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ABSTRACT. Finite Fracture Mechanics and Cohesive Crack Model can 
effectively predict the strength of plain, cracked or notched structural 
components, overcoming the classical drawbacks of Linear Elastic Fracture 
Mechanics. Aim of the present work is to investigate size effects by expressing 
each model as a unified system of two equations, describing a stress 
requirement and the energy balance, respectively. Brittle crack onset in two 
different structural configurations is considered: (i) a circular hole in a tensile 
slab; (ii) an un-notched beam under pure bending. The study is performed 
through a semi-analytical parametric approach. Finally, theoretical strength 
predictions are validated with experimental results available in the literature 
for both geometries, and with estimations by the point criterion in the 
framework of Theory of Critical Distances. 
  
KEYWORDS. Size effects; Finite Fracture Mechanics; Cohesive Crack Model; 
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INTRODUCTION  
 

ince the pioneering work by Hillerborg et al. 1976 [1] the Cohesive Crack Model (CCM) has been widely implemented 
to assess the failure behavior of plain or composite structural components (e.g., [2]). The approach is based on the 
definition of a constitutive relationship, linking the cohesive stresses acting on the process zone with the crack lip 

opening displacement. CCM can provide physically-based and accurate strength estimations, but usually at the price of huge 
computational efforts.  
On the contrary, as regards the brittle crack onset, the coupled Finite Fracture Mechanics (FFM) criterion [3, 4] allows to 
achieve (semi-) analytical predictions, thus generally revealing a more efficient approach. It relies on the assumption of a 
finite crack increment (at least at the first step), and it involves the fulfilment of two conditions: a stress requirement and 
the energetic balance.  
CCM and FFM predictions were compared for different notched configurations, from V-notches [5-7] to cracks  [8, 9], 
fiber-matrix debonding [10] and spherical voids [11]. The above studies show that FFM and CCM can lead to very close 
predictions, depending on the FFM stress condition, the CCM constitutive law and the structural configuration under 
investigation. Note that in [11] the CCM was written explicitly as a system of two equations, representing a stress-based 
condition and an energy requirement, thus rendering straightforward the analogy with FFM.  In this context, the process 
zone can be thought as the CCM’s counterpart of the finite crack propagation distance. Therefore, up to a certain extent, 
both FFM and CCM are equivalent in terms of the quantities they both rely on to predict the crack nucleation. Furthermore, 
for cracked geometries, both models describe the transition from a strength-governed failure to a toughness-governed one 
as the size increases, unlike what happens with Linear Elastic Fracture Mechanics (LEFM), which is not able to catch this 
transition. 
Aim of this paper is to extend the comparison between CCM and FFM to other two configurations: (i) a circular hole in a 
tensile slab; (ii) an un-notched slender beam under four point bending (FPB). The former geometry was already addressed 
numerically by both CCM and FFM in Li et al. [12], whereas the latter was recently investigated through FFM by Doitrand 
et al. [13]. The novelty here relies on the proposed unified approach for each model, the analytical relationships governing 
the two problems being formally the same, up to the shape functions involved. 
The study will be carried out assuming a Dugdale law for CCM (Fig. 1) and the original version of FFM (Leguillon [3]). 
Finally, to corroborate the theoretical results, experimental data from the literature on materials implemented in different 
engineering fields will be taken into account, revealing a general good agreement. Predictions by the point criterion in the 
framework of Theory of Critical Distances [14] will be also reported.  
 
 
THEORETICAL APPROACHES  
 

he coupled FFM criterion and the CCM will be introduced below by referring to mode I loading conditions (Fig.2), 
coherently with the topic under investigation. 
 

 
Finite Fracture Mechanics 
According to coupled FFM approaches [3], [15], a stress and an energy requirements have to be simultaneously fulfilled for 
brittle crack onset to take place. The stress condition, following Leguillon’s approach [3], requires that the normal stress y 
over a finite distance  must be larger than the ultimate tensile strength c of the material. On the other hand, the energy 
balance imposes that the strain energy G available for the finite crack increment  must be greater than Gc , where Gc is 
the material fracture energy. Coupling the two conditions above, a system of two inequalities is obtained: 
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According to FFM, the actual failure load is the minimum one satisfying the two inequalities (1). However, for a positive 
geometry (i.e. for a monotonically increasing strain energy release rate along the crack length) the failure load is achieved 
when the two inequalities are strictly verified. In this case, Eqn. (1) reverts to a system of two equations, see Eqn. (2): note 
that the energy balance has been rewritten through Irwin’s relationship, thus introducing the stress intensity factor KI  =  
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(GE’) and the material fracture toughness KIC =  (Gc E’), E’ being the Young’s modulus under plain strain conditions. The 
two unknowns are represented by the critical (failure) stress f , implicitly embedded in the stress field and the SIF functions, 
and the critical crack increment c. This latter quantity results a structural parameter, since dependent on both material 
properties and geometric characteristics. The behavior will be addressed more in details in Section 3.  
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Considering just the former equation of system (2), the Point Method (PM) can be defined [14, 16]. According to this 
criterion, fracture takes place when the stress equals the tensile strength c at a critical distance c = lch  / (2), where lch = 
(KIC / c)2 is the well-known Irwin’s length. Thus, according to TCD, the crack advance is a material property. 
 
Cohesive Crack Model 
Let us now consider the CCM implementing a Dugdale type cohesive law (Fig. 1). 

                                                                                                                  

Figure 1: Dugdale’s cohesive law. 

 
According to this model, a process zone of length ap is present ahead the crack/notch tip, where the cohesive stress keeps 
constant and equal to c:  ap increases with the external load , finally reaching the critical value apc when  is maximum, i.e. 
 = f.  To achieve apc and f, two different conditions must be considered. The former is a stress requirement: the global 
SIF KI  has to vanish at the fictitious crack tip, such to eliminate the stress singularity. The superposition principle allows to 
exploit the SIFs due to the external loading KI and the cohesive stresses KIc

, so that: 
 

0    cI I IK K K               (3) 

 
The latter is an energy condition: crack nucleates when the crack tip opening displacement (CTOD) v attains its critical value 
vc = Gc / c. In formulae, thanks again to superposition: 
 

   c cvv vv                            (4) 

 
where v and vc

 are the CTODs related, respectively, to  and c. They can be computed by a straightforward application 
of Paris’ equation as: 
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In Eqns. (5) and (6) KIP is the SIF related to a pair of normal forces P, per unit of thickness, acting at the crack onset point 
(see Appendix A for a graphical representation).  
 
 
TEST GEOMETRIES 
 

wo different geometries are here analyzed. The first one is a circular hole with radius c in an infinite slab under 
uniaxial tensile load . The geometry and the system of reference taken into account are represented in Fig. 2(a). 
Note that the study concerns symmetrical crack propagation (i.e. two cracks simultaneously stemming from the hole 

edge) according to what presented in [17]. As will be clear later, the analysis can be easily extended to a finite geometries by 
properly taking some multiplying corrections factors into account. 

   

 

Figure 2: (a) Circular hole in an infinite tensile plate and (b) FPB configuration. 
 
The second one is a sufficiently slender beam of height c loaded under four point bending (FPB, Fig. 2(b)). This 
configuration generates a state of pure bending in the middle section of the beam, i.e. where fracture is supposed to take 
place.  
The normal stress field along the x axis can be expressed as: 
 

   σ   y x f x                (7) 

 
where x = x / c is the dimensionless coordinate and  = max = 6M / c2 for the FPB geometry (M being the bending 
moment). The (exact) analytical functions  f x according to Kirsch [18] and beam theory are reported in Appendix A. 

Note that for the holed configuration, Eqn. (7) provides the well-known stress concentration factor 3 tK  at the hole 

edge ( 0x ), whilst far from the hole the stress field tends to the applied stress . 
On the other hand, the SIF related to crack initiation (Fig. 2) can be put in the following form: 
 

   IK aF a            (8) 

 
where /a a c .  
Eqns. (7) and (8) are sufficient to apply FFM. Moreover, the expression for  cIK (Eqn. (3)) and IPK (Eqns. (5,6)) necessary 

to implement the CCM can be expressed, respectively, by the following relationships: 
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The approximating shape functions F( a ), Fc

( a ), F
P
( a ) and their respective accuracy are reported in Appendix A for 

both geometries. 
 
FFM and CCM results 
Considering the equations provided for the two geometries analyzed in Section 3, FFM and CCM can now be implemented. 
As concerns FFM, introducing the expression for y provided by Eqn. (7) and for KI given by Eqn. (8) into Eqn. (2), yields: 
 

 
 
 d

2

2

0

1

 










 



















 c

f

c c

cc

f

f

a F a a

              (11) 

 
where /  c c c  and  = c / lch . 

Thus, the size effect law according to FFM can be investigated as a parametric curve where the dimensionless size   and 
failure stress f / c are both expressed as a function of c . 

On the other hand, as regards CCM, substituting the expressions of KI (Eqn. (8)) and KIc
 (Eqn. (9)) into Eqn. (3), yields: 
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where /p pa a c  is the dimensionless process zone. In critical conditions, the dimensionless strength f  /c as a function 

of pca can be derived from Eqn. (12). Furthermore, in light of the energy condition (4) and of the CTODs expressions 

provided by Eqns. (5)-(6), the dimensionless characteristic size   can be expressed as a function of pca through Eqns. (8-

10), leading to: 
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Hence, also CCM consists of a parametric approach, where the dimensionless size   and failure stress f / c reveal now 
functions of pca . 

As concerns the holed configuration, the failure stress estimations provided by FFM (Eqn. (11)) and CCM (Eqn. (13)) using 
the shape functions through Eqns. (A1)-(A4), are plotted  in Fig. 3. As evident, the theoretical predictions are quite close. 
The relative deviation increases up to 8 % for    8, and then it decreases as   increases. In Fig. 3 the experimental data on 
two different polymeric materials, polymethyl-methacrylate (PMMA) and general-purpose polystyrene (GPPS), tested by 
Sapora et al. [17], are also reported. The geometry referring to / 1/ 0.05 c w w  (w being the plate width), the theoretical 
assumption of an infinite geometry is here validated. The material properties for both PMMA and GPPS are summarized 
in Tab. 1. 
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 Reference KIC [MPam] c [MPa] lch [mm] 

Concrete [19] 0.6^ 3.8^ 24.9 

ZnO [20]  1.27° 100° 0.16 

PUR [21] 1.25 17.4 5.19 

GPPS [17] 1.40 30 2.18 

PMMA [17] 1.96 70.5 0.77 

-gypsum [13] 0.35 9.5 1.36 

-gypsum [13] 0.10 2.7 1.37 

-gypsum [13] 0.40 12 1.11 

UHPFRC [22] 4.45* 11.5 150 
 

Table 1: Material properties implemented in this study. 
^ Material properties are not provided in the reference article and they are estimated based on [23]. 
° In the reference article the material properties are estimated based on [24]. 
 In the reference article the material properties are estimated based on [25], [26], [27]. 
* KIC is not provided in the reference article. The value is estimated based on [28]. 
 
The failure stress predictions provided by CCM and FFM are in fairly good agreement with the experimental results on 
PMMA. The maximum percent discrepancy from the estimations furnished by the CCM is 9 % for   2.6, whereas it 
decreases to 6 % for   0.65 according to FFM.  
Predictions are also satisfactory for GPPS, even if in this case the discrepancy is higher. Indeed, the maximum deviation 
from CCM and FFM failure predictions exceeds, respectively, 15 % and 17 % for   0.23. 
PM predictions are also depicted in Fig. 3, revealing the most conservative criterion: the maximum percent discrepancy 
from PMMA experimental data increases up to 17 %, whereas the deviation from GPPS test results decreases to 12 %. 
 

Figure 3: Circular hole in an infinite tensile slab: size effects by FFM (continuous line), CCM (dashed line), PM (dash-dotted line) and 
experiments on PMMA and GPPS [17]. 
 
A third set of experimental data is now considered, to further validate the models. It refers to polyurethane (PUR) tested by 
Negru et al. [21], see also [29]. In this case the sample width w was equal to 25 mm with variable ratios / 1/c w w  ranging 
from 0.02 to 0.2. Thus, the influence of the finite dimension of the specimens on failure predictions has to be taken into 
account. To this purpose, we consider the following correction factor for the stress field [30]: 
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where Kt is the stress concentration factor of a finite plate containing a circular hole (whereas 3 tK ):  the stress field for 

finite width plates is achieved by multiplying Kirsch solution (A1) by 
wm . The accuracy of the correction provided by 

wm  

was evaluated through a Finite Element Method (FEM) analysis using ANSYS code. In Fig. 4 it is represented the 

comparison between tK  and FEM
tK , determined through a convergence analysis, for different ratios 2 / w : the two 

quantities are in good agreement each other and the percent discrepancy is less than 3 % for  2 / w  <  0.4. 

 
 

Figure 4: Circular hole in a finite tensile plate: comparison between tK  and FEM
tK  for different ratios 2 / w . 

 
To implement FFM and CCM we need to estimate also the correction factors for KI 

 and KIc
 related a finite width geometry. 

This is accomplished by multiplying Eqns. (8) and (9) by the following correction factors [31], [32]:  
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Eqn. (15) is valid for 2 / w   0.5 and 2(c + a) / w  0.7 and it is between  2 % of boundary-collocation results (Newman 
Jr [33]). On the other hand, the value of KIc

, for different ratios 2(c+a) / w, was compared with that determined exploiting 

the Fracture Tool available in ANSYS code. The two values are in perfect agreement each other, the deviation was found 
to be less than 2% for 2(c + a) / w < 0.7. Details of the mesh and the geometry implemented in the FEM analysis are 
reported in Fig. 5. Note that, based on [31], Eqns. (15) and (16) can be applied directly even to compute the CTODs, i.e. 
Eqn. (4) can be implemented, without the necessity of improving Eqns. (5) and (6). 
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Figure 5: Details of the mesh, constraints and loads used in the FEM model to evaluate the accuracy by Eqn. (16). 
 
The failure stress estimations provided by FFM and CCM for a finite width geometry through Eqns. (14)-(16) are finally 
plotted in Fig. 6. As clearly highlighted in this figure, CCM and FFM fit well the data, especially for   > 0.5. As  decreases 
the percent discrepancy increases up to 20 % for   0.1. On the contrary, the accuracy of the PM reveals questionable for 
this data set, especially for large scale-sizes. 
 

Figure 6: Circular hole in a finite tensile slab: size effects by FFM (continuous line), CCM (dashed line), PM (dash-dotted line) and 
experiments on PUR [21]. 
 

The finite crack advancement c / lch, provided by Eqn. (11) multiplying c  with , and the process zone length apc, given 
similarly by Eqn. (13), are represented in Fig. 7. The absolute values of the two sizes are quite different between each other. 
Nevertheless, the trend with respect to the dimensionless size  is somehow similar. Considering FFM, c decreases from 
the value 2 lch /  until it reaches a minimum and then it tends to 2 lch / [(1.12)2] as  increases. Analogously, apc decreases 
until it reaches a minimum for   0.4, and then it increases monotonically. The deviation between the process zone length 
in CCM and the finite crack advancement in FFM may be explained considering that whereas apc is a fictitious crack, since 
cohesive stresses are present, c is a “real” crack, because the new crack lips are stress free. 
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Figure 7: Circular hole in an infinite tensile slab: finite crack extension c / lch by FFM (continuous line), process zone length apc / lch by 
CCM (dashed line). 
 
Analyzing now the FPB geometry (Fig. 2(b)), we can apply the shape functions provided by Eqns. (A5)-(A8) to Eqns. (11) 
and (13) for FFM and CCM, respectively. 
 

 

Figure 8: Size effects on FPB un-notched samples: FFM (continuous line), CCM (dashed line), PM (dash-dotted line) and experimental 
results for (a) UHPFRC [22], ZnO [20] and Concrete [19]; (b) gypsum [13]. 
 
The failure stress estimates f is reported in Fig. 8 as a function of the dimensionless characteristic size  = c / lch. The failure 
stress estimates of the two models are quite different for small-size structures. CCM furnishes a dimensionless small-size 
limit strength value equal to 3, whereas FFM provides an infinitely large strength for vanishing size (the slope of the curve 
is equal to 0.5 in the log-log plot). Analogously, PM furnishes the lowest predictions for  > 0.7. On the other hand, it 
provides divergent predictions as  approaches 1/, this representing the limit below which stresses (at a distance c from 
the beam edge) become negative.   
Together with these estimations, in this figure are represented also the experimental data related to three different types of 
gypsum [13], Ultrahigh-Performance Fiber-Reinforced Concrete (UHPFRC, [22]), Zinc Oxide (ZnO, [20]) and concrete 
[19]. The material properties considered in this study are again resumed in Tab. 1. 
Theoretical predictions are in good agreement with results on gypsum, despite the high statistical dispersion of the 
experimental data. This scattering can be partially explained considering the presence of critical pores triggering failure, as 

(a) (b) 
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highlighted by Uhl et al. [34]. Considering UHPFRC, estimations provided by FFM and CCM are again accurate. Indeed, 
CCM provides a deviation that increases up to 15 % as   decreases, whilst FFM furnishes a lower percent discrepancy, 
equal to 14 % for   0.17. Similar arguments hold for concrete and ZnO data. 
Furthermore, also the approximated results provided by Eqn. (17) are represented in Fig. 8: this master curve is in excellent 
agreement with FFM predictions in the range of practical interest, the percent discrepancy is less than 1.5 % for    0.1. 
With respect to that proposed in [13], Eqn. (17) is able to catch the FFM trend at small scales, thus revealing more accurate. 
 

1
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              (17) 

 
Fig. 9 represents the comparison between the finite crack advance according to FFM and the process zone according to 
CCM, normalized with respect to Irwin’s length. As clearly highlighted in the plot, both models provide curves with slope 
equal to 1 for vanishing  (i.e., apc = c and c = c / 2). Furthermore, in accordance with CCM, the process zone diverges in 
large scale limit (linear slope equal to 0.5, apc = 0.5(c lch)), while the crack advance c tends to 2 lch / [(1.12)2], i.e., the same 
value obtained for the holed configuration. 

Figure 9: FPB configuration: finite crack extension c / lch by FFM (continuous line), process zone length apc / lch by CCM (dashed line). 
 
 
CONCLUSIONS 
 

n the present paper, two different configurations - a tensile strip (or plate) with a circular hole and a FPB un-notched 
beam- were analyzed to catch size effects implementing FFM and CCM. In order to compare theoretical predictions, 
a rectangular cohesive law (Dugdale’s type) was considered for CCM and a point wise stress requirement was 

implemented for FFM [3]. The analysis was conducted in a semi-analytical way by exploiting shape functions available in 
Literature, leading to a unified parametric approach for each model. Note that in the framework of FFM, this had already 
been done for the three point bending configuration of plain or cracked specimens [4] or dealing with blunt V-notches [35], 
which can be easily recast according to the present formulation.     
For the holed geometry the failure estimations provided by these two approaches are very close to each other. Instead, for 
the FPB geometry, the dissimilarities between the strength previsions provided by the two approaches increase at smaller 
scales. Indeed, CCM tends towards a dimensionless strength value equal to 3, whereas FFM provides an infinitely large 
strength for vanishing sizes. The comparison with experimental data from the literature on different materials shows that 
FFM is able to catch the correct trend in the region of practical interest, whereas PM -and, generally, each model based on 
a material length- is not. It is worthwhile remarking, once again, the matching between FFM and CCM, although 
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consolidated, actually depends on the geometry under investigation, the CCM cohesive law, and the particular FFM stress 
condition. 
 
 
APPENDIX A 
 
Circular holed configuration 
The function f ( )x  can be expressed as [18]: 
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The shape functions F(), Fc() according to [36], and FP() provided in [37] can be expressed as (Fig. A1, accuracy of 
about 1 %): 
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Figure A1: Schematic representation of the considered loadings: (a) cohesive stress acting on the crack length a; (b) pair of normal forces 
P applied at the hole edge. 

 
FPB un-notched beam 
According the elementary beam theory, the function f( x ) is given by: 
 

  1 2 f x x                (A5) 

 
For this configuration, the shape functions F(), Fc

() and F
P
() according to [36] (Fig. A2, accuracy less than 0.5 %): 
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Figure A2: Schematic representation of the considered loadings: (a) cohesive stress acting on the crack length a; (b) pair of normal forces 
P applied at the beginning of the crack. 
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