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Summary

Nowadays, human beings are inevitably exposed to electromagnetic fields due to the
large diffusion of electric and electronic devices. When electromagnetic fields come into
contact with human bodies, an interaction occurs and adverse health effects depending
on the field intensity and the exposure time may happen.
In recent years the main world organizations, including the International Commis-

sion on Non-Ionizing Radiation Protection (ICNIRP) and the Institute of Electrical and
Electronics Engineers (IEEE), which are involved in research regarding human exposure
to electromagnetic fields, have defined guidelines and standards for human protection.
These guidelines and standards are based on scientific studies carried out by researchers
who, through numerical dosimetry, are able to perform numerical simulations and to eval-
uate the dosimetric quantities inside the human body. Threshold values are established
to ensure a safe human exposure and a protection against the possible adverse effects that
would arise in the exposed individual.
In this thesis the assessment of human exposure to low-frequency electromagnetic

fields is taken into account. Some of themain problems related to the numerical dosimetry
are discussed and different approaches are proposed.
A comparison between two different methods that allow to evaluate the magnetic

vector potential starting from the knowledge of the magnetic flux density is described
and the pros and cons of both methods are analyzing by solving a numerical dosimetry
problem performed with virtual and real measurements.
Subsequently, shifting the attention to the voxelized realistic human models used

in numerical simulations, the stair-casing approximation error due to the voxel-based
discretization of these models is analyzed and tetrahedral models are introduced. The
studies show that tetrahedral human models are able to eliminate numerical artifacts
produced by stair-casing effects. However, other sources of computational artifacts are
still present in real exposure scenarios and post-processing techniques are still needed.
Finally, the posturing problem related to human models is taken into account. Al-

though the posture of the human body plays a fundamental role in numerical dosimetry
problem, posturemodeling takes a long time and some approximation errors are inevitably
introduced. In this thesis, a new approach based on performing computations by using a
non-postured human model is analyzed. The source term is modified through appropri-
ate geometric transformations to avoid the posturing step in the numerical simulations.
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Several numerical simulations on 2D and 3D domains are performed by using simplified
phantom and realistic human body in order to validate the new approach. The potentiality
of this new approach is highlighted and the possible applications are presented.
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Chapter 1

Introduction

In recent years there has been an increase of the so-called phenomenon of electromag-
netic pollution, caused by electric, magnetic and electromagnetic fields not generated by
the natural terrestrial background or by the natural events such as the electric field due to
the lightning.
Electromagnetic fields propagate in the space at light speed in a wavelike manner by

producing electromagnetic radiation. They are classified in the electromagnetic spectrum
according to their frequency or wavelength, through which electromagnetic radiation are
divided into two categories: Ionizing Radiation (IR) and Non-Ionizing Radiation (NIR)
[1]. They differ from each other due to their different ability to interact with materials
atoms and molecules.

• Ionizing radiation is provided with an amount of energy capable of directly ioniz-
ing atoms and molecules. In this case, the term ionization refers to the process by
removing electrons from atoms and molecules of materials that include air, water,
and living tissue. Ionizing radiation can travel unseen and pass through these mate-
rials. The electromagnetic spectrum in Fig. 1.1 [2] shows that the electromagnetic
waves with frequency higher than 3000 THz are include in IR, i.e. ultraviolet light,
X-rays and gamma-rays. X-rays, for example, can penetrate our body and reveal
pictures of our bones, because they have the unique capability to remove electrons
from atoms andmolecules in the matter through which they pass. However ionizing
activity can alter molecules within the cells of our body and may cause eventual
harm (such as cancer).

• Non-Ionizing Radiation is not able to ionize atoms and molecules. Depending on
their frequency they are subdivided in Optical Radiation (300 GHz - 3000 THz)
and Non-optical Radiation (0 Hz - 300 GHz). As Tab. 1.1 the Optical Radiation
includes ultraviolet and visible light, and infrared radiations, while the Non-optical
Radiation includes microwaves (MV), radio-frequency (RF), electric and magnetic
field at low-frequency (LF), in turn divided into very-low frequency (VLF) and
extremely low-frequency (ELF), and static electric and magnetic fields.
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Figure 1.1: Electromagnetic field spectrum [2].

It is worth noting that theNIR subdivision suggested in [3], [4] and reported in Tab. 1.1
is only one of the possible subdivision: the different ranges into which the non-ionizing
radiation can be divided depend on the context. In the classical literature the LF range
is between 0.1 Hz and 300 kHz, while in the numerical dosimetry, the main topic of
this thesis, the subdivision depends on the different effects caused by electromagnetic
fields inside the human body. For example, the International Commission on Non-
Ionizing Radiation Protection (ICNIRP), which is one of the international organizations
responsible for giving indications on the risks concerning human exposure to non-ionizing
electromagnetic fields, in [5] considers the LF range between 0 Hz and 100 kHz and
according to [6] the RF and microwaves have frequency higher than 100 kHz. In our
treatment we will follow this latter subdivision.
Several scientific studies on human exposure to ionizing and non-ionizing electro-

magnetic fields have been carried out in these years and the possible adverse effects on
human health have been studied. In fact, as said before, when the electromagnetic fields
come into contact with a biological system, they interact with it due to the electrical tissue
conductivity. According to their intensity, these fields can cause different effects inside
the human body.
An intense exposure to IR is not recommended because it is extremely harmful: it

may produce, for example, skin or tissue damage. Instead, when the human body is
exposed to NIR, two main effects (induced currents and heating of exposed tissues) have
been detected, whose harmfulness depends on the intensity of the external field.
Low-frequency electromagnetic fields generate induced currents which interact with
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Type Subdivision Name Frequency range
Static field 0 Hz

NIR Non-optical frequency
Low-frequency

ELF 0.1 Hz - 3 kHz
VLF 3 kHz - 30 kHz
LF 30 kHz - 300 kHz

RF 300 kHz - 300 MHz
MV 300 MHz - 300 GHz

Optical frequency
Infrared
Visible light
Ultraviolet light

300 GHz - 3000 THz

IR
Ultraviolet light

X-rays
Gamma-rays

≥ 3000 THz

Table 1.1: Frequency range of electromagnetic field radiation.

the currents already present in the human body (e.g. the electric signals sent from the
nervous system to the whole body to ensure the physiological activities), and stimulate
the tissues whose cells are electrically excitable, such as muscle fibres or neurons. This
can cause nerve and muscle stimulation, tingling in the skin, dizziness or nausea, or an
annoying auditive perceptions of impulses.
On the other hand, when the frequency increases, the only substantiated effect of

exposure relevant to human health and safety is heating of exposed tissue. It is caused
by the rapid oscillatory movement of ions and water molecules that transforms the
electromagnetic energy into the thermal one causing the heating in the tissues. In this
case, the body can tolerate a small increase in heat, because it has a strong ability
to regulate its internal temperature. However, above a certain level depending on the
duration of exposure, RF electromagnetic fields can provoke serious health effects, such
as heatstroke and tissue damage (burns).
All these effects fall into the category of short-term effects and they occur when a

certain exposure threshold is exceeded. These effects are the more dangerous and evident
the higher is the intensity of the electromagnetic field.
Potential health effects associated with long-term exposure have been extensively

studied over the last few decades. It is widespread idea that long-term low-level exposure
to 50 - 60 Hz magnetic fields might be associated with an increased risk of childhood
leukemia, but the currently existing scientific evidence does not lead to this conclusion
[7]. Evidence for cancer in adults from LF exposure is very weak [8]. At the same
time there is no substantial scientific evidence for an association between LF exposure
and Parkinson’s disease, multiple sclerosis, developmental and reproductive effects, and
cardiovascular diseases, as well as a relationship between RF exposure and headaches,
concentration difficulty, sleep quality, cognitive function or cardiovascular effects [9].
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About the risk of tumours in close proximity to the ear where the phone is held, e.g.
brain tumours, several studies have not reported a relation between the use of mobile
telephony and cancer [10]. This is an important consideration due to the widespread and
significant increase in the use of mobile phones in the general population during the last
few decades.
It can therefore be concluded that overall research on possible adverse effects deriving

from long-term human exposure to LF and RF electromagnetic fields has not shown to
date detrimental effects on health. However, many studies continue to be conducted.
Safety regulations that regulate human exposure to electromagnetic fields and define

the restrictions to be respected to ensure a correct and safe exposure have been developed.
In order to evaluate the risks deriving from human exposure to electromagnetic fields
and to be able to define the respective guidelines, it is necessary to perform numerical
simulations that give reliable results. This is the starting point of this thesis. In Chapter 2
an general overview about what is numerical dosimetry and why it is important is done.
Dosimetric quantities are introduced and the guidelines and standards which guarantee a
safe human exposure are described. The available realistic whole-body human models to
be used in numerical simulations are described and the numerical artifacts related to the
use of these models are analyzed together with the post-processing techniques to try to
reduce them.
Subsequently, in Chapter 3 the importance of numerical simulations able to reproduce

real exposure scenarios is underlined and the scalar potential finite difference (SPFD)
method with its algebraic formulation is presented, formulation that will be used in this
thesis to solve the numerical dosimetry problems of studied cases.
The research activities start from Chapter 4 in which the different methods able

to evaluate the magnetic vector potential starting from the knowledge of the magnetic
flux density are analyzed and a comparison between two numerical techniques for the
evaluation of human exposure from measurement data is done. Through the analysis of
test cases performedwith virtual and real measurements, thesemethods are compared and
the possibility of carrying out studies on human exposure starting from real measurements
is highlighted.
Since in a numerical simulation not only an accurate modeling of the source is

important, but also a human model which best reproduces the human shapes and the
various tissues and organs of the human body is fundamental, in Chapter 5 the use of
tetrahedral humanmodels is proposed in order to eliminate the stair-casing approximation
errors due to voxelized ones. Several exposure scenarios exposed to uniform and localized
magnetic fields are analyzed starting from simplified models (e.g. a multilayered sphere)
up to more complex ones (e.g. head human model).
Finally, in Chapter 6 a new approach which allows to perform numerical simulations

by using a non-postured phantom is proposed. As it will be seen, in fact, the humanmodel
posture is important to ensure a correct human exposure evaluation to electromagnetic
fields. However, the posturing activity is time-consuming and it always introduces
approximation errors. This new approach allows to avoid the posturing step by applying
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specific geometric transformations to the source term. A human body transformations
analysis is carried out and the Jacobian matrix is introduced. The approach reliability is
validated through the analysis of test cases exposed to localized magnetic fields.
In Chapter 7 the contributions to numerical dosimetry deriving from the studies

carried out in this thesis are highlighted.

5



6



Chapter 2

The importance of numerical dosimetry
for limiting human exposure to
low-frequency electromagnetic fields

In recent years, the growth in demand for electricity, the continuous advancement of
technologies and the changes in social behaviour have increased the number of artificial
sources and, consequently, also the human exposure to electromagnetic fields is increased.
Being able to study the interaction between electromagnetic fields and human bodies has
become important because of the need to know whether these electromagnetic fields have
adverse effects on human health.
Electromagnetic dosimetry is the technical-scientific discipline that establishes the

physical laws which govern the interactions between the electromagnetic fields and the
human body. In particular, numerical dosimetry makes use of computational techniques
to solve problems of human exposure to electromagnetic fields by means of numerical
simulations.
In order to solve a numerical dosimetry problem it is important to be able to numeri-

cally reproduce a real exposure scenario. This means that it is necessary to have a model
of the electromagnetic field sources that reproduces as much as possible the real one and
a model of the human body exposed to that field which can be comparable to a real one.

2.1 Dosimetric quantities
Whenever an electromagnetic field interacts with a human body, an exchange of

energy takes place, whose intensity and effects vary according to the field frequency and
the exposure time. This interaction can be defined by four steps [11], which are described
in Table 2.1.
Low-frequency electromagnetic fields generate induced currents inside the human
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Step Description
Exposure A biological object is immersed in an electromagnetic

field.
Matching The electromagnetic field induces some physical phe-

nomena, characterized by certain physical quantities
(dosimetric quantities), in the tissues of the exposed
body; these phenomena originate from the action of
the field forces on the charges and electric currents
present in the tissues.

Biological effect The physical phenomena, induced by the electromag-
netic field, cause some noticeable or detectable phys-
iological change in a biological system which is not
necessarily hazardous.

Adverse health effect A biological effect does not necessarily constitute an
adverse health effect; it becomes so if it is outside the
normal range that the body is able to endure, becoming
for this reason detrimental to health or well-being.

Table 2.1: Steps regarding the interaction between an electromagnetic field and a biolog-
ical object (e.g. the human body).

body, whose intensity depends on the field one, while in high-frequency the main biolog-
ical effect is the increase of tissues temperature (e.g. this effect is exploited by microwave
ovens to heat food), as Tab. 2.2 shown. This heating can affect only a localized area of
the human body or, at higher frequencies, it can cause a general increase in the body
temperature. For this reason, in numerical dosimetry the quantities, called dosimetric
quantities, that allow to study the phenomena that occur inside the human body during
an interaction with an electromagnetic field, are extremely important.
The low-frequency dosimetric quantitywas identifiedwith the current densityJ (A/m2)

(2004/40/EC) [12] until 2013, year in which the EU Directive 2013/35/EU [13] suggests
to take the induced electric field E (V/m) as dosimetric quantity. The current density
and the electric field are linked to each other by the constitutive equation

J = 𝜎E,

where 𝜎 is the electrical tissue conductivity.
The European Directive, which establishes the minimum health and safety require-

ments regarding the exposure of workers to electromagnetic fields, has recommended to
take E as dosimetric quantity because the electrical tissues conductivity is determined
with a very high level of uncertainty [14]. For this reason, since dosimetric quantities are
used to establish the basic restrictions to ensure a safe human exposure, the use of J as
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2.1 – Dosimetric quantities

(a) Electric field. (b) Longitudinal mag-
netic field.

(c) Frontal magnetic field.

Figure 2.1: Induced currents inside the human body generated by electric and magnetic
fields.

dosimetric quantity is not recommended due to the uncertainties about 𝜎.
As shown in Fig. 2.1 taken from [15], the currents induced inside the human body

by the electric fields follow different paths from those induced by the magnetic fields. In
the case of electric fields (Fig. 2.1a) the currents have the same direction as the electric
field, while in the case of magnetic fields (Fig. 2.1b and Fig. 2.1c) they make circular
trajectories on planes perpendicular to the direction of the magnetic field.
Otherwise, the high-frequency dosimetric quantity is the specific absorption rate

(SAR), which measures the absorption of energy in the tissues.
It is worth pointing out that the dosimetric quantities are not directly measurable

as it happens for external field values. For this reason, numerical dosimetry plays a
fundamental role in the evaluation of the dosimetric quantities because, through numerical
simulations, it is able to compute their values (with a certain degree of uncertainty) and
it helps to define the human exposure thresholds.
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2.1 – Dosimetric quantities

Biological effects

Direct effects Indirect effects

Acute effects Chronic effects

Short-term Long-term

Figure 2.2: Scheme of classification of the possible biological effects deriving from
human exposure to electromagnetic fields.

2.1.1 Health effects deriving from human exposure to low-frequency
electromagnetic fields

Hereinafter, it is worth pointing out that when we will talk about numerical dosimetry,
we will refer to low-frequency numerical dosimetry. Brief references to high-frequency
electromagnetic fields will still be made, but without going into too much details.
Inside the human body there are, even in the absence of external electromagnetic

fields, currents due to chemical reactions of the normal physiological functions: for
example, the nervous system exchanges signals with the whole-body through electrical
impulses, the heart is an electrically active muscle , and so on. We have seen that
when a low-frequency electromagnetic field comes into contact with a human body, it
generates induced currents inside it. These currents interact with the currents already
inside the human body and, if sufficiently high, they can trigger the stimulation of nerves
or muscles, or influence other biological processes. These effects depend on the external
field intensity and they occur only when a certain threshold is exceeded: for example,
when the induced currents reach an intensity comparable to the one of the currents already
present in the human body, involuntary nerve impulses may appear. In fact, the nervous
system is the main target of the low-frequency interaction and the effects vary from the
perception of faint light flickering in the periphery of the visual field (called phospehenes)
to cardio-vascular effects or tissue burn. Tab. 2.2 shows some possible effects in low- and
high-frequency.
Generally, these effects disappear when the stimulation ceases and, therefore, also the

external electromagnetic field disappears. For this reason these effects are called short-
term effects and they are widely analyzed by the scientific community. Potential health
effects associated with long-term low-level exposure have been extensively studied over
the last few decades and no diseases caused by prolonged exposure have been discovered.
However, many studies continue to be conducted.
It is worth highlighting that these biological effects become dangerous for human

health only if a certain level of exposure is exceeded.
Finally, these effects can be direct, when the human body comes into direct contact

with the electromagnetic field or indirect, when the human body comes into contact with
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an object on which an electromagnetic field acts.
The classification of the biological effects deriving from human exposure to electro-

magnetic fields is summarized in Fig. 2.2.

2.2 Guidelines and standards
Various national and international institution deal with the scientific research about

radiation to ensure a safe human exposure to electromagnetic fields without adverse health
effects. The world health organization (WHO) is the main organization responsible for
studying the possible health risks and effects deriving from exposure to electromagnetic
fields. In doing this it relies on the publications of other institutions such as the Interna-
tional Agency for Research on Carcer (IARC), which is specialized in cancer research, the
National Radiological Protection Board (NRPB) and the Bundesamt für Strahlenschutz
(BfS), which deal with research on radiological protection, the International Commis-
sion on Non-Ionizing Radiation Protection (ICNIRP), which develops and disseminates
science-based advice on limiting exposure to non-ionizing radiation, and the Istituto Su-
periore della Sanità (ISS), which does health research in Italy. They are summarized
in Fig. 2.3. This scheme can be read in two ways: vertically organizations belonging
to different levels but dealing with the same research sector are presented; horizontally,
institutions belonging to the same level but having different areas of competence are
shown. We can see that in Italy the Consiglio Nazionale delle Ricerche (CNR) deals with
national scientific research including the one related to low-frequency electromagnetic
fields, while the rules related to electrical safety are issued by the Comitato Elettronico
Italiano (CEI), who takes into account the international guidelines and standards. In fact,
to ensure a safe human exposure to electromagnetic fields without having adverse health
effects, each country establishes its own regulations based on international guidelines and
standards.
Among the international organizations that are responsible for giving indications on

the risks concerning human exposure to electromagnetic fields, the ICNIRP [6], [5] and
the Institute of Electrical and Electronics Engineers (IEEE) [16], [17] are the most impor-
tant. They have respectively defined guidelines and standards to be respected in order to
protect both the population and the workers from the possible adverse health effects. They
maintains close links and contacts with some scientific and technical institutions such as
the International Electrotechnical Commission (IEC) and the European Electrotechnical
Committee for Standardization (CELENEC), responsible for standardization in the area
of electrical engineering at international and European level respectively.
Thanks to scientific studies, that are constantly updated, it is possible to define the

thresholds below which human exposure to electromagnetic fields is safe. However,
guidelines and standards do not use the limit values indicated in the scientific studies, but
they apply to these values an additional reduction factor in order to be sure to guarantee
a safe human exposure. Exceeding this limit does not automatically lead to an exposure
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ELECTROTECHNICAL
AND ELECTRONIC

SECTOR

SCIENTIFIC
RESEARCH

SECTOR

HEALTH
RESERCH
SECTOR

International level

IEC IEEE ICNIRP WHO

IARC

European level

CELENEC EU NRPB

BfS

Italian level

CEI CNR ISS

Figure 2.3: Scheme of national and international institutions that deal with scientific
research about electromagnetic radiation. The black lines link together organizations
that collaborate closely to each other, while the green lines indicate an indirect relation-
ship based on the exchange of results and opinions. The arrows direction indicate the
confluence of publications. The two-way arrows mean that the publications of the two
institutions are comparable to each other.

with adverse health effects.
These limits vary depending on the context and on the reference guideline. Fig. 2.4a

shows that IEEE standards have limit values different from those of the ICNIRPguidelines.
The ICNIRP itself has different limit values if we compare the guidelines of 1998 (now
dated) with those of 2010 (which will soon be updated). These differences are due to the
evolution of scientific studies which, thanks to new technologies, are able to be more and
more precise.
Fig. 2.4 shows that both the ICNIRP guidelines and the IEEE standards have different

thresholds if they refer to the population (defined as public in the ICNIRP guidelines and
as general in the IEEE standards) or to the workers (defined respectively as occupational
and controlled). This is due to the fact that workers are usually exposed to electromagnetic
fields under known conditions. On the contrary, the population is made up of individuals
of all ages and different health states, and in many cases these people are unaware to be
exposed to electromagnetic fields. For this reason the limits for the population are more
stringent than those for workers. For example, the guidelines ensure that the level of
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(a) (b)

Figure 2.4: Comparison between the limit values of ICNIRP guidelines and IEEE stan-
dards referring to workers (occupational and controlled), and of IEEE standards referring
to the population (general) (a). Comparison between the limit values of ICNIRP guide-
lines of 1998 and 2010 referring both to workers (occupational) and population (public)
(b).

the currents induced inside the human body exposed to a low-frequency electromagnetic
field is below than the level of the electric currents already present in the human body.
However, as mentioned above, the guidelines do not comment on possible long-term

health effects. Scientific studies have shown a lack of correlation between prolonged
human exposure to electromagnetic fields and the onset of long-term effects, such as
cancer, but a large number of studies are still carried out.
Finally, a specific European Directive for the protection of workers in an occupational

exposure context exists [13].
Since the ICNIRP guidelines are perceived by all the European Union member states,

including Italy, and national regulations are based on them, in the next paragraph the
difference between the basic restrictions and the reference levels described in these
guidelines is analyzed. It is worth underlying that the IEEE’s equivalent terms for these
limits are respectively dosimetric reference limits and exposure reference levels.

2.2.1 Basic restrictions and reference levels
To prevent adverse health effects deriving from the interactions between human bodies

and external electric and magnetic fields, the guidelines establish some exposure limits.
These limits refer both to the dosimetric quantities and to the external field values, and
they are respectively called basic restrictions and reference levels.
The basic restrictions are limits for personal protection, which specify the maximum

exposure allowed in the whole body or in parts of the body with respect to the emissions
from field generated by devices and systems. They are based on proven biological effects
and they are related to the threshold showing adverse effects with an additional reduction
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factor in order to consider scientific uncertainties pertaining to the determination of that
threshold. Since they refer to the dosimetric quantities inside the human body, they are
difficult to be directly evaluated.
The reference levels refer to the exposure limits outside the body and they are de-

rived from the basic restrictions using the worst-case exposure assumption. They ensure
compliance with the recommended basic restrictions. Unlike the latter, they can be veri-
fied by direct measurements and/or by computational methods. However, if a measured
value exceeds the reference level, it does not necessarily mean that the basic restriction
is exceeded. By computer simulations it is possible to evaluate the dosimetric quantity
and to verify if its values are in compliance with the basic restriction. This can happen in
localized exposure because the ICNIRP guidelines define the reference levels considering
a human body exposed to a uniform field. In these cases the compliance with the local
basic restriction should be directly assessed [18].
Table 2.3 shows the physical quantities used to specify the basic restrictions and the

reference levels at the different electromagnetic field frequencies.

Figure 2.5: Example of voxelized realistic whole-body human models. From left to right
there are Visible Human Male, Duke and Hanako

2.3 Human models
In order to evaluate human exposure to electromagnetic fields by solving a numerical

dosimetry problem, a model of the human body on which to perform numerical simula-
tions is required. Depending on the type of problem to solve and the degree of precision
to achieve, simplified human models or realistic whole-body human models can be used.
Simplified human models do not reproduce anatomical human shape in details and

they are usually used in numerical simulations as homogeneous models (i.e. they are
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Frequency Basic restrictions Reference levels
0 Hz - 1 Hz Magnetic flux density (T) Magnetic flux density (T)

Current density (A/m2) Magnetic field strength (A/m)
protection goal: to avoid effects on the cardiovascular and nervous system.
1 Hz - 10 MHz Current density (A/m2) Magnetic flux density (T)

Internal electric field (V/m) Electric field strength (V/m)
SAR (W/kg) Magnetic field strength (A/m)

protection goal: to avoid effects on nervous system functions, whole-body heat
stress, and excessive localized heating of tissues.

10 MHz - 10 GHz SAR (W/kg) Magnetic flux density (T)
Electric field strength (V/m)
Magnetic field strength (A/m)
Power density (W/m2)

protection goal: to avoid whole-body heat stress and excessive localized heating
of tissues.

10 GHz - 300 GHz Power density (W/m2) Magnetic flux density (T)
Electric field strength (V/m)
Magnetic field strength (A/m)
Power density (W/m2)

protection goal: to avoid heating in tissue at or near the body surface.

Table 2.3: Physical quantities used in the ICNIRP basic restrictions and reference levels
depending on the frequency (from 0 Hz (static fields) to 300 GHz (RF)). The respective
protection goals are highlighted.

constituted by a single tissue), when it is not required to study what happens in each single
tissue, but the global vision of the dosimetry problem is important. They also require
less computation time than the realistic human models because they consist of fewer
elements. Among the simplified models we can mention the disk and the homogeneous
axial-symmetric human model, which are also adopted in some standards [19], [20].
Nowadays several realistic whole-body human models are available to perform nu-

merical simulations for the evaluation of human exposure to electromagnetic fields.
Human body has a very complex internal structure and the outer surfaces of most or-
gans are very complicated to reproduce. In the last few years, the rapid advancement
of technologies and the increase in the computational capabilities of the machines have
allowed the development of realistic anatomical whole-body human models of different
age, gender, size and height to be used in numerical simulations. Most of these mod-
els were created starting from computed tomography (CT) scans or magnetic resonance
images (MRI) of patients, volunteers or cadavers. Thanks to the increased use of the
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medical imaging technologies, high-resolution cross-sectional digital images of internal
anatomy are provided. These data can be used to create a three-dimensional digital
representation of the shape, volume and composition of human organs. Starting from the
two-dimensional pixel data of such images and extending them into the third dimension
by extruding them along 𝑧-axis, in fact, a voxel-based discretization is obtained. A voxel
is the three-dimensional counterpart of the two-dimensional pixel and has the shape of
a cube (regular hexahedron). An ID number, that represents the name of the tissue or
the organ to which it belongs, is assigned to each voxel and the biological properties of
the respective tissue/organ are attributed. Several studies are carried out to continue to
improve the tissue material parameter values, which have a degree of uncertainty because
they can be measured only numerically. The most famous material parameter database
continuously updated which contains information about the biological tissue properties
is the IT’IS Foundation Database [14].
In this way the virtual anatomical whole-body model reproduces the real one as likely

as possible and it can be used in the numerical simulations to measure the dosimetric
quantities and to see if the basic restrictions are respected. The presence of different
tissues, in fact, allows the researchers to perform realistic simulations of what happens
inside human body in a real exposure scenario, such as the tissue contrast effect caused
by the currents that pass through tissues with very different electrical conductivities.
The first human models discretized with voxels were unable to accurately reproduce

the smoothness of tissues boundaries due to the too large voxel dimensions. The increase
of the images resolution together with the more sophisticated reconstruction techniques
has allowed to improve the meshes discretization, managing to obtain models with 0.5 ×
0.5 × 0.5 mm3 voxel dimensions. However, if on one side the domain resolution and
discretization have improved, on the other the number of voxels and, consequently, of
unknowns to be solved in numerical problems has considerably increased. For this reason
the models with 2 × 2 × 2 mm3 or 1 × 1 × 1 mm3 voxel discretization can be considered
a good compromise between discretization and computational cost.
Among the whole-body anatomical realistic human models used in the scientific

studies of human exposure to electromagnetic fields, the IT’IS Foundation has developed
different models of different age, gender, size and height [21], [22], like Duke, a 34-years-
old male, Ella, a 26-years-old female, and Billie and Thelonius, an 11-years-old girl and
a 6-years-old boy respectively. Others available models are those built from the data of
the Virtual Human Project [23], [24] and the Japan’s whole-body human models (Taro
and Hanako) developed by the National Institute of Information and Communications
Technology (NICT) (see Tab. 2.4).
Since these voxel-based human models are constructed from cadavers, volunteers and

patients CT scans or MRI images, they are arranged to stand on the ground or lie on
an experimental table with their arms along their sides. These two positions limit the
research activities since in the simulation of a realistic scenario the posture must be taken
into account.
Some postured voxel-based models started to be developed from the upright-posture
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Organization
(Phantom name) Sex Height (cm) Weight (kg) Voxel size (mm)

NICT (TARO) M 173.2 65 2 × 2 × 2
NICT (HANAKO) F 160.8 53 2 × 2 × 2
HPA (NORMAN) M 176.0 73 2 × 2 × 2
HPA (NAOMI) F 163.0 60 2 × 2 × 2
ITIS (ELLA) F 160.0 58 CAD MESH (arbitrary)
ITIS (DUKE) M 174.0 70 CAD MESH (arbitrary)
ITIS (BILLIE) F 148.0 34 CAD MESH (arbitrary)
ITIS (THELONIUS) M 106.0 17 CAD MESH (arbitrary)

Table 2.4: Some characteristics of the main whole-body humanmodels used in numerical
dosimetry problems.

models. Among them there are the sitting human models developed by [25], [26],
[27], [28], [29], the deformed human model with outstretched or forward stretched arms
developed by [25], [30], [28], and the deformed human models with several different
postures developed by [31]. At the same time, posturing software have been created,
even if posturing a human model through a software is a cumbersome task both for time-
consuming and the difficulty with which these models can be exported and then used in
other software.
The importance of posture in numerical simulations of human exposure is one of the

topics covered in this thesis and it will be analyzed in chapter 6, where a new approach
to avoid the posturing step will be proposed.
At the same time, in this thesis, some shortcomings of the voxel-based human models

will be analyzed and some alternatives will be proposed. Among these, we can underline:

• the voxel are not able to reproduce carefully smooth surfaces and this causes
numerical artifacts, such as stair-casing errors (as we will see in Chapter 5);

• voxelized models are created using MRI images of patient, volunteers or cadavers,
but the internal anatomy of an individual can differ from that of another individual
with similar size; moreover, the internal structures of the human body having
dimensions less than the dimensions of the voxel cannot be accurately segmented
(e.g. the skin thickness [32]).

2.4 Numerical artifacts
When numerical simulations are performed, attention must be paid to numerical

artifacts. In numerical dosimetry the raw solution is subject to these artifacts coming
from different sources [33]. In low-frequency dosimetry, these artifacts may include
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Raw data

Spatial averaging

Volume of 2 × 2 × 2 mm3 Straight line segment of 5 mm

Metrics

Percentile metrics Statistical metrics

• 99th percentile

• 99.9th percentile

Fitting
and

extrapolation

Figure 2.6: Scheme of different ways to reduce numerical artifacts. The ICNIRP approach
is highlighted in green, while the IEEE one in red. The statistical metrics correspond to
the method proposed by [36] and then improved by [37].

• segmentation error in an anatomical model, which may include the quality of
medical images acquired in millimeter resolution [34];

• discretization error inmodelling tissue, especiallywhen the tissues have dimensions
less than the grid resolution [32];

• computational errors themselves [35].

In Chapter 5 we will analyzed one of them, i.e the stair-casing approximation error
typical of the voxelized human models and due to the attempt to reproduce the curved
boundaries of tissues and organs with cubic elements.
Numerical artifacts cause an overestimation of the exposure and therefore must be

filtered out with suitable methods proposed in standards, guidelines, and literature [6],
[5], [16] and [17].
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2.4.1 Post-processing methods to eliminate numerical artifacts
Because of these numerical artifacts, the maximum value in each tissue of the raw

solution overestimates the real exposure. If the raw solution is compared with the
basic restrictions without being filtered out, the maximum electric field value in each
tissue can exceed the threshold imposed by the basic restrictions to ensure a safe human
exposure. However these maximum values do not represent the real values due to the
exposure because they are subject to numerical artifacts. For this reason post-processing
techniques are required. Fig. 2.6 shows all the post-processing techniques that can be
used and we are going to analyze below.
In order to filter out the raw solution, ICNIRP guidelines [5] and IEEE standards [16],

[17] propose two different post-processing methods based on carrying out a spatially
averaging of the in situ electric field: the first method prescribes a cubic averaging
scheme over 2× 2× 2 mm3 volume, the second one a linear averaging over a 0.5 cm line.
In particular, ICNIRP recommends “determining the induced electric field as a vector

average of the electric field in a small contiguous tissue volume of 2 × 2 × 2 mm3”.
However, several studies have shown that the maximum electric field value of each tissue
obtained after this spatially averaging is still subject to computational artifacts. For this
reason the ICNIRP suggests to compare with the basic restrictions the 99th percentile
value and not the maximum one. Considering the 99th percentile as the electric field
value to be compared with the basic restrictions means considering that electric field
value for which the 99% of the voxels are characterized by a electric field value lower
than the 99th percentile. All values above the 99th percentile are rejected because they
are still subject to computational artifacts.
For IEEE, instead, “the basic restrictions on the in situ electric field apply to an

arithmetic average determined over a straight line segment of 0.5 cm length oriented in
any direction within the tissue”.
Recent scientific studies have shown that these two methods have some limits. First

of all neither approach explains how to deal with voxel that have one or more edges or
faces in common with other tissues or air, in which spatially averaging would include two
different electrical conductivities. Because it is not specified, two different ways can be
used: 1) doing the spatially averaging by using all voxels inside the 2×2×2 mm3 volume
or along the 0.5 cm line segment, or 2) giving weight 0 to the voxels with a different tissue
respect to the one of the voxel considered and then doing the spatially averaging in order
to not include different electrical conductivities. A recent study [33] has investigated
this issue and it has found that there is a maximum percentage of air/tissue that can be
included in the averaging without affecting the results.
At the same time the 99th percentile proposed by the ICNIRP guidelines is acceptable

when the magnetic field is uniform across a tissue situated within a confined volume
(e.g. heart, liver, kidney) [38]. However, in a localized exposure with a strong gradient it
underestimates the exact induced electric field value especially in the distributed tissues
(e.g. skin, fat, peripheral nerve) [36].
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Regarding to the IEEE approach, nometrics are introduced in order to further filter out
the solution. It is assumed that the orientation of the straight line in “any direction” ensures
that the electric field values obtained after the linear averaging are free of numerical
artifacts. The main problem of this approach is the high computational cost due to line
orientation in any directions. Some scientific studies [39], [40] suggest to use the line
direction parallel to the one of the induced electric field of the voxel under examination
in order to try to reduce the computational cost.
Recently several studies have been conducted on the limits of the post-processing

techniques proposed by the ICNIRP and IEEE and some alternatives to try to solve them
have been analyzed. In [36] and [41] pre-processing and post-processing methods to
reduce numerical artifacts are proposed. The pre-processing method consists of making
the electrical conductivity smoother in order to reduce the contrast between neighbouring
tissues; the post-processing method suggests to compare the 99.9th percentile with the
basic restrictions in the localized exposures. In [35], the authors not only confirm that
the 99th percentile underestimates the real exposure values, but they even suggest to use
the 99.99th percentile.
It is clear that if on one side all the recent studies agree in declaring that the 99th

percentile proposed by the ICNIRP tends to underestimate the real induced electric field
values in localized exposures, on the other the choice of which percentile higher than the
99th one has to be used is completely arbitrary and it depends on the exposure scenario.
To address this arbitrariness, a post-processing method based on the elimination of the
outliers on statistical basis have been developed [36]. In this method the magnitude of the
induced electric field values is sort in ascending order despite their spatial distribution.
The “gradient”, evaluated as the difference between two adjacent values divide by their
mean, of the last percentile of the sorted values is then evaluated. The frequency
distribution of the logarithm of the gradient is plotted and, if its shape is symmetric and
with one local maximum only, the detection point (DP) of the outliers is determined by
adding to the mean of the distribution a positive shift, corresponding to three times the
standard deviation. So the detection point represent the point after which the numerical
artifacts arise and it varies from simulation to simulation because it depends on the
induced electric field values distribution calculated in that specific scenario. Once the
detection point is evaluated, [36] proposed to fit the no outliers induced electric field
sorted values with a polynomial function of order 2 and replacing the outliers with the
extrapolation of this trend. However, a discontinuity in the DP between the replaced
values and the ones that do not undergo the correction may occur. This discontinuity
does not cause any particular problems, but it could continue to underestimate the exact
values. To avoid this discontinuity, [37] improves this method by suggesting that the
interpolating polynomial is extrapolated on a number of points previous the DP equal to
the number of the outliers to be corrected.
Summarizing what has been said, the post-processing methods used in numerical

dosimetry studies to reduce numerical artifacts can be related to the percentile use or
they can base on statistical studies to find the outliers. It is worth to underline that these
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metrics can be directly applied to the raw solution, without the spatially averaging need,
especially when a 2 × 2 × 2 mm3 discretized models is used.
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Chapter 3

Algebraic formulation of low-frequency
numerical dosimetry methods for the
evaluation of human exposure

In the previous chapter, we have seen that when a measured field value exceeds
a reference level, the human exposure in that realistic scenario does not necessarily
produce adverse health effects. In fact, the basic restrictions defined on the dosimetric
quantities can still be satisfied. However, as previously said, these quantities are not
directly measurable and they can be computed only through numerical simulations that
reproduce the real scenario as faithfully as possible. In this chapter, the mathematical
process leading to the algebraic formulation of the scalar potential finite differencemethod
is described and the relation between the differential and topological operators is analyzed.

3.1 A general mathematical overview
In standard mathematical approaches, physical laws are described by partial differ-

ential equations (PDEs) which involves the use of local variables, i.e. point-wise scalar
or vector quantities. However, rarely an exact solution to the problem is obtained by
solving partial differential equation systems: in fact, the variables which describe a phys-
ical problem are integral quantities and not local ones treated by differential operators.
To solve these physical problems, the partial differential equations have to be numer-
ically integrated in order to obtain an algebraic system of equations. For this reason
several numerical methods have been developed, like for example FEM (Finite Element
Method), FDM (Finite Difference Method)or BEM (Boundary Element Method), which
always allow to compute an approximate solution. Most of these numerical methods are
based on the discretization of the domain through the creation of a mesh, which in the
three-dimensional case is usually composed of hexahedra or tetrahedra.
However, thanks to the theory developed by Tonti [42], the domain discretization
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Physical laws Algebraic equations Approximate solution
always

Differential equations Exact solution
rarely

Finite Elements

...

Boundary Elements

Finite differences

Figure 3.1: Representation of the possible paths to find the numerical solution of physical
problems: the black arrows show the classical approach, while the red ones the cell
method approach.

allows to analyze the equations which governs these physical problems directly in their
algebraic formulation and in terms of global variables, i.e. quantities associated to a space
and/or time entity. The algebraic formulation, in fact, links the physical quantities to the
elements of the mesh. The framework provided by Tonti diagrams for the description of
physical laws can be directly translated into a numerical procedure which is used by the
cell method (CM) to obtain an approximate solution directly to the algebraic equations.

3.1.1 The cell method
The cell method is a numerical method based on the direct finite formulation of

physical equations [43]. The method allows to directly write in algebraic form the system
of equations capable of providing the approximate solution of the studied problem,
without using the partial differential equations, as Fig. 3.1.
One fundamental aspect of the CM is the tessellation of space (and time, depending

on the specific implementation), called cell complex. The cell complexes are charac-
terized by the presence of a pair of intertwined grids [44]: the primal mesh made by
generic polygons (usually triangles or quadrilaterals) or polyhedra (usually tetrahedra
or hexahedra) depending on considering a two-dimensional or three-dimensional space
respectively, and a secondary dual grid obtained from the primal one using a barycentric
subdivision [45]. Since in this thesis we work on three-dimensional space, we focus our
discussion on it.
Each polyhedron is made of connected elements of different dimensions: nodes (0-

cell), edges (1-cell), faces (2-cell) and volumes (3-cell) (see Fig. 3.2). Each element of
the primal structure is one-to-one associated to an element of the dual grid: if 𝑁 , 𝐸 , 𝐹
and 𝑉 are respectively the nodes, edges, faces and volumes of the primal mesh and �̃� , �̃� ,
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(a) 0-cell (b) 1-cell (c) 2-cell (d) 3-cell

Figure 3.2: Elements of different dimensions: nodes (0-cell) (a), edges (1-cell) (b), faces
(2-cell) (c), and volumes (3-cell) (d).

𝑁

𝐸

𝐹

𝑉

�̃�

�̃�

�̃�

�̃�

Figure 3.3: Duality relation between primal elements (orange) and dual ones(green).

�̃� and �̃� the ones of the dual grid, the 𝑁 are associated to the �̃� , the 𝐸 to the �̃�, the 𝐹
to the �̃� and the 𝑉 to the �̃� , as Fig. 3.3 shows. An example of hexahedra (voxel-based)
domain discretization is represented in Fig. 3.4.
Furthermore, the geometric elements of the primalmesh are endowedwith orientation,

which induces the orientation of the dual grid elements.
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Figure 3.4: Example of domain discretization in two intertwined grids through the use of
hexahedra: the primal mesh is represents with continuous lines, while the dual one with
dashed lines. The duality relation between primal edges and dual faces is underlined.

3.1.2 Incidence matrices
From a mathematical point of view, the relation between the elements of cell com-

plexes, shown in Fig. 3.3, can be described by continuous differential operators (gradient,
curl and divergence), discrete operators and topological operators according to the prob-
lem formulation. All these operators are equivalent to their respective counterpart.
The topological operators are represented by the incidence matrices which link each

element of 𝑛 dimension to the one of (𝑛−1) dimension in the followingway: edges-nodes,
faces-edges and volumes-faces. Fig. 3.5 shows the construction of the primal and dual
discrete operators incidence matrices. These figures are taken from [43]. According to
Fig. 3.5, it can be seen that the possible values of the incidence matrices are 1, 0, −1,
which depends on the topological element to which they refer and on its orientation in
the primal or dual structure. These matrices are locally computed on each element and
then are assembled in domain-based matrices [43]. In particular,

• G and G̃ are the edge-to-node matrices of the primal and dual complex respectively
(discrete gradient);

• C and C̃ are the face-to-edge matrices of the primal and dual complex respectively
(discrete curl);

• D and D̃ are the volume-to-face matrices of the primal and dual complex respec-
tively (discrete divergence).
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(a)

(b)

(c)

Figure 3.5: Primal gradient and dual divergence (a). Primal and dual curl (b). Primal
divergence and dual curl (c).

Thanks to Fig. 3.3 and Fig. 3.5, it can easily be seen that there exist simple equations
that link the incidence matrices of the primal complex to those of the dual one, which
are:

D̃ = −GT

C̃ = CT

G̃ = DT.

Finally, Tab. 3.1 shows the algebraic equivalence between the incidence matrices
and the differential operators, by giving the chance to translate a differential equation
that characterizes a physical problem into the algebraic equivalent one through accurate
passages. Thanks to the equations, which link the incidence matrices of the primal
complex to those of the dual one, it is possible to obtain the topologicalmatrices associated
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Differential
operator

Discrete
operator

Topological
operator Relation

gradient
∇ 𝑔𝑒𝑛 G edge-to-node

curl
∇× 𝑐 𝑓 𝑒 C face-to-edge

divergence
∇· 𝑑𝑣 𝑓 D volume-to-face

Table 3.1: Equivalence between various operator.

with the dual grid.

3.1.3 Topological and constitutive equations
Fig. 3.6 shows that, as in the differential form, also in the algebraic one there are

equations that use the topological operators to link together elements belonging to the
same mesh and to their correspondents on the dual one. These equations are called
topological equations (vertical red lines) and constitutive equations (horizontal blue lines).
Topological equations link quantities in the same column of a Tonti diagram to each

other and represent the link between the global variables referring to an oriented space-
time element with others referring to its oriented boundary. They are expressed in terms of
incidence matrices. However, topological equations are not sufficient to find the solution
of a physical problem because they do not take into account the characteristics of the
media. These characteristics are defined by the constitutive equations, which constrain
the behaviour of physical phenomena to the characteristics of the media involved in the
domain. Together (topological and constitutive equations) provide a unique solution of
the physical problem.
Constitutive equations link quantities defined on the primal mesh to their dual ones

along the horizontal line of the Tonti diagram. The construction of constitutive matrix,
usually called M𝑖, where 𝑖 represents the media characteristic, is necessary for link-
ing every quantity to its dual and for translating the point-wise information of media
characteristics in terms of global variables.

Constitutive matrix construction according to the mesh

The type of polyhedra used in the discretization of the computational domain plays a
fundamental role in the computation of the constitutive matrix. Here we report the most
significant information to understand the numerical methods used in this thesis to solve
low-frequency numerical dosimetry problems.
If the primal and dual grids are discretized with hexahedra, the orthogonality of the
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Figure 3.6: Relations between primal and dual grid in Tonti diagram through topological
operators: the vertical red lines represent the topological equations, while the blu hori-
zontal lines the constitutive equations. The blue dashed lines show the correspondences
between topological operators belonging to the two different grids.

mesh allows to perform the computation running a loop along a primal quantity and
storing the corresponding parameters on the diagonal of the matrix. Attention must be
paid in the presence of material interfaces, where it is necessary to split the computation
of the material coefficient into sub-portions of the space entity and then the various
contributions can be summed in the proper matrix position.
When a tetrahedral grids is used, the lack of geometric orthogonality between dual

entities makes the computation of constitutive parameters more complex than in the
previous case. Two main different approaches can be highlighted in the computation of
constitutive matrices on tetrahedra:

• a geometrical approach based on the application of simple geometric rules to the
tetrahedron;

• the definition of local interpolation functions on the tetrahedron.

Under the hypothesis of a uniform field inside the tetrahedra, the first approach is the
simplest one, while the other approach can be more convenient in case of more complex
field patterns. In our computer program, to define material operators and constitutive
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Global
variables Definition Local

variables Definition

A Magnetic vector potential 𝑎𝑘 Circulation
B Magnetic flux density 𝑏𝑚 Magnetic flux
E Electric field 𝑒𝑘 Electric voltage
J Current density 𝑖𝑘 Electric current
𝜑 Electric scalar potential 𝜑 𝑗 Electric potential

Table 3.2: Relation between global and local variables used in low-frequency numerical
dosimetry problems.

equations for the algebraic formulation of the SPFD method we use Whitney elements
(or, more precisely, Whitney forms) [46], [45], which interpolates functions inside the
tetrahedron. Their use in the 3d magnetostatics is analyzed in [47]. In the context of the
CM, Whitney elements are used as interpolators of point-wise physical quantities which
have the corresponding global variables as degrees of freedom.
A deeply treatment of this topic can be found in [43].

3.2 The scalar potential finite difference (SPFD) method:
from its differential form to its algebraic formulation

To solve a low-frequency numerical dosimetry problem by using the algebraic for-
mulation of the scalar potential finite difference (SPFD) method, the discretization of the
computational domain in a primal mesh and a dual grid is required. Let’s suppose to
work on a voxel-based discretization and that the primal mesh has 𝑁𝑁 nodes, 𝑁𝐸 edges,
𝑁𝐹 faces and 𝑁𝑉 volumes (the same reasoning can be applied to a tetrahedral mesh). As
we have seen, each elements of the primal mesh is one-to-one associated to an element
of the dual grid in order that there are exactly 𝑁�̃� = 𝑁𝑉 nodes, 𝑁�̃� = 𝑁𝐹 edges, 𝑁�̃� = 𝑁𝐸

faces and 𝑁�̃� = 𝑁𝑁 volumes. Tab. 3.2 shows the point-wise field quantities and their
corresponding global variables that we will use in the formulas below and what they
represent from a physics point of view. In particular, the electric voltage 𝑒𝑘 and the cir-
culation of the magnetic vector potential 𝑎𝑘 are global variables obtained by integration
of the point-wise electric field E and the magnetic vector potential A associated to the
edges 𝐿𝑘 with 𝑘 = 1, ..., 𝑁𝐸 , while the magnetic flux 𝑏𝑚 is calculated from the magnetic
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𝜑 𝑗

𝑒𝑘 , 𝑎𝑘

𝑏𝑚

𝑖𝑘

Figure 3.7: Global variables associated to spatial elements in the primal mesh (in orange)
and dual mesh (in green) for on orthogonal mesh [49].

flux density B associated to the faces 𝑆𝑚 with 𝑚 = 1, ..., 𝑁𝐹 of the primal mesh:

𝑒𝑘 =

∫
𝐿𝑘

E · dL (3.1)

𝑎𝑘 =

∫
𝐿𝑘

A · dL (3.2)

𝑏𝑚 =

∫
𝑆𝑚

B · dS. (3.3)

The electric current 𝑖𝑘 is obtained by integration of the current density J associated
to the dual faces �̃�𝑘 with 𝑘 = 1, ..., 𝑁�̃� [48]:

𝑖𝑘 =

∫
�̃�𝑘

J · dS (3.4)

Fig. 3.7 shows the primal and dual discretizations for an orthogonal mesh along with
the global variables association to spatial entities. Hereinafter, the bold letters will refer
to both vector quantities and matrices.

3.2.1 Differential form of the SPFD method
A low-frequency numerical dosimetry problem is governed by Maxwell’s equations.

Initially we consider their differential form.
The Gauss’ law for magnetism states that the magnetic flux across any closed surface

is equal to zero, in other words, that it is a solenoidal vector field. This is expressed as

∇ · B = 0. (3.5)
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Due to the Helmholtz decomposition theorem, there exists a magnetic vector potential
such that

B = ∇ × A. (3.6)

By considering (3.6) and the linear property of the curl operator, the Faraday’s law
becomes

∇ × E = −𝜕B
𝜕𝑡

B=∇×A−−−−−−→ ∇ × E = − 𝜕

𝜕𝑡
(∇ × A)

linear property
−−−−−−−−−−→ ∇ × E = −∇ ×

(︃
𝜕A
𝜕𝑡

)︃
and, after collecting everything at first member, we obtain

∇ ×
(︃
E + 𝜕A

𝜕𝑡

)︃
= 0.

From the curl operator properties, we can assert that there exists a scalar potential 𝜑 such
that

E + 𝜕A
𝜕𝑡

= −∇𝜑,

from which the electric field can be written

E = −∇𝜑 − 𝜕A
𝜕𝑡

. (3.7)

Furthermore, since in low-frequency range the current density J is a solenoidal vector
field and J = 𝜎E, where 𝜎 is the electric tissue conductivity, keeping in mind (3.7), we
find out that

∇ · J = 0 J=𝜎E−−−−→ ∇ · (𝜎E) = 0 (3.7)−−−→ ∇ ·
(︃
𝜎∇𝜑 + 𝜎

𝜕A
𝜕𝑡

)︃
= 0

Since the low-frequency electromagnetic field is quasi-stationary, the displacement
currents can be neglected. Moreover, in this range, the induced currents inside the human
body do not modify the source field thanks to the very low electrical tissue conductivities.
Therefore because the external field is unperturbed by the induced currents inside the
human body, the external magnetic flux density B is known and, as we will see in the next
chapter, thanks to (3.6) also the magnetic vector potential A is known and it is imposed
by the current sources. Looking at the previous equation, the only unknown becomes
the electric scalar potential 𝜑 and, for this reason, the scalar potential finite difference
(SPFD) method can be formulated [50] as

∇ · (𝜎∇𝜑) = −∇ ·
(︃
𝜎
𝜕A
𝜕𝑡

)︃
. (3.8)

(3.8) is a partial differential equation defined in the time domain, but in the low-
frequency range, the quasi-static approximation can be used [51], [52], [53]

∇ · (𝜎∇𝜑) = −∇ · (j𝜔𝜎A).
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(a) (b)

Figure 3.8: Construction of discrete divergence and curl formagnetic equations. Magnetic
discrete divergence (a). Magnetic discrete curl (b) [49].

3.2.2 Discrete form of the magnetic and electric equations
Since B is associated to the faces 𝑆𝑚 with 𝑚 = 1, ..., 𝑁𝐹 of the primal mesh, (3.5) can

be integrated over the 𝑛th primal volume and, using the divergence theorem and definition
(3.3), can be written in terms of global variables [49]:∫

𝑉

∇ · BdV =

∮
𝑆=𝜕𝑉

B · dS =

𝑁𝐹∑︁
𝑚=1

𝑑𝑛𝑚

∫
𝑆𝑚

B · dS

=

𝑁𝐹∑︁
𝑚=1

𝑑𝑛𝑚𝑏𝑚 = 0

(3.9)

The summation operator in (3.9) sums the magnetic flux 𝑏𝑚 of all faces in the primal
mesh whose orientation is given by 𝑑𝑛𝑚 ∈ {−1,0, +1} as Fig. 3.8a shown. 𝑑𝑛𝑚 represents
the incidence number of the 𝑚th faces with respect to the 𝑛th volume. According to table
Tab. 3.1, by collecting the equations corresponding to all primal volumes, in matrix form
(3.9) becomes

Db = 0
where D is the 𝑁𝑉 × 𝑁𝐹 volume-to-face incidence matrix in the primal mesh.
In the same way, the magnetic flux density 𝑏𝑚 through the 𝑚th primal face can be

linked to the line integral of the magnetic vector potential. In fact, considering (3.6),
applying the Stoke’s theorem to the 𝑚th face of the primal mesh and the definition (3.2),
𝑏𝑚 can be written as [49]

𝑏𝑚 =

∫
𝑆𝑚

∇ × A · dS =

∮
𝐿𝑚=𝜕𝑆𝑚

A · dL =

𝑁𝐸∑︁
𝑘=1

𝑐𝑚𝑘𝑎𝑘

where 𝑐𝑚𝑘 ∈ {−1,0, +1} is the incidence number of the 𝑘th edge with respect to the 𝑚th
face of the primal mesh (see Fig. 3.8b). In matrix form it becomes

b = Ca
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(a) (b)

Figure 3.9: Construction of discrete divergence and gradient for electric equations.
Electric discrete divergence (a). Electric discrete gradient (b) [49].

where C is the 𝑁𝐹 × 𝑁𝐸 face-to-edge incidence matrix in the primal mesh.
Following the same steps used for the magnetic Gauss’ law and using the definition

(3.4), in discrete form the charge conservation equation in case of quasi-static conditions
becomes [49] ∫

�̃�

∇ · JdV =

∮
�̃� 𝑗=𝜕�̃� 𝑗

J · dS =

𝑁�̃�∑︁
𝑘=1

�̃� 𝑗 𝑘𝑖𝑘 = 0 (3.10)

where �̃� 𝑗 𝑘 ∈ {−1,0, +1} is the incidence number of the 𝑘th face with respect to the 𝑗 th
volume in the dual grid (see Fig. 3.9a). Collecting all �̃� 𝑗 𝑘 coefficients in the 𝑁�̃� × 𝑁�̃�

volume-to-face incidence matrix D̃ on the dual mesh, (3.10) becomes

D̃i = 0 (3.11)

Finally, considering the electric field equation (3.7) expressed in the frequency do-
main, it can be integrated by using definition (3.1) (see Fig. 3.9b) [49]

𝑒𝑘 =

∫
𝐿𝑘

E · dL =

∫
𝐿𝑘

(−∇𝜑 − 𝑗𝜔A) · dL

= −
𝑁𝑁∑︁
𝑗=1

𝑔𝑘 𝑗𝜑 𝑗 − 𝑗𝜔𝑎𝑘

(3.12)

where 𝑔𝑘 𝑗 ∈ {−1,0, +1} is the incidence number of the 𝑗 th node with respect to the 𝑘th
edge in the primal mesh. Collecting all 𝑔𝑘 𝑗 coefficients in the 𝑁𝐸 × 𝑁𝑁 edge-to-node
incidence matrix G, (3.12) in matrix form becomes

e = −G𝜑 − 𝑗𝜔a. (3.13)
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Differential form Algebraic form
∇ · (𝜎∇𝜑) = −∇ · (j𝜔𝜎A) GTM𝜎G𝜑 = −j𝜔GTM𝜎as

E = −∇𝜑 − j𝜔A e = −G𝜑 − j𝜔as
J = 𝜎E i = M𝜎e

Table 3.3: Comparison between differential and topological form of the SPFD method in
the frequency domain.

3.2.3 Constitutive equation and algebraic formulation of the SPFD
method

The constitutive equations link the electric current with the electric voltage. Keeping
in mind what was analyzed in paragraph 3.1.3, a constitutive matrix is built according to
the type of polyhedra used in the domain discretization and for a low-frequency numerical
dosimetry problem the equation expressed in matrix form becomes

i = M𝜎e (3.14)

whereM𝜎 is the conductance constitutive matrix.
Thanks to the relation between differential and topological operators, as shown in

Tab. 3.1 and also highlighted by the computations made in paragraph 3.2.2, considering
the links between the incidence matrices of the primal and dual grid, we can substitute
(3.13) and (3.14) in (3.11), and obtain

GTM𝜎G𝜑 + j𝜔GTM𝜎a = 0. (3.15)

Finally, as said before, because the external magnetic flux density is not perturbed by
the magnetic field due to the induced current within the human body, the line integral of
the magnetic vector potential as is known and imposed by the current sources. The only
unknown of (3.15) is the electric scalar potential 𝜑 computed on each node of the primal
mesh (Fig. 3.7). The algebraic formulation of the SPFD method becomes

GTM𝜎G𝜑 = −j𝜔GTM𝜎as. (3.16)

The low-frequency numerical dosimetry problems studied in this work are solved
by using (3.16) with the electric scalar potential as nodal unknowns. Subsequently,
the knowledge of the electric scalar potential allows to evaluate the electric field in the
barycenter of each element by using (3.13).
In the next chapter we will see the possible ways to calculate as starting from the

knowledge of the external magnetic flux density and we will compare two different
methods based on the curl inversion of (3.6).
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3.3 Conclusion
Tab. 3.3 compares the differential and topological formulation of the SPFD method

in the frequency domain, underling the relation between differential and topological
operators. In this thesis, the numerical dosimetry problem formulated for the evaluation
of human exposure to low-frequency electromagnetic fields will be studied by using the
algebraic formulation.
Keeping in mind what has been said, the most relevant fact is that the induced currents

inside the human body do not modify the source fields and for this reason they can be
studied separately. This allows to divide a numerical dosimetry problem into two steps:

• simulation of the source field without the human body, since the magnetic vector
potential is unperturbed by the presence of the biological tissues;

• resolution of the dosimetric problem by considering only the human body.
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Chapter 4

Comparison of numerical techniques
used to compute the magnetic vector
potential starting from measurement
data

The interest of performing numerical dosimetry starting from data coming from gen-
eral purpose software or real measurements is constantly growing. A low-frequency
numerical dosimetry problem can be formulated with the scalar potential finite difference
(SPFD) method as nodal unknowns [50]. Solving this kind of problem require the knowl-
edge of the magnetic vector potential A (or, in its algebraic formulation, the circulation
of the magnetic vector potential 𝑎𝑘 along the edges of the primal mesh), knowledge that
is not straightforward when: a) the software used to model the source does not provide
the magnetic vector potential as output; b) the model of the geometrical and the electrical
layout of the source is very complex; c) no information is available about the source
but only magnetic flux density B measurements. In all these cases A can be computed
starting from the knowledge of B [54],[49], [55].
Recently, [55] proposed a method that encloses the magnetic field source in a virtual

box. The approach starts from the knowledge of B on the external surface of this box.
No real measurements have been considered but a huge number of virtual measurements
have been used to estimate the uncertainty propagation. It is shown that this method has
advantages over an alternative approach that starts from measurements inside the volume
including the human body. If the magnetic field source is small (e.g. transcranical
magnetic stimulation (TMS)) the proposed approach is definitely a good option, however,
for other sources its application can be difficult (e.g. a power system substation) or
impossible (e.g. an overhead power line).
In this chapter a comparison between two methods [49], [54] that allow to evaluate A

starting from the knowledge of B in a volume including the human body is done. These
methods are both based on the curl inversion of (3.6), i.e. B = ∇ × A, but two different
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Comparison of numerical techniques used to compute the magnetic vector potential starting from measurement data

METHOD 1 METHOD 2

SOURCE

B computation over
a hexahedral grid B computation

B at discrete pointsB on the compu-
tational domain

B interpolation by
preserving solenoidality

• div-free interpolator
• cubical splines

curl inversion
B ⇒ A

A interpolation on the
computational domain

SPFD method

evaluation of
the induced E

Figure 4.1: Scheme of the two uncurl methods: the method 1 approach [54] is described
on the left side of the scheme, while the method 2 approach [49] is summarized on the
right side of the scheme.

approaches are proposed: [54] proposes an analytical approach, while [49] a topological
one. These results have been published in [56].

4.1 Uncurl methods description
We have seen that the magnetic flux density and the magnetic vector potential are

linked to each other by the formula B = ∇ × A. Therefore, if we want to calculate A
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4.1 – Uncurl methods description

starting from the knowledge of B, we have to invert this formula. We will see in the
next paragraphs the two methods proposed by [49] and [54] to carry out this inversion.
Hereinafter, we will refer to method 1 and method 2 to identify the approaches described
in [54] and [49], respectively. Fig. 4.1 summarizes the two methods steps.

4.1.1 Uncurl inversion problem
The main problem behind curl inversion is thatA is unique up to a gradient of a scalar

function 𝑓 . In fact, ifA′ = A+∇ 𝑓 is a secondmagnetic vector potential and remembering
that the curl of a gradient is the zero vector field, we can write

∇ × A′ = ∇ × (A + ∇ 𝑓 ) = ∇ × A + ∇ × ∇ 𝑓⏞ˉ̄⏟⏟ˉ̄⏞
0

= ∇ × A,

which means that
B = ∇ × A = ∇ × A′. (4.1)

Therefore an infinity number of possible magnetic vector potentials that satisfy (4.1)
exists. This arbitrariness of A is called gauge freedom.
This curl inversion problem can be also seen from a topological point of view. In

Chapter 3 we have seen that (4.1) can be expressed in matrix form as

b = Ca, (4.2)

where C is the 𝑁𝐹 × 𝑁𝐸 face-to-edge incidence matrix. It is a rectangular matrix and for
this reason the solution of (4.2) is not unique. In order to make the problem solvable,
the discrete curl matrix C must be restricted to the set of independent circulations and
independent fluxes.
Method 1 and method 2 are based on two different approaches to solve this uncurl

inversion problem.

4.1.2 Method 1
In [54] a general analytical formulation and numerical implementation for calculating

A from B in Cartesian coordinates is presented. They have validated their method
analytically on a circular current loop placed over a homogeneous half space and by
simulating a TMS of the hand motor area of the brain featuring realistic magnetic coil
and head models.
Method 1 is based on the knowledge of the magnetic flux density B = (𝐵𝑥 , 𝐵𝑦, 𝐵𝑧) at

discrete points in a bounded hexahedral grid, which will contain the human model. The
components of A = (𝐴𝑥 , 𝐴𝑦, 𝐴𝑧) are first obtained on the same grid by means of analytic
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(a) (b)

Figure 4.2: The independent cotree circulations ac are highlighted together with the
fundamental loop (a). Identification of independent fluxes: in red a tree of the internal
dual edges; in blue the corresponding primal faces; in green the additional boundary face
(b). These figures are taken from [49].

formulas, which derive from the formulas presented in [57]

𝐴𝑥 = −
∫ 𝑦

0

(︃
1
3
𝐵𝑧 (𝑥, 𝑦′, 𝑧) +

1
6
𝐵𝑧 (𝑥, 𝑦′,0)

)︃
𝑑𝑦′

+
∫ 𝑧

0

(︃
1
3
𝐵𝑦 (𝑥, 𝑦, 𝑧′) +

1
6
𝐵𝑦 (𝑥,0, 𝑧′)

)︃
𝑑𝑧′

𝐴𝑦 = −
∫ 𝑧

0

(︃
1
3
𝐵𝑥 (𝑥, 𝑦, 𝑧′) +

1
6
𝐵𝑥 (0, 𝑦, 𝑧′)

)︃
𝑑𝑧′

+
∫ 𝑥

0

(︃
1
3
𝐵𝑧 (𝑥′, 𝑦, 𝑧) +

1
6
𝐵𝑧 (𝑥′, 𝑦,0)

)︃
𝑑𝑥′

𝐴𝑧 = −
∫ 𝑥

0

(︃
1
3
𝐵𝑦 (𝑥′, 𝑦, 𝑧) +

1
6
𝐵𝑦 (𝑥′,0, 𝑧)

)︃
𝑑𝑥′

+
∫ 𝑦

0

(︃
1
3
𝐵𝑥 (𝑥, 𝑦′, 𝑧) +

1
6
𝐵𝑥 (0, 𝑦′, 𝑧)

)︃
𝑑𝑦′.

(4.3)

Then A is interpolated on the computational domain to proceed with the classical
SPFD scheme. A simple tri-linear interpolation of A is sufficient to get very stable
results. As a last remark, it is worth noting that the gauge applied to the magnetic vector
potential coming from (4.3) is not known a priori because it depends on the arbitrary
selection of the coordinate system (𝑥, 𝑦, 𝑧) and its origin. This is not an issue because
every compatible magnetic vector potential can be used in (3.16).

4.1.3 Method 2
Method 2 is a topological approach defined within the algebraic framework. In [49]

it is tested on a benchmark problem and on a real exposure scenario where the magnetic
field due to a power transformer was measured.
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4.2 – Exposure scenario

The method is based on the computation of the circulation of the magnetic vector
potential by solving the following system:

C𝑅ac = bfree
a𝜏 = 0 (4.4)

where bfree is a set of independent magnetic fluxes flowing through the faces, C𝑅 is the
discrete curl incidence matrix restricted to the independent fluxes, and ac and a𝜏 are the
cotree and tree circulations, respectively. One of the possible vector of circulations a
can be obtained by joining a𝜏 ∪ ac. bfree, ac and a𝜏 are defined using the tree-cotree
decomposition (a tree is a set of branches that connect all nodes with no loops, while a
cotree is the set of branches that does not belong to a tree). [58].
The equation a𝜏 = 0 of the system (4.4) is obtained by set to zero the𝑁𝑁−1 circulations

associated to the tree edges, while the remaining 𝑁𝐸 − 𝑁𝑁 + 1 edges constitute the set of
independent circulations ac. These independent circulations are one-to-one associated to
𝑁𝐸 −𝑁𝑁 +1 independent fluxes bfree that pass through the fundamental loops constructed
from the cotree edges (Fig. 4.2a). In order to find these independent fluxes, it is necessary
to note that, because of the Gauss’ law Db = 0, not all fluxes are linearly independent.
In fact, the flux through one of the boundary faces is linearly dependent to the others.
This dependent flux can be selected randomly among the boundary faces. The remaining
𝑁𝑉 − 1 dependent fluxes are selected using the following procedure (Fig. 4.2b):

• a tree �̃� is formed on the dual mesh. This tree is made of 𝑁�̃� − 1 = 𝑁𝑉 − 1 edges;

• the primal faces 𝐹�̃� associated to the dual tree edges are selected.

This set of dependent fluxes (union of one random flux through a boundary face
and the internal fluxes through 𝐹�̃�) is removed from the right-hand side in (4.2) and the
discrete curl incidence matrix C𝑅 restricted to the independent fluxes and circulations is
found.
Method 2 is strictly related to the computational domain and this can be an advantage

when the source magnetic flux density comes from simulations. In this case one can
directly compute bfree at the voxel faces. It is a disadvantage when the source magnetic
flux density is known at discrete points. In this case one must interpolate it to get
bfree at the voxel faces. The interpolation of B requires more attention to preserve the
solenoidality. In the original study [49] a divergence-free interpolator based on Gaussian
radial basis functions is proposed. In the next paragraphs, more details are given about
the uncertainty propagation depending on the interpolation method and the type of input
data.

4.2 Exposure scenario
Fig. 4.3a shows the exposure scenario used to compare the two different methods. A

five-turn coil with inner radius of 70 mm and wire radius of 3 mm is located 200 mm

41



Comparison of numerical techniques used to compute the magnetic vector potential starting from measurement data

(a) (b)

Figure 4.3: Exposure scenario (a). Laboratory setup (b).

Figure 4.4: Reference solution E0 for the induced electric field.

away from a square box. The side of the box is 300 mm. Each wire carries 1 A and
the operating frequency is 1 kHz. The center of the coil corresponds to the origin of
the reference system and the axis of the coil is the 𝑥-axis. The head of the Duke model,
belonging to the Virtual Family [22] with voxel size 2 × 2 × 2 mm3, is centered in the
square box and the coronal plane is the 𝑥𝑧 plane.
The exposure scenario is simple enough for simulations and also for laboratory

measurements as shown in Fig. 4.3b. Measurements are performed with a NARDA
commercial meter and the data are freely available at [59]. Reference solution is provided
with direct calculation of the source magnetic flux density B and the magnetic vector
potential A, and with the simulation of the induced electric field E0, shown in Fig. 4.4.
Fig. 4.5 shows the measured B magnitude at 64 and 343 points on three cut planes and
the corresponding representations of the B vector.
Methods 1 and 2 are used to test their performance by considering: 1) B coming

from a simulation software, 2) B coming from measurements. In the latter case several
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4.3 – Numerical analyses

(a) Magnitude of B at 64 points on three
cut-planes.

(b) Representation of the B vector at 64
points.

(c) Magnitude of B at 343 points on three
cut-planes.

(d) Representation of the B vector at 343
points.

Figure 4.5: Measurement at discrete points with equal grid spacing along each directions.

virtual measurements are generated to estimate the uncertainty propagation and true
measurements are carried out to validate the two approaches. In all cases, the quality of
the obtained results is taken into account using a relative error Δ defined as

Δ =

√︄∑︁
𝑘

∥F𝑘 − F𝑘,0∥2/
∑︁
𝑘

∥F𝑘,0∥2 (4.5)

where F𝑘 is the magnetic or electric field at the 𝑘th voxel, whereas F𝑘,0 is the correspond-
ing reference value.

4.3 Numerical analyses
In this paragraph it is considered that the input for both methods is a B coming

from simulations. In the first subsection we consider the case when the magnetic field
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Figure 4.6: Relative error of the induced electric field computed starting from the exact
magnetic flux density.

source is simulated with a specific software that is unable to perform the dosimetry step.
Therefore, B is exported and used with methods 1 and 2. In the second subsection we
create virtual measurements to analyze the effect of a random noise superposed to B. In
both subsections a large number of virtual measurements is considered in order to study
the effects of the grid size. The measurements are generated on a regular grid with a
regular grid size along each axis. The number of measurements varies from 64 to 10648
points.

4.3.1 Magnetic flux density coming from a simulation software
In a simple source configuration, B can be computed exactly up to the machine

tolerance. Both methods are adopted to invert the exact B discretized at a number of
points from 64 to 10648. Since method 2 requires the interpolation of B, two procedures
are tested: an interpolation with cubical splines and the divergence-free interpolator
proposed in [49]. The results are shown in Fig. 4.6. All methods are used to compute
the induced electric field in the head and then the relative error is quantified. Looking
at Fig. 4.6, it can be seen that the relative error always decreases with the increase of
the number of measurement points. Method 2 makes it possible to obtain the lowest
relative error by means of the divergence-free interpolator even with little information
about theB. A relative error of about 10−3 is obtained with only 125 points. Furthermore,
since method 2 is defined directly on the computational domain, the B could be exported
directly at each center of the voxel faces. The black dashed line in Fig. 4.6 represents the
relative error for this case (independent of the number of points). This is the best result
that can be obtained with method 2 because it does not include the interpolation error.
The same value cannot be quantified for method 1 because it must work first on a regular
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4.3 – Numerical analyses

(a) (b)

Figure 4.7: Relative error for magnetic field interpolation performed for the use of method
2 (a). Relative error for the induced electric field (b).

grid and then it interpolates the magnetic vector potential on the computational domain.
For more than about 500 points, method 2 coupled with the divergence-free inter-

polation converges to the dashed line. This also means that more than 500 points are
not necessary to get a very good accuracy. It is worth observing that above 500 points
fluctuations of the relative error appear because the interpolation procedure is not yet
preconditioned [60]. Finally, method 2 coupled with the spline interpolator should be
avoided because it causes always a higher relative error.

4.3.2 Effect of the noise on the magnetic flux density
Now we want to see what happens when a random noise in the range 0 − 5 % is

superposed to the exact computed magnetic flux density. The maximum value of 5 % is
chosen in agreement with [55]. For each different number of points used to discretize
the inspection volume: a) 20 magnetic field distributions with noise are generated, b) for
method 2 only the relative error of the magnetic field interpolation is evaluated, c) the
induced electric field is evaluated and the relative error is computed for both methods 1
and 2.
Fig. 4.7a shows the magnetic field interpolation error for method 2. It is immediately

clear that the divergence-free interpolator is very sensitive to the random noise. In fact,
the relative error dramatically increases with the number of measurement points (10, i.e.
1000 %, with 10648 points). The same sensitivity is not found for the spline interpolator
that keeps the relative error in the same order of the random noise (i.e. 5%).
Fig. 4.7b shows the relative error on the electric field obtained using the magnetic field

distributions previously described. SPFD method needs the circulation of the magnetic
vector potential as right hand side of (3.16). This step involves an integral of the magnetic
vector potential that has a smoothing effect of the error on B. In fact, the relative errors of
the electric field are always lower than the related magnetic field (in Fig. 4.7a). Method 1,
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Figure 4.8: Maximum value of the electric field at each tissue. Method 1 and method
2 are used starting from real measurements at 64 and 343 points. Results are compared
with the reference case.

whose curl inversion is based on an integration (see (4.3)), has a further smoothing effect
that makes it not sensitive to the noise. For method 1 the error is always decreasing as the
number of measurement points increases. The same trend is found for method 2 with the
spline interpolator, however, the error is significantly higher than the one obtained with
method 1. Therefore, the spline interpolator should be definitely avoided.
Regarding method 2 coupled with the divergence free interpolator, the relative error is

acceptable in the first part of the plot but then increases again. This is due to the fact that the
divergence-free interpolator is based on Gaussian radial basis functions, which constrain
the interpolated magnetic field to be solenoidal. Gaussian radial basis functions work
locally and, for higher number of points, the original magnetic field (that is not solenoidal
due to the noise) is modified into a different solenoidal magnetic field distribution. This
is the reason why the relative error is higher (for both B and E) when more measurement
points are used. To sum up, method 2 coupled with the divergence free interpolator
provides acceptable results (comparable with method 1) when the measurement grid for
the magnetic field is not too dense, that is when the ratio between the grid spacing of
the measurement grid and the side of the voxel is larger than 25 (i.e. low number of
measurement points).
Bearing all this in mind, and considering that the measurement task is very time

consuming especially for complex sources [49], it is interesting the fact that an acceptable
relative error can be obtained with few points (e.g. lower than 500).

4.4 Experimental analyses
The two methods under comparison have been tested carrying out real measurements

with the laboratory setup described in paragraph 4.2, Fig. 4.3b. Exploiting the results
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4.5 – Discussion

Table 4.1: Relative error and deviation of the electric field

Number of points Approach Δ E/E0

64
method 1 0.08672 0.95607
method 2 0.10063 0.89511(div-free interp.)

343
method 1 0.03127 0.96102
method 2 0.03226 0.96190(div-free interp.)

obtained in previous sections, in this analysis method 2 coupled with spline interpolation
is not included and the magnetic field has been measured only at few points, 64 and 343.
The electric field is computed with the SPFD method and possible numerical artifacts
coming from the voxelized model are avoided by filtering the raw numerical solution with
the 99.9th percentile approach [36]. Fig. 4.8 shows the results and it is apparent that both
methods provide a good estimation of the electric field in all tissues. Tab. 4.1 summarizes
the relative error of the numerical solution and the deviation at the tissue with maximum
exposure (mucous membrane). The largest deviation, evaluated as E/E0, is ∼ 0.9 (i.e.,
underestimation of 10 %).

4.5 Discussion
Twomethods for calculating themagnetic vector potential starting from the knowledge

of the magnetic flux density at discrete points have been analyzed. It is found that when
the magnetic field comes from a simulation tool, method 2 coupled with a divergence
free interpolator provides the most accurate results.
When the magnetic field is obtained through real measurements, method 1 is the

preferred solution because it provides very stable results in any test condition. On
the contrary, the use of method 2 requires more attention because a large number of
measurement points could lead to higher errors.
Method 2 coupled with the spline interpolation, instead, must be always avoided

because it provides higher errors then the other two methods in every situations.
This study also shows that a huge number of measurement points is not necessary. It

is found that if the ratio between the grid spacing of the measurement grid and the side
of the voxel is higher than 25 the quality of the results is acceptable. In fact, when a
cube with side of 300 mm is discretized with 64 or 343 points, very similar results are
obtained. A maximum deviation of 10 % is observed in the case of 64 points. Deviations
in this order of magnitude are more than acceptable for a dosimetric assessment since
other uncertainties (e.g. anatomical details, tissue properties,...) have the same order of
magnitude.
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Chapter 5

The use of tetrahedral meshes in
low-frequency numerical dosimetry to
remove stair-casing errors

In this chapter the use of humanmodels discretized with tetrahedral meshes to remove
stair-casing approximation errors resulting from the use of voxel-based one is proposed.
Suitable and realistic exposure scenarios are created and a comparison between the
computational errors that affect the induced electric field strengths in voxelized and
tetrahedral models is done. We will see that tetrahedral meshes make it possible to
remove completely stair-casing errors in numerical dosimetry, however, in real exposure
scenarios, other sources of artifacts are still present and must be filtered out with suitable
techniques.

5.1 Tetrahedral meshes in low-frequency numerical dosime-
try

In the past few years, geometric modelling software started to develop thanks to the
large diffusion of computer science technologies. Computer geometric modelling finds
use in numerous sector like industrial engineering, automotive engineering, robotics,
medical imaging, etc. These programs reproduce the objects shape using NURBS (Non
Uniform Rational Basis-Splines) or other primitives that best approximate their surfaces.
Subsequently, in order to be able to use these objects for numerical studies, their domain
is discretized with hexahedral or tetrahedral elements. In particular, the use of tetrahedral
meshes is recommended for the discretization of curved boundaries to avoid stair-casing
effects thanks to the tetrahedra shape.
As we have seen in paragraph 2.3, most of realistic whole-body humanmodels used in

numerical dosimetry are built starting from DICOM (Digital Imaging and Communica-
tions in Medicine) images and, for this reason, are discretized with a voxel-based meshes.
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(a) (b)

Figure 5.1: No stair-casing effect on curved boundaries thanks to tetrahedral discretization
(a). Stair-casing effect on curved boundaries due to the use of a voxel-based mesh (b).

Stair-casing approximation errors occur using these human models in the evaluation of
human exposure to low-frequency electromagnetic fields, especially when large contrasts
in tissue conductivity between neighbouring voxels are present. Due to their shape, in
fact, voxels are not suitable for reproducing curved boundaries, as Fig. 5.1 shows. For
this reason, the post-processing techniques described in paragraph 2.4.1 are needed to
suppress those numerical artifacts.
Over the last decades, thanks to the use of geometric modelling software, the organs

and tissues of human models derived from DICOM images have been reconstructed
using three-dimensional objects (like NURBS, etc.), giving the chance to discretize
their domain with tetrahedral meshes and to better reproduce the boundaries of curved
surfaces. Human models discretized with tetrahedral meshes started to be used both in
low-frequency numerical dosimetry and high-frequency numerical dosimetry, such as
in [61] where a procedure to optimize the specific absorption rate deposed in a patient
during oncology hyperthermia treatment is presented.
In [62] and [63] an anatomical model of the human body made of tetrahedral elements

and obtained from CT scans is used to validate new methodologies based on three-
dimensional finite elements and A-𝜑 formulation to compute the induced currents into
the human body due to LF magnetic fields generated respectively by realistic devices
and a completely unknown power system. In [64] two dual finite elements formulations
to perform numerical dosimetry are presented. Two human models discretized with
tetrahedral elements are used in the analysis of the numerical errors related to the proposed
methodology: the ZOL phantom built using the software AMIRA starting from the
segmented data of the Visible Human Project® (VHP), and the Ella phantom based on
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the Virtual Family, whose tetrahedral mesh was generated from the 1 mm voxel model
by means of a free toolbox.
It is interesting to note that in these papers the authors’ attention is focused on the

validation of the new proposed formulations and not on the possible numerical artifacts
caused by the use of tetrahedral models.
The comparison between tetrahedral and voxel-based meshes is the main topic of this

chapter. A first indirect comparison has been made in [65] where the authors validated
their proposed method on the tetrahedral human model ZOL and the numerical results are
comparedwith some existing data evaluated on voxelized humanmodels. The comparison
showed some inconsistencies between the data obtained on the tetrahedral models and
on the voxel-based ones. The authors underlined the difficulties in comparing different
models and methods due to the fact that discretization and post-processing techniques
play a not negligible role. However, they only made assumptions about this topic and
they did not perform a detailed analysis on the nature of the numerical artifacts present
in tetrahedral and voxel-based meshes.
In [35], instead, authors compared the use of tetrahedral and voxel-based meshes with

the idea of eliminating the stair-casing effect thanks to tetrahedral meshes. They found out
that although tetrahedral meshes improved the modelling of tissue boundaries, numerical
artifacts were registered and filtering approaches were still necessary. However, they did
not provide any reason for the apparent failure of tetrahedral meshes.
We worked on this topic at the same time as these authors. We have analyzed the

problem from another point of view, but we have arrived to their same conclusions. In this
chapter, compared to [35], a rigorous experimental methodology to identify the source of
numerical artifacts produced by tetrahedral meshes is used and additional details on the
role of tetrahedral meshes in low-frequency dosimetry are given. Simplified and realistic
3D human models are used in numerical simulations. In particular, 3D human models
that can be studied with a 2D equivalent simulation maintaining all the features of the
original human models are considered. The 2D simulations allow to use a software to
compute the 2D solutions to take as reference solutions to better understand the causes
of numerical artifacts and to define an exposure scenario in which the unique source of
numerical artifacts is the discretization of the models.
The scalar potential finite difference (SPFD)method using the electric scalar potential

as nodal unknowns, described in chapter 3, is used for both tetrahedral and voxelized
discretization to solve the low-frequency numerical dosimetry problems analyzed in this
chapter.

5.2 Construction of comparable tetrahedral and voxel-
based meshes

Having tetrahedral and voxel-basedmeshes comparable to each other from a geometric
point of view is a fundamental prerequisite for making a fair comparison between the
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Figure 5.2: Tetrahedron with center 𝑂: the inradius 𝑟 and the circumradius 𝑅 are
respectively drawn in blue and red.

results obtained with the two different type of discretizations.
In the numerical simulations, that will be analyzed in this chapter, the tetrahedral

meshes are created by using a commercial software setting a uniform mesh size. The
regular cubic discretizations with the desired resolution (1 mm or 0.5 mm) have always
been generated from these tetrahedral meshes. In order to do this, a box which contains
the tetrahedral elements is created starting from the coordinates of the minimum point
and maximum one of the tetrahedral mesh. Subsequently the nodes of the voxel-based
mesh are identified by dividing each edge of the box n times according to the desired
size of the cubic elements. Each voxel of the uniform grid is assigned the same tissue
type of the tetrahedron in which the barycenter of the voxel is contained. In this way the
tetrahedral and voxel-based meshes are as similar as possible. Finally, the voxels of the
box that do not contain tetrahedral elements are eliminated.

5.2.1 Tetrahedral mesh quality
A good mesh quality is an important prerequisite to ensure numerical results in

agreement with the reference solution. The best quality mesh is achieved when it is
uniformly composed of perfect elements with equal length edge size, i.e. regular polygons
in two-dimensional space and regular polyhedra in three-dimensional space.
The mesh quality issue does not arise when voxelized-human models are used in

numerical dosimetry because the meshes are discretized with uniform cubic elements
with the same size along each edges. On the other hand, the purpose of tetrahedral
meshes is to reproduce the object shape in the best possible way. Because of the presence
of small edges, curved geometry, thin features and sharp corners, tetrahedra with much
longer edges than others can be found in the same mesh discretization. If from a
geometric point of view this guarantees a better reproduction of the object shape, from a
computational point of view this greatly affects the numerical accuracy.
The shape of tetrahedra is usually assessed via aspect ratios, which consist of fractions
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5.3 – Multilayered sphere

determined by dividing length of edges, altitudes, etc. In our studies, the quality 𝑞 of
tetrahedral meshes is evaluated by using the Normalized Shape Ratio (NSR), as described
in [66], given by the formula

𝑞 = 3
𝑟

𝑅
, (5.1)

where 𝑟 is the inradius of a tetrahedron, i.e. the distance from the center of the tetrahedron
to the center of a face, while 𝑅 is the circumradius of a tetrahedron, i.e. the distance
from the center of the tetrahedron to a vertex (see Fig. 5.2). (5.1) can be obtained by
considering the fact that in a regular tetrahedral element the two radii are related to each
other by

R = 3r.
If the aspect ratio between 𝑟 and 𝑅 is considered, we obtain

𝑟

𝑅
=

𝑟

3𝑟
=
1
3
. (5.2)

The Normalized Shape Ratio formula (5.1) is obtained by normalizing (5.2), that is

1 =

𝑟

𝑅
1
3

=
𝑟

𝑅
· 3 = 𝑞. (5.3)

From (5.3), it can be deduced that the NSR of a perfect tetrahedron is equal to 1. This
means that a mesh composed of tetrahedra with Normalized Shape Ratio very close to 1
can be considered a good quality mesh.

5.3 Multilayered sphere
In order to see if the use of tetrahedral meshes in numerical dosimetry could make

sense, an analytical reference solution to which compare the numerical results obtained by

Table 5.1: Multilayered sphere structure.

Layer Tissue Radius (mm) Conductivity (S/m)
1 Skin 80 0.0002
2 Fat 76 0.043
3 Muscle 74 0.34
4 Skull 72 0.02
5 Muscle 68 0.34
6 Cerebrospinal fluid 66 2.0
7 Brain 64 0.11
8 Cerebrospinal fluid 42 2.0
9 Brain 38 0.11
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Figure 5.3: Exposure scenario of the multilayered sphere. The various layers are
highlighted by different colors. In the insert the stair-casing effect due to the voxel-
discretization is showed.

using tetrahedral and voxel-based models was necessary. For this reason, a multilayered
sphere, which represents a simplified head, exposed to a quasi-static magnetic field was
considered as benchmark case and the analytical reference solution [67] was computed
by using Maxwell’s equations described in chapter 3.

5.3.1 Exposure scenario
A coil with radius of 5 cm is located 13 cm above the center of themultilayered sphere,

as shown in Fig. 5.3. The axis of the coil is the 𝑧-axis and the origin of the reference
system corresponds to the center of the sphere. The operating frequency is 50 Hz and the
current flowing through the coil is 1 kA. The multilayered sphere structure is taken from
[36] and it consists of nine layers whose geometry and tissue properties are described in
Tab. 5.1. No considerations on the conductivity of the skin are made since the sphere
is used as the first investigation of the proposed approach and it can be considered as a
simplified human head, but it is not a realistic one.
In the tetrahedral mesh the number of nodes is about 323600 and of tetrahedra is

1883300. The corresponding voxel-based mesh is generated with a resolution of 1 mm
and in the voxelized model there are 2205000 nodes and 2144100 voxels.
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5.3 – Multilayered sphere

Figure 5.4: Comparison for each tissue between the electric field values of the analytical
solution with the maximum values obtained in the tetrahedral mesh and the values
obtained in the voxelized discretizations with and without post-processing techniques.
"Ave Cube" refers to the electric field averaged over a 2 × 2 × 2 mm3 cube.

Table 5.2: Deviation between analytical and computed induced electric field on tetrahedral
and voxel-based mesh.

Analytical Voxel Tetra

Tissue solution raw data averaging over
(mV/m) 1 mm3 2 × 2 × 2 mm3 cube

max 99.9th 99th max 99.9th 99th IEEE max
Skin 16.38 1.1563 1.0534 0.9844 1.0333 0.9837 0.9541 1.0609 1.0051
Fat 14.37 1.1104 1.0804 1.0265 1.0383 1.0075 0.9812 1.0544 1.0050
Muscle 13.47 1.1344 1.0618 1.0114 1.0143 0.9921 0.9733 0.9631 1.0034
Skull 12.63 1.2132 1.1223 1.0192 1.0657 1.0217 0.9784 1.2132 1.0026
Muscle 11.11 1.1524 1.0910 1.0294 1.0682 1.0200 0.9833 1.1524 1.0041
CSF 10.40 1.1836 1.0916 1.0187 1.0414 1.0021 0.9775 0.9879 1.0051
Brain 9.78 1.2699 1.0971 0.9373 1.1026 1.0112 0.9364 1.2699 1.0022
CSF 4.76 1.1721 1.1001 1.0016 1.0410 1.0017 0.9659 1.0051 0.9988
Brain 4.12 1.2389 1.1284 0.9878 1.0926 1.0291 0.9629 1.2389 1.0015
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5.3.2 Numerical results
The induced electric field is computed using the numerical method described in

chapter 3 for both tetrahedral and voxel-based mesh.
The only source of numerical artifacts, which occurs in this exposure scenario, is the

stair-casing approximation error (for the voxel mesh). In fact, thanks to the symmetry
of the exposure scenario, the induced currents are forced to circulate within a single
tissue. Hot spots due to field singularity and/or high contrast between conductivities of
contiguous tissues are avoided.
Fig. 5.4 compares for each tissue the maximum electric field values of the analytical

solution with the ones evaluated on both meshes with the different approaches. In
particular, post-processing techniques, described in paragraph 2.4.1, are applied in the
voxelized model in order to suppress numerical artifacts, while in the tetrahedral mesh
the maximum values are considered without any filtering metrics.
In Tab. 5.2 the deviation from the analytical solution, computed by dividing each

value obtained in the numerical simulations by the related analytical reference one, is
reported for each tissue. Due to the coil position, the maximum exposure is in the
outermost layer (skin). In this tissue, in the voxel-based mesh the maximum value of the
electric field evaluated without post-processing techniques overestimates the exposure
by 15%, the 99.9th percentile overestimates the exposure by 5% and the 99th percentile
underestimates the exposure by 2%. In the tetrahedral mesh, instead, the deviation is
∼ 1.005, which means an overestimation of 0.5%, which is a very good approximation for
a low-frequency numerical dosimetry problems. Looking at the results also in the other
tissues, we can see that the values obtained over the tetrahedral mesh are one order of
magnitude lower than the others. This means that in this exposure scenario the maximum
induced electric field values computed on the tetrahedral mesh provide results very close
to the analytical solution for each tissue without the need to apply any filtering techniques.
The other results in Fig. 5.4 and Tab. 5.2 refer to the voxel-based mesh: the 99th

and the 99.9th percentiles along with the maximum values obtained by averaging the
induced electric field over a 2 × 2 × 2 mm3 cube are reported together with the ones
obtained with the IEEE approach. We can see that the 99.9th percentile values applied
to the electric field averaged over a 2 × 2 × 2 mm3 cube are in better agreement with the
analytical values than the ones obtained following the ICNIRP guidelines (which, as we
have mentioned earlier, suggest to take the 99th percentile value of the averaged electric
field over a 2× 2× 2 mm3 cube). On the other hand, the IEEE approach does not provide
good results. Furthermore, it can be seen that the solution obtained with the tetrahedra
better approximates the exact solution even with respect to the results obtained with the
filtering techniques in the voxelized meshes.
Since the purpose of this study is not to compare the various post-processing tech-

niques in the voxelized models, but to identify the source of numerical artifacts produced
by tetrahedral meshes in realistic exposure scenarios, hereinafter only the 99th percentile
and the 99.9th percentile along with the maximum values of the induced electric field
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5.4 – Human head model: Colin27 Average Brain

(a) (b)

Figure 5.5: Colin27 Average Brain: 3D model (a) and 2D cut-plane (b).

strengths (raw data) are computed and analyzed for both meshes.

5.4 Human head model: Colin27 Average Brain
In order to compare the results of tetrahedral and voxel discretization against a more

challenging model, the realistic human adult head Colin27 Average Brain (also known as
Average Colin) is considered. It is an adult brain atlas [68], that consists of four tissues:
skull, cerebrospinal fluid (CSF), grey matter (GM) and white matter (WM). This atlas
was obtained by scanning Colin J. Holmes brain 27 times (hence the name Colin27), in
the course of few months. The images were combined to create an average brain with
high structure definition. In this model the tetrahedral mesh was created by Qianqian
Fang (more information can be found in [69]) and it is freely available for download [70].
The model is shown in Fig. 5.5a.
The tissue conductivities are assigned to each tissue in this wat: skull 0.02 S/m,

cerebrospinal fluid 2 S/m, grey matter 0.02 S/m and white matter 0.02 S/m. The
operating frequency is 50 Hz.

5.4.1 Exposure scenarios
Colin27 head model exposure is analyzed in two scenarios: 1) a homogeneous mag-

netic flux density with a single component in the 𝑧-direction of 200 `T, that corresponds
to the reference level for public exposure, according to the [5], and 2) a localized exposure
generated by a coil with radius of 20 cm. The coil is located 30 cm in front of the 3D
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Figure 5.6: Localized exposure scenario of Colin27 3D model.

model and its center is aligned with head center (see Fig. 5.6). The current flowing
through the coil is 1 kA.
The tetrahedral mesh quality is computed by using (5.1) and it is shown in Fig. 5.7. It

is possible to notice a large number of tetrahedral elements with Normalized Shape Ratio
(NSR) index close to 1, which means tetrahedra with a good quality shape (very close to a
regular tetrahedron). However, elements with a low quality index exist. The voxel-based
meshes with resolution of 1 mm e 0.5 mm are generated from the tetrahedral one, as
described in paragraph 5.2. In the tetrahedral mesh the number of nodes is about 70200
and of tetrahedra is 423400; in the voxel-based one, instead, there are about 4140000
nodes and 4045000 elements when the resolution is 1 mm, and about 32753000 nodes
and 32374000 elements when the resolution is 0.5 mm.

5.4.2 Numerical results
Fig. 5.8 shows the distribution of the electric field for all meshes and for all four tissues

in the case of localized exposure. The maps of the electric field are in good agreement to
each other and it is evident that the maximum exposure is in the front of the head, where
the coil is located.
The 99th percentile and the 99.9th percentile along with the maximum values of

the induced electric field strengths are computed and analyzed for voxels and tetrahedra
in both exposure scenarios. Fig. 5.9 shows the results obtained on tetrahedral mesh
and voxelized models with different resolutions in the uniform (Fig. 5.9a) and localized
exposure (Fig. 5.9b) for each tissue. In general, a good agreement between the different
meshes in the computed values is observed up to the 99.9th percentile, after which they
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5.4 – Human head model: Colin27 Average Brain

Figure 5.7: Tetrahedral mesh quality of Colin27 3D model. The Normalized Shape Ratio
(NSR) indices are on the 𝑥-axis, while the number of tetrahedral elements corresponding
to the respective mesh quality index is shown on the 𝑦-axis.

diverge with a rapid increase in the electric field strength until reaching the maximum
value. This trend is observed in all tissue and in all meshes.
The induced electric field exhibits higher values in the skull and grey matter in both

exposure scenarios. In particular, we can observe that the maximum electric field values
evaluated in the finest voxel-based mesh are higher than those computed in the coarsest
one for almost all tissue. This is caused by the stair-casing approximation errors that
make the maximum electric field value unreliable especially at the boundaries with high
electrical conductivity contrast.
In the case of homogeneous exposure, in Fig. 5.9a it is possible to observe that

the maximum value obtained with the tetrahedral mesh is always lower than the one
obtained with the voxels. However, in the more realistic localized exposure this result is
not confirmed for all tissues. In the cerebrospinal fluid (CSF) and in the white matter
(WM) the maximum values obtained in the tetrahedral mesh exceed those of the voxelized
models. In particular, in the white matter of the tetrahedral model there is a rapid increase
in the electric field strength after the 99.9th percentile.
Through a local and deep analysis of these electric field peaks, we have found out that

the Normalized Shape Ratio index related to the tetrahedron with the maximum electric
field value is equal to 0.9 in the cerebrospinal fluid (see Fig. 5.10a), while it is equal to
0.11 in the white matter (see Fig. 5.10b). This means that, while in the white matter the
numerical artifact is caused by the irregular shape of the tetrahedron, the same cannot
be said to happen in the CSF. Here, in fact, the tetrahedron has a regular shape, but it is
located on the boundaries of a tissue with high electrical conductivity contrast (2 S/m
in the CSF, 0.2 S/m in the other tissues). In this case, the induced currents cross tissue
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(a)

(b)

(c)

(d)

Figure 5.8: Localized exposure (coil in front of the head model). The induced electric
field in Colin27 Average Brain is shown for tetrahedral mesh and voxel-based meshes
with resolution of 1 mm e 0.5 mm in each tissue: skull (a), CSF (b), grey matter (c) and
white matter (d).
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5.4 – Human head model: Colin27 Average Brain

(a)

(b)

Figure 5.9: The 99th percentile, the 99.9th percentile and the maximum electric field
values for each tissues of tetrahedral and voxel-based meshes with different resolutions.
Uniform exposure along 𝑧-axis to 200 `T magnetic flux density at 50 Hz (a). Localized
exposure due to a coil located 30 cm in front of Colin27 head center (b).

61



The use of tetrahedral meshes in low-frequency numerical dosimetry to remove stair-casing errors

(a) (b)

Figure 5.10: Shape of the tetrahedron with the maximum electric field value in CSF (a)
and white matter (b).

boundaries and cause numerical artifacts due to the difference in conductivities between
adjacent tissues (tissue contrast).
This means that, when stair-casing approximation errors are not the only source of

numerical artifacts, also tetrahedral meshes are subject to numerical artifacts that require
to be filtered out. By eliminating the tetrahedra in which there is the maximum exposure
and considering the 99.9th percentile, we obtain electric field values in agreement with
the corresponding values evaluated on the voxelized models. Overall, by applying the
99.9th percentile and the 99th percentile to all meshes, the results are in good agreement,
i.e the deviation is fully within the uncertainty related to the tissue properties.

5.5 Planar and axisymmetric models of Colin27 Average
Brain

To better understand the source of numerical artifacts to which a tetrahedral mesh can
be subject, we created two simplified 3D models starting from a cut-plane of Colin27
brain model, that is shown in Fig. 5.5b. The cut-plane is used to define a planar and an
axisymmetric model. The planar 3D model is obtained by mirroring the cut-plane with
respect to the axis 2 and by extruding the result by a thickness of 2 mm along 𝑧-axis. The
axisymmetric 3D model is obtained by rotating the cut-plane along the longitudinal axis
(axis 2 of the figure) by 360◦. The two simplified 3D models are shown in Fig. 5.11.
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5.5 – Planar and axisymmetric models of Colin27 Average Brain

(a) (b)

Figure 5.11: Planar model (a). Axisymmetric model (b).

5.5.1 Exposure scenarios
Bothmodels are exposed to a homogeneousmagnetic flux density of 200 `Twith only

𝑧-component. This means that in the planar 3D model the external field is orthogonal to
the 𝑥𝑦 plane and parallel to the extrusion direction, while in the axisymmetric 3D model
the field is parallel to the axis 2 and it is a uniform vertical field.
These simplified models have the advantage that they can be simulated as a 2D planar

and 2D axisymmetric problem. The 2D solutions obtained with a very fine mesh are used
as reference solutions for the 3D simulations, making it possible to understand the causes
of the numerical artifacts.
The tetrahedral and voxel-based meshes of both 2D models are created as described

in paragraph 5.2. In particular, the tetrahedral meshes of the planar and axisymmetric
2D models were all manually checked before starting the tests and local edits were made
where needed in order to ensure a good quality mesh. In addition, in the planar case the
tissue boundaries were smoothed to try to avoid numerical artifacts due to the presence
of singularities, as Fig. 5.12 shows.
Subsequently, the 3Dmodels corresponding to the planar and axisymmetric case were

created with both voxel (1 mm and 0.5 mm side) and tetrahedral elements to perform 3D
simulations.

5.5.2 Numerical results
For all tissues the maximum value (raw data), the 99.9th percentile and the 99th

percentile are presented for voxelized 3D models, while only the maximum electric field
value is considered for tetrahedral meshes. All values are normalized with respect to the
corresponding values obtained with the 2D models (reference solution).
Tab. 5.3 and Tab. 5.4 show that the induced electric field computed on the tetrahedral

meshes without the need to apply any filtering techniques provides results very close to
the reference solution in the axisymmetric and planar case respectively. It is apparent
from Tab. 5.3 that the tetrahedral mesh is able to remove the stair-casing approximation
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(a) (b)

Figure 5.12: Manual control of the tetrahedral mesh: the boundaries were smoothed to
avoid singularities. Tissue boundaries before local smooth edits (a). Tissue boundaries
after local smooth edits (b).

errors: the largest deviation with respect to the reference solution, in fact, is ∼ 1.003,
that means an overestimation of 0.3%, which represents an excellent result in numerical
dosimetry. It is worth noting that in the axisymmetric case the tetrahedral model is not
subject to other source of numerical artifacts. This is due to the manual local edits made
in the tetrahedral mesh to ensure a good quality and to the fact that in the axisymmetric
case the induced currents do not cross tissue boundaries thanks to the symmetry of the
problem (as in the case of the multilayered sphere). This means that the main cause
of numerical artifacts in both voxelized models is due to the stair-casing approximation
errors.
On the contrary, in the planar case the induced currents cross tissue interfaces, hence

numerical artifacts are not only due to stair-casing approximation errors, but they are
also caused by the contrast of conductivities between contiguous tissues (effect known
as tissue contrast). Tab. 5.4 shows that in the planar case the maximum exposure is in
the grey matter. In this tissue the use of tetrahedral elements causes an underestimation
of about 7% (more than acceptable in numerical dosimetry), while the underestimation
caused by the use of voxel elements is even higher, up to 50% when the 99th percentile
is applied.

5.6 Human head model: VHP-Female Phantom
In previous paragraphs it has been pointed out that, even though tetrahedral meshes

are not affected by stair-casing approximation errors, they are subject to other sources
of numerical artifacts. These numerical artifacts can be due to a mesh with low quality
elements and/or to the effect known as tissue contrast effect.
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5.6 – Human head model: VHP-Female Phantom

Table 5.3: Deviation of the electric field in the axisymmetric case.

Tissue reference 2D Voxel 1 mm Voxel 0.5 mm Tetra
(mV/m) max 99.9th 99th max 99.9th 99th max

Skull 2.79 1.372 1.149 1.018 1.263 1.111 0.994 1.002
CSF 2.31 1.484 1.208 1.100 1.283 1.152 1.062 1.003
Grey Matter 2.26 1.509 1.279 1.110 1.438 1.225 1.050 1.001
White Matter 2.12 1.025 1.002 0.975 1.010 0.998 0.975 1.003

Table 5.4: Deviation of the electric field in the planar case.

Tissue reference 2D Voxel 1 mm Voxel 0.5 mm Tetra
(mV/m) max 99.9th 99th max 99.9th 99th max

Skull 6.88 1.086 0.854 0.596 1.053 0.738 0.564 1.092
CSF 6.19 1.004 0.986 0.623 1.039 0.866 0.671 1.098
Grey Matter 11.06 0.805 0.694 0.500 0.769 0.610 0.452 0.934
White Matter 4.68 1.045 0.978 0.894 1.018 0.925 0.843 1.006

Starting from these considerations, further studies were made by using the VHP-
Female Computational Phantom v2.1 (or VHPFemale College v2.1 [71]). It is a platform-
independent full-body human phantom constructed by NEVA Electromagnetics LLC and
supported by the ECE Department at Worcester Polytechnic Institute. The woman’s body
was donated by her husband after her death at the age of about 60. The phantom tissues
are all extracted from the Visible Human Project® (VHP)-Female open-source image
dataset of the U.S. National Library of Medicine and the data are freely available for
download [72].
In our analysis, we do not have considered the whole body, but only the head by cutting

it obliquely at the neck. Its section is shown in Fig. 5.13 and, for sake of simplicity, we
call it VHP-Female head model. The tissue conductivities are assigned to each tissue
according to the IT’IS Foundation database [14]. Values are calculated at the reference
frequency of 50 Hz.

5.6.1 Exposure scenario
TheVHP-Female headmodel is exposed to a uniformmagnetic exposure at the general

public reference level of 200 `T ([5]).
The tetrahedral meshes are created by using a commercial software setting a uniform

mesh size and the voxelized models with resolution of 1 mm is created as described in
paragraph 5.2, in order to have meshes as similar as possible. In the tetrahedral mesh the
number of nodes is about 500000 and of tetrahedra is 3000000, while in the voxel-based
one, instead, there are about 4650000 nodes and 4546000 elements.
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Figure 5.13: Section of VHP-Female Computational Phantom.

The tetrahedral mesh quality is computed by using (5.1) and it is shown in Fig. 5.14.
It is possible to notice that most of the tetrahedral elements have a Normalized Shape
Ratio (NSR) index close to 1, which means tetrahedra with a good quality shape (very
close to a regular tetrahedron). However, there is a limited number of tetrahedra with a
very low mesh quality index (between about 0.2 and 0.3). In order to see how this could
affect the numerical results, no local edits are made to the tetrahedral mesh.

5.6.2 Numerical results
In Fig. 5.15 the induced electric field distributions evaluated on the tetrahedral and

voxelized models are reported. From an overall point of view, the two distributions are
completely comparable to each other. However, if we analyze the maximum values of the
induced electric field in each tissue, the numerical artifacts make these values unreliable
and filtering techniques are necessary (see Fig. 5.16).
The maximum exposure is registered in the grey matter (GM), in the fat and in the

skin. In particular, in the grey matter and in the fat the maximum value of the induced
electric field evaluated in the tetrahedral model exceeds the corresponding one in the
voxel-based meshes, as it happens in the tongue. A rapid increase in the electrical field
strength is observed in these tissues after the 99.9th percentile in the tetrahedral mesh.
These peaks are caused by low quality tetrahedra. Fig. 5.17 shows that the tetrahedron
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with the maximum electric field value has an irregular shape for each of these tissues.
This fact is confirmed by computing the Normalized Shape Ratio index: in fact, it is
equal to 0.001 in the grey matter, to 0.0002 in the fat and to 0.09 in the tongue.
For this reason, since it is always impossible to evaluate an analytical solution in a real

exposure scenario, it is really important determining a reference solution, to which the
results can be compared. According to paragraph 2.4.1, the induced electric field of the
voxelized model was averaged over a contiguous tissue volume of 2 × 2 × 2 mm3. Then,
based on the ICNIRP guidelines [5], the 99th percentile is considered. Nevertheless,
since in some cases the 99th percentile tends to underestimate the maximum electric field
strength, the 99.9th percentile of the averaged electric field is taken as reference solution.
Fig. 5.16 compares to each other the 99th percentile, the 99.9th percentile and the

maximum electric field values of the most significant head tissues for tetrahedral and
voxelized models (with and without the averaging over a 2 × 2 × 2 mm3 cube). As
expected, the averaged electric field tends to mitigate for all the tissues the computational
errors in the voxel-based mesh. It is worth noting that the tetrahedral values up to the
99.9th percentile are in good agreement with the reference ones, while after this percentile
they suffer from numerical artifacts. As said previously, the peaks of the induced electric
field of the tetrahedral mesh are caused in some tissues by low quality tetrahedra, while
in the others by a strong tissue contrast due to the induced currents that cross tissue
interfaces with high electrical conductivity contrast. However, if filtering techniques are
applied, we can say that the induced electric field evaluated over a tetrahedral mesh is
comparable with the reference solution.

Figure 5.14: Tetrahedral mesh quality of VHP-Female head model. The Normalized
Shape Ratio (NSR) indices are on the 𝑥-axis, while the number of tetrahedral elements
corresponding to the respective mesh quality index is shown on the 𝑦-axis.
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(a) (b)

Figure 5.15: Induced electric field distribution evaluated on the tetrahedral mesh (a) and
on the voxelized model (b).

Figure 5.16: The 99th percentile, the 99.9th percentile and the maximum electric field
values for each tissues of tetrahedral and voxel-based meshes. "Voxel (averaged cube)"
refers to the values obtained by averaging the induced electric field over a 2× 2× 2 mm3.

5.7 Discussion
Several exposure scenarios have been analyzed in order to study if tetrahedral meshes

are able to suppress numerical errors caused by the stair-casing approximation errors
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(a) (b) (c)

Figure 5.17: Shape of the tetrahedron with the maximum electric field value in grey
matter (a), fat (b) and tongue (c).

in voxelized models when curved boundaries are approximated with voxels. From the
analysis we found out that both voxelized and tetrahedral head models suffered from
artifacts in the evaluation of the high electric field values. Tetrahedral meshes, in fact, are
able to remove completely the source of computational artifacts related to the geometrical
modelling of the computational domain, however, in a real exposure scenario, other
sources of numerical artifacts are still present. These numerical artifacts are related to
two fundamental factors: the tetrahedral mesh quality and the tissue contrast effect. If
working on the quality of themesh is possible, even if generatingmeshes totally consisting
for equilateral elements is a challenging task (or even impossible for most geometries),
it is almost impossible to avoid that in a real exposure scenario the induced currents do
not cross the tissue interfaces. For this reason, the use of filtering techniques cannot be
completely avoided also in human models discretized with tetrahedral meshes.
This conclusion is in agreement with the studies reported in [35]. In this paper,

the authors performed computation using five 3D head models, whose tetrahedral and
voxel-based meshes are generated from magnetic resonance images (MRI) with different
resolutions. The reference solution was the one obtained with the smallest voxels (edge
length of 0.25 mm), i.e. highest resolution. The quality of tetrahedral meshes were
assessed by determining three metrics, which enable to evaluate whether an element is
close to be a regular tetrahedron. Homogeneous and localized exposures were considered
and they found out that bothmodelswere affected by computational errors in the evaluation
of the highest electric fields.
As in our study, even the authors in [35] said that tetrahedral meshes are able to

eliminate the numerical artifacts due to the stair-casing approximation errors typical in
the voxelized models, but other source of artifacts are present and filtering techniques
are still required. However, unlike what we have done through this chapter, they did
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not provide a rigorous method to identify the source of these numerical artifacts and
the situations in which they occur. They focused their attention on the tetrahedral mesh
quality, stating that poorly-shape elements produce artifacts that make the maximum
electric field unreliable and concluding that the numerical artifacts in tetrahedral models
are mainly caused by low quality tetrahedra.

70



Chapter 6

Modeling of low-frequency
electromagnetic fields exposure in
arbitrary posture

As we have seen so far, numerical dosimetry is fundamental for the evaluation of
human exposure to low-frequency electromagnetic fields. The accurate modeling of the
electromagnetic field source and the exact posture of the human body play a fundamental
role for the assessment of human exposure.
The problem of performing numerical dosimetry starting from data coming from

general purpose software or real measurements, i.e. when no information is available
about the source, was described in chapter 4 and a comparison between two methods
that allow to evaluate the magnetic vector potential starting from the knowledge of the
magnetic flux density has been done. In this chapter the focus shifts on the posture of the
human model.
In the classical approach, in fact, all dosimetric computations are performed with a

human phantom postured in the exact position to ensure a correct assessment of human
exposure. However, there are situations (e.g. in the workplace) in which the position of
the human body is known only approximately and the source of the electromagnetic field
must be characterized in realistic conditions. For this reason, a new approach based on
the evaluation of the human exposure to electromagnetic fields by using a non-postured
human model through a source term transformation is proposed. Some results have
been published in [73], while further studies conducted on a whole-body female human
model will be analyzed in the following for the first time. Furthermore, this project
has been funded by the Programme National de Recherche Environnement-Santé-Travail
(PNREST) Anses, 2018/1/242.

71



Modeling of low-frequency electromagnetic fields exposure in arbitrary posture

(a) (b)

Figure 6.1: Example of artifacts obtained with the software NICTPoseTool. In the red
circles an abnormal protuberance of the skin (a) and a discontinuity in the junction of the
rotated shoulders (b) are highlighted.

6.1 The limits of postured human models
Although in these years several realistic and detailed anatomical whole-body models

of different types of human beings (e.g., male, female, children, pregnant woman, and so
on) have been developed (as discussed in paragraph 2.3) [21], [22], [23], [24] most of
them are only available in the standing position with their arms along the sides. This fact
limited the number of possible case studies because realistic exposure situations could
not be reproduced. For this reason, postured human phantoms started to be used [25],
[30] and software for posturing have been developed. Posture transformations are based
on maintaining internal tissues and organ continuity. However, the operation of posturing
a numerical human phantom is a time-consuming [74], [75], it introduces in any case
a certain degree of approximation and it does not guarantee the respect of anatomical
constraints (e.g. deformed bones and other artifacts), as shown in Fig. 6.1.
The proposed approach eliminates completely this step: a non-postured phantom is

used in the numerical simulations and an equivalent deformation of the source term is
done by maintaining the same level of approximation of the postured model.

6.2 Methods
The new method is based on carrying out all the numerical dosimetric simulations on

a non-postured model in order to eliminate the problems related to the posture and to all
the possible numerical artifacts deriving from the use of software for posturing.
This method is able to take into account the posture without deforming the human

model. The idea of the new approach is based on performing a change of coordinates to
apply not to the human model (as the existing methods and software do), but to the source
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term in order to avoid the posturing step and to create an equivalent source field that
causes the same induced currents in the non-postured body. This change of variables is
defined by the function 𝑓 : R3 → R3 whichmaps the non-postured bodyΩ to the postured
one Ω𝑝. Hereafter, the subscript 𝑝 indicates quantities which depend explicitly on the
posture of the body. It is possible to define the inverse function 𝑓 −1 : R3 → R3 which
takes back the postured phantom to the non-postured one. By applying this mapping to
the Maxwell’s equations that govern the low-frequency numerical dosimetry problems,
only the materials properties used in these equations change, as described in [76].
Therefore, keeping all this in mind, the field transformation requires the use of a

new tissue conductivity matrix and a new source term. This means that the algebraic
formulation of the scalar potential finite difference (SPFD) method using the electric
scalar potential as nodal unknowns, described in chapter 3, to solve the low-frequency
numerical dosimetry problems can be rewritten as

GTM𝜎pG𝜑 = −j𝜔GTM𝜎pap (6.1)

Computations performed by using (6.1) refer directly to the non-postured body, eliminat-
ing the posturing step. On the other hand, elements dependent on the effect of posture,
i.e. tissue conductivity tensor M𝜎p and the source term ap, must be determined [77].
Considering the fact that the Jacobian matrix is linked to the applied transformation
(more information can be found in appendix A), both quantities depend on the Jacobian
matrix J𝑝 of the map 𝑓

Mloc
𝜎p = J−1𝑝 Mloc

𝜎 J−T𝑝 ·
|︁|︁J𝑝

|︁|︁ ; a𝑝 = JT𝑝a, (6.2)

where J−T𝑝 is the inverse of the transpose of the Jacobian matrix and
|︁|︁J𝑝

|︁|︁ refers to the
Jacobian determinant (or simply the Jacobian). In appendix B the reasoning that allows
to obtain these quantities is reported. It is important to underline that Mloc

𝜎p is locally
computed and then the domain-based matrix M𝜎p is assembled in a classical fem-like
fashion, as described in chapter 3.
Because a𝑝 depends on the Jacobian matrix of the transformation, it is important to

pay attention when more than one transformation is applied to the human body in the
numerical simulation. In this case, in fact, each transformation must be locally applied to
portion of the body affected by the transformation, and in case of multiple transformations
applied to the same part of the body, the Jacobian matrices of each transformation must
be combined by a matrix multiplication because the postured human model is obtained
from the composition of the transformations. It is worth underlying that the composition
of transformations applied to the same part of the body does not enjoy the commutative
properties.
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6.3 Human body transformations
Generally speaking, geometric transformations are well known in computational elec-

tromagnetics [75], [77]. Movements that human body can perform are manifold: flexion,
extension, rotation, abduction, adduction and circumduction. They have to be reproduced
using geometric transformations when the postured phantom is created. The main geo-
metric transformations that better reproduce human movements are translation, rotation,
stretch and compression.
Translation and rotation belong to the isometry group, i.e. they are distance-preserving

transformations between metric spaces. In particular, the Jacobian matrix of translation
is the identity matrix. This means that in (6.2) it does not make any contribution and, so,
the tissue conductivity matrix can be rewritten as

Mloc
𝜎p = Mloc

𝜎 .

Instead, since rotation is a linear transformation, the rotation matrix coincides with
the Jacobian matrix of the transformation. In particular, because of the fact that it is a
direct isometry, its Jacobian matrix is orthogonal, i.e. JT𝑝 = J−1𝑝 , and

|︁|︁J𝑝

|︁|︁ = 1. In most
practical cases the local conductivity is isotropic, so Mloc

𝜎 = 𝜎I, where I is the identity
matrix. For this reason, the tissue conductivity tensor described in (6.2) can be rewritten
as

Mloc
𝜎p = J−1𝑝 Mloc

𝜎 J−T𝑝 ·
|︁|︁J𝑝

|︁|︁ = JT𝑝𝜎IJ𝑝 ·
|︁|︁J𝑝

|︁|︁
= JT𝑝𝜎IJ𝑝 = 𝜎JT𝑝J𝑝 = 𝜎I = Mloc

𝜎

Therefore, we can conclude that in the rotation case the tissue conductivity does not
change and only the source term undergoes a transformation.
Stretch and compression are usually not considered in the posture phantom creation

because muchmore importance is given to maintain the internal tissues, organs continuity
and mass rather than to introduce physiological concepts, such as muscle contraction.
Moreover, in many cases, stretch and compression produce so small deformations that
their transformation matrix is approximately equal to the identity one. In these cases the
tissue conductivity matrix becomes

Mloc
𝜎p ≃ Mloc

𝜎 .

In particular, it can be easily demonstrated that the error has the same order of the stretch
or compression factor for small deformations when stretch or compression are along one
direction.
In general, using (6.1) and (6.2) instead of (3.16) simplifies computations to a large

extent. The key point is that in practice the transformation 𝑓 can be approximated as
a piecewise rigid motion and applied to the source field instead of the computational
domain. In fact, when posturing human body, strong deformations are localized in
articulations (elbows, knees, etc.): internal organs are only slightly deformed and brain
is not deformed at all.
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Figure 6.2: The ellipse exposure scenario in the 2D domain.

6.4 Dosimetric models
Three different dosimetric models are taken into account to test the new approach

described in paragraph 6.2: one on a 2D domain and two on a 3D domain.

6.4.1 2D domain
The first study is carried out on a 2D domain Ω which consists of an ellipse with

center in the origin of the reference system. The minor semi-axis is on the 𝑥-axis with
length 1 m, while the major semi-axis is on the 𝑦-axis and it is 1.2 m long. The tests
are performed by considering an infinite vertical wire along 𝑦 as source field placed at a
distance of 1.6 m from the center of the ellipse on the left-hand side. Fig. 6.2 shows the
2D exposure scenario. The operating frequency is 50 Hz and the current flowing through
the wire is 1 kA.

6.4.2 3D homogeneous simplified phantom
In the 3D domain, for the sake of simplicity, a simplified phantom exposed to a

quasi-static magnetic field is initially considered in order to compare the in situ electric
field obtained by using the classical approach and the new one. It is composed of three
regions (Fig. 6.3a): the torso, the arm, and the junction zone, which connects the arm to
the torso. The torso is a parallelepiped with dimension 20 × 10 × 30 cm3, the junction is
a cylinder with a 4 cm radius and 1 cm length, and the arm is formed by a cylinder equal
to the junction connected to another cylinder with the same radius and 34 cm high. A
uniform conductivity 𝜎 of 0.2 S/m is used.
A one-loop coil with radius of 15 cm is located 35 cm from the torso and it is centered

in the center of the shoulder. The axis of the coil is the 𝑦-axis. The operating frequency
is 50 Hz and the current flowing through the coil is 1 kA.
The tetrahedral mesh in the simplified phantom is created by using a commercial

software and it consists of about 33000 nodes and 178000 tetrahedra (divided into about
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(a) (b)

Figure 6.3: The simplified phantom exposure scenario in the 3D domain: the three
regions (torso, junction zone and arm) are highlighted by different colours (a). Different
mesh size in the junction zone (b).

67000 in the torso, 64000 in the junction zone, and 47000 in the arm). Moreover, the
mesh size is 1 mm in the junction zone and 15 mm in the torso and arm, as shown in
Fig. 6.3b.

6.4.3 3D non homogeneous realistic human model
Finally, we applied the new method also to a numerical dosimetry problem consid-

ering a realistic human body: the Japanese whole-body female human model Hanako,
developed by the National Institute of Information and Communications Technology
(NICT) [78]. The model is based on voxels with 2 mm spatial resolution, derived by
the accumulated MRI images of adult Japanese volunteers of average build (height and
weight).
A one-loop coil with a radius of 40 cm is located 60 cm from the torso and it is

centered between the two shoulders, as shown in Fig. 6.4. The position of the coil ensures
that the exposure is localized where the rotation of the arms takes place. The axis of the
coil is the 𝑦-axis. The operating frequency is 50 Hz and the coil current is 100 A. Tissue
conductivities are taken from the IT’IS Foundation database [14], however the value for
skin conductivity is modified to 0.1 S/m according to [79].
The voxel-based mesh in the non-postured human model consists of about 6580000

nodes and 6315000 elements.
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Figure 6.4: Exposure scenario of the female human model Hanako in the 3D domain.

6.5 Exposure scenarios in the 2D and 3D domain and the
corresponding rotation matrices

The geometric transformation used in the test cases here analyzed is the rotation.
More information about the structure and the properties of this transformation can be
found in appendix A.
In the 2D domain, the ellipse is rotated clockwise by 90◦ by applying a rotation about

the origin of the reference system in the center of the ellipse. According to formulas in
appendix A, the rotation matrix of 90◦ amplitude is

R =

[︃
0 −1
1 0

]︃
In the 3D simplified phantom, the origin of the reference system is located between the

torso and the junction, and it exactly coincides with the center of rotation. The geometric
transformation used in this numerical simulation is determined by the rotation angle \
of the rotation matrix. Also in this case, the rotation is about the origin of the reference
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system and its matrix is given by

R(\) =
[︃
cos \ − sin \
sin \ cos \

]︃
.

The \ angle is: 1) equal to zero in the torso (no rotation); 2) equal to \max = 120◦ in
the arm; 3) linearly increasing in the junction zone, \ = \max · (𝑥/𝑥max) with 𝑥max = 1 cm.
This linear variation approximates the real movement of the arm.
In the realistic human model, two different exposure scenarios are taken into account:

1) a rotation of 120◦ about the 𝑥-axis located in the center of the right shoulder; 2) two
rotations of 90◦ about the 𝑥-axis, one located in the center of the right shoulder and the
other located in the center of the left shoulder. In order to have reference solutions towhich
compare the numerical results obtained with the new approach, the respective postured
human models with the rotated arms are created by using the software NICTPoseTool,
which allows to posture Hanako by moving her joints.
Considering the non-postured phantom, it is worth noting that in these exposure

scenarios the rotation center does not coincide with the origin of the reference system
and, therefore, it is necessary to translate the rotation center before performing each
rotation. For this reason, the transformation matrix has to be generalized in the following
form

T =

[︃
R(\) t

0 1

]︃
where R(\) is the 3 × 3 rotation matrix of \ amplitude about the 𝑥-axis centered in the
origin of the reference system, t is the 3× 1 column vector referred to translation, 0 is the
1 × 3 zero matrix and 1 is the 1 × 1 identity matrix. More information can be found in
the appendix A.
Since the Jacobian matrix J coincides with the rotation matrix, let us focus our

attention on R(\). R(\) about 𝑥-axis in a 3D domain is defined as

R(\) =
⎡⎢⎢⎢⎢⎣
1 0 0
0 cos \ − sin \
0 sin \ cos \

⎤⎥⎥⎥⎥⎦
It is worth noting that when \ is equal to zero, R(\) is the identity matrix.
In the exposure scenario in which both arms are rotated, even if the rotations occur in

two different centers, they are independent to each other because they refer to two distinct
objects (right arm and left arm). This means that rotating the right arm first and then
the left one, or vice versa, is completely indifferent. Fig. 6.5 shows the order in which
the two rotations were carried out in our numerical simulations: first the right arm was
rotated of 90◦ about the 𝑥-axis while keeping all the other points fixed; subsequently the
left arm was rotated of 90◦ about the 𝑥-axis by applying the rotation to the previously
rotated points. Finally the two matrices have to be assembled together in order to obtain
the final matrix.
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Figure 6.5: Two rotations of 90◦ about the 𝑥-axis applied to Hanako model, one located
in the center of the right shoulder and the other located in the center of the left shoulder.

Let us see this from a mathematical point of view. Let R(\𝑟) be the rotation in the
right arm and R(\𝑙) be the rotation in the left one. When R(\𝑟) is performed, only the
right arm points rotate of 𝛾𝑟 angle, while the others remain unaffected by \𝑟 ; vice versa,
when R(\𝑙) is performed, only the left arm points rotate of 𝛾𝑙 angle. This means that: 1)
the \𝑟 angle is equal to 𝛾𝑟 in the right arm, while is equal to zero in the other points; 2)
the \𝑙 angle is equal to 𝛾𝑙 in the left arm, while is equal to zero in the other points.
In order to perform computations, the resulting rotation matrix must take into account

what happens in each point during both rotations. A matrix multiplication is therefore
necessary.
Let us, for example, analyze what happens in a point 𝑃1(𝑥1, 𝑦1, 𝑧1) located in the right

arm during the transformations. As previously stated, the rotation matrices associated to
this point are

R1(\𝑟) =
⎡⎢⎢⎢⎢⎣
1 0 0
0 cos \𝑟 − sin \𝑟
0 sin \𝑟 cos \𝑟

⎤⎥⎥⎥⎥⎦ ; R1(\𝑙) =
⎡⎢⎢⎢⎢⎣
1 0 0
0 1 0
0 0 1

⎤⎥⎥⎥⎥⎦
The resulting matrix in 𝑃1 can be obtained as follow

R1(\) = R1(\𝑟) · R1(\𝑙) = R1(\𝑙) · R1(\𝑟) = R1(\𝑟)

Therefore, by generalizing the concept to all the points of the domain, the rotation
matrix used in this test case can be computed as

R(\) = R(\𝑟) · R(\𝑙) = R(\𝑙) · R(\𝑟).
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(a) electric field distribution
on Ω𝑝

(b) electric field distribution
on Ω

(c) Comparison of induced electric field between the reference case and the
proposed method

Figure 6.6: Reference solution for the induced electric field (a). Solution obtained with
the proposed method (b). Electric field frequency diagram for both solutions (c).

6.6 Numerical results
The numerical results obtained in the 2D and 3D domain described in paragraph

6.4 are here analyzed. In the next paragraphs the numerical results obtained with the
postured models are taken as reference solutions to which compare the corresponding
results obtained with the non-postured models in order to validate the new approach.

6.6.1 2D domain
In Fig. 6.6a (reference case), the ellipse is 90◦ rotated and it is evident that the

maximum exposure is on the left side, the closest one to the source. In Fig. 6.6b, instead,
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(a) (b)

Figure 6.7: Induced electric field distribution evaluated with the classical approach on
the postured phantom (a) and the proposed method on the non-postured phantom (b).

the induced electric field distribution obtained with the proposed method is shown. Since
in the new approach the domain does not have to be transformed, the ellipse is not 90◦
rotated. Looking at Fig. 6.6b, we can see that, although the vertical wire is kept in the
same position, the ellipse maximum exposure is on the lower side. This is possible thanks
to the transformation of the source term (from a to ap) provided in equation (6.2).
Fig. 6.6c shows the electric field frequency diagram for both methods. It underlines

that the results obtained with the proposed method (red curve) are exactly the same as
those obtained with the classical approach (blue curve).

6.6.2 3D homogeneous simplified phantom
In the simplified model, since the axis of the coil passes through the center of the

shoulder, the phantommaximum exposure is at the end of the rotated arm, as the reference
case (posturedmodel) in Fig. 6.7a shows. Looking at Fig. 6.7b, we can say that themethod
works as expected: in fact, if the classic approach were used, the maximum exposure
should be in the centre of the shoulder due to the alignment with the coil axis. However,
Fig. 6.7b shows that the highest induced electric field concentration is in the arm extremity,
exactly as in the reference case (Fig. 6.7a).
These results are also confirmed in Fig. 6.8, where a comparison of the values between

the 90th and the 100th percentile (maximumexposure) values of the induced electric fields
is done. Fig. 6.8 shows that the results are completely comparable in the torso and in
the arm, and there is a little deviation in the junction. The reason is that a complete
rotation occurs in the arm, whereas in the junction there is a piecewise rigid motion due
to the linear variation of the Jacobian matrix angle. However, the largest deviation in the
junction zone, evaluated as the ratio between the induced electric field value computed
with the proposed method and the one computed with the classical approach, is ∼ 1.11.
It means that there is an overestimation of 11%, more than acceptable in numerical
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(a) (b)

(c)

Figure 6.8: Comparison of the induced electric field values between the two different
methods in each components: torso (a), arm (b), and junction (c). Focus between the
90th and the 100th percentile values of the induced electric field.

dosimetry.

6.6.3 3D non homogeneous realistic human model
After all, simulations by using the human model Hanako are performed.
Fig. 6.9 shows the induced electric field distribution evaluated with the classical and

new approach in both the exposure scenarios. The maps of the electric field are in good
agreement. The maximum exposure in both postured and non-postured models, in fact, is
located in the torso and the hands due to the position of the coil. As we have explained in
the previous paragraphs, we can say that the new method works as we expected because
it gives the same results as the classical one.
In both scenarios the maximum exposure evaluated on the non-postured model with

the new approach is in the skin, as Fig. 6.10 shows. Comparing this value with the one
obtained on the postured model with the classical approach, the skin maximum value on
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the non-postured model is much higher than the one on the postured model. This is due
to the effect of the rotation angle in the junction between the torso and the arms. In fact,
in order to be able to completely compare the two different methods even in the junctions
where the rotation occurs, it is fundamental knowing precisely the function used by the
software (in this case NICTPoseTool) to posture the model. In this way, the new method
would be able to modify the source term according to the function, making the two
models comparable also in the junction. Unfortunately this information is not accessible
by most of the posturing software. Hence the source term is not only approximated, but
it is discontinuous at the junction where the rotation occurs.
However, Hanako is a human body discretized with voxels with 2 mm resolution. In

chapter 5 we have widely analyzed the stair-casing approximation errors due to voxel-
based meshes and the need of post-processing techniques to filter the numerical results.
According to the literature, the use of the 99th and the 99.9th percentile values ensures to
mitigate stair-casing approximation errors (and other source of numerical artifacts) and,
for this reason, the comparison between the two methods is more interesting and reliable.
By observing Fig. 6.11 (case with the right arm rotated of 120◦ along 𝑥-axis) and

Fig. 6.12 (case with both arms rotated of 90◦ along 𝑥-axis), it is possible to see that the
99th and the 99.9th percentile values evaluated with the two different approaches are
completely comparable in all tissues. In particular, in Fig. 6.11 the 99.9th percentile
is sufficient to mitigate the numerical artifacts previously described. In Fig. 6.12a, the
only induced electric field value computed with the new method that differs from the
one evaluated with the classic approach is still the skin value. Despite the observations
previously made on the discontinuity present in the junctions where the rotation occurs,
in general the skin is a tissue that must be treated with caution in numerical dosimetry
because it can be the source of numerous numerical artifacts. Several studies have been
conducted on this tissue. In [32], for example, it is pointed out that the 2 × 2 × 2 mm3
models does not correctly model the skin: the skin thickness, in fact, is much finer than
the voxel resolution and this can cause numerical artifacts.
However, if the skin tissue that is the source of all the numerical artifacts previously

described is excluded from our analysis, we can conclude that the new approach provides
results more than acceptable and comparable with respect to the classical method.

6.7 Discussion
At the end of our analysis, we can conclude that the new approach to perform a

dosimetry analysis without a postured body model returns reliable results, completely
comparable with those obtained with the classical one. Unlike the classic approach in
which all dosimetric computations are performed with a postured phantom, the new
method is based on the evaluation of human exposure to electromagnetic fields by using
a non-postured domain through a source term transformation.
This becomes very useful whenworkers exposure has to be evaluated in theworkplace.
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Modeling of low-frequency electromagnetic fields exposure in arbitrary posture

While in numerical dosimetry problems related to the public, the posture of the human
body is in most cases fixed (e.g in MRI systems), in a workplace the worker is on the
move and its posture changes many times. This means that, with the classical approach,
it is necessary to posture the human model 𝑛 times in order to have the exact posture to
use in every simulations. Then, to solve a single exposure problem, 𝑛 simulations are
required, each for every different posture. This will become a very cumbersome task.
Using the newmethodology, it is no longer necessary to use postured human phantoms

to solve numerical dosimetry problems. Under certain realistic hypotheses, it is possible
to prove that only the source term is affected by the posture, opening the possibility of
using an approximate evaluation coming directly from measurements.
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6.7 – Discussion

(a) Rotation of the right arm of 120◦ along 𝑥-axis.

(b) Rotation of both arms of 90◦ along 𝑥-axis.

Figure 6.9: Induced electric field distribution evaluated with the classical approach on
the postured model (on the left) and the proposed method on the non-postured model (on
the right).
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Modeling of low-frequency electromagnetic fields exposure in arbitrary posture

(a) Rotation of the right arm of 120◦ along 𝑥-axis.

(b) Rotation of both arms of 90◦ along 𝑥-axis.

Figure 6.10: Comparison of the maximum induced electric field values in each tissue
between the two different methods in both 3D realistic exposure scenarios.
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6.7 – Discussion

(a)

(b)

Figure 6.11: Comparison of the 99.9th percentile (a) and the 99th percentile values (b) of
the induced electric field between the two different methods in each tissue (case: rotation
of the right arm of 120◦ along 𝑥-axis).
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Modeling of low-frequency electromagnetic fields exposure in arbitrary posture

(a)

(b)

Figure 6.12: Comparison of the 99.9th percentile (a) and the 99th percentile values (b) of
the induced electric field between the two different methods in each tissue (case: rotation
of both arms of 90◦ along 𝑥-axis).
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Chapter 7

Conclusions

The present work has addressed some problems related to low-frequency numerical
dosimetry and new solutions have been provided through the use of different approaches.
Low-frequency numerical dosimetry plays a fundamental role to evaluate the influence

of electromagnetic fields on the human body. A correct exposure assessment is essential
to evaluate the actual risks deriving from the interaction of the electromagnetic fields
with the tissues of the human body. During these years, in fact, guidelines and standards
([6], [5], [16]) that establish the limits to be respected to ensure a safe human exposure
have been defined by international organizations.
Performing numerical simulations which gives reliable results is extremely important.

In order to do that it is required an accurate modelling of the electromagnetic field source
and the exact posture of the human body. As we have seen in the previous chapters, these
two requirements are not always available, mostly in many realistic exposure scenarios.
In this thesis alternative methods to be able to perform numerical dosimetry simulations
without these two information have been proposed.
The first problem faced regards the increasingly widespread interest in performing

numerical dosimetry starting from data coming from general purpose software or mea-
surements. In this case the accurate modelling of the electromagnetic field source is
impossible. Two available methods [54], [49] that make dosimetry starting from the
knowledge of the magnetic flux density are compared by using real and virtual measure-
ments, and the results are analyzed in order to highlight when one method should be
preferred over the other. It is found that when the magnetic flux density comes from a
simulation tool, method described in [49] coupled with the divergence free interpolator
provides the most accurate results. Otherwise, when the magnetic flux density is obtained
through real measurements, the use of this method requires more attention because a large
number of measurements points could lead to higher errors. For this reason, in this case,
method described in [54] is the preferred solution because it provides very stable results
in any test condition. Furthermore, as described in [56] where these studies are published,
it is also pointed out that a huge number of measurement points is not necessary to obtain
acceptable results.
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Conclusions

The second topic studied in the present work regards the importance to exactly know
the posture of the human body while a numerical dosimetry simulation is performed.
Two types of problems can arise: 1) the exact posture of the human body is known, but
human models in the required posture are not available or the software used to posture
the human phantom introduces numerical artifacts; 2) the exposure scenario allows to
know the posture of the human body only approximately. In this thesis a new approach
to assess human exposure to electromagnetic fields without the need of exactly knowing
the human body posture is presented and analyzed. It is base on performing numerical
simulations by using a non-postured human model and to modify the source term through
suitable geometric transformations. The test cases studied showed that the new approach
provides results comparable to the ones obtained with the classical method, paving the
way for possible future applications. The fact of using non-postured models is a strength
of the new method because it guarantees that the phantom is anatomically correct.
Further investigation about this topic are expected in the next months. The accuracy

of the new method has to be tested on more complex sources and posture (e.g. two
rotations in the same arm). The main problem consists in discovering the exact map
used by the posturing software to model the postured human models, in order to be able
to reproduce it on the source term. In this way the new and classic approach would be
completely comparable. To overcome this problem, we are thinking of using the methods
which allow to estimate the source term directly from the measurements, by assuming
only a partial knowledge of the real posture of the phantom (or no knowledge at all).
The last important topic studied in this thesis concerns the discretization of anatomical

realistic human models with tetrahedral mesh. As we have seen, human models used
in numerical dosimetry are discretized with voxel-based meshes because they are built
starting from DICOM (Digital Imaging and Communications in Medicine) imagines.
Low-frequency numerical dosimetry simulations performed by using voxelized human
models are subject to stair-casing approximation errors when curved boundaries are
approximate with voxels and the use of filtering techniques is necessary to eliminate
these numerical artifacts. Recently, to better reproduce the curved boundaries of organs
and tissues, tetrahedral meshes started to be used. In this thesis the possibility that
the use of tetrahedral meshes to discretize human models could eliminate stair-casing
approximation errors in numerical dosimetry simulations has been studied. It is found
out that tetrahedral meshes make it possible, but in real exposure scenarios other sources
of numerical artifacts are still present and must be filtered out with suitable techniques.
These numerical artifacts are related to two fundamental factors: the tetrahedral mesh
quality and the tissue contrast effect.
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Appendix A

The Jacobian matrix and rotation
matrix

In this appendix, the Jacobian matrix and the rotation matrix are described and the
relations between them are analyzed [80]. Afterwards, a further study on the Jacobian
matrix used in chapter 6 in the study of the whole realistic human body is carried out.

A.1 The Jacobian matrix
Definition Let f : R𝑛 → R𝑚 be a vector-valued function that associates to x =

(𝑥1, 𝑥2, ..., 𝑥𝑛) ∈ R𝑛 the value f (x) = ( 𝑓1(x), 𝑓2(x), ..., 𝑓𝑚 (x)) ∈ R𝑚. The Jacobian
matrix J of f is the 𝑚 × 𝑛 matrix whose elements are its first-order partial derivatives. It
is defined as

J(x) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜕 𝑓1 (x)
𝜕𝑥1

𝜕 𝑓1 (x)
𝜕𝑥2

· · · 𝜕 𝑓1 (x)
𝜕𝑥𝑛

𝜕 𝑓2 (x)
𝜕𝑥1

𝜕 𝑓2 (x)
𝜕𝑥2

· · · 𝜕 𝑓2 (x)
𝜕𝑥𝑛

...
...

. . .
...

𝜕 𝑓𝑚 (x)
𝜕𝑥1

𝜕 𝑓𝑚 (x)
𝜕𝑥2

· · · 𝜕 𝑓𝑚 (x)
𝜕𝑥𝑛

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
where the 𝑖th row corresponds to the gradient of the 𝑖th component 𝑓𝑖 of function f, with
𝑖 = 1, ..., 𝑚.

In general, the Jacobian matrix can be written as

J(x) = df (x)
dx

=

[︃
𝜕f (x)
𝜕𝑥1

· · · 𝜕f (x)
𝜕𝑥𝑛

]︃
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣
∇ 𝑓1(x)
∇ 𝑓2(x)

...

∇ 𝑓𝑚 (x)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (A.1)
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The Jacobian matrix and rotation matrix

When 𝑚 = 𝑛, f : R𝑛 → R𝑛 is a vector-valued function from R𝑛 to itself. According
to (A.1), the Jacobian matrix becomes a square matrix and its determinant, known as the
Jacobian determinant which is indicated throughout the manuscript as |J| (or simply the
Jacobian), can be computed.

A.1.1 The Jacobian matrix of a linear transformations
Definition A linear transformation (or linear map) is a function t : R𝑛 → R𝑚 that

satisfies the following properties:

1. t(x + y) = t(x) + t(y)

2. t(𝑎x) = 𝑎t(x)

for any vectors x, y ∈ R𝑛 and any scalar 𝑎 ∈ R.

A matrix T, called transformation matrix, is associated with every linear transforma-
tion, and viceversa; there exists, in fact, a one-to-one correspondence between matrices
and linear transformations, based on matrix vector multiplication.
Let x = (𝑥1, 𝑥2, ..., 𝑥𝑛) ∈ R𝑛×1 and y = (𝑦1, 𝑦2, ..., 𝑦𝑛) ∈ R𝑛×1 vectors of real scalar

variables, functionally independent, i.e no element in x is a function of the other elements
in x and similarly no element in y is a function of the other elements in y. Let T = (𝑡𝑖 𝑗 ) ∈
R𝑛×𝑛, with 𝑖 = 1, ..., 𝑛 and 𝑗 = 1, ..., 𝑛, be a linear transformation matrix with |T| ≠ 0
such as

y = Tx. (A.2)

(A.2) can be written as⎡⎢⎢⎢⎢⎢⎢⎢⎣
𝑦1
𝑦2
...

𝑦𝑛

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣
𝑡11 𝑡12 · · · 𝑡1𝑛
𝑡21 𝑡22 · · · 𝑡2𝑛
...

...
. . .

...

𝑡𝑛1 𝑡𝑛2 · · · 𝑡𝑛𝑛

⎤⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎣
𝑥1
𝑥2
...

𝑥𝑛

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=⇒

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
𝑦1 = 𝑡11𝑥1 + 𝑡12𝑥2 + . . . + 𝑡1𝑛𝑥𝑛

𝑦2 = 𝑡21𝑥1 + 𝑡22𝑥2 + . . . + 𝑡2𝑛𝑥𝑛
...

𝑦𝑛 = 𝑡𝑛1𝑥1 + 𝑡𝑛2𝑥2 + . . . + 𝑡𝑛𝑛𝑥𝑛

According to (A.1), the Jacobian matrix associated with (A.2) is

J(x) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜕𝑦1 (x)
𝜕𝑥1

𝜕𝑦1 (x)
𝜕𝑥2

· · · 𝜕𝑦1 (x)
𝜕𝑥𝑛

𝜕𝑦2 (x)
𝜕𝑥1

𝜕𝑦2 (x)
𝜕𝑥2

· · · 𝜕𝑦2 (x)
𝜕𝑥𝑛

...
...

. . .
...

𝜕𝑦𝑛 (x)
𝜕𝑥1

𝜕𝑦𝑛 (x)
𝜕𝑥2

· · · 𝜕𝑦𝑛 (x)
𝜕𝑥𝑛

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣
𝑡11 𝑡12 · · · 𝑡1𝑛
𝑡21 𝑡22 · · · 𝑡2𝑛
...

...
. . .

...

𝑡𝑛1 𝑡𝑛2 · · · 𝑡𝑛𝑛

⎤⎥⎥⎥⎥⎥⎥⎥⎦
= T. (A.3)

Therefore, the transformation matrix T of a linear transformation coincides with the
Jacobian matrix J(x) associated with that transformation.
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A.1 – The Jacobian matrix

A.1.2 Rotation matrix
DefinitionA rotation is an isometric transformation of the Euclidean plane and space

which moves objects in a rigid motion, preserving their distances, and which leaves at
least a fixed point, in the case of the 2D domain, or a fixed straight line, in the case of 3D
domain. Fixed a rotation center or a rotation axis, the rotation is counterclockwise if the
rotation angle is positive and clockwise if it is negative.
Since rotation is a linear transformation, it can be associated with a transformation

matrix, called rotation matrix.

Definition In linear algebra, a rotation matrix R is a matrix that is used to perform a
rotation in Euclidean place and space.

Rotationmatrices are always square, with real entries. Algebraically, a rotationmatrix
is an orthogonal matrix whose determinant is 1:

RT = R−1, |R| = 1

A.1.3 Rotation matrix in two dimensions
Let 𝑥𝑂𝑦 be the Cartesian plane and let 𝑃(𝑥, 𝑦) and 𝑃′(𝑥′, 𝑦′) be two points of 𝑥𝑂𝑦. Let

us suppose to move the point 𝑃 to the point 𝑃′ through a counterclockwise rotation with
angle 𝛼 about the origin 𝑂. The new coordinates (𝑥′, 𝑦′) can be computed as following{︄

𝑥′ = 𝑥 cos𝛼 − 𝑦 sin𝛼
𝑦′ = 𝑥 sin𝛼 + 𝑦 cos𝛼

(A.4)

which, written in matrix terms, becomes[︃
𝑥′

𝑦′

]︃
=

[︃
cos𝛼 − sin𝛼
sin𝛼 cos𝛼

]︃ [︃
𝑥

𝑦

]︃
=⇒ P′ = R(𝛼)P

where R(𝛼) is the 2 × 2 rotation matrix associated with the rotation about the origin 𝑂.
According to (A.3), R(𝛼) coincides with the Jacobian matrix of the transformation.
Let now 𝑃(𝑥, 𝑦), 𝑃′(𝑥′, 𝑦′) and 𝐶 (𝑥𝐶 , 𝑦𝐶) be three points of 𝑥𝑂𝑦. Let us suppose to

move the point 𝑃 to the point 𝑃′ through a counterclockwise rotation of 𝛼 amplitude about
the point 𝐶 (𝑥𝐶 , 𝑦𝐶), other than the origin of the reference system. Looking at Fig. A.1
and keeping in mind that in any transformation the apex refers to the transformed point,
to rotate about any point we need to:

1. translate the origin of the reference system in 𝐶 through a vector v = (𝑥𝐶 , 𝑦𝐶)
by using the translation transformation, and evaluate 𝑃 coordinates in the new
reference system {︄

𝑥′ = 𝑥 + 𝑥𝐶

𝑦′ = 𝑦 + 𝑦𝐶
−→

{︄
𝑥 = 𝑥′ − 𝑥𝐶

𝑦 = 𝑦′ − 𝑦𝐶
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The Jacobian matrix and rotation matrix

2. apply the rotation of 𝛼 amplitude about the point 𝐶 (origin of the reference system
𝑥′𝐶𝑦′). The rotation transformation is{︄

𝑥′ = (𝑥 − 𝑥𝐶) cos𝛼 − (𝑦 − 𝑦𝐶) sin𝛼
𝑦′ = (𝑥 − 𝑥𝐶) sin𝛼 + (𝑦 − 𝑦𝐶) cos𝛼

3. undo the translation by translating the origin back to 𝑂 through{︄
𝑥′ = (𝑥 − 𝑥𝐶) cos𝛼 − (𝑦 − 𝑦𝐶) sin𝛼 + 𝑥𝐶

𝑦′ = (𝑥 − 𝑥𝐶) sin𝛼 + (𝑦 − 𝑦𝐶) cos𝛼 + 𝑦𝐶

and, by solving the computations, it becomes{︄
𝑥′ = 𝑥 cos𝛼 − 𝑦 sin𝛼 + 𝑥𝐶 − 𝑥𝐶 cos𝛼 + 𝑦𝐶 sin𝛼
𝑦′ = 𝑥 sin𝛼 + 𝑦 cos𝛼 + 𝑦𝐶 − 𝑥𝐶 sin𝛼 − 𝑦𝐶 cos𝛼

(A.5)

which are the equations of the rotation of 𝛼 amplitude about any point 𝐶 (𝑥𝐶 , 𝑦𝐶) other
than the origin of 𝑥𝑂𝑦.

𝑥

𝑦

𝑂

𝐶
𝑥′

𝑦′

𝑃(𝑥, 𝑦)

𝑃′(𝑥′, 𝑦′)

𝑥𝐶

𝑦𝐶

𝛼

Figure A.1: Counterclockwise rotation of 𝛼 amplitude about the point 𝐶 (𝑥𝐶 , 𝑦𝐶), other
than the origin of the reference system.

In matrix terms, (A.5) becomes[︃
𝑥′

𝑦′

]︃
=

[︃
cos𝛼 − sin𝛼
sin𝛼 cos𝛼

]︃ [︃
𝑥

𝑦

]︃
+
[︃
𝑥𝐶 − 𝑥𝐶 cos𝛼 + 𝑦𝐶 sin𝛼
𝑦𝐶 − 𝑥𝐶 sin𝛼 − 𝑦𝐶 cos𝛼

]︃
=⇒ P′ = R(𝛼)P + t (A.6)

where t is the 2 × 1 column vector referred to translation. According to (A.3) and
considering (A.5), R(𝛼) coincides with the Jacobian matrix of the transformation.
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A.1 – The Jacobian matrix

In general, the matrix transformation T associated with a rotation of 𝛼 amplitude
about a point 𝐶 (𝑥𝐶 , 𝑦𝐶) other than the origin of the reference system is a 3 × 3 matrix
and it can be written as

T =

⎡⎢⎢⎢⎢⎣
cos𝛼 − sin𝛼 𝑥𝐶 − 𝑥𝐶 cos𝛼 + 𝑦𝐶 sin𝛼
sin𝛼 cos𝛼 𝑦𝐶 − 𝑥𝐶 sin𝛼 − 𝑦𝐶 cos𝛼
0 0 1

⎤⎥⎥⎥⎥⎦ =
[︃
R(𝛼) t

0 1

]︃
where R(𝛼) is the 2 × 2 rotation matrix associated with the rotation about the origin 𝑂, t
is the 2 × 1 column vector referred to translation, 0 is the 1 × 2 zero matrix and 1 is the
1 × 1 identity matrix. By performing computations with T, (A.6) becomes⎡⎢⎢⎢⎢⎣

𝑥′

𝑦′

1

⎤⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎣
cos𝛼 − sin𝛼 𝑥𝐶 − 𝑥𝐶 cos𝛼 + 𝑦𝐶 sin𝛼
sin𝛼 cos𝛼 𝑦𝐶 − 𝑥𝐶 sin𝛼 − 𝑦𝐶 cos𝛼
0 0 1

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
𝑥

𝑦

1

⎤⎥⎥⎥⎥⎦
A.1.4 Rotation matrix in three dimensions
The following three 3 × 3 rotation matrices of 𝛼 amplitude rotate vectors about the

𝑥-, 𝑦- or 𝑧-axis in the three dimensional space by centering the rotation in the origin of
the reference system:

R𝑥 (𝛼) =
⎡⎢⎢⎢⎢⎣
1 0 0
0 cos𝛼 − sin𝛼
0 sin𝛼 cos𝛼

⎤⎥⎥⎥⎥⎦
R𝑦 (𝛼) =

⎡⎢⎢⎢⎢⎣
cos𝛼 0 sin𝛼
0 1 0

− sin𝛼 0 cos𝛼

⎤⎥⎥⎥⎥⎦
R𝑧 (𝛼) =

⎡⎢⎢⎢⎢⎣
cos𝛼 − sin𝛼 0
sin𝛼 cos𝛼 0
0 0 1

⎤⎥⎥⎥⎥⎦
It is worth noting that when, for example, a vector is rotated about the 𝑥-axis, its

𝑥 coordinates remain fixed, while the others change. Similarly, this happens for the
rotations about the 𝑦- and 𝑧-axis. According to (A.3), the rotation matrices coincide with
the Jacobian matrix of the transformation.
As previously done in the two-dimensional case, they can be generalized using the

transformation matrix T associated with any rotation of 𝛼 amplitude about the 𝑥-, 𝑦-
or 𝑧-axis by centering the rotation in any point 𝐶 (𝑥𝐶 , 𝑦𝐶) other than the origin of the
reference system. We obtain

T𝑥 =

⎡⎢⎢⎢⎢⎢⎢⎣
1 0 0 0
0 cos𝛼 − sin𝛼 𝑦𝐶 − 𝑦𝐶 cos𝛼 + 𝑧𝐶 sin𝛼
0 sin𝛼 cos𝛼 𝑧𝐶 − 𝑦𝐶 sin𝛼 − 𝑧𝐶 cos𝛼
0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦ =
[︃
R𝑥 (𝛼) t𝑥

0 1

]︃
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The Jacobian matrix and rotation matrix

T𝑦 =

⎡⎢⎢⎢⎢⎢⎢⎣
cos𝛼 0 sin𝛼 𝑥𝐶 − 𝑥𝐶 cos𝛼 − 𝑧𝐶 sin𝛼
0 1 0 0

− sin𝛼 0 cos𝛼 𝑧𝐶 + 𝑥𝐶 sin𝛼 − 𝑧𝐶 cos𝛼
0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦ =
[︃
R𝑦 (𝛼) t𝑦

0 1

]︃

T𝑧 =

⎡⎢⎢⎢⎢⎢⎢⎣
cos𝛼 − sin𝛼 0 𝑥𝐶 − 𝑥𝐶 cos𝛼 + 𝑦𝐶 sin𝛼
sin𝛼 cos𝛼 0 𝑦𝐶 − 𝑥𝐶 sin𝛼 − 𝑦𝐶 cos𝛼
0 0 1 0
0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦ =
[︃
R𝑧 (𝛼) t𝑧

0 1

]︃
By generalizing, the transformation matrix can be written as follow

T =

[︃
R(𝛼) t

0 1

]︃
where R(𝛼) is the 3× 3 rotation matrix of 𝛼 amplitude about the 𝑥-, 𝑦- or 𝑧-axis centered
in the origin of the reference system, t is the 3 × 1 column vector referred to translation,
0 is the 1 × 3 zero matrix and 1 is the 1 × 1 identity matrix.
Also in this case, according to (A.3), the rotation matrices R(𝛼) coincide with the

Jacobian matrix of the transformation T.
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Appendix B

Coordinate transformation

Transformation methods are a very powerful tool in electromagnetism since an ade-
quate mapping is able to transform the problem into an easier one [76].
In chapter 6 the concept of coordinate transformation has been introduced to describe

a new approach which allows to make numerical dosimetry directly on a non-postured
human model by eliminating the posturing step. Starting from the algebraic formulation
of the SPFD method described in chapter 3, in which the human body has to be postured
in the exact position in order to obtain realistic results, a new formulation is found out
by applying appropriate changes of coordinates to the tissue conductivity matrixM𝜎 and
the source term as. In this new formulation the scalar electric potential 𝜑 is evaluated by
using the non-postured human body.
In this appendix the idea that has lead to obtain the new quantities M𝜎p and a𝑝 is

summarized.

B.1 General idea
Let some coordinate transformation x → x′, which lead quantities defined on the

domain Ω to equivalent quantities defined on the domain Ω′, be considered. Hereafter,
the superscript ′ indicates quantities obtained through the applied transformation. Let J
be the Jacobian matrix associated to the transformation and let 𝐽𝑖 𝑗 be the element of the
Jacobian matrix defined as

𝐽𝑖 𝑗 =
𝜕𝑥′

𝑖

𝜕𝑥 𝑗
. (B.1)

According to equations analyzed in chapter 3, it is possible to show that ∇ · (𝜎E) = 0
can be transformed into the equivalent form ∇′ · (𝜎′E′) = 0 by replacing ∇ with ∇′, if the
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Coordinate transformation

following transformations are made [77]

E′ = J−𝑇E, (B.2)

𝜎′ =
J𝜎J𝑇

|J| . (B.3)

From (B.2) and (B.3), the quantities E and 𝜎 can be derived

E = J𝑇E′, (B.4)
𝜎 = J−1𝜎′J−𝑇 · |J| . (B.5)

Let’s now define 𝜕𝑎 = 𝜕/𝜕𝑥𝑎. Under the coordinate change x → x′, according to
(B.1), we have 𝜕𝑎 = 𝐽𝑏𝑎𝜕

′
𝑏
. Finally let 𝐸𝑎 = 𝐽𝑏𝑎𝐸

′
𝑏
thanks to (B.4) . Keeping all of this

in mind, ∇ · (𝜎E) = 0 becomes

0 = 𝜕𝑎𝜎𝑎𝑏𝐸𝑏 = 𝐽𝑖𝑎𝜕
′
𝑖𝜎𝑎𝑏𝐽 𝑗 𝑏𝐸

′
𝑗

= 𝐽𝑖𝑎𝜕
′
𝑖 · |J| · 𝐽−1𝑎𝑘𝜎

′
𝑘 𝑗 𝐽

−1
𝑗 𝑏 𝐽 𝑗 𝑏𝐸

′
𝑗

= 𝐽𝑖𝑎𝜕
′
𝑖 · |J| · 𝐽−1𝑎𝑘𝜎

′
𝑘 𝑗𝐸

′
𝑗

= |J| · 𝜕′𝑖𝜎′
𝑖 𝑗𝐸

′
𝑗 + (𝜕𝑎𝐽−1𝑎𝑘 · |J|)𝜎′

𝑘 𝑗𝐸
′
𝑗

= 𝜕′𝑖𝜎
′
𝑖 𝑗𝐸

′
𝑗 ,

which gives ∇′ · (𝜎′E′) = 0. The quantity 𝜕𝑎𝐽−1𝑎𝑘 · |J| = 0 according to [77].

B.2 Coordinate transformation applied to the algebraic
formulation of SPFD method

Considering the coordinate transformation x → x′ above described, in the case of a
low-frequency numerical dosimetry problem the domain Ω represents the non-postured
human body, while the domain Ω′ represents the postured human body.
Since the new formulation is defined by using a non-postured human body, from (B.5)

it is easy to derive the quantity

Mloc
𝜎p = J−1𝑝 Mloc

𝜎 J−T𝑝 ·
|︁|︁J𝑝

|︁|︁
analyzed in chapter 6.
Having shown that ∇ · (𝜎E) = 0 can be transformed into the equivalent form ∇′ ·

(𝜎′E′) = 0 by applying (B.4) and (B.5) and remembering that E andA are related to each
other by (3.7), shown below

E = −∇𝜑 − 𝜕A
𝜕𝑡

,

it is straightforward to deduce that if E = J𝑇E′, then A = J𝑇A′, which coincides with the
transformation used in chapter 6 to find the new quantities a𝑝 in the algebraic form.
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