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ON THE DISTRIBUTION OF THE ENTRIES OF A
FIXED-RANK RANDOM MATRIX OVER A FINITE FIELD

CARLO SANNAT

ABSTRACT. Let 7 > 0 be an integer, let Fy be a finite field of ¢ elements, and let A be a
nonempty proper subset of F,. Moreover, let M be a random m X n rank-r matrix over F,
taken with uniform distribution. We prove, in a precise sense, that, as m,n — 400 and r, ¢, A
are fixed, the number of entries of M that belong to A approaches a normal distribution.

1. INTRODUCTION

Let I, be a finite field of g element. For every matrix M over Fy, let wt(M) be the weight
of IF,, that is, the number of nonzero entries of M.

Migler, Morrison, and Ogle [3] proved a formula for the expected value of wt(IM) when M
is taken at random, with uniform distribution, from the set of m x n rank-r matrices over F,.
Furthermore, they suggested that, as m,n — +oo and r,q are fixed, an appropriate scaling
of wt(M) approaches a normal distribution. Sanna [6] proved this last claim for ¢ = 2 and
assuming that m/n converges to a positive real number.

For every A C [, and for every matrix M over F,, let ct 4(M) be the number of entries
of M that belong to A. Moreover, put y4(q) := >, c17(q), where vo(q) := ¢! —1 and
Ya(q) == q~! for each a € Fy, and let

palg,m,n) = (lAlg~" —yalg)g™")mn,
ai(q, m,n) :=v4(q)*¢""(1 — ¢~ ") (m + n)mn,

for all integers m,n > 0. Note that y4(q) # 0 unless A =@ or A =F,.
Our result is the following.

Theorem 1.1. Fiz an integer r > 0 and a nonempty set A C F,. Let M be taken at random,
with uniform distribution, from the set of mxn rank-r matrices over F,. Then, as m,n — 400,
we have that

ct4(M) — ,m,n
M AM) = palq )

o% (g, m,n)
converges in distribution to a standard normal random variable.

Roughly speaking, Theorem 1.1 asserts that, as m and n both grow, ct4(M) approaches
a normal random variable with expected value p4(g, m,n) and variance ai(q,m,n). Note
that, if the condition on the rank is dropped, that is, if M is taken at random with uniform
distribution from the set of m x n matrices over F,, then an easy application of the central
limit theorem yields that ct4(M) approaches a normal random variable with expected value
|Alg~tmn and variance |Alg~! (1 — [A|g~") mn.

Before we proceed, let us outline the main ideas of the proof of Theorem 1.1. First, using
full-rank factorization and the well-known formula for the number of m xn rank-r matrices over
IFy, it is shown that, for the sake of proving Theorem 1.1, we can assume that M = XY, where
X and Y are m x r and r X n independent random matrices taken with uniform distribution
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from their respective spaces. Second, the event that the product of a row of X and a column
of Y is equal to a prescribed element of F, is handled via the Fourier transform of F, respect
to multiplicative characters. The use of multiplicative characters is necessary to conveniently
“separate” the entries of X by the entries of Y in two factors of a product. However, it
introduces some complications (essentially because the Fourier inversion formula holds only
for functions F, — C that are supported on (F;)"), which are dealt with by a kind of Mébius
transform. Finally, all of this makes possible to write (1) as a main term, which converges in
distribution to a standard normal random variable, plus an error term, which is shown to be
negligible.

It might be interesting to strenghten Theorem 1.1 by letting also r goes to infinity, but in a
way controlled by m and n (see Remark 5.1).

2. GENERAL NOTATIONS AND DEFINITIONS

For every finite set A, we let |A| be the number of elements of A. For each statement S,
we let 1[S] be equal to 1 if S is true, and to 0 if S is false. For every event E, we let P[E]
be the probability that E occurs. For each real or complex random variable X, we write E[X]
and V[X] for the expected value and the variance of X. For every sequence (X,,) of random

variables, we write X, % X to denote that (X,,) converges in distribution to X. For a complex
random variable Z = X 4+4Y, where X and Y are real random variables and ¢ is the imaginary
unity, the covariance matriz of Z is the covariance matrix of the random vector (X,Y"). Also,
we say that Z is a complex normal random wvariable if the random vector (X,Y) follows a
bivariate normal distribution. For each integer r > 0, we set [r] := {1,...,7}. We say that a
function f: X — C is supported on a set Y if f(z) = 0 for every z € X'\ Y. We adopt the usual
convention that the empty sum and the empty product are equal to 0 and 1, respectively.

3. PRELIMINARIES ON THE FOURIER TRANSFORM

3.1. Characters of finite fields. We recall some basics facts about characters of finite
fields (see, e.g., [2, Chapter 5, Section 1] and [4, Chapter 10, Section 1}).

Given a finite abelian group G, a c/l\zamcter of G is a group homomorphism G — C*. The
set of characters of GG is denoted by GAand is a finite abelian group respect to the pointwise
product of functions. The identity of G is the trivial character, which sends each element of
G to 1, while the inverse of each x € G is the pointwise complex conjugation of x, which is
denoted by .

The additive characters of F, are the characters of F, as an additive group. We let 1)y denote
the trivial additive character of F,. The multiplicative characters of F, are the characters of Iy
as a multiplicative group. We let x( denote the trivial multiplicative character of IF,. Moreover,
we extend each multiplicative character x of F, to a function F, — C by setting x(0) := 0.

The additive and multiplicative characters of F, satisfy the orthogonality relations:

(2) - Z ¥(a) = 1fa = 0] 3) | Ax(a) = 1[a = 1]
TZ’GFq XEF;

for every a € IFy, and

(4) =3 () = 1 = vl () = > x(@) = 1x=xl
aE]Fq 4 aclFq

for every 9 € Fq and y € E‘g.
For every function f: Ffl — C that is supported on (IE‘Z)t, the Fourier transform of f is the

function f: E‘;t — C defined by

(6) f(xl,...,xa::%l)t S fan . axi(an) - Xilar)

al,...,0¢ GFq
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for every x1,...,xt € I/Fg.l From the orthogonality relation (3), it easily follows that

(7) f(alv"'7at): Z f(Xh 7Xt)X1(a1)“'Xt(at)
X17"'7X75€I/F§
for every aq,...,a; € Fy, which is the Fourier inversion formula.

3.2. Mobius transform. We need a kind of Mébius transform and its corresponding inversion
formula, which is essentially a consequence of the inclusion-exclusion principle (see, e.g., [7,
Example 3.8.3]).

First, note that from the binomial theorem it easily follows that

(8) S ()M = 1B =g,
ACB

for every finite set B.
Throughout the rest of Section 3, let » > 0 be a fixed integer. For every S C [r], we write
as to denote the |S|-tuple (ag,, ... ,ak‘s‘), where ki < --- < kg are the elements of S. (If S is

empty, then ag is the empty tuple). Moreover, we write a(s) to denote the r-tuple (bi,...,by),
where by, :=0if k ¢ S, and by :=ay if kK € S.
For every function f: Fy — C and for every S C [r], we define the function fs: IE‘L“g' — C by

9) fslas) =Y (=11 f(acr),

TCS
f S|
or every as € Fy .

Lemma 3.1. Let f: F;, — C. Then, for every S C [r], the function fs is supported on (IE‘Z)‘S‘.
Moreover, we have that

(10) flar,...,a) = > fs(as)

for every ay,...,a, € F,.

Proof. First, let us prove that for every & C [r] the function fs is supported on (FZ)‘S . Pick

any as € FLS‘ \ (F;)‘S . Hence, there exists kg € S such that ay, = 0. Therefore, by (9) we
have that

fstas)= > =DVt + > (1) f(am)

TCS\{ko} {ko}CTCS
= > VNV - Y D g =0,
TCS\{ko} T'CS\{ko}

where we used the fact that each set T satisfying {ko} € 7 C S can be written in a unique
way as T = T' U {ko} with 7" C S\ {ko}. The claim is proven.
Let us prove (10). From (9) and (8), we get that

> sste9) = 22 S (o) = 3 Sloer) 3 (0

SC[r] r] TCS TQSQM
= Z flam) Y (=)= f(al, ),
TCIr] S'CIr\T
where we wrote S = &’ UT. The proof is complete. O

1We normalize the Fourier transform by the factor (¢ — 1)~* because later this simplifies some formulas.
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3.3. Mobius—Fourier inversion formula. We can combine the results of Sections 3.1 and 3.2
to obtain a Mdbius—Fourier inversion formula.

Lemma 3.2. Let f: F;, — C. Then we have that

flar,. . an) =" Z Fs(xs) T xu(an).

SC g keS

for every ay,...,a, € F,.

Proof. The claim easily follows from the Fourier inversion formula (7) and Lemma 3.1. O

For every function f: Fy — C and for every S C [r], let f(s): IF"qS‘ — C be the function
defined by f(s)(as) := f(a(s)) for each as € IE‘LS|.
Lemma 3.3. Let f: F;, — C and S C [r]. Then we have that
Fs(xs) = oo COSYE(er),

{Xk#x0:k€S}CTCS

—~|S
for every xs € F*l |

Proof. From (6) and (9 ) we get that

(11) E(XS) |S| Z fS aS H Xk ak
aseFlS! keS
S T
as GF\S\TCS keS
= X0 o X fmten) [] e
TCS arerlT! keT
1 —
m Z H Xk (k)
ag\ RS\ TIRES\T

Furthermore, for every U C [r], we have that

(12) Z H Xr(ag) = H Z Xk (a (q — 1)“’{| 1[xx = xo for each k € U],

ap eFlUI ket kel \a€Fy

where we employed the orthogonality relation (5). At this point, the claim follows by combin-
ing (6), (11), and (12). O

3.4. Some Fourier transforms. For every a € I, define the function f (@) Fy, — C by

f(“)(al,...,ar) = ]llzr:ak = a] ,
k=1

for every as,...,a, € Fy.
Furthermore, let yo denote a tuple (xo, ..., X0), where the length will be always clear from
the context.

Lemma 3.4. For every a € F, and T C [r], we have that

@1 vl
f(T)(Xo) =7 =g



ENTRIES OF FIXED-RANK RANDOM MATRICES 5

Proof. This is essentially the evaluation of a generalized Jacobi sum of trivial characters, which
is a well-known subject (see, e.g., [1, Theorem 6.1.35]), but we include the details for com-
pleteness.

First, from (4) it follows that

(¢ —DITT i 4 = yy;
(13) Y(ay) = ¥(a) | = { .
aTE%)T kl;[T ' Ig' gk DITE i 4 # 4ho;

for every 1 € ﬁ'\ Then, from (6), (2), and (13), we get that

a 1 a
f((T))(XO) |7-| Z f(7- ar) HXO a) m Z f((T))(aT)

aTEF‘T‘ keT aTE(]F(*Z)‘T‘

—

:ﬁ 3 [Zak—a]:%l)ﬂ 3 Z¢<Zak—a>

aTe(IF*)\T\ keT aTe(F*)\T\ peRy, keT

1 1 —
ITIZ > I vtaw =y Tqi— g 2. W)

eFy ar ()T kT i WER,\{to}
1, 1 Ya(q)
il PRICI Rab ik ek
TZ’GFq
since v,(q) = ¢~! — 1[a = 0]. The proof is complete. O

Lemma 3.5. For every a € Fy, and S C [r], we have that

= S — -S|
79 (x0) = w — ala) G _ 1) |

Proof. By Lemma 3.3 and Lemma 3.4, we have that

—

1§ (x0) = Z(—l)'s\ﬂ;((g))(x()) = 3 (1T (% 3 av&)

TCS TCS —q)7!
— \3\T| _ _NS\Tl1 — \—IT]

p 7;9 Ya(q) ng;s( 1)IS\TI(1 - g)
_1[S = <] 1 15l
- (5)

where we used (8) and the more general fact that
Z sIBVAIAL = (5 4 ¢)IB]
ACB

for every finite set B and for all real numbers s and ¢. O

4. FURTHER PRELIMINARIES

For every field K, let K™*™ be the vector space of m x n matrices over K, and let K™*™" be
the set of m x n rank-r matrices over K. The next lemma regards the full-rank factorization
of matrices and it is well known (cf. [5, Theorem 2]).

Lemma 4.1. Let K be a field. For every N € K™*™" there exist Xg € K™*"" and Yo € K™*™"
such that N = XgYq. Moreover, if N = XY for some X € K™*" and Y € K"™*", then there
ezists R € K™ such that X = XoR and Y = R71Y.
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Kmxr,r

Proof. See, e.g., [0, Lemma 2.1]. There the second part of the lemma is stated with X €
and Y € K™*™" instead of X € K™*" and Y € K"™". However, if X € K™*" and Y € K"™*"

satisfy XY € K™ then X € K™ and Y € K"™™". Therefore, the two versions are
equivalent. ]

Lemma 4.2. Let M € Fg""™", X € FI"™", and Y € F;*" be independent random matrices
uniformly distributed in their respective spaces. Then we have that

(14) > |P[XY =N]-P[M=N] -0,
NeF; "

as m,n — oo and r is fized.

Proof. Tt is well-known (see, e.g., [3, Formula 3]) that

r—1 ] i
(¢° —d')d" —q)
5 e = [ =)
i=0
for all integers s,¢,r > 0 with » < min(s, t).
Furthermore, we have that
— ; i -1 i ] r—1
[T —d)a" —d) 7@ —d)¢" ) - -
(16) e =11 " =[[a-¢"™0a-¢" -1
q q i=0 4 i=0

as m,n — +oo and r is fixed.

Let us split the sum in (14) into three sums (o), ¥ (=), ¥ according to the rank of
N being less than, equal to, or greater than r, respectively. We have to prove that, in the
aforementioned limit, each of these sums goes to zero.

For every matrix Z over F,, let rk(Z) denote the rank of Z. From (15) and (16), we get that

S = Y P[XY=N]=Pkk(XY)<r]=1-P[XeFM™"P[Y € F*"]

rk(N)<r
’ ’ _1 3 3
_ oy ETE L i@ — a0 —a)
- - |F2n><r||Fg><n| - - qmr . g — U,

where we used the fact that rk(XY) < r with equality if and only if rk(X) = rk(Y) = r.

If N € Fg"”"™" then, by Lemma 4.1, there exist matrices X € Fg""" and Yq € F,"™" such
that N = XgY(. Moreover, again by Lemma 4.1, we have that XY = N if and only if there
exists R € Fy“™" such that X = XoR and Y = R™1Y(. Consequently, we have that

- |Frxr,r|
PXY =N = >, P[X=XoR]P[Y =R""Yo] = rirrsa-
RGFSX'P,T

Therefore, we get that

|FZXT’T| 1 ‘
E(:) = Z UP)[XY = N] o P[M = N” = Z m><r||Fr><n| - men,r
NngﬂXn,r NeFZIan,r' q q | q |
B Ny e U o e N
[Fq"||Fg™"| qmT - g

where we employed (15) and (16).
Finally, since XY and M have rank not exceeding r, it follows that ¥~y = 0. Thus all the
three sums go to zero and the proof is complete. O

The next result is a version of Slutsky’s lemma (cf. [9, Lemma 2.8]).
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Lemma 4.3. Let (Uy,) and (V,,) be sequences of complex random variables such that U, LU

and V, 4casn — 400, where U is a random variable and c is a constant. Then we have
that:

(i) Up+ VS U +¢; and

(i) UnVy S Ue;
as n — +00.
Proof. In [9, Lemma 2.8] the result is stated for real random variables. However, the proof can
be easily adapted by identifying C with R? and applying [0, Theorem 2.7] accordingly; noting

that, with this identification, the addition and the multiplication of two complex numbers are
continuous functions R? x R? — R2, O

Lemma 4.4. Let cq, co be real numbers, and let N1, No be independent normal random variables

of expected values 1, po and variances a%,a%, respectively. Then ¢y Ny + caNa is a normal

random variable of expected value cip1 + capg and variance c3o3 + c3o3.

Proof. This fact is well known (cf. [8, Exercise 2.1.9]). O

5. PROOF OF THEOREM 1.1
Let m,n,r > 0 be integers with r < min(m,n). Let X € Fj»*" and Y € F;*" be independent
random matrices taken with uniform distribution from their respective spaces.
—~|S
For every S C [r] and xs € IF';" |, define the complex random variables

m n

(17) Xoo = [ xe(@in) and Yoy :=> J]xw(vrs):

1=1 keS j=1keS

and also the real random variables

2= T[ (1= xolwir)) and W= T] (1 - xolvs,)):

i=1 k=1 i=1 k=1

where z; ; and y; ; denote the entries of X and Y, respectively.
The next two lemmas provide the expected values of X5, and Y5 ,, and the expected values
and the variances of Z and W.

IS]

Lemma 5.1. For all S C [r] and xs € ﬁg , we have that

BfXs] = Clxs) (1- 1) T and ElYsa) = Clus) (1-3) o

where
C(xs) := L[ xx = xo for each k € S].

Proof. Fix x € ﬁ% and let ¢ € F, be taken at random with uniform distribution. From (5) it
follows that
1 1
Blv(@] = 7 3 x@ = (1-2) 1=l

4 aclFy

Consequently, if cs € IF"qS‘ is a random tuple taken with uniform distribution, then

E [ 1T Xk(ck)] = [ Elxs(cr)] = Clxs) (1 - é)m :

keS keS

At this point, the formulas for the expected values of X5, and Y5 , follow by linearity. O
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Lemma 5.2. We have that

1 1 1 1 1 1
EZ] = —m, V[Z]= <1 — —) m, E[W]=—n, V[W]=— <1 — —> n.
q qr q q q q-
Proof. The claim follows easily by noticing that Z and W are binomial random variables of m
and n trials, respectively, and probability of success equal to ¢~ . ]

We can now prove a formula for ct 4(XY), for every A C F,.

Lemma 5.3. For every a € F,, we have that

— X
(18) SN A sENs A Xsy = = a(@nZ,
SC|r] Xse]@\sw
— '
(19) SN A (S)EXs Vs = = a(@mv,
SCIr] XSGJFA:;‘S‘
() 1 a(q
(20) 3 Z 9 (s E[Xs A JE[Ys.A] = <— - ”—”) mn.
SC[T] EIF* S| q q

Proof. From Lemma 5.1 and Lemma 3.5, it follows that

- — S|
Z Z féa)(XS)E[YS,x]XS,X =n Z féa)(XO) <1 - 3) XS vo

SSENEL SClr]

2 (15w (1)) (-4)

1
= -mn — ’Ya(Q)n Z (_1)|S|X57X07
q SC[r]

since X4\, = m. Furthermore, from (17), we have that

Z (— )|S|X8,X0 Z (_1)|S| Z H XO(xz k Z H —xo(z; k

SClr] SCpr] i=1 k€S i=1 SC[r] kes
=S ] (0 = xo0(zir) = 2,
i=1 k=1

and (18) follows. The proof of (19) proceeds similarly.

Finally, taking the expected value of both sides of (18), and employing Lemma 5.2, we
obtain (20). O

Lemma 5.4. For every A C IF,, we have that

cta(XY) = palgmn)+ > > ng Xs) (Xsx — E[Xsq]) (Yo — E[Ys4])

ST\ gefs 151 0€A

—yal@)n(Z - IE[Z]) —yalg)m (W — E[W]).
Proof. Let a € Fy. From Lemma 3.2 and (17), we have that

ct{)(XY) Z Z ﬂlzﬂfz kYk,j = CL] = Z Z F D @iayi g, Tiryrs)

i=1 j=1 = i=1 j=1
Z Z Z Z féa)(XS) H Xk(Ti k Yk, 5)
i=1 j=1S5C[r] S| keS

Xs€Fy
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=y Z ;@(xs) (Z 11 Xk(:n,-7k)) > T ewny)

SN =1 kes o1 kes
= Z Z féa)(XS)X&XYS,X-
Sl ge

Then, from the identity

XS,XYS,X = (X&x - E[X&x]) (YS,X - E[Y&XD
+ E[Y&X]XS,X + E[X&X]Y&x - E[YS,X]E[X&XL

we get that
ctXY)= > > fs xs)(Xsx — E[Xs,]) (Ysx — E[Ys])
S e
+Y Y fs Xs)E[Ys x| X5\ + Y Z 8 (xs)E[Xs 4] Ys.y
S gei® S ger
-> > féa)(Xs)E[Ys,x]E[Xs,x]-
ST gers'®!

At this point, the claim follows easily by applying Lemma 5.3 and Lemma 5.2, and by summing
over all a € A. O

Fix a nonempty A C F, and, for the sake of brevity, let
CtA(N) - M.A(q7 m, 7'L)

&A(N) =
o% (g, m,n)

for every N € F;"*". Moreover, hereafter, let m,n — +oo.

Note that each of the complex random variables X5, and Ys , is the sum of independent
identically distributed random variables with finite covariance matrices. Therefore, by the
Central Limit Theorem in R? (see, e.g., [I, Theorem 3.9.6]), we have that (Xs,, —E[Xs,])\/m
and (Ys, — E[Ys,])/\/n converge in distribution to some complex normal random variables,
which we call X Z‘ix and Yé,x’ respectively.

Similarly, each of the real random variables Z and W is the sum of independent identically
distributed random variables. Hence, it follows from the Central Limit Theorem (in R) that
(Z-E[Z])/\/V[Z] and (W —E[W])//V[W] converge in distribution to standard normal random
variables, which we call Z' and W', respectively.

From Lemma 5.4 and Lemma 5.2, it follows that

Z/ /
(21) ctaXy)=> 3 casx9) 5 Ye — —

SCi] s VT +" Vitm/n  /T+n/m

XS E]F*
where each c4,s,(¢q) depends only on A, S, xs, ¢, r, and not on m and n.

Since X ‘/S,x and Yéﬁx are independent, their product converges in distribution to )N(S,XEN/&X.
Therefore, from Lemma 4.3(ii), we get that each term of the double sum in (21) converges
in distribution to the constant 0. Consequently, by Lemma 4.3(i), the double sum in (21)
converges in distribution to the constant 0.

Since Z and W are independent, from Lemma 4.4 it follows that

B Z - w
Vi+m/n  /14+n/m
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is a standard normal random variable.

Moreover, from Z' % Z, W' % W, and the fact that 1/A/1+m/n and 1/,/1 + n/m belong
to (0,1), we get easily that
Z-7 4 W-Ww 4
— =0 and ———0
V1+m/n V1+n/m
Therefore, Lemma 4.3(i) yields that
A W Z- 27 W-W g

- - =U+ + —
V1+m/n  \/1+n/m V1i+m/n  \/1+n/m
From a last application of Lemma 4.3(i) we get that ct 4(XY) converges in distribution to U.

Let M be a random matrix taken with uniform distribution from Fy"*™". Thanks to
Lemma 4.2, for every real number ¢, we have that

IP[ct4(M) < t] — PlctA(XY) < ]| = ( 3 (PM=N]-P[XY = N])(
FaN<t
< Y |PXY =N]-PM=N]| 0.
NeFg "

Consequently, we get that ct4(M) and ct4(XY) have the same limiting distribution (if it
exists). Since we already proved that ct4(XY) converges in distribution to a standard normal
random variable, we get that ct4(M) also converges in distribution to a standard normal
random variable.

The proof of Theorem 1.1 is complete.

Remark 5.1. A crucial part of the proof is the fact that, since r is fixed, the double sum in (21)
has a fixed number of terms, and so it is possible to prove that it converges in distribution
to the constant 0 without having to closely inspect its terms. If one let » — 400, in a way
controlled by m and n, then it seems likely that understanding the behavior of ct A(XY) would
require a more detailed study of the terms of the double sum in (21), since the number of such
terms grows with 7.
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