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Introduzione

Among the milestones of modern Riemannian geometry, few results have had as pro-
found an impact as Berger’s classification of holonomy groups [Ber]. At first glance, the
notion of holonomy appears almost elementary: one follows a vector along a loop using
parallel transport with respect to the Levi-Civita connection, and records how the vector
changes upon returning to the starting point. The collection of all such transformations
forms a Lie group, the Riemannian holonomy group.

What Berger’s theorem reveals is that behind this seemingly simple construction lies
a deep structural principle. For simply connected manifolds, once the locally symmetric
cases studied by Cartan [Car, Car2] and the product manifolds are set aside, the possible
holonomy groups are extraordinarily restricted: they fall into a short, elegant, and now
classical list.

The strength of this classification lies not only in its completeness, but also in the
way it links symmetry, geometry, and topology. Holonomy, an object defined purely in
terms of connections and loops, governs the existence of special geometric structures
and distinguishes metrics of exceptional type. In this sense, Berger’s work transformed
holonomy from a technical tool into a central organizing principle in Riemannian ge-

ometry.

Theorem A ([Ber]). Let M be an oriented, simply connected, n-dimensional Riemannian
manifold which is neither locally a product nor locally symmetric. Then its holonomy group
must be one of the following:

SO(n), U(%), SU(%), Sp(%)Sp(l), Go, Spin(T7).

The original Berger list also included the exceptional group Spin(9), but it was later
shown by [Al2] that a manifold with Riemannian holonomy Spin(9) is necessarily a
Riemannian symmetric space. When Berger compiled his list, he was unaware of the
existence of manifolds with holonomy G, and Spin(7); such examples were discovered
roughly thirty years later by Bryant and Salamon [BS].

This list is not merely a collection of groups, but also specifies their representations:
the action of each group on the tangent space is completely determined. Consequently,
each group apart from SO(n) gives rise to a special geometric structure. These structures
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can be grouped into three main categories: Kéhler manifolds (and hence complex),
quaternionic manifolds (necessarily of real dimension a multiple of 4), and manifolds
with vanishing Ricci tensor. Strictly speaking, each category is characterized by the
inclusion of the holonomy group in one of the indicated groups, and the intersection of
these three categories defines the distinguished class of hyperkdhler manifolds.

Ricci flat
Go Spin(7)
n="7 n=3~8
U(n/2 S 4)Sp(1
Kahler (n/2) SU(n/2) Sp(n/4) p(n/4)Sp(1) Quaternionic
‘ Kahler

hyperkahler

Building on Berger’s seminal result, two natural and intriguing directions for gener-
alization emerge. Hano and Ozeki [HO] showed that any closed subgroup of GL(n, R)
can occur as the holonomy group of a linear connection, giving rise to a vast array
of possibilities. Consequently, since the Levi-Civita connection is both torsion-free and
metric, it is more reasonable to focus on two more specific directions.

In the first direction, one may relax the metric requirement, whereas in the second,
the torsion-free condition is removed.

Berger’s original classification was, in fact, more extensive: in [Ber], he described
all irreducible reductive representations that can appear as the holonomy of a torsion-
free affine connection, not necessarily arising from a Riemannian metric. He claimed
this list to be complete, up to possibly a finite number of missing entries. Subsequent
work by several authors [CMS, CMS2, CM] refined these results, and today the most
comprehensive classification is due to Merkulov and Schwachhoéfer [MS2].

For a hypercomplex manifold, the Obata connection is the unique torsion-free con-
nection preserving the quaternionic structure. By the holonomy principle, its holonomy
group is thus contained in GL(n, H), where n denotes the quaternionic dimension of the
manifold.

The Obata connection provides a powerful tool for studying hypercomplex geome-
try; for instance, a "quaternionic" analogue of the Newlander-Nirenberg theorem gen-
erally fails. A celebrated theorem of Obata [Ob] states that a hypercomplex manifold
is locally isomorphic to H" with its standard hypercomplex structure if and only if the
Obata connection is flat, i.e., its restricted holonomy is trivial.

According to Merkulov and Schwachhofer [MS2], only three subgroups of GL(n, H)

ii
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can appear as holonomy groups: Sp(n), SL(n,H), and GL(n,H) itself. The first corre-
sponds to the hyperkéhler case, where the Obata connection coincides with the Levi-
Civita connection of a hyper-Hermitian metric.

The second case, SL(n, H), arises for instance in nilmanifolds with invariant hyper-
complex structures [BDV]. Nilmanifolds have long been central in differential geometry
and topology, as they balance algebraic tractability with rich geometric behavior. Invari-
ant complex structures on nilmanifolds, studied extensively following Salamon [Sal2],
exhibit remarkable properties: for example, the existence of a Salamon basis [Sal2,
Theorem 1.3], and the fact that the subspace [g, g] + J][g, g] is always a proper ideal of
the Lie algebra g = Lie(G) [Sal2, Corollary 1.4].

In the hypercomplex setting, many of these properties fail to extend uniformly. Each
complex structure J, (o = 1,2, 3) may individually satisfy compatibility conditions, but

their joint behavior is more rigid. For instance, it remains open whether the subspace

o = lg,0] + ) Julg, g

a=1

is a proper ideal of g, as conjectured in [Gor1l, Gor2].

In this thesis we focus on left-invariant hypercomplex structures on 2-step nilpotent
Lie groups. Previously known examples in this class are all Obata-flat, naturally rais-
ing the question: Do non-flat 2-step hypercomplex nilpotent structures exist? We answer
this affirmatively, showing that for non-flat examples, each .J, must be 3-step nilpotent
[CFGU], thus providing the first known non-flat 2-step hypercomplex nilpotent Lie alge-
bras. We also construct new families of higher-step hypercomplex nilpotent nilmanifolds
with non-flat Obata connection.

Moreover, we investigate the Obata holonomy in this setting. For 2-step nilpotent
groups, the holonomy algebra is always abelian, and the proof relies on establishing
the Gorginyan conjecture in this case. Remarkably, even when the Obata connection is
non-flat, the holonomy remains highly constrained, revealing an unexpected rigidity in
hypercomplex nilmanifolds and refining the classical result of Barberis—Dotti—Verbitsky
[BDV].

Finally, the full-holonomy case GL(n, H) is particularly intriguing due to the scarcity
of examples. The first known example, constructed by Soldatenkov [Sol] on SU(3),
remained unique for nearly a decade. In this thesis, we will present a construction of
an hypercomplex structure on SU(5) with full holonomy.

In both of the aforementioned examples, the hypercomplex structure is left-invariant,
and therefore is a Joyce hypercomplex structure [Joy].

Left-invariant hypercomplex structures on Lie groups have appeared in the context
of string theory [SSTVP] and, more mathematically, in the seminal work of Joyce [Joy].

iii
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Joyce showed that if GG is a compact semisimple Lie group of rank r, then the compact
Lie group T?" " x GG admits, up to an m?-parameter family, non-equivalent left-invariant
hypercomplex structures, where m € N is the number of su(2)-factors in the so-called
Joyce decomposition of G.

Subsequently, it was shown in [DT, BGP] that every left-invariant hypercomplex
structure on a compact Lie group arises via Joyce’s construction. Hence, throughout
this thesis, a compact Lie group endowed with such a structure will be referred to as a
Joyce hypercomplex manifold.

The list of Joyce hypercomplex manifolds T?"" x G with G simple was provided in
[SSTVP]:

SU(2k+1), S'xSU(2k), T*xSO(2k+1),
T" x Sp(k), T x SO(4k), T x SO(4k + 2), (0.0.1)
T? xEq, T'xE;, T®xEs, T*xFy T?xGs.

A central question in hypercomplex geometry is determining the holonomy of the
associated Obata connection. Beyond low-dimensional cases, very little is known.

In quaternionic dimension one, the only Joyce hypercomplex manifold is the Hopf
surface S! x SU(2), for which the Obata connection is flat, with holonomy group Z [SV].

In quaternionic dimension two, the situation is richer. Soldatenkov [Sol] showed
that the Obata holonomy on SU(3) is equal to GL(2,H). It was subsequently conjec-
tured (e.g., [SV]) that, except for the Hopf surface, the Obata holonomy of any Joyce
hypercomplex manifold in (0.0.1) is always full, i.e., equal to GL(n, H). Even when M
is a product in (0.0.1), the Joyce hypercomplex structure is not a product, so the Obata
holonomy need not split.

One of the main results of this thesis addresses this conjecture and provides a more
nuanced picture:

Theorem B. Let M be a compact Lie group from the list (0.0.1), except SU(2n + 1), and
let VO denote the Obata connection of a left-invariant hypercomplex structure on M.
Then the Obata holonomy is a proper subgroup of GL(n,H), i.e., it is strictly contained in
GL(n, H).

Every left-invariant hypercomplex structure on M arises via Joyce’s construction,
and Theorem B applies to all such structures, even though a complete determination of
the holonomy algebra remains challenging. For instance, we explicitly compute it for
T? x Sp(2).

The case of SU(2n + 1) is more subtle. For n > 2, we prove that there exist many
Joyce hypercomplex structures with Obata holonomy strictly contained in GL(n(n +
1), H), however, there appear to also exist hypercomplex structures for which the holon-
omy group is full; we provide such an example on SU(5). We conjecture that numerous

iv
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additional examples of this kind exist. This dichotomy does not occur for SU(3), whose
one-parameter family of Joyce hypercomplex structures all have full holonomy [Sol].

The second natural generalization consists in replacing the Levi-Civita connection
with a metric connection that allows for torsion. Any such connection can be written in
the form

9(VxY, Z) = g(VAEY, Z) + A(X, Y, 2),

where A is a (0, 3)-tensor satisfying A(X,Y,Z) + A(X,Z,Y) = 0. In the special case
where A is a 3-form, which is the case of our interest, the geodesics of V coincide with
those of the Levi-Civita connection.

The holonomy of metric connections with skew torsion exhibits a rich variety of pos-
sibilities, including the groups U(n/2), SU(n/2), Sp(n/4)Sp(1), and Sp(n/4). Just as in
the Riemannian case, each of these groups give rise to a natural class of geometries.
These can be organized into three broad families: Kiahler with torsion (KT) manifolds,
which are Hermitian; quaternionic Kahler with torsion (QKT) manifolds, whose dimen-
sion is a multiple of four; and Calabi—Yau with torsion (CYT) manifolds, characterized
by a suitable generalization of Ricci-flatness. The intersection of these classes defines
hyperkéhler with torsion (HKT) manifolds. Observe that when the torsion vanishes, the
connection V coincides with the Levi-Civita, and we recover (some of) the groups in
the Berger’s list.

In this thesis, our attention will focus on KT, CYT, and HKT geometries.

o U(n/2) | SUn/2)  Sp(n/4) Sp(n/4)Sp(1) QKT

HKT

Kahler geometry lies at the intersection of three fundamental geometries: complex,
symplectic, and Riemannian.
On compact manifolds, this condition imposes strong topological constraints:

1. odd Betti numbers are even,
2. even Betti numbers are positive,

3. the minimal model is formal in the sense of Sullivan,

A%
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4. the Hard Lefschetz condition holds, linking the De Rham cohomology with the sym-
plectic structure.

From the differential-geometric viewpoint, a Kéhler structure implies that the Levi-
Civita connection preserves the complex structure, V*°.J = 0. When dw # 0, this is
no longer true, so the Levi-Civita connection is insufficient to encode the Hermitian
geometry. This motivates the study of Hermitian connections, which preserve both g and
J.

On any Hermitian manifold (M, J, g), there exists an affine line of Hermitian con-
nections, known as Gauduchon or canonical connections [Gau], given by

o(VLY, Z) = g(VECY. Z) + %(dcw)()(, Y. Z)+ %(d%)(x, JY.JZ),  (0.0.2)
where d‘w = Jdw and t € R. When (M, J, g) is Kéhler, d°w = 0, and the line collapses to
the Levi-Civita connection. Otherwise, the connections V' have non-vanishing torsion,
leading to the notion of Hermitian geometry with torsion.

Two notable instances are the Chern connection V! = V" and the Bismut connection
V~! = V& [Bis]. The Chern connection is closely adapted to the complex geome-
try, while the Bismut connection preserves the geodesics of the Levi-Civita connection.
Its torsion H = —d‘w is a 3-form, called the Bismut torsion. A Hermitian manifold
(M, g, J,VPB) is said a Kdhler with torsion manifold.

If dd°‘w = 0, the Hermitian structure is called strong Kdhler with torsion (SKT) or
pluriclosed.

The Bismut connection is Hermitian, VZ.J = VB¢ = 0, so its holonomy is contained
in U(n). If the (restricted) holonomy reduces to SU(n), the structure is Calabi-Yau with
torsion (CYT), and the corresponding Ricci-type form vanishes:

1 2n
PPXY) =2 Zl RE(X,Y, Jei, ;) = 0.
CYT structures that are also SKT are sometimes called Bismut-Hermitian Einstein (BHE).
Unlike the Kéhler Ricci-flat case, vanishing first Chern class ¢; (M) = 0 does not guaran-
tee the existence of a BHE metric [GFJS], highlighting the rigidity of these geometries.

At present, the known examples of compact Bismut—Hermitian Einstein (BHE) man-
ifolds include Bismut-flat manifolds, Kéhler Ricci-flat manifolds, and their products.
Bismut-flat manifolds have been completely classified [WYZ], and compact BHE man-
ifolds in low dimensions have been partially understood. In particular, in dimension
4, the only compact complex surfaces admitting a BHE metric are either Bismut-flat or
Kéhler Ricci-flat [GI], while in dimension 6, some rigidity results have been recently
established [ABLS].

A natural problem in this context is the construction of compact BHE manifolds that

vi
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are neither flat nor Kédhler and do not split as products. In this thesis, we provide ex-
amples in dimension 8, obtained via a suspension construction. The idea is to start with
the product of a K3 surface and S?, and then perform a suspension using the diagonal
map (¢, Id), where ¢ is a Kéhler isometry of a fixed Kahler Ricci flat structure on the K3
surface. One can then show that the resulting manifold admits a BHE structure.

Although the explicit expression of such metrics on a K3 surface is typically un-
known, in this thesis we will show that it is possible to construct such isometries in
concrete examples, for instance on the Fermat quartic.

Interestingly, these manifolds have parallel Bismut torsion, which motivates the study
of compact BHE manifolds with this property. One of the main results of this thesis is
the following theorem:

Theorem C. Let (M, ) be a compact complex manifold admitting an SKT and CYT I-
Hermitian metric h with parallel Bismut torsion H, i.e., VPH = 0. Then the Riemannian
holomorphic universal cover (]\7 I, h) of (M, 1,h) is holomorphically isometric to a prod-
uct (My, J1,91) x (Ma, Ja, go), where (M, Ji, g1) is Kdhler Ricci-flat and (M, J3, go) is a
Samelson space.

Moreover, using an argument a la Beauville, one can show, starting from this result,
that any compact BHE manifold with parallel Bismut torsion admits a finite cover that
splits as the product of a Kihler Ricci-flat manifold and a Bismut-flat one [BPT].

It remains an open and compelling question whether, in the compact case, the BHE
condition itself implies V2 H = 0. This conjecture is supported by the absence of known
examples without parallel Bismut torsion and by the reduction of the holonomy.

Indeed, since any BHE manifold is Calabi—Yau with torsion (CYT), the holonomy of
the Bismut connection is contained in SU(n). However, examples with parallel torsion
cannot have full holonomy by Theorem C. Consequently, if the torsion is always parallel,
one expects a general holonomy reduction phenomenon. In fact, we prove that any
compact BHE manifold with full holonomy must be Kihler, while in the non-Kéhler
case the holonomy reduces further to SU(n — 1). This result relies on the existence of
a natural Bismut-parallel vector field, defined in terms of the Lee form and the soliton
potential [GFJS].

Given a hyperhermitian manifold (J,,g), we say it is HKT if the Bismut torsions
H,, coincide. As a result, the Bismut connection is the same for the three Hermitian
structures, namely VZ = VP = VP = V5. By the holonomy principle, the holonomy of
V¥ is inside Sp(n) C SU(2n), and therefore each Hermitian structure is CYT.

A strong HKT structure is one for which this common Bismut torsion is closed. It is
then immediate that each of the three Hermitian structures in a strong HKT manifold
is BHE. This observation has drawn considerable interest, as it allows extending results
from the BHE setting to the richer hyperhermitian framework, for instance Theorem C

vii
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and the holonomy reduction.

In this thesis we mainly focus on dimension 8, where compact simply connected
strong HKT manifolds exhibit a particularly rigid geometric structure: they admit an
integrable distribution corresponding to a locally free isometric H*-action. In particular,
they have constant positive scalar curvature, and they admit an Euler vector field, namely
a vector field whose Obata connection is the identity.

These results rely on the interplay among three connections: the Levi-Civita con-
nection, encoding the Riemannian structure; the Obata connection, reflecting the hy-
percomplex structure; and the Bismut connection, capturing aspects of both. A full
understanding of compact strong HKT manifolds requires combining the perspectives
provided by all three connections.

SKT geometry, together with its various specializations such as strong HKT and BHE
geometries, has become central in recent years, largely due to its role in type II string
theory and supersymmetric o-models. These metrics generalize the Kihler condition
within non-Kihler geometry and naturally arise in physics, where they provide solutions
compatible with torsionful fluxes [Str].

A fruitful setting for their study is that of locally homogeneous manifolds, where
the symmetrization process [BE, FG, UG] allows one to reduce the existence problem
to invariant structures on the Lie algebra. This reduces analytic difficulties, but the
classification problem remains subtle. On nilpotent Lie algebras, existence is severely
constrained: as shown in [ArNic, EnFV], a nilpotent Lie algebra carrying an SKT metric
must be at most two-step nilpotent. Complete classifications in dimensions 6 and 8 were
obtained in [FPS04, EnFV].

In contrast, the solvable non-nilpotent case is richer. While the classification is com-
plete only in dimension 4 [MS], dimension 6 is almost fully understood: the nilradical
must have dimension 5 (the almost nilpotent case) or 4 (the codimension 2 case). The
first was analyzed in detail in [FP, FP2, FP3, FS, FS2]; in this thesis we address the
latter.

Recall that a generalized Kéhler structure is given by a bi-Hermitian pair (g, /) such
that (g, J,) is SKT and the corresponding Bismut torsions satisfy H;, = —H, [Gu].
Since such a structure automatically yields an SKT metric, a broader question concerns
the existence of generalized Kéhler structures on solvmanifolds. In the nilpotent case,
Cavalcanti’s rigidity theorem [Cav] shows that only tori admit such structures. For
solvmanifolds, the situation is more flexible but still largely unexplored. In dimension
4, the only non-Kihler solvmanifold with a generalized Kahler structure is the Inoue
surface [AG]. In dimension 6, examples were constructed in the almost abelian case by
Fino and Paradiso [FP, FP2, FP3], extending earlier work [FTo]. All known examples
admit an abelian nilradical, leading to the following conjecture:

viii
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Conjecture 1. Any compact solvmanifold admitting an invariant generalized Kdhler struc-
ture must have an abelian nilradical.

The compactness assumption is essential: in the non-unimodular case, we will ex-

hibit a counterexample.

The work of Apostolov-Gualtieri [AG] further analyzed the ambihermitian case,
where the complex structures (J,,J_) induce opposite orientations. The only non-
Kahler surfaces admitting such structures are the Inoue and Hopf surfaces, but only
the Inoue surface admits (left) invariant generalized Kéhler structures. Both surfaces
satisfy b; = 1, so by Tischler’s theorem [Ti] they can be realized as suspensions. More
generally, every solvmanifold admits at least one invariant closed 1-form, hence every
solvmanifold can be topologically realized as a suspension.

This observation motivates a general suspension construction for generalized Kéhler
manifolds. Starting from the description of the Inoue surface as the suspension of T?
via a diffeomorphism p, one considers the product K x T2, where K is a (hyper)Kéhler
manifold, and realizes the suspension via the block-diagonal map (v, p), with ¢ a (hy-
per)Kahler isometry of K. Depending on K, this yields split or non-split generalized
Kahler structures.

All known almost abelian generalized Kéhler solvmanifolds arise in this way, by
taking K = T?*, and non-solvmanifold examples can arise for instance when K is a K3
surface.

An analogous construction can be performed on the Hopf surface by considering
the suspension of the product K x S, where K is a Kdhler manifold. The suspension is
realized via the block-diagonal map (v, Id), with ¢ a K&hler isometry of K. The resulting
manifold naturally carries two distinct, non-isomorphic generalized Kéhler structures.

This thesis is organized as follows. In Chapter 1, we recall the necessary preliminar-
ies which are essential to understand the constructions and results in the subsequent
chapters. In Chapter 2, we complete the classification of 6-dimensional solvmanifolds
admitting SKT and generalized Kahler structures, focusing on the codimension-2 case.
Chapter 3 is devoted to the construction of new classes of generalized Kdhler manifolds
via the Inoue and Hopf surfaces, using suspension techniques, providing both split and
non-split new examples. In Chapter 4, we apply a similar suspension construction to
the Hopf surface to produce the first examples of non-trivial compact Bismut-Hermitian
Einstein (BHE) manifolds. We also establish structural results, including a splitting the-
orem for BHE manifolds with parallel Bismut torsion and analogous results for strong
HKT manifolds, particularly in dimension 8, where we describe the Hopf-fibration struc-
ture over 4-dimensional orbifolds. In Chapter 5, we investigate the holonomy of the
Obata connection on Joyce hypercomplex manifolds, proving that for most compact
Lie groups the Obata holonomy is a proper subgroup of GL(n,H), and providing ex-

ix
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plicit computations in concrete cases. Finally, in Chapter 6, we study hypercomplex
structures on 2-step nilpotent Lie algebras, constructing the first non-flat examples and
analyzing their Obata holonomy.



Chapter 1

Preliminaries

1.1 Suspensions and solvmanifolds

1.1.1 Suspensions
Throughout this thesis, we will always assume that all smooth manifolds are connected.

Definition 1.1.1. Let M be a smooth manifold and f : M — M a diffeomorphism. The
suspension (or mapping torus) of M via f is the smooth quotient manifold

My =MxR/Z,
where Z acts on M x R by

n-(p,t)=(f"(p)t+n), nel

Equivalently, My can be described as

M x [0,1]
(p,0) ~ (f(p), 1)

Example 1.1.2. The 2-dimensional torus T? and the Klein bottle K can both be realized
as mapping tori. Concretely, let M = S*:

My =

o If f =1Id, then My = T?.
o If f is the reflection S* — S, then M; = K.

A useful criterion for determining whether a compact smooth manifold is a suspen-
sion was given by Tischler [Ti]:

Theorem 1.1.3 ([Ti]). Let M be a compact, connected smooth manifold. Then M admits

a non-vanishing closed 1-form if and only if M is a mapping torus.

1
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The cohomology of a mapping torus )M can be described in terms of the cohomology
of M and the action induced by f on cohomology. More precisely, we have the following
result [BFM]:

Theorem 1.1.4 ([BFM]). Let M be a connected smooth manifold and f : M — M a
diffeomorphism. Then, for each r > 0,

H"(My) = ker(fr —Id) & coker(f;_; —1d),

T

where f* : H" (M) — H"(M) is the map induced by f in cohomology.

1.1.2 Nilmanifolds and solvmanifolds

Let g be a Lie algebra. We say that g is endowed with a complex structure J if J: g — g
is a linear endomorphism satisfying .J?> = —Id and such that the Nijenhuis tensor

Ny(X,Y) = [X, Y]+ J(JX, Y]+ [X, JY]) = [JX, JY]

vanishes for all X, Y € g.

If G is a Lie group with Lie(G) = g, then G carries an induced complex structure, also
denoted by J, obtained via left translations. In this case, we say that G is endowed with
an invariant complex structure, meaning that all left multiplications are holomorphic. If
G admits a lattice I' C G, then the quotient I'\ G naturally inherits a complex structure,
which we will call again invariant, and the projection G — I'\G is holomorphic.

Assume now that (g, J) is as above, and let (-, -) be an inner product on g. The pair
(J,(-,-)) is said to be Hermitian if

(JX,JY)=(X,Y) forall X|Y €g.

By left translation, (g, J, (-,-)) induces an invariant Hermitian structure on (G, meaning
that left multiplications are holomorphic isometries. If G admits a lattice I, the quotient
I'\G inherits a Hermitian structure, which we will call invariant, such that the natural
projection G — I'\G is a holomorphic isometry.

Lemma 1.1.5 ([Be, FG]). Let M = G/I" be a compact quotient of a connected and simply
connected Lie group G by a lattice I". Assume that M is endowed with an invariant complex
structure J and a bi-invariant volume form du. Due to the symmetrization process, there
is a natural one-to-one correspondence

{Hermitian metrics on M} <— {Hermitian inner products on g} .

Proof. Let g be a Hermitian metric on M, and let du be a bi-invariant volume form on

2
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M. We define a new left-invariant metric g on M by

9(A, B) :—/ 9m (A, Bn) du,
M

where A and B are the projections of left-invariant vector fields from G to M.
It is straightforward to check that g is Hermitian.
g.e.d.

We recall the following definition.

Definition 1.1.6. A Lie algebra g is said to be nilpotent if its lower central series

k

defined recursively by g* = [g, g" '] for k > 1, eventually becomes zero; that is, there exists
some k € N such that
g =0.

The smallest such integer k is called the nilpotency step of g.

Accordingly, a Lie algebra g is said to be k-step nilpotent if g* = 0. A Lie group N is
k-step nilpotent if its Lie algebra g is k-step nilpotent.

Observe that g is 2-step nilpotent if its commutator ideal g' = [g, g] lies in the center
3 of g.

Definition 1.1.7. A k-step nilmanifold is a compact quotient '\ N, where N is a con-
nected, simply connected k-step nilpotent Lie group and I' C N is a lattice.

It is well known that the existence of a lattice for a connected and simply connected
nilpotent Lie group N is equivalent to the existence of a rational basis of its Lie algebra
g [Mal].

Let (g, /) be a nilpotent Lie algebra equipped with a complex structure J. In this
context, it is natural to consider an ascending series adapted to J.

Definition 1.1.8 ([CFGU]). The ascending series {a;, ; k > 0} (compatible with J) of g is
defined inductively by

ay=0, ay ={X e€g|[X,9) Cary and [JX,g] Car_1}, k> 1. (1.1.1)

The complex structure J is said to be nilpotent if there exists a £ € N such that
ar = g. The smallest such £ is called the nilpotency step of J.

If g is 2-step nilpotent, then any complex structure J is nilpotent [Rol, Proposition
3.3], and the nilpotency step of J is either 2 or 3 [GZZ, Theorem 1.3]. We recall from
[B3] the following lemma.
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Lemma 1.1.9 ([B3, Lemmas 3.3 and 4.1]). Let g be a 2-step nilpotent Lie algebra en-
dowed with a complex structure J. Then

(1) J is 2-step nilpotent if and only if Jg' C 3,
(2) J is 3-step nilpotent if and only if there exists X € g' such that JX ¢ 3.

(3) Jg' is an abelian ideal of g.

Proof. We prove statements [(1)] and [(2)]. Since any complex structure on g is either
2 or 3 step nilpotent [Rol, GZZ], it suffices to prove the first equivalence.

Assume that J is 2-step nilpotent. By definition, ap =0, a; = 3N J3 and a; = g. In
particular, g' C 3 N J3, which implies that Jg' C 3.

Conversely, let us assume that Jg' C 3. Since g is 2-step nilpotent, Jg' C 3 implies
that g' C 3N J3 = a;. Let X,Y € g. Then [Y, X]| € g' C a; and, analogously, [Y, JX]| €
g' C a;, which forces g C a,, and so a, = g.

The proof of the last statement is an application of the integrability of J. For any
X egandY € g!, N; =0 implies that

[JY, X] = —J[JY, JX]. (1.1.2)

In particular, if X € Jg!, then [JY, X] = 0, as g* C 3.
g.e.d.

Definition 1.1.10. A Lie algebra g is said to be solvable if its derived series
gzaoDalz[g,g] S0 ,

defined recursively by o* = [0F~1 2%~1] for k > 1, eventually becomes zero; that is, there
exists some k € N such that
F =0.

The smallest such integer k is called the solvable step of g.

By a straightforward inductive argument, any nilpotent Lie algebra is solvable. Con-
sequently, nilpotent Lie groups form a special subclass of solvable Lie groups.

Definition 1.1.11. A solvable Lie algebra g is said to be unimodular if
tr(adx) =0 forall X € g.

Every nilpotent Lie algebra is unimodular, but in general a solvable Lie algebra need
not be.

Being unimodular is necessary for a connected and simply connected solvable Lie
group to admit lattices. That is, if such a Lie group G admits a lattice, then its Lie
algebra g = Lie(G) must be unimodular [Mil].

4
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Definition 1.1.12. Given a solvable Lie algebra g, the maximal nilpotent ideal n is called
the nilradical. When the nilradical has codimension 1 then the corresponding Lie algebra
is said almost nilpotent. An almost nilpotent Lie algebra is said almost abelian if the
nilradical is abelian.

A Lie group G is said to be almost nilpotent if its Lie algebra g is almost nilpotent.
Similarly, G is almost abelian if its Lie algebra is almost abelian. The existence of lattices
in almost nilpotent and almost abelian Lie groups has been studied in [Bo].

Let g be a solvable Lie algebra. Let n denote its nilradical, i.e., the maximal nilpotent
ideal of g. Then

g, 9] Cn.

This is an easy consequence of the fact that the commutator of a solvable Lie algebra is
a nilpotent ideal.

We point out that since any solvmanifold admits a non vanishing, closed 1-form, any
solvmanifold is a mapping torus by Tischler Theorem.

1.2 The Bismut connection

1.2.1 SKT geometry in a nutshell

Let (M, J,g) be a Hermitian manifold of complex dimension n. We denote by
w(X,Y) =g(JX,Y) € Q*(M)

the fundamental form of (J,g). Since ¢ is a J-compatible Riemannian metric, w €
QYY(M) and w(X, JX) > 0 for any non zero vector X.

Remark 1.2.1. We point out that if (M, J) is a complex manifold, a standard "partition
of unity" argument shows that a Hermitian metric g always exists, and so one can define
such a w. On the other hand, if (M, J) is a complex manifold and w is a (1,1) positive
real form, one can construct a Hermitian metric g = —w/J.

Definition 1.2.2. A Hermitian structure (.J, g) is said to be Kdhler if dw = 0, i.e., if wis a

symplectic structure.
ymp

From the very definition, we get that Kihler geometry lies at the intersection of
three fundamental geometries: complex, symplectic, and Riemannian. In particular, on
compact manifolds, the existence of a Kihler structure imposes strong constraints on
the topology of the manifold: the odd Betti numbers are even, the even Betti numbers
are positive, the minimal model is formal according to Sullivan, and the Hard Lefschetz
condition holds.
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Given a Hermitian manifold (), J, g) the Lefschetz operator
L:Q*(M)— QT (M), a—~alw
is such that its (n — 1) power
L oYM — Q™Y M),
is an isomorphism. Therefore, there exists a 1-form 6 such that
dw" ' =AWt

Such 1-form is called Lee form and an easy check shows that § = Jdw. Denoted by
H(X,Y,Z) = —d‘w(X,Y, Z) = dw(JX, JY, JZ) one has that §(X) = £ -, H(e;, Je;, JX),

— 2
where {eq, ..., ey,} is a orthonormal frame at one point [GFS].
Let us fix (M, J, g) Hermitian manifold.

Definition 1.2.3. An affine connection V on (M, J, g) is called Hermitian if Vg = V.J = 0.

Proposition 1.2.4 ([Bis]). On a compact Hermitian manifold there exists a unique Hermi-
tian connection V5, called the Bismut connection, whose torsion is totally skew symmetric,
ie.,

H(X,Y,Z)=g(T?(X,Y),Z) € Q*(M)

In general, VZ # V¢, but we have
1
g(VEBY, Z) = g(VEY, Z) — FAw(X,Y, 2), (1.2.1)

where —d‘w(X,Y, Z) = dw(JX,JY, JZ).
It follows from (1.2.1) that VZ = V¢ if and only if dw = 0, i.e., if and only if the
metric is Kahler, and that H = —d‘w. In what follows we will call H the Bismut torsion.

Remark 1.2.5. Since V? is Hermitian
Hol(V) C U(n),

where n is the complex dimension of M.

Remark 1.2.6. It follows from [Gau] that V? belongs to a 1-parameter family of canon-

ical Hermitian connections

t t
vt=(1—§)vc+§v3, teR,

where V¢ is the Chern connection, i.e., the unique Hermitian connection such that its
(0, 1)-component coincides with the operator 0.

6
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Definition 1.2.7. A Hermitian structure is called SKT or pluriclosed if dH = 0, that is
dd°w = 0, or; equivalently 90w = 0.

Definition 1.2.8. A Hermitian structure is called Gauduchon if 00w™ ™ = 0, or; equiva-
lently 60 = 0, where 0 is the co-differential.

Theorem 1.2.9 ([Gau2]). Let (M, J) be a compact complex manifold. Then any conformal
class of any given Hermitian metric contains a Gauduchon metric.

By the Theorem above we immediately obtain that Gauduchon metrics exist on any
compact complex manifold. In complex dimension 2, the Gauduchon condition co-
incides with the SKT one, implying that SKT metrics exist on any compact complex
surface. However in higher dimension there are plenty of compact complex manifolds
which do not admit any SKT metric; for instance 5?1 x S%¢*! endowed with the Calabi-
Eckmann complex structure admits a SKT metric if and only if (p, ¢) = (0,0), (0,1), (1, 1).

The SKT condition is, in a suitable sense, orthogonal to the so called balanced con-
dition.

Definition 1.2.10. A Hermitian metric (J,g) on a smooth manifold of dimension 2n is

said to be balanced if dw™ ' = 0, or equivalently, if the Lee form vanishes, i.e., 6 = 0.

Theorem 1.2.11 ([AI]). Let (J, g) be a Hermitian metric. Then if (J,g) is both SKT and
balanced, then it is Kdhler.

Proof. Following [AI], any Hermitian metric satisfy the following equality
(dd°w,w Aw) = 2(n —1)%0]* — 2|dw|* + 2(n — 1)d6.
Therefore, since by hypothesis dd‘w = 0 and # = 0, the equality above gives dw =

0. g.e.d.

A natural generalization of the above result leads to what is considered one of the
main open conjectures in non-Kiahler Hermitian geometry.

Conjecture 1.2.12 ([FV]). Every compact complex manifolds admitting a balanced
metric w; and a SKT metric w, also admit a Kdhler metric ws.

As far as the author knows, this conjecture is open.

1.2.2 Generalized Kahler structures

Definition 1.2.13 ([Gu]). A generalized Kdhler structure is a bi-Hermitian structure
(J+, g) such that

* (J,,g)is SKT;
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* H, + H_ =0, where H. are the Bismut torsions of (J, g) respectively.

Example 1.2.14. If (J, g) is Kéhler, then (4., ¢g) is generalized Kéhler. Generalized
Kahler structures arising from Kéhler structures are called trivial.

Definition 1.2.15. A generalized Kdhler structure (J., g) is said to be split if [J,, J_] = 0.

Generalized complex geometry [Cav2, Gu, Hit] is an extension of classical complex
geometry developed to study geometric structures that arise in string theory, especially
in the context of mirror symmetry and branes, see, for instance, [CG]. The core idea
is to replace geometric structures on the classical tangent bundle 7'M with structures
defined on the generalized tangent bundle E = T'M & T*M, which carries a natural
symmetric bilinear form

(X +a,Y + 8) = S (a(Y) + 5(X)),

of mixed signature. A generalized complex structure is an endomorphism J € End(E),
orthogonal with respect to (-, -), such that J> = —Idg and whose (+i)-eigenbundle is
involutive with respect to the Courant bracket [Cou]. Since complex and symplectic
structures naturally induce generalized complex structures on F, generalized complex
geometry appears as a bridge between complex and symplectic geometry, and it seems
well-motivated to understand its interplay with Kahler geometry.

The definition of generalized Kéhler structures can equivalently be stated from the
viewpoint of generalized geometry, in fact the generalized complex counterpart of a
Kahler structure is a generalized Kdhler structure [Gu, Gu2], defined as a pair of com-

muting generalized complex structures .7; and ./, such that the composition G = — 71 7>
is a generalized metric, namely, an endomorphism of the generalized tangent bundle
satisfying

2. <g7 > = <ag>7

3. the bilinear pairing (G-, -) is positive definite.

1.2.3 SKT and generalized Kahler structures on solvmanifolds

?? It is worth noting that a large class of examples of SKT metrics occurs on compact
quotients of nilpotent and solvable Lie groups, i.e. on nilmanifolds and solvmanifolds,
thanks mostly to the symmetrization process.

Theorem 1.2.16 ([UG]). Suppose that M = G/I' is a solvmanifold endowed with an
invariant complex structure J and a SKT metric g. Then there exists an invariant SKT

inner product g on g = Lie(G).
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Proof. By Milnor [Mil] there exist a bi-invariant volume form on G which induces a
volume form dp on M. After rescaling, we may assume that du has volume 1. As in the
previous section we denote by - the corresponding symmetrized tensor.

We define a new left-invariant metric g on M by

9(A, B) ::/ 9m (A, Bp) du,
M

where A and B are the projections of left-invariant vector fields from G to M. We have
already observed that g is Hermitian. Then

w(A, B) ::/Mwm(AWBm)dp.

By [FG], dw = dw. Moreover, since J is invariant .Jdw = Jdw and d.Jdw = dJdw = 0, as
w is SKT. g.e.d.

Remark 1.2.17. With the same techniques one can easily prove that if M = G/I' is a
solvmanifold endowed with invariant complex structures J. and a generalized Kéihler
metric g, then there exists an invariant generalized Kahler inner product g on g =
Lie(G).

The symmetrization process allows us to reduce the analysis of SKT and generalized
Kahler structures to the level of the Lie algebra. We point out, however, that not every
Lie algebra (g, J) admits a compatible SKT metric. This holds only in real dimension 4,
where the SKT condition coincides with the Gauduchon condition. Indeed, using the
following lemma:

Lemma 1.2.18. Let g be a unimodular Lie algebra of dimension n. Then any o € /\"_1 g
satisfies da. = 0.

it follows that d‘w"~! is always a closed form, hence dd‘w"~! = 0. Therefore, any
invariant metric is Gauduchon.

The existence of SKT structures on nilpotent Lie algebras imposes severe restrictions
on their geometry.

Theorem 1.2.19 ([EnFV, ArNic]). If (g, J, (-,-)) is SKT with g nilpotent, then g is at most
2-step nilpotent.
A special sub-case is given by nilpotent Lie algebras admitting a generalized Kihler

structure. It turns out that in this case, the situation is even more restrictive:

Theorem 1.2.20 ([Cav]). If (g, J+, (-, -)) is generalized Kdhler with g nilpotent, then g is
abelian.

From this result, we also recover the well-known fact that any Kéhler nilpotent Lie
algebra is necessarily a torus.
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1.2.4 Curvature properties of the Bismut connection

Let (M, J, g) be a Hermitian manifold. We denote by
RP(X,Y)Z =VEVYZ = ViVEX — Vv Z,

and
RP(X.,Y,Z,U) = g(R®(X,Y)Z,U)

the curvature tensors of type (1, 3) and (0, 4) respectively associated to the Bismut con-
nection.

Proposition 1.2.21 ([IP2]). Let (M, g, J,V) be a Hermitian manifold. The following
identy holds

1
RIX.Y,Z.U) = R(X,Y.Z,U) = 5(VxT)(Y, Z.U) + 5(VyT)(X. Z.U)

1
3
~ STLY), T(Z,)

- T2, T D) - (T2 X, TH0) . (122)

Since VZ.J = 0, it follows that R? € Q*(M) @ QM (M).
In general the Bismut connection does not satisfy the Bianchi identity, however, it
holds that [IP2]

oxyzRP(X,Y,Z,U) =dH(X,Y,Z,U) +ViH(X,Y,Z) —oxyz g(H(X,Y), H(Z,U)).

Note that if V7 satisfies the first Bianchi, then R” € Q' (M) ® QU1.(M). This is an easy
consequence of the fact that

First Bianchi identity — R®(X,Y,Z,U) = R®(Z,U, X,Y).

Definition 1.2.22 ([AOUV]). The Bismut connection is called Kdhler like if it satisfies the
first Bianchi identity.

Theorem 1.2.23. [ZZ] Let (M, J, g) be a Hermitian manifold. Then
First Bianchi identity <= VPH =0, dH = 0.

Remark 1.2.24. Bismut-Kihler-like manifolds have been completely characterized in
[BPT].

10
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Examples of Kihler-like manifolds are given by Kéhler manifolds and Bismut flat
manifolds. In particular, any Bismut flat Hermitian structure is SKT and has parallel
Bismut torsion.

Example 1.2.25. Let G’ = G x R* be a simply connected Lie group, where G is a
compact semisimple Lie group. Assume that G’ is endowed with a left-invariant complex
structure J and a compatible bi-invariant metric g, and let V be the connection defined
by

VX =0 for any left-invariant vector field X.

It is straightforward to check that V is both metric and complex. Furthermore, on
left-invariant vector fields we have

T™V(X,Y)=—[X,Y],

so that
TV(X,Y, Z) = —g([X,Y],Z) € @*(M),

using the bi-invariance of g. By uniqueness, we conclude that V = V5, and it is clear
that R” = 0.

These are the only simply connected Bismut-flat manifolds, as the next theorem will
show.

Definition 1.2.26 ([WYZ]). A Samelson space is a Hermitian manifold (G' = G X
R™ ¢ = b+ gg,Jr), where G is a compact, connected and simply connected semisim-
ple Lie group, ¢ = b + gg is the bi-invariant metric on G’ given by the product of the
bi-invariant metric b on GG and the euclidean metric gg, and Jy, is a left invariant complex
structure compatible with ¢'. A group homomorphism p : 7' — Isom(G) induces a free
and properly discontinuous action of Z" on G' as isometries via

m - (p,t) = (p(m)p,t +m).

If Jy, is preserved by this action of Z™, then the compact quotient G'/Z" inherits the struc-
ture of a complex manifold by G'. In this case, G’ /7" is said to be a local Samelson space.

By [WYZ], if (M, g,J) is a compact Bismut flat Hermitian manifold, then there ex-
ists a finite unbranched cover M’ of M which is a local Samelson space. Moreover,
if (M, g,J) is Bismut-flat complete simply-connected Hermitian manifold, then it is a
Samelson space.

Example 1.2.27. Consider S' x SU(2) with the following invariant Hermitian struture:

4
J€1 = €9, J63 =€4, g = Z(ei)ga

=1

11
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where e, generates Lie(S'), {es,e3,¢e4} is a standard basis of SU(2) and {e’} is a dual
basis. Since g is bi-invariant and J is left invarint, the Hermitian structure above is
Bismut flat.

The Bismut Ricci tensor is defined as

Ric®(X,Y) =) R®(e;, X,Y,e:),

and by (1.2.2) it is given by
1 1
Ric®(X,Y) = Ric?(X,Y) — ZHQ(X, Y) — §6H(X, Y),

where H*(X,Y) = g(tx H, 1y H).
It follows that on a Bismut Ricci flat manifold, both the symmetric and the skew
symmetric parts of Ric? vanish, implying that

1
Ric?(X,Y) = ZH?(X, Y).

Therefore, Ric? > 0.
In the complex case, many traces of the Bismut curvature tensor are possible. Let

2n
1
PPX)Y) = 5 > 9(RP(X,Y)Jei ;) € Q*(M)
=1

be the (first) Bismut Ricci curvature. The tensor p” admits a different interpretation
which makes clearer its topological significance. Since the connections V? preserves J,
it is clear that it induces a connections on the anticanonical line bundle associated to
(M, J). The two form p? is the curvature tensor of this connection, and as such is closed
and determines a representative of ¢, (M, J).

On a SKT manifold, the Ricci tensor Ric? is related with p? by

PP (X,Y) = —Ric®(X,JY) — (VEO)JY (1.2.3)

(see [IP2] or [GFS, Lemma 8.9]).

Example 1.2.28. Let us consider the Bismut flat manifold (S* x SU(2), J, ¢) described
in Example 1.2.27. Since § = ¢! and VPe! = 0 ( recall that V? is such that VX = 0
for any X left invariant vector field), the Hermitian metric is also Bismut Ricci flat.

Definition 1.2.29. A Hermitian structure (.J, g) is said Calabi Yau with torsion (CYT) if
p? = 0, o, equivalently, if Hol’(V?) C SU(n), where n is the complex dimension of M and

Hol" is the restricted holonomy.

12
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When V50 = 0 and the metric is SKT, by (1.2.3), the CYT condition is equivalent to
have Ric® = 0.

Obvious examples of CYT manifolds are given by

1. Bismut flat manifolds (which are also SKT and with parallel Bismut torsion)

2. Kahler Ricci flat manifolds (which are also SKT and with parallel Bismut torsion).

We point out that less trivial examples are known. For instance in complex dimension
3, the compact manifolds

(k—1)(S* x S # k(S* x S?)
admit CYT metrics for all & > 1 [GGP]. It is an open question to determine if the
manifolds above admit a CYT structure which is also SKT.

Definition 1.2.30 ([GFS, GFJS]). A SKT structure (.J, g) is said Bismut Hermitian Einstein
(BHE) if it is CYT.

It turns out that Bismut-flat manifolds and Kéahler Ricci-flat manifolds (as well as
products of these) are the only known examples of BHE manifolds. In Chapter 4, we
will present a construction of a class of non-Kahler, non-Bismut-flat manifolds which are
not products of the aforementioned types.

Theorem 1.2.31 ([GI]). A 4-dimensional compact Hermitian manifold (M, J, g) is BHE if
it is either the Hopf surface with its flat metric (see Example 1.2.27) or a Kdhler Ricci flat

manifold.

In dimension 6, some rigidity results of compact BHE manifolds have been obtained
in [ABLS].

1.3 The Obata connection

Let (M*" I, J, K) be a hypercomplex manifold.

Definition 1.3.1 ([Ob]). On a hypercomplex manifold (M, I, J, K), there exists a unique

torsion-free connection V° such that
VO =V9P] =VPK = 0.

This connection is called the Obata connection.

The Obata connection can be expressed explicitly as [Sol]

VY = < ([X, Y]+ LA X, Y] = L[X, LY]+ J5[J1 X, JY]). (1.3.1)

1
2
13
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More generally, if we denote (I, J, K) bt (Ji, J2, J3) by applying cyclic permutations
(o, 5,7) of (1,2, 3), the Obata connection can also be written as:

VLY = —([X,Y] + Jo[Jo X, Y] — J5[X, J5Y] + J,[Jo X, J5Y]). (1.3.2)

DN | —

By definition, it follows that
Hol(V?") € GL(n, H),

so that its holonomy group is typically non-compact. However, if there exists a compat-
ible hyperhermitian metric g, then V© coincides with the Levi-Civita connection V¢,
and

Hol(V) c Sp(n).

The Obata connection and its holonomy are central objects in hypercomplex geom-
etry, as they depend solely on the fixed hypercomplex structure.

In the hypercomplex setting, a hypercomplex analogue of the Newlander—Nirenberg
Theorem [NN] does not hold. However, the fact that a hypercomplex manifold is locally
isomorphic to H" depends on the (restricted) holonomy of the Obata connection.

Theorem 1.3.2 ([Ob]). Let (M, 1, J, K) be a hypercomplex manifold. The following are

equivalent:

1. The Obata connection V° is flat

2. M has quaternionic affine transition functions.

Example 1.3.3. Consider H \ {0} endowed with its standard hypercomplex structure.
Fix ¢ € H\ {0} such that |¢| # 1, and let (¢) denote the infinite cyclic group generated
by right multiplication by ¢. The quotient manifold

(H\ {0})/{g) = §* x SU(2)

inherits the hypercomplex structure from H\ {0} and is therefore a hypercomplex man-
ifold endowed with a flat Obata connection.

Remark 1.3.4. For quaternionic dimension n = 1, compact manifolds admitting a hy-
percomplex structure have been classified in [Bo]. Any compact 4-dimensional hyper-
complex manifold is either a torus, or a K3 surface, or the Hopf Surface.

A less trivial class of examples, which generalizes the examples above is given by
Joyce hypercomplex manifolds.

14
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1.4 Joyce hypercomplex manifolds

1.4.1 Joyce decomposition

The Joyce construction applies to any compact Lie group G. However, since up to a finite
cover any compact Lie group splits as a product of a torus and a compact semisimple
Lie group, for our purposes here we may assume without loss of generality that G is
compact semisimple. We set r = rank G.

Let H be a maximal torus in G, and let h and g denote their respective Lie algebras®.
Choose a system of ordered roots A with respect to hc and fix a maximal positive root
a;. Let 9, be the sp(1)-subalgebra of g whose complexification is isomorphic to the
s[(2, C)-subalgebra [ga,, §—0,] D 9o, D §—a,, Where g,, and g_,, are the root spaces for «;
and —ay, respectively. Let b; denote the centralizer of 9;. Then there is a real subspace
f; of dimension 4d;, for some d; € Ny, such that g = b; ® 0; & f;. More precisely,

h=0n P s.@0.
a1 #a>0
(a,01)#0

The subalgebra b, is the direct sum of an abelian Lie algebra and a semisimple Lie
algebra ¢'. If ¢’ is non trivial, then Joyce re-applies the above decomposition to g'.
By a recursive process, one obtains a decomposition of g of the form [Joy, Lemma

4.1]:
g=baPoe@Pr, (1.4.1)
=1 =1
where
1. b is an abelian subalgebra of dimension r — m,
2. 0; C g is a subalgebra isomorphic to su(2) for eachi =1,...,m,

3. §; C g are (possibly trivial) subspaces for eachi =1,...,m.

Furthermore, the following commutation relations hold:

J1) [0,,b] =0, foranyi=1,...,m;

(J2) [0;,0;] =0, for i # j;

(JB) [DZ, f]] = 0, fori: < j,

J4) [0;,fi] € s, for any i = 1,..., m; moreover, the action of 9; on §; is isomorphic to

the direct sum of a finite number of copies of the standard su(2)-action on C? by
left matrix multiplication.

*In what follows, we denote the Lie algebra of a Lie group G by the same letter in fraktur font, that
is, Lie(G) = g.
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We will refer to a decomposition as in (1.4.1) as a Joyce decomposition. Note that the
construction of Joyce involves the choice of a Cartan subalgebra, a system of positive
roots, and a maximal root. While different choices lead to different decompositions,
they are nonetheless all isomorphic via an inner automorphism of g. Thus, we may
unambiguously talk about the Joyce decomposition of a given compact Lie group.

For further purposes, we emphasise the link between the Joyce decomposition and
the construction of compact quaternion-Kéahler symmetric spaces, so-called Wolf spaces,
as given in [Wo]. This relation has also been observed in [OP, SSTVP].

It is shown in [Wo] that for each compact simple Lie group G there is a unique
compact quaternion-Kihler symmetric space M*" = G/H obtained as a quotient of G
by a subgroup H = K - Sp(1): .

M= Sp(1)’
where Sp(1) is the compact real form of the SL(2, C)-triple associated with the maximal
root of G, and K is its centralizer in G. This yields the following decomposition of the
Lie algebra g:

g=tdsu(2) ®m,

where m corresponds to the isotropy representation. Since M carries a quaternion-
Kahler structure, as an Sp(1) = SU(2)-module we have m = C? & - - - ® C? (n copies) cf.
[Sal].

The above isotropy decomposition coincides precisely with the Joyce decomposition
at the first level: set 9; = su(2) and m = f;. Since K is a compact Lie group (not
necessarily simple), one can apply the Joyce decomposition, up to a shift of the index i,
to £. Thus, we can summarize the above observation into:

Lemma 1.4.1. The decomposition
s=(bo o) osu@ om (1.4.2)
=2 =2

coincides with the Joyce decomposition (1.4.1) of g.

The latter follows from the construction in [Wo] and is well known to the experts.

1.4.2 Joyce hypercomplex structures

As above, we denote by G a compact semisimple Lie group of rank r, with associated
Joyce decomposition (1.4.1). Let T?™" = U(1)>*™ " be a (2m — r)-dimensional torus.
To simplify the notation, we set ¢ := 2m — r. We thus have an isomorphism:

lu(l) ® b= R™.

16



Geometric properties of the Bismut and the Obata connections

Note that the choice of such an isomorphism (that is, the choice of a basis of /u(1) & b)
depends on m? parameters. Let B = (ej, €3, ..., €") denote a fixed basis of fu(1) & b =
R™. The Joyce hypercomplex structure on T* x G constructed from B is defined on each
“layer” of the decomposition (1.4.1) as follows:

* Foreveryi=1,...,m, fix a basis (e}, e}, €}) of 0; = su(2) so that €}, e}, €} satisfy
€5, €] = 2¢} €4, €3] = 2e3, [e3, €3] = 2¢5. (1.4.3)

In this way, (e}, €}, e, €}) is a basis of h; := R ¢ 0; = R & su(2), which can be
regarded as a copy of the space of quaternions. In particular, each bh; has a natural
hypercomplex structure

i _ i _ i _ i i i i i i
Iel =e5, Ies=e¢y, Jel=e3, Jey =—e;, Kel=e€;, Kejy=ej.

* The action of I, J, K is extended to each f; by taking advantage of property (J4):

If =les, f], Jf=les. fl, Kf=lef],
for each f € {;.

The complex structures {I, J, K}, defined at the identity, are extended to all of T* x G by
left translation. By appealing to the construction in [Sam], Joyce shows that these al-
most complex structures are in fact integrable and define a homogeneous hypercomplex
structure on T* x G [Joy]. We shall call (T* x G, I, J, K) a Joyce hypercomplex manifold.
We emphasise that the hypercomplex structure depends on the choice of the basis B
and thus, there is a parameter space of dimension m? of left-invariant hypercomplex
structures on the same underlying manifold T* x G and many of them are inequivalent.

For GG simple, the list of Joyce hypercomplex manifolds is given in [SSTVP]:

SU(2k +1), S' x SU(2k), T* x SO(2k + 1), T* x Sp(k), T?* x SO(4k),

(1.4.49)
T#71 x SO(4k +2), T? x Eg, T' x E;, T® x Eg, T* x Fy, T? x Go.

Observe that any very left-invariant hypercomplex structure on a compact Lie group
arises this way [BGP, DT].

Remark 1.4.2. It is worth pointing out that Joyce also extended the construction of in-
variant hypercomplex structures to certain homogeneous spaces of the form T* x (G/H)
for suitable s and H [Joy]. Although some of our results apply to such homogeneous
hypercomplex spaces, we shall restrict to the case of trivial isotropy, i.e. group mani-
folds.
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In quaternionic dimension 1, the only Joyce hypercomplex manifold in the list (1.4.4)
is the Hopf surface. It is known that the Obata connection of a Joyce hypercomplex
structure (unique up to equivalence) is flat, with holonomy group isomorphic to Z.

In quaternionic dimension 2, the only Joyce hypercomplex manifold in the list (1.4.4)
is SU(3). This case has been studied in [Sol], where the author proved that the holon-
omy group of the Obata connection (again, unique up to equivalence) satisfies

Hol(V®") = GL(2, H).

The proof proceeds in two steps. First, it is shown that the Obata holonomy group acts
irreducibly on the tangent space; this argument relies crucially on properties specific to
dimension 8. Second, one appeals to the classification of irreducible holonomy groups
of torsion-free affine connections in [MS2]. In this classification, only three candidates
appear as possible subgroups of GL(n,H): Sp(n), SL(n,H), and GL(n,H). The conclu-
sion then follows by eliminating the first two possibilities.

It was conjectured in [SV] that

Conjecture 1.4.3. Given a Joyce hypercomplex manifold in the list (1.4.4), with the
exception of S x SU(2), the holonomy of the Obata connection is full.

In Chapter 5, we will disprove this conjecture.

1.5 HKT and Strong HKT manifolds

Definition 1.5.1. A 4n-dimensional hyperhermitian manifold (M, I, J, K, g) is said to be
hyperkéhler with torsion (HKT, for short) if

VP=V}=VE=V"
where V2 denotes the Bismut connection associated with the Hermitian structure (I, g),

and similarly for J and K.

HKT structures were first introduced in the context of string theory, where they arise
naturally as target spaces of supersymmetric sigma models. In particular, they appeared
in [HP] as target spaces of (4,0)-SUSY sigma models with a Wess—Zumino term.

A first basic property of HKT manifolds is the following.

Remark 1.5.2. By [HP] for an HKT manifold one has
Hol(V*) C Sp(n),

since VB¢ = 0 and
VI =VEI=VPK =0
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In particular, each of the three Hermitian structures is Calabi-Yau with torsion (CYT)
(cfr. Section 1.2.4).

The HKT condition can be expressed in several equivalent ways:

Proposition 1.5.3 ([GP]). Let (M, I, J, K, g) be a hyperhermitian manifold. The following

conditions are equivalent:

1. VB =vVE5 =VE,

2. ldw; =Jdw; = K dwg,
3. Or(wy +iwk) =0,

4. 01(wy —iwg) = 0,

where O; and O; denote the Dolbeault operators with respect to 1.

In quaternionic dimension one, condition 3 shows that every hyperhermitian metric
is HKT. In higher dimensions, however, there exist hypercomplex manifolds that admit
no compatible HKT metric, as shown in [FG].

A convenient way to encode a hyperhermitian structure (/, J, K, g) is via the funda-
mental 2-forms

The 2-form

Q::wj+in

is of type (2,0) with respect to [, satisfies
JQ=Q, and Q(X,JX)>0 forall non-zero X,
and uniquely determines the hyperhermitian metric by
g(X,Y) = Q(X,JY).

In these terms, Proposition 1.5.3 shows that the HKT condition is equivalent to 9;€2 = 0.

We recall the following

Definition 1.5.4. Let (M*",1, J, K) be a hypercomplex manifold. A (2n,0) form « is said
to be g-real if Ja = a.

It follows that (2 is g-real.
Another viewpoint on HKT geometry comes from holonomy considerations. A dis-
tinguished class of hypercomplex manifolds arises when the holonomy of the Obata
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connection reduces. One of the most relevant subgroups of GL(n, H) is its commutator
SL(n,H), and hypercomplex manifolds for which

Hol(V®") C SL(n, H)

are called SL(n, H)-manifolds.

On HKT manifolds, the Lee forms of the three Hermitian structures coincide [IP], so
we may set # := 0; = 0; = 0. This allows one to characterize the Obata holonomy as
follows:

Theorem 1.5.5 ([IP]). Let (M, 1, J, K, g) be an HKT manifold of quaternionic dimension
n. Then:

1. Hol’(V®) C SL(n,H) if and only if the Lee form 6 is closed,

2. Hol(V®) c SL(n,H) if and only if the Lee form 0 is exact.

Finally, it is customary to distinguish between weak and strong HKT structures. Set-
ting
H:=1dw;=Jdw; =K dwg,

the structure is called strong if dH = 0, and weak otherwise. Equivalently, in the strong
case each Hermitian structure (g, I), (g, /), (g, K) is pluriclosed (SKT). Note that when
H = 0, then VB = V¢ and the metric is hyperkédhler. In particular, every strong
HKT structure is such that each Hermitian structure (g, L) is Bismut Hermitian—Einstein
(BHE), for L = I, J, K (cfr. Section 1.2.4).

The original definition of HKT structures required the strong condition, but this as-
sumption was later relaxed because of the scarcity of examples. To date, the only known
compact (non-hyperkahler) strong HKT manifolds arise either from Joyce’s construction
[Joy] (see next Section) or from the construction of Barberis—Fino [BF], and all of them
are homogeneous. In the non-compact setting, a non-homogeneous strong HKT exam-
ple was obtained in [MV], using moduli spaces of anti-self dual connections.

Remark 1.5.6. The relationship between the Bismut and Obata connections on HKT
manifolds can be described explicitly. Let H denote the torsion 3-form of VZ and define
the tensor

2A(X,Y,Z) = —H(X,1Y,12) — H(IX,1Y,Z) — H(X,KY,KZ) — H(IX,KY, JZ).
(1.5.1)
Then, by [IP, Proposition 3.1],

g(VRY,Z) = g(VRY. Z) + A(X,Y, Z). (1.5.2)
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1.5.1 HKT metrics on Joyce hypercomplex manifolds

Let G be a compact semisimple Lie group. As seen in the previous section, the compact
manifold T’ x G admits a family of (left-invariant) hypercomplex structures, which
depends on the choice of a basis (1, ..., e") of the abelian Lie algebra (u(1) @ b.

Let B denote the (negative of the) Killing—Cartan form of g. It is shown in [GP] that
the Joyce decomposition (1.4.1) is B-orthogonal.

Let (e}, ¢}, ¢}) denote a standard basis of 9, (ie., [ed, efé] = 2¢] for any cyclic permu-
tation («, 3,7) of (2,3,4)) such that

B(egveé) :B(egneg) :B(ei,ei) :)\32’ ‘7: 1""’m'

We consider a basis (el,...,ef, ef™ ... e") of fu(1) @ b = R™, where (e},... ef) is a
basis of /u(1) and (e{™,...,e) is a B-orthogonal basis of b such that
B(ey", el =My, j=1....m—L (1.5.3)

We then extend B to a positive definite bilinear form ¢ of /u(1) & g by setting:
g(el,e) =\ j=1,....0

By construction g is a bi-invariant metric on /u(1) & g which is hyperhermitian with re-
spect to the Joyce hypercomplex structure (I, J, K') obtained from the basis (e1, ..., ef")
of (u(1) ® b = R™. More precisely, the metric g satisfies:

1. glg = B,
2. the decomposition /u(1) © b © P;, 0; & P~ f; is g-orthogonal,
3. g is bi-invariant,

4. the hyperhermitian structure (g, [, J, K) is strong HKT (see Remark 1.5.7).
This has been observed in [GP, OP].

Remark 1.5.7. Let G be a semisimple Lie group and let G x T* be endowed with a
hyperHermitian structure (1, J, K, g), with I, J, K left invariant and ¢ bi-invariant. We
have seen in Example 1.2.25 that

HI(XaKZ) = _g([X7Y]7Z)7

therefore, the Bismut torsion only depend on the Lie bracket and not on the complex

structure chosen, as long as it is left invariant. It follows that
H;=H; = Hg.

21



Geometric properties of the Bismut and the Obata connections

Furthermore, since these manifolds are Bismut flat, each structure is SKT. Alternatively,
one can easily observe that H; is bi-invariant, as so is g, and so it is closed.

We emphasize that the requirement (1.5.3) imposes some constraints on the possible
choices of ¢{™, ... e7; indeed, not all Joyce hypercomplex structures are compatible
with an extension of the Killing—Cartan form. However, such a choice can always be
made, i.e. for each compact simple Lie group there exists at least one Joyce hypercom-
plex structure compatible with the extension of the Killing-Cartan form as above. We
also note that in general the choices of the bases {e},..., ¢!} and {¢{™,... "} are not
unique.

When b = 0 the condition (1.5.3) is vacuous, and thus, any Joyce hypercomplex
structure is compatible with an extension of the Killing—Cartan form B, that it is also

bi-invariant and strong HKT.

Remark 1.5.8. Observe that when b = 0, up to equivalence, there is exactly one left-
invariant hypercomplex structure on the universal cover group R™ x G.

This implies that given two Joyce hypercomplex structures (I,.J, K) and (I, J, K)
with associated Obata connections V and V, respectively, one has

hol(V) = hol(V).

This is a consequence of the well-known fact that the restricted holonomy coincides

with the holonomy group of the induced Obata connection on the universal cover R™ x

G.

1.5.2 Hypercomplex and HKT structures on nilmanifolds

Nilmanifolds have also played a central role in the development of hypercomplex ge-
ometry. A milestone in this direction is the theorem of Barberis—-Dotti—Verbitsky [BDV],
which establishes that any nilmanifold endowed with an invariant hypercomplex struc-
ture is an SL(n, H)-manifold.

Beyond holonomy considerations, an equally natural question is the existence of
(invariant) HKT structures on nilmanifolds. To address this, one first recalls the notion
of abelian complex structure.

Definition 1.5.9. Let g be a Lie algebra. A complex structure J on g is called abelian if
[JX,JY]=[X.Y], VXY e€g.

It follows immediately that any abelian almost complex structure is integrable. More-
over, such structures can occur only on 2-step solvable Lie algebras [Pe]. They enjoy a
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number of pleasant properties: for instance, the center of g is always J-invariant. In the
hypercomplex setting, if a solvable Lie algebra carries a triple (7, J, K') with one of the
three complex structures, say I, abelian, then automatically the other two are abelian
as well [DF1].

This notion is central for the following result.

Theorem 1.5.10 ([BDV]). Let M be a nilmanifold endowed with an invariant HKT struc-
ture. Then the associated hypercomplex structure is necessarily abelian. Moreover, any
HKT nilmanifold is balanced.

A refinement of this picture was obtained in [DF3], where it was proved that if
a nilpotent Lie algebra admits a hyperhermitian structure with abelian hypercomplex
structure, then it supports an HKT metric, and the Bismut torsion is closed if and only if
the Lie algebra itself is abelian. Combining this with the theorem above, one concludes
that a nilmanifold admits a strong HKT structure if and only if it is a torus.

Similar rigidity phenomena appear also beyond the nilpotent case. Indeed, an ana-
logue of the above result was established in [AB1] for almost abelian solvmanifolds.
As recalled in [BF], it is still an open problem whether more general solvmanifolds can
admit strong HKT structures. In Chapter 4 we shall resolve this question in the negative.
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Chapter 2

Generalized Kahler structures on
solvmanifolds

The study of strong Kdhler with torsion (SKT) metrics on compact complex manifolds has
emerged as an active area of research over the past two decades, primarily due to their
connections with type II string theory and two-dimensional supersymmetric o-models.
These metrics are a natural generalization of Kdhler condition within non-Kahler geom-
etry and appear naturally in theoretical physics, where they provide geometric solutions
compatible with torsionful fluxes.

A particularly fruitful framework for investigating SKT metrics is that of locally ho-
mogeneous manifolds, where the symmetrization process [BE, FG, UG] plays a key role.
More precisely, for a solvmanifold I'\G endowed with an invariant complex structure,
the existence of a (not necessarily invariant) SKT metric implies the existence of an
invariant one. In this context, invariant means that the associated Hermitian structure
is defined at the level of the Lie algebra g of G. This leads to a major simplification:
instead of solving nonlinear partial differential equations on the manifold, one is led to
solve algebraic conditions on the Lie algebra itself.

Although this approach simplifies the analytical complexity, the classification prob-
lem remains challenging. Even in low dimensions, the solvable case presents greater
difficulty than the nilpotent case: the existence of an SKT metric on a nilpotent Lie
algebra is heavily constrained. As shown by Arroyo and Nicolini [ArNic], such a Lie
algebra must have nilpotency step at most two, confirming a conjecture originally pro-
posed in [EnFV]. Moreover, SKT structures have been completely classified on nilpotent
Lie algebras in dimensions 6 and 8, in [FPS04] and [EnFV], respectively.

In contrast, SKT structures on non-nilpotent solvable Lie algebras have been inten-
sively studied in literature [FP, FP2, FP3, MS], although a complete classification has
been achieved only in dimension 4 [MS]. In dimension 6, the classification is nearly
complete. As shown in [Tol], the nilradical must have dimension either 5 (the almost
nilpotent case) or 4 (the codimension 2 case). The almost nilpotent case has already
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been thoroughly investigated in [FP, FP2, FP3, FS, FS2]; in this chapter, we complete
the classification by addressing the remaining codimension 2 case.

Since every generalized Kahler structure induces an SKT metric, a broader and
deeper question concerns the existence of generalized Kahler structures on solvmani-
folds. Unlike the SKT case, however, the generalized Kdhler scenario remains largely
unexplored. A striking rigidity result by Cavalcanti [Cav] shows that a nilmanifold ad-
mits a generalized Kahler structure if and only if it is a torus.

In the solvable case, the situation is more flexible, and classification results exist
only in low dimensions. In dimension 4, the only non-Kihler solvmanifold admitting
a generalized Kahler structure is the Inoue surface [AG]. For dimension 6, a classifi-
cation of solvmanifolds admitting invariant generalized Kahler structures was achieved
in the almost nilpotent case by Fino and Paradiso [FP, FP2, FP3], extending an earlier
example by Fino and Tomassini [FTo]. A closer analysis of these results reveals that in
all such examples, the nilradical is abelian, i.e., isomorphic to R®. Together with Cav-
alcanti’s result and the absence of counterexamples, this observation strongly supports
the following natural conjecture:

Conjecture 2. Any compact solvmanifold admitting an invariant generalized Kdhler struc-
ture must have an abelian nilradical.

We emphasize that the compactness assumption is crucial for this conjecture: in the
non-unimodular case, counterexamples exist (see Remark 2.2.6 for details).

In this chapter, as previously announced, we complete the classification of six-dimensional
solvmanifolds admitting SKT and generalized Kahler structures, by addressing the case
where the nilradical has codimension 2. More precisely, we consider solvable Hermi-
tian Lie algebras (g, J, (-, -)) with nilradical h of dimension 2 and examine two distinct
cases, depending on the behavior of the complex structure with respect to the nilradical:
either Jh = h or Jh # h.

The results presented in this chapter are part of a published joint work with A. Fino [BrF].

2.1 Case Jh=1

Let g be a 2n-dimensional solvable Lie algebra with nilradical b of codimension 2. As-
sume that g is equipped with an almost Hermitian structure (., (-, -)) such that Jh = b.

Consider the orthogonal decomposition g = h @ h*. Since Jh = b, both b and h* are
J-invariant subspaces. Let U be a unit vector in b+, and denote by JU its image under
J. Using the fact that the derived algebra satisfies [g, g] = g! C b, the Lie bracket on g is
determined for any Y, W € b by:

[U7 Y] = A(Y)7 [‘]U7 Y] = B<Y)7 [Y, W] = :U'(}/a W)7 [U7 ‘]U] = ‘/7
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where A := ady |, and B := ad,y |, are derivations of the nilpotent Lie algebra (b, ),
and V' € h. The Jacobi identity implies that ady |, = [4, B].

Theorem 2.1.1. Let (g, J, (-, -)) be as above. Then the following statements hold:

(1) The complex structure .J is integrable if and only if the restriction .J, defines a complex
structure on b, and the derivations A, B € Der(h) satisfy:

[Jy, AlJy + [y, B] = 0.

(i) If J is integrable, then the associated Hermitian Lie algebra (g, J, (-,-)) is Chern-Ricci

flat.

(iii) Suppose J is integrable, g is unimodular, and [U, JU] = 0. Then the Hermitian structure

(J, (-,+)) is balanced if and only if its restriction (.Jy, (-, )y) is balanced on b.

(iv) If J is integrable and (g, J, (-, -)) admits an SKT structure, then the nilradical h must be
at most 2-step nilpotent. Moreover, the restrictions of A and B to the center 3(h) of b
satisfy:

Alsw): Blsw) € 50(3(h)),  [A,J]=[B,J] =0 on ;).

Proof.

(i) Since the Nijenhuis tensor N of J satisfies the J-anti-invariance property,
N(JX,JY)=—-N(X,Y) VX,Y €g,

it suffices to compute N(U,Y) and N(Y, Z) forall Y, Z € b.

For Y, Z € b, since Jh = h and [h, h] C b, a direct computation shows that
NY,Z) = NJ[J(Y, Z),

i.e., the Nijenhuis tensor on g restricts to the one on (b, Jy).

Now consider N(U,Y) for Y € h. Using the bracket relations and the fact that J
preserves both  and h*, we compute:

N(U,Y) = [JU,JY] = [U,Y] = J[JU,Y] = J[U, JY]
= [JU,JY] = [U,Y] = J[B(Y)] = JIA(JY)]
= (BJy— A— JyB — JyAJy)Y.

Thus, the vanishing of N(U,Y’) for all Y € b is equivalent to:
A+ JyAJy+ JyB — BJy, =0,
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(i)

(iii)

which proves point (i).

Following [VZ] (see also [FP, Formula 5.8]), the Ricci form of the Chern Connection
pC" is given by dn", where

n“"(Y) = = (tr(ady o J) — tr(adyy)), VY € g.

DN | —

For any Y € b, since b is nilpotent, one has " (Y") = n{"(Y) = 0 by [LRV, Proposi-
tion 2.1]. Moreover, for Z, W € g, one computes

dnCh(Zv W) = _nCh([Zv W]),

and since [g, g] C b, where n°" vanishes, it follows that p“* = 0.

Consider the orthogonal decomposition g = h @ bt and let u = U, Ju = (JU)
denote the metric duals. The fundamental 2-form w of (J, (-,-)) can then be written
as

w=uwy+uAJu.

Expanding w" ! yields:

W't = wg_l + (n — 1)w§‘2 Au A Ju.

To compute dw" !, we use the following differential identity for any a € A" h*:
do=uANA'a+ JuhB'a—uAJuNiwa+ dya, (2.1.1)

where C*y = — Zle y(...,C+,...) and d, denotes the Chevalley-Eilenberg differ-
ential of the nilpotent Lie algebra (b, ).

Since du = dJu = 0 and [U, JU] = V = 0 by assumption, the identity above implies

dw™ ! = dwg_l + (n — l)dhw{;_2 Au A Ju.

We now claim that dwg’l = 0. Suppose otherwise that
dw{]‘_l =uA A*wg_l + Ju A B*cuh"_1 # 0.
If A*w; =" # 0, consider the 2n — 1 form:
d(cug_1 AJu) =u A A*w{;_l A Ju # 0,
contradicting the fact that all top-degree forms are closed on a unimodular Lie al-
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(iv)

gebra. A similar contradiction arises from B*w{;_l # 0. Therefore, dwg_l = 0, and
SO
dw" ! = (n — 1) dywp > Au A Ju,

which vanishes if and only if dbwg_2 = 0. This completes the proof of (iii).

The first part of (iv) follows from [ArNic]. Indeed, if the Hermitian Lie algebra
(g,J,(-,-)) is SKT, then the subalgebra (b, Jy, (-, -)y) inherits the SKT property (see
[ArNic, Proposition 3.1]). In particular, by [ArNic, Theorem 4.8], § is at most 2-step
nilpotent. Since (b, (-, ), Jy) is SKT and at most 2-step nilpotent, we can consider
the orthogonal decomposition h = 3(h) @ 3(h)*, where 3(b) is the center of h. Each
component in this decomposition is .Jy-invariant by [EnFV, Proposition 3.5].

Furthermore, since A, B € Der(h), they preserve the center of h. Indeed, for any
Z €3(h)and all Y € b,

0= A(,u(Z, Y)) = w(AZ)Y )+ u(Z, AY) = n(AZ,Y),

from which it follows that AZ € 3(h), and analogously BZ € 3(b).

With respect to the decomposition b = 3(h) @ 3(h)*, the derivations A and B can be
written in block matrix form as:

_ (Aa(h) *A > _ (Bs(h) *B )
0 Ay 0 By

Thus, 3(h) is a J-invariant ideal of g and the integrability condition involving A, B,
and J; on 3(h) reads:

Ay + Sy Aoy L) + L) Bsw) — Biwy Sy = 0.

Let ¢ denote the Bismut torsion 3-form of (J,(-,-)). For any Z € j3(h), using the
formula for dc from [DF3] (see also [ArNic, Formula 3]), we get:

de(JZ,Z,U, JU) = |AJZ||* + |BJZ||* + |AZ|]*> + || BZ|? (2.1.2)
—(AJAJZ,Z) — (JAJAZ, Z)
~(BJBJZ,Z) — (JBJBZ, 7).

Using identity (i), this is equivalent to:

de(JZ,Z2,X,JX) = |AJZ|* + |BJZ|* + |AZ|* + | BZ|?
+ ((2(4* + B>+ AJ,B — BJ,A)
— Jy[A, Bl - [A, Bl.%) Z, Z).
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Since [A, B] = ady|, and Z € 3(h), we have [A, B]Z = 0. Similarly, since 3(f) is
Jy-invariant, [A, B]J,Z = 0. Thus,

de(JZ,Z,X,JX) = |AJZ|* + ||BJZ|* + |AZ|* + | BZ|*
+ (2(A* + B>+ AJyB — BJyA)Z, Z).

The SKT condition then implies:
|AJZ|]? + || BJZ|)> + |AZ|* + | BZ||* + (2(A* + B* + AJyB — BJyA)Z, Z) =0

for all Z € 3(b).
Let {ej, ..., ey } be any orthonormal basis of 3(h) such that Jey;_; = ey; for all j =
1,...,r. Using the SKT condition, we compute:

2r 2r
D de(Jej e, X, JX) =Y [ AJe;|* + [|BJejl|* + || Aey||* + || Bey |
=1 j=1
-+ <2(A2 + B2 + AJhB — BJ;)A>€J', €j>
= 2([| Ay I + 1By 1> + tr(AZ) + BZy)
+ tr(Ay ) Jy0) Bsw) — Byin) o) As(v)) -

Since [A, Bl = 0, the last trace term vanishes, and we obtain:

| Ay 1> + 1| By 1> + tr(AZg + BZ)) = 0. (2.1.3)

Now we claim that || A ||* + tr(Af(b)) > 0 and similarly for B,). Indeed, expanding

in terms of the components a;;:

| Az lI? + tr(AZy) = 22 lail® + > (lag? + |a|* + 2a5a5) = > (ay; + a;)*.

1<J 1<J

Hence, (2.1.3) implies that A, and B;;) must be skew-symmetric, i.e., lie in so(3(h)).

With respect to {ey, ..., es } we may write A,y and B;,) using 2 x 2 block matrices
A;; and B;; as follows
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where, fori =1,...,r,

and, for i < j,

A2;—125—1 A2i—1,25 ¢
Aij = ( y Aji = —("Aiy),

A2;,25—1 24,25
bai—1,2 b2i—1,2
-1,25-1 Y2i-1,2j t
Bi; = , Bji = —(Bi;).
b2i2j—1 bai 2;
Since we choose {e,..., ey} satisfying Jey; 1 = ey for each j = 1,...,r, with

respect to such a basis the complex structure .J;;,) can be represented by the diagonal
block matrix diag(Ay, ..., A,) with

If one imposes the integrability condition
Ay + J30) A0 30) + i) Bato) = Bioy Jyn) = 0

then the following linear conditions hold:

A2i—1,2j—1 = A2;,25 + b2i 251 + bai—12;

(2.1.4)

baioj = A2i—1,2j + Q2i2j—1 + b2i—12j-1.

We compute the components dc(es;_1, Jeoj—1, X, JX), using (2.1.2). A straightfor-
ward computation shows

j—1
de(egj_1, Jegj—1, X, JX) =—2 (bok2j—1 + b?k—1,2j)2 + (agk—1,2; + a2k72j—1)2
k=1
r—1

-2 Z (bajiok—1 + boj_198)> + (agj_1.9k + agjon-1)>.

k=j+1

Repeating the same argument for each j = 1,...,r, the vanishing of the expression
above leads to the identities b2i,2j—1 = _bZi—l,Qj and A2525—1 = —A2;—12; for any ij =
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1,...,rwith i < j. Plugging these identities in (2.1.4) we get
A2;,25 = A2;—1,2j—1
bai2j = b2i—12j-1-

Hence we have that for any ¢ < j, the matrices A;; and B,; are of the kind

Aij _ A2;-1,2j—1  A2-1,25 7 Bz’j _ bQi—l,Qj—l b2i—1,2j ,
—Q2;—-125 G2,—-12j—1 _bQi—l,Qj b2i—1,2j—1
and it is straightforward to observe that [A,w), Jyu)] = [B;), )] = 0.
g.e.d.

Remark 2.1.2. If the Hermitian Lie algebra (g, (-,-), J) is Kéhler, then b is abelian. In-
deed, since w = wy +u A Ju, using the expression of the exterior differential (2.1.1), we
get that

dw =uNA"wy + Ju N B'wy —u A Ju A tywy + dywy.

Therefore, dw = 0 implies that dywy, = 0, and hence the abelianity of h as b is nilpotent

As a corollary of Theorem 2.1.1, we now consider the special case in which b is
abelian. In this setting, the complex structure Jy is trivially integrable, and thus the
integrability of J reduces to the algebraic condition

A+ JyAJy + JyB — BJy = 0.

Hermitian structures on Lie algebras with a J-invariant abelian ideal of codimension
two were studied in [GZ]. The following corollary refines those results by showing that,
when such an ideal coincides with the nilradical of the Lie algebra, the SKT condition
admits a sharper and more explicit characterization.

Corollary 2.1.3. Let (g, J, (-,-)) be a Hermitian solvable Lie algebra with a J-invariant,
codimension 2 abelian nilradical b, and let {U, JU } be an orthonormal basis of the orthog-
onal complement h* in g. Then (J, (-,-)) is SKT if and only if one of the following condition
holds

(l) A= adU|h, B = adJU|h S 50([)) and [A, Jﬁ] = [B, Jf)] =0;

(i) there exists an orthonormal basis {e, ..., es—2} of (b, (-, -)y) With respect to which

‘]h = diag(Al, ce 7An—1)7 A= diag(Al, ce ,An_1>, B= diag(Bl, R >Bn—1)7
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where

T e I A roe (2.1.5)
1 0 —a; 0 —b; 0

with a;,b; € R.

Moreover; if the Hermitian structure (.J, (-, -)) is SKT, then

(iii) (J,(-,-)) is Kdhler if and only if [h*, h*] = 0;

(iv) if 3(g) N = {0}, then g admits also a Kdhler metric.

Proof.

@)

(i)

One direction of follows directly from Theorem 2.1.1. Indeed, if ({-,-), J) is SKT and
h is abelian, then A, B € so(h) and [A, Jy| = [B, Jy] = 0.

Let us prove the converse. Recall that
w=wy+uANJu.

Then,
dw=uNA"wy + Ju N B*wy —u A\ Ju N\ tywy,

where V' = [U, JU], and for any Y, W € b,
Ay (VW) = ~{(hA+ AR, Wy, Brun(Y,W) = —((JyB + B'y)Y, W)y,
Since [A, Jy] = [B, Jy] = 0 and A, B € so(h), we have
JoA+ ALy = (A+ A Jy =0, JyB+ B'Jy = (B+ B")J, =0.

It follows that
dw = —u N\ Ju N tywy.

The Bismut torsion 3-form c is then given by
c=Jdw=—uNJuNJ(ywy) =u N JuN tyywy,

which is clearly closed since dh* C h* @ u ® h* @ Ju.

From (i) the SKT condition is equivalent to [A, Jy] = [B,.Jy] = 0 and A, B € so(h).
Since b is abelian, the three skew-symmetric endomorphisms A, B, and .J, commute
pairwise. Hence, there exists an orthonormal basis {es,...,e2,-2} of (b, (:,-)}5) such
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(iii)

(iv)

that A, B, and J, are simultaneously diagonalizable in their normal forms:
‘]b = diag(Al, .. 7An—1)7 A= diag(Al, c. ,An_1>, B = diag(Bl, . >Bn—1);
where A;, A;, and B; are as in (2.1.5).

Part (iii) follows from the fact that if (/, (-, -)) is SKT, then

dw = —u N Ju A tywy.

We exploit the condition 3(g) N h = {0} to prove that B — AJj is invertible. Since
(J,(-,-)) is SKT, by (ii) there exists an orthonormal basis {e;,...,e2,—2} of (b, (-, -)}p)
such that A, B, and J, are in their diagonal normal forms. Then,

b
B — AJ}) = diag(C’l, R ,Cn_1)7 where Cz = (az Z) .

b a;

In particular,

det(B — AJy) = Hdet = [ (a? + 1) # 0.

Indeed, if det(B — AJy) = 0, then there exists an index 7 such that a? +b? = 0, which
implies a; = b; = 0. This would mean ey;_,,e,; € 3(g) Nh = {0}, a contradiction.

Since B — AJy is invertible, there exists Y € h such that
(B—A])Y =V.
Consider the new J-Hermitian metric
() = (o +u? + Ju?,
where v’ and Ju' are dual to U’ = U + Y and JU' = JU + JY, respectively. Then,
A =adyy=A, B =ady, =B,

implying that (J, (-,-)') is again SKT (noting that (-,-)}, = (-,-)s). Moreover, since
[U’, JU'] = 0, the Hermitian structure ((-, -)’, J) is Kéhler by (iii).
q.e.d.

Regarding the existence of generalized Kéhler structures we can prove the following
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Theorem 2.1.4. Let g be a solvable Lie algebra with nilradical b of codimension 2. The
following are equivalent

(1) g admits a generalized Kdhler structure (Jy, (-,-)) such that J.bh = b;

(i) g admits a Kdhler structure (J, (-, -)) such that J.h = b.

Proof.

(i)=- (i). It suffices to take J_ = —J,.

()= (ii). Let us fix an orthonormal basis {U, U’} of h* with dual basis {u, v'}. Without
loss of generality, we may assume that U’ = J,U and J_U = cU’, fore € {—1,+1}. Let
A =adyly, B=ady/|yand V = [U,U’].

Since the Bismut torsions 3-forms ¢, of the Hermitian structures (.Jy, (-, -)) satisfy ¢, =
—c_, then there exist a, 8 € A\°h* and v € bh* such that

ct =FaAut AU EYAuUAU + ey,

where ¢y, are the torsion 3-forms of the Hermitian structures (J., (-,-)y) on b, respec-
tively. Since ¢, = —c_, we clearly have ¢,y = —c¢_.
Using (2.1.1) and the SKT condition dc, = 0, we get

dey = (dy a — Acyy) ANu+ (dy f— Bepy )u/
+ (=B*a+ A8+ dyy — tveps) ANu AU + dyeyy =0,

which forces dycy =0, i.e., (b, Jy, (-, -)y) is a generalized Kahler Lie algebra. Since  is
nilpotent, h has to be abelian by [Cav].
Forany W € b:

(W, UU") = —([J4 W, JLUL U — ([ U, LU WY — ([JLU', I, W, U)
= —(V,W)

and, analogously, c_ (W, U,U’) = —e*(V,W) = —(V,W). Since ¢, = —c_, we must have
V =0, ie., [b+,bt] = 0. Moreover, this implies that the SKT structure (J,(-,-)) is
Kahler by Corollary 2.1.3, statement (iv). g.e.d.

Remark 2.1.5. One can show that if a solvable Lie algebra with nilradical § of even-
codimension admits a generalized Kéhler structure ({-,-), /1) such that J.h = b, then
b is abelian. The proof proceeds in the same way as before, using a generalization of
(2.1.1).
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2.2 Case Jh #h

Let g be a 2n-dimensional solvable Lie algebra with nilradical h of codimension 2. Sup-
pose that g is endowed with an almost Hermitian structure (//, (-, -)) such that Jb # b.
As a consequence, we have

g=h+Jh.

We set
hs:=bhnNJb,

and we consider the orthogonal decomposition

=hs® (hy)h,

where both summands are J-invariant. Since h has codimension 2, it follows that
dim(h;) =2n —4."

We now focus on the 4-dimensional .J-invariant space
(hJ)J_ =t hJ_7

where ¢ is the orthogonal complement of h; in h. Let {es,_1,e2,} be any orthonormal
basis of h*. Then,

Jeon_1 = Jsa€ay + hop_o,  Jea, = —J34€9,_1 + hop_s,

where J3, € R and ha,_», ho,,_3 are non-zero, orthogonal vectors in ¢ such that

J2€2n71 = —€2p—1, J2€2n = —€2n.
Define
e L h?n—?) e L h2n—2
m—3 = 77 m—2 = T
" lhons|” " [hon—all’

so that the set {e, 3, €2, 2, €2,_1, €2, } is an orthonormal basis of the .J-invariant sub-
space (h,)*.

With respect to the decomposition g = h; @ (h;)*, the almost complex structure .J

J:(‘]’“ 0 )
0 Jpe

With respect to the orthonormal basis {e,_3, €22, €an_1, €20} Of (h;)*, the restriction

splits as

*Observe that when 2n = 4, the decomposition above is trivial. Moreover, since SKT structures on
4-dimensional solvable Lie algebras have been fully described in [MS], we may restrict to the case 2n > 4.
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Jiy,)+ is represented by the skew-symmetric matrix

0 J1o 0 Jia
—J1o 0 Jog 0
0 —Jog 0 Jy
—Ju 0 —Jy 0

Ji )+

where the entries J;; satisfy the relations

/

I+ I =1,

J122 + J223 =1,

J oot =1 (2.2.1)
Jh+ I3 =1,

—J14d34 + J12J23 = 0,

—JiaJ12 + Jaz s = 0.

Note that Ji14 # 0 and Jo3 # 0, since Jh # h. By solving the system (2.2.1), we obtain
two distinct but equivalent almost complex structures on (f )+, corresponding to either

Jig = —J34, Jiu=—Jag or Jio=Js, Jiu= Jos.

We will consider only the first case, as the two are equivalent up to a change of basis in

(hs)*

Remark 2.2.1. To sum it up, we may always endow (h ;) with an orthonormal basis
{€an_3,€an_2, €21, €2, } such that {ey, 3,e2, 2} and {es, 1,€2,} are unitary basis of ¢
and h* respectively, and the restricted almost complex structure .J, . can be written
with respect to such a basis as

0 Jip 0 J1a
Ty 0 —Ju 0
Jope = " H , (2.2.2)
0 Ju 0  —Jio

—Jiu 0 Jio 0

For further purposes, we restrict to the case where b is abelian, as this allows a more
tractable investigation of the existence of generalized Kahler structures. We begin with
a preliminary result:

Lemma 2.2.2. Let (g, /,(-,-)) be a Hermitian solvable Lie algebra with codimension-2
abelian nilradical b such that Jh # b. Then b; := b N Jbh is an ideal of g.

37



Geometric properties of the Bismut and the Obata connections

Moreover, if {€s,_3, €an_2, €2n_1, €2, } is an orthonormal basis of (h;)* as in Remark 2.2.1,
then
[AhJ7 JhJ] = [Bhw JbJ] =0,

where Ay, By, Jy, denote the restrictions of A := ad.,, .|y, B := ad.,, |y, and J to b,
respectively.

Proof. Let {es, 3, €2, 2, 2,1, €2, } De an orthonormal basis of (h;)+ as in Remark 2.2.1.
Since b is abelian and g' C b, to prove that b, is an ideal it suffices to show that for any
X € by, we have [ X, ey, 1], [X, e2,,] € Jh.

By the integrability of .J,

NJ(X> €2n72) = J[X, J62n72] - [JX, J€2n72]
= J[X, Jiseon—3 + Jisean_1] — [J X, Ji2€2n—3 + Jis€2,_1]
= J14(J[X, €2n71] — [JX, €2n71]) = —J14(JAX — AJX) = 0.

ThUS, [X, €2n71] = J[—JX, 62n,1] < Jb Analogously, [X, €2n] = J[—JX, 6271} € J[] The
final commutator identities follow directly from this and the integrability condition.
g.e.d.

Proposition 2.2.3. Let g be a solvable Lie algebra with abelian nilradical b of codimension
2. Suppose g is endowed with an SKT structure (J, (-,-)) such that Jh = b. If there exists
another complex structure I compatible with (-,-) and such that Ity # b, then (J,(-,-)) is
Kdbhler.

In particular, g does not admit any non-Kdhler generalized Kdhler structure (I, .J, (-, "))
with Ih # b and Jh = .

Proof. Let {es, 3, €2, 2,€2,_1, €2, } De an orthonormal basis of (h;)* := (h N Ih)* as in
Remark 2.2.1. Let {ey, ..., es, 4} be any orthonormal basis of h;, so that

B = {61, <oy €24, €23, 621172}

is an orthonormal basis of . By Lemma 2.2.2, h; is an ideal of g.
Since ((-,-), J) is SKT and b is abelian, we have that A := ad,,,_,
in so(h) by Corollary 2.1.3, statement (i). With respect to the basis 5,

|h7B = ade%\h lie

Ay, 0 By, 0
A= 0 co |, B= 0 0 di2
—ci2 0 —dyz 0

where Ay, By, € so(hy).
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We now evaluate the Nijenhuis tensor N; as a (0, 3)-tensor using the inner product:
NI<X7}/7 Z) = <NI(X7 Y)7 Z>
Then:

Ni(ean—2, €3, €2n—1) = —I14¢12, Ni(ean—2, €2n—3, €2n) = —I1adss.

By integrability of I and the fact that I}, # 0 (cf. Remark 2.2.1), we conclude that
c12 = dip = 0.

Therefore,

[€2n—1> 62n] = - (I[I€2n—1> eQn] + ][€2n—1> I€2n]) + [Ie2n—17 Ie2n] = 1122 [e2n—17 e2n]7

which implies that
(1= Ify)[ean—1, €20 = 0.

Using the identity 1%, + I, = 1, and using that ;4 # 0, it follows that [es,_1, €2,] = 0,
ie., [b+,pt] = 0.
The conclusion then follows from Corollary 2.1.3, statement (iv). g.e.d.

Using the Symmetrization process ([BE, FG, UG]), one can show that if M = T'\G is
a compact solvmanifold endowed with a pair of invariant complex structures /., then M
admits a generalized Kdhler structure (J4, g) if and only if the Lie algebra g of G admits
a generalized Kéhler inner product (J, (-, -)). Hence, we can prove the following result:

Theorem 2.2.4. Let M = I'\G be a 2n-dimensional solvmanifold, and let J.. be invariant
complex structures on M. Assume that the nilradical b of the Lie algebra g of G has
codimension 2. Then:

(D) If J.b = b, then (M, J.) admits a generalized Kdhler metric if and only if (M, J,)
admits a Kdhler metric.

(ii) Assume that b is abelian and that J.bh # b while J_h = b. If (M, J1) admits a
generalized Kdhler metric, then (M, J_) also admits a Kdhler metric.

Proof. To prove (i), observe that the implication from right to left is immediate. For
the converse, by the Symmetrization process, M = I'\G admits a generalized Kéhler
structure (J., g) if and only if g admits a generalized Kahler structure (J, (-,-)). The
conclusion follows by applying Theorem 2.1.4.

To prove (ii), again by the Symmetrization process, there must exist a left-invariant
generalized Kéhler structure (J, (-, -)) on the Lie algebra g, with J, h # h and J_h = .
Then the result follows by applying Proposition 2.2.3. q.e.d.
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Corollary 2.2.5. Let M = I'\G be a 2n-dimensional solvmanifold and let 1. be left-
invariant complex structures on M. Assume that the nilradical b of the Lie algebra g of
G is abelian and of codimension 2. If (M, J.) admits a (non Kdhler) generalized Kdhler
metric, then J.bh # b.

Remark 2.2.6. As seen in the previous section, if g is a solvable Lie algebra with codi-
mension 2 nilradical h that admits a generalized Kahler structure (J4, (-,-)) such that
Jibh = b, then h must be abelian. However, this is not necessarily true when J_ b # b.

Indeed, consider the Lie algebra

3 2 23 17 1 .27 1 37 48 1 58 67 1 68 57
s (h3 ®R) x R? = (% + €', 167, 36, —e® 1™ — %7, 2™ +¢77,0,0) ,

where {e;, ..., e} is a basis of b3 @ R?, {er, es} is a basis of R?, and ¢ denotes ¢ A ¢’.
From the structure equations, we see that the nilradical § is spanned by {ey, ..., eg},
and clearly h = b3 ® R3.
Define the bi-Hermitian structure ((-,-), J5.) by:

Jier =e7, Jiexs=e3, Jies = Feg, Jieq = es, (,:) = Z(ei)?

The corresponding fundamental forms are given by
wr=e'Ne"+e2Nnedte® Aeb + et A,
and satisfy:
dws = Fe' Ne® A€l

Since e*Ae® Aeb is closed, it follows that (4, (-, -)) defines a generalized Kéhler structure.

However, we note that since the Lie algebra s is not unimodular, the correspond-
ing simply connected Lie group does not admit lattices, i.e., there exists no compact
quotient.

2.3 Classification in dimension six

In this section we provide a classification of six-dimensional unimodular solvable Lie
algebras with nilradical of codimension 2 that admit a SKT structure.

Theorem 2.3.1. A unimodular six-dimensional solvable Lie algebra g with nilradical b of

codimension 2 admits a SKT structure (J, (-,-)) if and only if g is isomorphic to one of the
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following Lie algebras:

73,0 X 73,0 = <_f257 f157 _f467 f367 07 0)7
G555 R = (211, =% — %, — ¥ + £%,0,0,0).

Hence, in particular, h must be abelian. An explicit example of SKT structure is given
respectively by

Jfi=fo, Jfs=fa. Jfs=fo, (1) =Y _(f")?

=1
6
Jf=fs, Jfo=fs. Jfi=fo, (1) =D _(f)™

i=1

Proof. We discuss separately the cases Jh = h and Jh # b.

1. Jh = h. Assume that g is endowed with a SKT structure (J, (-, -)) such that Jh = b.
By Theorem 2.1.1, § is a 4-dimensional nilpotent SKT Lie algebra, so we have that
either h =R*or h = h; B R.

(a) Case h = R*. In this case, one can easily prove that 3(g) N h = 0 (otherwise we
get a contradiction with the fact that h has codimension 2), and so by the proof
of statement (iv) in Corollary 2.1.3, we get that h = [g,g]. The classification
follows by [FS, FS2] and the Lie algebra g must be isomorphic to 73 X 73.

(b) Case h = b3 @ R. We prove that this case cannot occur. Assume by contradiction
that g admits a SKT structure ((-,-), J) such that Jh = h. Then

g=hab" =30 ®30H) ah"

Let e; be a generator of h' = [, h] C 3(h) which, up to rescaling, we may assume
to be unitary. Then an orthonormal basis of g is provided by B = {e;,es =

J@l, €3,64 = J€3,€5, g — J€5}, where:

o {e1, ey} is a basis of 3(h),
* {es,e4} is a basis of 3(h)*,

» {e5,¢e6} is a basis of ht.
The Lie algebra g is completely determined by the data:

[657X] = AX7 [667X} = BX7 VX € ha [63764] = neéq, [65766] = ‘/7

where n € R\ {0}, and A = ad.,|s, B = ad,|, are derivations of h satisfying
[A, B] = ady|j.
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From earlier results, we may decompose A and B as:

A <Aa(h) *4 > B (Ba(m *B )
0 Aype 0 Bjw:

with Ay, Byw) € s0(3(h)) such that [A;w), Jy6)] = [Biw), J50)) = 0 by Theorem
2.1.1.

Moreover, since A and B are derivations of h, we have Ah' C h' and Bh' C b,

hence A, = By = 0. In particular, this implies tr(A;y.) = tr(Byg).) = 0.

b b
Aj(h)L: a33 434 : Bg(h)LZ 33 34 '
as3 —Aass b43 _b33

Using that A, = By = 0, the integrability condition

Let us write:

[Jy, AlJy + [y, B = 0
together with [A, B] = ady|, yield:

[Jh7 A&(‘])L]Jh + [Jh, Bé(h)L] =0 < 2a33 = b34 + b43, 2b33 = —(CL34 + CL43),
[As)1, Bypyr] =0 <= 2as3(bss + baz) — 2b33(azs + ags) = 0.

These conditions together imply that A, and B;. are skew-symmetric.

If any of a4 or by, were zero, the corresponding matrix would be nilpotent,
which contradicts the assumption that h has codimension 2. Hence, we must
have as4, b34 7& 0.

Finally, consider the subspace generated by

(34
€1,...,6€4, 65—b—€6 .
34

This subspace is a nilpotent ideal strictly containing b, contradicting the fact
that b is the nilradical. Thus, this case cannot occur.

2. Case Jh # h In this case, the four-dimensional nilradical is isomorphic to one of
R* b3 ® R and by = (—24,—34,0,0). Moreover, the only six-dimensional solvable Lie
algebra with nilradical b, is gg2s = (0,0,46 — 13 — 2.25,56 — 24,15, —16 + 26) (see
[RT]), which is not unimodular.

Hence, as in the previous case, we may restrict to consider either h = h; & R or
h = R*. We start by considering the first case, which is more involved.

(a) Case h = h3 @ R. Firstly, we prove that if g admits a complex structure J such
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that Jh # b, then dim(J3(h) Nh) = 1. Since the center 3(h) has dimension 2, it
suffices to check that if dim(J3(h) N h) = 0,2 we get a contradiction.

i. dim(J3(h)Nh) =0.
Let Z, be a generator of h! = [h, ], and let Z, be such that

3(h) = spang(Z1, Z2).
Since g = h + Jh, we may fix a basis
{21,729, X, X, J 7, ] Zs}

for g, where X € b, :=hn Jh.

Observe that ad;z, |, and ad;z,|, are derivations of h, and hence preserve
both h* and 3(b). Exploiting this, together with the integrability of .J and
the inclusion g' C b, we obtain the following structure equations:

(

(X, JX]  =nZ,

Z,,7Z)] =anZ,

(20,02, = aw,

Z2, 021 = awZ,

(Zo,Z5] = bioZy + basZs,

(X,7Z)] = apX + anJX,

[X,JZ,] = bsX + bisJX,

JX,JZ)] = —auX +asJX,

[JX,JZ] = —byyX + bs3JX,
(721,72 =0.

Since
aszl[X, JX] = [aszl(X), JX] + [X, aszl(JX)]

and similarly for ad;z,[X, JX], we deduce the identities

ay; = 2ass, ap = 2b33.

In particular, unimodularity implies

ai; = azg = 0,
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and consequently
bas = —4bs;.

Moreover, the condition

ladyz,,ad;z,] = adpyz, 72, = 0

holds if and only if
b33 =0.

In summary, the Lie algebra g is determined by the data

00 O 0 0 —by O 0
00 0 0 0 0 0 0
adyz, |y = ;o adyz,ly = ;
0 0 0 43 0 0 0 b43
0 0 — 43 0 0 0 _b43 0
and

(X, JX] =nZ 0.

Note that a43 # 0, since otherwise the Lie bracket structure would contra-
dict previous assumptions. In particular, consider the subspace generated
by

{Z,, 75, X,JX,J 2, — 3 J7,}.

a43

This subspace defines a nilpotent ideal strictly containing b, which contra-
dicts the assumption on the codimension. The conclusion follows.

ii. dim(J3(h) Nh) = 2. In this case, h; = 3(h), so we may fix a basis {Z, JZ}
of 3(h), where 7 is a generator of h'. Since g = h + Jbh, we complete 7, JZ
to a basis

(2,02, X,Y,JX,JY}

of g, where {Z, JZ, X, Y} is a basis of . Analogously to the previous case,
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the structure equations are

(

X, Y] =nZ,
Z, JX] = allZ,
Z,JY] = b 2,

JZ,JX] = anJZ,

JZ,JY] = bnJZ,

X, JX] = a13Z + a3 JZ + azs X + as3Y,

X, JY] = bisZ + by J Z + azuX + asY,

Y, JX] = a14Z + asyJZ + a3 X + a44Y,

Y, JY| = b1y Z + boy JZ + b34 X + bysY,
JX,JY] = (n+ (ags — ba3)) Z + (b1 — a14)J Z.

[
[
[
[
[
[
[
[
[
[

\

EXploiting adJX [X, Y] = [adJXX, Y]+[X, adJXY}, and adJy[X, Y] = [adJyX, Y]—i—
(X, adyY] we further obtain the relations

ajn = agz + ag, by = azq + by,

Combining these with the unimodularity condition, we get

a1 =0, agz = —ag, by =0, ag = —by.
Hence,
0 0 —a13 —aiq 0 0 —b13 —b14
0 0 —ags —axn 0 0 —baz —bu
8de)<‘h = B B ; adJY’b = B B ;
0 0 a33 34 0 0 34 b4
0 0 —ass as3 0 0 azs an

with [X, Y] =nZ and [JX, JY| = (n+(aga—b23)) Z+ (b1z—a14)JZ € 3(h) =
3(g). Since [JX, JY] € 3(b) = 3(g), as before [ad;x,ad;y] = ad;x,sv] = 0.
Using this, if one computes the spectrum of ad;x, one obtains that ad;y
has only the eigenvalue 0, so it is nilpotent. Hence, the subspace generated
by {Z,JZ, X,Y,JX} is a nilpotent ideal which strictly contains b, giving a
contradiction.

Hence, we may restrict to consider the case of dim(J3(h) Nh) = 1, and we prove
that if dim(J3(h) N'h) = 1, then g cannot admit any SKT structure ((-,-), J) such
that Jh # b. Let Z;, Z> be a basis of 3(h) such that JZ; € h and JZ, ¢ . Since
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g = b + Jb, there always exists a vector X € h such that
{Z,,J72,,75, X, 75, JX }

is a basis of g. We proceed as before. Indeed, using that ad;z, and ad;x preserve
3(h), the integrability of J, and the inclusion g' C b, we get

(

(JZ1, X] = mZy + noZa,
(21,0 %] = an 2,

(21, JX] = bi1Zy — o2,
(JZy, JZs) = anJ 7,
[JZ1, JX] = (i + b)) 21,
[

[

[

[

[

N

2, J Zo] = a1321 + aszZa,

Zy, JX| = bi3Z1 + az4 2o,

X, JZ5) = aaZh + apud Zy + agaZs,

X, JX] = biaZy + baaJ Zy + bgaZa + b X,
T Z, JX] = a9 21 + (brs — ara)J 7.

\

By the unimodularity of g,
ass = —2a;;  and  2byy + 1 4 asy + by = 0.

Observe that if a;; = 0, then ad;, is strictly upper triangular, hence nilpotent.
Thus ay; # 0, and, exploiting

adJZQ[JZl,X] = [adJZQ(le),X] + [JZl, adJZQ(X)],

we get 1 = 0.

Analogously, computing
adjx[le,X] = [adJX<J21>,X] + [JZl,aCL]X(_XV)}7
one obtains

bay = —11.

Plugging this into the unimodularity condition 2b,; + 7y + a34 + by = 0, we also
get
2b11 + asq4 = 0.
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To sum it up,

—a11 0 —@G13 —ai4
aszz‘h _ 0 —ai 0 —a2q ’
0 0 2a11  2b1y
0 0 0 0
—b1 0 —biz —bu
ade|r] - X —(771 * bll) 0 —b24 )
0 0 2b1y b3y
0 0 0 m

[JZo, JX] = aouZy + (b1 — a14)J Z.

Consider any J-Hermitian inner product (-, -) and denote by ¢ the Bismut torsion
3-form of (/. (-,-),J). Then,

de(Zy, J 21, X, J Z3) = —2a11m ]| Z1||% # 0.

Indeed, this can be zero only if n; = 0. Moreover, in this case, h = R*, giving a
contradiction.

Hence, we have proved that if g is endowed with an SKT structure (/, (-, -)) such
that Jh # b, then h must be abelian.

(b) Case h = R* Let us assume that g admits a SKT structure (J, (-,-)) such that
Jh # b, with h = R%. We fix an orthonormal basis B = {e;,..., e} of g such
that {e;, e2} is an orthonormal basis of hj; such that Je; = e; and {es, ..., es} is
an orthonormal basis of (h;)* as in Remark 2.2.1, namely, with respect to B the
complex structure J can be written as

0o 1 0 0 0 0
-1 0 0 0 0 0
g 0O 0 0 Jiz O J1a
0 0 —Ji2 0 —Jiu O
0O 0 0 Ju 0 —Jio
0 0 —Jiu 0  Jio 0

By Proposition 2.2.2, b; is an ideal of g and [Ay,, /] = [By,,J] = 0, where
Ay, By, denote the restrictions of A := ad.,|y, B := ad.,|y to b, respectively. By
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the integrability of ./, we have that

11 Q12 b1 Do
* *
A — —G12 41 B— —biz bn
- 9 - )
0 €11 C12 0 diy —cin
Co1 C22 dyy —co
J12 J12
[65, 66] = VhJ - —(012 - d11)€3 - —(022 - d21)€47
J14 J14

with 2a1; + ¢11 + 0 = 0 and 2by; + di1 — ¢21 = 0 by the unimodularity of g. In
the following we will denote by

O = C11 C12 and D — dy1 —ciy ‘
Co1 C929 d21 —Ca1

Since by the Jacobi identity [A4, B] = 0, then also [C, D] = 0.
By the SKT condition, we get

dc(er, ez, €3, €6) =2J14(—b11ca1 + anida) = 0,
dC(€1, €2, €3, 65) :2J14(b11022 + G11€21) =0,
de(er, ez, €4, €5) = — 2J14(br1cro + anicrn) = 0
dc(ey, eg, ey, €6) =2J14(b11c11 — anndin) =0

Since Jy4 # 0, the coefficients of A and B must obey to

bi1co1 — ar1dor = 0,
bi1Cao + ay1621 = 0,

11C22 11C21 2.3.1)
biiciz +ajien =0,

biicin — apdy = 0.

We distinguish two cases depending on whether a;; is zero or not. We will do
in details the first case, as the second one is analogous.

Let a;; = 0. The conditions (2.3.1) becomes
bi1co1 = 0, bi1cog = 0, biicio = 0, biic11 = 0,

and furthermore ¢;; = —cy9 in order to have tr(A) = 0.

We claim that b;; # 0. Assume by contradiction that b;; = 0. Then (2.3.1) are
satisfied and d;; = c¢9; by the unimodularity condition. Using [C, D] = 0, one
can show that C' and D are nilpotent matrices and so we must have a5, b15 # 0.
Indeed, if for instance a;5 = 0, then the subspace generated by {ey, es, 3, €4, €5}
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would be a nilpotent ideal which strictly contains h, which is a contradiction
with the maximality of the nilradical.
If 12, b12 # 0, then we may consider e}, = e; — %66 with

()

where ' = C — §12D. Moreover, since C, D are nilpotent and [C, D] = 0, so is

ad;

E and, hence, also ad,, |y. Therefore, if we consider the ideal {ei, e, €3, €4, €5},
then again this is a nilpotent ideal which strictly contains the nilradical, proving
the claim.

Since by, # 0, by (2.3.1) we must have that

0 ap b1 Do
—ay 0| " by b i
A= a2 7 B— 12 11 - . ’
0 0 it
d21 0
J J
les, eq) = Vg, — 2J—1Qb11€3 + J—md21€4>
14 14

with a1 # 0 (otherwise A would be nilpotent). In order to kill the components
of V along e; and ey, we take ef := e5 + %63. In such a way e}, es] € b, and
{e%, e} define a new complement of ) inside g. Observe that since b is abelian,
A= ady]y = A.

Let e5 and ¢/, be eigenvectors of B associated to the eigenvalues —2b,; and 0, re-
spectively. Since the eigenspaces V_,,,, and V; are 1-dimensional and [A, B] = 0,
we must have that ¢/, and € are also eigenvectors of A with eigenvalue 0. Hence,
with respect the new basis {ey, es, €}, €}, et es} the Lie algebra g is determined
by the data

0 b b
12 0 11 12 0
P 0 B —bia by .
0 0 -
0 0
le5, 6] € b
Finally, let X € h; be such that A’X = —[ef, es] (observe that it is possible since

ImA" = b;). The basis {¢], ..., €5, ef = eg + X} is such that B := ad,, |, = B’ and
leL, ek] = 0. The isomorphism between g and g; 2;’ @ R is immediate.

g.e.d.
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Remark 2.3.2. The Lie algebra g; 5 firstly appeared in [Bo].

Remark 2.3.3. The connected and simply connected solvable Lie groups corresponding

to 739 X 739 and 953’50 @ R admit lattices.

Corollary 2.3.4. A unimodular six-dimensional solvable Lie algebra with nilradical b of
codimension 2 admits a generalized Kdhler structure (Jy, (-, -)) if and only if g is isomorphic

to one of the following Lie algebras:

73,0 X 73,0 = (_f257 f157 _f467 f367 07 0)7
G R = (2f15, — 25 — £ % 4 £%6.0,0,0).

An explicit example of generalized Kdhler structure is given respectively by
6

> ()

=1

Jifi=%xfo, Jifs=xfu, Jifs =£f6, ()

6

Jofi = fon Jefo=%fs, Jefi=fo. () =D (f)2

i=1
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Chapter 3

Generalized Kahler manifolds via
suspensions

In [AG], the authors study the existence of ambihermitian generalized Kahler structures
on compact complex surfaces. Recall that a generalized Kahler structure (J., g) is said to
be ambihermitian if the complex structures J, and .J_ induce opposite orientations. The
only non-Kéhler surfaces admitting such structures are the Inoue surface and the Hopf
surface (cf. [AG, Theorem 3]). Among these, only the Inoue surface admits invariant
generalized Kahler structures.

It is well known that both the Inoue and Hopf surfaces satisfy b, = 1, and that
the corresponding non-trivial cohomology class is represented by a nowhere-vanishing
closed 1-form. By Tischler’s theorem [Ti], this implies that both surfaces admit a struc-
ture of suspensions or mapping tori.

The case of SU(2) x S! is straightforward, as it is the suspension of SU(2) via the iden-
tity map. The Inoue surface, on the other hand, admits a description as the suspension
of the 3-torus T? via a suitable diffeomorphism p, and is also known to be diffeomor-
phic to a compact 4-dimensional solvmanifold (cf. Section 3.1). More generally, any
solvmanifold admits at least one invariant closed 1-form; hence, every solvmanifold can
be topologically realized as a suspension.

As recalled in the Preliminaries, the problem of constructing generalized Kahler
structures on solvmanifolds has received considerable attention over the past two decades.
Explicit examples have been constructed in [FTo, FP, FP2, FP3, BrF]; all of them admit
an abelian nilradical and can be realized as torus bundles over the Inoue surface.

Among these, the almost abelian case plays a particularly prominent role. In fact,
with the exception of the examples presented in [BrF], all known constructions fall
within this class. In the almost abelian setting, both the suspension structure of the
solvmanifolds and their interpretation as torus bundles over the Inoue surface are es-
pecially transparent. This observation motivates the central question addressed in this
chapter:
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Can all known examples of almost abelian generalized Kdhler solvmanifolds be recovered
from a general construction via suspensions?

The construction we propose is as follows. As mentioned, the Inoue surface arises as the
suspension of T? via a diffeomorphism p, which will be described explicitly in Section
3.1. We then consider a (hyper)Kéhler manifold K, and define the suspension of K x T3
via the block-diagonal diffeomorphism (v, p), where ¢ is a (hyper)Kéhler isometry of
K. Depending on the nature of K, the resulting structure will be split or non-split
generalized Kahler.

We shall focus on explicit examples. Although all known almost-abelian generalized
Kihler solvmanifolds arise from this construction by taking K = T?* and a suitable 1,
we will analyze two illustrative cases in detail.

More importantly, this construction also produces examples that are not diffeomor-
phic to solvmanifolds; for instance, when K is a K3 surface. However, identifying ex-
plicit hyperkéhler isometries of a K3 surface is challenging, primarily because the hy-
perkdhler metric itself is not explicitly known. Nonetheless, we will show that for the
Fermat quartic, it is possible to find an explicit expression for such an isometry, even
without knowing the exact form of the metric (cf. Example 3.1.14).

An analogous construction applies to the Hopf surface, which admits two different
(and non-isomorphic) generalized Kahler structures. We will show that, depending on
the choice of structure, one obtains different generalized Kahler structures on suspen-
sions of K x SU(2). This construction can be further generalized by replacing the Hopf
surface with arbitrary compact Lie groups (of even dimension). As we shall see in the
next chapter, these examples based on the Hopf surface also yield non-trivial examples
of Bismut Hermitian Einstein manifolds.

The results presented in this chapter are contained in the published papers [BrF2,
BFG].

3.1 Construction via the Inoue surface

3.1.1 Split examples

We begin this section by describing the suspension structure of the Inoue surface, as
well as its generalized Kahler structure.

Example 3.1.1. Let p and ¢, be non-zero real numbers such that the matrix

et 0 0
plt) =10 e % cos(top) e ? sin(top) (3.1.1)
0 —e % sin(top) e cos(top)
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is similar to an integer matrix A. The existence of such a pair (p, ty) is ensured by [AO,
Section 3.2.2]. Thus, there exists an invertible matrix P such that

We define a lattice I'y C R? by
Fo = PZs

Since p(tg)P = PA and A is integer, it follows that p(t,) preserves the lattice 'y, and
hence descends to a diffeomorphism of the torus T? := I';\[R®. From now on, we denote
p(to) simply by p.

For each ¢ € [0, to], consider the following time-dependent frame on T*:

0
ei(t) = etﬁ,

0 0
er(t) = e 2 cos(pt)% — s Sm(pt)@m?”

es(t) = e 2 Sm(pzf)i + e 7 cos(pt) —

0x? ox3’

with dual coframe:
el(t) = :
e*(t) =e2c (pt)de S sin(pt)da?,
e3(t) = e? sin(pt)da? + ez cos(pt)da?,

9.1 are the standard coordinate vector fields on T®.

where {77

It is straightforward to verify that

p«(€i(0)2) = €i(to) p(w);

and therefore also
p* (ei(tﬂ)p(g)) = ei(o)g'

The frame {¢‘(¢)} induces a set of 1-forms {e'} on the product T? x [0, ], and the
above computation shows that this set is preserved by the smooth map

p:T? x {0} = T3 x {to}, (z,0)~ (p(z),t0)-
Hence, {¢'} descends to a well-defined set of 1-forms on the suspension

3 T3 x [07t0]
5= @~ (o) h)

Analogously, the vector fields {e;} descend to global vector fields on T?.
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Let

2mi-t
to

m: T, — 8%, [(@,t)] e,

and denote by 6 the pullback via 7 of the standard volume form on S!. Observe that,
up to a constant rescaling, ¢ is locally given by dt.

As discussed above, the forms {e¢', ¢ ¢*, 0} define a global coframe on T3. Dually,
the corresponding global frame is given by {e;, s, €3, ae} where a denotes the vector

field on T* induced by the circle action on the base, whose local expression is 2.
p y p at

The triple (J+,g) on T3 given by

0
Jj:(el) = %, Jyeg = *es, Jies = Feo,
3
=) () +6%

i=1

with associated fundamental forms wy = e! A 0 + £e? A €3, defines a generalized Kihler

structure of split type.
Indeed, Ny, (e2,e3) = 0,

NJi(elaeQ) = [atvji@] Ji([at’ D
= g es] = Je([5e2])
= +(pey — 563) - J:I:(_§€2 —pe3) =0

and similarly

—

bi» Jxe } T+ ([5- es])
(55 ee] = J=([5ires])
(50 e2] £ [ e2] = 0.

NJi(ela 63)

|
ol

Moreover, in local coordinates,

diws = J dwy
=4J d(e® N eP)
=+J At AP N e
= ZFel ANe2Ae?
= Fdz' Adz? A da?

and, clearly, dd‘w+ = 0.

We further observe that J,. induce opposite orientations on ‘]1"2, so that the gener-
alized Kahler structure (g,.J:) is of ambihermitian type. In order to prove that T3 is
the Inoue surface, we appeal to the Apostolov-Gualtieri classification [AG]. Firstly we
determine that Ti is non Kahler. This suffices to conclude the claim, since the only non
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Kahler surfaces in the classification are the Inoue surface and the Hopf one, but only
the Inoue surface has the structure of a T® bundle over S'.

The first Betti number b, of T? is given by
b1(T) = dim(ker(p} — Id)) + dim(coker(pj — Id)) = dim(ker(p; — Id)) + 1,

where pj is the isomorphism induced by p on H'(T?). With respect to the standard basis
{[dx'], [dx?], [d3]} of H(T?) we have

e —1 0 0
p; —1Id= 0 e cos(top) — 1 e sin(top)
0 —e sin(top) e cos(top) — 1

and so for any values of p in R \ {0}
det(p} — Id) = (e — 1)(e™" — 2¢72" cos(top) +1) =0 <= t, =0,

which is an excluded value by hypothesis. It follows that b,(T3) = 1 and as a conse-
quence ']I‘f) is an Inoue surface in the family S,.

The suspension ’H‘z can be also described as the compact almost abelian solvmanifold
I\ (R? x, R), where ¢(t) is given by

et 0 0
et)y=10 e 3 cos(tp) e 3 sin(tp) |,
0 —e zsin(tp) e 2 cos(tp)

and I' = 'y xtoZ. Note that the almost abelian Lie group R* xR has structure equations

= A A = LA A
2 (3.1.2)

1
A= —pf AT - PP AT =0

and e! = f1, 2= f2, &8 = f3,0 = f*.

We now show that the previous example arises as a special case of a more general
construction.

Let a; = ay(t), by = ba(t), by = b3(t) be smooth real-valued functions depending on a
time parameter ¢ € [0, 1]. For each fixed ¢, consider the following family of vector fields
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on the 3-torus T?, viewed as the quotient R3/Z3, with local coordinates (z', 22, z%):

0

ex(t) = al(t)@,
0 0
0

These vector fields define a global frame for each fixed ¢. The corresponding dual

coframe {e’(t)} is given by:

1 _ 1 1
e (t) a1<t>dx :
204y bQ(t) 2 bB(t) 3
e“(t) = o) dx 0 dx”, (3.1.4)
gy bs(t) 5 ba(t) ) g
e’(t) = 0 dx 0 dz”,
where [(t) := b3(t) + b3(t) > 0.
Define the auxiliary functions
1
v(t) := ba(t)by(t) + b3(t)by(t) = 5[’@), (3.1.5)
and
w(t) == by(t)b(£) — bs(£)bs(1).
We further require the periodicity conditions:
v(l) _ v(0)
W = 10 (3.1.6)
w(l) _ w(0)
W0 (3.1.7)

We construct on T? the following pair of 1-parameter family of normal almost contact

metric structures (£(t),n(t), p+(t), h(t)) given by
n(t) :=e'(t), h(t) =) (1),

w0+ (t)(ea(t)) == Les(t),

§(t) = en(t),
px(t)(ea(t)) =0,

with fundamental forms

Fo(t) = +e(t) A é3(t) 10
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Starting from the frame {e;(¢)} defined in (3.1.3), with functions a4, b9, b3 satisfying
the compatibility conditions (3.1.6) and (3.1.7), we can construct a generalized Kéhler
suspension of T3. The resulting 4-manifold is either a Kahler surface or an Inoue surface
of type Sy, depending on whether the function v(¢) vanishes identically. In this paper,
we focus on the latter case.

Lemma 3.1.2. Let {¢'(t)} be the basis of 1-forms on T? as in (3.1.4) with coefficients
ay, by, by satisfying (3.1.6) and (3.1.7). Suppose that there exist a diffeomorphism p of T?
such that

p* (ei(l)p(z)) = ei(())y

(ﬁ)/ . a—ll = const # 0.

Then the suspension ’]I‘f; admits a split generalized Kdhler structure and it is biholomorphic

(3.1.8)

to an Inoue surface in the family Sy,;.

Proof. A geometric structure on T x [0, 1] descends to the suspension T? if it is pre-
served under the identification (z,0) ~ (p(x),1). Therefore, by the first condition of
(3.1.8), the forms {¢'(t)} define a globally well-defined set of 1-forms on T?. Moreover,
both F.(t) and the frame {e;(t)} descend to T3, since the pullback p* distributes over
the wedge product, and one can verify that p. (¢;(0),) = €;(1),). From now on, we
denote by ¢’ and ¢; the global 1-forms and vector fields on T3, respectively.

Let 6 denote the pullback of the standard volume form on S* via the fibration

T Tz — St (z,t)] — ™,

which, up to rescaling, locally corresponds to dt. It follows that d(e’ A §) = 0 for every
j = 1,2,3, since the coefficients of da’ in the expressions for ¢/ depend only on the
t-coordinate.

To prove the lemma, we construct a pair of complex structures /1 on T and a
Riemannian metric g compatible with both J such that [J,,J_] =0, d®w_ = —d wy,
and ddiw,; = 0, where w; denote the fundamental forms associated with the pairs

(gv J:I: ) .
Consider the globally defined non-degenerate 2-forms

wy=e' N0+ F,, w_=e N0+ F_.

We compute
dwi = d(el VAN 9) + dFi = dFi,

since d(e' A 0) = 0. The 3-forms dF; are given by

1 I'(t) f 20(t) (
dFy = +d | —da’ Nd2? ) = F—2dtNE NS =F—"Ldt ANe? Ne
* (za)”““ ) Ty C RO T ey
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where 24 1 ) is the smooth function on T? assigning to [(z, )] the value 2”((” By condition
(3.1.6), this expression is well defined on T?, and in terms of global 1-forms,

2
dFi:$TU9/\62/\e3.

The 2-forms w. are of type (1, 1) with respect to the almost complex structures J.
defined by:

Ji(GQ) = SO:I:(GQ) == j:63, Ji(@g) = SD:I:(GS) = Feo,

0 : .. 0 . -
where g denotes the S'-vector field, whose local expression is g It is a trivial check
that the structures (w4, Jy) induce the same Hermitian metric g defined as:

3

g= Z(ei)Q + 02‘

=1

We now verify that J.. are integrable by checking that their Nijenhuis tensors vanish,
ie., N,(X,Y) = 0 for all vector fields X, Y. It suffices to verify this locally in a
trivialization for the nontrivial cases:

X = €1, Y c {62,63},

X = 2 Y € {62,63}.

00’
Using the local expression — 0 we compute:
& P 9 o pute:
NJi(eh 62) = [J:I:ela J:I:e2] - J:t([J:t€1> 62] + [617 J:I:QQ]) - [61, 62]

= [m,Ji@] Ji([@t’ ])
= i[%,e] Ji([aw D

Since 0 yn D D uD) w()
{&’ 2} 25z +0lgE = et 1 @
and
o 1 .0 .0 —wlt b
l&’ez)’} bt gz Tl ORI
we obtain
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0

BT Y =¢;,i = 2,3, one

A similar computation shows N, (e, e3) = 0, and for X =
finds:
P P P
Ny, (p.€) = 56 — [5,6] =0.

Lastly, X = 2 and Y = ¢;, with i = 2, 3, we have

0 0 0 0 0
Ny, <57€i> = {Jiawfiez} —Jy <|:Jﬂ:§7€i‘| + {a;@:&}) — |:a;€i:|
0 0
= —le1, Jre| — Js (_[61761'] + [a; le:ei:|) - |:§)ei:|
0 0
(el [

B 2 I A R
_([%’l 0t762_~
2v

We now compute the real Dolbeault differentials of w,.. From dw. = dFy = $T 0 N
e? A e3, we obtain:
diCL)+ = J_:l(dF+)

2
= TU J+9 A J+€2 A\ J+63

2v
:Tel/\ez/\e?’

n 1
:—(—) - —dzt Ada? A da?,

l ay

and similarly,
2
& w_ = —T” JONJ_e N

2v
=_—Zelne?ned

l

1\ 1
= <—> c—dxt A dx? A dad.

) aq

Thus, )
diwy = —dw_ = Tv el Ner A eP. (3.1.9)

By assumption, ()" o is constant, implying dd§w, = 0.

Since J, and J_ induce opposite orientations, the resulting generalized Kahler struc-
ture is of ambihermitian type. To conclude, it remains to verify that b,(T?) is odd. As
discussed in Example 3.1.1, it suffices to show that the de Rham cohomology class [H]
is non-trivial.

Assume by contradiction that H is exact. Since v is not identically zero, there exists

t € [0,1]) with v(t) # 0. Consider the inclusion:
i T3 — Ti, z— [(z,1)],
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and set a := fH € Q3(T?). Since H is exact, so is «. However,

<_> 307 _ 20(t) volns
By Stokes’ Theorem: @
2u(t
0:/T3a: I T3volqr37é0,

a contradiction. This completes the proof.
g.e.d.

We can extend the previous construction considering suspensions of T? x K, where
T3 is endowed with the same geometric structures as before and K is any compact
Kéahler manifold.

Theorem 3.1.3. Let (N, J, k,w) be a compact Kdhler manifold and let {€'(t)} be the 1-
forms given in (3.1.4) satisfying (3.1.6) and (3.1.7). Suppose that there exists a diffeo-
morphism p of T? such that,

(W) = €' (0

p
(l%t)/ + 5o = const # 0,

(3.1.10)

and a diffeomorphism 1) of N preserving the Kdhler structure, i.e. holomorphic with respect
to the complex structure J, and such that ¢*(w) = w. Then the suspension My of M =
T3 x N via the diffeomorphism

fi(z,p) = (p(2),v(p)),

admits a split generalized Kdhler structure (I, g, w+).

Proof. We have already observed that a geometric structure on M x [0, 1] descends to
the suspension if it glues up correctly in the quotient, i.e., if it is preserved by the map
sending (z,p,0) to (p(z), ¥ (p), 1).

Moreover, {¢‘(t)} and w are well defined on M; as f has a block structure. Indeed,
by hypothesis, conditions (3.1.10) are satisfied and ) preserves the Kahler structure. As
in the proof of Lemma 3.1.3, F. (¢) and {e;(¢)} descend to M too.

From now on, we denote by ¢’ and e; the corresponding global 1-forms and vector
fields on M, respectively.

Again, we denote by 0 the pull-back of the standard volume form of S'. With the
same argument as before, d(e/ A ) = 0.

To prove the theorem, we have to construct a pair of complex structures /, on My
and a Riemannian metric g compatible with both /. such that d®w_ = —dSw, and
ddSw; = 0, where we denote by w, the fundamental forms of the pairs (g, I+).
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Note that, by previous remarks, the following non-degenerate 2-forms
wy=e' N0+ F 4w, w_=e' AO+F 4w

are well defined on M.

Observe that the exterior derivative of both w. is a 3-form globally defined on the
suspension. Indeed,
dwi = d(el A 9) + dFj: +dw = dF:t,

where the last equality holds since d(e! Af) = 0 and w is closed by the Kahler hypothesis
on N. If we compute the local expression of dF,, we get

20(t
dF, = q:ﬁdt N

1(?)

v js a smooth globally well-defined function on M ¢ by condition (3.1.6), the

I
global expression of dF is actually 7220 A e? A €.

Since

Let us denote by D the smooth involutive distribution ker(e') N ker(e?) N ker(e®) N
ker(f) C X(Mjy). If a vector field X is in D, then

e(X)=0 and 6(X)=0.

Recall that a trivialization U of M} is of the form U; x Wy x Iy, if {0,1} ¢ I;, and of
the form
T (U1 x Wi x [0, 3) U p(Ur) x 1h(Wr) x (571])

otherwise, with U;, Wy, and I, being open sets of T3, N, and (0, 1) respectively, and
7: T x N x [0,1] — M the quotient map.
On such a trivialization, we may write

2k

3
i . 0 0
Ko =D Xi(woyp et D Yo @ovy,t) 55+ Z(@nvs,0) 57
i=1 J=1

where (z;,y;,t) are local coordinates on U and X", Y7, Z are smooth functions on U.

Since X € D, we have
2%k

o,
X|U - Zyja—yj

j=1

By hypothesis, the complex structure .J satisfies

1/)*0‘]:‘]01/}*7
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and thus induces a well-defined complex structure on D by C*°(/)-linearity:

0 ) 0
J N Vg
J<Y 8yf) =Y J(ayf)'

Define the almost complex structures /. on M as follows:

9
00’
[:t(eg) = gOiGQ = :teg,

Li(er) =

Li(e3) = prez = Feo,
I,=J, I =J onbD,
where % is the S'-vector field, whose local expression is %.

The 2-forms w. are of type (1, 1) with respect to /. and induce the same Hermitian

metric g, where

3
9= () +k+6"

i=1

We verify integrability of /.. by checking that the Nijenhuis tensor
Npp = [Ie L] = Le([Le, ]+ [ 1) — [

vanishes.

Since D is involutive and /,-invariant, if X, Y € D, then N, (X,Y) = N;(X,Y) = 0.
Also, since D+ = (e, s, €3, %) is involutive and I.-invariant, N;, coincides with the

Nijenhuis tensor N, from Lemma 3.1.3.

It remains to check that Ny, (X,Y) = 0 for X € {e1,es,e3, %} and Y € D. Since N,
is a tensor, we compute locally:

0 , 0
N[i(X,Y) - NI:!: (X,Yja—yj) :YJN[i <X, a_yj) :O

We compute d$ = I;'dl.. From earlier,
2
dwy = :FTUQ Ae2 A e,

and then )
dowy = I dwy = —TULZI(Q AerAe?)

2 f 1\ 1
:—Uel/\eQ/\esz— — | - =dat Ada® A dad,
l l ay
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while
dw_ =11 dw_ = —i—QTUI:l(H Ae?Ae?)
= —Q—UelAe Aed = (1>/-ida:1/\d$2/\dx3.
[ l ay
Hence,
diw, = —dw_,

and since (1) .- is constant by hypothesis, we have dd{.w. = 0.
Clearly, the generalized Kéhler structure (1., g,w+) constructed above is split, con-
cluding the proof. g.e.d.

3.1.2 Non-split examples

In this section, we further generalize the previously discussed construction to describe
examples of non-split generalized Kéhler suspensions. The key idea is to replace the
Kahler condition with the hyperkdhler one, leveraging the fact that the three complex
structures in a hypercomplex structure satisfy the relation J;.J, = —JyJ;. Accordingly,
we define two distinct complex structures on the integrable distribution D, which will
lead to the non-split property.

Theorem 3.1.4. Let (N, Jy, Jo, J3, w1, ws, ws, k) be a compact hyperkdhler manifold and let
{e'(t)} be the 1-forms given in (3.1.4) satisfying (3.1.6) and (3.1.7). Suppose that there
exists a diffeomorphism p of T2 such that

(W) = €'(0)z

p
(%)/ - oo = const # 0,

(3.1.11)

and a diffeomorphism i of N preserving the hyperkdhler structure, i.e. holomorphic with
respect to every complex structure J;, and such that

P wi) = wi, i=1,2,3. (3.1.12)
Then the suspension M; of M = T* x N via the diffeomorphism

[z p) = (p(z),v(p)),
admits a non-split generalized Kdhler structure (I, g, w+).

Proof. The proof is similar to the previous one, so we highlight the differences and omit
details already seen.
To define a non-split generalized Kahler structure, we consider the following non-
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degenerate 2-forms:
wy=e N0+ F, +w, w_=e N0+ F_ +w,,

which are well defined on M.

The exterior derivative of both w. is a globally defined 3-form on the suspension.
Indeed,
dwi :d(el/\9)+dFi—|—de :dF:t, with 7 = 1,2,

where the last equality holds since d(e! A#) = 0 and the w; are closed by the hyperkéhler
hypothesis on N. More precisely, we have:

2
dFi:IFTUQ/\eQ/\63.

Let us denote by D the smooth involutive distribution
D = ker(e') Nker(e?) Nker(e®) Nker(#) C X(M;).
If a vector field X is in D, then

e(X)=0 and 6(X)=0,

and hence, on a trivialization U of M, we may write:

4k ' P
X’U - ZYJ<IZ7yJ7t)8_yJJ

J=1

where (z;,v;,t) are local coordinates on U and Y7 are smooth functions on U.

By hypothesis, the complex structures J; satisfy
w*OJi:Jiow*a
and thus induce well-defined complex structures on D by C*°(M)-linearity:

4k ' a 4k ' 8
(%) =S (o)

Jj=1 Jj=1
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Let the two almost complex structures /. on My be defined as follows:

0
[i(el) = %7

I (e2) = pres = tes,
Ii(€3) = p+€3 = F€2,
I, =J, [I-=.J onD.

The 2-forms w. are of type (1, 1) with respect to /., and satisfy:
—wily = —w I =g,

where
3

g= z:(ei)2 +k+ 6%

i=1

We claim that the almost complex structures /.. are integrable by verifying that their
Nijenhuis tensors vanish. This proof is the same as in Theorem 3.1.3, so we omit it to
avoid repetition.

It remains to verify the condition on the real Dolbeault operators of w.. By the
previous remarks,

2
dwi:dFi::FTUH/\eQ/\eS,

and we have already computed that
diw; = —dw_.
As before, since by hypothesis (%)/ - .- is constant, we obtain
ddiws = 0.

The generalized Kéhler structure (I, g,w+) constructed above is non-split. Indeed,
since /. both have block structure, it suffices to check that 7, /_ # [_1I, on a vector field

X € D. Let X € D. Then:
LI X =JhX=J]X,

I,I+X - JQJlX - —J3X

Alternatively, one may compute the Poisson tensor:
0—1U Llg=—-w;'#0
- 9 +,14-19 = —W3 .

g.e.d.
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Remark 3.1.5. The previous proof also adapts to the case where N is a generalized
Kahler manifold (N, Ji,04,k), and v is a diffeomorphism preserving the generalized
Kahler structure, i.e., holomorphic with respect to J.. and such that y*oy = o4.

In this case, we define:
wi:el/\ej:dFijLai, and Ii:JiODD.

Since [/, [_] = [J4, J_] on D, the pair (1., g) defines a split generalized Kéhler structure
on My if (J, k) is split on N, and a non-split one otherwise.

3.1.3 Formality

In this section, we prove some results concerning the formality of the generalized Kéhler
manifolds constructed in this chapter.

We begin by establishing the following proposition.

Proposition 3.1.6. Let M; be a generalized Kdhler suspension constructed as in Theo-
rems 3.1.3 and 3.1.4. Then the first Betti number of My is odd. As a consequence, M does
not admit any Kdhler metric and does not satisfy the dd‘-lemma.

Proof. Recall that
bi(My) = 1+ dim(ker(p; — Id)) + dim(ker(¢p7 — Id)).

Since T? is biholomorphic to an Inoue surface in the family S, it follows that dim (ker(p}—
Id)) = 0. Hence, it remains to show that the vector subspace

ker(y] —1d) = {[o] € H'(N) | i ([a]) = [a]} € H'(N)

has even dimension.

Let [a] € ker(¢] — 1d). Without loss of generality, assume « is the harmonic repre-
sentative of its cohomology class, as N is compact. Since [o] is fixed under ], we have
Y*a = a + dn for some smooth function n on N. Denote by (-, -) the L? inner product
on (N, k), where k is the Kéhler (respectively, hyperkihler) metric on N.

We claim that dn = 0. Indeed,

0= (¢v"(Aa),dn) = (A" a),dn) = (Ala + dn), dn)
= (A(dn), dn) = (dédn, dn) = (ddn, ddn) = ||6dn|)*,

where the second equality holds because v is an isometry and pullback commutes with
the Laplacian.
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Hence ddn = 0, and thus A(dn) = 0. So « and « + dn are both harmonic representa-
tives of the same class, and by uniqueness, dn = 0.

Therefore, if [o] € ker(¢); — Id) and « is harmonic, then ¥ja = a.

On a Kahler manifold, the complex structure .J induces an endomorphism of the
space of harmonic 1-forms:

J:H(N) = HYN), B~ JB, with (JB)(X)=p(JX).

This is well defined because J commutes with the Laplacian. In the hyperkahler case,
we may take J = J;.
If o is harmonic and [«] € ker(¢)f — 1d), then so is [Ja]. Indeed,

Vi(Ja) = J(ia) = Ja.

This proves the first statement, as the space ker(¢); — Id) is preserved under .J, and
hence has even dimension.

The second statement follows immediately: by [Gau], a compact complex manifold
satisfies the dd°-lemma only if its first Betti number is even. Since b;(A/;) is odd, the
dd°-lemma cannot hold, and M cannot admit a Kahler metric. q.e.d.

In order to study the formality of M, we first prove the following lemma.

Lemma 3.1.7. The 4-dimensional generalized Kdhler suspensions T constructed in Lemma 3.1.2
are formal.

Proof. This follows from the fact that (T?, w., J+) is biholomorphic to an Inoue surface
in the family Sy;. The de Rham cohomology of T? is computed, for example, in [AS]
and is given by:

H*(T3) = R(1) & R([0]) & R{[e"*]) & R([9 A '**]). (3.1.13)
Therefore, a minimal model is

(/\vz /\<a)®/\(b),d), with |a| = 1, [b| = 3, da = db =0,

and
ola) =0, ob)=e Ne* e

Define a CDGA quasi-isomorphism v : (A V,d) — (H*(AV,d),0) by v(a) = [a], v(b) =
[b]. Then v induces the identity map in cohomology. Thus, T? is formal. g.e.d.

Using the previous lemma, we can now prove the following:
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Corollary 3.1.8. If the diffeomorphism 1) in Theorem 3.1.3 is the identity map, then
(Mjy, I.) is biholomorphic to (N x T3,.J @ J.), where .J is the complex structure on the
Kdhler manifold N, and J. are the complex structures on T;’ described in Lemma 3.1.2.
Therefore, M is formal, and

HY(Mj) = @ H'(N)® H/(T3), HEY(My) = €D Hy"(N) @ Hy(T3).

i+j=k a+c=p
b+d=q

Proof. Clear. g.e.d.

Remark 3.1.9. The corollary above also holds in the hyperkdhler case. Indeed, if in
Theorem 3.1.4 we take 1) = Id, then (M}, I..) is biholomorphic to (N x T3, J; & J+) with
i=1,2.

3.1.4 Dolbeault cohomology

In this section, we show that the generalized Kéhler suspension M, constructed as in
Theorems 3.1.3 and 3.1.4, is the total space of a holomorphic fibre bundle

. 3
p.Mf—>Tp

with fibre N. Such a fibration gives rise to the Borel spectral sequence, which relates
the Dolbeault cohomology of the total space M; to that of the base T? and the fibre N.

This generalizes the trivial case where the diffeomorphism ¢ is the identity. We
begin by recalling the following theorem of A. Borel, as stated in [HBS, Appendix II].

Theorem 3.1.10 (Borel [HBS]). Let p : T" — B be a holomorphic fibre bundle with
compact, connected fibre F, and suppose that T and B are connected complex manifolds.
Assume further that F is Kdhler. Then there exists a spectral sequence (E,,d,.), where d, is
the restriction of the Dolbeault differential 0 on T to E,, with the following properties:

* E, is 4-graded by fibre degree, base degree, and Dolbeault type. Let P}V denote the
component of E, with type (p, q), fibre degree u, and base degree v. Then P4E"" = (
ifp+q#u+wv, orifany of p,q,u, v is negative. Moreover,

dr - PgpuY p,q+1Eu+r,vfr+1'
* If p+ q = u + v, then the Es-page is given by

PaEY” = D Ha'H(B) @ HE M (R,
k

* The spectral sequence converges to the Dolbeault cohomology Hg’q(T).
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Let us now define p : (M, I.) — (T3, J.) to be the holomorphic projection

[(z,q,t)] = [(z,1)].

We claim that p is a holomorphic fibre bundle map.

To show this, we construct local holomorphic trivializations. Specifically, for each
point [(z,?)] in T, we must find a neighbourhood U and a biholomorphism

v (p7H(U), Is) = (U, Jx) x (N, ;)
such that p coincides with the projection onto the first factor. We consider two cases,

depending if ¢ = 0 or not.

Case 1: t # 0,1. A neighbourhood of [(z,t)] is givenby U =V x I, where V C T? is a
small open set around z and I C (0, 1) is an open interval. Then,

P (U) ={l(z.q.)] | ¢ € N, [(z,t)] € U},
and the trivialization is defined by

vu([(z,q,1)]) = ([(z, V)], @)-

This is clearly a biholomorphism.

Case 2: t = 0. A neighbourhood of [(z, 0)] is given by
U=mp(V x[0,e)Up(V) x(1-¢,1]),
where T3 denotes the quotient map, and V' C T? is an open set around z. Then,
p HU)=7(VxNx[0,e)Up(V)x N x (1—¢1]).
We define the trivialization ¢;; on representatives by:

((z, )], ) ift €[0,¢),
([ D) v (q) ifte(l—e1]

This is well-defined, because

eu([(p(z),¥(q),1)]) = ([(z,0)],9) = eu([(z,q,0)]).
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Its inverse is given by:
[(z,q,t)] ift € [0,¢),
[(z,9(q),t)] ifte(l—egl]

Again, this map is well-defined:

oy ([(p(z), )], q) = [(p(z),¥(q), D] = [(z, q,0)].

The holomorphicity of ¢ follows from the holomorphic structures on N, T?, and the

fact that ¢ is holomorphic.

We conclude the following:

Theorem 3.1.11. Let M be the generalized Kahler suspension constructed as in Theorems
3.1.3 and 3.1.4. Then My is the total space of a holomorphic fibre bundle

N — M; — T
In particular, there exist two Borel spectral sequences (E=, dF) such that:

r o Ur

* If p+q=u+w, then

u,v £ kau—k —k,qg—u+k
Pa g E — @Hgi (T}) ® Hy ™" (N).
k

* These spectral sequences converge to the Dolbeault cohomology groups Hgf(]\/[ )

When ¢ = Id, we have already seen in Corollary 3.1.8 (and in the remark that
follows) that (My, I, ) is biholomorphic to the product

(N XT3, J; & Jy),

so the fibration is trivial. In this case, the Borel spectral sequence degenerates at the
E, page, and we recover the Dolbeault cohomology via the Kiinneth formula, as in
Corollary 3.1.8.

As a consequence of the holomorphic fibration structure, we also observe that (My, 1)
does not admit any balanced metric, since the Inoue surface Ti is non-Kahler [Mic].

3.1.5 Explicit constructions

We now present some explicit examples obtained by applying the construction described
in the previous sections.
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Example 3.1.12. Let p be the diffeomorphism of T* defined by (3.1.1), and let {¢;}
and {e’} be the bases introduced in Example 3.1.1. As already noted in that example, p
preserves the basis ¢'(t), and one can easily verify that

(%)i: () et =140,

We apply Theorem 3.1.4 in the case where N = T* is the 4-torus endowed with the
standard flat hyperkahler structure (J, J3, Js, wy, ws, ws), defined by

0 0 0 0
1 (a—) =5 ) (%) = o

0 0 0 0
% (a—) = Tam ” (a—) e

7
Js=JiJ, and k= (dz')?,

=4

where (2%, 25,25 27) are standard coordinates on T* = Z*\R%, and v is the identity

map.

Note that
T3 x T4 x [O,to}

M= o~ b))

where f(z,y) = (p(z),y). The only difference from the general case is that the Cartesian

product is now taken with the interval [0, ¢y].

By Theorem 3.1.4, My can be endowed with a non-split generalized Kahler structure
(g,11). Moreover, Corollary 3.1.8 implies that (M, I, ) is a formal manifold biholomor-
phic to (T* x T3, J; ® J+). Furthermore, M, does not admit any Kéhler metric and does
not satisfy the dd°-lemma.

We can also describe )M as the compact generalized Kdhler solvmanifold introduced
in [FP]. Consider the 8-dimensional unimodular almost abelian Lie group G%“, for
q € R\ {0}, with structure equations:

dft = FEALS AP = =5 PPN AL dfP = —pfP AR =SS
df* = qf° N f5, df° = —qf* NS,

df® = qf AN f5 dfT = —qf° AP,

df® = 0.

(3.1.14)
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The group G% is the semidirect product R” x; R, where

p(t)=1 0 Ryt) 0 [,
0 0 Ryt

with ¢(t) defined as in Example 3.1.1, and R,(¢) the rotation matrix

Ry(t) = (cos(qt) —sin(qt)> .

sin(qt)  cos(qt)

As previously observed, for ¢t = ¢y, ¢ = p(t,) is similar to an integer matrix A. Thus,
by choosNing q= %: ©(to) is similar to the integer matrix diag(A, I, I) via an invertible
matrix P. The suspension described above is biholomorphic to the quotient I'\G%“,
where I' = PZ" x t,7 [Br].

We now present an example which is not biholomorphic to the product N x T%.

Example 3.1.13. Let p, {¢'}, and (T*, k, J;) be defined as in the previous example, and
let ¢ be the R*-rotation

(2%, 2°, 2% 27) = (2%, —2?, 27, —2P).

Since ) is represented by an integer matrix, it descends to a diffeomorphism of the flat
torus T*.

We now prove that ¢ is holomorphic with respect to each J;, and preserves the
hyperkahler structure (T*, k, J;). Indeed,

W*, Jl] - [1/}*7 J2} - 07

and

Yk = o (Z(dﬂ')?) = (dz°)* + (dz*)* + (d2")? + (da®)* = K,

i=4
Vrw, = *(da* A da® — da® A daT) = wy,

Vrwy = *(—dx* A dx” + da® A da®) = ws,
Vrws = *(—dx* A da® — da® A da”) = ws.

Consider now the suspension

T3 x T* x [0, to]
(Qa O) ~ (f(Q)7t0)’

My =

where f(z,y) = (p(x),%(y)). By Theorem 3.1.4, M; is a non-split generalized Kéhler
manifold which admits no Kiahler metric and does not satisfy the dd°-lemma.
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™

T via a

Observe that M can also be realized as a compact quotient of G for ¢ =
lattice T, i.e.,
M; =2 T\G;

b,q’

where I' = PZ7 x tyZ, and P is the change-of-basis matrix from &% (to) to diag(A, A, A),

with
A = 01 .
-1 0

We now compute the de Rham cohomology of M/, using the fact that it is the sus-
pension of T2 x T* = T7 by the diffeomorphism f = (p, ).

The cohomology in degree r is given by
H (M;)=K ®C",

where K" = ker(fF —Id) and C" = coker(f — Id).

We fix a basis for each H"(T?® x T*) = H"(T") given by forms [dz! A dz’], where
I and J are multi-indices of lengths || and |J|, with indices in {1,2,3} and {4,5,6,7}
respectively, such that |7]| + |J]| = 7.

Note that on such forms,
fr(da" A da’) = p*(da’) Ayt (da”).

We define
Kis = ker(pr — 1d), Ts = coker(pr — Id),

Ky = ker(¢) —1d), T4 = coker(¢y) — 1d).

A degree-by-degree analysis shows

K" = P Kis A K.

i+j=r
Since ’]I‘f, is an Inoue surface in the family S,;, we have:

Kzs=Cp =(1), Kpo=Cp =0,
Kz =Cp =0,  Kp=Cr= ("))

Similarly, for the T* component, we obtain:

K%4 — 0%4 — <1>, K%% == 0%4 = 0,
K2 = C2 = ([da®), [da"® + do), [da" — d™), [da®T)),

K%4 = 0%4 = 07 K%Al — 0%4 — <[d$4567]>,
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Combining these, the full cohomology of A is:

Cohomology group \ Generators

H (My) ([61)
H?*(My) ([dz*], [dz® + dx57], [da?T — dx5°], [dz®7))
H(My) (€], [0 A dx®], [0 A (da® + daT)],
[0 A (dz*™ — dx5°)], [0 A dz®7])
HOMy) | (e, [0 A e
(M) ([e'2 A da®®], [ A (dz® + daT)],
€12 A (da'T — da™)], [e'2 A da®7), [0 A da'67))
HS(My) ([0 A e A dz®], [0 A e A (do'® + dadT)),
[0 A e A (dz? — dz™0)], [0 A e A daST])
HT (M) ([e'2% A da'567))
H®(My) ([0 A €23 A dz*507])

Table 3.1: Generators of the cohomology groups H*(M;).

Let ] = {1,2,3,4}. The minimal model of M, is given by the differential graded algebra
(AV,d, ), where

/\V = /\(a) ® /\(bi) ® /\ (¢, Nij),

i€l (3,5)eIxI\{(1,4)}
with degrees
lal =1, |bi| =2, e =[Nl =3,
and differential

da:dbi:dc:O, d)\zj:bz/\bj

Note that all wedge products b; A b; are exact, except for b; A by, which represents a
non-trivial cohomology class.
The quasi-isomorphism ¢ : (A V,d) — (Q*(M;), d) is defined on generators by:

pla) =0, p(br) =

@(by) = da*® 4 da®7 o(bs) = — da™,
p(by) = da® p(c) = 61237
‘P()‘w) = 0.

Under the identification given by ¢, the cohomology of (A V, d) matches that of M.
We claim that M} is formal. Define a quasi-isomorphism v : (A V,d) — (H*(AV),0)
by setting:
v(a) =la], w(b)=1[b], wv(c)=1Id, v(Ay)=0.

Then the induced map on cohomology is the identity, and formality follows.
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Since T? is an Inoue surface in the family Sy, it admits the following basis of (1,0)-
forms:

oL = e +ie, i =e' +if,

with differentials:

dpl = = ;;ﬂi o2 -2 ;;ﬁi 0",
dp} = —ia ™,
where o = —1 and 3, = +p.
Then:
H3*(T5) = C(1) © C([¢1]) @ C([»¥']) © C([p"]).

Let {n},7?} be invariant coframes for 7,""T*, given by:

n = dr* +ida®, 0 =da” 4 ida®,
ny = dr® +ida®,  n3 = do” +idat.

Since dn/ = 0, the Dolbeault cohomology of T* is computed directly:

H*(T%) = C(1) & C([]) © Cf[nfb ® C([;%]) @ C{[n;”])
® C([1"]) @ C{nf*)) @ (™)) @ (")),

for k,h € {1,2}.
By Theorem 4.1.9, for p + g = u + v, the second page of the Borel spectral sequence
is:
prE;L,U,i — Z Hg,iu—k(r]ri) ® Hgi_k’q_u+k(T4),
k

with differential

. D,q U,V p,q+1 u+2,v—1
d2 . E2 % E2 .

We claim that the Borel spectral sequences degenerate at » = 2. The only nontrivial
cases to check are:
(p,q,u,v) =(2,1,1,2) and (2,2,1,3).

Case (2,1,1,2): We have:
PEy? = HEN(TS) @ HP(T') = (93] © [n)]).

The target is:
22Ey" = HX\(T)) @ H'(T') = ([0 @ [n)).
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Since the fibration p : My — Ti is holomorphic, d, acts as id ® dy (we used the Liebinitz
rule for d,).

dy(*' Ey?) = HEN(T)) @ dy(HO(TY) = HEN(TS) @ do(*0E3™) = 0.

Case (2,2,1,3): The argument is analogous and also yields d, = 0.
Hence, the Borel spectral sequences degenerate at the second page.

As already observed, the previous examples are both diffeomorphic to solvmani-
folds. A class of examples not diffeomorphic to solvmanifolds can be constructed by
taking a K3 surface as the (hyper)Kahler manifold N. Indeed, in this latter case, by
Theorem 4.1.9 we have that the holomorphic fibration

N — My =T,
induces the long exact sequence of homotopy groups
o= mea (T5) = me(N) = m(My) = m(T5) — -+
Focusing on k£ = 1, we get
= my(To) = m(N) = m(My) = m(T5) = m(N) — - - . (3.1.15)
Observe that (3.1.15) reduces to the short exact sequence
0= m(N) = m(My) — m(T5) — 0,

since the Inoue surfaces in the family S, are solvmanifolds (and hence in particular
they are aspherical) and N is path-connected.
Since by assumption N is a K3 surface, 7 (/N) is trivial and thus

7T1(Mf) = 7T1<T2)'

By contradiction, assume that M} is a solvmanifold. Since T? is another solvmanifold
with isomorphic fundamental group, M} is diffeomorphic to T?. However, this is absurd
because

dim(T3) = 4 < dim(Mj).

Here, we give an example of a hyperkéhler isometry of a K3 surface.

Example 3.1.14. The Fermat quartic is the complex surface in CP* defined by the equa-
tion
F={z+2+2 + 2 =0},
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where 2, 21, 25, 23 are the standard homogeneous coordinates on CP?. It is well known
that F is a K3 surface. We will always assume that F is endowed with the standard
complex structure Jy, i.e., J; is such that the natural embedding ¢ : F — CP? is holo-
morphic.

Let /*wpg be the Kihler form on F induced by the Fubini-Study metric on CP*, and
define g to be the unique Kéhler Ricci-flat metric on F whose Kahler form is cohomolo-
gous to t*wpg. Such a metric g is hyperkadhler. We denote the hyperkahler structure by
(J1, J2, J3, 9).

Although the explicit form of ¢ is not known, the group of (not necessarily holomor-
phic) isometries of ¢ is characterized in [AlGr]. In particular, Isom(g) is identified with
the group of all holomorphic and anti-holomorphic isometries of CP* which preserve F.

Define o : CP* — CP? by

[Z()a 21y %2, Z3] = [_ZO7 —Z1, %2, 23]’

Then, by the identification above, the restriction i) := o|# is clearly an isometry of
(F,g). It is also straightforward to verify that ¢ is holomorphic with respect to 7, and
hence ¢ € Isompg(g). It remains to prove that ¢ is a hyperkéhler isometry, i.e., that ¢
preserves the fundamental forms wy; = ¢/, and w; = gJs.

Since F is a K3 surface, there exists (up to complex scalar multiple) a unique
holomorphic (2,0)-form © on F. The fixed locus of o in CP* consists of the lines
{zo = 21 = 0} and {z2 = 23 = 0}, each of which intersects the Fermat quartic in
four isolated fixed points. Therefore, ¢ has exactly eight isolated fixed points.

According to [Nik], since the fixed locus consists of isolated points, ¢ is symplectic.
In fact, since v is a holomorphic involution, it must send 2 either to (2 or to —(2.

Let p be one of the eight fixed points of ). Then the differential dv> acts on 7,,F with
eigenvalues +1 (since ¢ is an involution). If 1 is an eigenvalue, then the corresponding
geodesics would be pointwise fixed by ¢, contradicting the assumption that all fixed
points are isolated. Therefore, diy = —Id on 7),F and hence ¢*(2 = Q.

Let k € C* be such that |k|2Q A Q = 2w?. Then,

wy = Re(kQ?), ws = Im(kQ).
Since ¢*Q2 = Q, we have *(kQ) = k). Moreover, since v is holomorphic, we compute:

D (kQ) = ¢ (Re(kQ) + i Im(kQ))
= 4" Re(kQ) + iv* Im(kQ),

which implies that

1/)*602 = Wo, ¢*W3 = Ws.
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Hence, ¢ is indeed a hyperkéhler isometry.

Example 3.1.15. Let p be the diffeomorphism of T defined by (3.1.1), and let {e;} and
{e'} be the bases introduced in Example 3.1.1. As already noted there, p preserves the

basis €’(t), and one can easily verify that

(ﬁ)%: (el et =140,

We now apply Theorem 3.1.4 in the case where N = F is the Fermat quartic en-
dowed with the hyperkdhler structure (1, Js, Js,¢g), where ¢ is the unique Ricci-flat
Kahler metric cohomologous to +*wpg, as constructed in Example 3.1.14. Let ¢ be the
hyperkéhler isometry described there, and define the suspension

T3 x T* x [0, to]

M; = @0~ ) where  f(z,q) = (p(z), ¥(q))-

By Theorem 3.1.4, the manifold M; admits a split generalized Kahler structure.

3.2 Construction via the Hopf surface

In this section we describe a construction of generalized Kéhler suspensions, analogous
to the previous one, obtained by replacing the role of the Inoue surface with that of the
Hopf surface. Since this will be useful in the sequel, we first describe the construction
of an SKT metric, and then show that this SKT metric arises as the SKT metric of a
generalized Kahler structure.

Lemma 3.2.1. Let (K, J, g) be a compact Kdhler manifold of complex dimension k and let
1 be a Kdhler isometry, i.e., 1) is an holomorphic diffeomorphism of K satisfying v*(g) = g.
Then, the suspension

My = (K xSy,

with f = (¢, Idgs), admits a SKT structure (I, h).

Proof. Let us fix on K x C*\ {(0,0)} the product complex structure J x J_, where .J_
is the standard complex structure on C*\ {(0,0)}.

Consider the following free and proper discontinuous Z-action on K x C*\ {(0,0)}
n-(p,z)— (¥"(p),2"z). (3.2.1)

The associated automorphisms ¢,, are manifestly holomorphic with respect to J x J_,
and so, J x J_ descends to a complex structure I on the quotient & X €2\ {(0,0)} /7.
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We claim that & x C*\ {(0,0)} /7 is diffeomorphic to M; = (K x S%);. Let
a: K xS xR=KxC\{0,0}, (p.gt)— (02" q)
with inverse

a K x C2\{(0,0)} = K x S xR, (p,z)~ (p, Hﬁ—n,logg Iz]])-

The induced maps on the quotient
ot My — K x C*\{(0,0)}/z, o' KxC\{(0,0)} /7 — M,

are well defined and give the claimed identification & x C*\ {(0,0)} /7 =~ M. There-
fore, M, inherits from K& x C*\ {(0,0)} /7 the complex structure I.

Consider on K x C?\ {(0,0)} the following 2-form Q = w + w_, where in the coor-
dinates (21, 22) on C?\ {(0,0)}
-

= R2 (le VAN dzl + dZQ VAN dgg), (322)

wW_—

with R? = 2121 + 29%Z9.

Observe that 2 induces a well defined non-degenerate global 2-form 2 * on
K x C*\{(0,0)} /7 =~ My,

as it is preserved by ¢, for each n in Z. Furthermore, (2 is of type (1, 1) with respect to
1.
The Hermitian metric » = 2/ is hence given by

1
h = g + ﬁ(dzldzl + dZdeg). (323)

We compute d°S), where d° = —IdI, and dd{).

1
d°Q) = — ﬁ [(EQdZQ — ngzg) VAN le AN le + (Eldzl - zldil) A\ dZQ A dzz] s (324)
1
d(ch) =d (ﬁ [(22(12’2 - nggg) N le VAN dEl + (Eldzl - zldil) A dZQ N dEQ}) = 0.
Therefore, (I, h) is a SKT structure on Mj. q.e.d.

In the next proposition we investigate some cohomological properties of the mani-
fold M f-

“We denote the induced form by €, with a little abuse of notation

79



Geometric properties of the Bismut and the Obata connections

Proposition 3.2.2. Let M; = (K x S*); be the suspension constructed as in Lemma 3.2.1.
Then

1. M, is diffeomorphic to the product of K, x S® where Ky, is the suspension of the Kdhler
manifold K with respect to the Kdhler isometry 1);

2. My is formal;
3. M is non-Kdhler.

Proof. Consider the map

B Mp— Ky x 5% [(p.q,t)] = ([(p,1)],q)

with inverse
B Ky x S = My, ([(p.0)],q) = [(p,q. 1))

It is immediate to observe that 3 and 5~! are well defined diffeomorphisms. Indeed,

Bl(p,4,0)] = ([(p,0)], ¢) = ([(¥(p), 1], q) = Bl(¥(p), 4, )],
B[, 0)],q) = [(p.4,0)] = [(¥(p),q,1)] = B~ ([(:(p), 1)], @)

The second statement follows by the identification M; =~ K, x S* proved above. In fact,
by [Li], the suspensions of compact Kdhler manifolds are compact co-Kéhler manifolds
and so they are formal in the sense of Sullivan (see for instance [CDLM]). Since S? is
formal, M/ is the product of formal manifolds and, hence, formal.

To prove that M is non-Kéhler is suffices to show that the first Betti number b, (M) =
b1(Ky) is odd.

Using the identification proved above, b, (M;) = by (Ky x S?) = b(K,,), where the
last equality follows by Kiinneth formula. Moreover, since K, is co-Kéher, its first Betti
number is odd [CDLM]. g.e.d.

In the next theorem we show that, on the SKT suspension (M, I = I_,h), there
exists another complex structure /, such that the pair (/.,h) defines a generalized
Kahler structure. In particular, this result, together with Proposition 3.2.2, provides
the existence of a non-trivial generalized Kéhler structure, extending the SKT structure
constructed in Lemma 3.2.1.

Before proceeding with the statement of the theorem, we recall the following defi-
nition.

Definition 3.2.3. A generalized Kdhler structure (I, g) is said to be twisted if [d5w,] #
0 € H3(M) and untwisted otherwise.

Theorem 3.2.4. Let (K, J, g) be a compact Kdhler manifold of complex dimension k and
let 1) be a Kdhler isometry, i.e., 1 : K — K is an holomorphic diffeomorphism satisfying
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¥*(9) = 9.
Then, the suspension My = (K x S%);, with f = (¢, Idss), admits a split twisted general-
ized Kdhler structure (I, h).

Moreover, I and I_ induce opposite orientations on Mj.

Proof. Let (/_ := I, h) the SKT structure constructed in Lemma 3.2.1.

We consider on K x C?\ {(0,0)} & K x S x R another product complex structure
J x Jy, where J, is the complex structure on C? \ {(0,0)} obtained by changing the
orientation of the 2z, plane. More precisely, if (z;,2;) and (¢', (?) are the holomorphic
coordinates associated to J. respectively, (; = z; and (; = Z.

The automorphisms ¢, associated to the Z-action described in Lemma 3.2.1 are
holomorphic also with respect to J x J,, implying that J x J, descends to a complex
structure I on the quotient M, = K x C*\ {(0,0)} /7, which satisfy [I,, I_] = 0.

We denote by 2, = w + w, the fundamental form of the Hermitian structure (I, h),
where h is the Riemannian metric explicitly given in (3.2.3) and w, can be written in

the coordinates ((;, (2) and (z1, z2), respectively, as
1 - - 1
Wy = ﬁ(dcl A\ dCl -+ dCQ A dCQ) = ﬁ(dzl A dEl — dZQ A dzg)

We compute df €1,.

1 . — _ _ _ _ _

difdy =— T [(CodCa — C2dCy) A dGy A dC, + (C1dGy — GudGy) A dGy A dGs]
1

= ni [(Zadzy — 22dZs) N dzy A dZy + (Z1dzy — z1dZ1) A dza N dZs]

=—dQ_.

It follows that (h, I.) is a split generalized Kéhler structure.

We claim that (h, I..) is twisted. Let H = d°.€2. If one considers the radial projection

e

W:KXCQ\{(O’O)}/Z%S:S, [(p,z)] — Th

=

then it is straightforward to observe that H = 27*volgs.
By contradiction, let us assume that H is exact. Fixed any p € K and ¢t € (0,1), we
define ¢, : 5 — K x C2\{(0,0)} /7, ¢~ [(p,2" - q)]. Then, by Stokes Theorem,

0 —/ Ly H = 2/ Ly (T volgs) = 2/ (motys) volgs = 2/ volgs # 0.
53 53 53 53

Clearly, this leads to a contradiction.

We conclude the proof by proving that /. induces opposite orientations on ). Con-
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sider the volume forms associated to the pairs (h, I), which are respectively

1 1
mQﬁJrQ = — /{;'—R’ka A le A le A dZ2 A dzg,
1 1 _ _
mgﬁ“ = — kv_m“k AdC NdC, A dCy A dC,.
Since d¢; = dz and d(, = dzy, 75Q""? = — 50482, The last statement follows.

g.e.d.

We exhibit an explicit Example fitting in the hypothesis of Theorem 3.2.4.

3.2.1 Generalization to compact Lie groups

In this section, we present a natural generalization of the construction discussed in the
previous section. Previously, the construction was based on the Hopf surface, which is
the lowest-dimensional example of a compact complex manifold endowed with a non-
Kahler Hermitian structure.

Here, we generalize this idea by replacing the Hopf surface (or, more precisely, its
universal cover) with an arbitrary even-dimensional compact Lie group. As in the pre-
vious case, our approach proceeds in two steps: first, we construct an SKT metric on
the total space, and then we show that this SKT metric arises as part of a generalized
Kéhler structure.

Consider a 2r-dimensional Lie group
G'=G xR,

where G is a compact, connected, and simply connected semisimple Lie group. Through-
out this Section, we will always assume that G is non-trivial. Assume that G’ is endowed

with a bi-invariant metric

g =b+ gg,

where b is a bi-invariant metric on G, and g is the Euclidean metric on R". We further
observe that the Lie algebra of left-invariant vector fields of G’ coincides with that of

G'=GxT",

which inherits the bi-invariant metric ¢’ from G’. Since G” is compact, there exists a
left-invariant complex structure .J;, compatible with ¢'.

As Jj, is left-invariant, it is naturally defined on G’ as well, so that (J, ¢’) defines a
Hermitian structure on G'.
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Let p be a group homomorphism
p:Z" — Isom(Q).
Then, for each m € Z", the diffeomorphism

m- (g, t) = (p(m)q, t + m)

is an isometry of ¢'.
Furthermore, consider a compact Kdhler manifold (X, g, /) and a group homomor-
phism
Y 7" — Tsomyy (K),

where Isomy,(K') denotes the group of holomorphic Kahler isometries of (K, g, J).
For clarity, we give an example of such a homomorphism. Let © be a Kédhler isometry
of K. Define

Qp 7" — ISOmhol(K)7 m = (Zla R Zn) — (p|m| — (pzl"""""‘zn'
Then ¢(0) = ¢° = Id, and
Yv(im+m') = plmtm| = pliml o o Im'|

so that ¢ is indeed a group homomorphism.

We now define the following Z"-action on K x G x R™:

m - (p,q,t) = (?ﬂ(m)Pa p(m)q, t + m).

This action is trivial if n = 0 and non-trivial otherwise. We focus on the case n # 0.

In this case, the action is clearly free, since
(p(m)p, p(m)g,t +m) = (p,q,t) = t+m=t = m=0.

We claim that the action is also properly discontinuous. First, note that the action is
manifestly smooth, as Z" acts by isometries. To check properness, let (p, ¢,t), (¢/, ¢, t') €
K x @'. Since the action of Z" on R" by translations is proper, there exist open neigh-
borhoods I of ¢t and I’ of ¢’ such that the set

Fi={meZ"|(m+I)NI'#0}

is finite.

Let U, U’ be open neighborhoods of p,p’, and V, V' open neighborhoods of ¢, ¢/, re-
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spectively. For m ¢ I', we compute

(m-(UxVxD)NU xV'xI')= (¥(m)U x p(m)V x (m+1))n (U x V' x I
= (MU NU') x (p(m)V V') x ((m+1)NT')
0

Thus
A={meZ" | (m- UxVxD)NU xV' xI')#£0} CT,

and therefore, since I" is finite, so is A. This shows that the action is proper.

Lemma 3.2.5. Let (G' = G x R", ¢’ = b+ gg,J.) be as above and let p be a group
homomorphism p : Z™ — Isom(G) such that for each m € Z" the diffeomorphism

m:G = G, (q,t) = (p(m)g, t +m)

is an holomorphic isometry of (¢, J.). Let (K,g,J) be a compact Kdhler manifold and
let ¢ be a group homomorphism 1 : Z™ — Isomy, (K ), where Isom,,(K) is the group of
holomorphic Kdhler isometries of (K, g, J).

Then the quotient

My, = (K xGxR"),,=KxGxXR" /7n
where Z" acts freely and properly discontinuously on K x G x R™ as

admits a SKT structure (I, h).

Proof. We prove the result by constructing a SKT structure (g, /) on K x G x R" pre-
served by the action of Z".
Consider the Hermitian structure

J=JxJ, G=g+b+gn

on K x G x R™, with corresponding fundamental form & = w + wy. Since dw = 0, we
have

c~ __ Jc
d5w = dj wr.

We now compute d$, wy. Let X, Y, Z be left-invariant vector fields on G'. Using the

integrability of J; and the bi-invariance of the metric ¢/, we obtain
5 wi(X,Y,Z) = ¢'([X,Y], 2),
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(see for a more detailed computation [Gu, Example 2.25]).
Since dj, wy, is Ad(G’)-invariant, it is a bi-invariant form on G’, and hence closed.

This shows that (g, J) is SKT on K x G x R™.
To conclude the proof, we show that the Hermitian structure (g, .J) is preserved by

the action of Z". Consider the diffeomorphism induced by m € Z":

m - (p,q,t) = (Y(m)p, p(m)gq,t +m).

We need to check that this action is holomorphic with respect to J. By hypothesis, ¥(m)
is holomorphic with respect to J and p(m) is such that (p(m)q,t + m) is holomorphic
with respect to .J,. Hence J descends to a complex structure / on the quotient

My, = (K x G xR")/Z".

Moreover, since both group homomorphisms ¢ and p have image in the isometry
groups of K and G, respectively, and Z" acts on R™ by translations, the product metric
g = g+ b+ gg is preserved by Z". Hence it descends to a metric ~ on M, ,, which by
construction is compatible with /. Therefore, (I, ) defines a SKT structure on M, ,.

g.e.d.

Denote by gZ(G’) and g?(G’) the Lie algebras of left- and right-invariant vector fields
on (¢, respectively. Then

g"(@) =g"oR"=g¢"(G"), g%G)=g¢"OR"=g"(G"),

where G = G x T".

Therefore, G” inherits from G’ the bi-invariant metric ¢’. Since G” is compact, it
admits both a left- and a right-invariant complex structure, denoted by J; and Jg,
which are compatible with the bi-invariant metric ¢’. As G’ and G” share the same Lie
algebras, it follows that (¢/, J;,, Jr) is also a bi-Hermitian structure on G’, where J;, and
Jr are left- and right-invariant complex structures, respectively.

Theorem 3.2.6. Consider (G' = G x R", ¢, Jr, Jr) be as above and let p be a group
homomorphism p : 7" — Isom(G) such that for each m € 7" the diffeomorphism

is a holomorphic isometry of ¢’ with respect to J;, and Jg. Let (K, g, J) be a compact Kdhler
manifold and let v be a group homomorphism v : " — Isomy,,(K), where Isomy,(K) is
the group of holomorphic Kdhler isometries of (K, g, J). Then the quotient

Myp = (K x G xR")y, = KX GXR" /7n,
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where 7 acts freely and properly discontinuously on K x G x R" as

m - (p,q,t) = (¥(m)p, p(m)gq, t + m),
admits a generalized Kdhler structure.

Proof. As already observed in the proof of Lemma 3.2.5,
G=g+9g, J-=J=JxJ)
defines an SKT structure on K x G x R” that is preserved by the Z"-action

m - (p,q,t) = (Y(m)p, p(m)gq, t +m),

and hence induces an SKT structure (h, [_ = I) on the quotient A/, , (see Lemma 3.2.5
for notation).

Consider the different product complex structure on K x G x R
JN+ =J X Jg,

which is compatible with g by construction. Its fundamental form is
W, =W+ wg.

Since dw = 0, we have
d3~+c~u+ = d5, wr.
Recalling that
dj,wi(X,Y, Z) = ¢'([X,Y], Z)

on left-invariant vector fields, it follows that
ds & = d,wy = —dS,wr,

since the right Lie algebra is anti-isomorphic to the left one.

To conclude the proof, it remains to show that L is preserved by the Z"-action. By
hypothesis, ¢)(m) is holomorphic with respect to .J, and p(m) is such that (p(m)q, t+m) is
holomorphic with respect to both .J;, and .J;. Hence .J, descends to a complex structure
I, on the quotient M, ,. Therefore, M, , inherits from K x G' x R" a generalized Kéhler
structure (/_, I, h).

q.e.d.

Remark 3.2.7. If p is the trivial homomorphism, i.e. p(m) = Id, for each m € Z", then
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the induced diffeomorphism (¢, ¢) — (q,t + m) is necessarily holomorphic with respect
to Jr and Jg.

Remark 3.2.8. The complex structures of the generalized Kéhler metric (5, /) induce
the same orientation. Indeed, /.. are induced by J_=J x J, and j+ = J x Jg, and the
structures J, define the same orientation since .J;, and .J are isomorphic as complex
manifolds via the group inversion.

In the special case G = SU(2) and n = 1, Theorem 3.2.6 produces a generalized
Kéhler structure on the mapping torus A that is distinct from the one obtained in
Theorem 3.2.4.

Corollary 3.2.9. Let (My ,, h, 1) be the generalized Kdhler manifold constructed as in
Theorem 3.2.6. Then the generalized Kdhler structure (h, 1) is twisted, I, and I_ both
fail to satisfy the ddS.-Lemma and, in particular, they do not admit any compatible Kahler
metric.

Proof. We prove the result by contradiction. Assume that the torsion 3-form H of the
generalized Kahler structure (h, /) on My, is exact. Let 7 : K x G x R" — My, , =
(K x G x R"),,, be the covering map. Then 7*H is also exact.

By construction, we have

™H=H, H= d;~+°~d+ = d?IRwR - _g/<['7 ']? ) = _b(['v ']Ga ')7

where |-, -] denotes the Lie bracket on (. Hence, H can be identified with a 3-form on
G.

Since H is exact, we have [H] = 0 € H*(G). Moreover, as G is compact, the third de

Rham cohomology satisfies
H*(G) = 9;(G),

where Q3(G) denotes the space of bi-invariant 3-forms. Because H is bi-invariant, it
follows that H = 0.

In particular, this implies that [X,Y] = 0 for any pair of left-invariant vector fields
X,Y on G. Thus the Lie algebra of G would be abelian, which contradicts the fact that
G is semisimple.

The claim then follows by applying [Gu, Corollary 2.19].

g.e.d.
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Chapter 4

Bismut Hermitian Einstein and Strong
HKT manifolds with parallel Bismut
torsion

The main goal of this chapter is to construct compact BHE manifolds in dimension 8
which are neither Bismut—flat nor Kahler, and which are not products of such manifolds
(see Theorem 4.1.1). The idea is to show that, for certain Kdhler manifolds (K, J, g), the
pluriclosed metric constructed in Lemma 3.2.1 on the manifold M/ is BHE and non-flat.
The most interesting case occurs when (K, J, g) is a K3 surface with its Ricci—flat Kéhler
metric and ¢ # Id. In this situation, M, does not split topologically as a product of
S3 x St (which is Bismut—flat) and the K3 surface, because of topological obstructions.
Hence M/ is not a product of a Bismut—flat manifold and a Ricci-flat Kdhler one (see
Proposition 4.1.6). A further generalization is obtained by replacing the Hopf surface
with a compact Lie group, in the spirit of Lemma 3.2.5 (see Proposition 4.1.2).

All the examples constructed in this way have parallel Bismut torsion, namely VEH =
0. This motivates the study of compact BHE manifolds with parallel Bismut torsion. We
characterize their universal covers in Theorem 4.2.5. The same result was later obtained
by different methods in [BPT], where it was shown that a compact BHE manifold has
parallel Bismut torsion if and only if it admits a finite cover splitting as such a product.

The absence of examples with VZ H +# 0 suggests that, in the compact case, the BHE
condition may force the torsion H to be parallel.

Since any BHE manifold is CYT, the restricted holonomy of the Bismut connection
is contained in SU(n), where n is the complex dimension. However, by the splitting
result above, BHE manifolds with parallel Bismut torsion cannot have full holonomy.
Therefore, if compact BHE manifolds always have parallel Bismut torsion, it follows

that their holonomy can never be full.

The lack of compact, non-Kdhler examples with full holonomy (that is, restricted
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holonomy equal to SU(n)) led to the question of whether such examples exist. We show
that they do not: a compact BHE manifold with full holonomy must be Kahler. The
proof relies on the fact that in the non-Kahler case, the restricted holonomy reduces
further to SU(n — 1) (see Theorem 6.4.1; see also [Pap]). More precisely, every compact
BHE manifold admits a unique smooth function f, defined up to a constant, called the
potential function, such that

V=0"-Vf

is Bismut—parallel and nowhere vanishing [GFJS].

As noted in the preliminaries, BHE metrics also appear in the context of strong HKT
geometry. This observation has recently attracted considerable interest, since it suggests
extending results from the BHE setting to the richer hyperhermitian framework.

The existence of strong HKT structures has been studied in the locally homogeneous
case. Combining the results of [BDV, DF3], one finds that a nilmanifold admits a strong
HKT structure if and only if it is hyperkahler, and an analogous result for almost abelian
solvmanifolds was proved in [AB1]. The existence of strong HKT structures on solv-
manifolds remained open for ten years. In Corollary 4.2.19 we give a negative answet,
proving a more general non-existence result for non-Kahler BHE structures on solvman-
ifolds. The key step is showing that the potential function f is constant, after which
the result follows from curvature properties of left-invariant metrics on solvable Lie
algebras.

Given a compact strong HKT structure, each Hermitian structure is BHE and the Lee
forms 6;, coincide. This allows one to define Bismut—parallel vector fields V;, = 6* —V f;.
Moreover, the potential functions f; differ only by constants, so that the vector fields
coincide:

Vi=Vi=V,=Vg

(see Lemma 4.2.17). As in the BHE case, this leads to a further reduction of the holon-
omy of the Bismut connection from Sp(n) to Sp(n—1). More precisely, a compact strong
HKT manifold has holonomy Sp(n) if and only if it is hyperkédhler (see Theorem 6.4.1).

The existence of compact strong HKT manifolds with VZH # 0 remains an open
problem. In analogy with the splitting result above, we prove in Theorem 4.2.11 that
if a compact strong HKT manifold has parallel Bismut torsion, then up to finite cover it
splits as the product of a compact hyperkahler manifold and a compact Bismut—flat one.

We conclude this chapter with the study of 8-dimensional compact simply connected
strong HKT manifolds. In this case these manifolds admit an integrable distribution
isomorphic to su(2) @ u(1), corresponding to an isometric H*-action. In particular, we
show that the potential function f must be constant, leading to a very rigid geometric
structure. Recently, such HKT geometries with H*-action have been considered in [PS,
Pap, PW, Wit]. Finally, we characterize the conditions under which the Bismut torsion
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is parallel. By the splitting result of mentioned above, this forces the manifold to be the
Lie group SU(3).

The results in this chapter rely crucially on the interplay among the Levi-Civita,
Obata, and Bismut connections. Each captures a different geometric aspect: the Levi-
Civita connection encodes the Riemannian structure, the Obata connection the hyper-
complex structure, and the Bismut connection sits between them, reflecting features of
both. A full understanding of these manifolds requires bringing together the perspec-
tives provided by all three.

The results presented in this chapter are based on two papers. The first, written
jointly with A. Fino and G. Grantcharov, has already been published [BFG]. The second,
authored together with A. Fino, G. Grantcharov, and M. Verbitsky, has been submitted
for publication [BFGV].

4.1 Construction of the Examples

We begin this chapter by presenting a general construction of BHE metrics.

Theorem 4.1.1. Let M, be the mapping torus My = (K x S®); constructed as in Lemma
3.2.1. If the Kdhler metric g on (K, J) is (non-flat) Ricci flat, then the Bismut connection
associated to the SKT metric h on (M, I), constructed in Lemma 3.2.1 is CYT with non-flat
Bismut connection.

Proof. Consider the product metric

~ 9E

g:=g-+ 2
on K x (C?\ {0}), where g is the Kahler metric on K, g is the Euclidean metric on C?,
and R? = |z1|? + |2|? in terms of the standard coordinates (21, z3) on C?. As observed
in the proof of Lemma 3.2.1, the complex structure J = J x .J_, with J_ the standard

complex structure on C* \ {0}, makes (g, /) into a Hermitian structure.

Since (g, J) is a product Hermitian structure, the corresponding Bismut connection
W splits on decomposable vector fields X = X; + Xoand Y =Y; + Y5 as

VEY = (VE) Y1 + (VE) 5, Ys = (VIO) 5, Y1 + (VE) x, Y,

where V¥ is the Bismut connection of (J, g) and V¥ is the Bismut connection of (J_, g5/ R?).
The first equality holds since (J, g) is Kéhler. Since C? \ {0} is well known to be Bismut
flat, we have RP = 0, so that the Bismut curvature of the product reduces to

RP = RY + R} = RI°.
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Consequently, the Bismut Ricci form satisfies
7=l =0,

since g is Ricci-flat.

As seen in the proof of Lemma 3.2.1, for each n € Z the diffeomorphism ¢, is a
holomorphic isometry of (g, J ). Therefore, the structure (g, J ) descends to the mapping
torus My as (h,I), where (h, ) is the SKT structure constructed in Lemma 3.2.1. It
follows that (M, h, I) is a SKT and CYT manifold with non-flat Bismut connection.

q.e.d.
With an analogues argument, the following generalization holds

Proposition 4.1.2. Let M, , = (K x G x R"), , be constructed as in Lemma 3.2.5 and we
assume that (K, g) is a (non-flat) Ricci flat Kdhler manifold. Then the SKT structure (I, h)
is CYT and the Bismut connection is non-flat.

Remark 4.1.3. Observe that the Bismut torsion is parallel with respect to the Bis-
mut connection. Indeed, the Bismut curvature tensor satisfies the first Bianchi identity
(which holds at the level of the universal cover), and the Hermitian structure is SKT. It
then follows from Theorem [FT] that the torsion is VZ-parallel.

We are mainly interested in the case of K being a K3 surface. In particular, we want
to show that when K is a K3 surface, the BHE mapping tori M/, are not trivial, i.e., they
do not split to a product of a Ricci flat Kdhler manifold with a Bismut flat one. To do so,
we briefly recall the following renowned result in the Theory of K3 surfaces.

Theorem 4.1.4 (Torelli Theorem [BR, PS]). Let K, K’ be K3 surfaces and let Qp, Qs
be nowhere vanishing holomorphic 2-forms on K and K’, respectively. Assume that there
exists an isometry of lattices

a: H*(K,Z) — H*(K',Z)
satisfying
1. o([%]) = ¢ [Qk], for some ¢ € C*,

2. « sends a Kdbhler class of K to a Kdhler class of K'.

Then there exists a unique isomorphism of K3 surfaces f : K' — K such that f* = « on
H?(K, 7).

We use the previous Theorem to show the following Proposition.

Proposition 4.1.5. Let K be a K3 surface admitting an automorphism v # Idk. Then
dim(N7) < 22, where N, = ker(y; — Id).
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Proof. By contradiction, assume that dim(N;) = 22, i.e., ¢* = Id on H?*(K,R). Then,
the restriction WH% Kz) = Idp2 (i z) satisfies the hypothesis of Theorem 4.1.4. Hence,
there exists a unique automorphism f of K such that fj. x5 = Idm(xz) = Ve 2)-
By uniqueness, f = Idx = 1. The contradiction follows. g.e.d.

Corollary 4.1.6. Assume that K is a K3 surface admitting a non-trivial Kdhler isometry
¢, i.e, ¥ # Idg. Then the mapping torus My = (K x S%)(y 14,,) constructed in Lemma
3.2.1 is never trivial.

Proof. By the Kiinneth formula, H?(K x S® x S, R) &~ H*(K,7Z) = R?%

We claim that dim(H?(M;,R)) < 22. Using Proposition 3.2.2, M; = K, x S* and so,
again by Kiinneth formula, H*(M;,R) = H*(Ky,Z) = N;®C,, where N} = ker(¢y;—1d)
and Cj, = coker(yf — Id). Since 1 is an automorphism of K different from the identity,
dim(N7}) < 22 by Proposition 4.1.5, and dim(C},) = 0 as H'(K,R) = 0. It then follows
that dim(H?*(M;,R)) < 22, concluding the proof. q.e.d.

Example 4.1.7. Let F be the Fermat quartic and let ¢ be the hypeerkéhler isometry
constructed as in Example 3.1.14. Then the product manifold F; x S* admits a BHE
metric.

Remark 4.1.8. The fundamental group of the mapping torus M, is given by (K x
S%) x4, Z. Therefore, when K is simply connected m;(M;) = Z. Let K be a K3 surface
endowed with its Kahler Ricci flat metric and let ¢ be a Kahler isometry. Since any
normal subgroup of 7 (M) = Z of finite index is of the kind £Z for some integer k£ > 1,
it follows that any finite cover of M, corresponds to a quotient of K x C*\ (0, 0) by the
action of kZ given by

kn - (p,z) = (¥""p,2""z).

Moreover, since ¢ has finite order, there exists a k& > 1 such that YF = Id, i.e., there
exists a finite cover of M, which splits as a product of K and the Hopf surface. In
Section 4.2, we will see that this is a general behaviour.

We now describe M/ as the total space of a holomorphic fibre bundle
p: My — S*x S

with fibre K. To such a fibre bundle one associates the Borel spectral sequence, which
relates the Dolbeault cohomology of the total space M, to that of the base S* x S' and
the fibre K. We proceed as in Section 3.1.4.

Let 7 be the natural projection

™ My — S*x St [(p,q.1)] = [(g, 1))
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We always assume that M, carries the standard complex structure /, induced by J =
J x J_, and that S® x S! is endowed with the complex structure induced by .J_, i.e.
the standard complex structure of its universal cover. With respect to these complex
structures, the map = is holomorphic.

We now construct local trivializations around points of S3 x S*.

Case 1: Points [(¢,t)] with ¢ # 0,1. Let U = V x (t —¢,t+¢), where V is a neighborhood
of ¢ in S% and ¢ is chosen so that the interval does not meet {0, 1}. Then

7 U) =K xV x (t—e,t+e).

Define
pu:m W(U)=UxK,  [(pgt)— ((¢,1)],p),

which is clearly a biholomorphism.

Case 2: Points [(¢,0)]. A neighborhood of [(¢,0)] is
U=7n"(Vx[0,e)UV x (1—¢,1]),

where V' is a neighborhood of ¢ in 5%, ¢ < 3, and 7' : S x R — 5% x S is the standard
quotient map. Then

7 U)=7"(KxV x[0,e) UK x V x (1 —¢,1]),
where 7 : K x S? x S' — M, is the mapping torus map. We define

(I(g,; )], p), teo,e),
(g, )], v~ (p), te(l—e1].

ov 7 N U) = U x K, (P, g, t)] —

This is well defined: for instance,

vul(p,q,0)] = ([(¢,0)],p) = ([(g, V], p) = ¢ul(¥(p), ¢, 1)].

Since © is holomorphic with respect to J, ¢y is holomorphic. Its inverse is given by

[(p, q,1)], telo,e),

[(¥(p), g, 1)), te(l—e1].

oy Ux K —=a ' (U),  ([(¢g,t)],p) —

This map is again well defined and holomorphic, and one checks directly that ;' is the
inverse of y. Although it is a straightforward check, we report it here for the sake of

94



Geometric properties of the Bismut and the Obata connections

completeness.
A (g, 1)],p) if t € .[0, €) et (0.0.0)]
(g, )], 7 (p)) if t € (1 —¢,1].
and
‘P_l [ 3] f € YU
(a0, p) 72 { P ONHEEED0:) 2, (0,0, p).
[(¥(p),q, )] ift € (1 —e,1]

We may now conclude:

Theorem 4.1.9. If M, is the mapping torus constructed as in Theorem 3.2.4, then (M, 1)
is the total space of the holomorphic fiber bundle

(K,J) — (M, I) — (S* x S*, J).

The associated Borel spectral sequence (FE,, d,) satisfies:

1. Forp+qg=u+v,

PAEYY = Y HEH(SP x 81 @ HE R (K),
k

2. The Borel spectral sequence converges to H%"(M )

4.2 BHE and strong HKT manifolds with parallel Bismut

torsion

In this section, we completely characterize compact BHE and strong HKT manifolds
with parallel Bismut torsion.
One of the main tools in our proof is the following theorem of Zhao and Zheng.

Theorem 4.2.1 ([ZZ]). Let (M, g, J) be a compact BKL Hermitian manifold without any
Kdhler de Rham factor. If the (first) Bismut Ricci curvature vanishes, then (g, J) is Bismut

flat.

Remark 4.2.2. The above theorem holds with the same proof in the case where the
metric g is complete and M is not necessarily compact.

Lemma 4.2.3. Let (M, I) be a compact complex manifold with parallel Bismut torsion H,
i.e. VBH = 0. Define

K:=kerH={X € X(M) | 1xH = 0}.
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Then K is an integrable distribution on M, preserved by both the Levi-Civita connection

VL€ and the Bismut connection V5.

Proof. Let p,g € M and let v : [0,1] — M be a smooth regular curve with v(0) = p
and v(1) = ¢. Consider X, € K,, Yy € T,M, and let X(¢),Y () be their VZ—parallel
extensions along . Define

Z(t) == Hyp (X (), Y (1),  te0,1].

Since H is VP-parallel, Z(t) is VP—parallel along ~. Thus, if P, : T,M — T,M denotes
VB-parallel transport along v, one has

But Z(0) = H,(Xo,Yo) =0, hence Z(1) = 0. Therefore
H,(PyXo, P,Yy) =0
for all Y, € T,M. Since P, is an isomorphism, this implies P, X, € K,. Hence the map
Pylie, : Ky = Ky
is injective. By symmetry (reversing the curve =), it is also surjective, so
dim KC, = dim K.

Thus the rank of K is constant on connected components, and X defines a smooth
distribution.

Next, we prove preservation by VZ. For X € K and arbitrary W,Y, Z € X(M), the
covariant derivative of H yields

(VEH)(X,Y,Z)=-H(VEX,Y, 7),

since H(X,-,-) = 0. As VBH = 0, it follows that H(VE X,Y,Z) = 0 for all Y, Z, i.e.
V& X € K. Hence K is preserved by V5.

Now observe that the difference between VZ and V¢ is expressed in terms of H. If
X,Y € K, then H(X,Y,-) = 0, and consequently

ViY = VY.

Thus V¢ also preserves K.
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Finally, integrability follows because V¢ is torsion-free: for X,Y € K,
[X,Y] = VY - ViX € K.

Therefore K is an involutive distribution, and hence integrable. g.e.d.

Using the previous lemma, in the case where (M, I, h) is a compact non-Kéhler com-
plex manifold with Bismut-parallel torsion H, we may orthogonally decompose

TM =K & K,

where K1 is the orthogonal complement of K. Since both the Levi-Civita and Bismut
connections are metric, it follows that K is also preserved by both VZ and V€.

Since (M, I, h) is non-Kahler, the orthogonal complement K is non-trivial.

Let F; be the maximal sub-distribution of K preserved by both V¢ = V¥ and by
the complex structure I, i.e., I(F;) = F;. Then we may further decompose

K=F oW,

where W is the orthogonal complement of F; in K with respect to the restricted metric
hix.

Hence, the tangent bundle splits isometrically as the direct sum of three mutually
orthogonal subbundles:

TM=KoK=FoWaeKt=F &F,

where 7, = W @ K. Both F, and F, are preserved by V? and V¢, and are also
I-invariant.

Lemma 4.2.4. Let (M, h, I) be a compact non-Kdhler complex manifold with parallel Bis-
mut torsion H, and consider the orthogonal splitting T M = F, & JF described above.
Then F, does not contain any non-trivial sub-distribution F3 C JF, such that F3 C K,
VICF; C Fs, and I(F3) = Fs.

Proof. Suppose, for contradiction, that such a sub-distribution 73 exists. Then F; @&
F3 would be a sub-distribution of K preserved by both V¢ and I, contradicting the
maximality of 7. g.e.d.

Theorem 4.2.5. Let (M, I) be a compact complex manifold admitting a SKT and CYT I-
Hermitian metric h with parallel Bismut torsion H, i.e., VBH = 0. Then the Riemannian

holomorphic universal cover (M, I, h) of (M, I,h) is holomorphically isometric to a prod-

97



Geometric properties of the Bismut and the Obata connections

uct (My, J1,g1) x (Ma, Ja, g2), where (M, Jy, g1) is Kdhler Ricci-flat and (M, Ja, g2) is a

Samelson space.

Proof. The theorem is trivial in the Kihler case, so we assume the metric is non-Kihler.
Let M be the holomorphic Riemannian universal cover of M. By a standard ar-
gument, M is complete. The Bismut Hermitian-Einstein structure (h, ) with parallel
torsion H lifts to (h, I, H) on M.
By the de Rham splitting theorem, (M T ) is holomorphically isometric to

(M, J1, g1) x (Ma, Ja, ga),

and the decomposition TM = F; & F, pulls back to TM = TM, & TMs,. This follows
from the /-invariance of F; and F,, which ensures that the complex structures on the
distributions pull back to J; and J; on T'M; and T M,, respectively.

The splitting of the metric and complex structure induces a splitting of the torsion
H = H, + H,. Since F lies in the kernel of H, we have H, = 0, so (M, g1, J1) is Kéhler
Ricci-flat.

Furthermore, (M, ho, J2) is a Bismut Hermitian-Einstein structure with parallel tor-
sion, and by Lemma 4.2.4, (Ms, ho, J5) contains no Kéhler de Rham factor. Hence,
(Ms, hy, Jo) is Bismut flat by Theorem 4.2.1 in the complete case. The last statement
follows from the classification of simply connected Bismut flat manifolds [WYZ, Theo-
rem 5] and by the fact that the metric is complete. g.e.d.

Remark 4.2.6. Observe that we may always assume the Kéhler factor to be compact.
In fact, the universal cover of a compact Kéhler Ricci flat manifold splits uniquely as a
product of the kind C* and N, where N is the product of manifolds with holonomy in
Sp(m) and SU(r) [Be]. Now, since by the assumption of the Theorem 4.2.5 (M, J, g) is
compact, BHE and with parallel Bismut torsion, it has non-negative Ricci curvature, and
so its universal cover splits as a product of a compact manifold and a vectorial factor
[ChGr]. Hence, N is compact and the Kahler vectorial factor can be absorbed by the
Bismut flat part.

Remark 4.2.7. If dim¢(F;) < 1, then M is Bismut flat. Indeed, in this case, M has no
Kahler de Rham factor of dimension greater than 1, so Bismut flatness follows from [ZZ,
Theorem 3].

Corollary 4.2.8. Any compact BHE manifold with parallel Bismut torsion is formal ac-

cording to Sullivan.

Proof. Let (M, g) be a compact manifold with non-negative Ricci and let M be its uni-
versal cover. By [Mi], if M is formal, then M is formal. Since any BHE metric g with
parallel Bismut torsion has non-negative Ricci, it suffices to look at the formality of the
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universal cover.

By Theorem 4.2.5, the universal cover of a compact BHE manifold with parallel Bis-
mut torsion is diffeomorphic to a product of a compact Kiahler manifold and a Samelson
space which are both formal. Then the result follows by the fact that a product manifold
is formal if and only if each factor is formal. g.e.d.

As a Corollary of the result above, Barbaro, Pediconi and Tardini obtained the fol-
lowing

Theorem 4.2.9 ([BPT]). Let (M, I) be a compact complex manifold admitting a SKT and
CYT I-Hermitian metric h with parallel Bismut torsion H, i.e., VEH = 0. Then, up to
a finite cover, (M, 1, h) splits as a product of a compact Kdhler Ricci flat manifold and a

Bismut flat one.

Theorem 4.2.5 admits a natural generalization to strong HKT manifolds. Recall that
for a strong HKT manifold (M, I, J, K, g), each Hermitian structure (L, g) is BHE. We
exploit this observation to prove the next theorem.

Definition 4.2.10. A hyperhermitian manifold (G' = G x R* I, J, K,b') is a hyperhermi-
tian Samelson space if G is a 1-connected compact semisimple Lie group, b’ is a bi-invariant

metric on G’ and I, J, K are left invariant complex structures compatible with b'.

Just for the proof of the following two Theorems we will denote the hyper-complex
structure by J, Js, J; instead of I, J, K since the notation with the subscript suits better
for the proofs.

Theorem 4.2.11. Let (M, Jy, J5, J3, g) be a compact strong HKT manifold satisfying VP H =
0 and let (]Tf, ja, g) its universal cover. Then, (M, jl, (72, :];, g) splits as a product of a com-
pact hyperkdhler manifold and a hyperhermitian Samelson space.

Proof. If we apply Theorem 4.2.5 to each Hermitian structure (.J,, g), we get that for
anya=1,2,3,
(M, Ja§) = (K, Lo ko) % (Gl T, 1)),

where (K,, I,, k,) is the compact Kéahler Ricci flat factor and (G/, I, b)) is a Samelson
space. We recall that G/, = G, x R®, where G, is a 1-connected compact semisimple Lie
group and that the bi-invariant metric ¥/, is the product of a bi-invariant metric b, on G,
and a flat metric h, on R% (see [Mil]).

We first observe that s := s; = s, = s3 and h := hy = hy = hs. This is a straightfor-
ward consequence of the uniqueness of de De Rham splitting and the Cheeger-Gromoll
Theorem [ChGr]. Analogously, (K1,k1) = (K2, ko) = (K3, k3) and (G1,b1) = (G, be) =
(G3, b3). We explain the first in detail, the second is analogous.
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We prove that (K7, ki) = (Kb, k2), the proof proceeds in the same way for (K5, ky) =
(K3, k3). Since any irreducible de Rham factor of (K, k) is still Kéhler, by the unique-
ness of de De Rham splitting, any irreducible de Rham factor of (K7, k;) is identified
with a unique irreducible de Rham factor of (K5, ky). This forces (K, k) := (Ky,k1) =
(Ko, ky) = (K3, k3), and so (K, k) is hyperkahler as it is preserved by [y, I5, I3, which
satisfy I1 [, = — I, = Is.

With the same argument, one can prove that (G,b) := (G1,b1) = (G, by) = (G, b3),
and so (G' =G x R/ = b+ h,I,) is a hyperhermitian Samelson space. q.e.d.

As an application of this result we may characterize a finite cover of a strong HKT

manifold with parallel Bismut torsion.

Theorem 4.2.12. Any compact strong HKT manifold with parallel Bismut torsion (M, Jy, J2, J3, g)
is, up to a finite cover, the product of a compact hyperkdhler manifold and a compact Bis-
mut flat one.

Proof. Let (]\7, Jar§) = (K, 1, k) x (&, I, ') be the universal cover of the strong HKT
manifold with parallel Bismut torsion. By the previous Theorem, M~ K x G x R?,
where K is a compact hyperkahler manifold, G is a compact semisimple Lie group and
R* is endowed with its flat metric. Since K is hyperkdhler, any de Rham factor of K is
hyperkéhler, implying that no irreducible de Rham factor of K can be isometric to an
irreducible de Rham factor of G. Furthermore, since K is compact, no irreducible de
Rham factor of K can be isometric to some R*". From this we get that

Iso(M,§) = Iso(K) x Iso(G) x Iso(R®).

The fundamental group 7 (M) acts on (M . Ju, §) via hyper-holomorphic isometries. Let
o be such an automorphism; by the discussion above, there exist three isometries o1, oo
and o3 such that

o(p,g:t) = (01(p), 02(g), 03(t)), forp € K, g € Gand t € R,

and we point out that o, is a hyperkdhler isometry of (K, I,, k).

We consider the group homomorphism 7 : ¢ — ¢y from 7;(M) to the group of hyper-

holomorphic isometries of (K, I,, k). Let T to be its kernel. Then I" is normal in 7 (M),

as it is the kernel of a group homomorphism and, furthermore, it is finite. In fact

w = Im(7) which is finite, as so is the group of hyper-holomorphic isometries of

(K, I, k).

Observe that if T is trivial, then m; (M) is itself finite, and, hence, the covering M — M.
Since I' is a finite normal subgroup of (M), we may consider the finite (and hence

compact) cover M’ = M /I — M, which splits as a product of (K, I,, k) and a Bismut

flat space. g.e.d.
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As a Corollary, we immediately get that

Corollary 4.2.13. Any compact strong HKT manifold with parallel Bismut torsion is for-
mal according to Sullivan.

Remark 4.2.14. We point out that an analogous result does not hold for compact bal-
anced HKT manifolds. Indeed, it has been shown by Dotti and Fino [DF3] that there
exist a (non hyperkéahler) 8-dimensional balanced HKT nilmanifold with parallel Bismut
torsion.

As remarked in the introduction of this thesis, it remains an open question whether
there exist compact BHE or, more generally, strong HKT manifolds whose Bismut torsion
is not parallel. Evidence suggesting that the torsion must be parallel arises from the
holonomy reduction, which we now discuss. In fact, by Theorems 4.2.5 and 4.2.11, any
BHE (or sHKT) manifold with parallel Bismut torsion cannot have holonomy exactly
SU(n) (Sp(n)) unless it is (hyper)Kahler. This naturally raises the broader question of
whether compact non-(hyper)Kéhler manifolds with holonomy precisely SU(n) or Sp(n)
can exist. In this section, we prove that no such examples occur.

Firstly, we introduce some notations: given a Hermitian structure (.J,¢) and let ¢
be the associated Lee form. We will denote by #* the vector field dual to § via g, i.e.,
0(Y) = g(6*,Y), forany Y € I'(TM).

Definition 4.2.15. A SKT manifold (M, J, g) is called

1. steady pluriclosed soliton if there exists a smooth function f such that

1
RictC — ZH2 +V2f =0, O0H+ tgarH =0,

where H? is defined as H*(X,Y) = g(txH, 1y H) and § = ¢ is the codifferential of g.

2. generalized Einstein if Ric® = 0, namely, Ric*® = {H?, 6H = 0.

In what follows, we will need the following Proposition

Proposition 4.2.16 ([ABLS, GFJS, Le, Le2, SU]). Any compact BHE manifold (M, J, g)
is a steady pluriclosed soliton with a unique normalized potential f. The vector fields
V := 1(0* — grad f) and JV are holomorphic Killing and Bismut parallel and they vanish
if and only if (J, g) is Kdhler. Moreover, dV° = 1df and dJV° = 1(dJ§ — dJdf) are (1,1),
and, furthermore, they satisfy vydV’ = 1;ydV° = 0 and 1y dJV’ = 1;ydJV’ = 0. Finally,
wydf = vyydf = 0.

Given a hyperhermitian manifold (M, I, J, K, g), the Lee forms 6;,0;,0, coincide
[FG2], and so, also the functions d6;, 00, 66x. Also in this case, we will set 6 := 0; =
0; = 0k.

In what follows, we will need the following Proposition
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Proposition 4.2.17. Let (M, 1, J, K, g) be a compact strong HKT manifold, and let V; =
1(0° — grad f;),V; = 3(0" — grad f), Vi = 3(0% — grad fx) be the vector fields respectively
associated to (1, g),(J,g), (K, g) defined in Proposition 4.2.16. Then V; = V; = Vi := V.

Proof. Since V;, = 1(#* — grad f,) is Killing (see Proposition 4.2.16), Ly,g = 0, for
any L = I, J, K. Fixed any local orthonormal basis {ey, ..., ey}, if we take the trace
> Lvig(ei e;) = 0 we get

00+ Af, =0, 4.2.1)

foreach L = I, J, K. Hence, Af; = Af; = Afk, and so using the maximum principle
the functions f; must differ each other by a constant. g.e.d.

Without loss of generality, we may assume that f; = f; = fx := f.

Theorem 4.2.18. 1. Let (M, J, g) be a compact non-Kdhler BHE manifold of complex di-
mension n. Then Hol’(V?) C SU(n — 1). In particular, if a compact BHE manifold has
restricted holonomy exactly SU(n), then it is Kdhler.

2. Let (M,I,J,K,g) be a compact strong HKT manifold which is not hyperkdhler of
quaternionic dimension n. Then Hol(V?) C Sp(n — 1). In particular, if a strong HKT
manifold has holonomy exactly Sp(n), then it is hyperkdhler.

Proof. We prove the first assert in details. Given a compact non-Kéhler BHE manifold
(M, J, g), the vectors V and JV satisfy VBV = 0 and VZJV = 0 and, furthermore, they
have constant and non-zero norm (see Proposition 4.2.16).

Let us fix any point p € M and any null-homotopic loop v centered at p. The vectors
Z :=V,and JZ = (JV), are always non-zero and, exploiting that VZV = ( and
VEJV =0, they satisfy P,Z = Z and P,(JZ) = JZ. Therefore, if (J, g) is non Kéhler, at
any point p there exists a complex vector W which is non zero and such that P,WW = W,
for any null-homotopic loop 7 centered at p. This implies that the holonomy of the
Bismut connection of any non-Kidhler BHE manifold reduces from SU(n) to SU(n — 1),
where, to the sake of clarity, we specify that we consider SU(n — 1) as a subgroup of
SU(n) in the following way:

1 0
SU(n—1) = SU(n), A~ (0 A) .

In particular, if there exists a compact BHE manifold with Hol”(V?) = SU(n), it has to
be necessarily Kdhler. The proof of the second statement is analogous. In fact, exploiting
that V2V = 0 and VPIV = VP JV = VEKV = 0, we get that |V|*, | IV |, |V, | KV |
are constant and non zero, as the manifold is not hyperkahler. We fix any point p € M
andweset Z:=V,, [ Z=(IV),JZ=(JV),, KZ = (KV), € T,M\{0}. Then, for any
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loop v based at p, P,Z = Z, P, I1Z = 1Z,P,JZ = JZ, PAKZ = KZ. From here the
proof is straightforward. g.e.d.

As an application of the previous results, we establish the non-existence of BHE
metrics, and therefore of strong HKT metrics, on solvmanifolds. The existence of strong
HKT metrics on solvmanifolds has remained an open problem for the past decade. It
was previously known [BDV, DF3] that a nilmanifold admits a strong HKT metric if and
only if it is a torus, and a similar statement was proved in the almost abelian case [AB1].
Here, we prove the result in fully generality.

Corollary 4.2.19. Let I'\G be a solvmanifold endowed with an invariant Hermitian struc-
ture (.J, g). Then the following are equivalent:

1. (J,g) is BHE,

2. (J,g) is Kdhler.

In particular, given a solvmanifold I'\G endowed with an invariant hyperhermitian struc-
ture (I1,J, K, g), then (I, J, K, g) is strong HKT if and only if it is hyperkdhler.

Proof. the implication from right to left follows by the characterization of Kéhler solv-
manifolds given in [Ha], which are flat. For the other implication, assume that (./, g)
is BHE. Then, taking the trace of £y g = 0 as before, we get that Af + §¢ = 0. Since
(g, J) is left-invariant, then it is Gauduchon, and so f must be constant by the maximum
principle, implying that

VB0 = 2VBV + VB grad f = 2VPV = 0.
By (1.2.3), on a compact Hermitian SKT manifold
PP (X,Y) = —Ric®(X,JY) — (VE0)JY.

Exploiting that p? = 0 and V20 = 0, we get that Ric® = 0.
Moreover, if Ric® = 0 then the symmetric part of Ric? vanishes, i.e., Ric*® = {H?.
Therefore

seal™ = 7 |[H|* 2 0.

Since for any left-invariant metric on a solvable Lie group scal*“ < 0 [Je, Mil], this
forces scal’® = 0. Hence H = 0, concluding the proof. q.e.d.

Remark 4.2.20. We observe that with the same proof one can prove that any compact
BHE manifold (M, J, g) such that (J,¢) is Gauduchon and g has non positive scalar
curvature must be Kéhler.
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4.3 Ricci foliation of a Hypercomplex manifold

Let (M*" I,J, K) be a compact hypercomplex manifold and let V°° be the Obata con-
nection. Let F(TM) be the frame bundle of M and consider the character

det : GL(n,H) — Ry

induced by the Dieudonne determinant [Di]. The associated bundle K} is the real line
bundle of (2n,0) g-real forms on M. More precisely, fixed any hyperhermitian metric g
on M, Ky is the real line bundle generated by the (2n,0) form 2", where Q = w; + iwg,
where w; = ¢g(J-,-) and wg = g(K-,-). Clearly, the canonical bundle K, ;) is obtained
as a complexification of K.

Definition 4.3.1. The Obata Ricci curvature O is the curvature of the Obata connection
on Kg.

Proposition 4.3.2. The Obata Ricci curvature © of a compact hypercomplex manifold
(M, I,J, K) is SU(2)-invariant and exact.

Proof. Since K,y = Kr ® C, O is the curvature of the Obata connection on the
canonical bundle of (M, I). Fixed any hyperhermitian metric g, K ;) admits a non-
vanishing section 2" as above, and Vg%, ,Q" = a Q", where a = v +7, v € Q"M and
K (u,1) is the canonical bundle obtained as a complexification of K. Then,

O =da+aNa=du (4.3.1)

coincides with the Ricci of the Obata connection on TM, and, therefore, it is (1,1)
with respect to any complex structure L = [, J, K , i.e., it is SU(2)-invariant. A clear
explanation of the SU(2)-invariance of the Obata Ricci tensor can be found in [Sol,
Proposition 2.2]. Since 2 is a non-degenerate (2,0) form, ¢;(M, /) = 0 and © is exact.
Alternatively, © is exact by equation (4.3.1). g.e.d.

We recall the following Lemma

Lemma 4.3.3. Let (V, I, J, K) be a real vector space equipped with a quaternionic action
and let n € \}' V be a real SU(2)-invariant (1,1) form. Then the eigenvalues of 1 occur

in pairs o;, —o;.

Proof. Let us take the unitary basis {¢y = ¢1 + ilp1, ..., Y2 = won + ilps,} of Lot
which diagonalizes 7, i.e., such that

2n 2n 2n
n=i» NP AY =23 N NIl =Tn=-2) NJp AI(Jg).

J=1 Jj=1 Jj=1
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Since J takes the positive form ¢/ A I¢’ in the negative form —Jp’ A I(Jp’) and since
n and Jn = n have the same eigenvalues, they must occur with opposite signs.  q.e.d.

Let r be the rank of © at a general point of M. Since by previous Lemma the
eigenvalues of © goes in pairs, then r < 2n. In fact, if » = 2n, then ©?" would be a
positive (2n,2n) form if n is even and a negative (2n, 2n) form otherwise, implying that

/ ©%" > 0 in the first case, and / ©%" < 0 in the second one,
M M

which is impossible, as © is exact.

Definition 4.3.4. The sub-sheaf ker(©) C TM is involutive, as d© = 0. We call ker(O) the
Ricci Foliation of a hypercomplex manifold (M, I, J, K).

Remark 4.3.5. The leaves of the Ricci foliation are always hypercomplex manifolds
with restricted Obata holonomy contained in SL(n, H).

4.4 Ricci foliation of strong HKT manifolds

Let us consider an HKT manifold (/, J, K, g). It has been shown in [IP] that the Ricci
tensor of the Obata connection coincides with the differential of the Lee form, and
hence, the Obata Ricci curvature of Ky satisfies © = df. In this case the Ricci foliation
is hence given by the kernel of df.

Proposition 4.4.1. Let (M, I, J, K, g) be a compact simply connected strong HKT mani-
fold. If there exists a point p and an open neighborhood U of p on which df = 0, then the
manifold is hyperkdhler.

Proof. Locally, any strong HKT metric {2 has a potential ¢ which satisfies dd’d’d* o = 0.
In particular, ¢ is real analytic and so 2 is real analytic (see [MV2, Lemma 9.4]), where
2 is the (2,0) form defining the strong HKT structure. Therefore, 6 is real analytic and
so df must vanish everywhere. Since M is simply connected, the result follows by [IP,
Corollary 5.3]. g.e.d.

We recall the following well known

Lemma 4.4.2. Let (M, J, g) be a Hermitian manifold. Then, for any X,Y,Z € I'(T M),
H(X,Y,Z)=H(JX,JY,Z)+ H(JX,Y,JZ) + H(X,JY, ] Z).

The equality immediately follows by H3° = 0.
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Remark 4.4.3. If (M,I,J, K,g) is a compact (non-hyperkéhler) strong HKT we have
already noticed that (1, g), (/,g), (K, g) are BHE structures with the same soliton po-
tential f, namely, the vector fields V7, V;, Vi defined in Proposition 4.2.16 coincide (see
Proposition 4.2.17). In particular, we get for free the following useful properties:

1. V.1V, JV, KV are non zero, Killing and Bismut parallel,

2. Lyl =LyJ =LyK =0,

3. Livl=L;yJ =Ly K =0,

4. 1ydV’ = 17ydV® = 1;ydV’ = 1gydV? = 0. Furthermore, dV° is SU(2)-invariant
5. tydIV® = 1;ydIV’ and dIV” is (1, 1) with respect to I,

6. tydJV’ = 1;ydJV° and dJV? is (1, 1) with respect to .J,

7. tydKV’ = 1;ydKV’ and dKV" is (1,1) with respect to K,

8. Lvdf == L[Vdf = LJVdf == Ldef =0.

Theorem 4.4.4. Let (M, I, J, K, g) be a compact simply connected 8-dimensional strong
HKT manifold which is not hyperkdhler. Then:

1. the distribution spanned by {V, IV, JV, KV} is closed under the Lie bracket and its Lie
algebra is isomorphic to u(1) & su(2),

2. The vectorﬁelds [‘/, JV, KV SCltiSfy ﬁ[VwJ = —Wg, EJVwK = —Wwr and ﬁKva = —Wwjy.

3. The soliton potential f is constant.

Proof. Since by statement (4) in Remark 4.4.3, df = 2dV° = 1y df = 1;vdf = 15vdf =
tgvdf = 0, the vector fields {V, IV, JV, KV} span a sub-distribution F of ker(df). We
decompose TM = F @ F*, where F is spanned by V, IV, JV, KV and F* is the orthog-
onal complement of F with respect to the metric g. *.

The fact that F is closed under the Lie bracket is a straightforward consequence of
Proposition 4.4.1.

Since V,IV,JV, KV are Bismut parallel, they have constant (non-zero) norm we
may assume to be 1, up to rescaling. Hence, we may decompose TM = F &+ F*, where
F* is the horizontal distribution.

By statement (3) of Remark 4.4.3, Ly = LyJ = LyK = 0, forcing [V,IV] =
[V,JV] = [V, KV] = 0. This, together with VBV = VB[V = VBJV = VBKV = 0,

*In what follows we will say that a tensor field 7' is horizontal if 1 xT = 0 for any X € F
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implies that

g([IV, JV], V) = g(VB,JV = VB IV — TB(IV, JV)) (4.4.1)
= —H(IV,JV,V) =0,
g([IV, JV],IV) = —H(IV, JV,IV) =0,
g([IV. JV],JV) = —H(IV, JV,JV) =0,
g([IV, JV],KV) = —H(IV, JV,KV),

and therefore [IV, JV] = aKV, with a« = —H(IV,JV,KV'). Analogously, [JV, KV] =
alV and [KV,IV] = aJV.

We claim that
AV’ = 1w H, d(IV") = ;v H, d(JV’) = ;v H and d(KV’) = 1y H. (4.4.2)
We prove in details one of the assertions, since the proof of the remaining ones is similar.

d(IV')(X,Y) = Lx(IV*(Y)) = Ly (IV(X)) = IV*([X,Y])
= Lx(g(IV}Y)) = Ly (9(IV, X)) — g(IV,[X,Y])
= g(VRIVY) + g(IV,VRY) = g(VFIV, X) — g(IV, Vi X) — g(IV, [X,Y])
= g(IV,VRY) — g(IV,ViX) — g(IV,[X,Y])
= g(IV,TR(X,Y))
=H{IV,X,Y),

where the fourth line follows by the fact that VZ(IV) = 0.

Using that d(JV”) = 1,1y H, we are going to show that
d(JV®) = —aKV° NIV’ + B, (4.4.3)

where 3, is a horizontal 2-form, namely 5; € A F*, and a € C**(M) a smooth function.
Indeed, since d(JV") = 1,,» H we get

.

(JV)WV,X)=H(JV,V,X) = —g([JV,V],X) =0, VX € ['(TM),
d(JVYIV,X) = H(JV,1V,X) = —g([JV,IV],X) = ag(KV, X), ¥X € T(TM),
d(JVb)(JV X)=H(JV,JV,X)=0, VX € I'(TM),
d(JV)KV,X) = H(JV,KV,X) = —g([JV,KV],X) = —ag(IV, X), ¥X € T(TM),

where we used the same trick as in (4.4.1). This shows (4.4.3).
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Applying the exterior differential to both sides of (4.4.3), we get
0=d*(JV’) = —da ANKV° NIV’ — ad(KV°) NIV +aKV° Ad(IV®) + dB;
and hence
da N KV’ NIV’ = —ad(KV°) NIV® + oKV’ Ad(IV?) 4 dB;. (4.4.9)

By Remark 4.4.3, statements 5 and 7, t;ydIV’ = 0 and (5, dKV° = 0. Therefore, if we
evaluate equation (4.4.4) on KV, IV and Z € F* we get

da(Z) = dB;(KV, IV, Z) = 0

since

dB;(KV,I,V,Z) = Lgv(B;(IV,Z)) — Liv(Bs(KV,Z)) — Lz (B;(KV,IV))
= By([KV,IV], Z) + B4 ([KV, Z], IV) + B,([IV, Z], KV) = 0,

as [ is horizontal and [K'V, V] = aJV.
It remains to prove that da(V') = da(IV) = da(JV') = da(KV') = 0. Applying the Jacobi
identity to V, IV, KV and using statement (2) of Remark 4.4.3, we get

0=[V.IV],KV]+[IV,KV], V] + [[KV,V],IV] = [aJV, V] =V (a)JV,

which forces da(V') = 0. Analogously, the Jacobi identity applied to IV, JV, KV implies
that
da(IV)IV + da(JV)JV + da(KV)KV =0,

forcing a to be constant. So the sub-algebra of I'(TM) spanned by {V, IV, JV, KV} is
therefore isomorphic to R* if « = 0 and to u(1) & su(2), otherwise. To finish the proof it
remains to show that a # 0.

Let us consider a as a constant, without assigning a specific value. We will obtain
a = —1 when we will be proven that the vector fields IV, JV and KV satisfy the
identities

Lrywy =—wg, Lijywkx=—-wr, Lgywr=—wy.

We will focus to prove that £;,w; = —wg, but once this will be proven, also the other
identities will immediately follow.

We fix the following notation: with the same technique we adopted to compute
d(JV®) = —aKV® A IV® + 3;, one can prove that d(KV’°) = —alV’ A JV’ + Bk and
d(IV®) = —aJV’ AN KV’ + 3, where 3;, 3; and Bk are horizontal 2-forms. Furthermore
since d(IV"),d(JV?®),d(KV") are of type (1,1) with respect to I, J, K respectively (see
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statements (5)-(7) of Remark 4.4.3), we also have that (;, 5, Bk are of type (1, 1) with
respect to [, J, K respectively. Indeed, for instance

Br =dIV +aJV’ NKV,

and both dI'V and JV’ A KV are of type (1, 1) with respect to I.
Also, exploiting that V, IV, JV, KV are a basis of orthonormal vectors in F we will write

wr =V AIV? + JV' AKV + T,
wi =V NIV + KV AIV? +w],
wg =V ANKV + IV' NIV 4wk

By Cartan’s magic formula L;yw; = d(¢jywy) + ¢y (dwy). For any vector field X
uvwy(X) = w;(IV, X) = g(JIV, X) = =KV’ (X)

and

trvdws(X,Y) = (v JH)(X,Y)
— JH(IV,X,Y)
— H(—JIV,JX,JY)
— H(KV,JX,JY)
— H(KV,IX,IV) + H(V,IX,JY) + H(V,JX,IY),

where the last line follows by 4.4.2. Exploiting the equalities written in (4.4.2), we get

Lydwy(X,Y) = d(KV)IX, 1Y) +dV°(IX,JY) +dV’(JX, 1Y)
= d(KV")(IX, 1Y),

where the last equality follows by the SU(2)-invariance of dV” = 1d6.

Therefore,
Liywy = IdKV’ —dKV’ = a(V' NKV® + 1V A JV°) + 16k — Bk (4.4.5)
On the other hand, using that w; = V? A JV° + KV? ATV 4 W7,
Lrvwy =Ly VANIV + KV NIV +0h) = a(VAKV IV AJV) + Liyw?. (4.4.6)
If we compare equations (4.4.5) and (4.4.6) we get that

Lywh = yvdw’ =18k — Bk.
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Therefore, to prove the second statement of the Theorem it suffices to show that £yw? =
trvdwt = I8k — B = awk, with a = —1. Since Sk, and hence I3, are (1,1)-forms
with respect to K, it follows that also £;yw? is of type (1,1) with respect to K. Now
we argue as follows: the horizontal distribution F* has dimension 4, and so the bundle
N® F* splits as At FL @ A\~ FL (with respect to ¢7) as the direct sum of self dual and
anti-self dual horizontal two-forms. It is straightforward to see that A™ F is generated
by w!', Wl wk, while the bundle A\~ F* of anti self dual 2-forms coincides with the space
of horizontal forms which are SU(2)-invariant (see Remark 4.4.3, statement 4). We also
point out that the 2-form dV” lies in /\~ F*, as it is horizontal and SU(2)-invariant (see
Remark 4.4.3). Using that V, IV, JV, KV are Killing vector fields (see Remark 4.4.3,
statement 1), they generate isometries which preserve the Riemannian volume. Since
the Lie derivatives along V, IV, JV, KV preserve the Hodge star of the horizontal metric
g”, we get that L;yw? is self dual, and so in the span of w!, w?, w%. Since Ly w7 is of
type (1,1) with respect to K, there exists a b;; € C°°(M) such that Lryw] = by ywk.

With analogous computations we then get the following equalities

ﬁIVW§ = ledw?? = IfKk — Bk = bIJwI’-Z;a

Livwi = uydwye = =185 + By = brgw?,

Lyyw] = vyvdw] = —JBk + Br = bywi, 4.4.7)
Lyywi = tyvdwic = JBr — Br = byxwy

»CKVW[T = Ldew}F =K@, —B;= bmuﬂ,

£Kvw§ = Ldew§ = —KpBr + Br = brw; .

Using that 37, 8, and [ are of type (1, 1) with respect to I, J, K respectively, we may
write them as 8; = A\jw} + 0, 7 = \yw? +ny and B = Agwk + Nk, where nr, 17, nx
are anti self dual horizontal forms and \;, A\, A\x are smooth functions.

We are going to show that b;; = byx = bix; = by; = by = byi. Since 7 are SU(2)-

invariant
I8k — Br = —AxWk + N — Axwi — N = —2Agwi = brywi (4.4.8)
and
—JBk + Br = 2Agwie = bjwk,
from which follows that b;; = —b;;. Analogously we get b;x = —bx; and bg; = —brk.

On the other hand for any horizontal vector fields X, Y

H(IV,X,Y)=H(IV,JX,JY)+ H(JIV,JX,Y) + H(JIV, X, JY),
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from which, applying (4.4.2), we get that

(Br—JB)(X,Y)=H(IV,X,Y) - H(IV,JX,JY)
= H(JIV,JX,Y)+ H(JIV,X,JY) = (JBx — Bx)(X, JY).

Contracting both side of (4.4.7) with X,Y, we obtain
—big(IX,Y) = —brrwi (X,Y) = brjwi(X,JY) = brjg(KX,JY) = —br;9(IX,Y),

from which we get b;; = b;x. The last equality b, = by follows in a similar way. We
also point out that from equation (4.4.8) we also get that \; = \; = A\ = —%, where
b:=0bry="0byx =bgr =0byr =bgs = brk.

To summarize

Lrywh = ydw? = I8k — Bx = bwi,

ﬁlvwag = LIVdWIT< =—IB;+B;= —bw§,
Lyvwi = 1yvdwf = —JBk + Px = —bwi, (4.4.9)
Lyvwy = yvdw = JBr — Br = bw]
Lrxyw] = igvdw] = KBy — ;= bw],
,CK\/CU?; = LdeUJ?; = —Kﬂ] + 5] - —bW?.
By Remark 4.4.3 statements (1),(2) and (3), Lyw; = Lyw; = Lywg = Lpywr =

Lyywy = Lxywyg = 0. In particular, this proves that ¢y (dw?) = 17y (dw?) = 0, and an

analogous formula holds for w? and w.. Indeed, using that V, IV, JV, KV are Killing,

0=Lywr =Ly (V' ANV + IV’ AKV’ + w0l = Ly (w!) =ty (dwl),
0=Lywr=LyV NIV’ + JV ANKV? +wF) = L1y (WF) = vpv (dw?).

Combining all the above properties with equations (4.4.9) we get that

dw! = DKV’ AWl —bJV° AWk 441,
dw? = bIV" AWk — bKV A wl 4 4,
dwl, = bJV> AWl — DIV’ AwT + s,

where 71, 79,73 are the horizontal components of dw?, dw? and dw?- respectively. Since
the horizontal distribution is 4-dimensional, v; = 67 A w!, where 67 is the transverse

Lee form, and analogously for v, and vx. Let us compute 67, 67, 61.. Recall that the Lee

form
8

0,(X) =0(X) = % Z He;, Ie;, IX) (4.4.10)
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(see for instance [GFS, Lemma 8.6]), where {ey, ..., es} is any local orthonormal frame.

Without loss of generality we may chose as a local orthonormal frame the frame {V, ..., KV &, ...

where {&;,...,&} is a local horizontal orthonormal frame adapted to {7, J, K}, namely
& =16, & =J& and & = K& Let us deduce

0= —(a+Db)V° 467 (4.4.11)

We have

(V) =H(V,IV,IV) + H(JV,KV,1V) + H(&1, &0, [V) + H(E3, &4, IV)
= —a+dIV’(&, &)+ dIV’ (&3, &)
= —a+dIV*(&, 1&) + dIV (JE, K&)
= —a+ (dIV® — JdIV*)(&, 1€;)
=—a+ (61— JBr) (&, 1&)
=—a—bwy (&,1&)
=—(a+V),

where we used equation (4.4.2), and equations (4.4.9). Similarly

QI(IV) :—H(‘/,IV7V) _H(JV7KV7V) _H(€17€27v) _H<537§47V)
= — (dV" — JdV*)(&,,1€))
=0,

0:(JV) =H(V,IV,KV) + H(JV,KV,KV) + H(&1, &, KV) + H(&, &4, KV)
=(dKV" — JAKV") (&, 1&)
=(Br — JBr) (&1, 1&1)
= — bwic(&1,1&)
:07

and with analogous computations also §;(KV') = 0 follows. Lastly, for any X € F+,

/(X)) =H(V,IV,IX)+ H(JV,KV,IX)+ H(&,&, X))+ H(&,&,1X)
=H"(&,&,I1X) + H'(&,64,1X)

=07,
where HT denotes the Bismut torsion of the transverse hyperhermitian geometry.

By definition of V and using (4.4.11), V’ = (6 — df) = —%(a + )V’ + 1(67 — df),
forcing a + b = —2 and 7 = df, where here we use the fact that df is horizontal (see
Remark 4.4.3, statement 8). In particular, b must be constant. Analogously one gets

112

754}



Geometric properties of the Bismut and the Obata connections

also 0% = df and 0% = df. To sum it up:

dw] =KV’ Aw] —bJV’ Awje + df Aw],

dw? = bIV’ Awk — DKV’ Awl + df A WT, (4.4.12)

dwjc = bJV’ Nwf — IV’ Aw] + df A wi.
Taking the exterior differential in both side of the first line of (4.4.12), we get b(b—a) =
0. If a = 0, then b = 0 and so the relation a+b = —2 cannot hold. So ¢ must be non zero,
concluding the proof of the first statement of the theorem. We are left with two cases,

eithera =b= —1orb=0,a = —2. If a = b = —1 then by equations (4.4.9) the proof of
the second statement follows. Therefore, we have to exclude the case b = 0,a = —2.

We prove that b = 0 leads to a contradiction, as a consequence of the fact that the
potential f is constant, whose proof will occupy the remaining part of the theorem.
Using that w; = V> A TV® + JV° A KV’ + wT, we compute

H=V"NdV’"—aIV’ NIV’ ANKV  + IV  ABr+ VP NGB+ KV’ ABg — Idf Aw? (4.4.13)

and

0=dH = dV°ANdV’ + B; ABr+ By A By + Bk A B
—dIdf AwF + Idf Adf AwT 4 bIdf A KV Awh —bIdf ATV’ Awk.

We further observe that H = —Idf A w?.
Exploiting that 3; = —5w] + 0y, B; = —3w? + 0y, Bx = —Swk + nk, where 5,7, and
Nk are anti self dual, we get

1 2 3
att == 0V I+l + sl + ) + 522 wor”
2 [V 2 (4.4.14)
—dIdf AwF + Idf Adf AwT 4+ bIdf A KV Awh —bIdf ATV’ AWk,

where vol® is the volume form of the transverse hyperhermitian structure.
To lighten the notation we set [ := HdVbH2 + ln:l® + [[ns )1 + ||nx|>. Using [GFS,
Proposition 4.33], we have that

1
S |H||* + Af — ||grad f||” = const. (4.4.15)

Using equation (4.4.13) and the fact that for any L = I, J, K ||B]|> = L ||Z||* + Inc|)* =
14 |n.|?, we immediately get that ||H||> = HHTH2 + 3m + 6a?, where m = [ + const (for
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further details see the proof of [ABLS, Proposition 2.14]). Furthermore
2
[H"||” = 6 ||grad f|*.

Pluggin this in (4.4.15) we get i/ + Af = const.

Let {e1, €2, €3, ¢4} be a local unitary orthonormal horizontal frame with respect to I.
We compute dH (e, ez, €3, €4).

1 3
dH ey, e9,€e3,e4) = <—§l + 51)2) —dIdf Awi (e1, ez, es3,e4) + Idf ANdf Awiler, e, es,ey).

Now,
dIdf A w7 (e1, e, e3,64) = ([df)(ebeg) + d([df)(eg, eq)

_2587 (df (e;)) Zldf (le2i—1, €2])

4
= L, (df(e))) ZIdf (VP e — VPey )
j=1

= Lo (df(e;) — df (VEe;) — Alej, e5,grad f),

where the last equation follows by (5.2.12). We observe that since e; and grad f are
horizontal vector fields, by (1.5.1),

2A(ej,ej,grad f) = — H(ej, Ie;, I grad f) — H(le;, Ie;, grad f)
— H(e;, Kej, K grad f) — H(Ie;, Ke;, J grad f)
=— H"(ej, Iej, I grad f) — H” (Ie;, Ie;, grad f)
— H"(e;, Ke;, K grad f) — H" (Ie;, Ke;, J grad f).

the next computation is also included in an early version of [ABLS].
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Furthermore, a straightforward computation shows

4

ZA(ej, ej,grad f) =

Jj=1 J

1 1
§HT(ej,[ej7Igradf) — §HT(ej,Kej, K grad f)

M-

Il
—

1
— 5HT(Jej, Ke;, J grad f)

1 1
§HT(ej,]ej7lgradf) - §HT(ej,Kej, K grad f)+

M-

[
Il
—

H" (e;, Je;, J grad f)

-
N | —

Il
—

J

== 0" (grad f)
=~ |lgrad f,

where we used the definition of the transverse Lee form 67 and the fact that 67 = df.
Therefore,

(dIdf Awi)(er, €2, e5,e4) = 3 Le,(df(e5)) = df (VETe;) + [|grad fII
=Af +||grad f||*.

Straightforward computations also show that (Idf Adf Awy)(e1, ea, es, e4) = — ||grad f||>.

To sum it up,

1 3
dH ey, e9,€e3,e4) = <—§l + ébz) — Af —2|grad fH2 = 0.

Using that —1/—Af is constant, this leads to 2 ||grad f |* = const, which forces f = const
applying the maximum principle.

To conclude the proof we observe that the value b = 0 leads to a contradiction. In
fact, for b = 0, exploiting that dH = 0, then by equation (4.4.14) one gets HdVbH2 +
Inz0” + |1 + |nx|)” = 0, which implies that dd = 0, as 2dV” = df. The contradiction
follows by Proposition 4.4.1. g.e.d.

By statements (1) and (2) of the previous Theorem, we may immediately prove the
following

Corollary 4.4.5. Let (M,I,J, K, g) be a strong HKT compact and simply connected 8-
dimensional manifold which is not hyperkdhler. Then the following statements holds true

1) H* acts on M isometrically.
2) V,1V,JV, KV are infinitesimal automorphisms preserving F- € TM, namely [W, F*] C
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FtforanyW € {V, 1V, JV, KV}, where F is the distribution generated by V, IV, JV, KV
and F* is its orthogonal complement with respect to g.

3) VOV = 11d, VOV = LI, VOV = LJ, VKV = LK.

4) All the components of the Obata curvature tensor involving the quaternionic span of V
vanishes.

Proof. By the previous Theorem the Lie algebra of the distribution spanned by {V, IV, JV, KV}
is isomorphic to u(1) @ su(2). Furthermore, since V, IV, JV, KV are Killing (see Remark
4.4.3), they generate an isometric action of H* on M. This concludes the proof of the

first claim.

For the second claim we only have to check that [W, F+] C F* forany W € {V, IV, JV, KV }.
Let us fix the following notation, let V' = I,V, IV = L[V, JV = LV and KV = V.

Using that I,V is Killing for a = 0, ..., 3 we get that forany a,b = 0,...,3and X € F*

0=Lrvy(X,L,V)=g([L.V,X], V),

forcing [V, X] € F*.

The third and fourth claim are consequences of [PPS, Lemma 2.2 and Proposition 2.3],
where the authors proved that if we have a hyper-complex manifold endowed with a
vector field W such that W, IW, JW, KW span a copy of U(2) where IV is in the center
U(1), then if W is hyper-holomorphic and L;wJ = K, Ly;wK = I, Lxkw] = J, this
leads to VO°W = —11d. Applying this to —V we immediately get the statements 3) and
4). q.e.d.

The vector field V' is commonly referred to as the Euler vector field, and the corre-
sponding hyper-complex structure is described as conical [CH2].

Remark 4.4.6. Under the hypothesis of Theorem 4.4.4, as a consequence of the previ-
ous Proposition we get that the orbits of the foliation F are totally geodesic and Obata
flat. Furthermore, as a consequence of the fact that VO’V = 11d, we observe that the
Obata connection can only preserve tensors of the kind (&, k), as pointed out in [Sol].

4.5 Characterization of VZH =0

Since it will be useful in the following, we summarize some facts from the proof of
Theorem 4.4.4: the expression of H is given by

H=V°ANdV’+ IV NIV ANKV  + IV’ A B+ JV° A By + KV° A Bk, (4.5.1)
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whereas the differential of 7V”, JV’, KV° can be written as
dIV? = JVP ANKV® + 81, dJVP = KV ANIV° + 85, dKV° = IVP AJV’ 4 B (4.5.2)

where . ] 1
Br = §w? +nr, By = 5“{? +n, B = §WIT< + 1K, (4.5.3)

and 77, ns, Nk are anti self dual horizontal 2-forms. Using equations (4.4.12) and d?1V"° =
d?JV°> = d*KV"® = 0, we recover that

dnr = =y ANKV 40 ANJV?, dny = —ne NIV +0i AKV? ) dnge = —np ATV 4y ATV
(4.5.4)
Furthermore, the strong HKT condition implies that

1 3
0=dH = {—5 (v I* + Il =+ lmal® =+l 1) + 5] vol™. (4.5.5)

We recall that a HKT structure (7, J, K, g) is said to be Einstein HKT if there exists a
smooth function A such that

= )‘WIJ

where p? is the (first) Chern Ricci curvature of (/, g). Examples of strong HKT Einstein
metrics have been constructed in [FG2] on Joyce’s examples [Joy].

Proposition 4.5.1. Any 8-dimensional compact simply connected strong HKT manifold
(M, 1,J, K,g) is HKT Einstein with constant \.

Proof. If (M, I, J, K, g) is hyperkéhler, then it is HKT Einstein with A\ = 0. Let us assume
then that (M, I,J,K,g) is not hyperkihler. Since p® = 0, then p§ = dIf = 2dIV".
Therefore

M =dIV’ — J(dIV")
=JV' ANKV’ + %wf +nr— JJVPAKV + %w}r )
—JV' NKV + %w}p%—m +VIAIV 4 %w}r —r
=V NIV’ + JV° A KV’ 4 wF
=wr,
concluding the proof. g.e.d.

We determine a sufficient condition to have parallel Bismut torsion in terms of
nr, Ny, Nk -

117



Geometric properties of the Bismut and the Obata connections

Theorem 4.5.2. Let (M, I, J, K, g) be a strong HKT compact and simply connected 8-
dimensional manifold which is not hyperkdhler. If any of n;,n;, Nk is zero, then all of them
are zero and VB H = 0. In particular, (M, I, J, K, g) is the hyperhermitian Samelson space
SU(3).

Proof. By (4.5.4), we have that if any of 1, n;, 7k is zero, then all of them must vanish
on M. Indeed, if for instance n; = 0 then by (4.5.4)

0=dn =—ny ANKV + 0 AJV?,

which implies that ; = nx = 0.
If n;, are zero, then 3 = —wL by (4.5.3) and, furthermore, VZ3; = 0.

Using the expression of the Bismut torsion in (4.5.1), we get that for any vector field
X
VEH = (VEaVv’) AV (4.5.6)

In order to prove that V£ H is zero, we only need to prove that VEdV”(Y, Z) vanishes
for any X € I'(TM) and Y, Z vector fields different from (a multiple of ) V.

We observe that if we take Y, Z € {IV,JV, KV} and X any vector field, then the
statement is trivially true, since dV” is horizontal and IV, JV, KV are Bismut paral-
lel. The same holds for Y € {IV,JV, KV} and Z horizontal. It remains to check the
condition for Y, Z both horizontal. If X € {V, IV, JV, KV} is vertical, then

VEAV (Y, Z) =X (dV°(Y, Z) — dV*(VEY, Z) — dV’ (Y, VE Z)
== Xg([Y, Z],V) = dV’([X, Y]+ TP(X,Y), Z)
—dV*(Y,[XZ) + T3 (X, 7))
=—g((X, [V, Z]| + [[X, Y], 2] + [V, [ X, Y], V)
—dV*(TB(X,Y),Z) —dV°(Y,T?(X, 7))
= — dV’((ydX")?, Z) — dV°(Y, (12dX°)?).

(4.5.7)

We are going to show that this is zero in any point p of M. Let us fix a orthonormal
basis {ej,...,es} of horizontal vectors in T,M adapted to I, J, K. Then, denoted by
{e',...,e*} the dual basis

W? 2612—|—€34, W? 2613—|—€42, W£:614—|—623.

Then we may write Y and Z atp as Y = Y'e; and Z = Z’¢;. The equality (4.5.7) at p
yields
VEAV (Y, Z)(p) = Y'Z7 [(dX")ir(dV?) j1. — (dX) 1 (dV)ar] - (4.5.8)

If X =V then the above expression is clearly zero. For X = IV we use the following
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fact: since dV” is horizontal and anti self dual we may write dV” at p as \;(e'? — €31) +
Ao(el? — e2) 4+ Ag(e!? — €23), with A\;, A2, A3 € R (see the proof of Theorem 14.4.4). The
expression (4.5.8) is hence given by

VeV (Y, Z)(p) = %YiZj[(w?)ik(dVb)jk — (W] )k (dV")ix),

as dIV*(Y, Z) = B1(Y,Z) = wT(Y,Z). It is an easy computation that for any (i, j),
(W) (dV?) ik — (wT);x(dV?)ix = 0. The other cases follow in analogous way.
It remains to check that VEdV’(Y, Z) = 0 for any X, Y, Z horizontal vector fields. In

this case
VEAV (Y, Z) = VidV* (Y, Z),
where V7 is the transverse Levi-Civita and the equality follows since for any X,Y, Z
horizontal vector fields ¢(VYY, Z) = g(VK°Y,Z2) + 1 H(X,Y, Z) = (VY. Z).
We observe that by the condition dH = 0 (4.5.5), we get that dV/” has constant non

ZE€ro norm.

We are going to define a transverse almost complex structure J? on the bundle F+
using the metric ¢” and the basic 2-form dV’*. In particular, since Ly ¢” = Lvg" =
Livg" = Liyvg’ =0, the pair (J7, g7) will induce an almost Hermitian structure on any
local quotient of M by the flows of V. IV, JV, KV

Let J7 be the endomorphism defined on horizontal vector fields by the relation

g (ITX,Y) = dV'(X,Y).

1dV?|
Since dV”’ is skew-symmetric we immediately get that g7 (J*X,Y) = —¢7(X,JTY). At
any point p in M we may fix an orthonormal horizontal basis of 7, adapted to I, J, K
so that dV°(p) = A (e'? — e34) + Mg (e!® — e*?) + A3(e'* — e3). By definition of J7 we get

0 =M\ —A —Xg
’ 1 A0 A3 —A

J
POV RN N N 0 N

A3 A=A 0

which immediately implies that (J7)? = —1Id in any p in M. We point out that the
basic Hermitian structure (J7, g7) is only almost Kdhler. Moreover we adapt the proof
of [ABLS] in our case, which relay on some results in [ADM].

We first observe that the transverse metric is Einstein. By O’Neill formulas [ON] (see

By Remark 4.4.3 it is not difficult to check that Ly dV’® = L1y dV® = L;ydV’ = LgydV’ = 0.
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also [BG, Section 2.5.1]),

Ric"(X,Y) = Ric"“(X,Y) + 2[g(AxV, Ay V) + g(AxIV, Ay IV)+
9(Ax IV, Ay JV) + g(Ax KV, Ay KV)],

where AxV = pr(VEV) and pr : TM — F* is the standard projection.
Since by Theorem 4.4.4 V2V = 2V#0 = 0, by formula (1.2.3) Ric® = 0. In partic-
1

ular, its symmetric part has to vanish, implying that Ric*“ = {H?, where H*(X,Y) =

g(txH, vy H). On the other hand, for any X, Z horizontal vector fields
1 1
9(AxV, Z) = g(VXV, 2) = g(VXV, 2) = SH(X,V, Z) = 5dV' (X, Z),

implying that AxV = 1(.xdV’)%. Similarly, AxIV = 1(.xw!)f, AxJV = L(ixw?)? and
AxKV = X(.xwk)?. In particular,

Ric (X, ¥) = S [V, Y) + @] Y) + W)200Y) + 3(@h)200 7)),

>~ w

where again o*(X,Y) = g(txa, tya).

We fix a local orthonormal horizontal basis {e,, ...,es} of 7+ adaptedto I, J, K in a
open set U. With respect to the dual basis {¢, ..., e} we may write w; = e'? + €3 w; =
eB 4 e wr = e + e and dV’ = A(e!? — ) + My(e'® — e*?) + Az(e't — ), with
A; smooth function defined in a neighborhood of p. It is a straightforward computation
that for any ¢ € U

| 3 (3 Z.
chqT(ei, ej) = 1 <Z + (A A5+ )\g)(q)) 0.

Using that A2 + A2 + A2 is a constant multiple of ||dV||* we get that the transverse metric
gr is Einstein with strictly positive Einstein constant.

Now we argue as in [ABLS]. In fact, as pointed out in [ABLS], the integral identity
in [ADM, Corollary 2.2] also extends in our situation, in fact, also in our case it holds
that the L* product on (M, g) satisfies < J,7*a, 7*3 >=< w6 e, 3 > for any «, 3
transversal forms. In particular, using that the transverse metric is Einstein with positive
Einstein constant, we get that VTdV’ = 0 (see [ADM, Remark 2.3] for further details).

Therefore, by (4.5.6), VEH = 0 and the result follows by Theorem 4.2.11.  g.e.d.

We are able now to fully characterize the condition VZH for compact and simply
connected 8-dimensional strong HKT manifolds.

Theorem 4.5.3. Let (M®,g,1,J, K) be a compact simply connected strong HKT manifold

which is not hyperkdhler. The following are equivalent:

1. VBH =0, i.e., (M8, g,1,J, K) is the hyperhermitian Samelson space SU (3);
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2. forany L € {I,J, K}, RLC(V,LV, X,Y) = 0 for any X,Y horizontal vector fields;

3. there exists L € {I,J, K} such that R*“(V,LV,X,Y) = 0 for any X,Y horigontal
vector fields;

4. forany L € {I,J, K}, n, =0;

5. there exists L € {I, J, K} such that n;, = 0.

Proof.
4=75
5=4
5=1
1=2

2=3
3=4

Obvious.

It is a straightforward consequence of equation (4.5.4).

It is Theorem 4.5.2.

If VEH = 0, and so (M8, g,I,J, K) is the hyperhermitian Samelson space
SU(3), then (M8 g,1,J, K) is Bismut flat. In particular, fixed a local hori-
zontal orthonormal frame {e,...,es}, we have that for any L € {I,J K},
RB(V,LV,e;,e;) = 0. By Lemma 4.A.1,

1
ROV LV, e, ¢5) = ZRB(V, LV, e;,e;) = 0.

Obvious.

To lighten the notation we may assume that I = I, the other proofs are ana-
logues. &. Firstly we have to show that fixed any local horizontal orthonormal
frame {ey,...,e4} adapted to [, J, K we have that forany £ = 1,...,4,

Z dVb(ei, ej)(Vé—fjm)(ei, e;) — (e, ej)(VeLdeVb)(ei, e;) = 0. (4.5.9)

1<i<j<4

We prove this equality as a consequence of the second Bianchi identity

VICRM(V IV, e,e;) + VECRM(V 1V, ej,€5) + VECRYC(V, IV, e;,) = 0.
(4.5.10)
We study in details the first term VeLiCRLC(\/, IV, e, e;), as the other ones behave
similarly.
We observe that since RXC(V, IV, ¢, ¢;) = 0 by hypothesis,

VECRIC(V, IV, e, e5) = — R*(VECV, IV, e, ¢5) — R*C(V,VLECIV, e, €;)
— RM(V.1V,VECe, e;) — R*C(V, IV, e, VECe;).

We examine each term of the above expression.

$The strategy of the proof is inspired by an argument appearing in a preliminary version of the work

[ABLS]
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Since e¢; is horizontal, for any vertical vector field U,
1
(Ve V.U) = g(VoVU) = S H(e:, V.U) =0,

as V is Bismut parallel and by the expression of the torsion H given in (4.5.1).
On the other hand, if U is instead horizontal,

1 1
g(VEV,U) = g(VEV,U) — §H(ei, V,U) = §dVb(e,~, U),

implying that VLV = 1(..,dV’)*. Hence,
1
RMY(VECV IV, e e5) = §RLC((LeidVb)ﬁ,IV, er, ;)

4
1
=3 Z AV’ (e, ex) REC (e, IV, e, ¢;).
k=1
The same argument applies for RY“(V, VLCIV, ¢, ¢;).
For the term R(V, 1V, VL, ;) we may argue in this way. By hypothesis,
RV IV, VEC e ;) = RFC(V, IV, mv(VECe), e)),
where 7, is the vertical projection. Moreover, for any vertical vector U,
RV, IV,U,Y) =0,
again by using Lemma 4.A.1. Therefore
RV, IV, Ve, e;) = 0.
The last term can be done similarly.
To summarize, using Lemma 4.A.1 we have that
4

1
VEICRM(V, IV, ey, ;) = 2 Zdvb(% er) R¥C(IV, e 1, ¢;)
k=1

— (Br)(es, ex) R (V, ex, €1, )

4
1
VECRM(V IV, e eg) = 13 = dV7 (e en) Ve mi(en, ;)

k=1

+ (Br)(ei, ex) VECAV (e, €5).

Dealing with the other terms in a similar fashion, we have that the second
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Bianchi identity (4.5.10) reads as

4
0= Z (dV*)ir( VLC i — (dvb)lkz<veLkC771)ji - (dvb)jk(veLfm)il

=1
+ (B i(VECAV? )y + (B (VECAV?)ji + (B1) e (VECAV? ),
(4.5.11)

where we omitted the constant factor 1. We also point out that since R?(V, X, Y, Z) =
RB(V,X,IY,1Z) = RB(V,X,JY,JZ) = RB(V, X, KY, KZ) (this holds in gen-

eral for any HKT manifold since R? has values in (1,1) forms), we have the
following identities

V%(Cdvb(el, 62)

Vﬁchb(el, 63)
VﬁCdVb(el, eq)

_vg(cdvb(e?n 64)7 V%(C/r]](ela 62) - _vgfcnf(ei‘}) 64)
VAV (ea,e4), Vi miler es) = Vimi(ea, )
—Vg(odvb<€2, 63), Vg(cm(el, 64) = —focm(eg, 63).

We start by taking i = 1,1 = 2,j = 3 in (4.5.11). The first line of (4.5.11) can
be written as

— AV [(VE9n1)2s + (V0013 — (VE901)12] — AV (= VE“01)32 — (VEN0)15

— (VI90)12] — AV [(=VEn0)1a — (VEOn1)31 — (VECn1) 1]
(4.5.12)

Using that for any j = 1,...,4, the codifferential d7;(e;) = 0 and that for any
Ue{V,IV,JV,KV} we have VECn (U, e;) = —ni(VECU, ;) = 0, we get that

4
oni(e;) =—=>_ VEn(ei e5) = 0.

=1

In particular, (4.5.12) can be written also as

— AV [(=V 0013 — (VE901)12] — dVES(VEND) a0 — (V59 01)13]

— AV [(=VEn) 1 + (VE901) 0]

o b LC b b LC _
= —dV[=2(Vin1)12) — dVi[—2(VE n0)1s) — dVR[-2(VE9n) ] =
= 2[dV(VE9nr)12 + AV (VETn1)15 + dVE(VETn)14]) =

=2 > dV(Vi%n)i

1<i<j<4
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Analogously, the second line of (4.5.11) is

Mo [(V59dV )2 + (VAV?)15 = (VE9AV")12] + 11y, [(= V5V )2 — (V9dV )15
— (VI9dV")1a) + 0, [(=VECAV g = (V59dV )51 = (V59AV7)21]

5[(VLCdVb)34 +(VE9dV) ) — (V59dV )3
= N1, [(V59dV )3 + (V19dV? )13 — (VECAV)1] + i [(= V5TV )50 — (VECdV )13

— (VI9dV) 1] 4+ i, [(=VE9dV )1s = (VECAV?)31 — (VECAV?)a1]
+ S [(VE9AV )30 + (VECAV?) 1)

=-2 Z nfij(vilcdvb)ijv

1<i<j<4

l\DI»—t

where we used again that §dV”(e;) = 0, and so ddV7(e;) = — S5, VECdV} (e;,e5) =
0.
Hence, fori =1,5 = 2,1 = 3 in (4.5.11) we get that

1
Z AV (Vi) -5 > o, (Vi%dV?); = 0.

1<z<]<4 1<i<j<4

The same result for the other values of k follows by analogues computations.
Having showed equation (4.5.9), we may argue as follows. With respect to the
dual frame {¢', ..., e*} we may write

dvb — a1(612 _ 634) + a2(€13 _ 642) + CL3<€14 _ 623),

and
n = b1<€12 . 634> 4 b2(613 _ 642) 4 b3(614 . 623),

where a; and b; are smooth functions. Applying Lemma 4.A.1,

0 :RLC(‘/, L‘/, €1, 62) = 2(()2&3 - bgag),
0 :RLC(‘/, L‘/, €1, 63) = 2(b3a1 — b1a3), (4513)
0 :RLC(‘/, L‘/, €1, 64) = 2([)1&2 — bg(ll).

By Proposition 4.4.1, we have that dV” has only isolated zeros. Let Z := {p €
M | dV°(p) = 0} and let p be any point of M \ Z. Then, either n;(p) = 0 or
ni(p) # 0. If n;(p) # 0 there exists an open neighborhood U of p such that 7,
is never vanishing on ¢/, and if we take V := Y N M \ Z, then V is an open
neighborhood of p on which both 7; and dV’ are never vanishing.

By looking more carefully at (4.5.13), we get that on V there exists a smooth
function X such that dV* = \n;, with )\ being never vanishing, otherwise dV"”
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would have a zero on V.
On V we apply (4.5.9) and we get that for any £ =1, ..., 4,

0= > Mon)g(VE nn)i; — )i (VE A )i

1<i<j<4

= ) Xm0 (VE )i — ()sgex(N) ()i — Mnn)is (VEn1)s

1<i<j<4

=— > ((mi)’exN)

1<i<j<4

= — [nl|” ex (),

which forces ) to be constant on V in the horizontal directions. In particular
A\ = MV + X IV + NV + MKV,
where )\; are smooth functions. Differentiating again we get

0 =dM AV +MdV’ +dMg ATV + X J V> ANKV? + XofBr +drs A TV
+ N EKVP ATV 4 X38) +dAg A KV + MIV ATV + M\ Bk,

which forces
MdV” + Xafr + 3By + M = 0.

In particular, the self dual part and the anti self dual parts of the above expres-
sion have to be zero, which means that

/\200? + )\3&)?; + )\4&)}; =0 and AldVb + )\277[ + )\377] + )\477[( = 0,

i.e., A = XAy = A3 = \, = 0, since dV/” is never vanishing on V. In particular, A
is constant and non zero. By differentiating dV* = \n;, we get

0=Adn; = M=ns AKV" +ng A JVY),

which forces A = 0, a contradiction. In fact, since 7; is non zero on V, so are 7,
and 7.

Therefore, n; must vanish on M \ Z and so it must vanish on M, as 7 is a
set of isolated points (see Proposition 4.4.1) and 7; is smooth. This concludes
the proof. g.e.d.
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4.A Appendix: Curvature components

In this Appendix, we compute explicitly some components of the Bismut and the Levi-
Civita curvatures.

Lemma 4.A.1. Let (M®,g,1,J,K) be a compact simply connected strong HKT manifold
which is not hyperkdhler. Let F be the distribution generated by VIV, JV, KV and let
F* the orthogonal complement of F with respect to g. Then fixed any local horizontal
orthonormal frame {ey, ... ,e,} adapted to I, J, K and any L € {I,J, K} we get

1. RB(V,LV,e;,¢5) = dV*((ten)*, €5) + dV7(es, (1e;n1)?)
2. RB(V e, ej,e1) = —(VECAV?) (e, ex)
3. RP(LV,ei ej,er) = —(VEnL)(ej, ex)
4. RLC(V,LV,e;,ej) = 1RB(V, LV, e;, ¢;)

5. ROV, €, €j,€)) = TRB(V, €, €, €k)

2

6. RIC(LV, e e;,er) = R (LV,e;,ej,¢ex)

7. REC(V,LV,U,e;) = 0, for any U vertical vector field.

Proof. Since for any L. = I,J, K the Hermitian structure (g, L) is BHE, by [ABLS,
Lemma 2.13] we have that for any XY, Z € ker(V") Nker(LV?)

RE(V,X,Y,Z) = —VEaV’(Y,Z), RE(LV,X,Y,Z) = —VEdLV’(Y,Z) = -VEn,(Y, Z).
(4.A.1)

1. We prove the first statement for L. = I, since the others follow analogously. If we
take X = IV, and Y, Z horizontal vector fields, we have that X,Y, Z lie for instance
in ker(V”) N ker(JV"), so we may apply the first identity in (4.A.1).

RP(V,IV,Y, Z) = = Vi, dV°(Y, Z)
=dV’ ((ty dIV®)E, Z) + dV° (Y, (12dIV?)F)
=dV"((1y Br), Z) + AV (Y, (1251))
=dV’((eynn)', Z) + dV° (Y, (tznn)"),

where we used that dV°((tyw?)?, Z) + dV°(Y, (1zwT)#) = 0 (observe that we already
did this computation in details in the proof of Theorem 4.5.2). Therefore for Y = ¢;
and Z = e; we get that

RE(V, IV, e;, e;) = dV'((temn)?, €5) + AV (e, (1e,m1)").-
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2. Let X,Y, Z be horizontal vector fields, which ie in ker(V*) N ker(LV"), for any L.
Then, by the first identity in (4.A.1),

RE(V,X,Y,Z) = =VRdV’(Y,Z) = =ViCaV’(Y, 2),
as H(X,Y,Z) = 0. By choosing X =¢;, Y = ¢; and Z = ¢, the statement follows.

3. As in the proof of the first statement we deal with the case L = I, as the other
computations are analogues. As before, let X, Y, Z be horizontal vector fields, which
ie in ker(V?) Nker(IV"). Then by the second identity of (4.A.1) we have that

RE(IV, XY, Z) = V&IV’ (Y, Z) = =V En, (Y, Z) = =V (Y, Z).

Also in this case we chose X =e¢;, Y =¢; and Z = ¢;.

It only remains to verify the identities for the Levi-Civita curvature. We will use the [IP,
Formula 3.19] which relates the Levi-Civita curvature with the Bismut one. In particular,
for any vector fields X, Y, Z, U we have that

RY(X.Y, 2,U) =RP(X,Y, 2,U) ~ LVEH(Y, Z,U)
1 1
+§V$H(X, Z,U) — 5g(H(X, Y),H(Z,U)) (4.A.2)

_;lg(H(Y, Z),H(X,U)) + %g(H(X, Z),H(Y,U)),

where the expression of the torsion H is given in (4.5.1).

4. Also in this case we deal with L = I. Applying (4.A.2):
1 1
REC(V 1V, e e5) =RP(V, IV, e, ¢) — §V5H(]V, ei,e;) + 5vfffvhl(v, ei )
1 1
—9HIV,e0), H(V, e5)) + 7 g(H(V, e5), H(IV, €5))
1
=dV"((cesn), 5) + dV” (e, (ve,nr)?) — 5 V(e e;)

g VRV (ei,6) = 30((0e )" 1ey V) + 70, B, (1)

4
=dV’((te,m1)*, ) + AV (5, (te,m)*) — %dvb((beim)ﬁa €;)
gV ey + (e V) )+ SnCes, (1, V)
=39 e @V + 0(Gem e, e V)
:}l(dvb)ik(m)jk - %(dVb)jk(m)ik

1

:ZRB(V, IV, e;,¢5).
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5. Exploiting the formula (4.A.2),

1
RLC(‘/a €i, eja ek) :RB<V7 €i, eja ek) - QVIB;H(GM €j7 ek)
1 1
+5VEH(V,ej ex) = 5g(H(Voe), H(e, ex)

—J0(Her,e), H(V. ) + 1o(H (V. ey), Her, )

1
= — (VECav*)(e;, er) + 5(vﬁdvb)(ej, er)

1
— Q(Vécdvb) (e, €exr)

1
:éRB(V, €i>€j7€k)-

6. As in the previous cases we work with L = [ since the other cases follows similarly.
By applying (4.A.2),
1
RYC(IV,e5,e5,ex) =RP(IV, e, ¢, ex) — §V’IBVH(61», e;,€x)
1 1
+§V5H(IV, €j,er) — 5g(H(IV, ei), H(ej, er))
1

39U (0 ), HUIV, ) + J(H(IV,e5), Hier, o)

1

=— (VI (ej,en) + §(V2m)(ej, er)

1

=— §(V6Lic771)(€j, ek)
1

:§RB(IV, €, €, Ek).

7. We set again L = I. Without loss of generality, we may assume that U € {V, IV, JV, KV }.
In such a way, VEU =0, RB(V,IV,U,X) =0 and [U, V] = 0. Using (4.A.2),

1 1 1
RLC(Va 1V, U, ej) == Eng(IVv U, €j> + §VJIBVH<V7 U, ej) - ZQ(H(IVa U)7 H<V7 ej))
1 1
=_ §V€m(U, ej) + 5v?VdW(U, e;)-
=0.
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Chapter 5

The holonomy of the Obata connection
on Joyce hypercomplex manifolds

In this chapter we investigate the holonomy of the Obata connection on Joyce hyper-
complex manifolds.

We recall that in quaternionic dimension one, the only Joyce hypercomplex manifold
is the Hopf surface S! x SU(2). In this case, the Obata connection is flat with holonomy
group Z [SV].

In quaternionic dimension two, the situation is significantly richer. Soldatenkov
showed in [Sol] that the holonomy group of the Obata connection on SU(3) is equal
to GL(2,H). The proof first involves showing that the Obata holonomy group acts
irreducibly on the tangent space; the argument relies crucially on properties specific
to dimension 8. Secondly, one appeals to the classification of irreducible holonomy
groups of torsion-free affine connections in [MS2]. In the latter classification, only three
candidates appear as possible subgroups of GL(n,H): Sp(n), SL(n,H) and GL(n, H),
and it is simply a matter of eliminating the former two.

It was subsequently conjectured (see e.g. [SV]) that for any Joyce hypercomplex
manifold in the list (1.4.4) (with the exception of the Hopf surface) the holonomy group
of the Obata connection is always equal to the full group GL(n, H). We should point out
that even if M is a product manifold in (1.4.4), the Joyce hypercomplex structure is not
a product one and as such the Obata holonomy does not necessarily split.

Our first main result is the following theorem, which, in particular, disproves the
conjectural picture recalled in the paper of Soldatenkov and Verbitsky [SV]:

Theorem 5.0.1. Let M be a compact Lie group from the list (1.4.4), except from SU(2n+1),
and let V©° denote the Obata connection of a left invariant hypercomplex structure on M.
Then the Obata holonomy is a proper subgroup of GL(n,H), i.e., it is strictly contained in
GL(n, H).

Recall that any left-invariant hypercomplex structure on M arises via Joyce’s con-
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struction. Furthermore, on each manifold M, there exist in general infinitely many
non-equivalent Joyce hypercomplex structures, and Theorem 5.0.1 holds for the Obata
connection associated to each of these structures. The key result to proving the theorem
is Lemma 5.1.6, which provides a sufficient condition for the existence of a V©’-parallel
subbundle in terms of the Joyce decomposition of M. This condition depends on geo-
metric properties of the simple Lie group G only and can be verified directly from its
Dynkin diagram. Determining the holonomy, however, is still a rather difficult problem.
In Section 5.2.2, we compute explicitly the holonomy algebra for T? x Sp(2). We show
that it is an 11-dimensional subalgebra of the Lie algebra of quaternionic lower trian-
gular matrices (Theorem 5.2.6). The argument relies on a left invariant version of the
Ambrose-Singer [Al], together with Theorem 5.0.2 which guarantees that the holon-
omy algebra of the Obata connection of any left invariant hypercomplex structure lies
in sl(3, H).

The case of SU(2n + 1) turns out to be rather peculiar and we treat it separately.
We show that for n > 2 there always exist many Joyce hypercomplex structures on
SU(2n + 1) for which the Obata holonomy is strictly contained in GL(n(n + 1), H) (The-
orem 5.2.8). However, there appear to also exist hypercomplex structures for which
the holonomy group is full; we provide such an example on SU(5) (Theorem 5.2.10).
We conjecture that there exist many more such examples, in contrast to those in Theo-
rem 5.2.8. The above dichotomy does not occur on SU(3) since the whole 1-parameter
family of Joyce hypercomplex structures have full holonomy.

It was shown in [BDV, SV] that no Joyce hypercomplex manifold has holonomy
group contained in SL(n, H). However, there are many examples for which the restricted
holonomy lies in SL(n,H). We show that this occurs whenever the abelian summand b
in the Joyce decomposition of G vanishes (see Section 1.4.1). In that case, M belongs
to the list:

TF x SO(2k + 1), T? x SO(4k), T* x Sp(k),

- . . ) (5.0.1)
T' x E;, T° x Eg, T% xF4, T x Gs.

We show that the corresponding Joyce hypercomplex manifold T?"~" x G admits
left-invariant solutions to the twisted Calabi-Yau system introduced by [GRST]. We
recall that a twisted Calabi-Yau structure on a complex manifold (M, I) is a Hermitian
metric g together with a complex volume form V¥ of constant norm such that

Dw=0, dU=0AT, di=0, (5.0.2)

where w is the fundamental form of ¢ and # = Id*w is the Lee form of g. Twisted
Calabi-Yau manifolds give solutions to the twisted Hull-Strominger system [GRST].
Known examples of twisted Calabi-Yau manifolds are given by Calabi-Yau mani-
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folds (which can be thought of as trivial examples), quaternionic Hopf surfaces, SU(3)-
structures on T? x §3, and SU(3)-structures on M xR, where M is a Sasakian 5-manifold.
We prove the following:

Theorem 5.0.2 (Theorem 5.3.4). Let M belong to the list (5.0.1). Then any left in-
variant hypercomplex structure (I, J, K) on M has restricted Obata holonomy contained
in SL(n,H), and (M, I) admits a left-invariant solution to the twisted Calabi-Yau system
(5.0.2).

The result in this chapter are contained in a preprint joint with U. Fowdar, G. Gentili
and L. Vezzoni [BFGV2].

5.1 Technical Lemmas

In this section, we prove some technical lemmas, based on explicit computations. These
lemmas will be crucial in the subsequent sections.

Consider the Lie group T’ x GG, where G is a compact semisimple Lie group of rank
r. Here, as in the Prelimaries, we write ¢ = 2m — r, where m is the number of layers in
the Joyce decomposition of g and r the rank of G.

Lemma 5.1.1. Let G be a compact semisimple Lie group and let g be its Lie algebra. With
respect to the decomposition (1.4.1) we have

1. 6.5, Cf forallj=1,....m;
2. [0i,f;] S fori>j;
3. [fi. §;] € fifori < j;
4. [fifil Co® Dy 0k © Do T

Proof. Let (/, J, K') be a Joyce hypercomplex structure on the Lie algebra /u(1) @ g (see
Section 1.4.2).

Set h := gp @ B, where g is the Euclidean metric on /u(1) and B is the negative of
the Killing—Cartan form of g. Then A is a bi-invariant metric on /u(1) & g such that the
decomposition

wnebePo e @i, (5.1.1)
=1 i=1

is h-orthogonal [GP]. Observe that we are not assuming i to be compatible with the
hypercomplex structure (/, J, K).

The proof of the lemma is a direct computation, using the bi-invariant metric h
on /u(l) @ g, together with repeated application of the definition of the hypercomplex
structure (I, J, K) (see Section 1.4.2) and the properties (J1)-(J4) (see Section 1.4.1).
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We now prove statement 1. Fix b € b and f; € f;. Then

h([bv fj]?X> = _h(fjﬂ [67 X]) =0

for all X € fu(1) ® b ® @, , 0 using (J1). On the other hand, if X € f, with £ < j, we
compute:

 fil: P X)
fil, ez, I1X])

fg}a%] X)

es), fil, 1X) — h([b, [ f3, €3]], 1X) = 0,

h([b, f;], X) = —h([b
—h(b,
—h([[b,
—h([[0,
where we used (J1) and (J3). Similarly, if X € f, with £ > j, we have:

h([b, f3), X) = —h([b, I* f3], X)
= —h([b,[e3, 1 fi]], X
~h([[b, €3], 1£;), X) = h(leh, [b, 1 £;]), X)
~h(ley, [b, 1fi]], X
(

= h(lb, 1f;], [e3, X]

)
) =
)
)

again by (J1) and (J3). This concludes the proof of statement 1.

We now prove statement 3. Fix f; € §; and f; € f;. Let X € g. Then:
h([fufj]»X) = _h([ fi,fj] X)
~h([[e, Lfi], £3], X)
—h({ley, fi), 1fi], X) = h([en, [Lfi, fi]), X) (5.1.2)
= h(([Ifi f], €5, X)
= ([Lfi fi) e X]),

where we used (J3) in the fourth line. It follows from (5.1.2) that A([f;, f;],X) = 0
whenever X € (u(1) & b & D, 0 & D), i- If instead X € 9;, then

h([fi, f3], X) = h(fi, [f5, X]) = 0,
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again by (J3). Now suppose X € f; with [ < i. Then:

= —h([fi, f;], I’X)
= —n([fi, fil, lez, IX])
= —h([[fi, f], €5, 1X)
= —h((lfi ea), fi], 1X) = W[ fi; [f3, €3]], 1X) = 0,

h([fza fj]? X)

where the final equality follows from (J3) and the fact that | < ¢ < j. Hence, [f;, f;] can
only have non-zero components in f;, completing the proof of statement 3.

We now prove statement 2 using statement 3. Let d; € 9; and f; € f;. Then, for all
X € lu(l) &b ®P;., o, we have:

h([divfj]vx) = _h(fj> [diﬂX]) =0,

where we used (J1), (J2), the inclusion [0;,0;] C 0;, and the h-orthogonality of the
decomposition (5.1.1). On the other hand, by statement 3, we also get:

h([dlv fj]?X) = h(dia [f]vX]) =0

for all X € f, with [ # j, where we used again the h-orthogonality of the decomposi-
tion (5.1.1). This proves statement 2.
Finally, to prove statement 4, let f;, f/ € f;. Then:

h((fi 111, X) = h(fi, [, X]) =0

if X € fu(l) or X € 0, with & < i. On the other hand, if X € f, with [ < i, then by
statement 3, [f/, X| € f;, and hence:

h([fi, £i], X) = h(fi, [fi, X]) = 0,

where the last equality follows by the h-orthogonality of the decomposition (5.1.1).
g.e.d.

Lemma 5.1.2. Let (T x G, I, .J, K) be a Joyce hypercomplex manifold. Every vector b €
fu(1) @ b is hyper-holomorphic.

Proof. The claim is obvious for b € fu(1) because it lies in the center of the Lie algebra.
Thus, we only need to prove it for b € b. We show that b is /-holomorphic, the proof is
analogous for J and K. We need to check that

0= (L)X =[b,1X] - I[b, X]
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for all X € g. The assertion is clear if X € fu(1) © b @ @, 2;, so let us assume X € f;.
By assertion 1 of Lemma 5.1.1 we have [b, X| € f;. Therefore

[ba IX] - [[b>X] = [b7 [€]2€>XH - [egu [vaH = [[eg,b],X] =0,

concluding the proof. g.e.d.

Remark 5.1.3. Lemma 5.1.2 generalizes the result in [Sol, Proposition 4.1 (1)], where
the result was proven for SU(3).

Using Lemma 5.1.1, we explicitly compute the covariant derivative of e] with respect
to the Obata connection for j = 1,...,m, which will be useful later.

Lemma 5.1.4. Let (T x G, I, J, K) be a Joyce hypercomplex manifold. Then

X fXebhaf,

0 otherwise ,

Ob i _
Vel =

where h; = (¢})r ;.

Proof. We recall the formula for the Obata connection derived in [Sol, (2.5)]:
v%Y:%@thJUXJq—ﬂxJH+KUXme (5.1.3)
Using the latter we have
V?ﬁz%@&%ﬁ]UX@ﬂ—JMLkﬂ+KUXJ@)
= ST )+ KX ),

where the last equality follows from Lemma 5.1.2.
If X € by, for k # i, then by (J1) and (J2) we clearly have V{%! = 0. If X € b, then
one can easily verify that

V?d:%@JMmQ+KM&%D:—X.
Now, assume X € f;. If k > 4, then VQ = 0 by (J3). If k < i using (J2) we get
K[IX, e5] = K[[e3, X], e5] = K[les, e5], X] + Key, [X, e5]] = Key, [X, e5]].
From statement 2 of Lemma 5.1.1, [X, €}] € f; and so
Vel = 5 (~JIX, ] + KTk, [X, ) = 5 (~JIX, ] + KT[X, ) =0.
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Finally, if £ = ¢ then
1
Vel = 5(J2X ~KJIX)=-X,

as we wanted to show. g.e.d.

Corollary 5.1.5. On every Joyce hypercomplex manifold there exists a unique vector field
& such that VO°E = 1d. In particular, the Obata connection can only preserve tensors of

type (k, k).

Proof. Let £ := — 3.7, ¢J, then clearly V€ = Id (see Lemma 5.1.4). The uniqueness

j=1
of £, as well as the fact that the Obata connection can preserve only tensors of type
(k, k), has been observed in [Sol, Remark 4.3]. g.e.d.

Lemma 5.1.6. Let M be a Joyce hypercomplex manifold of quaternionic dimension n > 1.
If there exists an index i = 1,...,m such that §; = 0 in the Joyce decomposition of the
semisimple factor of M, then the holonomy of the Obata connection is strictly contained in
GL(n, H).

Proof. As an immediate consequence of Lemma 5.1.4, we obtain that if there exists an
index i = 1,...,m such that §; = 0, then the subspace h; = (e!)y is preserved by the
Obata connection.

In particular, since n > 1, Hol(V®") C GL(n,H). Indeed, let H; denote the cor-
responding left-invariant and parallel* subbundle. Since H; is I, J, K invariant and
parallel, it is preserved under parallel transport. It follows that the holonomy group
cannot act transitively on H" \ {0}, and hence cannot coincide with GL(n,H).  q.e.d.

5.2 Holonomy reduction

In this section we prove Theorem 5.0.1, compute explicitly the holonomy of the Obata
connection on T? x Sp(2), and analyse the case of SU(2n + 1).

5.2.1 Proof of Theorem 5.0.1

Recall that every left invariant hypercomplex structure on a compact Lie group corre-
sponds to a Joyce one. Moreover, from [SV] we also know that the Hopf surface has
holonomy group Z. Theorem 5.0.1 is an immediate consequence of these facts together
with Theorem 5.2.1 below.

*A subbundle H C TM is called parallel if it is preserved by the connection, i.e., VQ*Y € T'(H) for
all vector fields X and Y with Y € I'(H).
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Theorem 5.2.1. Let M be a compact Lie group from the list (1.4.4), except from S* x SU(2)
and SU(2n+1), and let V©° denote the Obata connection of a Joyce hypercomplex structure
on M. Then there exists a left-invariant subbundle of T M preserved by V°°. In particular,

Hol(V?") € GL(n, H).

Proof. Let M = T* x G be as in the assumptions of Theorem 5.2.1, and let (I, J, K) be
a Joyce hypercomplex structure on M (see Section 1.4.2). As observed in the prelimi-
naries, the Lie algebra of M admits the following decomposition:

fu(l)®g=">lu(l)® b@@bi@@fi = @hz@@fu
i=1 i=1 i=1 i=1

where we set

hi =R @ 0; = (e, €5, €5, e))r.

We point out that, since S x SU(2) has been excluded, any manifold M considered here
has quaternionic dimension strictly greater than 1.

We apply Lemma 5.1.6 to prove that, for any M in the theorem, there exists a left
invariant subbundle preserved by the Obata connection. Note that the condition estab-
lished in Lemma 5.1.6 depends only on the Joyce decomposition of the Lie group G and
not on the choice of the Joyce hypercomplex structure. Therefore, it suffices to check
that the Joyce decomposition of the Lie algebras of the following compact simple Lie
groups contains a non trivial 9; with corresponding trivial f;:

SU(2k) (k > 2), SO(2k+1) (k > 3), SO(4k) (k > 2),
SO(4k +2) (k > 2), Sp(k) (k > 2),
E¢, E7, Eg, Fy4, Go.

The restrictions on k are imposed to avoid Lie algebra isomorphisms and to exclude
the case of SU(2). To prove this, we describe below two iterative reduction procedures,
one using the Wolf spaces (see Section 1.4.1) and the other using Dynkin diagrams,
following [OP].

* Go: m is a Wolf space of quaternionic dimension 2. By Lemma 1.4.1 the Lie

algebra g, has the following decomposition
g2 =01 D02 D f;.
Therefore, 9, # 0 but f, = 0.
is a

* Sp(k): We prove the result by induction on k. For k£ = 2, the space ﬁ@(l)
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Wolf space of quaternionic dimension 1. By Lemma 1.4.1, the Lie algebra sp(2)
admits the decomposition
5]3(2) = 01 o) 02 e, fl-

Therefore, 9, # 0 but f, = 0. By induction, assume that the Joyce decomposition
of Sp(k) has a trivial summand f; for some i. Since the quotient % is a Wolf
space of quaternionic dimension %, we have

sp(k+1)=spk) D01 D f1.

By the inductive hypothesis and Lemma 1.4.1, it follows that there exists an index
i such that §; is trivial in the Joyce decomposition of sp(k), which implies that §;
is trivial in the Joyce decomposition of sp(k + 1).

Fy: m is a Wolf space of quaternionic dimension 7 and, accordingly,

LIG(F4) = 5]3(3) ©0; D fl-

Since the Joyce decomposition of sp(3) has a trivial f; summand, f;;, is trivial in
the Joyce decomposition of Lie(F}), again by Lemma 1.4.1 .

SO(2k + 1): the Joyce decomposition of so(2k + 1) can be most easily described
using extended Dynkin diagrams [OP]. The extended Dynkin diagram of B, =

s0(2k + 1,C) is given by
; _

where the coloured and uncoloured dots correspond to the usual simple roots of
By and the additional crossed dot corresponds to the maximal root.

At the first level of the Joyce decomposition we obtain g = b; ® 0; @ f;, where
b, is the centraliser of the su(2) = 9, generated by the maximal root (see Section
1.4.1). The coloured sub-diagram is precisely isomorphic to the Dynkin diagram
of bl(C-

In this case, the sub-diagram is disconnected: one component corresponds to
s0(2k — 3) and the isolated black vertex to a 9, with trivial §, (see [OP] for the
details).

TWe write Lie(F}) instead of f, to prevent ambiguity with the notation used in the Joyce decomposi-

tion.
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e SO(4k), SO(4k + 2): these cases can be treated very similarly to the previous
one, and we will treat them together. The extended Dynkin diagram associated to
Doy = s0(4k,C) (Dogy1 = so(4k + 2,C)) is given by

At the first level of Joyce decomposition we have that the centralizer b; of the
su(2)-copy corresponding to the maximal root is disconnected. One component

corresponds to so(4k — 4,C) (so(4k — 2,C)) and the isolated black vertex to a d
with trivial f,.

* E;: the extended Dynkin diagram of E; is the following

NS S

The colored sub-diagram corresponds to Dg, and, therefore, the centralizer of the
su(2)-copy corresponding to the maximal root is isomorphic to so(12). Since the
Joyce decomposition of s0(12) contains a summand 0, with corresponding trivial
f;, the same holds for E-.

* Eg: this case can be treated similarly to the previous one. The extended Dynkin
diagram of Eg is given by

NP S

Since the colored Dynkin diagram of Eg corresponds to that of E;, then E; is
the centralizer of the su(2)-copy corresponding to the maximal root. As already
observed, the Joyce decomposition of E; contains a summand 0; with trivial §;,
which implies that the same property holds for Es.

e SU(2k): For SU(2k), the procedure is slightly different. In each of the previous
cases, the subalgebra b; was either simple or of the form su(2) ® ¢’, with g’ simple.
In the present case, considering the extended Dynkin diagram of s((2k, C) = Ag;_1,

PN
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we have to remove two vertices, ending up with the diagram of A,;_5. The reason
is that the centraliser of the maximal root in su(2k) is given by u(1) & su(2k —
2); therefore, two simple roots must be removed, rather than just one as in the
previous cases. Repeating the process for su(2k — 2) eventually we will arrive to
su(2), which yields a trivial ;.

* Eg: for Eg, the associated Dynkin diagram is given by

and the colored sub-diagram corresponds to Aj. Therefore, the centralizer of the
su(2)-copy corresponding to the maximal root is su(6). By the previous argument,
su(6) has a 9; summand with corresponding trivial ;. g.e.d.

In Lemma 5.1.6 we showed that for each index j = 1,...,m such that f; is trivial,
there exists a left-invariant parallel subbundle H; C T'M, corresponding to the subalge-
bra h; = (¢])y. Therefore, the number of trivial f; summands in the Joyce decomposition
of g provides an indication of the extent to which the holonomy of the Obata connection
reduces. This count is computed inductively using the procedure described in Theorem
5.2.1, and the results are summarized in Table 5.2.1. Essentially, in Theorem 5.2.1 we
proved that for any Joyce hypercomplex manifold (M = T* x G, I, J, K) appearing in
the list (1.4.4), with the exception of SU(2n + 1), the number of trivial f; in the Joyce
decomposition of g is at least 1.

Table 5.1: Trivial f; summands in the Joyce decomposition of g
G # trivial {; summand
Gs 1
Fy 1
Eg 1

k

2

E-, 4
Es 4
Sp(k) 1
SO(2k+1) [2]
SO(4k) k+1
SO(4k+2) k
SU(2k) 1
SU(2k+1) 0

As a preliminary to the next corollary, we recall an adaptation of the Ambrose-Singer
theorem to the left-invariant setting:
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Theorem 5.2.2 (Alekseevskii [Al, Proposition 2.1]). Let V be a left-invariant linear con-
nection on the Lie group G, and let g denote the Lie algebra of G. Then the holonomy
algebra hol(V), based at the identity element e € G is the smallest subalgebra of gl(g)
containing the curvature endomorphisms R(z,y) for any x,y € g, and closed under com-
mutators with the left multiplication operators V, : g — g.

Corollary 5.2.3. Let M = T* x G be in the list (1.4.4), with the exception of S* x SU(2)
and SU(2n + 1). Then, for any Joyce hypercomplex structure (I, J, K) on M the holonomy
algebra of the Obata connection satisfies the following inclusion

;

ap 0 0 a1,5+1 A1n
0 a9 0 az j+1 Aon
bO[(VOb) - 0 Qjj Qj j+1 QAjn S g[(n,H) > (521)
0 0 aj4151 Aj+1m
\ 0 0 0 QA j+1 Ann )

where j is the number of trivial f; summands in the Joyce decomposition of g.

Proof. The proof follows by Lemma 5.1.6, the proof of Theorem 5.2.1 and by Theorem

5.2.2. g.e.d.

Remark 5.2.4. Theorem 5.2.1 can be slightly generalized to the general case of G
semisimple. Let M = T* x G with G semisimple and

G # [[SU@k: +1).

Then for any Joyce hypercomplex structure on M the holonomy of the associated Obata
connection is strictly contained in GL(n, H).

5.2.2 The holonomy of T? x Sp(2)

In this subsection we compute explicitly the holonomy algebra of the Obata connection
on T? x Sp(2) for an arbitrary Joyce hypercomplex structure. This is the lowest possible
dimensional case covered in Theorem 5.2.1.

We start writing down the Joyce decomposition of sp(2). The quaternionic matrices
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generating sp(2) are given by:

We denote by ¢!, ¢ the associated dual basis i.e. ©i(e]) = 0;x0js, ¥ (f7) = Okr01s. The
structure equations can be computed as follows:

dp; = =23 A g — 204

dpy = =201 \ 5 — 209

dps = =25 \ 3 — 203

dp; = =205 A o} + 26,

dps = =203 A @3 + 205 (5.2.2)
dpi = —2¢5 A @3 + 253

Ay = o3 N3 + 03 A+ @y Aby — 03 Ay — 93 Abs — @i Ay

dipy = —p3 AT — 03 Ay + 1 AP + @5 A+ 9 A — @3 Ay

dipy = oy Aby — 03 Abl — 03 Ay 4+ ©F A1 — @f Ay + 0 Aty

dipy = —py N3+ 03 A by — 05 AL + 0 AT+ @F Ay — 03 Ay

where

o1 =L AU+ Py AU, o= AUy Yy Ay, o3 =1 Aty + 0y Ay,
Gri= Ui AL —USAUL, Gy =l AUS — Ui AL, G =l AUL — Ul AU

We fix any basis {e},e?} for 2u(1) = R2. The Joyce decomposition is then given by

() 1),

{
= (e3, €3, €4),
= (€2
{

e
1
z (5.2.3)

€ 63764>

fl_ flaf27f37f4>

Let (I, J, K) be the Joyce hypercomplex structure corresponding to the decomposition
(5.2.3) (see Section 1.4.2).
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We may rewrite the decomposition above as
2u(1) @ sp(2) = ((e1) @01) @ F1 @ ((e2) ®D2) = b1 D 1  bo, (5.2.4)

and by Theorem 5.2.1 the left-invariant subbundle generated by b, via left translations
is Obata parallel.

Let us now determine the holonomy algebra of the Obata connection V" associated
to the hypercomplex structure (7, J, K'). By remark 1.5.8, for any other Joyce hypercom-
plex structure (7, .J, K) with Obata connection V" one has that hol(V) = hol(V?).

We should point out that a classification of irreducible holonomies of torsion-free
affine connections is known, see [MS2]. This is for instance used in [Sol] to determine
the holonomy of the Obata connection on SU(3). However, in our case we cannot appeal
to this classification since our connection does not act irreducibly: to determine the
holonomy algebra we have to compute it directly. With respect to the global co-framing
{¢!, ¢F} we identify VO with the connection 1-form

—p1 ¥y w3 @i | ¥ %y Wy Yy | 00 0 0

03—l —eh ey | —Us v =W ¢y | 0 0 00 0

—p3 w1 =1 —wp| —¥s  ¥r Ul =Yy 0 0 0 0

—pi =5 vy —ei| =% %y Y 00 0 0

—Yi Yy Ys Wi —er 93 9 el [0 0 0 0

o= | ¥ ¥ ¥ ¥ - —et e @ 0 0 00 (5.2.5)

=5 i =Y — | —ed el —er -3 0 0 0 0

T R M W T - s 2 W N L

0 0 0 0 |=3 ¥ ¥y ¥p |—el 93 ¥ o

0 0 0 0 | =y =3 —¢i ¥ |—¢F —¢i —9i ¥}

0 0 0 0 | -vy ¥ =3 —Y -9 ¢ -9l —¥3

0 0 0 0 | =¥ —¥5 W3 =30 |-¢i —¢i ¢ —¢i

or equivalently, as the gl(3, H)-valued 1-form
—p1 iyt ey T Res ULy + s £ kY 0
O = | =i +ithy + s + ks —e1 195+ e + kel 0
0 —3u] + iy + jus + kvy —@t +ivd + el + kel
We compute the curvature form Fg := dO© + © A O as
0 0 O
Fo=|0 0 0], (5.2.6)
Fi F, F;
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where

Fy = —2i01 — 2§59 — 2kos,
Fy = +2i0, + 2j0, + 2k03,

and

&
I

—3(p1 A1 + 0y Ay + 5 A+ o5 Aty
— @F Ay — @5 Ay — 08 Aty — 0 Aty)
+i(o1 Ay + 3 Ay — O A by — @y Abl — o3 Aty
+ @y APy + 3 At — 0F Ay)
+ 5 (wa As — 03 AT — o1 Ay + @3 Ay + 05 Ay
+ o1 Ay — 03 Atby — @F A U3)
+h(— 05 Ay + 01 Ay + 05 A3 — o5 A + o3 Aty
— P AT @i AL — T Ady)

Therefore, we see that Fig(X,Y) has 7 generators, which, expressed as tensors, are
given by

03) ® el + (o] — 1) ®es + (0] — 1) ® 3+ (o5 — ¥3) ® €],
2

71:(@
03) @ el + (o1 — 1) ® ez + (0 — 1) ®e3 + (93 — v3) ®ej,

>
7 = (3
3= (01— 1) @l + (] — 03) ® e + (v — ¢3) @ €5 + (9] — p1) ® e,
=Yl Qe+ Qe+ e+ e, (5.2.7)
=1y @l — Yl ®e — U ®ej + 1y @ el
o =13 @] + Y ®ef — P ®ef — 1y ® el
=1y Q€] — Py e+ ®el — P ®ej.

By the Ambrose-Singer theorem (see Theorem 5.2.2), in order to compute the full
holonomy algebra of the Obata connection we also need to compute (VQ'Fg)(Y, 2)
and its higher derivatives. First note that we can write

F@ =q; ® T,
where «; correspond to the 2-forms appearing in F}, Iy, F3. If we now compute
(VR F)(Y, Z) = (VR a) (Y, 2)Ti + ai(Y, Z)V 7,

then we see that we recover the endomorphisms in (5.2.7) and obtain possibly new
endomorphisms from the terms of the form o;(Y, Z)V§’r;. Thus, it only suffices to
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consider those.
On the other hand, from Theorem 5.2.1 we see that V°%h, lies in h,. We deduce that
the holonomy algebra has to be generated by H-matrices of the form

0O 0 O
o 0 0], q; € H. (5.2.8)
q1 92 43

This is a Lie algebra of real dimension 12. The crucial point is to see if the holonomy
algebra is a strict sub-algebra of the latter. To this end we begin by determining the
span of (VQFe) (Y, Z).

Lemma 5.2.5. We have the following

_wOb_ 1o 2 1o 2 1o 2 1o 2
n=VaT =g, ®el —p®e; — gy ®es +p3®ey,

=V =pl@e tpiRe+pi®el+pl®el,
021, o o o, L (5.2.9)
v3 1= Ve},,Tl =P Qe T P36 — eyt o ® ey,

v=VEn=p;0e +pi®e —p1@e; — ¢ Qel.
Proof. This follows by a direct computation using the connection form (5.2.5). q.e.d.

Theorem 5.2.6. The holonomy algebra hol(V®?) is the 11-dimensional Lie algebra

0 0 O
hol(VO) = { 0 0 0f€gl3,H)|q,q2€H, pe Im(H)}. (5.2.10)
g1 42 P
Proof. From Lemma 5.2.5, the endomorphisms v, ..., v, are linearly independent, and,
moreover, they are also linearly independent of 7, ..., 77.

Thus, this yields a total of 11 generators for the holonomy algebra:
(71, ... T2, 11, .. 1) C hol(V).

More explicitly, we have the identification:

0 0 0
<7'17...,T7,V1,...V4>:{ 0 0 O Gg[(3,H)’CI17QQ€Hapelm(H)}
g1 G2 P

Since 11 = dim({7y, ..., 77, v1, ... 1)) < dim(hol(VO?)) < 12, to prove the result we only
need to show that the holonomy algebra cannot be 12-dimensional. This follows from
Theorem 5.3.4 since the holonomy algebra of V? is necessarily a sub-algebra of sl(3, H)
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i.e. g3 in (5.2.8) has to be purely imaginary. Therefore, the dimension of hol(V??) is
equal to 11 and this concludes the proof. g.e.d.

5.2.3 The case of SU(2n + 1)

In this section, we focus on SU(2n + 1) (with n > 1), which is the only case excluded
by Theorem 5.2.1. This case is particularly interesting: unlike the situations covered
by Theorem 5.2.1, where the reduction of the holonomy holds regardless of the chosen
Joyce hypercomplex structure, in the SU(2n + 1) case we prove that for specific choices
of hypercomplex structures, there exists a V¢’ invariant subbundle of TSU(2n + 1).
The Joyce decomposition of su(2n + 1) can be constructed iteratively via the relation

su(2n+1) =su(2n—1) @ u(l) &0 & f;.

In particular, for any k£ < n, the Lie algebra su(2k + 1) is embedded as a subalgebra of
su(2n + 1). This leads to the chain of inclusions

su(3) C su(b) C --- Csu(2n+1).

Note that, in general, su(2k + 1) is not invariant under the action of the triple (7, J, K)
of su(2n + 1). When this is the case, i.e. for appropriate choices of (I, J, K), we will be
able to show that su(2k + 1) is Obata invariant.

Proceeding iteratively, we obtain the decomposition

su2n+1) =0 @@Di @@fz’>
i=1 =1

where §; = (2n — (2¢ — 1))C?. The Lie algebra su(2n + 1) consists of (2n + 1) x (2n + 1)
skew-Hermitian, trace-free matrices. Such matrices can be written in block form as

D, Fy
Dy Fy
_ : 5.2.11
ml . 7 (5211)
—F} D, | F,
“F'| B

where each D; € u(2), each F; is a matrix in M(2 x (2n — (2 — 1)),C), and B € C is
such that ) tr(D;) + B = 0. The subspace 0, consists of matrices in which only D;
is non-zero, f; consists of those where only F; is non-zero, and b consists of trace-free
diagonal matrices that commute with every D;.

With this block description, it is clear that the copy of su(2k + 1) inside su(2n + 1) is
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embedded in the bottom-right square block of size 2k + 1.
Since dim(b) = n, there are up to n? parameters of hypercomplex structures deter-
mined by the choice of isomorphism b = R". We will show that, for some of these

hypercomplex structures, the associated Obata connection preserves a left invariant
subbundle.

For the sake of simplicity, let us first consider the case of SU(5). By the argument
given in the proof of Theorem 5.2.1, we have

su(5) = u(l) @ su(3) &0, & f1,
and the Joyce decomposition is obtained by further decomposing
su(3) = u(l) ® s @ fo.

In this case, the subspace b has dimension 2, and one can choose a basis { £y, F»} of b
such that F, generates the u(1)-copy inside su(3). More precisely:

3i 0 0 0 0 0 0/0 O O
0 3i| 0 0 0 0 0j0 O O
b= <E1 = 0 —21 0 , By = 00 0O O >
0 0 -2 O 0 0[O0 ¢« O
0 0 0 -2 00 0 —2i

Joyce hypercomplex structures depend on the choice of 4 parameters, which correspond
to the choice of all the possible basis {1, e?} (see Section 1.4.2 for the notation). The
possible hypercomplex structures can then be identified with the choice of the change-
of-basis matrix A = (4} &%) € GL(4,R), where e} = a,F| + ayE», €2 = a3E) + a4F».

Theorem 5.2.7. Consider SU(5) with the Joyce hypercomplex structure (I,.J, K) corre-

A= (‘“ 0) € GL(2,R),

sponding to the matrix

Ay Q4
ie.,

su(5) = ((alEl + ayFy) ® 01 @ fl) > ((a4E2) B0y B f2>.

Then the hypercomplex subspace su(3) = (a4Es) & 05 & fo is invariant by the Obata con-
nection V of (I, J, K). In particular, the holonomy group Hol(V°®) C GL(6, H).

Proof. Let X € su(5) and Y € su(3), we want to show that VY € su(3).
By the choice of the basis {E;, F»}, and using that [f,, fo] C su(3), we immediately
get that su(3) is a hypercomplex sub-algebra. Consequently, if X € su(3) then the result
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is clear from the expression of the Obata connection [Sol]:
1
VRY = S(X. Y]+ X, Y] = JX, Y] + K[IX, JY]. (5.2.12)
Suppose now X = ej = a1 E; + ayF,, then

VObY on,be% [e%, Y]

= le1,Y] € f» C su(3)

where we used Lemma 5.1.4, (J1) and Lemma 5.1.1.
Suppose now X € 0;. Again from Lemma 5.1.4, V{2 = 0 and so V{%, = 0. For
the remaining case, we have

Vo = [X, ol + I[IX, fo] — J[X, Jfo] + K[IX, Jfs] € f2 C su(3),

since [ X, fo], [X, Jf2] vanish from (J3) and [ X, f2], [/ X, Jfo] lie in f, since /X belongs to
(e1) & 0.

Lastly, suppose that X € f;. As before from Lemma 5.1.4 we have V{%? = 0, and
hence V{0, = 0. It remains to compute V§{’f,. Let Z; € f, and Z, € f, then

[Zl,ZQ] +I[IZl,ZQ] [Zl, ] ][[62,2 ] Z2]
= 21, Zo) = 1[[Z1, Z5), €3] — 1| Z2, €3], Z1]
= (21, Zo] — I(—=1[Z1, Zs])

=0

where we used (J3) and that [Z;, Z5] € f; from Lemma 5.1.1. Comparing with expres-
sion (5.2.12), and using that f, is J-invariant, we see that V{’f, = 0. g.e.d.

Let us now consider the Lie algebra su(2n+1), n > 1, and let us fix a basis £, ..., E,
of the abelian subalgebra b = R” such that each element F). belongs to the subalgebra
su(2n + 3 — 2k) C su(2n + 1). For instance, E; € su(2n + 1), Ey € su(2n — 1), and
E, € su(3).

From the matrix point of view (see (5.2.11)), each E) = diag(as,as,...,as,:+1) is a
diagonal, trace-free matrix that commutes with every block D;, and satisfies a; = 0 for
alli=1,...,2k—2.

Joyce hypercomplex structures are parametrized by change-of-basis matrices in GL(n, R)
written with respect to the basis {F1, ..., E, }. We generalize Theorem 5.2.7 as follows:

Theorem 5.2.8. Fix n > 1 and an integer k € {1,...,n — 1}. Consider the Lie group
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SU(2n + 1) with the Joyce hypercomplex structure (I, .J, K) corresponding to the matrix

a1, e a1 pk 0 e 0
i 1 B Up—kom—k 0 e 0
A= = noER € GL(n,R),
Ap—k+11 *°° OQpn—k4+1n—k | On—k+1n—k+1 °°° Qn—k+1n
Ap 1 e Apn—k Apn—k+1 e Qpon
ie.,
n—k n
i 7
su(2n+1) = ((e1> B0 @fz) v P (<e1> Do @fi),
=1 i=n—k+1
where fori=1,...,n—k:
n
611 = E ajl-Ej,
Jj=1
andfori=n—k,...,n:

e’i = Z CLjiEj € 511(2]{7 -+ 1)

j=n—k+1

Then the hypercomplex subspace

n

su(2k+1) = @ ((e’1> D0 D fi>

i=n—k+1

is invariant by the Obata connection V©° of (I, J, K). In particular, the holonomy group
Hol(V®?) € GL(n(n + 1), H).

Proof. The proof is analogous to that of Theorem 5.2.7, and uses crucially the fact
that, with respect to the hypercomplex structure (1, J, K'), the subalgebra su(2k + 1) is
hypercomplex. q.e.d.

Combining Theorems 5.2.1, 5.2.8 and the fact that S* x SU(2) has holonomy Z [SV],
we get the following:

Corollary 5.2.9. Every manifold in the list (1.4.4), aside from SU(3), admits a Joyce
hypercomplex structure with Obata holonomy strictly contained in GL(n, H).

We showed that for specific hypercomplex structures, the Obata connection pre-
serves a left invariant subbundle of 7'SU(2n + 1). However, this does not cover all the
possible cases.
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Let us consider more closely the case of SU(5). The Joyce hypercomplex structures
on su(5) are parametrized by matrices in GL(2,R) with respect to the basis {F}, F»}
(see Theorem 5.2.7).

In Theorem 5.2.7, we proved that for hypercomplex structures corresponding to

aq 0
a3 ay ’

the holonomy group of the associated Obata connection acts preserves a left invariant

matrices of the form

subbundle of 7’SU(5). In the complementary case where a, # 0 the subalgebra su(3) is
no longer hypercomplex.

Although a full characterization of this case remains open, our working conjecture
is that the Obata connection associated with Joyce hypercomplex structures in this case
has holonomy equal to GL(6, H). We expect that a similar behaviour also holds for the
generic SU(2n + 1), with n > 1. As a partial evidence, we show:

Theorem 5.2.10. Consider SU(5) with the Joyce hypercomplex structure (I, .J, K) corre-

A= <O 1) € GL(2,R),
10

su(s) = (B @01 6f1) & (B 80,8 1).

Then the Obata holonomy group Hol(V®) is isomorphic to GL(6, H).

sponding to the matrix

ie.,

Proof. Denote by R the curvature tensor of the Obata connection (5.1.3) and let VO'R

denote the space of k" covariant derivative of the curvature tensor i.e.

VR = (VO | R,,|Vaxy x €su(5))}.

x1,

Observe that R and its derivatives can be computed using only the Lie bracket and the
hypercomplex structures 7, J, K (which are themselves determined by the Lie bracket
after fixing B3, see Section 1.4.2).

With the aid of MAPLE software, we have been able to determine the dimension of
the latter spaces as follows:

dim(R) =52, dim({R,VOR}) =138, dim({R, V'R, VOR}) =144. (5.2.13)

Since dim(gl(6,H)) = 144 and we know that hol(V?®) C gl(6,H), the result follows
from Theorem 5.2.2, the classification of the holonomy groups of irreducible torsion
free connections in [MS2] and the fact that SU(5) is simply connected. g.e.d.

Note that our proof relies on directly determining the dimension of the holonomy
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algebra with the help of the computer; this is typically unfeasible in higher dimensions.
In [Sol], Soldatenkov was able to prove the irreducibility of the holonomy group in
the SU(3) case without having to determine the rank of the holonomy algebra. Unfor-
tunately, we have been unable to generalise his argument to the SU(2n + 1) case for
n > 2. It is worth mentioning, however, that we were able to check that one needs to
compute up to VO 4R in the SU(3) case in order to generate the full holonomy alge-
bra of gl(2,H). Our above proof remains somewhat unsatisfactory as it relies on heavy
computation, so it would be interesting to have a neater argument which is applicable
to all the cases excluded by Theorem 5.2.8.

As a consequence of Theorems 5.2.8 and 5.2.10, it follows that the irreducibility
of the Obata holonomy group is not preserved under variations of the hypercomplex
structure, even within the Joyce parameter space GL(2,R). For instance, one can de-

01 1 0
form Ay = to A, = via the curve
10 2 —1

t 1—1
A= ( ) € GL(2,R), te (—e,1+4¢).
1+t —t

We can summarise the above observation into:

Corollary 5.2.11. The irreducibility of the holonomy of the Obata connection is not pre-
served under deformations of the hypercomplex structure.

5.3 Restricted holonomy in SL(n, H)

In this section, we investigate Joyce hypercomplex manifolds whose Obata connection
has restricted holonomy group contained in SL(n,H). For a hypercomplex manifold,
the restricted holonomy lies in SL(n,H) if and only if the Ricci tensor of the Obata
connection vanishes [AM, Theorem 5.6]. In view of this, we begin by determining an
explicit formula of the Obata-Ricci tensor on a hypercomplex Lie algebra.

Lemma 5.3.1. Let g be a Lie algebra equipped with a hypercomplex structure (I, J, K).
Then the Obata connection 1-form is given by

1 1
U(X) = —Etr(adx) — §tr(Lade> , X € g,
forany L € {I,J, K}. In particular, the Obata-Ricci tensor is
. Ob 1 1
Ric (X, Y) = §tr(ad[X7Y]) + §t1'(LadL[X7y]) , X, Y e g.
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Proof. Since 1 does not depend on the chosen complex structure it suffices to prove the
Lemma for L = 1.

Let « denote the (1,0) part of n with respect to /. Then, according to [FG2, Lemma
3.3], a = Aq(09), where
Wy + Wi

2

is the (2, 0) form associated to a given hyperhermitian metric g compatible with (7, J, K).

Q:

Fix W € g"? and an orthonormal basis {es,...,es,} adapted to (I, J, K). Set Z; =
€9i_1 — tleg_1 = eg;_1 —ieg;, for i =1,...,2n. With respect to this basis we have

1 - 21—1 21
=3 Sz aZE
=1
We compute
a(W) = (A (W)

I o
=50 0UW, Zyi 1, Zy)

= %Z (=W, Zai i), Zai) + QW , Zai], Zoi1) — U Zai-1, Zai], W) -

Since (2 is of type (2,0) the last term vanishes, yielding

n

In terms of the real basis we rewrite this as

2n

1 = . .
a(W) = -3 Z g([W, e9j—1 — tegj], €95—1 + i€s;)

j 1

— ——Z (W, e25-1], e2j-1) + g([W, €25], e25) — ig([W, €a5], €25-1) + ig([W, ea51], €27))

in an
1 - 1 _
= _5 g([W7€k]7ek)_§ g([erk]7I€k)
k=1 =1
1
= —§tr(adv-v) + —tr(Jady)
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We conclude that for every X € g
~ 30,1 1 1
n(X) = 2Re (@(X")) = —5tr(ady) — Str(adry).

Finally,
1 1
Ric?(X,Y) = di(X,Y) = Str(adpyy)) + Str(Tadsxy)

as claimed. g.e.d.

From now on we shall focus on those Joyce hypercomplex structures admitting a
(strong) HKT metric obtained by extending the Killing—Cartan form (see Section 1.5.1).

The advantage in the HKT case is that the Obata-Ricci tensor coincides with the dif-
ferential of the Lee form [IP] (see also [FG2, Proposition 3.4 (d)] for the hyperhermitian
setting).

Also, such strong HKT metrics are related to the twisted Calabi-Yau system intro-
duced in [GRST]. Indeed, on a hyperhermitian manifold (M, I, J, K, g), the (2,0) form
(2 is non-degenerate, namely ¥ = Q" is a complex volume form of constant norm. Fur-
thermore, the hyperhermitian structure is HKT if and only if 02 = 0 [GP] and in this
case we have

AV =0AV,

which is the second equation of the twisted Calabi-Yau system (5.0.2) (in fact it is
enough to have 90"~ = 0 [FG2]). If the HKT metric is strong, then w; = g(I-, -) satisfies
the pluriclosed condition 0w; = 0. In conclusion, in order for the Killing—Cartan form
to provide a solution to the system we have to further impose that df = 0, which is the
same condition needed to have restricted holonomy of the Obata connection contained
in SL(n, H). To see when the Lee form is closed let us compute it in terms of the basis
chosen in Section 1.5.1 to extend the Killing—Cartan form to a bi-invariant strong HKT
metric.

Proposition 5.3.2. Let G be a compact simple Lie group and (1, J, K) a Joyce hypercom-
plex structure on T x G such that (T*x G, I, J, K') admits a bi-invariant strong HKT metric
g constructed as in Section 1.5.1. Then the Lee form of the HKT structure (I, J, K, g) takes
the following expression

0 =23 35 (1+ dim(f,)) ().
j=1 "

where (] )? denotes the 1-form dual to €] with respect to the metric g and NS = g(el, ed).

Proof. As mentioned, in the HKT setting the Lee form coincides with the Obata con-
nection 1-form 7. From Lemma 5.3.1, using the unimodularity of T x G and the bi-
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invariance of g, we obtain
1 1 4n
O(X) = n(X) = —5tr(Jadyx) = Zg X e, ) = =3 ;gw, Jles, Jei])

where {eq, ..., e4,} is an orthonormal basis with respect to g.

For the sake of computations, let us fix the orthogonal basis {el,... el, ..., e, ... e}
on (u(1)®b® P}, 0; that defines the hypercomplex structure (see Section 1.5.1 for the
definition of the basis). Let 4d; := dimg(f;). On the subspaces §; we pick instead any or-
thonormal basis {f/,..., fjdj} adapted to 7, J, K, that is, fi,gf2 = Ifjkfg, fikq = in'kf?),
fl.=Kfl . foranyk=1,..., d,.

It is straightforward to check that for all j = 1,...,m we have

4
ZJek,Jek —4e].
k=1

Furthermore, it is computed in [FG2] that

4d,

> I IR = —Adse].

k=1

We repeat the calculation for the readers’ convenience. First of all we note that

[fikess T Fins] + [Fihezs I Fikoal + [flros ink—l] + e I
= [z fioot) = Udhas Fo] = Uee s Aess] + [ Flia)
=2 (s T o) + e I flis]) -

By definition of the hypercomplex structure on f; and using the Jacobi’s identity, we
have:

ikmss I Fisal + Uik I i) = s K flica] = Ui K Fi ]
= [fi 4k—3 [64, f4k ol] — [fikf% [ei, fikf?)“
= [ei, [f4k—3’ f4k—2]] .

Therefore, summing over k& we get:

4d; d;
Z ij 22 647 f4k 37f4k 2]] (5.3.1)
=1 k=1

To conclude, we show that for any fixed k € {1,...,d;} the bracket [¢], [f], s, f1, ,]] has
non-zero component only along eg. To do this we use the bi-invariant metric g and the
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properties of the Joyce decomposition. First

g([€i7 [ka—S? ka:—2]]7X) = _g([fz{k—& fgk—z]ﬂ [eia X]) )

which clearly vanishes for all X € fu(1) ©b & D,; 0% S Do, 11 © (¢?) thanks to (J1),
(J2), (J3). On the other hand, if X = eg we have

9([61’ [fik—3> fik—QHa ejé) = _29([fz{k—37 fz{k—2]’ eé)
= _29(fik—37 [fz{k—w eé])
29(fik—37 fik) =0,

whereas if X = ¢/ we get

9([61) [fikfiv fik72]]v e?);) = 29([fik737 fika]a e‘;)
= 29(fz{k—3’ [fik—m 6%])
= Qg(fik—ga fz{k—?)) =2.

Now, assume X € f; with [ < j then

9([617 [fz{k—svfz{k—QﬂaX) ([ei, [f4k: 37f4k: o], I7X)
([ei,[f% 3’f4k 2]] [62,]X])
= 9([6 7[647 [f4k73’ f4k72]]] IX)=0
[

= g( [62764] [ﬁk%aﬁkﬁ“ I1X) + g([e [€2a[f4k 37f4k S]], 1X)

where the last equality holds by using Jacobi’s identity and (J2)—(J3). Finally if X € §;

g([€i7 [fik—?ﬂfik—?” X) = ([f41<; 37f4k al; [ei,X]) = - ([fik—S?ka—Q]?KX)
([f4k 37f4k o), [627JX]) ([eéa[fik—:?,afik—Q“aJX)
€3

= g(lle firsls Fo)s TX) + 9 [6h, Sl o)), TX)
= g([f4k727f4k—2]7 JX) = 9([fi—s> fin—s], JX) = 0.
Putting everything together we have shown that [¢}, [f], s, f1, o] = 2 /\32’, where \; =

g(ej, ej). In order to compute the Lee form, we now consider the orthonormal basis
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{e1, ..., eam} = {%, v ,fk} We therefore obtain from (5.3.1):

an m 4 m 44
Z 6Z,J€7, :ZZ 2J€k’J€k+ZZ‘] Jf]
i=1 j=1 k=1 A j=1 =1
m 1 m dJ
= —4Zp Jl QZZJ[QZU [fik—Svfilc—2]
j=1"1J j=1 k=1
1
— _4Zﬁ(1+d )el,
=179
implying
1
=2 5 (1+d) (),
=17
as claimed. q.e.d.

Corollary 5.3.3. Let G be a compact simple Lie group of rank r and (I, J, K) a Joyce
hypercomplex structure on T¢ x G such that (T* x G, I, J, K) admits a bi-invariant strong
HKT metric g constructed as in Section 1.5.1. Then the Lee form of g is closed if and only if
¢ = m = r in the Joyce decomposition (1.4.1), i.e. if and only if the abelian summand b in

the Joyce decomposition is trivial.

Proof. We use Proposition 5.3.2 to compute the differential of the Lee form associated
to (I, J, K, g). Since the Lie algebra g is simple, the commutator of /u(1)®g is g, implying
that

dg =90|,.

By Proposition 5.3.2, df = 0 if and only if €] € fu(1) for all j = 1,...,m, i.e. if and only
ift=2m—r=m? q.e.d.

We are ready to prove Theorem 5.0.2:

Theorem 5.3.4. Let M belong to the list (5.0.1). Then any left invariant hypercomplex
structure (I, J, K) on M has restricted Obata holonomy contained in SL(n, H), and (M, I)
admits a left-invariant solution to the twisted Calabi-Yau system (5.0.2).

Proof. Recall that any left invariant hypercomplex structure on M arises from the Joyce
construction in Section 1.4.2. According to [SSTVP, Section 6] (see also [OP, Section
5]) a simple Lie group has trivial b in its Joyce decomposition if and only if it is one of
the following:

SO(2k + 1), SO(4k), Sp(k), E7, Es, F4, Go,

#Recall that, by Section 1.5.1, the basis {e } is chosen such that the first £ vectors are in ¢u(1) and the
remaining m — r are in b.
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and therefore any Joyce hypercomplex structure on a manifold M in the list (5.0.1) sat-
isfies the hypothesis of Corollary 5.3.3. Indeed, the condition of having trivial summand
b in the Joyce decomposition has the consequence that every Joyce hypercomplex struc-
ture is compatible with an extension ¢ of the Killing—Cartan form (see Section 1.5.1).
We conclude that the pair (¢, = ") provides a solution to the twisted Calabi-Yau
equations (5.0.2). Furthermore, by [IP, Corollary 4.2], the Obata connection has re-
stricted holonomy group in SL(n, H). g.e.d.

Remark 5.3.5. When b # 0 in the Joyce decomposition of g, not every Joyce hypercom-
plex structure is constructed as in Section 1.5.1; however, there are infinitely many that
are. For these, the restricted holonomy of the Obata connection is never a subgroup of
SL(n,H), by Corollary 5.3.3.

This occurs in Joyce manifolds constructed starting from the compact simple Lie
groups:

S' x SU(2k) (k>2), SU(2k+1), T*7!xSO(4k+2), T? x E.

We wonder what happens on these manifolds when equipped with a Joyce hypercom-
plex structure that is not compatible with the bi-invariant metric. The case of SU(2k+1)
is easy because, being simply connected, the restricted holonomy group of the Obata
connection coincides with the full holonomy group. Moreover, as shown in [BDV, SV],
no Joyce hypercomplex manifold is an SL(n, H)-manifold; in particular, no Joyce hyper-
complex structure on SU(2k + 1) has restricted holonomy contained in SL(n, H).
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Chapter 6

Holonomy of the Obata connection on
2-step hypercomplex nilmanifolds

Nilmanifolds have played a fundamental role in differential geometry and topology
since the seminal works of Mal’cev and Mostow. They provide a natural class of spaces
where algebraic and geometric properties interact tightly, offering a fair balance be-
tween algebraic manageability and rich geometric behavior.

Invariant complex structures on nilmanifolds have been particularly investigated,
largely due to the foundational work of Salamon [Sal2], where it is shown that the
existence of invariant complex structures J on nilmanifolds admits special features:
e.g., the existence of a so-called Salamon basis [Sal2, Theorem 1.3], and the fact that
the subspace [g, g| + J[g, g] is always a proper ideal of the Lie algebra g = Lie(G) [Sal2,
Corollary 1.4].

In the hypercomplex setting, many of these nice behaviors fail to carry over in a
unified way. Each complex structure J, (o = 1,2, 3) may satisfy suitable compatibility
conditions individually, but it is not clear whether these structures collectively induce
analogous global properties. For instance, it is natural to ask whether the subspace

gt = [g.0] + Jilg, 8] + J[g, 9] + Js[g. 9]

is a proper ideal of g. This is an open question and has been explicitly conjectured in
[Gorl, Gor2]. The difficulty in addressing this problem reflects the more rigid nature of
hypercomplex geometry compared to the complex case.

A central geometric object in this setting is the Obata connection: the unique torsion-
free connection preserving all three complex structures. Its holonomy group Hol(V??)
lies in GL(n, H) and plays a crucial role in understanding the geometry of hypercom-
plex manifolds [IP, SV]. In general, explicit descriptions of Hol(V??) are rare (see, for
instance, [Sol]). For nilmanifolds, however, it is known that the holonomy is contained
in the commutator subgroup SL(n, H) [BDV, Corollary 3.3].
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In this chapter, we investigate left-invariant hypercomplex structures on 2-step nilpo-
tent Lie groups. Surprisingly, all known examples in this class are Obata-flat.

This naturally leads to the question: Are all 2-step hypercomplex nilpotent Lie algebras
Obata-flat? We answer this in the negative, and clarify the role of the nilpotency step of
each complex structure. In particular, we show that if the Obata connection is not flat,
then each J, must be 3-step nilpotent. No such examples had been previously known.

In Section 6.2, we construct examples of 2-step hypercomplex nilpotent Lie algebras
in which one, two, or all three complex structures are 3-step nilpotent. Among these,
Example 6.2.3 provides the first known example of a 2-step hypercomplex nilpotent
Lie algebra with non-flat Obata connection. We also provide new examples of k-step
hypercomplex nilpotent nilmanifolds, with arbitrary &, which are not Obata flat.

In Section 6.4, we prove that the holonomy algebra of the Obata connection is al-
ways abelian for 2-step hypercomplex nilpotent Lie groups, and we describe it explicitly
(Theorem 6.4.1). This reveals a surprising rigidity: even when the Obata connection is
non-flat, the holonomy remains severely restricted. Our approach relies on proving the
Gorginyan conjecture (Conjecture 6.3.3) in the 2-step case (Theorem 6.3.4). We further
show that the Obata holonomy group of a 2-step hypercomplex nilmanifold is trivial if
and only if the nilmanifold is a torus.

In the final part of the chapter, we extend our analysis to the 3-step nilpotent case,
showing that, under suitable conditions, the holonomy of the Obata connection remains
abelian.

The results contained in this chapter were obtained in collaboration with A. Andrada
and M. L. Barberis, and appeared in the paper [ABB], submitted to journal.

6.1 Computation of the Obata curvature

Let (g,{/J.}) be a 2-step hypercomplex nilpotent Lie algebra. As already observed, the
commutator ideal g' = [g, g] lies in the center 3 of g. This special feature allows for an
explicit computation of the curvature tensor of the Obata connection.

Proposition 6.1.1. Let (g,{J.}) be a 2-step hypercomplex nilpotent Lie algebra. Then, for
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any X,Y, Z € g the curvature tensor of the Obata connection is given by

AR (X, Y)Z = — Js[X, JslY, Z]] + J,[Ju X, J3]Y, Z]]
— LIX, Tl Y, Z]] = J[Ja X, J5[ Y, Z]]
— [X, JglY, JpZ]| = Ja[JaX, Y, JpZ]]
+ Jo| X, T3 .Y, T3 Z)] — [Ju X, Js[J.Y, J5Z)]
+ JplY, Js[X, Z]] = )Y, Js[ X, Z]]
+ LY, Js[Ju X, Z]) + J5[JaY, J5[Ja X, Z]] (6.1.1)
+ Y, J3[X, Js Z)) + Ju[JaY, J5 X, JZ]]
— LY, Js[Ju X, I Z)] + [JoY, Js[JaX, J5 2]
—2[Js[X, Y], JsZ] + 2J,[J5[ X, Y], Ju Z],

where («, 3,7) is any cyclic permutation of (1,2, 3).

Proof. The proof is an application of the formula (1.3.2) and the integrability of {.J,}.
Using the formula (1.3.2) twice, the inclusion g' C 3 and that V*J,.Y = J,V{Y, we
compute:

AVPVIZ = —Js[X, JslY, Z)] + J,[Ja X, Js[Y, Z]]
— LX, JploY, Z]] = JplJa X, Jpl )oY, Z]]
— [ X, JlY, s Z]] = JalJa X, Y, Js Z]]
+ Jo| X, J3lJ.Y, T Z)] — [Ju X, Js[ .Y, J5Z]).

Similarly, applying again (1.3.2) and using the inclusion g! C 3, we compute:

VX NZ = JolJo[ X, Y], Z) + J,[Ja[ X, Y], J5 Z]
= [Jo[X, Y], JuZ] + [Js[ X, Y], J5Z]
— [Ju[X, Y], JuZ] — J,[J3]X, Y], JuZ]
= [JslX, Y], JsZ] = J,[J5]X, Y], JuZ],

where the second equality follows from the integrability of .J, on the first term and the
integrability of .J, on the second term. g.e.d.

As a consequence of Proposition 6.1.1 we obtain the following result. This is a
generalization of [B1, Proposition 5.1], where it was shown that if 3 is J, invariant for
all « then {J,} is Obata flat.

Corollary 6.1.2. Let (g,{J.}) be a 2-step hypercomplex nilpotent Lie algebra. If any of the
three complex structures .Jy, Jo, Js is 2-step nilpotent, then (g,{J,}) is Obata flat.
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Proof. If J; is 2-step nilpotent, Jzg' C 3 (Lemma 1.1.9). The result then follows from
Proposition 6.1.1, since each term contains an element of the form [-, Jsg']. q.e.d.

Remark 6.1.3. As a consequence of Corollary 6.1.2, we have that if the Obata connec-
tion associated to (g, {.J,}) is not flat, then .J, is 3-step for all . Moreover, any complex
structure .J, in the hypercomplex 2-sphere is 3-step.

6.2 Construction of non-flat 2-step hypercomplex nilman-
ifolds

To the best of our knowledge, in all known examples of 2-step hypercomplex nilpotent
Lie algebras (g, {J.}), each complex structure J, is 2-step [B2, DF1, DF2, BD, IW, FG2].
In particular, every known example of a 2-step nilpotent Lie group equipped with a
left-invariant hypercomplex structure is Obata flat (see Corollary 6.1.2).

According to [DF2, Section 3], in dimension 8 any nilpotent Lie algebra admitting
a hypercomplex structure is 2-step nilpotent, and, moreover, each complex structure .J,,
is 2-step. This naturally raises the question of whether this behavior is general among
2-step hypercomplex nilpotent Lie algebras, or whether there exist examples in which
one, two, or all of the complex structures are 3-step.

Pushing this further: if such examples where each J, is 3-step exist, are the corre-
sponding 2-step hypercomplex nilpotent Lie groups still Obata flat? Looking at Formula
(6.1.1), this is not clear.

In this section, we address these questions.

The construction

Let n be a 2-step nilpotent Lie algebra. We consider g = n ® R".
Let 1 € A\’ n* ® R” be a 2-form on n with values in R” such that n! C ker(;). We use
v to define a bracket [-, -] on g as follows:

(X, Y] = ([X,Y],u(X,Y)), X,Y €n,
[X,Y] =0, X,Y eR",
[X,Y]'=0, X €n and Y € R".

Then, (g, [-,]") is a 2-step nilpotent Lie algebra.

Let us now assume that n is a 2-step nilpotent Lie algebra endowed with a hyper-
complex structure {J,}, and let (g = n & R* [-,-]’) be the 2-step nilpotent Lie algebra
constructed as above. g carries a natural almost complex structure J!, = J, & I,, where
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{1,} is the standard hypercomplex structure on R*. The following result is a character-
ization of N = 0.

Lemma 6.2.1. The almost complex structure .J! is integrable if and only if
LX) Y) = w(Jo X, Y) + (X, JY) + Ln(Jo X, 1Y), X,V en. (6.2.1)

Let us now assume that the 2-step hypercomplex nilpotent Lie algebra (n, {.J,}) sat-
isfies that each J, is 2-step. If there exists X € n' such that u(J,X,-) # 0, then the
corresponding complex structure J/, on g = n®R* is 3-step, according to Lemma 1.1.9.
We will use this procedure to construct new examples of 2-step hypercomplex nilpotent
Lie algebras where one, two or all three complex structures are 3-step.

Examples

Let ng be the 8-dimensional 2-step nilpotent Lie algebra
de! =0, i=1,...,7, de®=e'? — ¢ (6.2.2)

It has been shown in [DF1, DF2] that ng admits a hypercomplex structure {.J,} defined
as

Jiey = e, Jiez = ey, Jies = eg, Jier = e,
Joer = e3, Jaea = —ey, Joes = €7, Jaeg = —es, (6.2.3)

Jser = ey, Jzea = e3, Jzes = eg, Jzeg = er.

In particular, since n} = span{eg} and the center 3(ng) = span{es, e, €7, es}, Jo is 2-step
forany a = 1,2, 3.

Consider g = ng ® R* and fix the standard basis {eg, €10, €11, €12} of R*. We point out
that {I,} are defined as

Lieg = €19, Lien = e,
Iyeg = €11, Ire19 = —e€12,

Iseg = €12, Ize19 = e11.

Example 6.2.2. We consider the following Lie bracket [, -]' on g given by [, -]’ = [-, -]+ 4,
where 1 € A\*n} ® R is defined as

p=e"®ey+e’ e+ e @ey + e’ ® e
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Since p(es, -) = 0, and Equation 6.2.1 is satisfied for any o = 1, 2, 3, the 2-step nilpotent
Lie algebra (g = ng ® R*, [+, -]’) can be endowed with the hypercomplex structure {J/, =
Jo ® 1, }. In particular, since p(Jses, <) = pu(—es, -) # 0, J; is 3-step nilpotent, while J;, J;,
are 2-step nilpotent.

To sum up, the 2-step nilpotent Lie algebra g defined by the structure equations

de! =0, i=1,...,7, de®=e?—¢e*,
d€9 — —615, d@lo _ —625,
dell = —e%, de!? — —e%

can be endowed with a hypercomplex structure {J,}, where J;, J; are 2-step nilpotent
and J; is 3-step nilpotent.

In order to construct a 2-step hypercomplex nilpotent Lie algebra in which two of
the complex structures are 3-step nilpotent and one is 2-step nilpotent, we consider the
same underlying vector space g = ng & R* as above, but we modify the Lie bracket
by changing the 2-form u. Let us define on g the Lie bracket [-,:] = [, ] + u, where
1€ N> ni @ R* is now defined as

o= (615 _|_e16) ® e + (625 +€26) ® e10 + (635 +636) ® e11 + (645 +e46) ® e1s.

Since p(es, -) = 0, and Equation 6.2.1 is satisfied for any o = 1, 2, 3, the 2-step nilpotent
Lie algebra (g = ng ® R*, [+, -]’) can be endowed with the hypercomplex structure {J/, =
Jo @ I, }. In particular, since u(Jses, ) = p(es, ) # 0 and p(Jzes, ) = u(—es, ) # 0, Jb
and J; are 3-step nilpotent, while J] is 2-step nilpotent.

In summary, the 2-step nilpotent Lie algebra g defined by the structure equations

det =0, i=1,...,7, de®=e? e,
ded = —e — 16 gel0 — ¢ _ 26
de't = —e% — 30 Jel2 — gt _ 16

can be endowed with a hypercomplex structure {.J/}, where .J; is 2-step nilpotent and
J4 and J5 are 3-step nilpotent.

We point out that both of examples constructed above are still Obata flat by Corollary
6.1.2.

Example 6.2.3. In this last example we construct a 2-step hypercomplex nilpotent Lie
algebra where each complex structure is 3-step. Let us consider again g = ng @ R* with
bracket |-, -’ defined as [+, ]’ = [-, ]+ where u € A\ n;®R* has the following definition:

56 67 57
=" Qeg—e ®ept+e' el
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Since p(es, -) = 0, and Equation 6.2.1 is satisfied for any o = 1, 2, 3, the 2-step nilpotent
Lie algebra (g = ng ® R*, [+, -]’) can be endowed with the hypercomplex structure {J/, =

Jo @ Ia}' Since IU’(J1687 ) = /L<—€7,'> 7£ 0, M(JQe& ) = M(eﬁa ) 7£ 0 and IU’(J3687 ) =
pu(—es, ) #0, Ji, J, and J; are 3-step nilpotent complex structures.

To sum up, the 2-step nilpotent Lie algebra g defined by the structure equations

de' =0, i=1,...,7, de®=e'*—¢e*,

de® = —e®. del® =0, dett = €7, de'? = —7,

admits a hypercomplex structure {.J/}, where J;, J, and J; are 3-step nilpotent. We
claim that this hypercomplex Lie algebra is not Obata flat. Using Formula (1.3.1):

/ Ob' 70V 1
R (68,61)61 = VES Vel €1 = ——=

where we used that VO”¢; = 0 and [ey, es] = 0.
In Section 6.4, we will prove that if we consider the corresponding 2-step hypercom-
plex nilpotent Lie group, then the holonomy algebra hol(V°") is abelian.

We point out that the 2-step nilpotent Lie groups corresponding to the three Lie
algebras constructed in this section admit lattices [Mal].

Semidirect product construction

We present next a construction which is a slight generalization of [BF, Lemma 3.1].

Let (g,{J.}) be an arbitrary hypercomplex Lie algebra and let {/,} be the standard
hypercomplex structure on R**. Let p : g — gl(k,H) be a Lie algebra homomorphism,
that is,

p([X,Y]) = [p(X), p(V)],  p(X)]o = L p(X), forall X,Y €g, a=1,23.
Consider the Lie algebra b := g x, R?, that is,
(X, V), (Y, W)] = (X, Y], p(X)W = p(Y)V), X.Y eg, V.WeR™

The Jacobi identity on h follows from the fact that p is a Lie algebra homomorphism.
Note that {(0,V) : V € R%} is an abelian ideal of h. Let J,, o = 1,2,3, be the
endomorphisms of § defined by ja =J, D 1,.

Proposition 6.2.4. Let (g, {J,}) and (h,{J.}) be as above, then {.J,} is a hypercomplex

structure on ). Moreover, the Obata connection VO of {.J,} and the curvature tensor R of
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VO gre given by:

VO xn) (Y, W) = (VLY p(X)W),
R((X,V),(Y,W))(Z,U) = (R(X,Y)Z0), X,Y,Zecg, V,W,UeR"

where VO is the Obata connection of {J,} and R is the curvature tensor of V. In
particular, hol(VO?) 2 hol(VOP).

Proof. Since {J,} is integrable on g and p(X) commutes with /, for all X € g, a =
1,2,3, it turns out that {.J,} is integrable on b.
The rest of the proof follows the lines of [BF, Lemma 3.1]. g.e.d.

Lemma 6.2.5.

(1) The center and commutator ideal of the Lie algebra b are given by:

3(h) = {(X,V) : X €3(g) Nkerp, V € ﬂkerp(Y)},

Yeg

bt = {(X,V): X eg', Vep(@R"}.
(2) If g is I-step nilpotent and
m, =min{j : p(X1)---p(X;) =0, forall X,...,X; € g},

then by is k-step nilpotent, where k = max{l,m,}. In particular, if g is 2-step nilpotent
and p(X;) - p(X2) = 0 for any X1, X5 € g, then b is 2-step nilpotent.

(3) If b is 2-step nilpotent, then J,, is 2-step nilpotent if and only if J,g* C 3(g) Nker p. In
particular, if J, is 3-step nilpotent, then Jo, is 3-step nilpotent.

Proof. The only non-trivial statement is the second, which follows from the identity

where the operator Bf : g — R* is given by
: k
BEY = (Z(—wl( l)p<X>k-lp<Y>p<X>l-1> U
=1

g.e.d.

New examples of Obata non flat 2-step hypercomplex nilpotent Lie algebras can be
obtained by applying the semidirect product construction, as we show next.
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Example 6.2.6. Let g be the Lie algebra from Example 6.2.3 with the hypercomplex
structure considered there. We define p : g — gl(2,H) C gl(8,R) by:

where I, and 0, are the real 4 x 4 identity and zero matrices, respectively. It follows
from Example 6.2.3, Proposition 6.2.4 and Lemma 6.2.5 that {J,} is not Obata flat.
Theorem 6.4.1 in Section 6.4 below implies that the holonomy algebra bo[(%) of the
corresponding 2-step hypercomplex nilpotent Lie group is abelian.

Example 6.2.7. Let g be as in Example 6.2.3 and set p : g — gl(k,H) C gl(4k,R), k > 3,
defined by:

[0, 0 - - 04 ]
Iy 04 04 -+ 04
pler) = | 04 Iy 04 --- 04 | € My(R), ple;) =0, i>2.
Do . . 04
i 040 04 04 Iy 04 |

In this case, b is k-step nilpotent and {ja} is not Obata flat. By Proposition 6.2.4,
the holonomy algebra coincides with the holonomy algebra of the Example 6.2.3. In
particular, it is abelian (see Section 6.4).

We note that the simply connected Lie groups corresponding to the Lie algebras from
examples 6.2.6 and 6.2.7 admit lattices, according to [Mal].

6.3 H-solvability of 2-step nilpotent Lie algebras

We recall the following definition.

Definition 6.3.1 ([Gor1]). Let g be a nilpotent Lie algebra endowed with a hypercomplex

structure (Jy, Jo, Js). Define inductively H-invariant Lie subalgebras:

gp = Hg, 1, 001] = (011, 1) + J1[00_ 1, 91] + 2[00 1, Ge1) + J3[06_ 1, Gr),

where gi! = g. Note that g} := Hg' = g' + Jig' + Jog' + Jzg"
A hypercomplex nilpotent Lie algebra g is called H-solvable if the following sequence
eventually becomes zero for some k € N:

929, D--Dgr,Dg =0. (6.3.1)
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The smallest such k is called the H-solvability step of (g,{Ja})-

Lemma 6.3.2. Let (g,{J.}) be a hypercomplex nilpotent Lie algebra. Then for any k € N,
;! is a subalgebra of g and it is an ideal in gi ,.

Proof. Since g' C gi;, g} is clearly a subalgebra. By induction, assume that g}’ | is a
subalgebra. Then

[giﬂ,giﬂ] = [H[gg—hgiﬂ—l]aH[giﬂ—lvgg—l]]‘

Since gi' | is a subalgebra [gil |, gl || C gi ,. In particular

o, 0] C [Hg, . Hgy 1] = g0 1, 901) C 91

Since g} is a subalgebra for each k, we have:

[giﬂagiﬂ—l] - [H[giﬂ—lagg—l]ug]};ﬂ—l] C [Hgiﬂ—lag]};ﬂ—l] - [gg—hg]}cﬂ—l] C g]l}cﬂ
g.e.d.

Let (g,J) be a nilpotent Lie algebra endowed with a complex structure J. It was
shown by Salamon [Sal2, Corollary 1.4] that the ideal g' + Jg' is a proper ideal of g.
This naturally raises the question of whether an analogous property holds for nilpotent
Lie algebras endowed with a hypercomplex structure.

The condition that gl = g* + Jig' + Jog' + J3g! is a proper ideal of g is necessary to
the H-solvability of (g, {./,}). This observation motivates the following conjecture:

Conjecture 6.3.3 ([Gorl]). Let (g,{J.}) be a hypercomplex nilpotent Lie algebra. Then
it is H-solvable.

When the Lie algebra g = Lie(G) is H-solvable, it turns out that, for a generic com-
plex structure J, in the hypercomplex 2-sphere, the complex nilmanifold (I'\G, J,) does
not admit any complex curves [Gor1].

The conjecture holds true for Lie algebras of hypercomplex nilmanifolds with flat
Obata connection [Gor2] and for nilpotent Lie algebras with abelian hypercomplex
structure [AV, Proposition 4.5]. Here we prove the conjecture for 2-step nilpotent Lie
algebras.

Theorem 6.3.4. Let (g, {J.}) be a 2-step hypercomplex nilpotent Lie algebra. Then (g,{J.})

is H-solvable. In particular, gt is a proper ideal of g and the H-solvability step is at most 3.

Proof. To prove Theorem 6.3.4, we show that the H-solvable series (6.3.1) terminates
at 0. In particular, this implies that for any k € N>, g’ C g, proving that g}l is a proper
ideal of the Lie algebra g.
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Let us consider
gy = Hlg\', 1],
By Lemma 1.1.9,

(9" + Jigt + Jog' + Jag' gt + Jigh + Jog' + J3g']
=[hg', Jog'] + [1g", Jsg'] + [Jog", J3g'].

o7, 07

Therefore,

Hlgy', 91] = [J1g', Jag'] + [1g", Jsg'] + [1ag", Jag']
+ J1([Nhg', Jog'] + [1g', Jag'] + [Jag’, Jag'])
+ Jo([N1g', Jog'] + [1g', Jag'] + [ag’, Jag'])
+ Js([ gt Jog'] + (19", Jsg'] + [og', Jsg']).

Since by Equation 1.1.2 J,[J,g', Jsg'] C g', we may write:
gr =Hloy'. g7] C o' + Ji[og'. Jag'] + L[ 1ig", Jsg'] + Js[Nig', Jog'].

We claim that Ji[Jog', 3g'] = Jo[ 1}, Jag'] = J3[/1g', Jog']. Using the quaternionic
identities and Equation 1.1.2 with J;, we have:

Jol g, Jsg'] = Jsi[ig', Jag'] = Js[ g, Jog'],
and, similarly, using the integrability of .J,
Jslhg', hog'] = Jida[ gl Jag'] = Ji[Jsg, Jog'].

Thus, all three summands coincide and we obtain that g C g' + Ji[Jog, Jag'] C g' +
Ji1g*. Therefore,
g5 = Hlgy, 03] C H[Jig', J1g'] = 0,

since Jyg! is abelian by Lemma 1.1.9. q.e.d.

6.4 Holonomy of 2-step hypercomplex nilmanifolds

We use Theorem 6.3.4 to prove a structural result about the holonomy algebra of the
Obata connection on 2-step nilpotent Lie groups endowed with invariant hypercomplex
structures.

Theorem 6.4.1. Let G*" be a 2-step nilpotent Lie group endowed with an invariant hyper-
complex structure {.J, }. Then the holonomy Lie algebra hol(V?) is abelian, where V is
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the Obata connection of (G,{J,}).
In particular; it is an abelian subalgebra of sl(n, H) with trivial product, that is, for any
A, B € hol(V??), A-B=0.

Proof. The proof is divided into 4 steps. We start by proving

» Step 1: forany X,Y,Z € g, R(X,Y)Z € g N Jog* + Jig' N J3g.

For (o, 5,7) = (1,2,3), each term appearing in Formula (6.1.1) falls into one of
four distinct types:

1. L[, Ll ]] = [Jo, J2of ] € g* N Jog', where the equality follows by Equation
(1.1.2),

2. [, ol ]] € g' N Jog', as Jog' is an ideal by Lemma 1.1.9,

3. L[, Ll ]l = Ll Ll 0]l = Ll ders Lol 0] € Jigt N Jsgt, where the first equal-
ity follows by the quaternionic identities and the second equality follows by
Equation (1.1.2),

4. L1, ol ] = =Bl |, ] = =], |, ]| € Jigh N Jzg', where the first
equality follows by the quaternionic identities and the second equality follows
again by Equation (1.1.2).

We set b := g'NJog! + Jigt N Jzgl. Tt is not difficult to note that b is {.J, }-invariant
and h C gl

* Step 2: forany X € b, VX = 0.

We use the following:
Lemma 6.4.2. Forany X € handY € g,
Proof. Let X € h. Then X = X, + X,, where X, € g' N Jog! and X, € Jigt N Jzgt.

Since X, € g!,
[Y, X] + Jl[J1Y, X] - [Y, XQ] -+ Jl[J1Y, XQ]

Using that X, € Jig', [X3, Y] = —J;[ Xy, J1Y] by Equation (1.1.2). Therefore,
Y, X]+ J1[LhY, X]| = =N [1Y, Xo] + L1 [N1Y, X5] = 0.

q.e.d.
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Let Y € gand X € . Applying Formula (1.3.1)

OVPX = [V, X] + L1 [LY, X] — LY, Jo X]| + J5[ 1Y, J,X]
= [V, X] + L[LY, X] — (Y, b X] + L[LY, ], X])
pu— 0’

where we used twice Lemma 6.4.2 and the {.J, }-invariance of b.

Step 3: Expression for the curvature endomorphisms and V©°.

By Theorem 6.3.4, the ideal g is a proper ideal of g containing h. Therefore, we
may write g = € @ gi!, where £, # 0 is any {J,}-invariant complement of g
Similarly, we decompose gi! = b, @ b, where b, is any {J, }-invariant complement
of b inside g} (such complements always exist, as we can consider the orthogo-
nal complements with respect to a fixed hyperHermitian metric). We note that
b, could be trivial; nonetheless, the proof proceeds in exactly the same manner
without any differences.

With respect to the decomposition g = ¢, ® h; @ b, using Step 1 and Step 2, we get
that for any X,Y € g,

We have the following two Lemmas:

Lemma 6.4.3. Let X,Y € g. Then V{'Y € gt

Proof. Straightforward by Formula (1.3.1). g.e.d.

Lemma 6.4.4. Let X € g. Then Vg C b.

Proof. Since V{'J, = J,V§ and b is {J,}-invariant, it suffices to prove that
V&g! C bh. Applying Formula (1.3.1), we see that for any Y € g*:

VY = = (= LIX, LY]+ J5[/i X, LY]).

N | —

By Step 1, the first term lies in g* N J,g', while the second term lies in J;g' N Jsg'.
The proof follows by the definition of b. g.e.d.

By the previous Lemmas we get that with respect to the decomposition g = ¢, ©

b, @ b:
0

vl =1| «]ofo |. (6.4.2)

X | ok
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* Step 4: Application of the Ambrose-Singer Theorem.

Having in mind the left invariant version of the Ambrose-Singer Theorem (see
Theorem 5.2.2), let us consider span{R(X,Y) | X,Y € g}. As already observed in
Step 3, with respect to the decomposition g = ¢, & h; & b,

0700

span{R(X,Y) | X,Y € g} C 0/0[0 | €sl(n,H)

0 0
We set a .= 0 0
x| %[0

gebra of sl(n, H).

x| %0

€ sl(n,H) . We point out that a is an abelian subal-

Let A € a and let X € g. Using the expression of V¥ given in Step 3, the

commutator

[A, V] € a.

Since a is closed under commutators with ng, by Theorem 5.2.2 we get that

hol(VO?) C a. In particular, since a is abelian with trivial product, Theorem 6.4.1

is proved.

g.e.d.

Example 6.4.5. Let (g,{./,}) be the 2-step nilmanifold hypercomplex Lie algebra con-

structed in Example 6.2.3 and let us consider the corresponding 2-step hypercomplex

nilpotent Lie group G. As already observed, the Obata connection V® on G is not flat.

A direct computation shows that the holonomy algebra hol(V©?) is given by

0

0

hol(VO) = 0

0 | €sl(3,H)|geH, peR>,

q

p .

J

0

where we are considering g = spany{es, e, €9 }.

This provides an explicit example of a non-trivial, abelian holonomy algebra arising

from a non-flat Obata connection on a 2-step nilmanifold.

Let GG be a 2-step nilpotent Lie group endowed with an invariant hypercomplex struc-

ture {.J,}. If the Obata connection is flat, then the full holonomy group is discrete. A

natural question is whether this could be trivial. To address this question, we prove the

following theorem.

170



Geometric properties of the Bismut and the Obata connections

Theorem 6.4.6. Let (I'\G, {J,,}) be a 2-step nilmanifold endowed with an invariant hyper-
complex structure {J,} such that the Obata connection is flat. Then the holonomy group
Hol(V©?) is trivial if and only if I'\G is a torus.

Proof. The implication from right to left is clear. Let us now prove the converse.

The Obata connection is complex with respect to each J, and has vanishing (and
hence parallel) torsion. Moreover, as shown in the proof of Theorem 6.4.1, for any
X € g, the endomorphism V§’ : g — g is nilpotent (see Equation (6.4.2)). Since the
Obata connection V is flat and torsion-free, it follows from [Kim, Theorem 2.2 and
Proposition 1.2] that V? is complete.

We apply [ABD, Theorem 4.1] to conclude that (I'\G, J,, V) is affinely biholomor-
phic to (Ty\Go, J2, V?) for each «, where G is the connected and simply connected Lie
group whose Lie algebra is given by

P = {X € xT\G) | VO’X =0},

I, is a lattice in Gy, JO is the complex structure induced on PV by J, and V? is the
(—)-connection.

Since V is torsion free, for any X,Y € PV”" = g, [X,Y] = 0. In particular, G, is
abelian and I'y\ G| is a torus.

Since I'\G is diffeomorphic to I'y\Gy, then G is isomorphic to G, as a Lie group
[Mal]. It then follows that G is abelian, and so I'\G is also a torus. g.e.d.

Remark 6.4.7. Theorem 6.4.6 still holds true if instead of considering a 2-step nilmani-
fold we assume that I'\G is a solvmanifold with G a completely solvable almost abelian
Lie group. Indeed, in this case the Obata connection is automatically flat, according
to [AB1, Proposition 3.7], and is complete, due to [AB1, Corollary 3.8]. For the last
paragraph, we use the Saito rigidity Theorem [Sai], which extends the result of Mal’cev
from nilpotent to completely solvable Lie groups.

6.5 3-step case

Let (g,{J.}) be a Lie algebra endowed with a hypercomplex structure such that J,g' C
3 for all @« = 1,2,3. We claim that g is at most 3-step nilpotent. Indeed, using the
integrability of J, and the assumption .J,g' C 3, one obtains

[X,Y], Z] = —J.[[X, Y], JoZ], (6.5.1)

which shows that g*> C 3, and hence g*> = [g?,g] = 0. Note that by Equation (6.5.1),
g%, g'] = 0.
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Since in the 2-step case the corresponding Obata connection is flat (see Corol-
lary 6.1.2), we will focus our attention on the 3-step case. We observe that the hy-
percomplex structure must be non-abelian. Indeed, if {J,} is abelian and J,g' C 3,
then

g' CJas =3

which forces g to be 2-step nilpotent.

Examples of 3-step nilpotent Lie algebras with hypercomplex structures have been
given in [DF3, BD, AB2]. Among these, the only examples with non-abelian hypercom-
plex structures are those in [AB2]; however, those are Obata flat and none of them
satisfies the condition J,g* C 3 forall o = 1,2, 3.

Due to the lack of examples of this kind in the literature, we include here a 3-step
nilpotent example satisfying J,g' C 3 for any o = 1,2, 3.

Let g be the 3-step nilpotent Lie algebra defined by the structure equations

de! =0,i=1,...,4, de® =e'? — &3,
de' =0,i=6,7,8, de=e!® — ¢,
de! =0, i =10,11,12, de'® = —e* 4+ €3,

14 _ 15 | 49 15 _ 45 19 16 35 29
de’* =e’+e7, de®”=¢e"—¢e”, de” = —e” —e™.
Then g can be endowed with the following hypercomplex structure

Jiey = ey, Jiez = ey, Jies = ¢e5, Jier = ez,

Jieg = €10, Jie11 = e1n, Jiez = e, Jieis = e,
Joey = e3, Jaex = —ey, Joes = €7, Joeg = —es,

Jaeg = €11, Jae1g = —e12, Jae13 = €15, Joe1s = —eyg,
Jzey = ey, Jzex = e3, Jses = eg, Jzeg = eq,

Jzeg = €12, Jzeig = e, Jzeiz = e, Jzeu = es,
satisfying J,g' C 3, for each o = 1,2, 3.

Proposition 6.5.1. Let (g,{J,}) be a hypercomplex Lie algebra such that J.g' C j for
each a = 1,2,3. Then
R(X, Y) = — ad[X’y],

and (g,{J.}) is non-flat if and only if g is 3-step nilpotent.
Let G be the corresponding connected and simply connected 3-step nilpotent Lie group. Then
the holonomy algebra of the Obata connection on G is an abelian subalgebra of sl(n, H).

Proof. As we pointed out at the beginning of this section, g is at most 3-step nilpotent.
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Applying Formula (1.3.1) and the hypothesis that .J,g' C ; for each a, we get that

| =

VEVRZ = ~([X,[Y, Z] + L [I X, [Y, Z]] — L[X,[Y, LZ]]| + Js[ L X, [Y, J,Z]))

SIS

where we used Equation (6.5.1). Therefore,
1
R(Xa Y)Z - _V[O)?,Y]Z = _5([[‘){7 Y]? Z} - JQHXa Y]> JQZ]) = _[[Xv Y]? Z]a

where the last equality again follows from Equation (6.5.1).
Set a := span{adixy; | X,Y € g}. Then, a is an abelian subalgebra of s((n, H). In
fact,
ad[X,Y] ad[z,W] U= HX, Y]7 HZ: W], UH =0,

as g is 3-step nilpotent.
Furthermore, using that J,g' C 3, ¢> = [g,0'] C 3 and [g', g']| = 0,

Qng adx,y) £ = U, [[X, Y], Z]) + [LU, [[X, Y], Z]]
- J2[U> JQHXa Y]? ZH + J3[J1Ua JQHX: Y]’ Z“ = 07

and
2adixy| V' Z = [[X,Y],[U, Z]] = 0.

By Theorem 5.2.2, a = hol(V??), concluding the proof. g.e.d.

Theorem 6.4.1 and Proposition 6.5.1 highlight an unexpected rigidity in the holon-
omy algebra of the Obata connection. A related result is proved in [Ge], where the
author shows that if the hypercomplex structure is abelian then the holonomy algebra
of the Obata connection is abelian.

In the 3-step nilpotent setting, as recalled above, all previously known examples
were either Obata-flat or equipped with an abelian hypercomplex structure (the ex-
ample constructed in this section is neither Obata-flat nor endowed with an abelian
hypercomplex structure). Nevertheless, in every known case, the holonomy algebra of
the Obata connection is abelian. This recurring behavior suggests that such rigidity
might be a general feature of the nilpotent setting, motivating the following question:

Question 6.5.2. Let GG be a nilpotent Lie group endowed with a left-invariant hypercom-
plex structure. Is it true that the holonomy algebra of the Obata connection is always
abelian?
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