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ARTICLE INFO ABSTRACT

Keywords: The nonlinear structural dynamic analysis of mechanical assemblies with nonlinearities poses significant compu-
Domain decomposition tational challenges, especially as the size and complexity of the Finite Element model increases. This is especially
FETI true in turbomachinery, where the large Finite Element models of bladed-disk assemblies often require the use of
HBM reduced order models to reduce computational cost. However, reduced order models rely on physical assumptions
Nonlinear dynamics : s . . . . . .

HPC and involve additional solution steps, which may not always be computationally efficient or feasible.

Linear systems To address these challenges, domain decomposition methods offer a promising alternative. They consti-
GMRES tute a robust and well-established class of techniques for tackling large-scale problems in the context of High
Performance Computing. Among the various domain decomposition strategies, the Finite Element Tearing and
Interconnecting (FETI) method is widely recognized for its robustness and efficiency in engineering applications.
When applied to nonlinear dynamic problems with localized nonlinearities in the frequency domain, the FETI
formulation leads to an indefinite, non-symmetric linear system. Such a system is typically solved iteratively
using the GMRES algorithm, whose convergence can be significantly accelerated by introducing coarse spaces.
In the FETI framework, state-of-the-art coarse spaces for the solution of static and dynamic problems are
typically constructed using the rigid body modes of the individual domains resulting from the Finite Element
model decomposition. While this approach performs well for static and time domain dynamic analyses, it loses
its effectiveness when applied to frequency domain solutions. This paper introduces a novel coarse space, referred
to as the Frequency Based Coarse Space, specifically designed for the solution of nonlinear structural dynamic
problems in the frequency domain.

1. Introduction friction damping at the interfaces. Although a reduction in computa-
tional cost is achieved, the continuous increase in Finite Element (FE)
model size still poses a significant computational challenge. Reduced-
Order Models (ROMs) are therefore introduced to reduce the size of the
FE model [3-9]. While ROMs represent a well-established class of meth-
ods, they rely on physical assumptions and, in order to be useful for
the mechanical design of components, require a reduction and subse-
quent expansion process that is not always practical or computationally
feasible.

Nowadays, the increasing computational power of High Performance
Computing (HPC) infrastructures plays a crucial role in enabling the dy-
namic analysis of large-scale FE models exhibiting nonlinear behavior in
operation, such as bladed disks with frictional contacts. In this context,
domain decomposition methods represent a robust and well-established

One of the key aspects in the design of bladed disks in turboma-
chinery is the need to reduce blade vibration amplitudes in order to
prevent structural failures caused by High Cycle Fatigue (HCF) [1]. To
this end, accurately predicting the vibration amplitude of blades in the
presence of contact nonlinearities at mechanical joint interfaces, under
actual operating conditions, is essential. One of the most widely adopted
approaches for computing the nonlinear forced response of such compo-
nents combines contact elements with the Harmonic Balance Method
(HBM) [2]. This formulation enables an efficient analysis of nonlin-
ear dynamic systems by solving the governing equations directly in the
frequency domain. As a result, the computational cost is significantly
reduced compared to time domain simulations, while still accurately
capturing key nonlinear phenomena such as contact interactions and
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$\Omega \subset \mathbb {R}^3$


$\partial \Omega = \Gamma _D \cup \Gamma _N$


$x(\mathbf {x},t)$


$\mathbf {x}$


$t$


\begin {equation}\rho (\mathbf {x}) \ddot {x}(\mathbf {x},t)-\nabla \cdot \sigma \left (x(\mathbf {x},t)\right ) = \boldsymbol {f}(\mathbf {x},t)-\boldsymbol {f}_{nl}\left (x(\mathbf {x},t), \dot {x}(\mathbf {x},t)\right ) \text {with } \mathbf {x}\in \Omega . \label {eq:continuityeq}\end {equation}


$\rho (\mathbf {x})$


$\sigma (x)$


$\boldsymbol {f}(\mathbf {x},t)$


$\boldsymbol {f}_{nl}\left (x(\mathbf {x},t), \dot {x}(\mathbf {x},t)\right )$


\begin {align}&x(\mathbf {x},t)=0 \text { on } \Gamma _D,\nonumber \\ &\sigma (x(\mathbf {x},t))\,\mathbf {n}=g(\mathbf {x},t) \text { on } \Gamma _N,\label {ieq1}\end {align}


$\mathbf {n}$


$g(\mathbf {x},t)$


$\Gamma _N$


\begin {align}\boldsymbol {M} \boldsymbol {\ddot {x}} + \boldsymbol {C} \boldsymbol {\dot {x}} + \boldsymbol {K} \boldsymbol {x} = \boldsymbol {f} - \boldsymbol {f}_{nl}(\boldsymbol {{x}},\boldsymbol {\dot {x}}), \label {eq:equilibrium_time}\end {align}


$\boldsymbol {M}$


$\boldsymbol {C}$


$\boldsymbol {K}$


$\in \mathbb {R}^{n \times n}$


$n$


$\boldsymbol {x}$


$\in \mathbb {R}^{n}$


$\boldsymbol {f}$


$\boldsymbol {f}_{nl}(\boldsymbol {x},\boldsymbol {\dot {x}})$


$\in \mathbb {R}^{n}$


$\boldsymbol {f}$


\begin {equation}[-{\omega ^2}\boldsymbol {M}+i\omega \boldsymbol {C}+\boldsymbol {K}]\boldsymbol {\tilde {x}}_c-\boldsymbol {\tilde {f}}_c+ \boldsymbol {\tilde {f}}_{c,nl}(\boldsymbol {\tilde {x}}_c)=\boldsymbol {o}, \label {eq:equilibrium_complex}\end {equation}


$\boldsymbol {\tilde {x}}_c$


$\in \mathbb {C}^{n}$


$\boldsymbol {\tilde {f}}_c$


$\boldsymbol {\tilde {f}}_{c,nl}(\boldsymbol {\tilde {x}}_c)$


$\in \mathbb {C}^{n}$


$\boldsymbol {o}$


$c$


\begin {equation}\boldsymbol {D}(\omega )\boldsymbol {\tilde {x}}-\boldsymbol {\tilde {f}}+\boldsymbol {\tilde {f}}_{nl}(\tilde {\boldsymbol {x}})=\boldsymbol {o} \ \text {with} \ \boldsymbol {D}(\omega )= \begin {bmatrix} -\omega ^2\boldsymbol {M}+\boldsymbol {K} & -\omega \boldsymbol {C} \\ \omega \boldsymbol {C} & -\omega ^2\boldsymbol {M}+\boldsymbol {K} \end {bmatrix}, \label {eq:equilibrium_real}\end {equation}


$\boldsymbol {\tilde {x}}$


$\boldsymbol {\tilde {f}}$


$\boldsymbol {\tilde {f}}_{nl}(\tilde {\boldsymbol {x}})$


$\in \mathbb {R}^{2n}$


$\boldsymbol {D}(\omega )$


$\in \mathbb {R}^{2n \times 2n}$


$\omega $


$N$


\begin {equation}\begin {cases} \boldsymbol {D}_s (\omega ) \boldsymbol {\tilde {x}}_s - \boldsymbol {\tilde {f}}_s + \boldsymbol {\tilde {f}}_{nl,s} (\boldsymbol {\tilde {x}}_s) + \boldsymbol {B}_s^T\boldsymbol {\tilde {\lambda }}= \boldsymbol {o} \quad \forall s=1\ldots \ N \ , \\ \sum _{s=1}^N \boldsymbol {B}_s\boldsymbol {\tilde {x}}_s=\boldsymbol {o}, \end {cases} \label {eq:FETI system}\end {equation}


$s$


$s^{\text {th}}$


$\boldsymbol {B}_s$


$\in \mathbb {R}^{m \times 2n_s}$


$m$


$\boldsymbol {\tilde {\lambda }}$


$\in \mathbb {R}^{m}$


$\boldsymbol {\tilde {\lambda }}$


$\boldsymbol {\tilde {f}}_{nl,s}(\boldsymbol {\tilde {x}}_s)$


$\Omega _s$


$\boldsymbol {\tilde {f}}_{nl,s} (\boldsymbol {\tilde {x}}_s)$


$\boldsymbol {\tilde {x}}_s$


$\boldsymbol {\tilde {\lambda }}$


$k^{th}$


$\boldsymbol {r}_{L,s} (\boldsymbol {\tilde {x}}_{s}^k,\boldsymbol {\tilde {\lambda }}^k)$


$\boldsymbol {r}_{B} (\boldsymbol {\tilde {x}}_{1\ldots \ N}^k,\boldsymbol {\tilde {\lambda }}^k)$


\begin {equation}\begin {cases} \boldsymbol {r}_{L,s} (\boldsymbol {\tilde {x}}_{s}^k,\boldsymbol {\tilde {\lambda }}^k) = \boldsymbol {D}_s (\omega ) \boldsymbol {\tilde {x}}_s^k - \boldsymbol {\tilde {f}}_s + \boldsymbol {\tilde {f}}_{nl,s} (\boldsymbol {\tilde {x}}^k) + \boldsymbol {B}_s^T\boldsymbol {\tilde {\lambda }}^k \ \forall s=1\ldots \ N \ ,\\ \boldsymbol {r}_{B} (\boldsymbol {\tilde {x}}_{1\ldots \ N}^k,\boldsymbol {\tilde {\lambda }}^k) = \sum _{s=1}^N \boldsymbol {B}_s\boldsymbol {\tilde {x}}_s^k. \end {cases} \label {eq:FETI_NR_1}\end {equation}


$\boldsymbol {\tilde {x}}_s^k$


$\boldsymbol {\tilde {\lambda }}$


\begin {equation}\begin {cases} \frac {\partial \boldsymbol {r}_{L,s} (\boldsymbol {\tilde {x}}_{s}^k,\boldsymbol {\tilde {\lambda }}^k)} {\partial \boldsymbol {\tilde {x}}_s^k} \Delta \boldsymbol {\tilde {x}}_s^k + \frac {\partial \boldsymbol {r}_{L,s} (\boldsymbol {\tilde {x}}_{s}^k,\boldsymbol {\tilde {\lambda }}^k)} {\partial \boldsymbol {\tilde {\lambda }}^k} \Delta \boldsymbol {\tilde {\lambda }}^k = - \boldsymbol {r}_{L,s} (\boldsymbol {\tilde {x}}_{s}^k,\boldsymbol {\tilde {\lambda }}^k) \ \forall s=1\ldots \ N \ ,\\ \frac {\partial \boldsymbol {r}_{B} (\boldsymbol {\tilde {x}}_{1\ldots \ N}^k,\boldsymbol {\tilde {\lambda }}^k)} {\partial \boldsymbol {\tilde {x}}_{1\ldots \ N}^k} \Delta \boldsymbol {\tilde {x}}_s^k + \frac {\partial \boldsymbol {r}_{B} (\boldsymbol {\tilde {x}}_{1\ldots \ N}^k,\boldsymbol {\tilde {\lambda }}^k)} {\partial \boldsymbol {\tilde {\lambda }}^k} \Delta \boldsymbol {\tilde {\lambda }}^k = - \boldsymbol {r}_{B} (\boldsymbol {\tilde {x}}_{1\ldots \ N}^k,\boldsymbol {\tilde {\lambda }}^k). \end {cases} \label {eq:FETI_NR_2}\end {equation}


$\boldsymbol {r}_{L,s} (\boldsymbol {\tilde {x}}_{s}^k,\boldsymbol {\tilde {\lambda }}^{k})$


$\boldsymbol {r}_{B} (\boldsymbol {\tilde {x}}_{1\ldots \ N}^{k},\boldsymbol {\tilde {\lambda }}^{k})$


$\boldsymbol {O}$


$\boldsymbol {\tilde {f}}_{nl}(\boldsymbol {\tilde {x}}_s^k)$


\begin {align}\nabla \boldsymbol {\tilde {f}}_{nl}(\boldsymbol {\tilde {x}}_{s}^{k})= \begin {bmatrix} \frac {\partial \Re (\boldsymbol {\tilde {f}}_{c,nl}(\boldsymbol {\tilde {x}}_{c,s}^k))}{\partial \Re (\boldsymbol {\tilde {x}}_{c,s}^k)} & \frac {\partial \Re (\boldsymbol {\tilde {f}}_{c,nl}(\boldsymbol {\tilde {x}}_{c,s}^k))}{\partial \Im (\boldsymbol {\tilde {x}}_{c,s}^k)} \\ \frac {\partial \Im (\boldsymbol {\tilde {f}}_{c,nl}(\boldsymbol {\tilde {x}}_{c,s}^k))}{\partial \Re (\boldsymbol {\tilde {x}}_{c,s}^k)} & \frac {\partial \Im (\boldsymbol {\tilde {f}}_{c,nl}(\boldsymbol {\tilde {x}}_{c,s}^k))}{\partial \Im (\boldsymbol {\tilde {x}}_{c,s}^k)} \end {bmatrix}, \label {eq:Jacobian}\end {align}


$\boldsymbol {\tilde {x}}_{c,s}^{k}$


$c$


$\nabla $


$\boldsymbol {\tilde {x}}_s^k$


$\boldsymbol {\tilde {\lambda }}$


\begin {equation}\quad \quad \quad \begin {cases} \Delta \boldsymbol {\tilde {x}}_s^k = {[\boldsymbol {D}_s(\omega )+\nabla \boldsymbol {\tilde {f}}_{nl}(\boldsymbol {\tilde {x}}_s^k)]}^{-1} (-\boldsymbol {r}_{L,s} (\boldsymbol {\tilde {x}}_{s}^k,\boldsymbol {\tilde {\lambda }}^k) -\boldsymbol {B}_s^T\boldsymbol {\tilde {\lambda }}^k) \ \forall s=1\ldots \ N,\\ \boldsymbol {F}_g^k \boldsymbol {\tilde {\lambda }}^k = \boldsymbol {d}^k, \end {cases} \label {eq:FETI_NR_3}\end {equation}


\begin {align}&\boldsymbol {F}_g^k= - \sum _{s=1}^N \boldsymbol {B}_s {[\boldsymbol {D}_s(\omega )+\nabla \boldsymbol {\tilde {f}}_{nl}(\boldsymbol {\tilde {x}}_s^k)]}^{-1} \boldsymbol {B}_s^T,\nonumber \\ &\boldsymbol {d}^k = - \sum _{s=1}^N \boldsymbol {B}_s ( {[\boldsymbol {D}_s(\omega )+\nabla \boldsymbol {\tilde {f}}_{nl}(\boldsymbol {\tilde {x}}_s^k)]}^{-1} \boldsymbol {r}_{L,s} (\boldsymbol {\tilde {x}}_{s}^k,\boldsymbol {\tilde {\lambda }}^k) - \boldsymbol {\tilde {x}}_s^k), \label {eq:FETI_Fgd}\end {align}


$\boldsymbol {F}_g^k \in \mathbb {R}^{m \times m}$


$\boldsymbol {d}^k \in \mathbb {R}^{m}$


$g$


$\omega $


$\boldsymbol {F}_g$


$s^{\text {th}}$


$\boldsymbol {F}_g^k$


\begin {align}\boldsymbol {F}_g^{k} = - \sum _{s=1}^{N} \boldsymbol {B}_{s} {\left [ \begin {bmatrix} -\omega ^2 \boldsymbol {M}_s + \boldsymbol {K}_s & -\omega \boldsymbol {C}_s \\ \omega \boldsymbol {C}_s & -\omega ^2 \boldsymbol {M}_s + \boldsymbol {K}_s \end {bmatrix} + \nabla \boldsymbol {\tilde {f}}_{nl}(\boldsymbol {\tilde {x}}_s^{k}) \right ]}^{-1} \boldsymbol {B}_s^{T}. \label {eq:FETI_FgExpanded}\end {align}


$\boldsymbol {F}_g^k$


$-\omega ^2\boldsymbol {M}_s + \boldsymbol {K}_s$


$\boldsymbol {M}_s$


$\boldsymbol {K}_s$


$\boldsymbol {K}_s$


$-\omega ^2\boldsymbol {M}_s$


$-\omega ^2\boldsymbol {M}_s + \boldsymbol {K}_s$


$\boldsymbol {F}_g^k$


$-\omega ^2 \boldsymbol {M}_s$


$\boldsymbol {K}_s$


$\boldsymbol {F}_g^k$


$\omega $


$\boldsymbol {G}$


$\in \mathbb {R}^{m \times p}$


$p$


$\boldsymbol {G}$


$\boldsymbol {G}_{RB}$


$\boldsymbol {G}_{FB}$


\begin {equation}\boldsymbol {G}^T \left ( \boldsymbol {F}_g^k \boldsymbol {\tilde {\lambda }}^k - \boldsymbol {d}^k \right ) = \boldsymbol {o}. \label {eq:GResidual}\end {equation}


$\boldsymbol {G}$


$\left (\boldsymbol {F}_g^k \boldsymbol {\tilde {\lambda }}^k - \boldsymbol {d}^k \right )$


$\boldsymbol {G}$


\begin {equation}\boldsymbol {P}^k=\boldsymbol {I}-\boldsymbol {F}_g^k\boldsymbol {G} {\left (\boldsymbol {G}^T\boldsymbol {F}_g^k\boldsymbol {G}\right )}^{-1} \boldsymbol {G}^T. \label {eq:Preconditioner}\end {equation}


\begin {equation}\boldsymbol {G}_{RB}=\left [\boldsymbol {B}_1 \begin {bmatrix} \boldsymbol {R}_{1} & \boldsymbol {O} \\ \boldsymbol {O} & \boldsymbol {R}_{1} \end {bmatrix} \ \cdots \ \boldsymbol {B}_{N_f} \begin {bmatrix} \boldsymbol {R}_{N_f} & \boldsymbol {O} \\ \boldsymbol {O} & \boldsymbol {R}_{N_f} \end {bmatrix} \right ], \label {eq:GNull}\end {equation}


$\boldsymbol {R}_s$


$\in \mathbb {R}^{n_s \times p_s}$


$n_s$


$p_s$


$s^{th}$


$\boldsymbol {K}_s$


$s^{th}$


$f$


$\boldsymbol {K}_s$


$N_f$


$\boldsymbol {G}_{RB}$


$p_s$


$2 \cdot 6 \cdot N_f$


$N_f$


$\boldsymbol {G}_{RB}$


$\omega $


$\boldsymbol {F}_g^k$


$\boldsymbol {F}_g^k$


$\boldsymbol {G}_{RB}$


$\boldsymbol {D}_s(\omega )$


$\boldsymbol {F}_g^k$


$\sigma $


$\boldsymbol {v}$


$\boldsymbol {D}_s(\omega )$


\begin {equation}\begin {bmatrix} -\omega ^2\boldsymbol {M}_s+\boldsymbol {K}_s & -\omega \boldsymbol {C}_s \\ \omega \boldsymbol {C}_s & -\omega ^2\boldsymbol {M}_s+\boldsymbol {K}_s \end {bmatrix} \boldsymbol {v}=\sigma \boldsymbol {v}. \label {eq:eigenproblem}\end {equation}


$\sigma <0$


$(\sigma \boldsymbol {v})$


$\boldsymbol {v}$


$\boldsymbol {D}_s(\omega )$


$\boldsymbol {K}_s$


$\boldsymbol {F}_g$


$\boldsymbol {F}_g$


$\boldsymbol {F}_g$


$\boldsymbol {G}_{FB}$


$\boldsymbol {G}_{FB}$


$\boldsymbol {F}_g$


$\boldsymbol {F}_g$


$\boldsymbol {F}_g$


$k^\text {th}$


\begin {equation}\boldsymbol {F}_g^k= - \sum _{s=1}^N \boldsymbol {B}_s {\left [ \boldsymbol {D}_s+\nabla \boldsymbol {\tilde {f}}_{nl}(\boldsymbol {\tilde {x}}_s^k) \right ]}^{-1} \boldsymbol {B}_s^T. \label {eq:Fgk}\end {equation}


$\nabla \boldsymbol {\tilde {f}}_{nl}(\boldsymbol {\tilde {x}}_s^k)$


\begin {equation}- \sum _{s=1}^N \boldsymbol {B}_s \begin {bmatrix} -\omega ^2\boldsymbol {M}_s+\boldsymbol {K}_{s,a} & -\omega \boldsymbol {C}_s \\ \omega \boldsymbol {C}_s & -\omega ^2\boldsymbol {M}_s+\boldsymbol {K}_{s,a} \end {bmatrix} \boldsymbol {B}_s^T = - \sum _{s=1}^N \boldsymbol {B}_s \boldsymbol {D}_{s,a}^{-1} \boldsymbol {B}_s^T, \label {eq:FgkLinear}\end {equation}


$\boldsymbol {D}_{s,a}$


$\boldsymbol {F}_g^k$


$\boldsymbol {B}_s \boldsymbol {D}_{s,a}^{-1} \boldsymbol {B}_s^T$


$\boldsymbol {B}_s$


$s^{\text {th}}$


$\boldsymbol {B}_s$


\begin {equation}\boldsymbol {B}_s= \begin {bmatrix} \boldsymbol {B}_{LI,s} & \boldsymbol {O} \\ \boldsymbol {O} & \boldsymbol {O} \end {bmatrix}, \label {eq:BsPartitioning}\end {equation}


$LI$


$s^{th}$


$\boldsymbol {O}$


$\boldsymbol {B}_s$


$\boldsymbol {D}_{s,a}$


$I$


$O$


\begin {equation}\boldsymbol {D}_{s,a}^{-1}= \begin {bmatrix} \boldsymbol {D}_{II,s} & \boldsymbol {D}_{IO,s} \\ \boldsymbol {D}_{OI,s} & \boldsymbol {D}_{OO,s} \end {bmatrix}^{-1} = \begin {bmatrix} {\boldsymbol {H}_{II,s}} & {\boldsymbol {H}_{IO,s}} \\ {\boldsymbol {H}_{IO,s}} & {\boldsymbol {H}_{OO,s}} \end {bmatrix}, \label {eq:DsaPartitioning}\end {equation}


$\boldsymbol {H}$


$\boldsymbol {D}_{s,a}$


\begin {equation}\boldsymbol {B}_{s} \boldsymbol {D}_{s,a}^{-1} \boldsymbol {B}_{s^T}= \begin {bmatrix} \boldsymbol {B}_{LI,s} {\boldsymbol {H}_{II,s}} \boldsymbol {B}_{LI,s}^T & \boldsymbol {O} \\ \boldsymbol {O} & \boldsymbol {O} \end {bmatrix}. \label {eq:BsDsBsTRed}\end {equation}


$\boldsymbol {B}_{LI,s} \boldsymbol {H}_{II,s} \boldsymbol {B}_{LI,s}^T$


$\boldsymbol {B}_{LI,s}$


$\boldsymbol {B}_{LI,s} \boldsymbol {H}_{II,s} \boldsymbol {B}_{LI,s}^T$


$\boldsymbol {H}_{II,s}$


$\boldsymbol {H}_{II,s}$


$\boldsymbol {H}_{II,s}$


\begin {equation}{\boldsymbol {H}_{II,s}}= {\left [ \boldsymbol {D}_{II,s}-\boldsymbol {D}_{IO,s}\boldsymbol {D}_{OO,s}^{-1}\boldsymbol {D}_{OI,s} \right ]}^{-1}. \label {eq:SchurCompl}\end {equation}


$\boldsymbol {H}_{II,s}$


$\boldsymbol {D}_{s,a}$


\begin {equation}\begin {bmatrix} \boldsymbol {S} & -\boldsymbol {N} \\ \boldsymbol {N} & \boldsymbol {S} \end {bmatrix}, \label {eq:SaddleStructure}\end {equation}


$\boldsymbol {S}$


$\boldsymbol {N}$


$\boldsymbol {S}$


$\boldsymbol {N}$


$\boldsymbol {S}$


$s$


$s^{th}$


$\omega $


$\nabla \boldsymbol {\tilde {f}}_{nl}(\boldsymbol {\tilde {x}}_s^k)$


$\omega $


$\boldsymbol {F}_g^k$


$\omega ^2$


$-\omega ^2 \boldsymbol {M}_s + \boldsymbol {K}_s$


$\omega $


$\boldsymbol {G}$


$\boldsymbol {P}^k$


$\boldsymbol {P}^k$


$\boldsymbol {R}_s$


$\boldsymbol {G}_{RB}$


$\boldsymbol {G}_{FB}$


$\boldsymbol {G}_{FB}$


$\boldsymbol {G}_{RB}$


$\boldsymbol {H}_{II,s}$


$\boldsymbol {R}_{FB,s}$


$\boldsymbol {K}_s$


$\boldsymbol {R}_{s}$


$s^{th}$


$\boldsymbol {S}_s$


$\boldsymbol {\tilde {f}}_{nl}({\boldsymbol {\tilde {x}}_s^k})$


$\nabla \boldsymbol {\tilde {f}}_{nl}({\boldsymbol {\tilde {x}}_s^k})$


$\nabla \boldsymbol {\tilde {f}}_{nl}({\boldsymbol {\tilde {x}}_s^k})$


$\boldsymbol {\tilde {x}}_{c,s}^k$


$u_x$


$u_y$


$u_z$


$w_x$


$w_y$


$w_z$


$N$


$\mu $


$k_x$


$k_y$


$k_z$


$\omega $


$10^{-7}$


$10^{-6}$


$\omega $


$\cdot 10^{3}$


$\cdot 10^{5}$


$\cdot 10^{3}$


$\cdot 10^{6}$


$2.4\cdot 10^{3}$


$2.6\cdot 10^{5}$


$22\cdot 10^{3}$


$2.4\cdot 10^{6}$


$\boldsymbol {N}$


$\boldsymbol {\tilde {\lambda }}$


$N$


$\boldsymbol {\tilde {\lambda }}$


$\eta $


\begin {equation}\eta =\frac {T(N_{ref})}{T(N)}, \label {eq:WeakEta}\end {equation}


$T(N_{\text {ref}})$


$N_{\text {ref}}$


$T(N)$


$N$


$\omega $


$\eta $


$\boldsymbol {G}^T\boldsymbol {F}_g^k\boldsymbol {G}$


$\boldsymbol {F}_s^k$


$\boldsymbol {d}_s^k$


$\boldsymbol {G}_s$


$\boldsymbol {G}_s$


$\omega $


$-\omega ^2\boldsymbol {M}_s + \boldsymbol {K}_s$


$\omega $


$\boldsymbol {M}_s$


$\boldsymbol {K}_s$


$\omega $


$\omega $


$2 \cdot 10^{11}$


$\mathrm {kg/m^3}$


$\boldsymbol {\tilde {\lambda }}$


$10^{-7}$


$10^{-4}$


$10^{-6}$


$\omega $


$\nabla \boldsymbol {\tilde {f}}_{nl,s}(\boldsymbol {\tilde {x}}_s)$


$\omega $


${10}^{-7}$


${10}^{-6}$


$\boldsymbol {C}=\alpha \boldsymbol {M}+\beta \boldsymbol {K}$


$\alpha =3$


$\beta =0$


$N$


$\omega $


$\omega ^2$


\begin {align}\begin {split} &\frac {\partial \boldsymbol {r}_{L,s} (\boldsymbol {\tilde {x}}_{s}^{k},\boldsymbol {\tilde {\lambda }}^{k})}{\partial \boldsymbol {\tilde {x}}_{s}^{k}} =[\boldsymbol {D}_{s}(\omega )+\nabla \boldsymbol {\tilde {f}}_{nl}(\boldsymbol {\tilde {x}}_{s}^{k})] \text {, } \frac {\partial \boldsymbol {r}_{L,s} (\boldsymbol {\tilde {x}}_{s}^{k},\boldsymbol {\tilde {\lambda }}^{k})} {\partial \boldsymbol {\tilde {\lambda }}^{k}}=\boldsymbol {B}_{s}^{T},\\ & \frac {\partial \boldsymbol {r}_{B} (\boldsymbol {\tilde {x}}_{1\ldots \ N}^{k},\boldsymbol {\tilde {\lambda }}^{k})} {\partial \boldsymbol {\tilde {x}}_{1\ldots \ N}^{k}}=\boldsymbol {B}_{s} \text {, } \frac {\partial \boldsymbol {r}_{B} (\boldsymbol {\tilde {x}}_{1\ldots \ N}^{k},\boldsymbol {\tilde {\lambda }}^{k})} {\partial \boldsymbol {\tilde {\lambda }}^{k}}=\boldsymbol {O}, \end {split} \label {eq:FETI_NR_2.2}\end {align}
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class of techniques that seamlessly integrate engineering modeling,
numerical methods, and parallel computing [10].

Domain decomposition methods can be broadly classified into
two main categories: overlapping and non-overlapping methods.
Among the non-overlapping methods the Finite Element Tearing and
Interconnecting (FETI) method is known for its robustness and efficiency
in the field of engineering problems [11]. Since its introduction in 1991,
several variants [12-16] and applications have been proposed for the so-
lution of wave propagation problems [17] as well as structural problems
[18-20]. In the field of structural problems, the FETI method has been
applied to the solution of nonlinear structural problems including geo-
metric nonlinearities [20,21] and friction/frictionless contact problems.
Focusing on nonlinear dynamic problems both in the time domain and
in the frequency domain some applications can be found in [20,22].

When the FETI method is applied to nonlinear dynamic problems
in combination with the HBM, the introduction of Lagrange multipli-
ers leads to an interface problem expressed as a linear system. This
system is typically solved using the GMRES algorithm, owing to the
non-symmetric and indefinite nature of the matrices involved. To im-
prove convergence, various strategies have been proposed, including
preconditioning techniques [23] and deflation methods [24,25]. The
latter approach relies on constructing coarse spaces that project the in-
terface problem onto a more favorable subspace, thereby accelerating
GMRES convergence. Identifying effective coarse spaces remains a key
challenge, particularly for indefinite systems.

One of the most commonly adopted coarse spaces for solving lin-
ear and nonlinear dynamic problems is based on the rigid body modes
of the unconstrained domains [18,20,22], which span the null space of
the corresponding stiffness matrices. While this approach is effective for
time domain problems [18], it may result in slow GMRES convergence
or even stagnation when applied to frequency domain problems. The
goal of this paper is to introduce a novel coarse space, referred to as the
Frequency Based Coarse Space (FBCS), designed to be suitable for paral-
lel computing and to significantly accelerate GMRES convergence while
mitigating the adverse effects introduced by domain decomposition and
by the frequency range under analysis.

This paper is organized as follows: the methodology section first de-
scribes how the FETI method is applied to nonlinear dynamic problems
with localized nonlinearities, followed by the formulation of the result-
ing interface problem and an overview of deflation techniques. Next,
the conventional rigid body coarse space (RBCS) and the newly pro-
posed FBCS are presented. Since parallel implementation and domain
decomposition play a key role in solver efficiency, a dedicated section
discusses implementation aspects. Finally, the results section provides
a scalability analysis, examines the influence of frequency range on
GMRES convergence, and demonstrates the effectiveness and robustness
of the proposed FBCS through a validation study on a full bladed-disk
assembly.

The main contribution of this work is the introduction of a novel
coarse space, the FBCS, specifically designed for frequency domain non-
linear dynamic analyses. This new approach is suitable for parallel
computing and significantly accelerates GMRES convergence, mitigat-
ing the negative effects introduced by domain decomposition and by
the frequency range under investigation.

2. Methodology

This section provides a brief overview of the application of the FETI
method to the solution of nonlinear dynamic problems involving local-
ized nonlinearities in the frequency domain [11]. The resulting linear
interface problem arising from the FETI method is analyzed with a focus
on its properties and on its iterative solution using the GMRES method
[26]. Due to the spectral properties of the matrices involved in the
interface problem, a projection-based preconditioner (known as defla-
tion) is introduced to accelerate GMRES convergence [24]. A commonly
used coarse space based on the rigid body modes of the unconstrained
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domain is examined, and its advantages and disadvantages are discussed
[18,20,22]. Finally, the new FBCS is introduced as a means to further
improve GMRES convergence. For both coarse spaces, explanations from
both mathematical and physical perspectives are provided.

2.1. FETI method and HBM

We consider a mechanical assembly with localized nonlinearities oc-
cupying a bounded domain Q@ c R? with boundary dQ = T, U Ty.
Let x(x,t) denote the displacement field at position x and time ¢. The
elasticity problem is formulated as:

pX)X(X,1) = V-0 (x(X,1) = f(X, 1) = [ (x(x,1), x(X, 1)) with x € Q. (@D)]

p(x) is the material density, o(x) is stress tensor from the constitutive law,
f(x,1) denotes external forces, and f,; (x(x, t), X(x, t)) represents the non-
linear forces due to contacts in the assembly. The boundary conditions
are:

x(x,t) =0onTp,

o(x(x,1))n = g(x,1)on Ty, 2)

where n is the outward unit normal and g(x,?) is the prescribed trac-
tion on I'y. The weak form is obtained and discretized using the Finite
Element method. Assembly over all elements yields the semi-discrete
system representing the time domain equation of motion (EQM):

Ms+Cx+Kx=f— f,(x.%), 3)

where M, C and K € R"™" (with n being the number of degrees of free-
dom) are the FE mass, the linearized damping and the stiffness matrix,
respectively. x € R” is the vector of the FE nodal displacements and
f and f,(x,x) € R" are the vectors of the external excitation and the
nonlinear contact forces, respectively.

Since we are interested in the steady-state periodic response, assum-
ing the external excitation f to be periodic the system is not integrated in
time. Instead, the HBM is applied by expressing the nodal displacements
as a truncated Fourier series [2]:

[~0*M +iwC + K1%, = f . + fe(X) = 0. 4

where X, € C” is the vector of the first order Fourier coefficients of the
nodal displacements, f. and f,,/(%.) € C" are the first order Fourier
coefficients of the external excitation and the nonlinear contact forces,
respectively and o is the zero vector. The subscript ¢ refers to complex
terms. This formulation fully defines the mathematical problem, includ-
ing the governing PDE, the spatial domain and boundary conditions, the
FE spatial discretization, the nonlinearities present in the assembly, and
the frequency-domain method used to compute the periodic steady-state
response. (4) is solved in real algebra, leading to:

—-0’M + K —-wC

D@3% — f +fu(®) =owith D)= | = " -o*M + K|’

)

where %, f, f,;(%) € R* and D(w) € R>>?" is the dynamic stiffness
matrix, having a quadratic dependence on the frequency w.

The main idea of domain decomposition (DD) methods is to split a
large FE domain into smaller domains to simplify the solution process.
Many computations are local, but global operations (such as interface
or coarse-space solves) are generally needed for consistency and con-
vergence. DD techniques can be applied in parallel, yet they also offer
algorithmic benefits in serial computations, including improved condi-
tioning and solver modularity [10]. As an example, Fig. 1 shows, on the
left, the FE model of two bodies interacting through a contact interface,
and, on the right, how the domain decomposition is performed to make
the problem suitable for solution using parallel computing in an HPC
environment.



A. Saponaro, G. Battiato, C.M. Firrone et al.

Contact Area

@A)

Fig. 1. FE model of two bodies in contact (A), and decomposition (B).

The FETI method applied to an FE model decomposed in N domains

leads to the following system of nonlinear algebraic equations:

D (@)%, — fs+ FusX)+BTA=0 Vs=1.. N, ©
Z?’:l Bsis =o,

where the subscript s denotes the s FE domain resulting from the
decomposition. In (6), B, € R"™?"s (with m the number of Lagrange mul-
tipliers) is the Boolean connectivity matrix built using a non-redundant
scheme. The vector 1 € R contains the forces exchanged between do-
mains and can be interpreted as the Lagrange multipliers associated with
the constraints represented by the second equation in (6). To clarify the
role of the Lagrange multipliers 4 and the contact forces £, ((%,) in the
equilibrium of the single domain, Fig. 2 provides a detailed view of a
generic domain Q; including a contact interface. It is important to no-
tice that the nonlinearity in (6) is only given by the term f,, ((x,). All
the other terms including the interface problem are entirely linear.

The proposed methodology can be applied to mechanical assemblies
with localized contact nonlinearities. The decomposition process is per-
formed to avoid cutting planes that are coincident with the contact areas.
This means that it is not necessary for a contact area to belong fully to a
single domain. Considering the contact model discussed in Section 3.2,
the hypothesis of avoiding cutting planes coincident with the contact
area makes the interface problem linear. As a remark, it’s important
to clarify that having an interface belonging to a single domain does
not mean the contact interface belongs entirely to that domain; further
details can be found in [22].

The nonlinear system (6) can be solved for the nonlinear displace-
ments %, and 4 using an iterative solution method, such as the Newton-
Raphson (NR) method. At the k' iteration of NR, the linearization of (6)
can be viewed in a three step process:

Fig. 2. Focus on Lagrange multipliers and contact forces.
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. . ok 3k - <k
1. Definition of the residuals r; (%*,1") and rB(x’l‘m oA

~k 3k ~ - - ~ ~k
rp (&1 =Dy@xk - fo+ fu &)+ BT Vs=1... N,
~ =k ~
rB(x’I‘m N A= Zf/:l Bsxif.

)

2. Application of the NR to the displacement fields %* and the
Lagrange multipliers vector A:

ory, &k 35 arp (15

~k sk _ ~k 3k _
oxk ?xs + o A/lk =-rp(%,4)V¥s=1... N,
orp@ A ok G yAD) sk <k ik
PP AXY G AL = —rp(®] N 4)

®

The residuals r; (%, *yand r FIC. %) are differentiable
and their partial derivatives leads to:

~k 7k ~k 3k
orp &k, 1%) orp (x5 A7)

7 ok T
oxF =[D (@) + V f ()], T o
~k =k ~k ~k (9)
orp(xy N4 org(x] noA)
— =B, ———=0.
0%| oA

where O is the zero matrix. The real-valued Jacobian of the
contact forces f,, (%) is computed as:

OR(F e ) ORF ()

T oky OR(xE ) oS (xK )
V(X)) = 0S(Fem k) 0S(FemZE ) (10)
OR(xK ) 9 (% )

corresponding to the real-valued Jacobian of the complex non-
linear mapping expressed in terms of the real and imaginary
components of ¥ . As detailed before the subscript ¢ refers to
the complex—valuéd expression. Here and in the remainder of the
paper, the operator V denotes the Jacobian matrix of first-order
partial derivatives of a vector-valued function with respect to a
vector argument.
3. Update of the displacement fields %* and the Lagrange multipliers

A

kik _ gk
g T d,
an
where:
N 1
Fi=—Y B,D@)+VF, & Bl
s=1
N
d == Y BL(ID, (@) + VI & rp 5519 - &), 12)

s=1

with Fi € R™", d* € R™ and the subscript g denotes global quantities.
The second equation in (11) is a linear system enforcing the compat-
ibility of displacements at the interface nodes, here referred to as the
interface problem. It is important to note that, unlike in the FETI frame-
work (where a pseudoinverse is required) the dynamic stiffness matrix
in frequency domain dynamic problems is generally non-singular. It be-
comes singular only when the excitation frequency w coincides with a
natural frequency of an undamped system. Since the mechanical systems
are damped, the dynamic stiffness matrix is non-singular and there-
fore always invertible, justifying the use of a classical inverse. The next
section describes the mathematical properties of the matrix F, and
outlines the procedure used to solve the interface problem.
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2.2. Deflated interface problem

Considering (11), it should be noted that the first set of equations
refers to local operations on the st domain, whereas the second linear
system involves quantities defined at the global system level. Since the
interface problem spans multiple domains, its direct solution is compu-
tationally expensive in a parallel approach due to the need to exchange
data among the domains and the overall size of the system. For this rea-
son, an iterative solution combined with a matrix-free is used [20,22].
The matrix F’g can be written as:

N 2
-o°M  + K -oC
Fk=_§ Bs[[ @ s s s
¢ s=1

-1
oC —C()ZM, + K ] + anl(if)] BZ_ (13)

s

It can be shown that F ’; is neither symmetric nor positive definite
(PD). This is due to the term —@>M + K, which may yield negative
eigenvalues, since M is positive definite whereas K| is only positive
semi-definite. For an unconstrained domain, rigid body modes lead to
zero eigenvalues in K,. Consequently, adding the term —w? M ;, makes
the matrix —w?>M, + K, indefinite. Such considerations lead to the
conclusion that negative eigenvalues in Fg originate from:

1. Presence of unconstrained domains;

2. The value of the frequency at which (6) is solved;

3. The order of magnitude of the eigenvalues of —w? M , relative to
those of K.

A well-established approach for the iterative solution of non-
symmetric and indefinite systems is GMRES, a Krylov-subspace-based
solver [26]. GMRES builds a Krylov subspace from the system matrix
and, at each iteration, computes an approximate solution as a linear com-
bination of the generated basis vectors that minimizes the residual norm.
The distribution of eigenvalues strongly influences convergence: the less
clustered the eigenvalues are, the more iterations are typically required.
For indefinite matrices, negative eigenvalues further increase the risk of
stagnation, often leading to a substantial growth in the iteration count.
This occurs because negative eigenvalues cause GMRES to “oscillate” be-
tween negative and positive values, as GMRES constructs its Krylov basis
using eigenvectors associated with the largest eigenvalues in module
[26].

As previously discussed, the matrix F' ‘; contains negative eigenval-
ues, which account for the large number of GMRES iterations observed.
Moreover, as will be shown in Section 4.2, the iteration count increases
with the excitation frequency w. To mitigate this effect, several strategies
that exploit the spectral properties of the matrix have been proposed, in-
cluding deflation methods [19,25,27,28]. The key idea behind deflation
is to eliminate from the Krylov subspace those components that do not
contribute effectively to the solution by introducing a projection matrix
acting as a preconditioner. These vectors are typically collected into a
matrix G € R"™ P (with p the number of retained vectors in the coarse
space), commonly referred to as the coarse space (CS). In the following,
we consider two variants of the matrix G a classical coarse space based
on the rigid body modes (G »5) and a novel frequency based coarse space
(Gpp)- The former variant is characterized by using rigid body modes,
whereas the latter is based on the frequency properties of the system.
These differences are reflected in their respective definitions and are
used throughout the remainder of this section.

The deflation applied to the interface residual problem of (11) can
then be written as:

G" (F’;Z’“ - dk) =o. (14

From the physical point of view, the application of the coarse space G,
is equivalent to force the interface problem residual (F ’; - d") to be
orthogonal to the deflated vectors contained in G. Such an operation can
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be mathematically achieved by using the following projection which can
be applied as a preconditioner:

-1
Pi=1-— F’;G(GTF’;G) G". (15)

The entire solution process can be summarized in Algorithm 1, where the
global and local computations are highlighted, and it is specified when
and which communications happens. Matrix free approach is used and
only required data are exchanged as detailed in [22]. It should be noted
that to avoid the NR stagnation, a local step-length selection based on
the Armijo condition is introduced in line 17 [29].

2.3. Rigid body modes coarse space

A common choice of a coarse space for the solution of structural
dynamic problems in time domain is based on the use of the rigid body
modes (RBCS) [18,20,22]:

R, O RNf (o]
BI[O Rl] BN/[O w0 || (16)

where R, € R"*Ps (with n, and p, being the number of DOFs of the s
domain and the number of vectors retained in the coarse space, respec-
tively), is the null space of the stiffness matrix K ;, representing the rigid
body modes of the s"* domain. The subscript f refers to floating domain
meaning domain with singular K, while N, is the number of floating

GRB =

Algorithm 1: FETI Solution Scheme in a Nutshell.

1 Given: initial guesses % (w,) = 0, 1(w,) = 0, and convergence
criteria for the NR iterations.
// --- Local computation of G matrices ---
2 for s=1to N do
3 L Compute local matrix G;

// --- Frequency sweep ---—
4 for l = l to Nfrequencyp()ims do

// Initialize Newton-Raphson iteration
5 | X(w)' =x(w_)), AX! =o;
6 | Mop' =), Al =o;
// Loop until convergence
7 Set: k=1
% k 7 k
hile 1A%:@)"| I8 | gre not sufficiently small do
LW e T @ fficiently
// --- Local computations ---
9 Compute V f,,(%*) and 7, (x5);
10 Compute local contributions F¥ and d*;
// --- Global computations ---
1 Assemble of G” F;G by exchanging parts of F{ and G.;
12 Factorize GT F ’; G;
13 Solve PkF’;A}l’; = P*d* using GMRES;
< < -1 <
14 A3 = A%+ FEG(GTFAG) 67 (d* - Fial);
// --- Local update ---
15 Compute Ax¥;
16 Evaluate Armijo step size a;;
17 Update local displacements: %! = x¥ + o Ax¥;
// --- Global update ---
18 Update global Lagrange multipliers: RN LY
19 Update: k=k+1
// Store converged results for current frequency
20 for s=1to N do
21 | %) = %5
22 Aw;) = 1%
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domains. The choice of Gy has two main advantages:

« It can be computed only once since it does not depend on the
frequency at which the response is computed;

« py will be at least 2- 6 - N, where N, is the number of floating
domains, 6 is the maximum number of rigid body modes, and the
2 accounts for using real algebra.

However, the Gy coarse space does not account for the effect of w
on the eigenvalue distribution of F ’g‘. Increasing the frequency range of
the analysis increases the number of negative eigenvalues in F ’g that are
no longer filtered by G, thus resulting in a larger number of GMRES
iterations. To address this issue, we introduce the FBCS.

2.4. Frequency based coarse space

The physical meaning of the negative eigenvalues of the dynamic
stiffness matrix D (w), which in turn generate negative eigenvalues in
F ’;, is discussed first. In particular, if ¢ and v denote the eigenvalue and
eigenvector of D (w), the eigenvalue problem reads:

-o*M, + K, -wC,

oC, —o*M + K| T an

A negative eigenvalue ¢ < 0 implies that the external force (cv) produces
a displacement in a direction opposite to that of the applied force. A
similar interpretation applies to the inverse of the dynamic stiffness ma-
trix, where v represents the Fourier coefficients of a force vector rather
than those of a displacement field. The negative eigenvalues of D ()
arising from the zero eigenvalues of K, (which correspond to rigid-
body modes) can be effectively deflated not contributing to the solution.
Expanding to F,, eigenvectors associated with negative eigenvalues of
F, can be removed (by means of the projection), which may improve
the convergence of GMRES. In cases where computing the eigenval-
ues and eigenvectors of F, is feasible, constructing the FBCS G is
straightforward: after identifying the eigenvalues corresponding to the
eigenvectors to be deflated, the latter are used to build the coarse space
(i.e., they are assembled as the columns of Gfp). However, since F, is
large and shared across the domains, directly solving its eigenproblem
is computationally impractical.

The objective is therefore to find a way to obtain the eigenvectors
associated with F, without explicitly computing its eigenvalues. To do
so, we consider the expression of F, at the k™ NR iteration:

N
= ka1
Fk=-%"B,[D,+ V], &) B 18)
s=1
Assuming for a moment to consider the linear case (in the next
section, it is discussed why this assumption can hold), meaning V f,, (Scf)
is constant:

< . [~o*M,+K,, —aC,
_ ZBS 5.
s=1

N
s T _ _ —1pT
oC —(»OZMS + K_y,a:l BS - ; BSDS,GBS ’ (19)

s
where D , is the dynamic stiffness matrix computed under the assump-
tion that the contact remains closed (i.e., the Jacobian of the contact
forces is constant) partitioned into real and imaginary parts. To evalu-
ate the eigenvalue distribution of F’;, the idea is to approximate it using
the spectrum of the local quantities B SD;‘IZ Bf, and then select the eigen-
vectors to include in the coarse space. Focusing on this local quantity,
the connectivity matrices B, act by selecting the degrees of freedom
(DOFs) of the s™ domain that are associated with Lagrange multipliers.
Consequently, B can be partitioned as follows:

B (0]
BS=[ L O], 0)

where the subscript LI refers to the partition having the rows associated
with the Lagrange multipliers of the s domain and the columns asso-
ciated with the DOFs to which they are connected. The zero matrices
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O are rectangular matrices having a shape consistent with B,. Similarly
D, , (before being partitioned into real and imaginary parts) can be par-
titioned in DOFs connected to Lagrange multipliers (subscript 1) and
other DOFs (subscript O):

D—l — [Dll,s

-1
DIO,S _ Hll,s
| Doy

HIO 5]
= *1, 2D
DOO,S HIO,s

HOO,S

where, H denotes the resulting blocks in the inverse of D ,. Combining
(20) with (21) results in:

Ll,s

0 ol (22)

B, H;; BT o
BSD;(IIBST:[ Ll,s II1,s ]

The idea is to approximate the spectrum of (19) as a combination of the
spectrum of the matrices in (22), which in turn can be reduced to the
spectrum of B, ; H, ,,SBI 1.s+ The restricted connectivity matrices By
can be viewed as identity matrices with some additional repeated rows
(due to redundancies in the Lagrange multipliers), which result in dupli-
cated eigenvalues in the spectrum of B;; H,; ;BT 1.5+ For this reason,
when evaluating the spectral distribution, they can be approximated as
identity matrices. In summary, the spectrum of each term in (19) can be
approximated by the spectrum of H ;.

Up to this point, no information has been provided about H, . It
can be shown that H , ; represents the Schur complement of (21):

-1
Hy = [Dn,s - DIO.sD(_):),sDOI,s . (23)

Before continuing into the spectrum evaluation of H/; , let’s consider
the dynamic stiffness matrix D, , that, when partitioned into real and
imaginary parts as in (19), it has a structure of the type:

S -N
!

where § and N are real symmetric square matrices. It can be shown (by
performing algebraic computations that exploit the structure of these
matrices) that (23) also has the same shape. This shape makes it possible
to state:

» The real part of the eigenvalues of such a matrix is bounded by the
real eigenvalues of the S block;

« The imaginary part of the eigenvalues is bounded by the imaginary
eigenvalues of the N block.

Since the goal of the spectral evaluation is to identify and deflate eigen-
vectors associated with eigenvalues that should not enter the Krylov
subspace the analysis can be restricted to the computation of the spec-
trum of the .S block, meaning the real part of the eigenvalues. The reason
why the analysis can be limited to real eigenvalues is because the imagi-
nary part (outer diagonal blocks) arises from the damping which is some
order of magnitude lower than the main diagonal terms. Summing up,
the construction of the FBCS can be summarized in Algorithm 2, where
the subscript s is used to refer to the s domain. At the beginning of this
section two assumptions has been done:

1. The linear case has been considered to write Eq. (19);
2. A fixed frequency point w has been considered.

Regarding the first point, since the nonlinearity is localized and the
additional term Vf,,(x*) in (18) is a low-rank matrix not present in
all domains, the FBCS defined for the linear case is also effective for
the nonlinear case. Concerning the second point, from an engineering
perspective, nonlinear forced responses are typically computed over rel-
atively narrow frequency ranges. Consequently, the variation of w within
this range does not significantly affect the CS, and its construction can
therefore use the mean value of the frequency range.
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Algorithm 2: Frequency Based Coarse Space in a Nutshell.

N
; k _ -1pT
1 Given F, = — 21 B,D_ B,
5=
2 for s=1...N do
s | B,D;!BT is approximated with:
-1 S, -N
-1
H;;, = [Dn,s - DIO,SDOO,SDOI.S] = [Ni SSS]
4 The eigenvalues and eigenvectors of .S are computed
5 The eigenvectors to be deflated are stored into Rpp

R [0} R (0]
® Ors = [BI [ ZBJ RFBI] " By [ %&N RFBN”

Up to now, the criterion for selecting eigenvectors for deflation
has consisted of choosing those associated with negative eigenvalues.
Although this approach removes negative eigenvalues from F* and
thereby accelerates GMRES convergence, further deflation can be ben-
eficial. From an engineering standpoint, and considering the typical
frequency ranges analyzed, eigenvectors associated with large eigenval-
ues may also be excluded, as they do not contribute meaningfully to the
solution. For this reason, the eigenvectors selected for deflation include
both those associated with negative eigenvalues and those with eigen-
values larger than a specified tolerance, which is problem dependent.
It is important to note that if the term »? does not significantly influ-
ence the matrix —»”> M+ K ;, the FBCS becomes equivalent to the RBCS.
In such cases, adopting the RBCS leads to the deflation of vectors that
are effectively equivalent to the rigid body modes. As demonstrated in
Section 4.1, for a fixed frequency w, the convergence of GMRES is also
influenced by the number of domains.

3. Implementation

The scope of this section is to address the implementation of the de-
veloped method and to provide an insight on the domain decomposition
strategy as well as the contact model used.

3.1. Parallel implementation and FE decomposition

An important role in the achievable computational efficiency of the
method, is played by the partitioning process of the FE model. The de-
composition procedure is performed using the METIS library where the
FE model is considered as a graph having as vertices and edges the FE
nodes and elements, respectively [30]. Since METIS operates on a single
connected mesh, the contacting bodies were temporarily treated as a sin-
gle domain by enforcing connectivity at the contact interfaces, allowing
to generate domains spanning both bodies. Then a weighting procedure
is applied to partition the graph satisfying the following conditions:

« Balanced domains size in terms of number of DOFs;
« Minimization of the Lagrange multipliers;
« Distribution of the nonlinearities.

The satisfaction of the previous criterions has the aim of balancing the
computational cost on each domain and minimize the communication
among them. From the Algorithm 1, as stated in Section 2.2, it can be
noted that the solution process consists of local and global operations,
resulting in the following dual level parallelization:

1. Local operations are parallelized using a multithread approach
based on OpenMP protocol, using the Eigen library to manage
matrix operations [31];

2. Global operations are parallelized using a multiprocessing ap-
proach based on OpenMPI and the PETSc library [32].

This dual level parallelization allows to achieve a good efficiency in
the parallel implementation as demonstrated by the strong scalability
analyses in [22].
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As explained in Section 2.2 a crucial point in the solution process is
given by the introduction of the coarse space to accelerate the GMRES
convergence. Assuming that G is available, the preconditioner P* in
(15) should be constructed. However the direct assembly of P* is com-
putationally inefficient due to its size and because it involves global
quantities. For this reason matrix-free approach is used, where matri-
ces in the summation are stored at domain level and only vectors are
exchanged between processes, as detailed in [20,22]. This involves the
least number of information exchange between different processes, each
of which operates on a specific domain. In such way, the information ex-
changed only consists of the partitions of R, to be used either in Ggp
and G . An important point is the computational time needed to build
the FBCS G 5 with respect to the RBCS G . It should be noted that the
H,, ; matrix (used to compute R ) has a size equal to the number of
DOFs associated with Lagrange multipliers, while the K| matrix (used to
compute R,) has a size equal to the number of DOFs of the s domain
which are larger than the previous ones. This results in a less compu-
tational time needed to compute the eigenvalues of the S block. In
both cases eigenvalue computation is performed using a direct approach.
Moreover, the Schur complement of (23) must be computed leading to
a comparable computational time between the two coarse spaces. This
shows how the novel proposed CS does not introduce computational in-
efficiency or bottlenecks with respect to the standard rigid body modes
coarse space. Regarding the eigenvalues computation it should be noted
that give a frequency range of the analysis they are computed only once
at the beginning at domain levels and stored at domain level. Matrix in-
verses are never directly computed since they are only factorized once,
stored and used at domain level.

3.2. Contact model

To model the friction interfaces, a contact model based on the penalty
approach is used. The first order Fourier coefficients of the nonlinear
contact forces f,/(¥*) and the Jacobian Vf, (%) are computed using
a 3D contact model with uncoupled tangential motion based on the
Alternating Frequency/Time (AFT) method [33,34]. We remind the
reader that the Jacobian V f (%) defined in Section 2.1, corresponds to
the real-valued Jacobian of the complex nonlinear mapping expressed in
terms of the real and imaginary components of 5‘];,5: as defined in (10).
A schematic representation of the contact model is shown in Fig. 3. The
relative displacements between the contact nodes are denoted by u,, u,
and u_, while the displacement of the slider is represented by w,, w,,
and w,. The contact preload and the friction coefficient at the interface
are denoted by N and u, respectively. The contact stiffness in the three

Fig. 3. Contact elements referred to One node.
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spatial directions is represented by k,, k,, and k.. Since the AFT pro-
cedure involves the application of the Fast Fourier Transform and its
inverse, the FFTW library is employed for this purpose.

4. Results

The objective of this section is to demonstrate how the proposed
FBCS improves the computational efficiency (in terms of computational
times and GMRES iterations) of the methodology used for predicting
the forced response of an FE model of bladed disks in the presence of
frictional contact at the fir-tree joints between each blade and disk slot.

First, a weak scalability analysis is performed on a simple FE model,
comparing the RBCS with the FBCS. Then, the effect of the excita-
tion frequency w is examined. All the analyses are carried out on the
LEONARDO supercomputer, owned by the EuroHPC Joint Undertaking,
hosted by CINECA (Italy) [35]. The LEONARDO DCGP partition is used,
consisting of 1536 nodes, each equipped with two Intel Xeon Platinum
8480+ processors, providing a total of 112 cores per node and 512 GB
of RAM. The Intel oneAPI MPI compiler and PETSc 3.20.1 are used.

4.1. Weak scalability analysis and effect on GMRES convergence

To assess the performance of the newly proposed FBCS compared to
the RBCS, a weak scalability analysis is performed. This analysis involves
fixing the size of each domain (in terms of DOFs) used in the decompo-
sition of the FE model (which does not have a fixed overall size), and
evaluating how the computational time changes as the number of do-
mains increases. Increasing the number of domains increases the size of
the overall problem to be solved [36].

For this purpose, an FE model of a cube consisting of two constrained
bodies in contact with each other is used. The FE model is decomposed
using the METIS software [22,30], a tolerance of 107 (prescribed on
both the primal and dual variables) is used for NR iterations and a tol-
erance of 107° is used for stopping GMRES convergence. The physical
dimensions of the model are kept fixed, while the mesh is adapted to
maintain an approximately constant domain size as the number of do-
mains increases. All analysis parameters, including the frequency w, are
kept constant across different decompositions. To assess the effect of the
FBCS and RBCS two problem sizes are evaluated:

+ Case 1: domain size of about 1.2-10° DOFs and maximum FE model
size of 1.3-10° DOFs;

« Case 2: domain size of about 11-10° DOFs and maximum FE model
size of 1.2-10° DOFs;

It should be noted that, since the equations are solved in real algebra,
the problem size seen by the solver is doubled. This means that, for
Case 1, the domain size is 2.4 - 10> and the maximum problem size is
2.6-10°, whereas for Case 2, the domain size is 22-10° and the maximum
problem size is 2.4 - 10. Table 1 reports the number of domains N, the
average number of DOFs per domain (DOFs/domain), the size of the
interface problem 1) DOFs), the number of HPC nodes allocated (Nodes),
the number of MPI processes (Proc.) and number of CPUs used by each
process (CPUs/Proc.).
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Table 1
Weak scalability parameters for case 1 (C1) and case 2 (C2).
N DOFs/domain 1 DOFs Nodes Proc. CPUs/proc.
Cl Cc2 Cl Cc2 Cl C2 C1 C2 C1 c2
16 1234 11,048 5913 29,019 1 1 16 16 2 4
32 1263 10,652 14,013 61,419 1 2 32 16 2 4
64 1201 10,962 28,110 136,233 2 4 32 16 2 4
112 1180 10,926 51,168 252,618 2 4 56 28 2 4

In Fig. 4 it is reported that the FE model used for the weak scalability
analysis of Case 1, shows how the mesh size changes with the changing
number of domains. To assess the weak scalability, the efficiency 7 is
defined as follows:

_ T(Nyes)
T T(N)

(25)

where T'(N,;) is the computational time for a given operation associated
with the decomposition into N, domains (16), and T(N) is the compu-
tational time for the same operation associated with the decomposition
into N domains. Since the objective of the weak scalability analysis is
to assess the performance of the method, the evaluation is performed at
only one frequency point w.

In Fig. 5, the weak scalability analysis for Case 1 is shown on the
left in terms of # and on the right in terms of runtime, comparing the
RBCS and FBCS. The global operations include the time required for
assembling and factorizing the global part of the projection operator
(G'F ’g‘ G), solving the interface problem with GMRES, and the data ex-
change among processes. The local operations include the computation
of the contact model (CM), and the computation of the local quantities
F’S‘ and d’s‘. The total operations are referred to the total runtime given
a frequency point and an NR iteration. In Fig. 6 the same analyses are
reported for Case 2.

Comparing the two plots, local operations maintain about the same
efficiency, which is justified by the constant size of the individual do-
mains. A difference can be observed in the global operations, which in
turn affect the total efficiency. The proposed FBCS maintains global ef-
ficiency higher than 60% with 112 domains and higher than 70% with
the other configurations for Case 1. On the other hand, the RBCS causes
the global efficiency to rapidly decrease, dropping to 30% with 112 do-
mains for Case 1, which is justified by the time required for GMRES to
converge. For Case 2, however, a smaller difference can be observed be-
tween the RBCS and FBCS approaches in terms of efficiency. Even so,
the FBCS approach requires much less computational time compared to
the RBCS. The primary factor affecting the total runtime is the number
of GMRES iterations required for convergence. The reduction in itera-
tions achieved by the FBCS explains why it consistently requires less
computational time. In contrast, the effectiveness of the RBCS dimin-
ishes as the number of domains increases (as discussed later), leading to
a corresponding decrease in efficiency, whereas the FBCS maintains its
effectiveness regardless of the number of domains.

Fig. 4. FE model decomposition used for the weak scalability analysis.
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Fig. 7. RBCS with the FBCS coarse space construction case 1 (left) and case 2 (right).

The preprocessing steps (consisting of the decomposition of the FE
model) are not reported since they are negligible compared to the run-
times requested by the computation of the response over a frequency
range, being in the order of 5-10s and 20-90s for Case 1 and Case 2, re-
spectively. The preprocessing time is negligible because it is performed
only once. Since the computation is carried out at multiple frequency
points (on the order of 100) and over several NR iterations, the total
runtime scales with the number of frequency points and iterations, while
the preprocessing cost remains unchanged. An important role in the so-
lution process is played by the one step required to build the G, matrices.
It is important to note that this computation is performed only once at
the beginning of the forced response computation. In Fig. 7, the average
runtimes over domains to build G, for Case 1 and Case 2 are reported.
As can be seen from the plots, for Case 1, due to the small sizes of the do-
mains, the times are comparable, while for Case 2, the time required by
the FBCS approach is smaller. This is because, in the FBCS, eigenvalues
are computed on the Schur complement of the domain matrix, which has
a smaller size compared to the full matrix used by the RBCS, meaning
that the significant difference in the computational times is primarily
due to the eigenvectors computation. For the FBCS the inverse matrix
factors are computed using self adjoint eigendecomposition, while for

the RBCS they are computed using the full singular value decomposition
via a bidiagonal divide and conquer SVD algorithm.

In Fig. 8, the number of GMRES iterations required using the RBCS
and FBCS for Case 1 and Case 2 are compared. As can be seen from the
plots, the number of GMRES iterations increases as the number of do-
mains increases when using the RBCS. On the other hand, the adoption
of the FBCS results in the GMRES iterations remaining nearly constant
and considerably lower than in the previous case for both Case 1 and
Case 2. The reason why the number of domains affects the GMRES iter-
ations when the RBCS is used, while keeping the FE model size and the
frequency o fixed, can be found in the term —w? M+ K. This is because,
even though w is fixed, the ratio in the order of magnitude between M
and K changes, introducing the possibility of additional negative eigen-
values that are not captured by the RBCS, as explained in Section 2.4. A
final remark is provided comparing the memory consumption requested
by the FBCS and RBCS for Case 1 and Case 2, reported in Table 2. As can
be seen from Table 2, both the RBCS and FBCS require the same amount
of RAM, proving that given the same resources required the FBCS is
more efficient from the computational point of view. It should be noted
that on systems with more limited memory, the runtime and scalability
could differ from the results reported here. A more detailed assessment
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Fig. 8. GMRES iterations with the RBCS and the FBCS for case 1 (left) and case 2 (right).

Table 2
Memory consumption for Case 1 and Case 2 at different
decompositions.

Maximum RAM [MB]/process

N16 N32 N64 N112
Case 1 (RBCS) 448 472 459 527
Case 1 (FBCS) 490 375 368 579
Case 2 (RBCS) 11,838 12,124 12,969 12,960
Case 2 (FBCS) 13,729 14,618 15,584 15,174

of memory usage and performance on HPC systems could be considered
in future work. In the next section, the effect of w is analyzed for a fixed
FE model and domain decomposition.

4.2. Effect of the frequency on GMRES convergence

As explained in Section 2.2, the parameter » in (13) affects the
eigenvalue distribution, leading to negative eigenvalues and making the
RBCS ineffective. To analyze how the proposed FBCS mitigates this phe-
nomenon, an FE model of a full bladed disk with a fir-tree contact at the
blade root is considered. The model consists of 40 sectors, with a total
of 507,480 DOFs, of which 23,760 correspond to the contact interfaces
where frictional nonlinearity occurs. The material used has a Young’s
Modulus of 2 - 10'' N/m?, a density of 7800 kg/m?, and a Poisson’s ra-
tio of 0.3. The FE model is decomposed into 224 domains, leading to 4
179,652 DOFs, solved with 2 CPUs assigned per domain to maximize the
utilization of each LEONARDO node (each node consists of 112 CPUs).
The model is meshed using ANSYS Mechanical APDL using SOLID185 el-
ements. The FE model is decomposed using the METIS software [22,30].
A tolerance of 1077 (prescribed on both the primal and dual variables)
is adopted for the Newton-Raphson iterations. For the GMRES solver, a
tolerance of 10~ is used in this example to illustrate the convergence

_Contact Areas

T T T 3
----- RBCS @ w=75Hz ==FBCS @ w=75Hz |
----- RBCS @ w=210Hz =—=FBCS @ w=210Hz

-+« RBCS @ w=500Hz —~FBCS @ w=500Hz_

Relative residual

Il *,
1800 2000

“‘ L
200 400 600 800 1400 1600

Iterations

Fig. 10. GMRES convergence at three different frequency points with the RBCS
and the FBCS.

behavior, while a stricter tolerance of 10~° is employed in the actual
simulations presented in the following sections.

In Fig. 9, the following are shown, from left to right: the single sector
focusing on the contact areas (highlighted in orange), the full bladed
disk, and the decomposed bladed disk.

To assess the effect of the parameter w, the GMRES convergence as-
sociated with the first NR iterations at three different frequency points
is analyzed. The analysis is conducted by linearizing the contact forces,
which involves treating the contact model as a linear spring connect-
ing two homologous points on either side of the contact interface (i.e.,
V f.1.5(%,) is constant). The analysis is performed near three resonance
frequencies, which are excited by a periodic excitation applied at the
blade tip of each sector. The selected frequency points are 75 Hz, 210 Hz,
and 500 Hz, which are close to the resonance peaks occurring at 78 Hz,
212 Hz, and 511 Hz. It is important to note that only the first NR iter-
ation is considered because it is the most relevant one, given that each
frequency point starts with a zero vector initial guess.

In Fig. 10 it is reported a comparison between the GMRES convergence
at the three different frequency points comparing the RBCS with the

Fig. 9. From left to the right: single sector, full bladed disk and domain decomposition.
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FBCS. As can be noticed from the figure, increasing the frequency point
from 75 Hz to 500 Hz makes the RBCS ineffective doubling the number
of GMRES iterations to about 2000 iterations. Instead the FBCS (where
some higher eigenvalues are also deflated as explained in Section 2.4)
keeps the iteration at around 150, mitigating the effect of the increase
in w and reducing the GMRES.

4.3. Forced response of a full tuned bladed disk

The first objective of this section is to validate the proposed FBCS on
a nonlinear forced response analysis of a tuned bladed disk, comparing
the computed response with state-of-the art approaches based on ROMs.
The FE model introduced in Section 4.2 is used with the same decompo-
sition into 224 domains. The FE model is decomposed using the METIS
software [22,30], a tolerance of 10~ is used for NR iterations and a tol-
erance of 107° (prescribed on both the primal and dual variables) is used
for stopping GMRES convergence. The analyses are executed introduc-
ing a proportional damping model (meaning C = aM + gK) with a =3
and g = 0 and a traveling wave excitation of 1.5 N at engine order (EO)
3 applied at two nodes of each blade tip. The settings used for the anal-
yses are not restricted by any specific choice; different settings can be
applied, as they do not affect the proposed methodology. A preload N
of 200 N is applied on each contact node.

In Fig. 11 are reported on the left the nonlinear forced response in
the frequency range between 76.5 Hz and 79.5 Hz while on the right the
nonlinear forced response in the range between 501.5 Hz and 504.5 Hz.
On the x axis the frequency of the analysis, while on the left y-axis the
response amplitudes computed at the same DOF for all the blades. In
all the subsequent figures, the following abbreviations are used: Linear
Forced Response (LFR), Nonlinear Forced Response (NFR), Cyclic ROM
(CYC ROM), Rigid Body (RB) and Frequency Based (FB).

The grey curve is the linear forced response. To validate the computed
responses, the NOVA® software by Politecnico di Torino is used, which
performs the same analysis on a Craig-Bampton reduced order model
[3] of the bladed disk, obtained by retaining as master nodes the con-
tact nodes and the excited nodes. The analysis is performed, and then,
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the cyclic symmetry boundary conditions are imposed at the interface
between the different sectors. The nonlinear forced response is then com-
puted using the FETI method with both the RBCS and the FBCS. As can
be seen from Fig. 11 the responses computed with the three approaches
perfectly overlap for both the frequency ranges of the analysis, proving
the validity of the newly introduced coarse space.

In Fig. 12 the number of GMRES iterations related to the first NR
iteration of the nonlinear forced response in the frequency range be-
tween 76.5 Hz and 79.5 Hz is reported on the left, while on the right,
the GMRES iterations related to the first NR iteration of the nonlinear
forced response in the range between 501.5 Hz and 504.5 Hz.

Focusing on the nonlinear forced response analysis in the lower fre-
quency range (between 76.5 Hz and 79.5 Hz), as shown in Fig. 12,
the use of the FBCS reduces the number of GMRES iterations by a fac-
tor of about 3 compared to the RBCS. Moving to a higher frequency
range (between 501.5 Hz and 504.5 Hz), the impact of the FBCS be-
comes more significant, reducing GMRES iterations by approximately
a factor of 10. This demonstrates that as the frequency increases, the
RBCS loses its effectiveness, while the proposed coarse space remains
effective.

In Fig. 13, the GMRES time related to the first NR iteration of the
nonlinear forced response in the frequency range between 76.5 Hz and
79.5 Hz is shown on the left, while on the right, the GMRES time for the
first NR iteration in the frequency range between 501.5 Hz and 504.5 Hz
is reported. Since GMRES is performed at each frequency point and dur-
ing each NR iteration, it is straightforward to conclude how this affects
the overall computational time.

In Fig. 14 the number of NR iterations related to nonlinear forced
response in the frequency range between 76.5 Hz and 79.5 Hz is reported
on the left, while on the right, the number of NR iterations related to the
nonlinear forced response in the range between 501.5 Hz and 504.5 Hz.
As can be seen from the plots, the introduction of the new FBCS does
not affect the number of NR iterations needed to converge.

Focusing on the nonlinear forced response in the frequency range
between 76.5 Hz and 79.5 Hz the use of the FBCS reduces the
computational time of about the 25%, while in the frequency range
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Fig. 11. Forced response analysis at EO 3 between 76.5 Hz and 79.5 Hz (left) and between 501.5 Hz and 504.5 Hz (right).
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Fig. 14. NR iterations referred to nonlinear forced response between 76.5 Hz and 79.5 Hz (left) and between 501.5 Hz and 504.5 Hz (right).

between 501.5 Hz and 505.5 Hz it reduces the computational time of
about the 55%. Even if the total size of the FBCS is higher than the RBCS
(respectively an average of 12 and 40 deflated vectors per domain), this
does not affect the total computational time and the time requested by
the GMRES, as shown in Fig. 13.

5. Conclusions

The robustness and efficiency of domain decomposition methods,
combined with the increasing computational power offered by modern
HPC systems, are continuously pushing the limits of large-scale engi-
neering simulations. This is particularly evident in structural dynamic
analyses, where the size of FE models often constrains the applicabil-
ity of state-of-the-art approaches. The FETI method provides a reliable
and effective framework for the solution of nonlinear dynamic problems;
however, for larger-scale linear systems, such as those arising from the
introduction of Lagrange multipliers, computational costs can become
significant.

Coarse spaces are introduced to deflate directions from the Krylov
subspace that do not contribute to the solution. Identifying effective
coarse spaces is challenging, and conventional approaches in struc-
tural dynamics have been shown to be inefficient in many cases. This
work presents a novel Frequency Based Coarse Space (FBCS), specif-
ically designed to address indefinite systems with a quadratic depen-
dence on the scalar frequency parameter », while preserving parallel
scalability.

A weak scalability analysis demonstrates that the proposed FBCS
maintains relatively high efficiency, mitigating the effects of domain
decomposition and keeping the number of GMRES iterations approxi-
mately stable. The influence of the frequency parameter »?> on GMRES
convergence is assessed through a case study on a real FE model, con-
firming the improved robustness and efficiency of FBCS compared to the
standard rigid body-mode coarse space (RBCS).

Validation on a full bladed-disk assembly confirms both the accu-
racy and effectiveness of the proposed methodology, showing that the
introduction of the FBCS significantly reduces the number of GMRES it-
erations and the overall computational time (without increasing the NR

11

iterations) thus providing a robust, efficient, and scalable solution that
overcomes the limitations of RBCS and further extends the applicability
of domain decomposition methods to large-scale structural dynamics
simulations.
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