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Andreev spin qubits based on the helical edge states of magnetically doped
two-dimensional topological insulators
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‘We show that Andreev spin qubits can be realized in a Josephson junction based on the helical edge states of a
two-dimensional topological insulator (quantum spin Hall system) proximized by superconducting films, in the
presence of magnetic doping. We demonstrate that the electric dipole transitions between the Andreev spin states
induced by the magnetic doping can be harnessed to manipulate the Andreev spin qubit by microwave radiation
pulses, without applying an external Zeeman field or invoking ancillary states. We numerically simulate the
realization of NOT and Hadamard quantum logic gates, and discuss implementations in realistic setups.

DOI: 10.1103/jwtl-dz3v

I. INTRODUCTION

Andreev spin qubits (ASQs) represent one of the most
promising proposals of solid-state platforms for quantum in-
formation processing. In an ASQ, a doublet of spin-split
Andreev bound states (ABSs) is designed through a Joseph-
son junction (JJ) where the weak link is characterized by
spin-orbit coupling [1,2]. As compared to qubit realizations
based on conventional quantum dots, an ASQ exhibits sev-
eral compelling benefits. The discrete ABSs emerge from the
superconductor gap rather than electrical confinement, mak-
ing electron-electron interaction effects negligible. Moreover,
the readout of the ASQ quantum state can be achieved by
measuring the dissipationless current flowing through the JJ
[3-5]. Finally, the spin degree of freedom is usually expected
to be more robust to environmental decoherence than charge
[6,7], and spin-flip error correction architectures have also
been recently proposed [8].

So far, implementations of ASQs have been theoretically
investigated [9-11] and experimentally realized [8,12—19]
mainly in semiconductor nanowires with strong spin-orbit
coupling contacted to two superconducting banks. Evidence
of the resulting spin-split ABSs in the weak link was observed,
and the possibility to control, read out, and manipulate the
spin qubit via microwave radiation was in principle demon-
strated [8,13—-19]. However, in view of scalable quantum
architectures a major limitation of this platform is the rela-
tively short decoherence time (tens of nanoseconds) arising
from a spin noisy environment. This is attributed to the fact

“Contact author: edoardo.latini @polito.it
TContact author: fausto.rossi @polito.it
Contact author: fabrizio.dolcini @polito.it

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2026/8(3)/033197(18)

033197-1

that the nanowire weak link is typically based on Indium
(e.g., InAs), an element characterized by a large nuclear spin,
which via hyperfine interaction acts as a spin bath causing
decoherence on the ASQ [14,15,18-20].

During the past year, various strategies to circumvent these
difficulties have been proposed. On the one hand, it has been
argued that replacing InAs nanowires with a germanium two-
dimensional hole gas could reduce decoherence by isotopic
purification [21]. However, the realization of Ge-based JJs is
quite recent and, at the moment, is limited to planar junc-
tions [22,23], which do not exhibit discrete ABSs. On the
other hand, spin relaxation is predicted to be suppressed by
shunting the ASQ with a capacitor, but only provided that the
conditions for the Franck-Condon blockade are fulfilled [24].
Other proposals for ASQs require external magnetic field [25]
or ad hoc configurations such as three-terminal devices [26]
or Corbino geometries [27]. Thus, the search for a convinc-
ing alternative to the nanowire implementation of ASQs still
remains a challenging open problem.

Here, we propose a quite different strategy to attack this
problem, based on a JJ realized with a two-dimensional
topological insulator, namely, a quantum spin Hall insulator
(QSHI) [28-31]. This peculiar state of matter has been ex-
perimentally observed in HgTe/CdTe [32-35] quantum wells,
in InAs/GaSb [36,37] bilayers, Bi bilayers [38—40], as well
as in WTe, monolayers [41-43]. Notably, not only a QSHI-
based platform for ASQ is realistic, but it also exhibits
intrinsic advantages as compared to current implementation
relying on conventional materials. First, since spin-orbit cou-
pling is the effect underlying the topological transition in
these systems, the topological edge states are helical, namely,
their propagation direction is locked to the spin orientation.
As a consequence, the ABSs emerging in a helical JJ are
naturally spin split, providing a built-in platform to realize
ASQs. Second, the electronic conducting states emerging at
the boundaries of a QSHI are extremely robust to pertur-
bations. Indeed, besides being topologically protected from
elastic time-reversal disorder effects [28-32], they are also
effectively robust to inelastic phonon coupling [44,45], and
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FIG. 1. Scheme of realization of an ASQ based on a two-
dimensional topological insulator: A helical Josephson junction
realized by proximizing the helical edge states of a QSHI with s-wave
superconducting (S) films. The presence of magnetic doping (black
spots) induces electric dipole transitions between the ABSs localized
in the weak link (inset), enabling the control of the qubit via coupling
with an electromagnetic radiation.

their hyperfine interaction is small, especially in HgTe im-
plementations [46—49]. Moreover, JJs based on QSHI have
already been realized in various experiments [5S0-55] and are
state-of-the-art technology by now.

The manipulation of an ASQ is customarily performed via
coupling to a microwave radiation. However, as is well known,
electric dipole transitions between helical-based ABSs are a
priori forbidden by selection rules imposed by their very heli-
cal nature [56-58]. Magnetic dipole transitions, relying on the
Zeeman coupling with circularly polarized radiation [56,59],
are typically very weak and would not be suitable to enable
fast operations on an ASQ. The recently realized magnetic
doping of two-dimensional topological insulators might turn
the tide in this respect [54,60,61]. The effects of magnetic
impurities on QSHI have been analyzed in various contexts,
such as the realization of quantum anomalous Hall effect
[62,63], the localization of Majorana quasiparticles [64], and
their interplay with Coulomb interaction [65-70]. However, as
we shall show, when a QSHI is embedded in a JJ, the presence
of magnetic impurities also alters the spin texture of the ABSs,
leading to nonvanishing electric dipole transition amplitudes
and thereby opening up the possibility to manipulate the ASQ
with a microwave radiation. The scheme of the proposed setup
is depicted in Fig. 1. A JJ, realized by proximizing a pair of
counterpropagating helical states of a QSHI with two s-wave
superconductors, hosts ABS localized within the weak link
of length L (see the inset). The ABSs are spin nondegener-
ate, due to the helical nature of the edge states, and realize
the ASQ. The dark spots present in Fig. 1 along the edge
describe magnetic impurities, while radiation pulses applied
on the weak link enable one to control the ASQ.

The paper is organized as follows. In Sec. II, we present
the model for the ASQ, the resulting ABSs and their spin
texture. Then, in Sec. III, we analyze the coupling of the ASQ
to an electromagnetic radiation, and present a detailed study
of the electric dipole transition amplitude as a function of
the spatial extension of the doping and the transparency of
the junction. Then, in Sec. IV, we present our results about
the manipulation of the ASQ, showing that it is possible to

implement the NOT and Hadamard quantum gates by suit-
ably applied electromagnetic pulses. We discuss our results in
Sec. V, where we propose possible experimental realizations
with state-of-the-art technology; we address the quantum state
preparation and the dissipation and decoherence effects. Fi-
nally, in Sec. VI, we draw our conclusions.

II. THE MODEL
A. Hamiltonian of the system

We consider a pair of one-dimensional counterpropagating
states flowing along the edge of a QSHI. As is customary,
within the bulk gap of the topological insulator, the spectrum
of the edge states can reliably be assumed to be linear and
characterized by a Fermi velocity v [29,65]. Moreover, the
helical nature of such topological edge states implies that
their spin orientation is locked to the propagation direction.
For definiteness, we shall assume that right- and left-moving
electrons are characterized by spin-1 and spin-|, respectively,
and are described by the massless Dirac fermion Hamiltonian
in 1 4 1 dimensions

Hoa = [ da (%ﬁ)(vppxaz—mo)(zl), )

where wT (x) and ¥ ' (x) denote the electron field operators,
px = —ihdy is the momentum operator, o, is the Pauli matrix
acting on spin space, and p is the chemical potential.

The deposition of two s-wave superconducting films on the
QSHI induces by proximity effect a superconducting pairing
along the two helical regions underneath, which are separated
by a mesoscopic weak link of nonproximized helical states,
with a length L, as depicted in Fig. 1. The resulting supercon-
ducting pairing is described by the Hamiltonian term

Hse = [dr@@yiv]+ 8 @wp. @

where
€92, x < —LJ2,
A(x) = 2010, x| < L/2, 3
e ie/2 x> +L/2.

Here, Ay > 0 is the magnitude of the induced pairing, while
¢ denotes the superconducting phase difference.

The presence of a magnetic disorder inside the weak link
is accounted for by a term

Hy = / dx (Y. ¥))m@) - o (31) “

where o = (oy, 0y, 0;) denotes the vector of the three Pauli
matrices and m(x) is a space-dependent magnetization vector.
By construction, such term breaks time-reversal symmetry
explicitly. However, while the m, component is parallel to the
natural spin orientation z axis of the helical states [see Eq. (1)],
the orthogonal m, and m, components can induce backscatter-
ing of the helical states. As we shall see, this affects the spin
texture of the ABSs characterizing the JJ.

By introducing the Nambu spinor U=
Wy, ¥, ¥, =)', the Hamiltonian
Ho = Hnet + Hsc + Hu )

033197-2
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can be rewritten, up to a constant, in the Bogoliubov—de
Gennes (BdG) form Ho = (1/2) [ W' (x)Hpy(x)¥ (x)dx,
where

Hpag(x) = ( He) A(x)a()) (6)
A*(x)og  Hp(x)
is the BAG Hamiltonian, with
H,(x) = vpopx — poy + m(x) - o, (7a)
Hy(x) = =TH. T = —o,(H.)*0,
= —Vp0o,;px + Hop + m(x) - 0 (7b)

denoting the electron(e) and hole(h) sector diagonal blocks,
respectively. Here, og is the 2 x 2 identity matrix in spin
space, and 7 = —io,K is the time-reversal operator, with
K denoting the complex conjugation. By reexpressing the
Nambu field ¥ in terms of the eigenfunction set ®;(x) of the
BdG Hamiltonian (6)

Wx) =Y (@ @)y, + o)y, ®)

E;>0

the Hamiltonian H, can be brought to the diagonal form of a
two-level system collection

1
H=>)_ Ei<¢>)<yiy,- - 5), )

E;>0

with y; denoting fermionic Bogoliubov quasiparticle oper-
ators. In Eq. (8), <I>§+)(x) = (up,i, Uy i, Uy i, UT’,')T()C) denote
the eigenfunctions of the BdG Hamiltonian (6) with positive
eigenvalues E; > 0 (discrete and continuous spectrum), while
<I>l._)(x) =(,® ay)(d>§+)(x))* are the charge conjugated of
@E” and have energies —E;.

B. Andreev bound states

Due to the helical nature of the QSHI edge states, the
ABSs, labeled by i =1, ..., N, are nondegenerate in spin.
They are characterized by a discrete subgap spectrum 0 <
Ei(¢) < Ay and by wavefunctions ®;(x) localized in the weak
link. As is well known, the ABSs can be determined by
combining the particle-hole Andreev scattering at the inter-
faces x = £L/2 with the normal scattering induced by the
magnetic doping present in the weak link [71]. Indeed, any
static magnetic disorder with arbitrary profile m(x) can be
described in terms of a unitary scattering matrix. Specifically,
the electron scattering matrix S,(E), characterized by trans-
mission amplitudes 7, 7, and reflection amplitudes r,, 7}, can
always be expressed in the form
re(E) - 1,(E)
te(E) 1 (E) )

e i) T,

Se(E) = (

eixm(E) \/T_E
i e 1On(E) ﬁ)

(10)
where Tz = |t,|> = |t/|* and Rg = 1 — T denote the energy-

dependent transmission and reflection coefficients, respec-
tively, while I';,,, ®,,, and x,, are complex phase parameters.

For holes, the scattering matrix is obtained as
Sw(E) = —0.S;(—E)o;. an
The equation for the ABS energy levels is [64]

2 E EL A
cos” [arccos — — — —I' (E)
Ao flUF

= %(1 — VReR_g cos (20,(E))
+ VT T_E cos (¢ — 2x5(E))), (12)

where
ON(E) = 3(O,u(E) — Op(—E)),
TH(E) = 5(Dw(E) = Tpy(—E))m,
Xm(E) = 5(tm(E) + xm(—E)) (13)

are determined by the parameters characterizing the scattering
matrix in Eq. (10).

As compared to the studies on JJs aiming to determine the
current-phase relation of the Josephson current, for the present
problem of ASQ realizations two important aspects are worth
noticing. First, designing a qubit requires to deal with a lim-
ited number of ABSs only. Indeed, while at least two ABS
are needed to realize a two-level system, the presence of too
many levels would be detrimental, for their energy separation
would be too small to enable the selective manipulation of the
quantum state with a radiation. The number of ABSs is known
[72] to depend on the ratio

_ L _ Ao
& hop/L

(14)

of the weak link length L to the superconducting coherence
length & = hvgp/Ay. Typically, analytical results can be ob-
tained in the limits of either short junction (L < &) [73],
where only one ABS is present, or long junction (L > &5)
[74], where many closely spaced energy levels are present.
For an ASQ, however, one has to operate in the interme-
diate length regime, where L ~ &g, and determine the ABS
spectrum E;(¢) by solving Eq. (12) numerically. The second
relevant aspect is that, while the Josephson current only re-
quires to find the eigenvalues E;(¢), modeling an ASQ also
implies to determine the ABS eigenfunctions ®;(x). Indeed,
the manipulation of the ASQ crucially depends on the possi-
bility to induce spin-flip processes, i.e., to control transitions
between the two ASQ states. As we shall discuss below in
detail, in the QSHI helical states, where charge current is
closely related to spin, such transitions are determined by the
overlap integrals of the current between pairs of different ABS
eigenfunctions ®;(x)’s, which in turn are closely related to the
matrix entries of the electric dipole. Thus, the manipulation
of the ASQ via the coupling to an electromagnetic radiation
relies on the possibility to have nonvanishing electric dipole
transitions between the ABS. Notably, selection rules play a
crucial role in this mechanism.

Indeed, for a clean JJ, the helical nature of the QSHI
edge states implies that each ABS wavefunction ®;(x) is an
eigenfunction of the z component of the spin operator. One
has either spin-1 ABS, i.e., excitations characterized by the
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combination of spin-1 particles and spin-| holes, or spin-|,
ABS, i.e., excitations characterized by the combination of
spin-| particles and spin-71 holes. In this case, spin selection
rules forbid any electric dipole transitions between opposite
spin states, and it is not possible to manipulate the ASQ.

The presence of magnetic disorder is the mechanism to
circumvent this problem. In order to illustrate how, we first
observe that, in terms of spatial distribution, one can have
various disorder scenarios, ranging from an extremely dilute
disorder, where at most one magnetic impurity occurs within
the weak link of the JJ, to a spatially dense disorder, where
the weak link hosts a uniform distribution of impurities with
randomly oriented magnetizations. Here, our purpose is not
to carry out a detailed investigation on the possible disorder
configurations or to compare a single sample versus a sample
averaging. Rather, we aim to illustrate the basic ingredients
leading to manipulate the ASQ in the presence of magnetic
disorder. Specifically, the m, and m, components that are
orthogonal to the natural spin orientation axis alter the spin
texture of the ABS enabling spin-flip transitions. The simplest
model to illustrate this effect is the “magnetic barrier” profile

xo—%<x<x0+

0, otherwise,

Ly

L0 20 (15)

m(x)-o =

where L, and xy denote the length and the center of the
magnetic barrier inside the weak link, respectively, while the
additional conditions —L/2 < x9 — L,,/2 and xo + L,,/2 <
L/2 ensure that the barrier is inside the weak link. Two
cases are noteworthy. The limit of a narrow and high bar-
rier, L,, — 0, m; — oo, with keeping the “area” parameter
o = m, L, /hvr constant, describes the case of spatially dilute
disorder, namely, one single §-like magnetic impurity located
at a generic position xg. In contrast, the case L, — L (with
xo — 0) can effectively mimic the case of magnetic disorder
uniformly distributed along the entire weak link (see at the end
of this section for more details). For these two limiting cases,
the two ABSs present in an intermediate length Josephson
junction (L = 2&g) are shown by the solid black curve and
the dashed red curve depicted in Fig. 2. For a comparison,
the dotted blue curve illustrates the ABS in the absence of
any magnetic disorder (clean helical JJ). As one can see, the
zero-energy crossing of the lower ABS at ¢ = & is robust
to the presence of magnetic disorder. This is known to be a
hallmark of a topological JJ [75-79] and is in striking contrast
with the behavior of conventional JJs [72].

We emphasize that the ABS wavefunctions @, and @, are
mutually orthogonal, since they are eigenfunctions of the BAG
Hamiltonian (6) related to two different eigenvalues E; and
E,. Thus, they represent the quantum computational states |0)
and |1) of the ASQ. At a given superconducting phase bias
¢, the energy difference between the two ABSs determines
the frequency w = (E, — E)/h of the radiation enabling the
manipulation of the ASQ state. As one can see from Fig. 2,
such energy difference is maximal for ¢ = 7 and minimal at
phase difference ¢ = 0, 2. This might at first suggest that the
optimal value of ¢ for ASQ manipulation is 7. However, as
we shall see in the next section, the electric dipole transition
amplitudes depend on ¢ in a way opposite to the energy gap.

0.75

— Extended Barrier
=== ¢ — Impurity

===+ No Doping

0.25

FIG. 2. The ABS energy levels as a function of the supercon-
ducting phase difference ¢ are shown for a helical JJ with a length
parameter A = 2, in the presence of magnetic barrier, characterized
by a parameter « = m, L, /hvr = 1, for chemical potential value
= Ao/2. The black solid curve and the dashed red curve describe
the cases of magnetic disorder extended over the entire weak link
(L, — L) and of a localized magnetic impurity (L,, — 0) located at
xo = L /6, respectively. For comparison, the dotted blue curve depicts
the ABS in the absence of any magnetic disorder.

Both these aspects have to be taken into account in investigat-
ing the ASQ manipulation.

For each discrete ABS eigenvalue E;(¢), we have deter-
mined the related eigenfunction ®;(x). While details about
the explicit computation are given in Appendix, here we
would like to discuss the spatial profile of their spin density,
defined as

SO(x) = O] ()T ®i(x), @ =x,y,2, (16)
where ¥, = 179 ® o, are the spin operators in Nambu formal-
ism. The result for the case of a JJ with two ABSs &, and @, is
illustrated in the two panels (a) and (b) of Fig. 3, respectively.
In each panel, the dashed vertical dotted lines at x/L = £1/2
are a guide to the eye to identify the JJ weak link, and the
three solid curves describe the three components S, of the
spin density, in the presence of a magnetic § impurity located
at &y = xo/L. For a comparison, the dashed curves describe
the case of a clean JJ, where S, is the only nonvanishing com-
ponent, since the ABS are eigenstates of X,. As one can see,
the presence of the magnetic impurity alters the spin texture of
the ABS, decreasing the magnitude of the S, component and
introducing a S, # 0 component, which exhibits a singularity
at the impurity location &, (marked by a vertical thin dotted
line). A scheme to detect the helical state spin texture has been
proposed in Ref. [80].

Before concluding this section, we would like to illustrate
why the profile (15) is expected to effectively describe the case
of uniformly distributed disorder, when L,, — L. We start by
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0.3 ABS 1

W T

0.2
0.1

0

-0.1

0.4

ABS 2

[ \O Y S T S

FIG. 3. Spatial profile of the three spin density components
Sy, Sy, S; (in units of 1/L), for the two ABSs present in a weak link
with length parameter A = 2. The vertical dashed lines at x/L =
+1/2 are a guide to the eye to identify the weak link region. The
value of the superconducting phase difference is ¢ = 7 /2. The solid
curves refer to the case of the presence of a magnetic § impurity
located at & = xo/L = 1/6 and with parameter o = 1, while the
dashed curves depict, for comparison, the case of a clean JJ without
magnetic disorder, where S is the only nonvanishing component.

observing that, in the limit of one single isolated impurity,
the specific orientation of the magnetization m within the x-y
plane orthogonal to the natural spin orientation of the helical
states is irrelevant: It is just equivalent to a rotation of the spin
axes around z. In the case one has a few impurities, quantum
interference phenomena between the backscattering processes
at the various impurities might arise, depending on the relative
impurity distance and the relative orientation of their mag-
netization in the x-y plane [64]. However, if one considers
the case of many impurities that are uniformly distributed
along the weak link with random magnetization directions, the
quantum interference effects would mutually cancel out, and
only the classical (i.e., incoherent) contributions—consisting
in the sum of the effects of each individual impurity—would
matter. Because for each individual impurity the magnetiza-
tion orientation is irrelevant, the effective result is expected
to be the same when all impurity magnetizations are aligned
in the same direction. Thus, a uniform distribution of weak
impurities can be mimicked by the uniform magnetization
profile (15).

III. COUPLING TO ELECTROMAGNETIC RADIATION
AND TRANSITION AMPLITUDES

We now consider a full Hamiltonian

H="Ho+H, a7

where H, is given by Eq. (5), while the additional time-
dependent term

H = —/dxj(x)A(x,t) (18)

describes the coupling of the helical states to an electromag-
netic radiation. Here, A(x, t) is the vector potential describing
an electric field pulse E(x,t) = —9,A(x, t) in Systeme Inter-
national (SI) units, while

T (x) = evp (YL ()P4 (x) — ¥ ()9 (x))

CVF _ .

= ¥V )@ o)¥ix) 19)
is the current density operator, with e denoting the elementary
charge and 7y the 2 x 2 identity in Nambu space. Equa-
tion (19) explicitly shows that the current operator contains
the z component X, = 79 ® o, of the spin operator in Nambu
formalism. This implies that, differently from conventional
materials, the spin texture of the ABS realized with QSHI
edge states matters in determining interlevel transitions in-
duced by the coupling (18).

We shall now make the following assumptions. First, since
the subterahertz frequency range related to the typical su-
perconducting gap A¢ < 1 meV corresponds to a wavelength
of a few millimeters, i.e., far larger than the typical length
L < 1um of the junction, the electromagnetic pulse can be
assumed to be spatially uniform, and the coupling term (18)
can be approximated to

H ~ —A(t)/dx J(x). (20)

The second assumption is that, since the physical processes
relevant to the ASQ occur in the energy range 0 < E < Ag
within the superconducting gap Ay, the expansion (8) of the
electron field operator in terms of all the eigenfunctions of the
Bogoliubov—de Gennes equations can be well approximated
by retaining only the N discrete ABS solutions, and neglecting
the contribution from the continuum states (E > Ag):

v Y (@ Py + ey . @

0<E; <A

This reduces the dimensionality of the problem to the essential
degrees of freedom needed for the ASQ manipulation. Insert-
ing Eq. (21) into Eq. (19), one can reexpress the coupling '
in the Bogoliubov quasiparticle basis that diagonalizes the H,
term [see Eq. (9)], obtaining

(S T T
H=—"-A0) Y (@uvv,—gmwy)

2
0< EjEj<Ay
+&vy) 8y, (22)
where
8ij = / dx(@{"(x)) (0 ® 0:) @ (x) (23)
and

&ij= / dx(®F () (i) ® o )@V ()* (24)

033197-5



LATINI, ROSSI, AND DOLCINI

PHYSICAL REVIEW RESEARCH 8, 033197 (2026)

are dimensionless overlap integrals. The g;; coefficients in Eq.
(23), which by definition are bounded (|g;;| < 1) and fulfill
the property g;; = g;;, identify the matrix entries of the current
density operator (19), divided by evr, between ABSs. In par-
ticular, a diagonal entry g;; is related to the spatially averaged
current carried by the ith ABS, while the off-diagonal entries
gij (with i # j) describe the processes of photoexcitation from
the jth ABS to the ith ABS. Notably, despite the expression
(19) of the QSHI edge state current density is independent
of the momentum p, and is therefore quite different from the
case of conventional materials with a parabolic spectrum such
as nanowires, one can show that the off-diagonal entries g;;
(with i # j) are related to the electric dipole operator, which
in Nambu formalism acquires the form d = ex (1, ® 09)/2.
To this purpose, it is sufficient to realize that the major con-
tribution to the g;; coefficients stems from the weak link
region where the ABSs are localized. Inside the weak link,
one has [Hpgg(x), d] = —iehvp (19 ® 0,)/2 = —ihJ. Apply-
ing the ABS wavefunctions CDj (on the left) and @ ; (on the
right) of this relation and exploiting Hpyg®; = E;P;, one
finds

2i(E; — Ej)

ehvr

For this reason, the ASQ spin-flip processes determined by g;;
are electric dipole-induced spin processes.

As far as g;; are concerned, they are also bounded
(18ij1 < 1), fulfill g;; = —g;;, and represent the matrix entries
of Eq. (19) between the charge conjugated of the jth ABS and
the ith ABS. The g;; physically describe photoexcitation from
the superconducting condensate to a pair (i, j) of ABSs, as
can be deduced from inspection of Eq. (22).

D (1)®02) P, = ofdo,. (25

A. Single-particle density matrix in Nambu formalism

The quantum state of the ASQ can be characterized
by the 2N x 2N single-particle density matrix in Nambu
formalism

ee eh

=Tr'er)=(", p), 26
p = ) ( e pht (26)
where the entries of the diagonal particle and hole blocks are
pit = (vlv). ol =y, @7

while for the anomalous off-diagonal blocks one has
Pt = vy, Pl =y, (28)
with i, j =1, ..., N (number of ABSs). The fermionic na-

ture of the operators y;’s implies that ,oi‘;.h = ,ofl’.e =0.

It is possible to show that the single-particle density matrix
defined in Eq. (26) fulfills a Liouville-von Neumann equa-
tion governed by the BdG Hamiltonian in the y-Bogoliubov
quasiparticle basis. Explicitly, in the interaction (I) picture,
one has

i %2[1‘1/(1) p1(H)] (29)
dt 2 PSS

where

g ()

are()

H{(t) = —eva(t)< g"e)

~eh
maj 30)

is the perturbing Hamiltonian, with

L(Ei—Ej)

(91°®),; = gije 7. 31
(Ei—Ej)

(@"®),; =—gje 7, (32)
(Ei+Ejn

@), =&, (33)

s (E{+E )

(@1°(),; = &

Here, g;; and g;; are given by Eqgs. (23) and (24), respectively,
while the time-dependent phase factors are related to the ABS
energy levels E;’s characterizing the 2N x 2N unperturbed

Hamiltonian
H 0" 0 (35)
*“\o mHM)

which is by definition block diagonal with particle and hole
blocks given by

(34)

E, 0
H*=|0 E H" = —H.  (36)
0 0

B. Electric dipole transition amplitudes

The structure of the radiation coupling term (30) shows
that the diagonal coefficients g;; lead to a renormalization of
the unperturbed ABS eigenvalues in Eq. (36), which a priori
could affect the resonance frequency for the inter-ABS transi-
tions. Moreover, the g;; coefficients couple the electron-hole
sectors in Eq. (30). Although our simulations to be presented
in the next section fully take into account the g; and g;;
coefficients too, we anticipate that both these effects turn out
to be negligible, at least in the prototypical case of a JJ hosting
two ABSs, as we shall discuss at the end of Sec. IV. The key
ingredient to induce the spin-flip transitions and to enable the
ASQ manipulation is the off-diagonal coefficients g;; (with
i # J), i.e., the electric dipole transition entries, which we
would like to discuss here.

For definiteness, we focus on the case of a JJ characterized
by two ABSs, obtained by setting the weak link length pa-
rameter to A = 2 [see Eq. (14)]. By considering the presence
of a magnetic disorder barrier Eq. (15) with energy height m
and length L,, inside the weak link (0 < L,, < L), we have
investigated how the electric dipole transition amplitude g,
between the two ABSs depends on the various parameters of
the barrier and the junction. Figure 4 analyzes the dependence
of g1, on the spatial extension L,, of the barrier, for a fixed
value of the barrier “area” parameter o = L,,m, /hvg. Solid
curves illustrate the behavior for a vanishing chemical poten-
tial © = 0 and show that g, is roughly independent of the
spatial extension L, of the barrier. The various curves refer
to different values of the superconducting phase difference ¢.
In particular, one has |g;>| < 1 for vanishing phase difference
(¢ = 0), while |g»| decreases with increasing ¢ and reaches
its minimal value for ¢ = 7. The dashed curves describe the
case 1 = Ap/2. As one can see, a finite value |u| < Ag of
the chemical potential leads to a slight reduction of g;, only
for L,, ~ L, whereas gi, is independent of the value of u for
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FIG. 4. The magnitude |g;,| of the electric-dipole transition am-
plitude between two ABSs is shown as a function of the ratio of
the spatial extension L, of the magnetic disorder to the JJ weak
link length L, for a fixed value of the magnetic barrier parameter
o =myL,/hvr = 0.5, and for different values of the superconduct-
ing phase difference ¢. Solid curves refer to chemical potential
n = 0, while dashed curves to u = Ay/2. The magnetic disorder is
distributed around the center x, = 0 of the weak link, which has a
length parameter A = 2.

L,, < L. Notice also that such a reduction depends on ¢ as
well, with the curves at ¢ = 0 being insensitive to the varia-
tions of w. In fact, it can be shown that only far away from the
Dirac point || 3> Ag and for phase differences 7 /2 < ¢ <,
the dependence of gj» on L, /L becomes significant. These
results suggest that, operating sufficiently close to the Dirac
point (Jju| < Ap), a single §-like impurity and a uniformly
distributed barrier with equal barrier “area” o < 1 yield a
quite similar electric dipole transition amplitude.

For this reason, we now focus on the case of a mag-
netic § impurity, whose transmission coefficient acquires a
simple expression Tz = T3 = 1/ cosh® & that is independent
of the energy and of the chemical potential p. Figure 5

19, |

0 0.2 0.4 0.6 0.8 1.0
T

FIG. 5. The magnitude |g,| of the electric dipole transition am-
plitude between two ABSs is shown as a function of the transmission
Ts of a magnetic § impurity present in the weak link, for different
values of the impurity relative location &, = xy/L from the weak link
center. The length parameter is & = 2, and the superconducting phase
difference is ¢ = 7 /2.

displays |g12| as a function of the transmission coefficient Tj,
for various values of the impurity position within the weak
link, for a superconducting phase difference ¢ = /2. Two
features are noteworthy. First, in the limit 75 — 1, one can
see that |gj2| — O for all curves. Indeed in this limit, which
corresponds to the absence of disorder, the two ABSs become
spin-z eigenstates with two different eigenvalues, which have
therefore vanishing matrix entries of the current. This shows
the crucial role played by the magnetic doping in enabling
the ASQ manipulation. Second, the electric dipole transition
amplitude is quite sensitive to the introduction of magnetic
doping, since g, exhibits a steep increase even for a small
reduction of transmission 75 from 1. Thus, the transition am-
plitude is a non-negligible fraction of 1, even for a relatively
weak impurity, i.e., for a transmission as high as 90%.

IV. MANIPULATION OF THE ASQ

In this section, we demonstrate the possibility of realizing
quantum logic gates on the QSHI-based ASQ by applying
a properly tailored electromagnetic pulse. To this aim, we
present a few prototypical simulated experiments, performed
by a fixed-time-step solution of the Liouville-von Neumann
equation (29), where we have considered an electromagnetic
excitation consisting of a sequence of independent Gaussian
pulses, each pulse being described by the vector potential

A(t) = % G(t) cos[w(t — 1) + ¢]. 37

Here, & denotes the magnitude of the electric field, @ the
pulse frequency, and ¢ a phase, whereas
(t —1)
72 ] (38)
is a Gaussian time envelope profile, centered around the time
t and with a duration parameter T (see, e.g., the violet curve in
Fig. 6). Moreover, we shall consider the adiabatic excitation
regime, i.e., ot > 1, where the Gaussian envelope of each
pulse contains a large number of oscillations, and the electric
field corresponding to the vector potential in Eq. (37) is well
approximated by a Gaussian pulse as well

E(t) ~ & G@) sin[o( —1) + ¢]. 39)

G(t) = exp [—

For definiteness, we consider a helical JJ realized with a
HgTe/CdTe QSHI proximized by Nb films. The Fermi ve-
locity of the helical edge states is taken as vy = 5 x 103 m/s
[29], and the induced superconducting pairing is assumed to
be Ag = 1 meV. As an ASQ architecture, we start by con-
sidering a helical JJ with two ABSs, obtained by taking the
parameter A = 2, corresponding to a weak link length L ~
660 nm [see in Eq. (14)]. Moreover, we focus on the regime of
a localized magnetic impurity, where the ABSs are depicted
by the red dashed curve of Fig. 2. We have considered a
Gaussian pulse with a frequency w = (E, — E|)// resonant
with the ASQ, applied for a pulse duration T = 80 ps, around
a time 7 = 250 ps. We suppose that the ASQ can be prepared
in the computational input states |0) or |1). The former corre-
sponds to a full occupation of the lower ABS (f; = p{f = 1)
and an empty upper ABS (f, = p55 = 0), the latter to the
opposite situation (f; = 0, f, = 1), respectively.
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FIG. 6. Simulation of the implementation of a NOT gate in the
QSHI-based ASQ. A magnetic § impurity characterized by transmis-
sion coefficient 75 = 0.8 is located at position xo = L/4 inside the JJ
weak link. The length parameter is A = 2, and the superconducting
phase difference is ¢ = 7 /2.

A quantum logic gate transforms the input states |0) or
[1) into specific output states by performing an appropriate
rotation by an angle 6 in the computational basis space. Two
noteworthy aspects are relevant to describe its realization.
First, the product &  of the amplitude and the duration of the
pulse must be suitably calibrated to perform an on-demand
rotation. For a two-level system characterized by an electric
dipole transition amplitude g, the suitable value of &t can
be given the analytical expression [81]

(E, —Ep)6
V27 evrlgnal’

provided off-resonant coupling terms are neglected. The sec-
ond aspect to be emphasized is that, a priori, the conditions
to manipulate the ASQ depend on the superconducting phase
difference ¢ in a nontrivial way. Indeed, on the one hand, in
order to maximize the interlevel energy splitting E, — Ej, it
is advisable to operate at ¢ # 0, preferably near ¢ ~ 7, as
shown in Fig. 2. On the other hand, the electric dipole transi-
tion amplitude |g;»| is minimal at such ¢ value, and maximal
at ¢ =0, as shown in Fig. 4. Moreover, while for ¢ =0
the diagonal matrix elements g;; and g, are absent, they

&t = (40)

become significantly different from zero for increasing values
of ¢, giving rise to energy renormalization effects during the
ASQ manipulation. We have performed our simulations at the
trade-off value of ¢ = /2, yielding E, — E; ~ 0.52 meV,
and |gi2| =~ 0.43. However, as we shall discuss below, the
results do not change significantly with other values of su-
perconducting phase difference.

We start by describing the simulation of the quantum NOT
gate, which corresponds to a rotation by 6§ = 7w and converts
|0) — |1) and |1) — |0). The dynamical simulation is shown
in Fig. 6. Specifically, panel (a) shows the continuous tran-
sition of the |0) input state into the |1) output state at the
end of the pulse, while panel (b) shows the reversed process
[1) — ]0). The red and green curves display the dynamical
evolution of the ABS populations f| and f>, respectively. The
dotted magenta curve illustrates the time profile characterizing
the applied pulse and described by the Gaussian function G(¢)
in Eq. (38). Along with the change in the ABS populations,
a nonvanishing value of the interlevel polarization emerges
during the two excitation processes. Indeed, the blue curves in
Fig. 6 illustrate the evolution of its absolute value pi» = |p{5]|.
As one can see, while py; is always vanishing before and after
the pulse, it reaches a maximum value of 1/2 exactly at the
center of the Gaussian pulse, where also the two populations
reach the very same value (f; = f» = 1/2), as dictated by the
unitary dynamical evolution.

Let us now turn to the Hadamard gate, which plays a cen-
tral role in many quantum information processing protocols
[82]. It corresponds to a rotation by an angle 6 = /2 and
operates as follows:

1

0) — —=(|0) + [1)), 41

|)—>ﬁ(|)+|>) (41)
1

1) > —(0) — 1)), 42

|>—>ﬁ(|> 1) 42)

i.e., converting the ASQ input states into the equally weighted
quantum superpositions, characterized by f; = f> = 1/2 and
by pf5 = p55 = £1/2, respectively. Its dynamical implemen-
tation is illustrated in Fig. 7, where the two panels (a) and
(b) describe the processes [Egs. (41) and (42)], respectively.
Note that the corresponding population and polarization time
profiles confirm that the ASQ state after the Hadamard gate
processing is equivalent to the ASQ state in the middle of a
NOT gate (see Fig. 6).

Although the above results have been obtained for the
trade-off value ¢ = 7 /2 of the superconducting phase dif-
ference, we have verified that the value of ¢ has in fact a
negligible impact on the quality of the quantum manipulation.
For instance, at ¢ = 0, the simulated experiments lead to
results that are quite similar to the ones shown in Figs. 6 and 7,
in spite of differences in the corresponding values of interlevel
energy splitting (E; — E; ~ 0.25 meV) and transition ampli-
tude (|g12] =~ 0.94). The only minor feature that emerges for
¢ # m /2 is the appearance of small and wiggly modulations
of the two populations and of the interlevel polarization. The
period of such small modulations corresponds to a frequency
2w and is due to the off-resonant contributions that, while
being often neglected in models based on the rotating-wave
approximation, are fully taken into account by our approach.
Apart from such a minor feature, the robustness of the result to
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FIG. 7. Simulation of the Hadamard gate. The parameters are the
same as in Fig. 6.

the choice of ¢ proves the accuracy of the simulated quantum
gates. In turn, this also shows that the presence of nonzero
diagonal matrix elements g;; and g, does not significantly
affect the simulated experiments of Figs. 6 and 7. This can
be explained by observing that, in the envisaged adiabatic-
excitation regime wt >> 1, the Gaussian pulses contain a large
number of oscillations, and therefore the energy renormaliza-
tion effects mentioned in Sec. III effectively average out to
Zero.

Finally, a comment is in order about the off-diagonal
blocks §¢"(¢) and §(¢) in Eq. (30), which physically describe
the simultaneous photoexcitation of two electrons from the
superconducting condensate to the generic pair of ABS i and
j- In all the simulated experiments presented so far, which
refer to the case of a JJ with two ABSs (N = 2) and involve
an initial state with f| + f, = 1, the matrix entries g;; do not
contribute at all to the time evolution of the density matrix,
as can also be proven by a few algebra steps. However, as we
shall discuss in the next section, the g;; coefficients may play
a crucial role when more ABSs are present.

V. DISCUSSION

This section is devoted to discuss some aspects concerning
the implementation in realistic systems, the preparation of

the initial quantum state, and the dissipation and decoherence
effects.

A. Possible experimental implementations

The QSHI state has been experimentally observed in
HgTe/CdTe [32-35] quantum wells, in InAs/GaSb [36,37]
bilayers, in Bi bilayers [38—40], as well as in WTe, monolay-
ers [41-43]. QSHI-based JJ have been realized using various
superconductors. In particular, Al contacts have been used in
InAs/GaSb implementations [51], NbSe, contacts in WTe;
monolayers [83], while HgTe has been proximized with Nb
films [52,55], Al contacts [50,53], and MoRe electrodes
[54]. Moreover, magnetic doping of QSHI has been recently
achieved with ferromagnetic Fe impurities deposited on Bi
bilayers [60], and with dilute Mn atoms in HgTe-based im-
plementations [54,61].

The simulations we have presented are inspired to a
HgTe/CdTe-based QSHI proximized by Nb contacts, which
seems to be most promising platform for the ASQ realizations,
since decoherence effects due to inelastic scattering mecha-
nisms are expected to be reduced, as we shall argue below
in Sec. V C. Moreover, experimental evidence shows that in
HgTe/CdTe quantum wells edge channels carry significantly
more current than what one could expect in a nontopological
conductor [35,50], ruling out possible edge conduction of
topologically trivial origin arising from unwanted edge doping
during fabrication or from band bending.

Three more aspects concerning the experimental imple-
mentations deserve a comment. First, in setups of proximized
QSHLI, the superconducting films typically cover both edges
of the QSHI bar. However, because the two edges are usually
separated by a distance W of several micrometers, i.e., longer
than the superconducting phase coherence length [50,54], the
two weak links can be considered as independent. Thus, our
model, where only one edge has been considered, reliably
applies. A second comment is about the possible leakage
of quasiparticles into the weak link (quasiparticle poisoning
[84,85]). In QSHI-based JJ, it has been predicted that quasi-
particle poisoning might induce a change in the Josephson
current periodicity when the superconducting phase ¢ var-
ied [77-79]. In an ASQ, however, one customarily operates
around a fixed value of ¢, which sets the energy separation of
the ASQ states and the radiation frequency to be used for the
manipulation. Still, quasiparticle poisoning should be limited
experimentally, as it may alter the ABS occupancy. Poisoning
by quasiparticles originating from the superconductors can be
reduced by modulating the thicknesses of the superconducting
films, thereby trapping quasiparticles sufficiently far away
from the weak link [19]. Other sources of quasiparticle poi-
soning can be ascribed to an additional localized level present
inside the weak link, which could effectively act as a quasi-
particle “bath” for the ASQ, as has been observed in nanowire
setups [19]. However, while in nanowires such bound states
could emerge from a local confinement due to spin-orbit
inhomogeneities, this possibility is reduced for the helical
states of a QSHI, whose linear and helical spectrum hinders
confinement. For these reasons, we expect that in the proposed
setup the quasiparticle poisoning effect can be mitigated, at
least as much as can be done in current nanowire-based ASQ
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implementations. The third aspect to be mentioned is that,
different from conventional materials, the zero-energy cross-
ing of the ABS spectrum at ¢ = & shown in Fig. 2 is robust.
Indeed, due to the helical nature of the topological states, the
number of degrees of freedom in a QSHI-based JJ is halved as
compared to conventional JJ, and the ABS are nondegenerate
fermionic states. As a consequence, the two energy levels
+FE|(¢) crossing at zero energy at ¢ = w shown in Fig. 2
are related to two fermion parity sectors (ylT v, =0,1, ie,
even/odd) of the excitation Hamiltonian H; = E; (¢>)(y;( Vi —
1/2) [76,77]. As a consequence, the zero-energy crossing is
topologically protected [75,76] and cannot even be removed
by quasiparticle poisoning that switches the parity.

Finally, it is worth mentioning that the weak link of the JJ is
typically embedded in a superconducting loop, which controls
the superconducting phase difference through an external flux.
In turn, the loop is also inductively coupled to a microwave
resonator, usually an LC circuit, whose frequency depends on
the occupancy of the ABSs. The manipulation of the ASQ can
be induced either by applying an ac signal through a gate (all-
electric control) or by modulating the magnetic flux through
an ac in a conductor coupled to the superconducting loop
[8—19]. On the one hand, an all-electric control of the ASQ
offers great advantages in terms of scalability, integration with
classical control circuits on-chip, and overall simplicity in the
setup structure. On the other hand, the timescale of electrical
manipulation is the nanosecond, which may limit the number
of operations that can be performed within the ASQ decoher-
ence time. A possible alternative strategy could be an optical
control performed with laser pulses. While this integrated
technology is certainly more complex from the viewpoint
of the setup architecture, in the case of spin qubits realized
with semiconductor quantum dots, it was proven to enable
the control in the picosecond or even femtosecond timescales,
thereby increasing by orders of magnitude the number of
operations that can be performed within the decoherence time
[6,86-88].

B. Preparation of the initial state

In Sec. IV, we have presented a few simulations of quan-
tum information processing assuming that the ASQ can be
prepared in an input state |0) or [1). Since in the low-
temperature limit the equilibrium population of all the ABSs
vanishes, it is crucial to identify a reliable protocol for the
preparation of the initial computational state. As an illustra-
tive example, let us discuss for instance the preparation of
the |0) state, characterized by an energy E;. The physical
protocol that we aim to mimic, inspired by Ref. [1], consists
in photoexciting the condensate with a frequency Ag + E| <
hw < 2Ay. In this way, one quasiparticle is excited in the state
with E;, while the other one is promoted to the continuum
spectrum and plays no further role for the ASQ, for it leaves
the weak link within a timescale of the order t, ~ L/vp. In
order to simulate this protocol, in principle one would need
to include, together with the two discrete ABS of the ASQ,
also a huge number of closely spaced states with energies
E > A describing the continuum. However, as far as the
simulation of the initial state preparation is concerned, for
practical computational purposes nothing changes to the ASQ
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FIG. 8. Simulation of the initial state preparation (negative
times) induced by an electromagnetic pulse with 7 = —250 ps and
7 = 80 ps. The preparation protocol is based on a JJ with three ABSs,
and a two-quasi-particle photoexcitation from the condensate (see
text), as depicted in the inset. The parameters of the weak link are
A =3 and ¢ = 7 /4, while the magnetic § impurity, located at posi-
tion xop = L/4 from the center of the weak link, has a transmission
coefficient Ty = 0.8.

—-100 0

preparation process if one considers a third discrete level,
with an energy E3 lower but very close to Ag (see inset of
Fig. 8), that effectively plays the role of the continuum. This
enables one to mimic the role of the continuum spectrum,
while retaining a limited number of states in the simulation.
Thus, starting from the low-temperature equilibrium state
(fi = fo = f3=0), one could fully promote two electrons
from the superconducting condensate to the lowest energy
level E| and to the highest energy level E5. This type of
process relies on the g3 coefficient and can be easily induced
via a properly tailored electromagnetic pulse with frequency
o = (E| + E3)/h. Indeed, if the intermediate energy level E;
is sufficiently separated from both level E; and level E3, the
excitation pulse will not change its low-temperature equilib-
rium population (f, = 0). As a result of such preliminary
photoexcitation process, the three-level weak link is then pro-
moted into the physical state fj =1, f, =0, and f5 =1, as
sketched in the inset of Fig. 8, and therefore the ASQ is
correctly prepared in its computational state |0) (f; = 1 and
f>=0).

The two requirements of (1) ABS energy levels relatively
far from each other and (2) an electric dipole transition am-
plitude g3 significantly different from zero are fulfilled by
choosing a superconducting phase difference ¢ = 7 /4 in the
three-ABS weak link described in the inset of Fig. 8. In-
deed, in this case one has E; >~ 0.25 meV, E; >~ 0.51 meV,
and E5 >~ 0.98 meV, as well as |gj2| >~ 0.67 and |2;3]| =~ 0.10,
which corresponds to an electron-pair generation energy E| +
E; >~ 1.24 meV and to an ASQ energy splitting E, — Ej ~
0.26 meV. The result of simulated experiments preparing the
initial state |0) is shown in the negative time axis of Fig. 8,
where the electron-pair photoexcitation described above is re-
alized via a properly tailored Gaussian pulse centered around
the time 7 = —250 ps and with a pulse duration of 80 ps.
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The accuracy of our simulated experiment fully confirms the
reliability of the proposed computational-state preparation.

C. Energy dissipation and decoherence phenomena

As is well known [89-93], a major limitation of solid-state
quantum information processing platforms is the presence of
energy dissipation and decoherence (DD) phenomena. Al-
though helical states are topologically protected from elastic
backscattering off time-reversal symmetric perturbations, dis-
sipation and decoherence can arise from inelastic processes.
Here, we would like to analyze first the various possible
sources of these effects in the proposed ASQ, and then provide
an estimate of these effects in a worst case scenario.

1. Inelastic scattering mechanisms

Hyperfine interaction. We start with the hyperfine inter-
action, which couples electron and nuclear spins, and is
considered the main origin of the relatively short decoher-
ence time in the current ASQ implementations with InAs
nanowires [14,15,18-20]. In QSHI realized with InAs/GaSb
bilayers [36,37], the hyperfine constant is of the same order of
magnitude as nanowires [48,49,94]. However, in HgTe/CdTe,
due to the limited percentage of crystal atoms with a nonvan-
ishing nuclear spin (at most 17%) and a smaller nuclear spin,
the hyperfine coupling constant is smaller by more than one
order of magnitude [46,47,49]. By Fermi golden rule, one can
therefore expect that spin relaxation times due to nuclear spin
coupling are enhanced by roughly two orders of magnitude.

Electron-phonon coupling. Another possible inelastic scat-
tering is the coupling to phonons. Although acoustic phonons
do not couple to the spin degree of freedom directly, their
interplay with Rashba impurities present in the QSHI might
in principle break the topological protection of the edge states.
However, this effect is known to have a quite negligible impact
on the normal current through the helical edge state, at least
to leading order in the Rashba disorder strength [44,45]. We
expect that a similar situation occurs when the helical states
are proximized by superconductors, and that phonon-induced
dynamical spin-flip processes are not significant.

Electron-electron interaction. As is well known, since in an
ASQ charge can fluctuate back and forth from the JJ weak link
to the superconductors through Andreev reflections, Coulomb
charging energy effects are strongly suppressed with respect
to conventional quantum dots. Yet, in the ASQ proposed
here, where the edge states of the QSHI are one-dimensional,
electron-electron interaction can give rise to collective exci-
tations, realizing a helical Luttinger liquid, characterized by
a parameter K < 1 that identifies the strength of the repul-
sive screened Coulomb interaction (with K = 1 describing
the non-interacting case). Spin decoherence caused by two-
particle backscattering with spin-flip processes can only occur
at commensurate filling values (Umklapp processes), and is
relevant only for K < 1/2,i.e., for relatively strong interaction
[65]. However, interaction can also interplay with magnetic
impurities [45]. In the case of static impurities considered
here, single-particle backscattering with spin flip is relevant
for K < 1, thereby enhancing the ABS spin texture modifi-
cation, but with no impact on decoherence. In the presence
of dynamical quantum impurities, such as Kondo impuri-

ties, the scenario depends on the interaction strength, on the
possible impurity anisotropy, and on the temperature regime
[61,65-70]. However, at temperatures below the Kondo
temperature, two-particle backscattering causing spin deco-
herence is relevant only for very strong interaction (K < 1/4).

Thus, the decoherence effects heavily depend on the actual
value of the interaction strength K. Although experimental
measurements of K are quite limited [95], various theoretical
studies have estimated that in QSHI realized with InAs/GaSb
quantum wells the interaction is relatively strong (K =~ 0.4),
while in HgTe/CdTe-based QSHI it is quite weak K < 1
[66,96-98]. Moreover, in the ASQ setup proposed here (see
Fig. 1), where the helical Luttinger liquid is proximized by
superconductors, further aspects are noteworthy.

On the one hand, the problem of a Luttinger liquid con-
tacted to superconductors is computationally nontrivial, and
analytical approaches are only viable in the case of tunnel con-
tacts [99,100] or in the regime of a very long junction L >>> &g
[101]. On the other hand, the presence of two superconducting
films deposited on the QSHI is expected to entail two effects.
First, an enhancement of the screening effects, thereby leading
to a reduction of the effective electron-electron interaction and
the related decoherence effects. Second, the finite length L of
the weak link “cuts” the renormalization group flow at a finite
Thouless energy scale E; = hvg /L. Thus, at given values of
interaction strength K and weak link length L characterizing a
specific setup, the results obtained for the noninteracting case
are expected to be quantitatively but not qualitatively modified
by the interaction. This expectation is confirmed, for instance,
by the results known in the case of a strong magnetic impurity
present inside a very long helical JJ, where the critical current
has been shown to behave as 1. Ef/ K [78]. A similar mod-
ification occurs in the present case of an intermediate length
junction, where the matrix entries g;; of the current operator
(19) are expected to depend in a K-dependent manner on
an energy scale that is a combination of the E; and Ag. In
HgTe/CdTe quantum wells, where K ~ 1, the modifications
with respect to the noninteracting case K = 1 are expected to
be negligible.

2. Simulation of dissipation and decoherence
effects in the worst case scenario

A thorough analysis taking into account microscopically
all the above inelastic scattering mechanisms leading to DD
processes in the proposed ASQ implementation is out of
the scope of the present paper. Yet, we would like to pro-
vide some quantitative information about the impact of these
effects. As argued above, there are various motivations to
expect that dissipation and decoherence effects in JJ based on
QSHI should be suppressed as compared to current nanowire
implementations, particularly in the case of HgTe quantum
wells proximized by Nb films, and our simulations in Sec.
IV were inspired by such setup. Moreover, a quality factor of
a quantum hardware is the ratio of the decoherence time to
the typical operational timescale, rather than the decoherence
time as an absolute time.

Thus, we have considered the “worst case scenario” where
the decoherence time in the proposed QSHI-based ASQ is
similar to the one of the current nanowire implementations,
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FIG. 9. Simulation of a sequence of operations (20 NOT gates):
Time evolution of the polarization p;,. The thin red line describes the
case of a unitary evolution, while the blue thick curve describes the
behavior in the presence of dissipation and decoherence phenomena,
accounted for via the phenomenological model in Eq. (43) choosing
Ty =100 ns and 7, = 50 ns (see text). The JJ parameters are the
same as in Fig. 6.

and we have tested how many operations one could perform
within such a timescale. To this purpose, we have adopted a
generalized phenomenological 7;-7, model [90,93], where T}
and T, are the relaxation and decoherence timescales, respec-
tively. Specifically, while the simulated experiments presented
in Sec. IV result from a fully coherent dynamics, here we have
included DD effects by adding to each of the four blocks of
the Nambu density matrix p the following incoherent time
evolution term:

d'olaﬂ o o
d_lj ) = _Fij (p,‘jﬂ - (peq)ijﬂ)’ (43)
with
8 1—8;
r,=-L4+—4, 44
iI=T + . (44)

where o, B = e, h and p.q denotes the (diagonal) equilibrium
density matrix. The diagonal terms (i = j) relax to their equi-
librium values within the energy-dissipation time 77, while
the off-diagonal terms (i # j) decay to zero within the de-
coherence time 75. It is important to stress that, in order to
preserve the positive-definite character of the density matrix,
it is necessary to choose 77 > 27, [81].

The simulated experiment presented in Fig. 9 corresponds
to a sequence of 20 NOT gates and shows the time evolution
of the interlevel polarization pi», which is characterized by a
sequence of maxima, one for each NOT gate (see Fig. 6). In
particular, the thin red curve refers to the unitary evolution,
while the blue thick curve describes the case where DD phe-
nomena are accounted for via the phenomenological model
in Eq. (43). The decoherence time has been chosen as T, =
50 ns, i.e., in agreement with the value characterizing cur-
rent ASQ implementations with nanowires [8,14,15,17,19],
while the relaxation time has been set to 77 = 100 ns, i.e., the
minimal compatible with the constraint 77 > 27, mentioned
above. Here, the system as well as the simulation parameters
are the same as in Fig. 6. While in the fully coherent case
(red curve) pj, exhibits a periodic behavior, where all the po-
larization maxima reach the very same value (p;; = 1/2), in
the presence of DD phenomena (blue curve) a small decrease

of the polarization maxima occurs, which is on the order of
10% at the end of the simulation (10 ns), consistently with
the decoherence time 75 = 50 ns used in the simulation. Our
analysis shows that even in the worst case scenario, where
the decoherence time is the same as in the current nanowire
realizations, incoherent processes have a negligible impact on
the realization of the quantum gates based on the QSHI-JJ.
Indeed, the proposed ASQ manipulation allows one to realize
tens of quantum operations within the selected DD times.

VI. CONCLUSIONS

We have proposed an implementation of ASQs based on a
JJ realized with the helical edge states of a QSHI, proximized
by two superconducting films, as illustrated in Fig. 1. We have
shown that the presence of magnetic doping alters the natural
spin texture of the ABSs and leads to nonvanishing electric
dipole transition amplitudes (see Figs. 4 and 5), enabling the
possibility to manipulate the ASQ with a radiation, without
the need for an externally applied Zeeman field, and without
invoking ancillary qubits. As illustrative examples, we have
simulated the realization of NOT and Hadamard quantum gates
by suitably tailored electromagnetic pulses applied to the
QSHI-JJ, as shown in Figs. 6 and 7, respectively. A possible
strategy to prepare the initial state has also been outlined, and
the impact of incoherent phenomena in realistic realizations
has been addressed. In particular, the implementation with
HgTe/CdTe QSHI proximized by Nb contacts is suggested
to be promising, since decoherence effects due to Coulomb
and hyperfine interactions are weak. Thus, the proposed real-
ization of ASQ might foster interdisciplinary research across
topological materials and quantum information.
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APPENDIX: ABS WAVEFUNCTIONS

In this Appendix, we provide some details about the cal-
culations of the ABS wavefunctions, which are needed to
evaluate the electric dipole transition amplitudes in Egs. (23)
and (24) shown in Sec. III. Following the scheme of Ref. [71],
we schematize the JJ as depicted in Fig. 10, where the weak
link, sandwiched between the two superconductors Sy and Sg,
can be regarded as a central scattering region characterized
by the magnetic disorder, separated by ideal ballistic buffer
normal regions Ny, and Ng. While Andreev scattering occurs
at the interfaces x; = —L/2 and xg = +L/2 of the weak link
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FIG. 10. Scheme of the JJ: Andreev scattering occurs at the in-
terfaces x, = —L/2 and xg = +L/2, whereas the magnetic disorder
inside the weak link induces normal scattering. The a symbols denote
the amplitudes of states that are traveling from the S interfaces
toward the magnetic disorder regions, while the b symbols denote
the amplitudes of states traveling from the disordered region to the
interfaces.

with the superconductors, normal scattering occurs because of
magnetic disorder.

An eigenfunction ®g(x) of the BAG Hamiltonian (6) at
energy E

Mm(x)
ug | (x)
UE¢(X)
UET(X)

Pp(x) = (AD)

can be constructed by combining the solutions in the various
JJ regions depicted in Fig. 10. Specifically, because we are
interested in the ABSs, i.e., in the subgap spectrum 0 < E <
Ay, the expression of the wavefunction in the superconductors
and in the buffer regions reads as follows.

Solutions in left superconductor Si, (subgap):

f_e 1 arccos £ Ao oldEx

i E
i 4
3 ACCOS 5 —igfx

AO 8+ €
Cr(ls, =1/ 57 (A2)
2F f7 +2arccm Ao e”fk e —igy
gie -3 [ arccos £~ Ao e_lqEX —igy,
Solutions in the left buffer region Ny :
a% eik;;x
b e—ik;}x
e = | e (A3)
al;\ e*ikgx
Solutions in the right buffer region Ng:
beT eikgx
a¢ e*ikgx
DPr(x = . A4
£ = | it (A4)
th e—ik;}x

Solution in the right superconductor Sg ( subgap ):

f+€+ arccos 1— A e"’E
— L arccos £ iq-
AO g_e 2 Ay TN
Prls, =1/ 57 (AS)
2FE f+e—; arccos An equ o—itr
g e+ arccos 1— Ao e_l(/E —i¢R

In the formulas here above, the symbols a, b, f, and g denote
complex amplitudes, where their energy label E has been
dropped to make the notation lighter. Moreover, ¢;, = ¢/2 and
¢r = —¢/2 are the superconducting phases in left and right
superconductors, while

u=xE

ke/h —
E hl}p

(A6)

denote the (real) wave vectors characterizing the normal
buffer regions, and

1
+ /A
gy = or (/L +i —E2), 0<E <Ay (AD

the (complex) wave vectors characterizing the decaying states
in the superconducting regions Sy /x in the subgap.

Imposing the continuity of the wavefunction at the left and
right interfaces x = x;, = —L/2 and x = xg = +L/2,

Sp(xp)ls, = Pe(xp)ly,» (A8)

P (xr)ls, = Pe(r)|, (A9)

one obtains the coefficients characterizing the superconductor
wavefunctions

Ao P aeos £,
f— E — Cl? o2 ATCCOS 55 g elkEXL7 (A]O)
A i E .+ ah .
f+ 2_2 — aﬁaﬂ arccos z PR elkExR €I¢R, (All)
Ay Larccos £ igxn  —ike
§V2E = af e M b MR oIk (A12)
g & — a]% e% arccos Aio eiquL e—ik]E’xL ei(PL (Al3)
2F ’
as well as the Andreev reflection relations
2B
b = ﬁ iarccos - Ao €I¢R e ’ (A14)
2Ex,
bh — Cle iarccos 1= Ao e —ipr e ,mFR ’ (A]S)
;2L
bh _ e zarccos Ao e_,¢L P (A]6)
. E . 2Exp
i — a}T, et arccos x- ez¢L el For (A]7)

At the same time, the magnetic disorder present in the JJ
weak link induces normal scattering processes. In the electron
sector, the scattering matrix S,, which can be expressed as in

Eq. (10), connects
be‘
QJ—S@( ) (A18)
i
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whereas in the hole sector the scattering matrix S, (E ), defined

through
bh ah
1 a4,

can be obtained from S, through the relation (11). Thus, in
the buffer regions N, and Ny the outgoing amplitudes can be
expressed in terms of the incoming ones as

(A19)

bl =t.al + r;a‘i, (A20)
b, =r.as +1a], (A21)
by = t,d} + . (A22)
V) =ryd; +d. (A23)

Equating Eqgs. (A14)-(A20) and Egs. (A15)-(A22), one

obtains
aeT' ai
2= AR Pk (A24)
1 2
where
A L gitp™i i
Agp = © g ‘ , (A25)
L p—itr o™ Ty _nh
at, 7,
and
Ol(E) — e—iarccos Aio_ (A26)

Similarly, equating Eqs. (A17)—(A21) and Eqgs. (A16)—(A23),
one retrieves

aj a‘%
a =AL al’ (A27)
{ )
where
, 2y
— t_f % eiPL o' Tur
A= Cay (A28)
L/e—i%e g _r_l;
al, o
Combining Egs. (A25) and (A28), one obtains
a‘% 0
(I = ARAL| ;| = , (A29)
ay 0

which has two important implications.

On the one hand, Eq. (A29) determines the equation
det(I, — Ay Ag) = O of the discrete energy levels E; charac-
terizing the ABS wavefunctions @ (x). Explicitly, using Egs.
(A25) and (A28), such an equation can be written as

a e Y 4 o2 detSe(E) detS" (E)

— (riry +r,ry) — €%t — el =0, (A30)

where ¢ = ¢, — ¢ and, from Eq. (11), one has
m(E) = —r;(=E), (A31)
tw(E) = +t;(—E), (A32)

4(E) = +1,"(—E), (A33)

() = =1 (—E). (A34)
Exploiting the second expression in Eq. (10), one has
detS¢(E) = —&™E) and detS"(E) = —e % (-E). More-
over, using the definitions in Eq. (13), the ABS energy level
equation (A30) reduces to Eq. (12), recovering the result of
Ref. [64].

On the other hand, Eq. (A29) also implies

- E : E .
ae'tt) detS,(E) +a e 't e 1)
p4et5(F) $af,  (A35)

al =
! eit rt,+ e it
which can be substituted into the right-hand side of Eq. (A27),
leading to obtain through a few algebra steps

—2 72iE£ -2 (—i? 2,

. a ‘e Le 2 (e 21, +e ”Jh) .

a‘L - —i? ’ i aT
e'zrt, +ezr,y,

(A36)

and

. E . E
—1, =iz iz

a e By —aefr, detS

a} = e L . (A37)

o )
—l5 ! 15 34l 4/
e 2rhte+e 21ty

Moreover, inserting Eqs. (A35)-(A37) into Egs. (Al4)-
(A17), one finds

2 -2iE
a "e “Er, —r, detS
b = — 4, (A38)
rtl+ erit
it g
b/‘l e 2 e L
L o
a‘ze_m% — (r,r, + €1t
e’ h e'h e
x rt.+ etrie % (A39)
h'e e“h
0 _E
V) =a e’ e 't af, (A40)

. i E
. e detS(E) +a 2 1l
b = o a. (A4
rhte-i—e reth

Equations (A35)—(A41) express the seven coefficients a?, aj,
aﬁ, b, b?, b}i’ and b as a function of the coefficient a5. Thus,
inserting Eqs. (A35)—(A37) into Egs. (A11)-(A13), the entire
wavefunction in the superconductors and in the buffer regions
can be expressed only in terms of the amplitude a§ and the
energy eigenvalue E; found by solving Eq. (12). Moreover,
also the wavefunction inside the magnetic domain can be
expressed in terms of a, through relations that depend on the
specific envisaged scatterer. Here below, we show how this is
done in the illustrative example of a magnetic barrier. Thus,
the entire wavefunction ®z(x) can be expressed in terms of
a$ only, which in turn is determined through the normalization

condition [ ®F (x\)®p(x)dx = 1.

1. Scattering matrix for a finite barrier

Because the magnetic disorder does not couple electron
and hole sectors, one can determine the electron and hole
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wavefunctions separately. Let us consider the case of a mag-
netic barrier

0, X < Xy,
m(x) = { (mycos¢,,m, sing,,m;), X <X <X,
0, X < X,

(A42)

where x; > —L/2 and x, < L/2 are the magnetic domain
boundaries within the weak link. This case generalizes Eq.
(15) by including also a m, component parallel to the natural
quantization axis of the helical states, as well as a generic
orientation ¢, within the spin x-y plane of the magnetization.

We focus on the electron sector, while a similar calculation
can be carried out for the hole sector. The wavefunction in the
clean buffer regions N, and N reads

MET(-X) a?\ eJrikEx
e —ikéx |° X <X
ug (x) b¢ e e

ME¢ ()C) beT e+ik2x
= e ,—ikix |’ X > X2,
ug (x) aj e "
respectively, where ki, is given in Eq. (A6). For the wavefunc-
tion inside the barrier (x; < x < x,), one has to distinguish

two energy ranges. For | 4+ E| < m, the wavefunction con-
sists of evanescent waves and reads

MET(X) 1 eta im0 +ikstx e
= = icpe e ‘ C+
ug(x) V2 \em1Ci—o0)
| [e—i@+o0)
+ﬁ ot i@Eo)

where c¢ are complex amplitudes,

- _mzii\/mi_(M‘FE)z
kei —
E hUF

(A43)

and

(A44)

) ethEx e (A45)

(A46)
|

mj

U+ e
I+ (==
N

whereas the phases [',,(E), ©,,(E), and x,,(E) are given by

Tg

arctan [\/ﬁ tanh (HLT;:‘ [m} — (u+ E))]
——(/tizi—mi tan (hLT""”/ (uw+E)?— mi)] — —("ZZ)L”" +
47 O — cos (ﬁLT”‘F,/(M +E? —m?)]

Iy (E) = { arctan [

and

®m(E) = 2k§j~x0 + ¢L’

Xm(E) =

are complex wave vectors, and 65, is an angle such that

=, u+E
cosfp = ,
my
_Jmi —(u+E)?
siny = ——. (A47)
my

For |u + E| > m, the wavefunction exhibits an oscillatory
behavior and is given by

Lo Be_:
ugy (x) I G etk e
ug (x) 2|+ E| \spe2efi—ion) *
1 = .
— 3 (w05 +ig1) _
L[ (R i e
2l + E| \spetstelition) -

(A48)

where

—mZ:I:,/(,U,—i—E)Z—m%_

Ee:l: —
E FLUF

(A49)

are real wave vectors, and 92- is determined by

_ E
cosh 6 = I+ |,
my

V(4 E? —mi

my

sinh 05 = (A50)

with sp = sgn(u + E). Imposing the continuity at (say) the
boundary x; of the wavefunctions in Egs. (A43) and (A45) [or
Eq. (A48)], one obtains a set of two linear equations that lead
to express the amplitudes c¢ characterizing the wavefunction
inside the magnetic region as a function of the amplitudes af
and 0. The above calculations straightforwardly enable one
to obtain the scattering matrix S,.(E') of the barrier, which can
be written in the form of Eq. (10), where the transmission
coefficient is

sinh [ £ fm? — (u +E2)°) 7 Iw+El<my,
sin[ e\ J(u+ E)? —m2])’)”

(A51)
|+ E| >my,
=l 4 E| <my,
(A52)
lw+E|l>my,
(A53)
mL,,
o (A54)
F

respectively. Here, xo = (x; + x»)/2 denotes the midpoint of the barrier, L,, = x, — x; is its spatial extension, and ¥ is the

Heaviside step function.
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