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ABSTRACT
Nonlinear model predictive control (NMPC) is a promising technol-
ogy for chassis control applications, including torque vectoring con-
trol (TVC) of electric vehicles with multiple powertrains. Although 
NMPC can incorporate preview-based information, expected to aug-
ment performance of future active safety systems, its practical appli-
cations remain limited due to complexity and computational cost. 
In parallel, a few artificial intelligence (AI) TVC methods have been 
recently explored, but without considering imitation learning (IL). To 
cover the gap, this study proposes deep neural network (DNN)-based 
TVC, where the DNN is trained through IL of an NMPC algorithm 
including a 7-degree-of-freedom prediction model, and the pre-
view of vehicle trajectory and tyre-road friction level. The application 
is an in-wheel motor-driven vehicle prototype operating in vary-
ing friction conditions. The simulation results highlight: (i) perfor-
mance comparable to the NMPC, with turnaround time reductions 
exceeding 150 times; and (ii) TVC robustness to parameter uncertain-
ties, evaluated through Monte Carlo analyses. Moreover, proof-of-
concept experimental vehicle tests show that in absence of sideslip 
angle feedback, which significantly simplifies the estimation require-
ments, the proposed DNN reduces the yaw rate tracking error by 
> 75%, compared with a real-time implementable benchmarking 
TVC system based on a yaw moment observer and a rule-based 
longitudinal tyre slip controller.
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List of symbols

af , ar Front and rear semi-wheelbases
ax, ay Longitudinal and lateral accelerations
ay,max Maximum lateral acceleration magnitude
b Front and rear track width
dx, dy Preview position errors in the global reference system
Fc Corrective factor
Fdrag Aerodynamic drag force
Fx,ij, Fy,ij Longitudinal and lateral tyre forces
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Fz,ij Wheel load
Fz,ij,pred Predicted wheel load
Fz,pred,RMSE Mean value of the root mean square errors of the wheel load predic-

tion at each corner
f (·) Prediction model formulation
fo Activation function of the deep neural network output layer
fδsw Steering input frequency
Gµ Parameter for the definition of the slip angle constraint
g Gravitational acceleration
g(·) Prediction model output formulation
hCG Centre of gravity height
i = f , r Index or subscript referring to the front or rear axles
J Cost function of the nonlinear model predictive control formulation
Js Stage cost of the nonlinear model predictive control formulation
Jt Terminal cost of the nonlinear model predictive control formulation
JWT Auxiliary cost function of the ‘SurrogateOpt’ formulation
Jw Mass moment of inertia of the wheel about its axis of rotation
Jz Yaw mass moment of inertia of the vehicle
j = l, r Index or subscript indicating the left or right vehicle sides
k Generic index
kx, ky Scaling factors of the longitudinal slip stiffness and cornering stiff-

nesses
kµ Scaling coefficient of the tyre-road friction factors
L2 Regularization term
ltest Generic index related to the ‘SurrogateOpt’ formulation
Mroll,ij Rolling resistance moment
Mz,ref Reference direct yaw moment
Mz,ref ,RMS Root mean square value of the reference direct yaw moment
m Total vehicle mass
madd Additional mass included in the electric vehicle model
mbatch Mini-batch size
Nh Number of prediction steps
nhid Number of hidden layers
nneu Number of neurons per layer
ntest Number of testing scenarios of the nonlinear model predictive con-

troller
p Online parameter vector of the nonlinear model predictive con-

troller
pa Accelerator pedal position
Q, Qt Stage and terminal cost function weight matrices associated with the 

system outputs
Qopt , Qt,opt Optimised stage and terminal cost function weight matrices associ-

ated with the system outputs
R Stage cost weight matrix associated with the control inputs
Ropt Optimised stage cost weight matrix associated with the control 

inputs
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Rw Wheel radius
serr,max Maximum position preview error
T1, T2 Initial and final times considered in the key performance indicator 

formulations
Tij, Ṫij Reference electric motor torque and its time derivative
Tij,act Actual electric motor torque
Tlim,ij Torque saturation limit of the electric machine
Tmax, Trated Maximum and rated motor torque
Ttot,d Total powertrain torque demand
Ttot,lb, Ttot,ub Lower and upper boundaries on the total powertrain torque
Ttot,RMSE Root mean square value of the difference between the total power-

train torque request and the provided torque
Tδsw,const Duration of the constant steering phase
t Generic time instant
t0, t1, t2, t3 Current time instant and three previous time steps with a 25 ms 

sampling
tc Control action sampling time
tph Prediction horizon vector
th Prediction horizon
ts Sampling time vector of the control input updates along the predic-

tion horizon
tδ Steering wheel ratio
U Sequence of control inputs along the prediction horizon
u Control action vector of the nonlinear model predictive controller
uk Control inputs at a generic step of the prediction horizon
V , V̇ Velocity and acceleration magnitude at the centre of gravity of the 

vehicle
Vpred Predicted velocity magnitude
Vpred,RMSE Root mean square value of the velocity prediction error
w Constant weight
XCoG,id,0, YCoG,id,0 Actual vehicle centre of gravity position in the global reference 

system
XCoG,p, YCoG,p Future vehicle centre of gravity position in the global reference 

system
Xij, Yij Wheel corner coordinates in the global reference system
Xp,ij, Yp,ij Future wheel corner coordinates in the global reference system
Ẋref , Ẏref Velocity components in the global reference system
x State vector of the nonlinear model predictive controller
x0,DNNβprev,4

Input vector of the deep neural network, including the sideslip angle 
input and four output torque values

xk Prediction model states at a generic step of the prediction horizon
xpred Predicted state vector
zk, zref ,k Prediction model outputs and their reference values at a generic step 

of the prediction horizon
αij Rear slip angle
αlim,fj, αlim,rj Front and rear slip angle limits
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αlim,rj,mid Parameter for the slip angle constraint definition
αlim,rj,min, αlim,rj,max Minimum and maximum threshold values of the slip angle con-

straints
β , β̇ Sideslip angle and rate
β1, β2, β3 Sideslip angle at the previous three time steps with a 25 ms sampling
βmax Maximum sideslip angle
βpred Predicted sideslip angle
βpred,RMSE Root mean square value of the sideslip angle prediction error
δf Average front steering angle
δf ,dyn Dynamic steering wheel angle of the front wheels
δf ,id Ideal preview vector of the front steering angle
δsw, δ̇sw Steering wheel angle and its rate
1αr Rear slip angle limit violation
1αr,max Maximum rear slip angle limit violation
1αr,RMS Root mean square value of the rear slip angle limit violation
1t Time shift of the experimental friction profile at the rear corners
δsw,max Maximum steering wheel angle during a specific simulation
ϵδ Percentage error applied to the steering angle preview at the last 

prediction step
ϵσ , ϵα,f , ϵα,r Slack variables associated with the constraints on the longitudinal 

tyre slip ratios and front and rear slip angles
λ Initial learning rate
µ Average tyre-road friction factors among the four corners
µij Tyre-road friction factor at the individual corner
µrj,ths1, µrj,ths2 Friction factor thresholds
σij Longitudinal tyre slip ratio
σlim,ij Longitudinal tyre slip ratio limit
σr,max Maximum slip ratio magnitude at the rear wheels
τem Electric machine torque time constant
ψ , ψ̇ , ψ̈ Heading angle, yaw rate and yaw acceleration
ψ̇1, ψ̇2, ψ̇3 Yaw rate at the previous three time steps with a 25 ms sampling time
ψp Future heading angle
ψ̇pred Predicted yaw rate
ψ̇pred,RMSE Root mean square value of the yaw rate prediction error
ψ̇err,int Integral of the yaw rate error
ψ̇err,ISD Integral of the squared time derivative of the yaw rate error
ψ̇err,RMS Root mean square value of the yaw rate error
ψ̇ref Reference yaw rate
ωij, ω̇ij Angular wheel speed and acceleration
ωmax, ωrated Maximum and rated motor speed

1. Introduction

Torque vectoring control, i.e. direct yaw moment control through the variation of the motor 
torque distribution among the wheels, has been widely studied in recent years [1]. TVC 
can be used to improve vehicle handling and stability, and reduce energy consumption 
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[2,3]. Such technology reaches its full potential in electric vehicles (EVs) with multiple 
powertrains, which tend to provide faster wheel torque responses than internal combustion 
engine-driven vehicles. The benefit is especially evident in EVs equipped with direct drive 
in-wheel motors (IWMs) because of the absence of a mechanical reducer and a half-shaft 
between the electric machine and the respective wheel. In addition, TVC can be integrated 
with additional actuator controls, such as rear wheel steering and active suspension [4], to 
further improve vehicle performance and stability.

A wide range of TVC architectures, e.g. based on proportional integral derivative (PID) 
control [5], H∞ control [6], and sliding mode control (SMC) [7], have been proposed in 
the literature. Among them, model-based algorithms, such as linear quadratic regulators 
(LQRs) [8] and model predictive controllers (MPCs) [9], have shown superior perfor-
mance [2,10]. Moreover, TVC can be augmented by leveraging preview information, e.g. 
on the future trajectory and tyre-road friction profile. This data can be acquired through 
on-board exteroceptive sensors, e.g. cameras [11], or vehicle-to-everything (V2X) com-
munication [12]. Being based on the minimisation of a cost function defined along a time 
horizon, LQR and MPC architectures are especially suitable to account for information 
on the road scenario ahead [13,14]. In particular, MPCs can include formal consideration 
of system constraints, and, in the case of NMPC implementations, also nonlinear predic-
tion models [10]. However, a challenge related to the real-time deployment of implicit 
MPC algorithms for TVC on automotive control hardware is still represented by the high 
computational effort and turnaround time, in relation to the typically low sampling time 
[15].

In this context, AI techniques have been recently applied to the TVC problem. For exam-
ple, reinforcement learning (RL) approaches are based on learning by trial and error, and 
are used for adaptive tuning of classical controllers [16] or direct deployment of the result-
ing agents as TVC algorithms [17–19]. In the latter case, there is a lack of performance 
comparisons between the RL agents and state-of-the-art MPC implementations. However, 
for an adaptive cruise control application, in [20], the RL agent reaches a similar perfor-
mance to a simplified MPC. Nevertheless, the capability of a well-tuned and advanced 
NMPC algorithm is still difficult to reach. In parallel, deep learning (DL) strategies, which 
train DNNs from available datasets, have been mainly used in TVC systems for the gener-
ation or estimation of relevant variables, e.g. the reference yaw rate of the fuzzy logic direct 
yaw moment controller in [21] or the future wheel slip profile within the TVC system in 
[22]. In a few studies, DL has been integrated into MPCs to enhance the fidelity of their 
internal model, within the so-called neural network MPCs (NNMPCs) [23].

In practical applications, the RL training phase tends to be difficult because of the ini-
tial lack of knowledge on the expected agent response and the typically limited datasets. 
Such challenges can be overcome through IL, which is a DL methodology aimed at cloning 
expert system behaviours [24]. Only very few vehicle-related studies deal with IL tech-
niques [25,26], which can imitate high-performance and non-real-time implementable 
controllers, and then replace them with faster DNNs. In [27], Kim et al. use IL to emulate 
an NMPC-based emergency collision avoidance system with steering and friction brake 
actuation. In [28], a DNN imitates an NMPC-based autonomous driving controller, while 
reference [29] applies a similar methodology to autonomous drifting. Finally, in [30], Ajak 
et al. apply conditional IL to generate the reference steering wheel angle and pedal positions 
for autonomous driving, based on camera inputs and other sensor information. However, 
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there is a lack of studies dealing with (i) DNN-based TVCs obtained through IL; and (ii) the 
assessment of the effect of reducing the required set of variables to operate the DNN-based 
algorithm. For example, since vehicle sideslip angle estimation – required by current TVC 
systems – is typically very challenging in variable tyre-road friction conditions [31–33], 
the DNN generated through IL could be set not to include the sideslip information as an 
input, thus enabling significant simplification of the state estimation architecture.

To address the identified gaps, this study brings the following contributions: 

• A systematic methodology for DNN-based TVC design and implementation, consist-
ing of (i) vehicle model validation; (ii) target controller definition and optimisation; 
(iii) dataset generation with coverage of driving conditions inducing stable and unstable 
vehicle responses; (iv) DNN structure definition and training process; (v) simulation-
based validation of the IL-generated DNN for TVC; and (vi) robustness verification 
through Monte Carlo analyses.

• Experimental assessment of a real-time DNN-based TVC system, featuring (i) inte-
grated longitudinal tyre slip control functionality; (ii) road preview augmentation; (iii) 
feedback independence from the vehicle sideslip angle; and (iv) significantly reduced 
computational cost, while maintaining comparable performance to the reference high-
performance NMPC algorithm.

The remainder is structured as follows: Section 2 discusses the case study vehicle and its 
model formulations; Section 3 deals with the preview-based NMPC algorithm, and related 
IL process; Section 4 presents the simulation results comparing the DNN- and NMPC-
based TVC performance; finally, Section 5 experimentally assesses the DNN-based TVC, 
together with a benchmarking controller already present on the same vehicle demonstrator.

2. The case study vehicle and its model

2.1. The case study vehicle

The case study EV prototype, see Figure 1 and its main parameters in Table 1, is equipped 
with rear direct drive outrunner IWMs that can be independently controlled, and an 
automated steering setup on the front axle. The latter consists of an electric motor-based 
servosystem to track the reference steering angle profile, imposed either by a path tracking 
controller or in open-loop. The total wheel torque demand generation is based on a virtual 
accelerator pedal position, also in this case generated by the path tracking layer, operating 
in open-loop in the specific tests of this study. None of the involved manoeuvres implied 
the intervention of the friction brakes, which are not controllable on the specific EV.

The vehicle includes a dSPACE AutoBox–DS1103 rapid control prototyping unit, with a 
PC 750GX control board running at 933MHz. The controlled and measured variables are 
monitored through the dSPACE Control Desk software. 12-bit resolvers measure the wheel 
speeds, while a Kalman Filter, previously tuned and validated through an optical sensor 
(Correvit by Corrsys-Datron), is used for accurate real-time sideslip angle estimation [34]. 
A dedicated inertial measurement unit (IMU) provides the yaw rate measurement; a VBOX 
unit measures the vehicle speed; and a KGM-10G GPS receiver provides vehicle position 
and heading angle.
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Figure 1. Views of the University of Tokyo vehicle prototype, with the indication of the actuators, sensors 
and a rapid control prototyping unit.

Table 1. Main vehicle parameters.

Description Symbol Value Unit

Vehicle

Total vehicle mass m 925 [kg]
Front semi-wheelbase af 0.988 [m]
Rear semi-wheelbase ar 0.712 [m]
Front and rear track width b 1.3 [m]
Centre of gravity (CoG) height hCG 0.46 [m]
Yaw mass moment of inertia Jz 617 [kgm2]
Wheel radius Rw 0.302 [m]
Wheel mass moment of inertia Jw 1.24 [kgm2]
Steering wheel ratio tδ 0.06 [–]

In-wheel motor

Maximum motor torque Tmax 530 [Nm]
Rated motor torque Trated 127 [Nm]
Maximum motor speed ωmax 1200 [rpm]
Rated motor speed ωrated 450 [rpm]
Electric machine torque time constant τem 6 [ms]

2.2. The vehicle dynamics model

A vehicle dynamics simulation model was implemented in the Matlab-Simulink environ-
ment and was used to support the generation of the IL training datasets, as well as for 
the simulation-based assessment of the resulting DNNs. The dedicated Matlab-Simulink 
implementation of the model, rather than the adoption of a specialised vehicle dynamics 
simulation software, enables: (i) model generation with a limited vehicle dataset, e.g. with-
out knowledge of the kinematic and compliance characteristics of the suspension system, 
which is the case of this implementation, and also rather common in typical applications 
and (ii) significantly faster data generation for IL agent training. The effectiveness of the 
methodology will be confirmed by the experimental test results.

From the mechanical viewpoint, the model has 7 degrees of freedom (DOFs), i.e. three 
of them associated with the vehicle body motions (longitudinal, lateral and yaw dynam-
ics), and one per corner to consider each wheel rotation. The electric machine (EM) 
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Figure 2. Simplified schematic of the vehicle top view, with the main variables and parameters involved 
in the simulation model.

torque dynamics are also accounted for through a first-order model. Figure 2 shows the 
vehicle schematic with the main parameters and variables, and the corresponding sign 
conventions.

The model is described by the following equations: 

• Force balance along the vehicle motion direction

V̇ =
1
m

⎧⎨⎩cos(β)
⎧⎨⎩∑︂

j=l,r

[Fx,fj cos(δf )− Fy,fj sin(δf )+ Fx,rj] − Fdrag

⎫⎬⎭
+ sin(β)

∑︂
j=l,r

[Fx,fj sin(δf )+ Fy,fj cos(δf )+ Fy,rj]

⎫⎬⎭ (1)

where V is the velocity magnitude at the vehicle centre of gravity; β is the sideslip angle; 
m is the total vehicle mass; δf  is the average front steering angle; Fdrag is the aerodynamic 
drag force; and Fx,ij and Fy,ij are the longitudinal and lateral tyre forces at the corner ij, 
where here and in the remainder the subscript i = f , r refers to the front or rear corners, 
while the subscript j = l, r refers to the left and right corners.
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• Force balance along a perpendicular direction to the motion direction

β̇ =
1

mV

⎧⎨⎩cos(β)∑︂
j=l,r

[Fx,fj sin(δf )+ Fy,fj cos(δf )+ Fy,rj]

− sin(β)

⎧⎨⎩∑︂
j=l,r

[Fx,fj cos(δf )− Fy,fj sin(δf )+ Fx,rj] − Fdrag

⎫⎬⎭
⎫⎬⎭− ψ̇ (2)

where ψ̇ is the yaw rate.
• Yaw moment balance

ψ̈ =
1
Jz

⎧⎨⎩∑︂
j=l,r

af [Fx,fj sin(δf )+ Fy,fj cos(δf )] − arFy,rj

+
b
2
[Fx,fr cos(δf )− Fy,fr sin(δf )− Fx,fl cos(δf )+ Fy,fl sin(δf )+ Fx,rr − Fx,rl]

⎫⎬⎭
(3)

where Jz is the yaw mass moment of inertia; af  and ar are the front and rear semi-
wheelbases; and b is the track width, which is approximately the same on the two axles.

• Moment balance of the wheel ij about its axis of rotation

ω̇ij =
1
Jw

[Tij,act − Fx,ijRw − Mroll,ij] (4)

where ωij is the angular wheel speed; Jw is the wheel mass moment of inertia – including 
all the relevant components rotating with the wheel – about the axis of rotation; Tij,act is 
the actual EM torque; Rw is the wheel radius; and Mroll,ij is the rolling resistance moment.

• EM torque dynamics

Ṫij =
Tij − Tij,act

τem
(5)

where Tij is the reference motor torque, after the application of a saturation limit based 
on ωij, according to the torque characteristic curve of the machine; and τem is the EM 
torque time constant.
The tyre model is based on the simplified version of the magic formula in [2], includ-
ing consideration of the interaction between longitudinal and lateral tyre forces. The 
tyre model provides vertical tyre load values that consider the longitudinal and lateral 
load transfer effects, under the assumption – already adopted in [14] – of neglecting 
the suspension dynamics, but considering the roll stiffness distribution effect on the lat-
eral load transfer. For completeness, the vehicle model was implemented for both the 
experimentally implemented rear-wheel-drive (RWD) EV layout and the corresponding 
all-wheel-drive (AWD) version, the latter employed in the simulation-based assessment 
of the TVC algorithm.
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Figure 3. Vehicle model validation results along (a) ramp steer and (b) double step steer manoeuvres.

2.3. Model validation

To experimentally validate the vehicle model, multiple manoeuvres covering quasi-steady-
state and transient conditions were carried out with the EV demonstrator, on high and 
variable friction surfaces. For example, Figure 3(a) shows the results during a ramp steer 
manoeuvre at 25 km/h, in terms of understeer characteristic, i.e. the plot of the dynamic 
steering angle at the front wheels, δf ,dyn (the difference between δf  and the kinematic steer-
ing angle), as a function of the lateral acceleration ay. Figure 3(b) reports the time profiles 
of the main variables along a double-step steer manoeuvre.

3. The imitation-learning toolchain

3.1. Assumptions

This preliminary study is conducted under assumptions A1–A4.

A1. The vehicle operates on a flat surface with negligible slope and bank angles.
A2. All the relevant vehicle state variables (speed, sideslip angle, yaw rate and wheel 

speeds) are available in real-time, which is reasonable, given the presence of the relevant 
on-board sensors and observers in the case study EV but also in production vehicles.
A3. The tyre-road friction factor of the proving ground is spatially mapped offline, and is 

available to the controller as road preview information, which represents the future frontier 
of chassis control, e.g. see the analyses in [35] and [36], applied to anti-lock braking and 
traction control, and here to be extended to the TVC case.
A4. The reference steering wheel angle is available as preview information, which can 

be obtained through exteroceptive sensing on the road curvature ahead (e.g. through 
cameras) and/or V2X communication [37,38].
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Figure 4. Control and simulation architectures for NMPCprev and DNNβprev,4. The items that are NMPC-
specific are in red, those that are DNN-exclusive are in light blue, while the shared items are in black.

3.2. Control system and simulation architecture

The implicit solution of complex NMPC to be run at low sampling times tc of vehicle 
dynamics control applications implies high computational effort. Hence, the proposed 
real-time control architecture consists of a DNN implementation for preview-based TVC, 
which is trained to imitate a high-performance NMPC algorithm. The control system and 
simulation architecture are presented in Figure 4. Since both the NMPC and resulting IL-
derived DNN are included, the diagram distinguishes the items that are NMPC-specific 
from those that are DNN-exclusive or those that are shared. The scheme refers to two of the 
TVC configurations considered in the study: (i) NMPCprev, an advanced model predictive 
algorithm including tyre-road friction and steering input preview; and (ii) DNNβprev,4, the 
corresponding agent incorporating the sideslip angle input. Other configurations, along 
with their characteristics, will be introduced later. Here and in the remainder, the bolded 
symbols refer to vectors whose components are the variables having the same name as the 
vector, discretised along the prediction horizon th.

The main blocks that are common to both TVC configurations are: 

• The drivability map, which provides the total powertrain torque demand Ttot,d, start-
ing from V and the accelerator pedal position pa. To achieve regenerative braking, for 
V >10 km/h, Ttot,d is set to zero for a pa value corresponding to 15% of the pedal travel, 
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while the torque demand linearly reaches its maximum negative (i.e. regenerative) and 
positive (i.e. traction) values at 0% and 100%. At very low speed, such a condition is 
progressively varied to prevent negative powertrain torque values when the vehicle is at 
a standstill.

• The yaw rate reference generator, which outputs the reference yaw rate vector ψ̇ ref
along th. Firstly, a sequence of steady-state values of reference yaw rate is computed 
as a function of the sequence of steering inputs δf  and V , through a nonlinear map for 
high-friction conditions. The map is designed to provide a similar cornering response 
to the passive vehicle – i.e. the one without any control – in quasi-static conditions, and 
is obtained by postprocessing the results of ramp steer manoeuvres at different V values. 
Then, to ensure stability on low-friction surfaces, the previewed sequence of tyre-road 
friction factors µij at the individual EV corners sets a safety limit to ψ̇ ref :

|ψ̇ ref ,lim| =
ay,max

V
=

Fcg
∑︁

i=f ,r
∑︁

j=l,r µij

4V
(6)

where ay,max is the vector of the maximum lateral acceleration magnitudes that are 
deemed achievable by the vehicle, for the sequence of average friction factors defined by 
µ =

∑︁
i=f ,r

∑︁
j=l,r µij/4; g is the gravitational acceleration; and Fc is a corrective factor.

• The position preview block, which provides the sequence of future wheel corner posi-
tions, Xp,ij and Yp,ij, in the global reference system, as part of the friction preview 
module. Xp,ij and Yp,ij are determined by computing the expected future position vec-
tors, XCoG,p and YCoG,p, of the vehicle CoG in the global reference frame (see the 
trajectory examples in Figure 5), as well as the heading angle vector ψp, according to 
the following formulation:

For k = 1 to Nh do

XCoG,p(k) = XCoG,p(k − 1)+ ts(k − 1)V(k − 1) · cos[β(k − 1)+ ψp(k − 1)]

YCoG,p(k) = YCoG,p(k − 1)+ ts(k − 1)V(k − 1) · sin[β(k − 1)+ ψp(k − 1)]

ψp(k) = ψp(k − 1)+ ts(k − 1)ψ̇(k − 1)

End

Xp,ij = XCoG,p ± ai cosψp ±
b
2
sinψp

Yp,ij = YCoG,p ± ai sinψp ±
b
2
cosψp (7)

where the initial values of XCoG,p, YCoG,p, and ψp, corresponding to the current vehicle 
states, are obtained from the vehicle model; k is a generic step along th, while Nh is the 
number of prediction steps; ts, defined within the optimal control problem (OCP) for-
mulation, is the sampling time vector, according to which the control inputs are updated 
along th; and V , β and ψ̇ change along th in the case of NMPCprev, i.e. they are part of 
the NMPC-predicted state vector xpred, hence the notations Vpred, βpred and ψ̇pred in 
Figure 4, but remain constant – equal to the current values given the absence of a pre-
diction – in the case of DNNβprev,4. The latter assumption implies a usually acceptable 
approximation, given the relatively short prediction horizon.
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Figure 5. Examples of friction factor maps with a three-dimensional visualisation of the friction vari-
ations in a selected region of the first map, and resulting vehicle trajectories (Tra1, . . . , Tra5) from the 
training phase.

• The friction coefficient preview block, including the relevant µ-maps, see Figure 5, gen-
erates µij as a function of Xij and Y ij. Low-friction patches are randomly distributed 
across the maps, with their sizes and friction values selected to ensure high variability 
in the scenarios used for DNN training, see Section 3.4. To further diversify the friction 
values experienced at the four wheels throughout the simulations, each manoeuvre is 
initiated from different initial positions, with varying heading angles, initial speeds and 
torque profiles. This setup results in highly diverse training scenarios, as shown by the 
resulting trajectories in Figure 5, extrapolated from the training dataset.

• The NMPCprev and DNNβprev,4 TVC block, i.e. the core of the control architecture, which 
determines the reference torque distribution. NMPCprev computes the four EM torque 
values based on (i) the reference values of the total powertrain torque and yaw rate; 
(ii) the preview information on the tyre-road friction factor and steering input; (iii) 
the preview information on the longitudinal and lateral accelerations; (iv) the online 
constraint threshold values; and (v) the current vehicle states, together with the vehicle 
state augmentation represented by the integral of the yaw rate error, ψ̇err,int . DNN

β
prev,4

allocates the torque among the EMs using the inputs from (i), (ii) and (v), as well as 
the past three-time-step values of sideslip angle (β1, β2 and β3) and yaw rate (ψ̇1, ψ̇2
and ψ̇3), with a 25ms sampling, with respect to the current one t0, i.e. t1 = t0− 0.025 s, 
t2 = t0− 0.050 s and t3 = t0− 0.075 s.

Because the DNN does not require the full set of inputs needed by the NMPC, the 
following blocks are exclusively associated with the NMPC: 

• The online constraint value generator, which defines the constraint thresholds that vary 
along time, namely: (i) the EM torque saturation limits, Tlim,ij (considered constant 
throughout the prediction), as a function of the corresponding wheel speed ωij; and 
(ii) the rear slip angle limit vectors αlim,rj, obtained as a function of the corresponding 
preview-based µrj, to improve safety. The individual components of αlim,rj are given by 
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a saturated linear function of the friction factor:

αlim,rj(k) =

⎧⎪⎨⎪⎩
αlim,rj,min,µrj(k) < µrj,ths1

Gµµrj(k)+ αlim,rj,mid,µrj,ths1 ≤ µrj(k) < µrj,ths2

αlim,rj,max,µrj(k) ≥ µrj,ths2

(8)

where µrj,ths1 = 0.2 and µrj,ths2 = 1 are the friction factor values that are used to deter-
mine the rear slip angle limits; αlim,rj,min = 1.5 deg and αlim,rj,max = 4 deg are the 
minimum and maximum threshold values of the constraint; and Gµ = 3.125 deg and 
αlim,rj,mid = 0.875 deg are the parameters defining the constraint for friction factor 
values between µrj,ths1 and µrj,ths2.

• The open-loop prediction model, which is a reduced version of the NMPC prediction 
model, takes as input xpred, µij and δf , to estimate the sequences of the future lateral and 
longitudinal accelerations, ay and ax, which are used by the controller for the vertical 
tyre load computation.

The vehicle model blocks are: 

• The steering and pedal modules, generating pa and the steering wheel angle δsw.
• The four IWM models, see their description in Section 2.2, providing the actual 

powertrain torque levels to the vehicle body model.
• The vehicle body model in Section 2.2, set to provide the relevant variables to the control 

architecture.

3.3. Optimal control problem and road preview implementation

The NMPC OCP is formulated as the minimisation of a cost function J, subject to a set of 
constraints:

argmin
U

J := Jt + Js =
1
2
||zNh − zref ,Nh ||

2
Qt

+
1
2

Nh−1∑︂
k=0

[||zk − zref ,k||2Q + ||uk||2R]

s.t.

x0 = xin
xk+1 = f (xk, uk, pk)

zk = g(xk, uk, pk)

(i) Ttot,lb ≤ Ttot ≤ Ttot,ub

(ii) − Tlim,ij ≤ Tij ≤ Tlim,ij

(iii) − σlim,ij − ϵσ ≤ σij ≤ σlim,ij + ϵσ

(iv) − αlim,ij − ϵα,i ≤ αij ≤ αlim,ij + ϵα,i

(v) ϵσ ≥ 0

(vi) ϵα,f ≥ 0
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(vii) ϵα,r ≥ 0 (9)

where J consists of the terminal cost Jt and the stage cost contribution Js; zk and zNh  are the 
prediction model outputs at the k-th step and the last time step of th; zref ,k and zref ,Nh  are 
the corresponding reference values; U is the optimal sequence of control inputs uk along th, 
i.e. U = [u0, u1, . . . , uk, . . . , uNh]; Q and Qt are the stage and terminal cost function weight 
matrices associated with the outputs; and R is the stage cost weight matrix penalising the 
control effort.

The notation f (·) indicates the prediction model formulation, corresponding to the dis-
cretised version of (1)–(4) and the related tyre and load transfer models, while g(·) refers 
to the output equation, providing z as a function of the states x (having initial condition 
x0 = xin), control actions u and online parameters p. In particular, the output vector z is:

z = [ψ̇err, Ttot] (10)

where Ttot is the sum of the IWM torque levels and the equivalent yaw rate error, ψ̇err, 
includes an integral term:

ψ̇err = ψ̇ − ψ̇ref + wψ̇err,int (11)

where w is a constant weight. The corresponding reference output vector, zref , is:

zref = [0, Ttot,d] (12)

where Ttot,d instigates the tracking of the wheel torque demand. At the last step of the 
prediction horizon, zNh  and zref ,Nh  only include the component related to the yaw rate 
tracking error. x, u and p are defined as:

x = [V ,β , ψ̇ ,ωfl,ωfr,ωrl,ωrr,ψerr,int]

u = [Tfl,Tfr,Trl,Trr, ϵσ , ϵα,f , ϵα,r]

p = [Ttot,lb,Ttot,ub,Tlim,fl,Tlim,fr,Tlim,rl,Tlim,rr,

ax, ay, δf ,µfl,µfr,µrl,µrr,αlim,rl,αlim,rr, ψ̇ ref ] (13)

where ϵσ , ϵα,f  and ϵα,r are the slack variables associated with the vehicle dynamics con-
straints (iii) and (iv) in (9). Such constraints are implemented with a soft formulation to 
guarantee smooth numerical operation of the algorithm, also when the vehicle plant is not 
able to enforce the imposed limitations. Ttot,lb and Ttot,ub are the lower and upper bound-
aries on the total powertrain torque, which are adaptively set depending on the sign of 
Ttot,d, to limit the correction on the driver demand.

The constraints in (9) are (i) a hard constraint that imposes Ttot from the TVC to be 
smaller than or equal to Ttot,d; (ii) a hard constraint on the maximum EM torque magnitude 
on each corner; (iii) soft constraints on the longitudinal tyre slip ratio σij, which implement 
the traction control and anti-lock braking control functions, with the threshold σlim,ij being 
set to 0.1 in the specific implementation; (iv) soft constraints on the slip angles αij, where 
αlim,fj is kept equal to ∼12 deg, while the rear limits depend on µ, see (8); and (v)–(vii) 
impose the slack variables to be non-negative.

The online parameters p are kept constant over the prediction horizon, unless preview 
information is available. Constant values bring prediction inaccuracies and performance 
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degradation. In the next analyses, NMPCbase and NMPCprev refer to NMPC configura-
tions with and without preview. In NMPCprev, the second row of the p components in (13) 
varies over th. tph is the prediction horizon vector, whose last element is th, and which is 
discretised according to the discretisation step vector ts. Given that the constant p setting 
implies prediction errors that are magnified by high th values, NMPCbase is implemented 
with a short th of 75ms, obtained through ts = [25, 25, 25] ms. On the other hand, given 
its higher prediction potential, NMPCprev is implemented with th = 200ms and variable 
discretisation according to ts = [25, 25, 25, 25, 50, 50] ms. A detailed explanation of the 
preview functionality of NMPCprev can be found in [39].

In this respect, for a baseline setting of the controller cost function weights, Figure 6 
analyses the quality of the predictions of the relevant variables during controller operation 
along a sinusoidal steering simulation from an initial speed of 50 km/h, with a steering 
wheel angle amplitude of 100 deg applied at a 0.6Hz frequency. The road surface is the one 
with the friction profile in Figure 5(c), where the initial EV coordinates are (20,20) m. To 
highlight the prediction accuracy along th, Figure 6(a) compares the actual ψ̇ profiles with 
the controller-predicted profiles at the time instant t0, corresponding to the bigger marker 
of each line, e.g. see the inset. Moreover, Figure 6(b) reports key performance indicators 
(KPIs) of the prediction accuracy level along the entire simulation, with initial and final 
times T1 and T2. The KPIs are the root mean square error values of the predictions, at each 
prediction step k. The considered variables are the vehicle speed, yaw rate, sideslip angle, 
and the vertical tyre loads, corresponding to the indicators Vpred,RMSE(k), βpred,RMSE(k), 
ψ̇pred,RMSE(k) and Fz,pred,RMSE(k), which are computed through the following routine:

For k = 1 to Nh do

Vpred,RMSE(k) =

√︄
1

T2 − T1

∫︂ T2

T1
[Vpred(t0, k)− V(t0 + tph(k))]2dt

βpred,RMSE(k) =

√︄
1

T2 − T1

∫︂ T2

T1
[βpred(t0, k)− β(t0 + tph(k))]2dt

ψ̇pred,RMSE(k) =

√︄
1

T2 − T1

∫︂ T2

T1
[ψ̇pred(t0, k)− ψ̇(t0 + tph(k))]

2dt

Fz,pred,RMSE(k) =
1
4

∑︂
i=f ,r

∑︂
j=l,r√︄

1
T2 − T1

∫︂ T2

T1
[Fz,ij,pred(t0, k)− Fz,ij(t0 + tph(k))]2dt

End (14)

where Vpred(t0, k), βpred(t0, k), ψ̇pred(t0, k), and Fz,ij,pred(t0, k) are the NMPC-predicted val-
ues of the variables, according to the computation carried out at the current time t0 for the 
prediction step k; and V(t0 + tph(k)), β(t0 + tph(k)), ψ̇(t0 + tph(k)), and Fz,ij(t0 + tph(k))
are the corresponding actual values, taken from the simulation model results at the time 
t0 + tph(k), to match the time of the prediction. The dependency on k through tph enables 
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Figure 6. Benefit of road preview on prediction accuracy: (a) yaw rate profiles in the time domain; and 
(b) considered KPIs as a function of tph(k) during a sinusoidal steering manoeuvre on a variable friction 
surface.

Figure 7. Simplified schematic of the imitation learning process based on Phases 1–3.

to assess how much the prediction accuracy deteriorates along the horizon. Interestingly, 
thanks to the preview setup, NMPCprev provides an overall better prediction at 150ms than 
NMPCbase at 75ms.

3.4. Imitation learning-based control design

The IL process to obtain a DNN for TVC is represented in Figure 7 and consists of three 
phases.

Phase 1: Control expert optimisation. In this phase, NMPCprev is optimised over ntest =

200 representative tests, along with 5 manoeuvre typologies, corresponding to the lines of 
Table 2. Each manoeuvre was simulated 40 times: (i) 20 times on a surface with µ = 0.8, 
among which 10 times with constant – but different for each simulation – Ttot,d values and 
10 times with a variable Ttot,d profiles and (ii) 20 times on a surface with variable µ from 
0.1 to 0.8, according to the maps in Figure 5, with the same distribution between constant 
and variable Ttot,d profiles as for (i). For each simulation run, where relevant for the specific 
manoeuvre, the following parameters were varied in the range indicated in the table: (a) 
|δsw,max|, i.e. the δsw amplitude; (b) δ̇sw, i.e. the steering wheel rate; (c) fδsw , i.e. the steering 
frequency; and (d) Tδsw,const , i.e. the duration of the constant steering phases. To achieve 
a database with good coverage of the operating conditions, the tests have been simulated 
from different initial speeds, in the 20–60 km/h range.
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Table 2. Considered manoeuvre parameters.

Manoeuvre |δsw,max | [deg] δ̇sw [deg/s] fδsw [Hz] Tδsw,const [s]

Ramp steer 200 2–20 – –
Sinusoidal steering 100–200 – 0.1–0.6 –
Sweep steering 100–200 – 0–2 –
Multiple-step steer 100–200 200–400 – 0.25–2

The MATLAB ‘SurrogateOpt’ function [40] for global minimisation of time-consuming 
objective functions is used to find the optimal NMPC cost function weights, according to 
the following set-up:

argmin
Q,Qt ,R

JWT :

= wWT1

∑︁ntest
ltest=1 ψ̇err,RMS,ltest

ntest ψ̇err,RMS,max
+ wWT2

∑︁ntest
ltest=1 ψ̇err,ISD,ltest

ntest ψ̇err,ISD,max

+ wWT3

∑︁ntest
ltest=1 Ttot,RMSE,ltest

ntest Ttot,RMSE,max
+

+ wWT4

∑︁ntest
ltest=11αr,RMS,ltest

ntest 1αr,RMS,max
+ wWT5

∑︁ntest
ltest=11αr,max,ltest

ntest 1αr,max,max

s.t.

Q,Qt ∈ [Qmin,Qmax]

R ∈ [Rmin,Rmax] (15)

where ltest is an index referring to the considered test, and the auxiliary cost function 
JWT for controller calibration, computed outside the NMPC algorithm along the 200 
simulations, is based on: 

• ψ̇err,RMS, i.e. the root mean square value of the error between ψ̇ref  and ψ̇ :

ψ̇err, RMS =

√︄
1

T2 − T1

∫︂ T2

T1
[ψ̇ − ψ̇ ref ]

2dt (16)

• ψ̇err,ISD, i.e. the time integral of the squared time derivative of the yaw rate error, to 
reduce control input fluctuations:

ψ̇err,ISD =

∫︂ T2

T1

[︂
ψ̈ − ψ̈ ref

]︂2
dt (17)

• Ttot,RMSE, i.e. the root mean square error value between Ttot and Ttot,d:

Ttot,RMSE =

√︄
1

T2 − T1

∫︂ T2

T1
[Ttot − Ttot,d]2dt (18)
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• 1αr,RMS, i.e. the root mean square value of the rear slip angle limit violation 1αr:

1αr,RMS =

√︄
1

T2 − T1

∫︂ T2

T1
[1αr]2dt (19)

with 1αr being calculated as the average between the left and right violations:

1αr = max

(︄
0,

∑︁
j=l,r |αrj| − αlim,rj

2

)︄
(20)

• 1αr,max, i.e. the maximum value of 1αr along the manoeuvre:

1αr,max = max(1αr) (21)

In (15), the maximum expected values of the KPIs, indicated with the subscript ‘max’, are 
used to normalise the individual terms of JWT .

Phase 2: Training database generation. Following its optimisation, the NMPCprev cal-
ibration with the optimal weight matrices (Qopt , Qt,opt , and Ropt) is tested to collect its 
inputs and outputs. In addition to the previously introduced manoeuvres with the contin-
uously running controller, half of the simulations are repeated with a specific controller 
activation logic. In fact, NMPCprev is switched on and off with a predefined frequency 
over the same manoeuvre. In this way, the controller tries to bring the vehicle back to a 
stable condition, starting from the critical ones that tend to occur when the controller is 
inactive. Hence, the DNN can learn how to act also when the vehicle shows unstable or 
undesirable behaviour. To ensure smooth TVC operation during normal driving, 32 addi-
tional straight-line manoeuvres with different combinations of constants Ttot,d and µ are 
included in this phase. As a result, the collected training database consists of ∼152,000 
sampling data points, obtained through 332 simulations. The database is split into training 
and validation sets with a 90:10 ratio, and normalised with respect to the physically plau-
sible limits of the operating conditions of the vehicle, e.g. with the yaw rate limited to ±90 
deg/s and the angular wheel speeds ranging between 0 and 1800 rpm.

Phase 3: DNN training. During the feedforward DNN training process, a Bayesian opti-
misation algorithm [41] is used to select the best hyperparameter sets within the ranges in 
Table 3. The hyperparameters include the initial learning rate λ, mini-batch size mbatch, 
number of hidden layers nhid, number of neurons per layer nneu and the output layer acti-
vation function fo. For the sake of time saving, each training run is limited to 100 epochs. 
The adaptive moment estimation (Adam) optimiser [42] – with a gradient decay factor 
of 0.9 and a squared gradient decay factor of 0.999 – is employed to update the network 
parameters by minimising a loss function defined as the mean squared prediction error. 
The parameter set achieving the minimum validation loss across all epochs – which does 
not necessarily correspond to the last iteration – is saved. Furthermore, L2 regularisation 
is applied across the training runs with a fixed value of 1·10−4. The Bayesian optimisa-
tion procedure is executed for 168 h, corresponding to approximately 230 trainings for the 
DNNβprev,4 and DNNβ\

prev,4 configurations (the most complex networks of this study), on a 
Lenovo 16p Gen 4 ThinkBook with Intel Core i9-13900H 2.60GHz processor, 8 GB GPU 
and 32 GB 5.6GHz RAM.
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Table 3. Hyperparameters of the DNN training process.
Description Symbol Values

Initial learning rate λ 5·10−4
÷1·10−2

Mini-batch size mbatch 64, 128, 258, 512
Number of the hidden layers nhid 2, 3, 4
Number of neurons per layer nneu 32, 64, 128, 258
Output function fo linear, tanh

Upon completion of the Bayesian optimisation process, the trained networks are firstly 
evaluated in open-loop (i.e. in parallel with NMPCprev, which sends the control inputs 
to the vehicle model) within the simulation architecture in Figure 4, implemented in 
Simulink, under several previously unseen scenarios. These scenarios involve unexplored 
combinations of steering and pedal profiles as well as different initial vehicle conditions, 
thereby driving the vehicle through friction paths not encountered during training and 
operating under unseen driving conditions. If this evaluation is successful, the networks 
are subsequently tested in a closed-loop by replacing NMPCprev. If any of these validation 
stages fail, the Bayesian optimisation process is repeated, by incorporating additional sce-
narios to explore unseen DNN inputs-outputs relations, expanding the hyperparameter 
ranges, or modifying the network architecture. For instance, in the implementation phase 
of the specific NNs of this study, during the initial trials, when the training dataset consisted 
solely of the manoeuvres introduced in Phase 1, the DNNs were unable to complete the 
final closed-loop validation. Their performance was noteably improved by including data 
from the manoeuvres introduced in Phase 2, in which the NMPC is repeatedly switched 
on and off.

The toolchain based on Phase 1–Phase 3 was used to generate several DNNs. All of them 
have in common the architecture with fully connected layers, the ReLU [43] activation 
functions of the hidden layers and the linear activation function of the output layer. In the 
remainder, the trained networks are referred to as follows: 

• DNNβprev,4, already introduced in Section 3.2, targeting the simulated AWD EV config-
uration, where the subscript ‘4’ identifies the number of control inputs, i.e. the reference 
IWM torque levels. The resulting network has the architecture in Figure 8, with 4 hid-
den layers of 128 neurones each. The DNNβprev,4 input vector, x0,DNNβprev,4

, consists of 56 
components:

x0,DNNβprev,4
= [V ,β ,β1,β2, β3, ψ̇ , ψ̇1, ψ̇2, ψ̇3,ωfr,ωfl,ωrr,ωrl,Ttot,d,

δf (1), . . . , δf (7), ψ̇ ref (1), . . . , ψ̇ ref (7),µfr(1), . . . ,µfr(7),

µfl(1), . . . ,µfl(7),µrr(1), . . . ,µrr(7),µrl(1), . . . ,µrl(7)] (22)

where the front steering and friction preview vectors, δf  and µij, are sampled accord-
ing to the sampling time vector ts = [25, 25, 25, 25, 50, 50] ms. The µij vectors are 
computed from the predicted future wheel positions as in (7), under the assumption of 
constant V , β and ψ̇ over the preview horizon.
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Figure 8. Simplified schematic of the DNNβ\

prev,4 and DNN
β
prev,4 configurations.

• DNNβ\

prev,4, which has the same characteristics as DNNβprev,4, apart from the different 
number of inputs (52 instead of 56), since it does not require the sideslip angle infor-
mation (β , β1, β2 and β3). Accordingly, µij are computed with the same method as for 
DNNβprev,4, but assuming β = 0.

• DNNβprev,2, which is the equivalent of DNNβprev,4 for the experimental RWD EV config-
uration, i.e. with only two control inputs. The network consists of 3 hidden layers of 64 
neurons each. With respect to x0,DNNβprev,4

, the DNNβprev,2 input vector excludes ωfr and 
ωfl.

• DNNβ\

prev,2, which is the same as DNNβprev,2, apart from the exclusion of the sideslip angle 
information from the inputs.

• DNNβ\

prev,µ\,2, which only uses the preview information on δf , but not on µij, i.e. 
µij(2), . . . , µij(7) are all equal to the current value µij(1).

• DNNβ\

2 , which does not have any preview information, i.e. neither on δf  nor on µij.

For the DNNβ·

·,2 configurations, the whole IL process was simplified with respect to the 
one of DNNβ·

·,4, i.e. the simulated manoeuvres were set by considering the experimental 
safety constraints, involving a maximum EV speed of 40 km/h and the smaller proving 
ground dimensions.
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3.5. Controller implementation

The NMPCs are implicitly implemented in the MATLAB Simulink environment through 
the ACADO toolkit [44], which supports autogenerated C code and real-time operation. 
The solution of the nonlinear OCP is computed by the qpOASES 3 solver. The prediction 
model is discretised with a 1ms time step. The DNNs are coded in MATLAB functions that 
include only the neural network structure equations. For both the NMPCs and DNNs, the 
control action sampling time, tc, is set to 25ms.

4. Simulation evaluation

This section presents the simulation results, obtained with the AWD vehicle model of 
Section 2.2, to assess the performance, computational effort and robustness of DNNβ\

prev,4

and DNNβprev,4, including comparisons with the corresponding NMPCs and the passive 
(i.e. without TV) case.

4.1. Performance analysis in the time and frequency domains

Figure 9 reports the time profiles of the relevant variables along a sinusoidal steering test, 
with the steering input applied at 0.6Hz from the following initial conditions: (i) 40 km/h 
of vehicle speed; (ii) (0,2) m coordinates in Figure 5(a) scenario; and (iii) and zero yaw 
angle. A variable wheel torque demand is applied, transitioning from full acceleration to 
maximum regenerative braking after 1 s, then returning to full traction after 2 s. The com-
bination of negative wheel torque and variable friction conditions brings the passive EV to 
the verge of instability, with a sideslip angle peak in excess of 30 deg. Here, the reference 
direct yaw moment Mz,ref  is calculated as follows:

Mz,ref =
a

2Rw
cos(δf )[Tfr − Tfl] +

b
2Rw

[Trr − Trl] (23)

The associated KPIs are shown in Table 4. With respect to the passive case, the con-
trolled configurations reduce ψ̇err,RMS from 55% to 84%, depending on the considered 
algorithm. Interestingly, although making the cornering response prompter than for the 
passive configuration, NMPCbase experiences a time delay in tracking the reference yaw 
rate with respect to the preview-based algorithms, e.g. see the inset of Figure 9(a). More-
over, with respect to NMPCbase, the preview controllers reduce ψ̇err,RMS, 1αr,RMS and 
1αr,max, respectively by 61-to-65%, 36-to-39% and 28-to-39%. The cornering response 
improvement of the preview algorithms is associated with a marginal Ttot,RMSE increase. 
The important conclusion is that even if NMPCprev provides the best results, the DNN 
algorithms are very close, i.e. the response difference is negligible and clearly superior 
to that of NMPCbase. Moreover, the integrated traction control and anti-lock braking 
functionality – implemented internally in the NMPC formulation via (9iii) and (9v) – is 
successfully learned by the DNN configurations, which maintain tyre slip ratios within the 
±0.1 limit, whereas the passive vehicle experiences wheel spinning or locking throughout 
the simulation.

The computational performance of the algorithms, see Figure 9(b), was tested on a 
dSPACE MicroAutobox III unit, in terms of turnaround time (TAT), i.e. the time required 
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Figure 9. Controller comparison along the sinusoidal steering manoeuvre on a variable friction surface. 
Time domain results in terms of: (a) relevant vehicle dynamics variables, with the reference yaw rate 
being one of NMPCprev; and (b) turnaround times.

Table 4. Key performance indicators along the selected sinusoidal steering manoeuvre with variable 
friction conditions.
Configuration ψ̇err,RMS[deg/s] 1αr,RMS[deg] 1αr,max[deg] Ttot,RMSE[Nm]

Passive 1.77·101 1.02·101 2.94·101 4.52·102

NMPCbase 7.96 1.31 3.20 8.46·102

NMPCprev 2.82 8.13·10−1 1.95 1.03·103

DNNβ\

prev,4 3.14 8.01·10−1 1.95 1.19·103

DNNβprev,4 3.00 8.43·10−1 2.29 1.10·103

by the considered rapid control prototyping hardware to compute the control input. The 
DNN configurations achieve very low TAT values, amounting to ∼0.6ms, i.e. they are 
much faster than the NMPCs. While NMPCbase is still real-time implementable, with 
a TAT of ∼24ms, the TAT of NMPCprev is approximately four times longer than the 
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Figure 10. Frequency response function of the yaw rate tracking performance during a sweep steering 
manoeuvre on a high-friction surface.

implementation time, i.e. 25ms, and ∼150 times longer than the TAT of the DNN 
configurations, which highlights the DNN merit.

Figure 10 reports the frequency response characteristics of the yaw rate tracking per-
formance, expressed by the magnitude and phase of ψ̇/ψ̇ref , during a sweep steering 
manoeuvre with 20 deg δsw amplitude, 60 km/h initial EV speed and zero Ttot,d, simu-
lated in high tyre-road friction conditions. Desirable performance implies tracking gain 
and phase angle values, respectively close to 1 and 0 for the relevant frequency range. In 
this scenario, the bandwidth was defined as the lowest frequency at which the yaw rate 
tracking gain stays below 0.9, which amounts to 1.2Hz for the passive EV. NMPCbase
significantly improves the performance by extending the bandwidth to 3.4Hz, while the 
preview configurations further increase it to ∼5Hz and beyond. The preview benefit is 
even more noticeable on the phase delay, which is negligible across the relevant frequency 
range for all the preview-based setups, i.e. including the DNN cases, while the passive EV 
and NMPCbase have a phase delay of 50 deg at ∼1.5 and ∼2.75Hz.

The previous analyses highlighted that the IL approach is able to provide similar per-
formance to a preview-based NMPC algorithm, also without the need for the estimated 
sideslip angle as a feedback input. This would represent a major implementation benefit for 
the industry, given the complexity and challenges associated with accurate β estimation. 
Hence, the next simulation analyses will focus on DNNβ\

prev,4.

4.2. Robustness analysis

The robustness of the DNN and NMPC algorithms is evaluated through >500 Monte 
Carlo simulations [45], considering the performance sensitivity to the vehicle and preview 
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parameters. In fact, parametrisation errors affect the prediction accuracy of NMPCbase and 
NMPCprev, as well as the performance of DNNβ\

prev,4, which – in the implemented toolchain 
– was trained in the absence of inaccuracies.

The considered parameter error distribution is reported in Figure 11. Specifically, 
NMPCprev and DNNβ\

prev,4 are subject to the errors corresponding to the plots in Figure 
11(a,b), while NMPCbase is subject to those in Figure 11(a,c). madd is the additional mass 
included in the EV model. kx and ky are the scaling factors on the longitudinal slip stiffness 
and cornering stiffness of the tyres, respectively. ϵδ is the percentage error applied to the 
steering angle preview at the last prediction step, which is used to generate a linear steering 
error distribution along th:

For k = 0 toNh do

δf (k) =

[︃
1 +

ϵδ

100
k
Nh

]︃
δf ,id(k)

End (24)

where δf ,id(k) is the ideal value (i.e. without preview errors) of the k-th component of the 
front steering angle preview vector, and δf (k) is the corresponding actual value that is pro-
vided to the control architecture, including the preview error. kµ is a scaling coefficient 
on the tyre-road friction factors that are provided as road preview to the algorithms. The 
µij preview is also affected by the vehicle localisation accuracy, since it depends on the EV 
coordinates on the road maps in Figure 5. In this respect, serr,max in Figure 11 represents 
the maximum position preview error, which is randomly picked at the beginning of each 
simulation. Then, during the individual manoeuvre, the preview position errors, dX and 
dY , randomly vary according to a uniform probability law U:

XCoG,p(0) = XCoG,id,0 + dX , with dX ∈ U(−serr,max, serr,max)

YCoG,p(0) = YCoG,id,0 + dY , with dY ∈ U(−serr,max, serr,max) (25)

where XCoG,id,0 and YCoG,id,0 are the EV coordinates at the current time, before the addition 
of the error. The error is only applied to the TVC inputs, and not to the simulation model, 
and affects the position preview values through (7). In the absence of preview information 
from V2X or road preview sensors, tyre-road friction estimators are necessary. To simulate 
the friction level estimation delay, in NMPCbase a first-order transfer function with a time 
constant τµ is considered, with the distribution in Figure 11.

Figure 12 shows the Monte Carlo results during a multiple-step steer from 40 km/h, 
where each constant steering angle phase following the ±120 deg δsw step application lasts 
0.5 s. The initial conditions are (50,50) m in the map of Figure 5(c), with ψ = 90 deg. A vari-
able Ttot,d profile is implemented through a tip-in (positive torque demand step) followed 
by a tip-out (negative torque demand step). Clear benefits are brought by the preview-based 
algorithms, with NMPCprev, providing average values of ψ̇err,RMS and 1αr,RMS amounting 
to 2.01 deg/s and 1.30 deg, and DNNβ\

prev,4 with 2.76 deg/s and 1.46 deg, with respect to 
5.66 deg/s and 1.89 deg of NMPCbase. The ψ̇err,RMS range is the highest for DNN

β\

prev,4, 
with 2.63 deg/s against 1.54 and 1.36 deg/s of NMPCbase and NMPCprev. However, (i) the 
highest ψ̇err,RMS range of DNN

β\

prev,4 is caused by only 5% of the entire test set (in particular, 
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Figure 11. Parameter distribution of the Monte Carlo analysis.

Figure 12. KPI distribution for the Monte Carlo analysis along the multiple-step steer on a variable 
friction surface.

by the parametrisations with the highest values of kx), and (ii) when considering the same 
error combination of the common parameters for DNNβ\

prev,4 and NMPCbase, the former 
always provides significantly better results. On the contrary, there is no significant differ-
ence among the configurations in terms of 1αr,RMS range, with an average value of ∼0.7 
deg.
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Figure 13. KPI distribution over the considered 200 manoeuvres.

To further analyse robustness, Figure 13 collects the KPIs across the 200 manoeuvres of 
Phase 1 in Section 3.4. The best performance is obtained by NMPCprev, with average values 
of 1.11 deg/s and 0.93 deg for ψ̇err,RMS and 1αr,RMS, closely followed by DNNβ\

prev,4 with 
1.35 deg/s and 0.97 deg, while NMPCbase only achieves 2.27 deg/s and 1.13 deg. Hence, on 
average, DNNβ\

prev,4 improves ψ̇err,RMS by >40% with respect to NMPCbase.

5. Experimental evaluation

5.1. Proof-of-concept experimental setting

Through vehicle experiments along two manoeuvres – a modified version of the sine-with-
dwell test and a double step steer – involving highly variable tyre-road friction conditions, 
this section analyses: (i) the performance and robustness of DNN-based TVC, and in 
particular of DNNβ\

2 , DNNβ\

prev,µ\,2, DNN
β\

prev,2 and DNNβprev,2; and (ii) the benefits of 
including road preview information. For safety reasons, the maximum motor torque is 
limited to 230 Nm. The low-friction areas, shown in Figure 14, are characterised by ultra-
high-molecular-weight polyethylene panels, which were covered by water to achieve a 
friction coefficient of ∼0.2. Before testing the controlled vehicle, the low-friction levels 
were inferred from the experimental response of the passive vehicle, based on the obser-
vation of the longitudinal acceleration profiles of the vehicle as well as the rotational wheel 
dynamics during wheel spinning and locking events, while considering the vertical tyre 
load on the relevant axles. The same tyre-road friction factor value for the considered 
vehicle operating on identical panels had already been obtained in previous studies on 
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Figure 14. Most relevant sections – with the low-friction patches – of the experimental testing environ-
ment during: (a) the modified sine-with-dwell test and (b)–(c) the double step steer.

tyre-road friction estimation [46]. For improving repeatability, the desired steering pro-
file is given as a reference to the power steering module and is also used to generate the 
steering preview information. Due to the low accuracy and slow sampling rate of the 
involved GPS, in the experiments, the tyre-road friction factor profiles at the front wheels 
– instead of being evaluated through the blocks in Figure 4 – are provided to the con-
trollers through an offline-determined time-based lookup table. The friction profile for 
the rear corners is considered to be the same as one of the front corners, with a time shift 
1t = [af + ar]/V(0). Without µij preview, i.e. for DNN

β\

2  and DNNβ\

prev,µ\,2, a friction 
estimator should be implemented. Hence, for these configurations, first-order dynamics 
with a 100ms time constant are applied to the lookup table-generated µ time history to 
simulate an estimation delay.

During the experiments, the adapted version of the yaw moment observer TVC (YMO-
TVC) architecture from [47], which had already been comprehensively tested and tuned 
on the specific EV demonstrator before this study, and integrated with rule-based traction 
control and anti-lock braking system algorithms, is used as a benchmark.

For a comprehensive evaluation, further KPIs are introduced: 

• ψ̇err,max, i.e. the maximum yaw rate error magnitude:

ψ̇err,max = max(|ψ̇ − ψ̇ ref |) (26)

• βmax, i.e. the maximum sideslip angle magnitude:

βmax = max(|β|) (27)

• σr,max, i.e. the maximum slip ratio magnitude at the rear wheels:

σr,max = max(|σrr|, |σrl|) (28)

• Mz,ref ,RMS, i.e. the root mean square value of the reference direct yaw moment, Mz,ref , 
corresponding to the reference rear wheel torque level distribution:

Mz,ref ,RMS =

√︄
1

T2 − T1

∫︂ T2

T1
[Mz,ref ]2dt (29)

where Mz,ref  considers only the contribution provided by the rear motor torque levels 
included in (23).
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Figure 15. Comparison of the DNN-based control configurations during the considered sine-with-dwell 
with variable tyre-road friction conditions.

5.2. Results and discussion

Figure 15 reports the sine-with-dwell results. The manoeuvre is executed with a Ttot,d
profile, having a transition from constant positive to constant negative values at ∼2 s, 
immediately after the steering input reversal, before the transition to the low-friction area. 
Approximately 1 s before the steering input is brought down to zero, the EV goes back to 
high-friction operation. For fairness of comparison, to have the same initial speed in the 
most relevant part of the manoeuvre, i.e. while the vehicle is on the low-friction surface, 
the torque demand of the passive vehicle in the first 2 s is lower than for the controlled 
versions. This behaviour derives from the NMPC traction control and anti-lock braking 
functionality in (9iii) and (9v), which has been learnt by the DNNs. As a result, the torque 
demand Ttot,d does not necessarily correspond to the actual torque delivered by the con-
trolled vehicles. The friction factor profiles in the first subplot correspond to (i) the output 
of the time-based lookup table before the preview block for the DNNβ\

prev,2 configuration 
and (ii) the delayed profile affected by the simulated estimation delay for the configurations 
without preview.
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During the transient phase from 0.7 to 1 s, all DNNs achieve better ψ̇ref  tracking with 
respect to the passive case, which has a tracking delay during the |δf | reduction phase. The 
controllers operate both through their TVC and longitudinal slip control functionalities. In 
fact, while the EV is on the low-µ panels with the rear wheels, i.e. from ∼2.8 to ∼3.8 s, the 
controllers reduce the total torque to limit the longitudinal tyre slip. In this section of the 
manoeuvre, the yaw rate error peak decreases thanks to the addition of the preview infor-
mation, and the configuration ranking, from the worst to the best one, is Passive, DNNβ\

2 , 
DNNβ\

prev,µ\,2 and DNNβ\

prev,2.
The manoeuvre was repeated 10 times for each controller configuration, to assess 

repeatability and robustness against the inevitable experimental uncertainties and distur-
bances. Also DNNβprev,2 was tested, although its results are not included in Figure 15, due 
to their very marginal improvement with respect to those of DNNβ\

prev,2, which would make 
them indistinguishable in the plot. As a summary, for each KPI, Figure 16 shows the max-
imum, mean and minimum values – hence the subscripts ‘max’, ‘mean’ and ‘min’ in the 
notations – obtained by the controllers across the 10 attempts. Both configurations with-
out the µij preview show instances of significantly oversteering EV behaviour, with ψ̇err,max
exceeding 180 deg/s, at least once. Nevertheless, by comparing the mean values of the KPIs, 
the δf  preview enhances the cornering response, e.g. for DNNβ\

prev,µ\,2 ψ̇err,RMS is 51% lower 

than for DNNβ\

2 . DNNβ\

prev,2, including the µij preview as well, reduces ψ̇err,RMS by a further 
82% with respect to DNNβ\

prev,µ\,2, and exhibits consistently stable behaviour. The differ-

ence between DNNβ\

prev,2 and DNNβprev,2 is in terms of total wheel torque and direct yaw 
moment, but not in terms of resulting cornering responses (these are overlapped), i.e. for 
DNNβprev,2 the average Ttot,RMSE and Mz,ref ,RMS values are 10% smaller and 7% greater.

Figure 17 reports the double step steer results in the time domain, while the trajectories, 
recorded through the on-board GPS of the EV demonstrator, are in Figure 18. Figure 18 
also includes the reference trajectory, which was obtained in the postprocessing phase (i.e. 
the controllers did not use it), through the time integration of the velocity components Ẋref
and Ẏref :

Ẋref = V cos(ψref + β)

Ẏref = V sin(ψref + β) (30)

where ψref  is the reference yaw angle resulting from the integration of the ψ̇ref  profile 
recorded for DNNβ\

prev,2, which was also selected for the V and β profiles to be used in 
(30). Hence, such a trajectory represents the desirable one, based on the reference yaw rate 
profile, and thus the applied steering input.

While turning right, from 0.5 to 1 s, the vehicle passes through the first low-friction area 
with the left wheels only. Then, at ∼2.4 s, while changing direction, the vehicle reaches the 
second low-friction area with both front wheels. In parallel, the Ttot,d profile – in this case, 
identical for all configurations – transitions from its maximum traction value (400Nm) 
to maximum regeneration (−400Nm) at ∼2.2 s, after the first low-friction patch, before 
going back to traction (165Nm) at ∼2.7 s, while the rear wheels are on the low-friction 
panel. The passive vehicle spins at the end of the manoeuvre, and reaches a yaw rate mag-
nitude exceeding 100 deg/s immediately after the second low-friction area. YMO-TVC 
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Figure 16. Mean (a), maximum (b) and minimum (c) values of the most relevant KPIs across the modified 
sine-with-dwell test repetitions with variable tyre-road friction conditions.

gets on the verge of instability, with a yaw rate peak of 70.6 deg/s at 4.6 s, but then brings 
the yaw rate response towards its reference profile. DNNβ\

prev,2 provides consistently desir-
able ψ̇ref  tracking across the experiment, with ψ̇err,max and ψ̇err,RMS of 11.8 and 5.0 deg/s, 
corresponding to 82% and 79% reductions with respect to YMO-TVC. This confirms the 
potential of the proposed TVC solution.
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Figure 17. Comparison among the passive and active vehicles during the double step steer manoeuvre 
with variable tyre-road friction conditions.

6. Conclusions

Through extensive simulations and proof-of-concept experiments, this study implemented 
and evaluated novel IL-based TVC strategies, i.e. DNNβ\

prev,4 and DNNβ\

prev,2, respectively, 
for AWD and RWD EV architectures, including road preview and without the need for 
sideslip angle feedback. The main outcomes are: 

• Across more than 200 simulated manoeuvres, DNNβ\

prev,4 shows similar performance 
to an NMPC-based TVC algorithm with road preview, i.e. NMPCprev. Moreover, 
DNNβ\

prev,4 achieves a 40% reduction of the root mean square value of the yaw rate track-
ing error, with respect to the NMPC implementation without road preview, NMPCbase
and – very importantly – has 150 and 40 times lower values of the turnaround time than 
NMPCprev and NMPCbase.

• During the simulated sinusoidal steering manoeuvre, DNNβprev,4, including sideslip 
angle feedback, brings a very marginal (4%) yaw rate tracking improvement with respect 
to DNNβ\

prev,4, which becomes negligible during the experimental sine-with-dwell test 
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Figure 18. Trajectories of the passive and active vehicles during the double step steer manoeuvre with 
variable tyre-road friction conditions, where the green rectangles indicate the low-friction areas. The 
reference trajectory was obtained in the postprocessing phase through the method based on (30).

with the corresponding controller set-ups for the RWD EV. This outcome confirms 
that the DNN configuration can generate optimal control actions even without direct 
sideslip measurements, thanks to its ability to generalise from training datasets across 
a wide variety of vehicle states and control actions, and by leveraging a history of yaw 
rate inputs to implicitly capture the effect of sideslip on the vehicle dynamics.

• When considering parametric variations through Monte Carlo analyses, DNNβ\

prev,4 is 
more robust than NMPCbase, and more than halves the considered yaw rate tracking 
indicator, despite having a marginally wider dispersion range.

• The experimental assessment highlights the DNNβ\

prev,2 potential, which effectively 
implements the TVC and longitudinal tyre slip control functionalities on highly vari-
able friction surfaces, providing significantly safer cornering than a state-of-the-art 
benchmarking direct yaw moment controller without preview, i.e. YMO-TVC.

Although the offline-trained DNN-based TVC demonstrated superior performance 
with respect to a more traditional TVC during the experimental session, its effectiveness 
may degrade over time due to vehicle ageing. To maintain or even enhance performance, 
future work will focus on the online adaptation of the neural network.
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