺𝜃 is zero.

In the context of the decoupled thermal problem, thermal strains
are introduced without constituting an unknown of the problem and,
consequently, are expressed into the problem within the internal strain
energy. Details on the thermally coupled approach and its difference

from the decoupled one can be found in [39,40].
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The virtual variation of the strain energy is rewritten using Eqs. (8),
(11) and, (12). In a compact form, it becomes:

𝛿𝐿𝑖𝑛𝑡 = 𝛿𝒒𝑇𝑠𝑗𝑲
𝑖𝑗𝜏𝑠𝒒𝜏𝑖 = 0 (17)

where through the indices 𝑖, 𝑗, 𝜏, 𝑠 the tangent stiffness matrix is ex-
pressed in terms of a 3 × 3 Fundamental Nuclei (FN), and the specific
details of the assembling procedure to obtain the matrix 𝑲 are elu-
cidated in [31]. The stiffness matrix for the entire structure can be
computed employing its fundamental components: the FN matrices,
which are independent of the selected expansion theory. Four building
loops are employed to combine the FN reported in Eq. (17) with the
aim of constructing the complete stiffness matrix.

The linearized buckling equations are derived using a linear stability
analysis of an undeformed equilibrium configuration, where the critical
condition is determined by a proportionally scaled load combined with
a geometric or initial stress stiffness resulting from geometric nonlinear-
ities [41]. The following assumptions are introduced: the pre-buckling
state is stable, and the initial thermal stress 𝝈◦ remains constant and
does not vary in magnitude or direction during buckling. The last
assumption is that the equilibrium states are infinitesimally adjacent at
the bifurcation so that linearization becomes possible. Following these
assumptions, the critical load can be defined by a linear relation with
the initial stress 𝝈◦. Considering the scalar load factor 𝜆, the critical
load is 𝝈 = 𝜆𝝈◦, for which a non-trivial solution 𝒒 ≠ 0 exists, this is an
eigenvalue problem, expressed as follows:

𝛿𝒒𝑇 ∶
[

𝑲 + 𝜆𝑲𝜎
]

𝛿𝒒 = 0 (18)

where 𝑲 is the usual linear stiffness matrix from Eq. (17) and 𝑲𝜎 is the
geometric stiffness matrix that is obtained from the expression of the
variation of the work done by the virtual non-linear strains with the
thermal initial stresses.

∫𝑉
𝛿2𝜺𝑇𝑛𝑙𝝈𝑑𝑉 (19)

Due to the inherent instability associated with the buckling phe-
nomenon, it is necessary to consider the non-linear component of the
strain. It is possible to categorize the strain in linear and non-linear
vectors where 𝜺𝑛𝑙 is obtained from the non-linear geometrical relations
as follows:

𝜺𝑛𝑙 = 𝒃𝑛𝑙𝒖 (20)

here the non-linear terms of the geometrical relations are categorized
nto the operator 𝒃𝑛𝑙 whose explicit form is reported in Appendix A.
ubstituting Eqs. (8) and (20) into Eq. (19) it is possible to obtain the
ollowing expression:

𝒒𝑇𝑠𝑗 ∫𝑉
𝑑𝑖𝑎𝑔

[

(

𝑩∗
𝑛𝑙
)𝑇 𝝈

]

𝛿𝒒𝜏𝑖𝑑𝑉 = 𝛿𝒒𝑇𝑠𝑗 ∫𝑉
𝑑𝑖𝑎𝑔

[

(

𝑩∗
𝑛𝑙
)𝑇 𝜆𝝈0

]

𝛿𝒒𝜏𝑖𝑑𝑉

= 𝛿𝒒𝑇𝑠𝑗𝜆𝑲
𝑖𝑗𝜏𝑠
𝜎 𝛿𝒒𝜏𝑖 (21)

here due to the linearization, it is possible to apply the relation 𝝈 =
𝝈0. The matrix 𝑩∗

𝑛𝑙 is obtained by applying the non linear differential
perator 𝒃𝑛𝑙 on the shape functions 𝑁𝑖(𝑥, 𝑦) and 𝑁𝑗 (𝑥, 𝑦) and on the

expansion functions 𝐹𝜏 (𝑧) and 𝐹𝑠(𝑧). Its explicit form is expressed in
Appendix B; more details are available in [42].

It possible to determine the critical load value, as outlined in
Eq. (22).
|

|

𝑲 + 𝜆𝑲𝜎
|

|

= 0 (22)

Where the symbol | ⋅ | indicates the determinant of the eigenvalue prob-
lem. The applied thermal load is indicated by 𝛥 , the over-temperature
to which the plate is subjected. The critical thermal load will be 𝜆 ⋅ 𝛥
in this linearized scenario.

4. Numerical results

In this section, comprehensive analyses of convergence and sensitiv-
5

ity are presented. Bi-quadratic nine-node finite elements are employed t
for the in-plane discretization, and high-order theories are used to
describe the in-thickness behavior of the multilayer. The results are
compared to the relevant literature sources [19,20,30]. Different ge-
ometry, materials, and constraints are addressed herein. Furthermore,
the influence of the edge-to-thickness ratio and lamination of the
plate are investigated, evaluating the best numerical model for each
configuration. The following analyses are outlined:

• In Section 4.1, several thermal buckling analyses are conducted
on simply supported, square plates of high/modulus
Graphite/Epoxy. The adopted material properties are detailed in
the following text. Considerations encompass antisymmetric lam-
inations of [±0 < 15, 15 >]4, and [±0 < 15, 45 >]4 with thickness to
edge ratios 𝐿∕ℎ equal to 40 and 10 for each lamination.

• In Section 4.2 there are presented some thermal buckling analyses
of simply supported thin symmetric plates composed of Car-
bon/Epoxy whose properties are listed in Table 7. Lamination
considered are [±0 < 45, 45 >]𝑠 and [±0 < 69,−5.705 >]𝑠.

• Section 4.3 collects some results of thermal buckling for the
same square VAT plate of the previous section with clamped
constraints.

• Section 4.4 collects the results of thermal buckling analyses of
simply supported and clamped symmetric square plates as the
lamination parameters 𝑇0 and 𝑇1 change.

• In Section 4.5, the influence of different materials on the thermal
buckling of the simply supported square plate is investigated. The
adopted laminations are taken from [20] and coincide with their
found best lamination retarding thermal buckling.

.1. Simply supported thin and thick plates

The following analyses are carried out on a square plate whose
amination and dimensions are varied to investigate their influence
n the evaluation of the buckling critical load. In particular, different
atios between edges and thickness are considered to evaluate their
ffect on the convergence of the model. Each edge of the square plate
s assumed to be subjected to simply support conditions.

Two anti-symmetric stacking sequences, each composed of 8 layers,
re considered. The thickness of the plate remains constant at 1 mm,
nd the edge lengths are changed. The first staking sequence imple-
ented as [±0 < 15, 15 >]4 represents a straight fiber configuration,
hile the second stacking sequence is [±0 < 15, 45 >]4. It should be
oted that the laminations are angle-ply anti-symmetric. Two different
eometrical configurations are analyzed with edge-to-thickness ratios
∕ℎ equal to 40 and 10 for each plate. A constant one-degree over-

temperature 𝛥 = 1◦ C is applied. The material properties present a
typical high modulus Graphite/Epoxy: 𝐸1∕𝐸2 = 40.0, 𝐸2 = 𝐸3, 𝜈12 =
𝜈13 = 𝜈23 = 0.25, 𝐺12∕𝐸2 = 0.6, 𝐺12 = 𝐺13, 𝐺23∕𝐸2 = 0.5, 𝛼11 = 1x10−6

−1, 𝛼22∕𝛼11 = 2, 𝐸2 = 10 GPa. The results in terms of non-dimensional
ritical temperature are reported in Table 1 and Table 2.

Table 1 displays the results of a convergence analysis where the
umber of the bi-quadratic plate elements, denoted as Q9, is sys-
ematically varied. The purpose of the analysis is to investigate the
mpact of lamination and thickness ratio on the in-plane discretization.
articular emphasis is given to the difference between the convergence
ate of the thick and the moderately thick plates. Table 1 presents the
esults and compares them to the solutions obtained through Abaqus
D by Vescovini et al. [30]. The convergence analysis is conducted
ith TE3 expansion theory that allows good accuracy with a kinematic
greement to the shell ABAQUS 2D model.

Fig. 3 shows the first buckling mode of the plate with both the
aminations. The two cases present the same buckling mode with one
entral main deflection. However, the deflection of the VAT plate is
ore elliptical.

The results presented in Table 1 show that the method outlined in

he present study exhibits a rapid convergence for both the considered
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Table 1
Convergence analysis considering the non-dimensional buckling critical temperature 𝜆𝛼11 × 103, using
expansion theory TE3 for a simply supported plate made of high modulus Graphite/Epoxy.

[±0 < 15, 15 >]4 [±0 < 15, 45 >]4 DOFs

𝐿∕ℎ = 40 𝐿∕ℎ = 10 𝐿∕ℎ = 40 𝐿∕ℎ = 10

𝜆𝛼11 × 103

Abaqus S4R [30] 0.5970 5.9392 0.9769 9.0297 –

Number of elements [Q9]

TE3

2 × 2 0.6642 6.9541 1.0372 9.2871 300
5 × 5 0.6240 6.9710 0.9608 9.2733 1452
8 × 8 0.6243 7.0297 0.9552 9.4578 3468
10 × 10 0.6248 7.0532 0.9563 9.5227 5292
12 × 12 0.6254 7.0669 0.9584 9.5603 7500
20 × 20 0.6273 7.0794 0.9676 9.6026 20 172
Fig. 3. First buckling mode for (a) 𝐿∕ℎ =10, [±0 < 15, 15 >]4, (b) 𝐿∕ℎ =10, [±0 < 15, 45 >]4, with 10 × 10 Q9.
laminations. Although, the results of the plate with an edge-to-thickness
ratio equal to 𝐿∕ℎ = 40 are closer to those taken as reference. Further-
more, they present a more rapid convergence trend than the plate with
𝐿∕ℎ = 10. Conversely, when the plate with a side-to-thickness ratio of
10 is examined, the results deviate slightly from the reference results. In
fact, unlike the classical shell model, the method used here accurately
considers the effects of shear stress without necessitating any correction
factors. A study on the influence of expansion theory is mandatory to
investigate the phenomenon deeply.

In the case of the [±0 < 15, 45 >]4, the difference with respect to
the published results can also be attributed to the continuous variation
in fiber orientation that leads to a problematic description of the ma-
terial properties. Commercial codes often assume the fiber orientation
constant throughout the single element. This assumption can lead to
significant approximations in the orientation assessment of VAT. In
contrast, the present model evaluates the material properties in each
Gauss point, resulting in a more accurate assessment of the results.

Table 2 shows the outcomes of the analyses conducted using dif-
ferent expansion models. The results in Table 2 are compared to the
one by Manickam et al. [19] and to the Ritz solution by Vescovini
et al. [30]. Manickam et al. [19] derived their solution employing a
FSDT with a shear correcting factor of 5∕6 and in-plane Q8 elements.
Moreover, Vescovini et al. [30] analyses employed the Ritz method
with 14 approximation functions and expansion theory equal to the LE2
expansion theory (according to the present notation).

The LE results reported in Table 2 are obtained with a simply
supported constraint modeled through a rigid constraining frame. This
modelization ensures a good kinematic representation of the constraint
that coincides with the one usually used on moderately thick plates.

The results in Table 2 present a good agreement with the references
with the TE1 model that provides the same results as the reference.
On the other hand, increasing the accuracy of the model, it seems that
high-order models provide different results. This difference is due to
6

Table 2
Expansion theory influence investigation with 10 × 10 Q9 of simply supported plate
made of high modulus Graphite/Epoxy reporting non-dimensional buckling temperature
𝜆𝛼11 × 103.

[±0 < 15, 15 >]4 [±0 < 15, 45 >]4 DOFs

𝐿∕ℎ = 40 𝐿∕ℎ = 10 𝐿∕ℎ = 40 𝐿∕ℎ = 10

𝜆𝛼11 × 103

TE1 0.5996 5.9244 0.9412 8.3836 2646
TE3 0.6248 7.0532 0.9563 9.5227 5292
LE2 0.6905 7.6585 0.8792 8.8819 22 491
LE3 0.6906 7.7440 0.8793 8.9355 33 075

Ref. [19] 0.6010 6.2184 1.0131 9.5633 –
Ref. [30] 0.6018 6.0010 0.9782 8.7768 –

the combination of the volumetric effect of the thermal load and the
high anisotropy presented in the laminates that cannot be described
through lower-order theories. The major difference between LE3 and
TE1 is observed in the plate with [±0 < 15, 15 >]4 and 𝐿∕ℎ = 10. As
expected, increasing the edge-to-thickness ratio reduces this difference.
Furthermore, the plate with straight fiber presents higher anisotropy
than the correspondent VAT plate.

Fig. 4 shows the mechanical and thermal anisotropy for the plate
with lamination [0 < 15, 45 >] and [0 < 15, 15 >], which represent the
first ply of each plate. It is clear, from the fiber path depicted on the
plate illustration, that the anisotropies of both laminations are reported
side to side. In the plate with straight fiber deposition, the anisotropies
are constant all over the plate. On the other hand, the anisotropies
of the VAT plate are observed to be symmetric to the 𝑦 axis with
a variation along the 𝑥 axis. The fiber direction that leads to higher
anisotropy is 𝛼 = 15◦ for both cases. This result means that the straight-
fiber plate possesses a higher value of anisotropy. For this reason, the
high-order theories have a higher impact on the outcomes, allowing
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Fig. 4. Mechanical (a) and thermal (b) anisotropy for different fiber orientations of the 𝐿∕ℎ = 10 plate.
Table 3
Convergence analysis considering buckling critical temperature 𝛥 , using one LE3 for
each layer for a simply supported Carbon/Epoxy plate.

Lamination [±0 < 45, 45 >]𝑠 [±0 < 69,−5.705 >]𝑠
Number of elements [Q9] Critical temperature [◦C] DOFs

10 × 10 42.76 59.02 17 199
16 × 16 42.34 57.59 42 471
20 × 20 42.25 57.43 65 559
24 × 24 42.22 57.45 93 636

References [20]

20 × 20 [Q4] 42.21 57.79 –

a better description of the out-of-plane phenomena. Moreover, these
phenomena are further enhanced for the thick plates.

The influence of the curved fiber is more significant in the in-plane
convergence. On the other hand, volumetric effect and anisotropy are
more critical in choosing the expansion theory. Notably, TE1 yields
results that are very close to the 2D reference model. However, due
to the edge-to-thickness ratio, the plate is not thin. For this reason, the
LE model is necessary in each case to ensure good results.

4.2. Symmetric simply supported plate

The following analysis is conducted on the square plate presented
by Duran et al. [20], who have provided a comprehensive set of
buckling results for different materials. The first analysis focuses on
the thermal buckling of a Carbon/Epoxy simply supported square plate
with different laminations. The selected laminations include [±0 <
45, 45 >]𝑠 and the optimal lamination provided by Duran et al. [20].
The choice of [±0 < 45, 45 >]𝑠 aims to attain the maximum buckling
critical temperature that can be obtained through classical lamination,
as demonstrated in existing literature [43]. Furthermore, these results
are then compared with VAT ones to the [±0 < 69,−5.705 >]𝑠 lamina-
tion. A sensitivity analysis of the adopted expansion theory is presented
to determine the most suitable order for accurately characterizing the
critical buckling thermal load.

The subsequent analyses focus on a four-layer square plate with an
edge of 150 mm and a thickness of 1.016 mm. The external load is a
constant one-degree over-temperature across the whole plate. More-
over, the orientation of the first ply of each lamination is illustrated in
Fig. 5. The material that composes the plate is Carbon/Epoxy, whose
properties are taken from [20] and are reported in Table 7.

Table 3 provides numerical values derived from the convergence
analysis for the different laminations. This convergence analysis entails
using Q9 elements with LE3 expansion function. In Table 3, reference
results are reported from [20], which model is based on four-node FEM
Kirchhoff elements, adequate to represent the thin plates.
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Table 4
Expansion theory influence investigation with 20 x 20 Q9 of simply supported
Carbon/Epoxy plate reporting the buckling critical temperature.

Lamination 𝛥𝑐𝑟
TE1 TE2 TE3 LE2 LE3 Refs. [20]

[±0 < 45, 45 >]𝑠 42.82 42.00 41.88 42.25 42.25 42.21
[±0 < 69,−5.705 >]𝑠 58.17 56.55 56.47 57.43 57.43 57.79

DOFs 10 087 15 129 20 172 45 387 65 559 –

From the results in Table 3, it becomes evident that a 16 × 16
discretization yields results comparable to the reference. However,
considering all the reported results, a 20 × 20 Q9 mesh is selected for
the following analyses to enhance result accuracy.

Due to the thickness of the plate, which is very thin, the main dif-
ference in the convergence trend between the straight fiber lamination
and the VAT deposition is the introduced approximation of the fiber
orientation. This approximation is done in the Gauss points as clarified
in Section 2. It implies that the present formulation provides a more
accurate evaluation of the VAT fiber orientation with more rapid in-
plane convergence with respect to commercial codes. For this reason,
the VAT model presents a more rapid convergence of the results to
the reference results. As a consequence, in the straight-fiber lamination
plate, there is no significant increase in convergence rate compared to
the reference.

The influence of the order of the in-thickness expansion theory is
now reported in Table 4. The same results are shown in Fig. 5, where
bar diagrams represent the buckling critical temperatures obtained
through different high-order theories. These results are compared to
the reference by Duran et al. [20].

The ratio of the edge to the thickness of the plate is approximately
148, which results in a negligible effect of the expansion theory in terms
of the description of the shear effect. On the other hand, the TE and LE
models do not exhibit a uniform convergence trend. This is due to the
kinematic model which allows distinct description of the volumetric
effect. In the LE models, the in-thickness discretization, consisting of
physical nodes along the thickness, provides wider freedom for the
volumetric effect of the thermal load. However, it is necessary to use
LE models to achieve good results when introducing VAT laminated
plates, as shown in Fig. 5. Therefore, the LE2 and LE3 models provide
identical results, in contrast to the findings presented in Section 4.1,
where the thickness effect also determines the choice of theory.

4.3. Symmetric clamped plate

In the following subsection, the analyses are focused on a plate
whose geometry, external loading conditions, and material remain
consistent with the previous analysis (Section 4.2). The difference is in
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Fig. 5. Buckling critical temperature depending on the expansion theory with 20 × 20 Q9 of a simply supported plate made of Carbon/Epoxy. Lamination [±0 < 45, 45 >]𝑠 (a),
[±0 < 69,−5.705 >]𝑠 (b).
Fig. 6. Buckling critical temperature depending on the expansion theory with 20 × 20 Q9 of a clamped plate made of Carbon/Epoxy. Lamination [±0 < 45, 45 >]𝑠 (a),
[±0 < 69,−5.705 >]𝑠 (b).
Table 5
Expansion theory influence investigation with 20 x 20 Q9 of clamped Carbon/Epoxy
plate reporting the buckling critical temperature.

Lamination 𝛥𝑐𝑟
TE1 TE2 TE3 LE2 LE3

[±0 < 45, 45 >]𝑠 90.89 88.76 88.67 88.63 88.63
[±0 < 69,−5.705 >]𝑠 119.67 115.82 115.60 115.54 115.54

DOFs 10 087 15 129 20 172 45 387 65 559

the constraint conditions with edges of the plate that are fully clamped.
Therefore, the influence of the variation in boundary conditions is
investigated. Emphasis is given to the expansion theory choice and
to the buckling critical temperature changes. The results are collected
in Table 5 and in Fig. 6. The Figure presents two bar diagrams col-
lecting the critical temperature obtained through different models for
lamination of [0 < 45, 45 >], and [0 < 69,−5.705 >].

The results show that, in the case of thin clamped plates, as opposed
to a simply supported one, all the models with orders higher than
TE1 produce comparable outcomes. As a result, in both straight fiber
and VAT laminations, opting for TE2 would sufficiently assure high-
quality results whilst simultaneously reducing the computational cost
compared to LE. Furthermore, as expected, the critical temperature
of a clamped plate increases to the simply supported case. It must
be noted that when the plate presents all edges clamped, the critical
temperature converges consistently in both kinematic models, with a
single decreasing trend. In fact, by clamping the entire thickness of the
8

plate, there is no longer any volumetric edge effect due to the model
adopted.

4.4. Effect of the orientation parameters

The same plate is analyzed hereafter, changing the lamination
parameters. Geometry and external load are consistent with the last
considered plate.

Figs. 8 and 9 show the different iso-temperature distributions
achieved by changing the orientation parameters while maintaining
specific plate constraints. These constraints are imposed on both lami-
nation and boundary conditions, as depicted in Fig. 7.

The results reported in Fig. 8 are conducted on a simply supported
plate, and the stacking sequence is held constant to [±𝜃]𝑠. A plate with
the same lamination, material and geometry and with the clamped edge
is analyzed, and the relative iso-temperature distributions are reported
in Fig. 9.

The parameter 𝛷 is held at a fixed angle of 0◦, and both 𝑇0 and
𝑇1 have been changed from −90◦ to 90◦ to represent how the critical
temperature changes depending on the fiber orientation of the Car-
bon/Epoxy square plate. The most effective lamination for increasing
the critical buckling temperature has been determined by applying
various expansion theories. Furthermore, these analyses allow the de-
scription of the influence of the lamination and of the constraint on the
critical temperature.

Figs. 8 and 9 present iso-temperature surfaces, illustrating the out-

comes obtained using various expansion theories. Due to the results
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Fig. 7. Plate simply supported and lamination constraints.
Fig. 8. Critical temperature changing the lamination parameters 𝑇0 and 𝑇1 obtained through the different expansion theories with 20 × 20 Q9, for simply supported Carbon/Epoxy
plate. TE1 (a), TE2 (b), TE3 (c), LE2 (d).
Table 6
Influence of the expansion theory on determining the maximum critical temperature and corresponding
lamination for simply supported and clamped plate made of Carbon/Epoxy.

Expansion theory TE1 TE2 TE3 LE2 Ref. [20]

Simply Supported
Best staking sequence [±0 < 68.3,−0.45 >]𝑠 [±0 < 69,−5.705 >]𝑠
Critical temperature [C◦ ] 58.42 56.82 56.73 57.76 57.79

Clamped
Best staking sequence [±0 < 65.3,−17.75 >]𝑠 –
Critical temperature [C◦ ] 128.19 124.47 124.27 124.22 –
obtained in Section 4.2 and Section 4.3 where LE2 and LE3 models gave
the same outcomes, the LE3 model is not used in the present analyses.

Notably, TE1 models result in a contour plot depicting a zone
of lamination that allows for the higher temperatures. In the simply
supported plate, LE models are not represented in a monotonous trend
9

with TE models, as instead, it happens in the clamped plate. However,
there is a great variability on reachable maximum critical temperature,
which strongly depend on the fiber orientation.

The clamped configurations allow for a higher critical temperature
with respect to the simply supported constraint. Furthermore, the
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Fig. 9. Critical temperature changing the lamination parameters 𝑇0 and 𝑇1 obtained through the different expansion theories with 20 × 20 Q9, for clamped Carbon/Epoxy plate.
TE1 (a), TE2 (b), TE3 (c), LE2 (d).
Table 7
Material properties: mechanical properties [GPa], thermal properties 𝐶◦ x 10−6.

Material 𝐸1 𝐸2 = 𝐸3 𝜈12 = 𝜈13 𝜈23 𝐺12 = 𝐺13 𝐺23 𝛼11 𝛼22 = 𝛼33
Graphite/Epoxy 155 8.07 0.22 0.22 4.55 3.90 −0.07 30.1
E-Glass/Epoxy 41 10.04 0.28 0.28 4.3 3.45 7.0 26
Carbon/Epoxy 147 10.3 0.27 0.27 7.0 5.45 −0.9 27
Kevlar/Epoxy 80 5.5 0.34 0.34 2.2 1.83 −2.0 60
Boron/Epoxy 201 21.7 0.17 0.035 5.4 3.69 6.1 30
dependence of the critical temperature on the lamination parameters
shows a different trend between the two constraints configuration.

Table 6 collects the maximum critical temperature values achieved
by modifying lamination parameters for each theory. It is evident
that the lamination configuration associated with the maximum crit-
ical temperature remains consistent across all numerical models, as
demonstrated for the mechanical case by Sanchez-Majano and Pagani
in [44]. The difference is present in the critical temperature, which
changes with the models. Furthermore, with the enhancement of nu-
merical model accuracy, the range of lamination parameters amenable
to achieving a substantial increase in critical temperature becomes
narrower. The same trend of the results are obtained for the clamped
plate.

4.5. Material properties influence

Several analyses are conducted, considering the VAT optimum lami-
nation parameters by Duran et al. [20] for different materials. The mesh
utilized is a 20 × 20 Q9, and TE2, LE2 and LE3 expansion theories
are compared. Table 7 lists the material properties, while geometry
and thermal loading conditions are the same of the previous cases. The
constraints applied to the lamination and the boundary conditions are
depicted in Fig. 7. The parameter 𝛷 is fixed to 0◦, and the selected
lamination angles 𝑇 and 𝑇 are specified in Table 8.
10

0 1
The results presented in Table 8 demonstrate the effectiveness of the
current approach in yielding good outcomes for each analyzed material.
As material properties are altered, the choice of the appropriate expan-
sion theory also changes due to the increased benefits of using Lagrange
functions in combination with Layer-Wise models in highly anisotropic
materials. Fig. 10 shows that the buckling critical temperature strongly
depends on the mechanical anisotropy of the material. Furthermore,
the use of LE models becomes more necessary with the increase in
the anisotropy of the thermal properties of the material as shown
in Fig. 10(b), which reports the relative percentage difference of the
temperature calculated through the TE2 and LE3 models.

5. Conclusions

The present work addresses thermal buckling problems in which
the governing equations are obtained through the Principle of Vir-
tual Displacements (PVD) and the Carrera Unified Formulation (CUF).
Furthermore, the thermal problem is schematized via a decoupled
representation, and the buckling analyses employ a linearized formu-
lation to obtain the critical temperature through the solution of the
eigenvalue problem. The material properties are independent of the
applied temperature. A linearized analysis was conducted to calculate
the critical buckling load, which coincided with the bifurcation load.
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Table 8
Buckling critical temperature 𝛥 of simply supported plate, lamination constraint [±𝜃]𝑠 with 20 × 20 Q9,
comparing TE2, LE2, LE3 expansion theories.

Material 𝑇0 𝑇1 𝛥𝑐𝑟𝑖𝑡
Duran et al. [20] Vascovini et al. [30] TE2 LE2 LE3

Graphite/Epoxy 60.70 32.19 34.26 32.96 34.06 34.53 34.53
E-Glass/Epoxy 6.71 58.04 5.58 5.55 5.58 5.60 5.60
Carbon/Epoxy 69.00 −5.705 57.79 – 56.55 57.43 57.43
Kevlar/Epoxy 66.05 11.73 22.18 – 21.54 22.06 22.06
Boron/Epoxy −6.57 63.28 7.50 7.55 7.43 7.48 7.48
Fig. 10. Temperature and accuracy of the LE model depending on thermal and mechanical anisotropy.
Different geometries, materials, and constraints are analyzed. Fur-
thermore, the ratio-to-edges and the lamination of the plates are
changed to evaluate their influence.

Using CUF-based FEM for 3D thermal stress analyses of VAT plates
makes it possible to investigate the different shear deformation theo-
ries, including ESL and LW. Due to the anisotropy of the composite
materials and particularly of the VAT, the investigation of these models
becomes interesting for all the studies where the distribution of stresses
affects the results, such as the buckling problems. As a consequence
of the use of the high-order models, it is possible to describe the
stiffness distribution with high fidelity through the thickness and in-
plane, building an accurate geometrical stiffness matrix. This is not the
case in commercial software simulation, where the stiffness is constant
element-wise. The presented results allow for some final considerations:

• As well known, tow-steered fiber allows to retard the critical
buckling temperature. The choice of VAT fiber orientation in
the plane makes it possible for the critical temperature to be
customized over a wide range.

• Due to the high influence of the boundary effect, LE models are
preferable for simply supported plates as they provide greater
accuracy. Conversely, TE models are accurate enough to describe
the critical temperature, reducing the computational cost for the
analyses of thin clamped plates.

• The previous point is also justified by the volumetric effects of
the thermal load, which is more evident in the case of simply
supported constraint, where the edge effects due to the thermal
expansion can be more present.

• As the selected expansion theory changes, the parameters 𝑇0
and 𝑇1 of the VAT lamination that allow the maximum critical
temperature to be reached remain unchanged in both simply
supported and clamped configurations for the considered plate
configuration.
11
• Thermal and mechanical anisotropies influence the choice of the
expansion model to adopt; more accurate models are necessary
to ensure good results as the anisotropy increases. Furthermore,
the edge-to-thickness ratio influences the choice of the better
kinematical model; as the plate is thicker, the shear effect is more
present, and higher-order theories are preferable.

These analyses gave us accurate and reliable results for the stud-
ies of linearized thermal buckling. Future research will deal with
geometrically non-linear and post-buckling analysis.
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here the symbol 𝜕∕𝜕(⋅) indicates the partial derivative.

ppendix B. Explicit form of 𝐁∗
𝒏𝒍

The explicit form of the matrix 𝑩∗
𝑛𝑙 is reported following employing

he CUF notation (see Box I).
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