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NEW REGULARITY RESULTS FOR SCALAR CONSERVATION LAWS, AND
APPLICATIONS TO A SOURCE-DESTINATION MODEL FOR TRAFFIC FLOWS
ON NETWORKS

SIMONE DOVETTA, ELIO MARCONI, AND LAURA V. SPINOLO

We focus on entropy admissible solutions of scalar conservation laws in one space dimension and establish
new regularity results with respect to time. First, we assume that the flux function f is strictly convex and
show that, for every = € R, the total variation of the composite function f o u(-,z) is controlled by the total
variation of the initial datum. Next, we assume that f is monotone and, under no convexity assumption,
we show that, for every x, the total variation of the left and right trace u(~,:ri) is controlled by the total
variation of the initial datum. We also exhibit a counter-example showing that in the first result the total
variation bound does not extend to the function wu, or equivalently that in the second result we cannot drop
the monotonicity assumption. We then discuss applications to a source-destination model for traffic flows on
road networks. We introduce a new approach, based on the analysis of transport equations with irregular
coefficients, and, under the assumption that the network only contains so-called T-junctions, we establish
existence and uniqueness results for merely bounded data in the class of solutions where the traffic is not
congested. Our assumptions on the network and the traffic congestion are basically necessary to obtain well-
posedness in view of a counter-example due to Bressan and Yu. We also establish stability and propagation
of BV regularity, and this is again interesting in view of recent counter-examples.

KEYWORDS: scalar conservation laws, regularity results, LWR model on networks, traffic models, source-
destination model, multi-path approach

MSC (2010): 35L65

1. INTRODUCTION AND MAIN RESULTS

We organize the introduction in two main parts: in the first one we discuss the regularity results,
in the second one the applications to a traffic model. We conclude the introduction by providing the
paper outline and recalling the main notation used in the paper.

1.1. Time regularity results for scalar conservation laws. We consider a scalar conservation
law in one space dimension

(1.1) Opu + 0 [f (u)] = 0,

where f € C%(R), and for the time being we focus on the Cauchy problem obtained by coupling (1.1)
with the initial datum

(1.2) u(0, ) = ug.

The milestone paper by Kruzkov [33] establishes existence and uniqueness results for so-called entropy
admissible solutions of the Cauchy problem ,. It also establishes propagation of bounded
total variation (BV') regularity: if uy € BV(R), then the entropy admissible solution w satisfies
u € L*®(Ry; BV(R)) and by using the equation this yields v € BV (]0,T[xR) for every T > 0.
Since the pioneering work of Oleinik [37], the investigation of the regularity properties of entropy
admissible solutions has received considerable attention: here we only refer for an overview to the
book by Dafermos [23], to the recent contributions [4, 10} 1T}, 21, [32) 36] and to the references therein.

Our first regularity result establishes a uniform control on the total variation in time of the flux
function w := f o u evaluated at any fixed € R. Despite the fact that the set {(t,y) : y = 2} C R?
is negligible, the function w(-,z) is well defined owing to [23, Lemma 1.3.3], see also Lemma and
Remark [2.2) in the following.
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2 S. DOVETTA, E. MARCONI, AND L. V. SPINOLO

Theorem 1.1. Fiz f € C%(R) with f” <0 or f > 0 and assume ug € BV (R). Let u be the entropy
admissible solution of the Cauchy problem (1.1), (1.2) and set w := f owu, then

(1.3) TotVar w(-,z) < C(TotVarug, || f'||z=) for every z € R.
In the previous expression, we have set wo := foug and || f'|| Lo := MaXyeess infug,ess supuo] |f (W)]-

Note that, in (1.3)), C(TotVar ug, ||f'||) denotes a constant only depending on TotVaruy and on
the Lipschitz constant || f’||z~ and in particular one can take

5
C(TotVarup, | lz) = 5 11" =TotVar ug

in formula . Note furthermore that, in general, we cannot control the left hand side of with
TotVar wg, see Remark for a counterexample and some further considerations. Note furthermore
that in §4.3) we exhibit a counter-example showing that, under the same assumptions as in Theorem [1.1]
the total variation of u(-, ), or more precisely of the left and right traces u(-,z%), can blow up in finite
time. However, the next result shows that one can establish a uniform control on the total variation
of the entropy admissible solution provided the function f is monotone.

Proposition 1.2. Fiz f € C%(R) and ug € BV (R). Assume moreover that f' > 0 or f' <0 on the
interval [ess inf ug, ess sup ug|. Then the entropy solution of the Cauchy problem (1.1)),(1.2) satisfies

(1.4) TotVaru(-, z%) < TotVarug, for every x € R.
In the above expression, u(-,x™) denote the right and left trace of u at y = x.

Note that, since u € BV (]0, T[xR) for every T' > 0, then the traces u(-,z¥) are well defined owing to
the general theory of BV functions, see [5]. Note furthermore that in the statement of Proposition
we do not impose any concavity or convexity assumption on f. Also, the counterexample in shows
that the monotonicity assumption in the statement of Proposition [1.2| cannot be dropped, even in the
case of a convex flux. Finally, we would like to quote [7, Lemma 4.6], which can be regarded as a
discrete version of Proposition Note that there are several possible extensions of Theorem
and Proposition to initial-boundary value problems and in the following we will see one of them in

Corollary

1.2. Applications to a multi-path model for traffic flows on road networks. The use of
conservation laws in the macroscopic modeling of vehicular and pedestrian traffic started with the
works by Lighthill, Whitham and Richards [35, 40] and has since then flourished: we refer to [9} 13| 26]
for an extended overview. In particular, since the paper by Holden and Risebro [31], several works
have been devoted to the study of conservation laws model on road networks. In this framework, one
of the main challenges is describing the behavior of the drivers at road junctions, see for instance the
analysis and the discussion in [14} [18] [26] B1].

In the present work we focus on the multi-path approach to a source-destination model for traffic
flows on road networks. We refer to [15, 26] 28] for an extended discussion on source-destination
models, but in a nutshell the very basic feature of these models is that drivers are divided in several
populations depending on the path they follow on the road network. On each road, the total car
density is governed by a scalar conservation law as in the classical Lighthill, Whitham and Richards
(LWR) model, whereas the rate of cars following a given path satisfies a transport equation where
the coefficient depends on the solution of the conservation law. In [I5] 28] the model was approached
by relying on wave front-tracking techniques and hence one of the main points in the analyis was the
solution of the so-called Riemann problems at roads junctions, in the same spirit as in [I8, 29]. In
particular, in [28] Garavello and Piccoli establish existence of a suitable notion of solution provided the
data are a small BV perturbation of an equilibrium and under further technical assumptions. In [15]
Bressan and Yu, among other things, exhibit some counterexamples that we comment upon later.

In the present work we focus on the same multi-path approach to the source-destination model as
in [16 B0]. In this approach, one focuses on paths (each of them followed by a population of drivers)
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rather than on roads. Junctions apparently disappear or, more correctly, are hidden in the fact that
the equation governing the evolution of the total car density is discontinuous at each junction. In [16]
Briani and Cristiani regard the multi-path model as a system of conservation laws with discontinuous
fluxes and discuss the theoretical properties of a related Godunov-type numerical scheme. In the
present work we approach the multi-path model by relying on the theory of transport equations with
low regularity coefficients. This allows us to provide a simple and neat formulation of the problem
and in particular of the boundary conditions in a very weak L framework. By relying on results
obtained in the companion paper [25], we establish existence and uniqueness results for L> data under
the assumptions that the network only contains T-junctions, that is junctions with only one incoming
road, and that the traffic is not congested. These assumptions are obviously restrictive, but basically
necessary to obtain well-posedness in view of a counterexample due to Bressan and Yu [I5]. More
precisely, [15, Example 3] involves a simple network consisting of two incoming and two outgoing roads
where the source-destination model has two distinct solutions, one where the traffic is congested and
one where it is not. This shows that uniqueness can be violated if we do not require the condition that
the traffic is not congested. In the present work, we focus on a network only containing T-junctions
because in this way we obtain that, at every junction, the incoming car flux can be always absorbed
by the outgoing roads. This implies that, if the traffic is not congested at t = 0, then it remains not
congested and no backward propagating queue is created. See also [27] for another recent work where
the authors restrict to T-junctions. We remark in passing that we are very confident that our analysis
could be extended to other cases where the condition that the traffic is not congested is propagated and
no backward propagating queue is created (one could think, for instance, to cases where incoming and
outgoing roads have different maximal densities.) In the present work we also establish propagation of
BV regularity and stability, and these results are again interesting in view of counterexamples in [15]
that we discuss in the following.

We now provide the detailed description of the multi-path approach. To simplify the exposition,
we directly focus on the case of a network only containing T-junctions like the one in Figure [1| but
this introductory part and Definition [1.3| extend to more general networks. Our network consists of
a collection of h roads I1,...,Iy, each of them parameterized by a bounded interva]ﬂ and running
from a junction point (or from the source) to another (or to a destination). We also work with the m
paths Py, ..., Py each of them is a collection of consecutive roads starting from the source and ending
in a destination. Very loosely speaking, the basic idea underpinning the model is that on each road
the total car density is modelled by the entropy admissible solution of a conservation law as in the
classical LWR model. The percentage of cars following a given path is instead described by a transport
equation where the coefficient on each road composing the path depends on the total car density on
that specific road. The coefficients are therefore fairly irregular (the best regularity one can hope for is
BV regularity) and, in particular, the classical method of characteristics does not apply and one has
to rely on more advanced techniques to establish well-posedness and other properties.

To discuss the technical details, we fix a time interval [0,7] and for every ¢ = 1,...,h, we denote
by p; the total car density on the road I; and as in the classical LWR model we assume that p; is an
entropy admissible solution of the conservation law

(1.5) Opi + Ox[v(pi)pi) =0  on |0, T[x1;.
In the previous expression, the velocity function v satisfies
(1.6) v e C*R), v(pP™)=0, wv>0on [0,pm>].

Here the constant p™®* > 0 denotes the maximum possible car density, corresponding to bumper-to-
bumper packing. The flux function satisfies

(1.7) g9(2) :==v(2)z, ¢ >00n]0,p*[, ¢ <0on]p*,p™,

1our analysis straightforwardly extends to the case where the roads can have infinite length.
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.

FiGure 1. Example of a road network involving T-junctions only. The network has 15
roads, 1 source, 10 destinations and 10 paths (two of them highlighted in different
colors).

where the density p* < p™® denotes the transition between free and congested traffic. We remark

in passing that we are not making the assumption that g is concave. We denote by 61,...,0,, the
traffic-type functions, that is for every k = 1,...,m the function 6y represents the fraction of cars
following the path Py. It is governed by the equation

(1.8) O¢[riOk] + Ozv(ri)rifx] =0  on |0, T[X P,

where

(1.9) T = pi, a.e. on |0, T[xI; for every i such that I; C P,

that is 7 is obtained by patching together the p;-s. Note that by combining (1.5)), (1.8)) and (1.9) we
formally obtain

(1.10) Ot0x + (1) 0.0 = 0,

that is a transport equation. Note, however, that, in view of the general theory of conservation laws [23],
the best regularity one can hope for is r, € BV (]0, T[x Py) and in this framework the product v(ry)0,0
is highly ill defined since in general 9,0 is only a distribution. For everyi=1,...,hand k=1,...,m,
we fix pio € L*°(1;) and 6y € L (P) and we augment and with the initial conditions

(111) pl(O, ) = P40, 0 < Pi0 < pmax a.e. on Il
and
(1.12) 01(0,-) = 0o a.e. on P.

Since we are focusing on a network only containing T-junctions, all the paths have the same origin a
and start with the same road I;. We fix p € L*°(]0,T[) and impose

(1.13) p1(a)=p, 0<p<p™™* ae. on]0,T7.

The above datum is attained in the sense of Bardos, LeRoux and Nédélec [§], see the discussion in
For every k =1,...,m, we fix ; € L>(R) and we impose the boundary condition

(1.14) 0 (-, a) = Oy.

The above datum is attained in the sense of the distributional traces as in [20], see Definition To
conclude, we recall that 6y represents the fraction of cars following the path Py and hence the physical
range is
(1.15) 0<6Oy<lae onP, Vk=1,...,m, Z 0o =1ae onl;, Vi=1,...,h
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and
m

(1.16) 0<6<1,ae onl0,T[, Vk=1,...,m, 0r = 1 a.e. on |0, T].

k=1
We now provide the definition of distributional solution of the multi-path model: we first give the
technical definition and then informally discuss some heuristics.

Definition 1.3. For every i = 1,...,h, k = 1,...,m, fix the data py € L>®(I;),0p0 € L (Py),
p, 0, € L>=(]0,T]) and assume that 0o and 0y, satisfy and (L.16)), respectively. A distributional
solution of the multi-path model is a family of functions p; € L*°(]0,T[xI;), 0 € L>®(]0,T[xPy),
1=1,....,hand k=1,...,m, such that

i) for every i = 1,... h, p; is an entropy admissible solution of (1.5)), (1.11). Also, p1 is an

entropy admissible solution of (1.5)), , (1.13), in the sense of [§];
ii) Equation (1.9) holds true (that is ry is obtained by patching together the p;-s);

iii) Oy is a distributional solution of the initial-boundary value problem (1.8)), (1.12)), (1.14), in the
sense of Definition[5.1. Also, it satisfies

(1.17) foreveryk=1,...,m, 0<p;0 < p;
and
(1.18) for everyi=1,...,h, p; Z Or = pi
k[lng

a.e. on ]0,T[x1;.

Some remarks are here in order. First, in we recall the definition of entropy admissible solution

of (1.5)), (1.11]) and of (1.5)), (1.11)) (1.13)). Second, the heuristic meaning of (1.17)) and ([1.18)) is
m

0<0, <1 a.e. onRy x Py, Z 0, =1 ae. onRy x I,
kjllng

but owing to 0 is not uniquely defined on the set where r; vanishes and this is why (|1.17
and are the correct formulation. Third, providing the formal definition of (L.8), (1.12)), (L.14
requires some preliminary considerations (see §2.5)) since the functions ; have in general fairly low
regularity (they are just L> functions) and hence their values at = a, i.e. their values on a negligible
set, is a priori not well-defined. However, the heuristic idea is that 6 is a solution of the transport
equation (|1.10) satisfying the initial and boundary condition and . To conclude, we point
out that a key property of the source-destination model is the fact that requiring that or, more
correctly, is satisfied on the whole path amounts to impose flux conservation at junctions, see
Lemma 5.2

We can now state our well-posedness result. We explicitly point out that it is an existence and
uniqueness result, whereas several other results concerning traffic models on road networks only estab-

lish existence, see for instance [18, 27 28§].

Theorem 1.4. Fiz T > 0 and assume that v and g satisfy and , respectively. For every
i=1,....h, k =1,...,m, fix the initial data pix € L*(I;),0k0 € L°(Py) and the boundary data
p, 0, € L>®(]0,T|). Assume that 09 and 0y, satisfy and (L.16), respectively, and that 0 < p < p*,
0 < pio < p*. Then there is a distributional solution of the multi-path model such that 0 < p; < p*,
for every i =1,... h. Also, the solution is unique in the following sense: if p1,...,pn,01,...,0m and
p<1>, e ,pﬁ,@?, .. .,an are two solutions such that 0 < pz-,,oi> < p* for everyi=1,... h, then

pi = p?, a.e. on |0, T[xI;, for everyi=1,...,h
and

(1.19) piby = pﬂg, a.e. on |0, T[xI; for everyi:I; C Py and every k =1,...,m.
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Some remarks are again in order. First, the uniqueness result given by Theorem [1.4]is the best one
can hope for since, as pointed out before, Equation does not provide any information on 65 on
the set where r;, vanishes. Second, as mentioned before, Lemma states that distributional solutions
of the multi-path model satisfy flux conservation at junctions. However, it is well-known that the flux
conservation does not suffice to select a unique solution, see the discussion in [26]. The requirement
that 0 < p; < p*, i.e. that the traffic is not congested, can be therefore viewed as an admissibility
criterion, which is reasonable in our framework: since the network only contains T-junctions, if the
traffic is not congested at the initial time and at the source, one expects that it never gets congested.
The next result establishes propagation of BV regularity.

Theorem 1.5. Under the same assumptions as in the statement of Theorem assume furthermore
that, for everyi =1,...,h and k =1,...,m, pjo € BV (1;),0k0 € BV (Fy), p,0r € BV(]0,T]). Also,
assume that, for some constant € > 0,

e < pio,p< p*—e, € <0, 0, <1, foreveryi=1,...,handk=1,...,m.

Then the distributional solution p1,...,pn,01,...,0, of the source destination model satisfies p; €
BV(]0,T[x1I;) and 0, € BV (]0,T[xPy), for everyi=1,...,h andk=1,...,m.

Note that, under the assumptions of Theorem[1.5] 7 is bounded away from 0 and hence the function
0 is uniquely determined in view of the uniqueness result given in Theorem Also, by carefully
tracking the proof one could establish, if needed, an explicit bound on the total variation of p; and 6y,
i1=1,...,h, k=1,...,m, in terms of the total variation of the data and . In particular, on the road
I{ one has

(1.20)
TotVar p1(t,-) < TotVar pig + TotVar p + |pio(a™) — p(07)|, for a.e. t >0

TotVar Ox(t,-)|;, < TotVar Oxo|;, + TotVar 0 + [6ko(a™) — 0x(07)|, forae t>0and k=1,...,m.

In the previous expression, fxo(a®) and 0;(0) denote the right limits of the functions 6y and 0, at
x = a and t = 0, respectively. They exist because the functions have bounded total variation. The
explicit estimates on the total variation on the roads Io, ..., I have a fairly involved expression which
we do not report here. We stress however that, contrary to , these estimate depend on the
parameter ¢ and their right hand side blows up when ¢ — 07.

Finally, it is interesting to compare Theorem with a counterexample in [15]. More precisely, [15]
Example 4] show that, on a general network and for initial densities that attain the value 0, one can
have finite time blow up of the total variation even if the data have arbitrarily small total variation. To
conclude, we establish the L!-stability of the distributional solutions of the source-destination model
with respect to perturbations in the data.

Corollary 1.6. Fiz T > 0 and assume that v and g satisfy and , respectively. For every
i=1,...,h, k=1,...,m, fir some sequences of initial data {pl}nen C L>¥(1;), {0} tnen € L=(Fy)
and of boundary data {p"}nen, {00} nen C L°(]0,T]) in such a way that, for every n, 0 < plk < p*,
0<p" <p* and and are satisfied. Also, assume that

(1.21)  piy — pio in LN(IL), 6%y — ko in LY (P), p" — pin LY(]0,T[), 62 — ) in L*(]0,T))

foreveryi=1,...,h, k=1,...,m, asn — +oo. Let {pf, Hg}n_eN denotes a sequence of distributional
solutions of the source-destination model with data pj, 07, p", 07, i =1,...,h, k=1,...,m. Then
(1.22)

Pt — piin LY()0, T[x L), 0% — rp, in LY()0, T[xPy), for everyi=1,...,h and k =1,...,m.

In the previous expression, pi, ..., pn,01,- .., 0n is the distributional solution of the source-destination
model with data pio,Oko,p, 0k, 1 =1,...,h, k =1,...,m and r}}, ry are obtained by patching together
the p'-s and the p;-s, respectively, see ((1.9)).
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Again, it is interesting to compare Corollary with a counterexample by Bressan and Yu. More
precisely, Example 5 in [15] is concerned with a simple network consisting of a single T-junction with an
incoming road and two outgoing roads and exhibits instability with respect to the weak* convergence.
Note however that a key point in the construction of [I5, Example 5] is that the flux function in the
incoming and outgoing roads is not the same, whereas here we are assuming that it is the same on every
road. The source of instability in [I5, Example 5] is the highly oscillatory behaviour of the functions
0r at t = 0, which in the statement of Corollary is ruled out by strong convergence.

Outline. The exposition is organized as follows. In we overview some previous results that we
need in the following. In §3| we provide the proof of Theorem In §4] we establish the proof of
Proposition [I.2] and of Corollary and we discuss the example of total variation blow-up. In §5| we
complete the distributional formulation of the source-destination model and we establish the proof of
Theorem In §6 we give the proof of Theorem [1.5| and Corollary

Notation. For the reader’s convenience, we collect here the main notation used in the present paper.
We denote by C(ay,...,ar) a constant only depending on the quantities ay,...,a,. Its precise value
can vary from occurrence to occurrence.

General mathematical symbols.

e a.e., for a.e.: almost everywhere, for almost every. Unless otherwise specified, it means with
respect to the standard Lebesgue measure;

e BV the space of bounded variation functions;

e TotVar u: the total variation of the function w;

e u(-,z%): the left and right trace of the function u € BV (]0, T[xR) at y = z, which are well
defined owing to the general theory of BV functions, see [5];

® Uy, ug, also denoted by u(-, "), u(-, 57): the strong traces given by Theorem

o Tr[brd](-,at), Tr[bro](-, 37): the distributional traces given by Lemma [2.11}

e u(a™),u(B7) : the right limit of the function u € BV (Ja, B]) at x = « and the left limit at

T =f.

Symbols introduced in the present paper.

Iy,...,I;: the roads in the source-destination network;

Py, ..., P;: the paths in the source-destination network;

pi: the total car density on the road I;;

v: the velocity function in ;

P the maximum possibile car density on I;, see ;

9(p) == pv(p), see (L.7);

p*: the threshold between free and congested traffic, see ;
0y the traffic-type function in ;

ri: the function obtained by patching together the p;-s, see ;
pio; Oro: the initial data in (T.11]) and (T.12);

i, O: the boundary data in (1.13) and (1.14).

d: the generic junction point. To simplify the notation, different junction points are denoted
by the same letter d.

2. OVERVIEW OF PREVIOUS RESULTS

In this section we collect some previous results that we need in the following.

2.1. A regularity result for zero-divergence vector fields. We quote a very special case of
Lemma 1.3.3 in [23].
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Lemma 2.1. Fiz two (finite or infinite) intervals |0, T, |a,b|C R. Assume that u,z € L*>(]0,T[x]a, b[)
satisfy Opu + Ozz = 0 in the sense of distributions on 0,T[x]a,b[. Then u has a representative such
that the map 10,T[— L*(]a,b]), t — u(t,-) is continuous with respect to the weak™ topology. Also, z
has a representative such that the map |a,b[— L*>(]0,T]), v — z(-,x) is continuous with respect to the
weak® topology.

Remark 2.2. In the following, we always use the continuous representative of the maps t — u(t,-) and
x> z(,x). In this way, the values u(t,-) and z(-, ) are well defined for every t and z, respectively.

2.2. Continuity of traces. By combining [5 Theorem 3.88] with the observation that translations
are continuous with respect to the strict convergence in BV we get the following result.

Lemma 2.3. Fiz T > 0, assume that w € L*°NBV(]0,T[xR) and firx a sequence {zp}neny C R, z,, < T
such that x, T Z € R as n — +oo. Then u(-,zt) converges in L'(]0,T|) to u(-,2~). If z, > T and

’rn

Ty | T, then u(-, x;t) converges in L'(]0,T[) to u(-,z7).

rrn

2.3. Entropy admissible solutions of initial-boundary value problems for scalar conserva-
tion laws. We now discuss the definition of entropy admissible solution of the initial-boundary value
problem obtained augmenting the conservation law (|1.1)) with the initial and boundary conditions

(2.1) u(0, ) = uo, u(-, ) =1, u(+, 8) = u.

We restrict to the one-dimensional case because it is the one we need in the following, however several
results we quote extend to the multi-dimensional setting, see the book by Serre [43] for a general
discussion on initial-boundary value problems for conservation laws. We first quote (a particular case
of) a result due to Kwon and Vasseur [34, Theorem 1] and Panov [39, Theorem 1.1].

Theorem 2.4. Fiz T > 0, a bounded interval Jo, B[C R and a flux function f € C*(R). Assume that
u € L*(]0, T[x]e, B]) satisfies
(2.2)

T rB
/ / Orplu—c|+0,¢ sign(u—c)[f(u)—f(c)|dvdt > 0, for every ¢ € C°(Ja, B[x]0,T[), ¢ >0, c € R,
0 «

then there are uq,ug € L*(]0,T) such that

T T
(2.3) ess lim |h(u)(-,y) — h(ug)|dt =0 and esslim |h(u)(-,y) — h(ug)|dt =0
y—=at Jo y=8~ Jo

for h(u) := f(u) and h(u) :=sign(u — ¢)[f(u) — f(c)], c € R.

In the following we will refer to f(uq) and f(ug) as the strong traces of f(u), see also Remark
Also, we will sometimes denote them by f(u)(-,a™) and f(u)(-, 37), respectively. Note that in the
previous result the regularity of u is only u € L*°(]0, T[x]«, [) and that in general one cannot replace
h with the identity in (2.3). However, this is instead possible if u € BV (Ja, 3[x]0,T[) owing to the
general theory of BV functions, see [5], or when f” >0 or f” <0, see [44].

Definition 2.5. Fiz f € C*(R), a, 3 € R, T > 0, 4,u € L>=(]0,T[) and uy € L*(|a, B). We say that
u € L*(]0,T[x]e, B]) is an entropy admissible solution of the initial-boundary value problem (1.1,
(2.1) if

T B B
/0 / Buiplu — c| + Bpgp sign(u— ©)[f (u) — F(c))dardt + / (0, Yo — cldz

«

(2.4) ., .
+ / o(- a)sign(u — ¢)[f(ua) — f(c)]dt — / @(-, B)sign(u — c)[f(ug) — f(c)]dt >0
0 0

for every c € R and ¢ € C(] — 0o, T[xR) such that ¢ > 0.
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The above definition should be interpreted in the following sense: if (2.4) holds true, then in par-
ticular (2.2)) is satisfied, and hence by Theorem the values f(uq) and f(ug) are well defined and
satisfy (2.3)). Note that an alternative approach to provide a definition of entropy admissible solution
of (1.1, (2.1) is discussed by Otto [38]. See also the discussion in [41].

The analysis in [8] combined with Theorem yields existence and uniqueness results for the
entropy admissible solution of (1.1)), (2.1). Also, the entropy admissible solution satisfies the maximum
principle: if x < @, u,ug < K a.e., for some constants k, K € R then
(2.5) k<u<K ae. onl0T[x]a,p[

Also, if w,u € BV (]0,T[) and ug € BV (Je, 8]), then

TotVar u(t,-) < TotVar ug + TotVar @ + TotVar u + |ug(a™) — @(07)| + |ug(B7) — w(0h)]

for every ¢ > 0. In the previous expression, ug(a™) and uy(3~) denote the right limit of the function
up at * = «a and the left limit at x = , respectively. They are well defined since ug € BV (]a, f]).
We now focus on the case f’ > 0, then to obtain a well-posed problem it suffices to assign the data at
t =0 and = = «, that is

(2.6) u(0,-) = up, u(, ) = a.

More precisely, we have the following.

Proposition 2.6. Fiz T > 0, a bounded interval Jo, B[C R and a fluz function f € C*(R). Assume
furthermore that f’ > 0 on [min{ess inf @, ess inf ug }, max{esssup @, esssupug}|. Then there is a unique
entropy admissible solution of the initial-boundary value problem (1.1)), (2.6) such that f'(u) > 0 a.e.

on |0, T[x]a, B]. In other words, there is a unique function u € L*(]0,T[x]a, 8) such that f'(u) > 0
and

T ﬂ 6
/0 / Opplu — |40z sign(u — c)[f(u) — f(c)]dzdt + / (0, )|ug — c|ldx
(2.7) a i .

T / o, a)sign( — o) [f (ua) — F(O)dt > 0
0

for every c € R and p € C(] — 00, T[x]| — o0, B[) such that ¢ > 0.

Note that, under the same assumptions as in Proposition 2.6} if a € BV (]0,T'[) and ug € BV (], B]),
then

(2.8) TotVar u(t, ) < TotVar ug + TotVar @ + |ug(a™) — @(0")|, for every t > 0.
The following result is well known and we provide the proof for the sake of completeness.

Proposition 2.7. Fiz T > 0, a bounded interval o, /[C R and a fluz function f € C*(R). As-
sume furthermore that f' > 0 on [min{essinf @, essinf up}, max{esssup u, esssupug}| and that u €
L>(]0,T[x]e, B]) satisfies (2.7)). Then u,, = @ a.e. on ]0,T].

Proof. We fix A\ € C2°(]0,T]) and a family of functions w, € C2°(R) such that
(2.9)
we(z)=lifa—1<z<a+e w(z)=0ifz>a+2 w.(z)<O0forevery z €la—1,+o00].

We plug the test function o, (¢, ) := A(t)we(z) into (2.7) and let ¢ — 0*. By relying on Lemma
we obtain

T
/0 Alsign(i — ) — sign(ua — ¢)][f(ua) — F(c)]dt > 0

and by the arbirariness of A this implies that [sign(u — ¢) — sign(ua — ¢)][f(ua) — f(c)] > 0 a.e. on
10, T'[. By relying on a case-by-case analysis we can then conclude that u, = @ a.e. on ]0,T7. O

In the following we also need the next result and again we provide a sketch of the proof for the sake
of completeness.
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Lemma 2.8. Under the same assumptions as in the statement of Proposition assume that {ug,} C
L>(Ja, B) and {u,} C L>(]0,T) are two sequences of initial and boundary data such that

f(uon) >0 ae onla,B], f'(un)>0 a.e. onl0,T|, for everyn € N
and
(2.10) ugn — uo in L'(Ja, B),  @n —a in L*(J0,TY).

Let {f(ugn)} be the sequences of the traces of the fluxes as in Theorem then f(ugn) converges to
f(ug) in L1(]0,T7).

Sketch of the proof of Lemma[2.8. Let u be the entropy admissible solution of the initial-boundary
value problem ([1.1]),(2.6). By relying on (2.7) and on a suitable choice of the test functions (in the
same spirit as the one in the proof of Proposition and by recalling Theorem we arrive at

T B T
/ sign(ug — ¢)[f(ug) — f(c)] dt < / lug — c|dx + / [sign(@ — ¢) — sign(uq — ¢)][f (ua) — f(c)]dt
0 « 0
=|f(ug)—f(c)| since f' >0

B8 T
< / g — cldz + 2/ F(ua) — F(0)]dt.
a 0
By using the celebrated doubling of variables method by Kruzkov [33] and recalling that, by the same
argument as in Proposition flua) = f(a), f(uan) = f(u,) we arrive at
T B T
[ 15t = Ftuse < [ oo —wanldr+2 [ 15 ua) = )it
0 « 0

and owing to (2.10]) this yields the convergence of f(ugy) to f(ug). O

By relying on the proof of Lemma [2.8] we also get the following result.

Lemma 2.9. Fiz T > 0, a bounded interval Ja, B[C R and a flux function f € C?(R). Assume that
u,v € L*(]0, T[x]a, B]) are two entropy admissible solutions in the sense of Definition[2.5 and satisfy
the inequality f* > 0 a.e. on [min{essinf v,essinf u}, max{esssupv,esssupu}|. Assume that uyg = vy
and f(u) = f(v), then u=v a.e. on |0,T[x]a, 5.

To conclude, we assign the initial condition

and, since for technical reasons we need it in the following, we give the definition of entropy admissible

solution of (1.1]),(2.11]).

Definition 2.10. Fiz T > 0, an interval Jo, B[C R and a fluz function f € C*(R). We say that
u € L™(]0, T[x]e, B]) is an entropy admissible solution of (1.1)),(2.11) if

T 8 B
(2.12) /0 / plu — ¢| + 9,1 sign(u — ¢)[f(u) — f(c)]dxdt + / ¥(0,)|ug — ¢|dx >0

a

for every ¢ € C(] — o0, T[x]a, B]) such that ¢ > 0 and c € R.

Needless to say, unless |a, S[= R, in general we do not expect that the entropy admissible solution
of (|1.1),(2.11) is unique because we are not prescribing any boundary condition.
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2.4. Distributional traces for solutions of continuity equations. In the following we quote a
result that will enable us to give a meaning to the boundary condition in . We refer to [3] 6, [17]
for a general discussion about normal traces for measure divergence vector fields. We now state a
straighforward corollary of [20, Lemma 3.3].

Lemma 2.11. Fiz o, € R, T > 0. Assume that r,b,0 € L>(]0,T[x]a, B]) satisfy

T rB
(2.13) / / r8(0rp + b0z p)dadt =0  for every ¢ € C°(]0, T[x]e, B]).
0 Ja

Then there are unique functions Tr[br6](-,a™), Tr[bré](-, 37) € L®(R4) and [rf]y € L*®(Jo, B]) such
that

/ﬁfﬂm@¢+memu—/Zﬂwmwmﬁwry/zﬂwmmﬁ>ﬁ
(2.14) 0 Ja ’ ’

B
— / [r0]op(0,-)dx,  for every ¢ € C°(] — oo, T[xR).

Proof. We apply [20, Lemma 3.3] with w = r6 and b in [20, Lemma 3.3] given by brf in here and we
point out that to establish [20, formula (3.6)] we do not use the assumption that div b is a finite Radon
measure. O

Remark 2.12. From now on we refer to Tr[bro](-,a™) and Tr[br0](-,37) as distributional traces,
whereas we refer to the functions f(uy), f(ug) given by Theorem as strong traces. The reason
is the following: the functions f(u,), f(ug) are strong traces in the sense that they are attained as
strong limits in the L' topology, whereas Tr[br6](-,a™) and Tr[bré](-, 37) are distributional traces and
in general they are only attained as limits in the weak* topology, see the discussion in [3]. Also, we
recall that in the following we will sometimes denote f(us) and f(ug) by f(u)(-,a™) and f(u)(-,87),
respectively.

The next result asserts that the two notions of traces coincide when they are both defined.

Lemma 2.13. Fiz o, 3 € R,T > 0, v € CY(R) and assume that p; € L>=(]0, T[x]c, B[) satisfies
with w = p;, f(pi) = v(pi)pi, then
(2.15) v(pi)pi(- o) = =Tr[o(pi)pil (™), wlpi)pi(-,B7) = Trlv(pi)pil (- B7).

Note that the distributional traces Tr[v(p;)p:](-, ™) and Tr[v(p;)pi](-, 37) are well defined since by
choosing ¢ < —||p;||z and ¢ > ||p;||z~ we deduce from (2.2) that r = p; satisfies (2.13)) with § = 1
and b = v(p;) and hence we can apply Lemma

Proof of Lemma[2.13 We fix ¢ € C*°(]0, T[xR) and consider the family of test functions ¢.(t,z) :=

o(t,z)[1 — we(x)][1 —we(av + 5 — x)], where w, is the same as in (2.9). We plug ¢. into (2.13) where
r=p;, § =1 and b =v(p;) and then let ¢ — 07. By using (2.3) we arrive at

T

[ oo+ stpaprazii= [ wonptoayin s [ vtoapit 5
and by the arbitrariness of ¢ this yields . O
The following result is well known and we provide the proof for the sake of completeness.
Lemma 2.14. Under the same assumptions as in Lemma let d €]a, B]. Then
(2.16) Tr[bro)(-,d") = —Tr[bro](-,d").

In the above formula the functions Tr[br6](-, d*) and Tr[br6](-,d~) are obtained by applying Lemma
to the intervals |d, 5[ and |a, d], respectively.
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Proof. We fix ¢ € C2°(] — oo, T[xR), then

T rd T T d
/OLT0(8t¢+bax¢)dxdt:/) @Tr[br@](-,a*)dt—i—/o eTr[bro](-,d )dt—/a [r0]o¢(0, -)dx

and

T rB T T B
/O/d T'H(atgo—i—bazgo)dxdt:/o @Tr[brﬁ](~,d+)dt+/0 eTr[bro](-, B )dt—/d [r0]0p(0, -)dx.

By adding the above expressions, recalling (2.14) and using the arbitrariness of the test function ¢ we
arrive at ([2.16). O

2.5. Well-posedness of the initial-boundary value problem for nearly incompressible vector
fields in one space dimension. We now quote some results from [25] we need in the following. We
first recall that b € L*(]0,T[x]e, B]) is a nearly incompressible vector field if there is a function
p € L>(]0, T[x]a, B]), p > 0, such that 9,p+ 9,[bp] = 0. We refer to [24] for an extended discussion on
(possibly multi-dimensional) nearly incompressible vector fields. We assume that b > 0 and consider
the initial-boundary value problem

(2.17) { B [p0] + O [bpb] = 0

6(0,-) =09 0(-,a) =0,
where the boundary condition is attained in the sense of [25, Definition 2.7], that is by requiring that
(2.18) Tr[bpd](-,a™) = 0 Tr[bp](-, a™).

The above distributional traces are well defined owing to Lemma see also the discussion in [25]
§2.3]. By combining Theorem 1.2, Corollary 1.3 and Remark 6.2 in [25] we arrive at the following
result.

Theorem 2.15. Fiz T > 0 and a bounded from below interval |a, B|C R. Let b € L*>(]0,T[x]a, B[)
be a nearly incompressible vector field with density p and assume furthermore that b > 0. For every
0 € L>®(Jo, B]) and 6 € L>=(]0,T[) there is a distributional solution 0 € L>(]0,T[x]a, B[) of the
initial-boundary value problem (2.17)) satisfying

(2.19) 101z < max{||fo] o<, |6]] o< }-
Also, the solution is unique in the following sense: if 04,0, € L*°(]0,T[x]c, B]) are two different

solutions, then pf, = pty a.e. on Ja, B[x]|0,T[. Finally, we have a comparison principle: if 0o > 6oz
and 01 > 0y, then the corresponding solutions satisfy pd1 > pba a.e. on ]a, B[x]0,T7.

Note that the uniqueness result in Theorem [2.15]is the best one can hope for since the equation at the
first line of (2.17)) does not provide any information on 6 on the set where p vanishes. Concerning the
regularity of the solution, by combining Proposition 1.4 and Theorem 1.5 in [25] we get the following
result.

Theorem 2.16. Under the same assumptions as in the statement of Theorem [2.15, assume fur-
thermore that @ € BV (]0,T[) and 6y € BV (Ja, B]). Then there is a solution 0 of (2.17)) such that
6 € BV(]0,T[x]a, B]) and

TotVar 6(t,-) < TotVar 8 + TotVar 0y + |0o(a™) —0(0T)|  for a.e. t €]0,T].
Also, for every x €], 3] there is 8, € L=(]0,T[) such that
Tr[bpb](-, z) = Tr[bp](-, )0, a.e. on]0,T], TotVar 6, < C(TotVar 6y, TotVar 6, |0p(a™) — 6(01))).

In the above expression, fy(a™) and §(07) denote the right limits of the functions 6y and 0 at = = «
and t = 0, respectively. They are well defined because the functions are of bounded total variation by
assumption.
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3. PROOF OoF THEOREM [L.1]

We now provide the proof of Theorem [I.1] Throughout all the proof, we denote by u the entropy
admissible solution of the Cauchy problem , and use the notation w = f owu. The exposition
is organized as follows: in §3.1] we establish some preliminary results and in §3.2] we complete the proof.
We always focus on the case f” < 0. The case f” > 0 follows by recalling that, if u satisfies (L.1), then
z(t,z) := u(t, —x) satisfies

Oz + Oz[—f(2)] = 0.
Also, without loss of regularity we can assume that f” < 0. The general case f” < 0 can be recovered
by considering the sequence f.(u) := f(u) — eu? and then passing to the & — 0% limit by arguing as
in STEP 3D of

3.1. Preliminary results.

Lemma 3.1. Assume that v :Jt1,t2[— R is a C' curve across which u is discontinuous. Fix T €]t1,ts]
and assume that there is a neighborhood U of (T, 7(7’)) such that there are continuous extensions of the
entropy admissible solution u to U N {(t,x) : x <~y(t)} and U N {(t,x) : 2 >~(t)}. If /(1) #0, then

(3.1) lim w(t,v(7)) < lim w(t, (7)) provided w := fou
t—7t t—T—

and, in particular, the above limits are well defined. If v'(7) = 0, then w is continuous at (7,7(T)).
We point out that, by assumption, 7 is neither the starting nor the final point of the curve ~.

Proof of Lemma (3.1 We set

u = lim  u(t, z), ut = lim  u(t, ),

a—y(1)~ a—y(r)*
and note that the above limits exist since u(7,-) € BV (R). The Rankine-Hugoniot condition gives
(3-2) f@) = fu™) =~ (1" —u]
Also, the Lax admissibility condition yields f'(u~) > f/(u*) and by the condition f” < 0 this implies
u” <ut.
By recalling the condition defining U, we conclude that both the limits lim; ,.+ w(¢,v(7)) and
lim;_,.— w(t,y(7)) exist. If v/(7) > 0, then
lim w(t,~(7)) = f(u”), lim w(t,7(7)) = f(u")
t—s7t t—T

and by using the condition (3.2) we arrive at (3.1)). If 4/(7) < 0 the analysis is similar. If 4/(7) = 0
then w is continuous at (7,7(7)). O

Lemma 3.2. Assume ug € C°(R). Fiz xz € R and a time interval |0,T] and assume that u is of class

C' in a neighborhood of every point (t,x) except for a finite number of points (11,x),..., (15, 2). We
also assume that, for every r =1,...,¢, the entropy admissible solution u satisfies the assumptions of
Lemma for a suitable C* curve 7, :]t1y, ta.[— R such that 7, €)t1y,ta.| and v.(1.) = x. Then

p—1
(3.3) sup Z [w(tat1,2) — w(ta, ac)]+ < C(TotVar wy).

0<t1<te<-<t,<T ;|
In the previous expression, [/|T denotes the positive part and wo := f o ug .

Note that, owing to the fact that w(-,z) is smooth outside 7, ..., 7y, in computing the supremum
in we can assume without loss of generality that the sampling points do not coincide with any
discontinuity point, that is t, # 7, for every a = 1,...,p and every r = 1,...,£. This yields that the
value w(ty, ) is well defined.
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Proof of Lemma([3.9 We fix a sampling ¢1,...,t, and by relying on the above observation we assume
without loss of generality that t, # 7, for every « = 1,...,p and every r = 1,...,£. To establish
we use the theory of so-called generalized characteristics and we refer to [23] for a comprehensive
introduction. The rest of the proof is organized according to the following steps.

STEP 1: we establish some properties of generalized characteristics that we need in the following. We
term & and & the minimal backward and the maximal backward characteristic emanating from the
point (¢, z), see [23, Theorem 10.2.2]. We apply [23, Theorem 10.3.1] and we conclude that, for every
te Ry, & and {j are a left and a right contact, respectively, in the sense of [23] Definition 10.2.5].
By applying [23, Formula (11.1.10)] in virtue of the fact that f” < 0, we conclude that ¢, and &, are
shock-free, in the sense of [23], Definition 10.2.4]. We apply [23, Theorem 11.1.1] and conclude that, for
every t € Ry, & and §t+ are segments with constant slope.

Next, we fix @« = 1,...,p, we recall that ¢, # 7, for every r = 1,...,¢ and by using [23, Theorem
11.1.3] we conclude that & = {i Owing to [23, Theorem 10.2.2] we conclude that there is a unique
backward characteristic emanating from the point (¢,,x) and we denote it by &, : R — R. We recall
that, by the previous analysis, &, is shock-free, in the sense of [23, Definition 10.2.4]. Finally, we apply
[23, Theorem 11.1.1] and we conclude that u (and henceforth w) is constant along &, .

STEP 2: we set

(3.4) E™:={t€0,T[: & (0) <z}, Et:={t€)0,T[: & (0) >z},

we point out that |0, 7[= E~ U ET and we establish the following property: the maps ¢ + & (0) and
t— 5;’ (0) are monotone non increasing on £~ and monotone non decreasing on E™, respectively.
We show that ¢ + &(0) is monotone non decreasing on E+ | the proof of the other claim is
analogous. Assume by contradiction that there are t1,to € ET, t; < t3, such that 51;(0) > 5;;(0).
Owing to STEP 1, gjl and f;g both have constant slope. Since t; < to and §g (0) > 5;; (0), then &, and
&, must cross at some s < t;. Since, by STEP 1, ftt and f;g are both shock free, this contradicts [23]
Corollary 11.1.2] and hence concludes the proof of the claim.
STEP 3: since |0,T[= E~ U E™T, then

p—1

(3.5) sup Z [w(ta+1,x) - w(ta,x)]+ < 51+ S92+ Ss,

0<t1 <ta<---<tp<T a—1

where 57 is the supremum of the sum over the a-s such that t,41 and t, both belong to E~, S5 is the
supremum of the sum over the a-s such that ¢,.1 and ¢, both belong to E* and Sj3 is the supremum
of the sum over the a-s such that t,.1 € E~ and t, € E™, or viceversa.

We first control the term S; in . We fix a such that toy1,t, € E~. We recall that owing to
STEP 1 the backward characteristics emanating from (o, ) and (t4+1, ) are both unique and that
the function w is constant along &, ., and &, . This implies

[w(tas1, ) = w(ta, 2)]" = [W(€t1 (0)) — w(Ee, (0))] < Jwo (€, (0) — wol&e (0)].

Next, we sum all the above contributions for t,,t,+1 € E~ and we recall that the map ¢ — &, (0) is
monotone on E~. This implies that when summing we are never computing twice the same interval
and hence we eventually arrive at

(3.6) S1 < TotVar wy.

By analogous considerations S; < TotVar wy.
STEP 4: we control the term S3. We fix o and, just to fix the ideas, we assume that t,y1 € ET,
to € E~. We set

Sq i=sup{s <tqt1: s€E}.
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Next, we point out that

[w(tat1, ) —w(ta,x)]+ < [w(tat1,x) — lim w(s,ac)]+ + [ lim w(s,z) — lim w(s,;r)rL
s—)s;r s—)s;r S—Sq
+ [ lim w(s,z) — w(toé,a;)]Jr

S—Sq

We now separately consider two cases. If w(-, x) is continuous at s, then the second term in the above
sum vanishes. If w(-,z) is not continuous at s,, then s, must coincide with one of the discontinuity
points 71, ..., 7. We can then apply Lemma and owing to we conclude that also in this case
the second term in the above sum vanishes. This yields

[w(tatr, ) — w(ta,z)]+ < [w(tatr, z) — Sl_igl+ w(s,m)]+ + [sl_iig w(s,z) — w(ta,aj)]+

and we can control the above terms by arguing as in STEP 3. This yields
S1 4+ S2+ S3 < C(TotVar wy)
and owing to (3.5 concludes the proof of (3.3). O

3.2. Proof of Theorem We proceed according to the following steps.

STEP 1: we show that (3.3) implies (1.3]). This establishes (|1.3) provided u(-, z) has the same regularity
as in the statement of Lemma To deduce ([1.3)) from (3.3) we recall that, if u(-,x) has the same

regularity as in the statement of Lemma then

p—1
(3.7) TotVar w(-,z) = sup D w(tars, z) = w(ta, z)|.
0<t1<ta<---<tp<T a—1

Next, we point out that

p—1 p—1
S lwltart, @) — wlta )" = 3 [W0tarts @) — wWtas )] + w(ty7) — wlt1, )
a=1 a=1

and by plugging the above expression into (3.7) and using (3.3]) we arrive at

(3.8) TotVar w(-, z) < C(TotVar wy)

STEP 2: we establish under the further assumption that u is smooth ouside (a) a finite number
of C! curves, the so-called shocks, across which u has a jump discontinuity. At every point (7,7(7))
belonging to the shock curve the assumptions of Lemma are satisfied; (b) a finite number of points
where two shocks interact (i.e., they intersect). We assume (a) and (b) and apply the Coarea Formula
to each shock curve (or more precisely, to the C! function parameterizing each shock curve) and
conclude that the hypotheses of Lemma hold true for every x € R\ N, where N is a negligible
set. Owing to STEP 1, this implies that estimate holds true for every x € R\ N. Next, we
recall Lemma [2.1| and the fact that the total variation is lower semicontinuous with respect to weak*
convergence: this implies that holds true for every x € R.

STEP 3: we conclude the proof of Theorem

STEP 3A: we point out that, owing to the chain rule for BV functions (see for instance [5, Theorem
3.96]), the fact that holds for every x € R yields .

STEP 3B: by relying on a standard truncation and mollification argument, we construct a sequence
{uon }nen € C°(R) such that

(3.9) ugn — ug, TotVarwug, — TotVarug asn — +oo.

STEP 3C: we apply the Schaeffer Regularity Theorem [42]. In particular, we apply the results by
Dafermos [22] and we recall that, since the flux function f satisfies f” < 0, then the entropy admissible
solution u of , does not have contact discontinuities. By using [22, §3] we conclude that
from the sequence {ugn }neny We can construct a second sequence {zon}neny € C°(R) such that
holds true and furthermore the entropy admissible solution w, of the Cauchy problem obtained by
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coupling (3.9) with the condition (0, -) = zo,, satisfies conditions (a) and (b) in STEP 2. Note that u,
satisfies ((1.3)).

STEP 3D: we conclude the proof. We recall that the semigroup of entropy admissible solutions
of (L.1), is L' stable with respect to the initial data, see [23, Formula (6.2.9)]. We conclude
that the sequence u, constructed in STEP 3C converges to the entropy admissible solution u of the
Cauchy problem , in L1(]0, T[xR). This implies that, up to subsequences, for almost every
z € R, u,(-,z) converges to u(-,z) in L'(]0,T[) and hence, by the lower semicontinuity of the total
variation with respect to the L! strong convergence, w(-, z) satisfies . Finally, we recall Lemma
and the fact that the total variation is lower semicontinuous with respect to weak™ convergence: this
implies that is satisfied for every z € R. O

Remark 3.3. By relying on the proof of Theorem one realizes that, if the initial datum wug is
continuous, then one can control the left hand side of (1.3)) with TotVar wg. This is however not true
i general: as a counterexample one can consider the Burgers’ equation

(3.10) u+ 0, (u?) =0
and couple it with the Riemann-type initial datum

-1 z<0
(3.11) uo(x) = { 1 >0

Note that in this case TotVar wg = 0, however the solution of the Riemann problem (3.10), (3.11)) is a
rarefaction and (|1.3)) fails.

4. FURTHER RESULTS ON THE TIME BV REGULARITY OF ENTROPY ADMISSIBLE SOLUTIONS

4.1. Proof of Proposition In the following, just to fix the ideas, we assume f’ > 0 on
[ess inf ug, ess sup up|, the proof in the case f' < 0 is analogous. We first establish (1.4]) in the case of
wave front-tracking approximate solutions and then we pass to the limit.

4.1.1. Wawve front-tracking approximation. For the reader’s convenience we briefly recall the construc-
tion of the wave front-tracking approximation. First, we fix v € N and we consider the conservation
law

(4.1) o’ + O [f¥ (u”)] = 0,
where f" is the piecewise affine approximation of f defined by interpolating the values of f and setting
5 u—27"5 . 270+ ) —uw o, U oy ,
)= "2 g 1)+ DT oy twe prja ) e

Next, we fix ug : R = 27%Z with bounded variation and compact support and we assign the initial
datum

(4.2) u”(0,-) = ug.

We then define the wave front-tracking approximate solution as the entropy admissible solution of the
Cauchy problem , . Note that u” attains values in 27¥Z and that, for every t > 0, the function
u”(t, ) is piecewise constant. Note furthermore that the discontinuity points of u” are contained in the
graphs of finitely many Lipschitz continuous curves (the so-called fronts) z;, j = 1,..., N, and that
the assumption f’ > 0 yields dx;j/dt > 0 for every j = 1,...,N. We finally recall that there are only
finitely many times at which a collision between two or more different fronts occurs. More precisely,
we say that two fronts z; and xz; collide at the time ¢ if

(4.3) zi(t) = x;(t) and Je > 0:2(t) #x;(t) Vet —e,t
We now establish ((1.4)) in the case of wave front-tracking approximate solutions.
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Lemma 4.1. Fiz f € C*(R), v € N and term u” the wave front-tracking approzimate solution with
initial datum ug. If f' > 0 on the interval [ess inf ug, ess sup ug), then

(4.4) TotVar u”(-,z) < TotVar ug for every x € R.

Proof. We denote as before by x;, j = 1,...,n, the wave fronts and we point out that

i) since dzj/dt > 0 for every j = 1,..., N, then for every but countably many = € R there is a
unique time ¢; such that z;(t;) =z ;
ii) by removing (if needed) a further finite set of z-s we can assume that no collision between
different fronts occurs at time ¢;;
iii) for the same z as in point i) we have u” (¢, x%) = u” (¢, ™) for every but finitely many ¢ €]0, +o0|.
Fix z satisfying properties i), ii) and iii) above and consider the function GY% :]0, +o0o[— R defined by
setting G (t) := G% | (t) + G% 5(t), where

(4.5) G%,(t) = TotVar|_ zu"(t,-) and Y o(t) = TotVary qu” (-, ) + [u”’(t*, Z) — u”(t™,Z)].

Assume for a moment that we have shown that G% is a monotone non increasing function, then this
yields (4.4) since

TotVar u”(-,z) < tlim Gz(t) < lim GZ(t) = TotVar)_ 5| ug < TotVar ug.
—»00 t—0t
We are thus left to show that G% is a monotone non increasing function. To this end, we point out
that, by construction, the functions G7 |, G 5, and therefore G are piecewise constant. Also, G, is a
monotone non increasing function: more precisely, it can only diminish at times when an interaction
between wave fronts occurs on the interval | — 0o, Z[. Since discontinuities of G% 5 can only occur at
a point ¢; as in item i) above, to conclude it suffices to show that for every j = 1,..., N we have

Gi(t;) = G%(t;r) To this end, we point out that
(46) Ga(t]) = GEA(t7) = — [u”(t;, ") — u”(t;,77)]

G5 o(t]) — GZo(ty) =|u”(t;, 7) —u”(t;,77)].

In particular G¥(t; ) = G 1(t; ) + G5 5(t;) = gl(t;r) + Ggg(t;r) = Gg(tj*). This establishes (4.4) for
every 7 € E for some suitable set F such that L'(R\ E) = 0. We are left to show that actually (4.4)

holds for every x € R: to this end, we recall Lemma [2.3] and the lower semicontinuity of the total
variation with respect to the L'-convergence and we conclude that

TotVar v’ (-, z1) < limTinf TotVar u” (-, z,,) < TotVar uyg,
Tn |

4.7
(4.7) TotVar u”(-,27) < limfnf TotVar u” (-, y,) < TotVar ug,
YnT
for suitable sequences {zy, }nen, {yn}tneny C E. O

Proof of Proposition[1.3. Given ug € BV (R) we fix a family {uf} € BV (R) with compact support
attaining values in 277Z such that u§ — up in L*(R) and TotVar u§ — TotVar ug as v — 07 (see
[12, Lemma 2.2]). Let u” be the corresponding family of wave front-tracking approximate solutions
with initial datum u}. By the analysis in [I2, Chapter 6] we infer that u” — w in L] (]0, +oo[xR).
This implies that v”(-,z) — u(-,z) in L] _(]0,+oc[) for a.e. = € R. Since for a.e. = € R we have
u(-,zT) = u(-,z7), then by combining Lemma |4.1| with the lower semicontinuity of the total variation

we get

B4
(4.8)  TotVar u(-,z) < liminf TotVar v”(-,z) < liminf TotVar ug = TotVar uy for a.e. x € R
V—r00 V—00

By using the same approximation argument as in the proof of Lemma we conclude that the above
estimate holds for every z € R. O
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4.2. Initial-boundary value problems. Theorem and Proposition [I.2] have several extensions
to initial-boundary value problems. Here we only explicitely discuss the extension we need in the proof
of Theorem [I.5] and of Corollary

Corollary 4.2. Fir f € C*(R), u € BV (]0,T]), up € BV (Ja, B[). Assume furthermore that f' >0 on
the interval [min{inf @, inf up }, max{sup u,supup}]. Let u be the unique entropy admissible solution of

the initial-boundary value problem (1.1)), (2.6)). Then
(4.9) TotVar u(-, %) < TotVar ug + TotVar @ + |ug(a™) — a(01)|,  for every z €]a, B].

In the above expression, we denote by ug(a™) and w(0") the right limit of up and @ at v = o and t = 0,
respectivelyﬁ

Under the same assumptions as in Corollary [4.2] the trace at 2 = 8 of the entropy admissible solution
of the initial-boundary value problem (|1.1}), (2.6) is well defined and we denote it by ug. By using the
lower semicontinuity of the total variation with respect to the strong convergence we conclude that

(4.10) TotVar ug < TotVar ug + TotVar @ + |ug(a™®) — a(07)].

Remark 4.3. Fven if we do not explicitely discuss it, Theorem extends to initial-boundary value
problems and provides a control of TotVar w(-, x) for every x €]a, B[. As in the case of the Cauchy prob-
lem, if f' changes sign we cannot hope for a control on the total variation of w: for a counterezample,
we refer to the construction detailed in §4.3, which also applies to initial-boundary value problems.

Proof of Corollary[{.4 We only provide a sketch of the proof, which is based on the same argument as
the proof of Proposition[I.2] The key point is the construction of the wave front-tracking approximation
of the initial-boundary value problem , . We fix v € N and @” :]0, T[— 27Z, we assign the
boundary datum

(4.11) W () =a

and we construct the entropy admissible solution of the initial-boundary value problem (4.1),(4.2),(4.11])).
To construct the wave front-tracking approximation, the main difference with respect to the Cauchy
problem is that we have to define the solution of the initial-boundary value problem obtained by

coupling (4.1]) with the data
(4.12) u’ () = up,  u”(0,-) = uy,

where uy, u; € 277 satisfy (f*)'(uif) > 0, (f¥)'(uf) > 0. We term 2 the entropy admissible solution
of the Cauchy problem obtained by coupling (4.1]) with the initial datum

u, <«
u’(0, ) ::{ u; T > .

We claim that the restriction of z to ]a, [ is the entropy admissible solution of the initial-boundary
problem (4.1)),(4.12). To see this we have to verify (2.7). First, we point out that z satisfies the entropy
inequality inside the domain [0, T'[x]a, 5[, namely

T B B
(4.13) / / |z — c|Owd + sign(z — ¢)[fY(2) — f¥(¢)]Oxddxdt + / #(0,)|u; — cldx >0
0 a a
for every ¢ € R and every ¢ € C°(] — oo, T[X]a, B[) such that ¢ > 0. Next, we claim that
(4.14) [sign(up — ¢) — sign(za — ¢)] [f*(2a) — f¥(c)] =0, a.e. on]0,T].

To see this, we recall that, since () > 0, then f“(z,) = f“(up) and by a case-by-case analysis we
arrive at (4.14). Next, we fix a parameter € > 0 and set 7. := 1 — w,, where w. € C*°(R) is the same

2These limits exist owing to the BV regularity of ug and u.
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family as in We then ﬁx a test function ¢ € C°(] — oo, T[x] — 00, B]), plug the test function
Pe(t,x) := go(t x)ng( ) into and let ¢ — 0". By using the fact that

T
/ / sign(z — ¢)[f"(z) — f”(c)]nénpda:dt%/ sign(za — 0)[f"(2a) — fY(0)]@(-,a)dt ase— 0T
0
and recalling (4 we arrive at .

Once we have constructed the wave front-tracking approximation, the proof follows the same argu-
ment as the proof of Proposition with the only difference that the term G ; in (4.5) should be
replaced by

;,3(15) := TotVar, g u’(t,) + [u” (") —u”(t,ah)| + TotVary, 4o @ O

4.3. An example of total variation blow up for u(-,0). In this paragraph we exhibit an explicit
counterexample showing that, if f/(u) can change sign, then the total variation of the entropy admissible
solution u(+,0) can blow up in finite time, even if the initial data (in the case of the Cauchy problem)
or the initial and boundary data (in the case of the initial-boundary value problem) have bounded
total variation. More precisely, we have the following result.

Proposition 4.4. There are r > 0 and ug € BV (R) such that the entropy admissible solution of the
Cauchy problem obtained by coupling the Burgers’ equation with the initial datum u(0,-) = ug
and the entropy admissible solution of the initial-boundary problem obtained by coupling with
the conditions

u(0,-) =ugp, u(-,—r—1)=0, u(,1)=-1
satisfy TotVar u(-,0)}g o-s; = +00.

4.3.1. Construction roadmap. We consider the Burgers’ equation and we first provide an heuris-
tic discussion of the basic ideas underpinning the contruction of the counterexample. The key point in
the analysis is the construction of a map « :]0,T[— R, T' > 0 to be determined in the following, which
exhibits the following features (see Figure [2| for a representation):

e the curve ~ crosses the vertical axis x = 0 infinitely many times;
e there is a function u_ :]0,7[— R such that i) u_(t) ~ 1; ii) u_(t) and uy(t) = —1 satisfy the
Rankine-Hugoniot conditions

(4.15) - ()% = us (02 = A (Ou—(t) = ur (8)] <= +(t) = u_(t) — 1.
Since in the case of convex fluxes the Lax entropy admissible conditions boil down to the

inequality u_(t) > u4(t), the equality (4.15)) dictates that -y is an (entropy admissible) shock
curve between u_(t) (on the left) and —1 (on the right).

Assume for a moment that v is indeed the shock curve of the solution u of a Cauchy problem, then
the total variation of u(-,0) must blow up: indeed, u is close to 1 on the left of 7, and equal to —1 on
the right. Since v crosses the vertical axis 2 = 0 infinitely many times, then (-, 0) oscillates infinitely
many times between a value close to 1 and the value —1, and hence its total variation must blow
up. To construct the initial datum ug of this Cauchy problem, we proceed as follows. First, we recall
that, in the subsets of the (¢, ) plane where wu is regular, u is constant along the characteristic lines,
which have speed 2u. Next, we consider the line & with slope 2u_(¢) and passing through the point
(t,~(t)) and we define it on the interval [0, ¢] since we want to focus on backward characteristics. Since
u_(t) = 14 +/(t) owing to (4.15)), then the backward characteristic passing through (¢,~(t)™) is

(4.16) &(s) =20+ ()]s +~() 20+ (O], s €0,1].

By enforcing suitable conditions on v, we get that, if t; # o, then &, and &, do not cross. In this way
we can “pull back” the values of u_(t) to the initial time and define the initial datum ug in such a way
that up(£:(0)) = u_(t). We can then easily enforce the condition TotVarug < +o0o, and extend the
construction to define an initial-boundary value problem. This “backward construction” is somehow
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t

FIGURE 2. A solution u of the Burgers equation with TotVar u(-,0) = +oo0.

reminiscent of the analysis in [I} 2], see also [23] for a general discussion about characteristics for
conservation laws.

4.3.2. Technical details. We now provide the detailed construction of the counterexample, which is
achieved in several steps.

STEP 1: construction of the “building blocks” of the curve . The curve 7 is constructed by alterna-
tively patching together suitably rescaled “right curved ” and “left curved” blocks. We first construct
the right curved building block. We fix a parameter £ < 1 and we set

1 3
(4.17) Ae : [0,e] = R, A(t) = —t3 — =12 + et

2e 2
Note that

A A N A € A N
(4.18) 4:(0) =0, A(e) =0, AL0)=¢, Alle)= —5 e >0, 47 <O0on [0,¢].
STEP 2: analysis of backward characteristics. We recall (4.16)) and we point out that
0
(119) S (s) =2 (0)s 1] /() ~ 2,
which yields
0 "(t) +2

(4.20) Y'(t) <0 = %(s) < Ofor s €]so(t), t], where so(t) =t + %

Let us focus on the case v = 4.: we have 7”(¢t) = 0 if and only if t = ¢ and v"(t) < 0 if t € [0,¢[. If
t = ¢, then 0¢;/0t = —4.(¢) — 2 < 0 for every s € R. If t € [0, ¢, then

Y(t) + 2 S(#) + 2 A<0,4>=2  inf YL(t) + 2 1 1
so(t) =t 4 W A2y Bl £ 275507 trepe e 420D, 1, 1
29/ (t) te[0,e] 292(t) lnfte[o,s[ 29/ (t) —6 6
Summing up, we conclude that
0 1
(4.21) 9%t <0 foreveryte[0,e]ands >t — —.

ot 6
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Finally, we define the left curved building block as —4.(t). Note that the speed of the minimal backward
characteristic through (¢, —9:(t)~) is 2[1 — 4] and, since 4 < 0, then the backward characteristics do
not intersect, namely

(4.22) a;tt <0 foreveryte[0,¢] and s <t.

STEP 3: we define the shock curve v. We set

(4.23)

V() =D (~1)"e, (t =) 1p, (), ep =270 L= [278 — 27 278 —om ([ p s 978 g,
n=3

In the above expression, 1, denotes the characteristic function of the interval I,,. Note that the
interval I,, are disjoints and hence the above series converges since it is locally finite. Note furthermore
that ~ is obtained by patching together infinitely many C*° arcs and that at the junction points both
the functions and its first derivatives match, hence v € C1(]0,273[). We now consider the backward
characteristics with final point (¢,7(t)~), we recall (4.16), and ([£.22). Since 273 < 1/6, we
conclude that the map t — &/(0) is strictly decreasing (and henceforth injective) on [0,273[. Owing
to and to the fact that v € C, it is also continuous, and hence the image of the interval [0,273[
is an interval, which we term | — r,0]. The exact expression of the number r > 0 could be explicitly
computed but is not relevant here. We term ¢ :] — r,0] — [0,273[ the inverse of the map ¢ + &/(0).
We can now define the initial datum ug : R — R by setting

0 T < —r
(4.24) up(z) == 1++(p(x)) —-r<z<0
-1 x> 0.

Note that

(4.25) TotVarug < 5+ Z/ " (t)|dt = 5 + Z 2~ ("+2) < 4,
n=371In n=3

STEP 4: we show that the entropy admissible solution of the Cauchy problem obtained by cou-
pling (3.10) with (4.24]) satisfies TotVar u(-,0) = 4+o00. The entropy admissible solution w is given
by

0 r < hmy_>_7~+ ggo(y) (t)
(4.26) ut,z) = ¢ 1+7(e(y) ==L ), = <(t)
-1 x > ().

In other words, u is identically equal to —1 for = > v(t), and it is transported along the characteristic
lines (4.16) for x < (t). Note that by construction the characteristics do not intersect on the set
x < ~y(t). We then get

o0
3

(4.27) TotVar u(-,0) > Y |u(0n41,0) — u(on,0)], on =272~ 52*<”+1>.

n=3
Note that oy, is the middle point of the interval I,,, and that (o,,0) is a continuity point for u. Note
furthermore that if n is odd then u(o,,0) = —1. If n is even, u(oy,,0) = 1 + /(p(x)), for some
xz €] —r,0]. Since 1 4+ +/(p(z)) > 0, then by using (4.27) we conclude that

o0
TotVar u(-,0) > Z 1=+4o00
n=3, n odd

and this concludes the analysis of the Cauchy problem.

STEP 5: extension to the initial-boundary value problem. By restricting the function « in to the
strip | — r — 1, 1] we get a solution of the initial boundary value problem obtained by coupling
with the initial datum and the boundary data u(t,—r —1) =0, u(t,1) = —1.



22 S. DOVETTA, E. MARCONI, AND L. V. SPINOLO

5. THE MULTI-PATH MODEL: DISTRIBUTIONAL FORMULATION, EXISTENCE AND UNIQUENESS
RESULTS

5.1. Distributional formulation of the initial-boundary value problem (1.8)), (1.12) and (|1.14]).

We now complete the definition of distributional solution of the multi-path model. We first need some
preliminary remarks: fix r, € L*(]0,T[x Py) and assume that 0 € L*°(]0,T[x Py) satisfies

T rB
(5.1) / / .0k (0t + v(r1) 0 P)dxdt = 0 for every ¢ € C°(]0, T[x Py,).
0 Ja

By applying Lemma with b = v(r) and |a, f[= P, we define the initial value [rifx]o and the
distributional trace Tr[v(rg)ri0k](-,a™), where we recall that a is the starting point of the path Pj.
Also, assume that r is obtained by patching together the p;-s as in and that each p; is an entropy
admissible solution of (L., that is it satisfies with f(p;) = v(pi)pi- Then owing to Theorem
the trace v(ry)ri(-,at) is attained as a strong limit in the L! topology.

Definition 5.1. Assume that ry satisfies (1.9)), where each p; is an entropy admissible solution
of (L.5), (1.11). We term 6, € L (R4 X Py) a distributional solution of the initial-boundary value

problem (1.8), (1.12) and (1.14) if 6), satisfies (2.13) with b = v(ry) and furthermore
(5.2) )
Tr{v(re)refe] (-, a™) = Opv(ry)ri(-,a™), [rk0k]o = Okopio on I;, for every i such that I; C Py.

We have
Lemma 5.2. Assume that ry, satisfies (1.9), where each p; is an entropy admissible solution of (1.5)), (1.11]).
Assume furthermore that 0y € L*°(]0,T[x Py) is a distributional solution of (1.8)), (1.12)), (1.14]). Un-
der (1.15)), (1.16)), the following conditions are equivalent:

i) equation (1.18)) is satisfied a.e. on |0, T[x1I;, for every i;
ii) we have the equality

(5.3) 90030 d) B v o (ndt)y = S Telu(p)pfel (4 d)
k:lj11CPy

at every junction point d. In the above expression d is the final point of the road I; entering
the junction and the starting point of the road Ij11 exiting the junction.

Proof of Lemmal[5.9 STEP 1: we establish the implication i) = ii). We apply (1.18) on the road
I;11 and obtain the second of the following equalities:

@I15) (INE)
(AT = = Tru(pi)pin) (L dY) = = > Trfu(r)rkbil (-, dT)
k21j+1ng

U(Pj+1)ﬂj+1('

219) _
= Z Trlv(rg)rebk] (-, d7)
kZIj+1ng
and owing to ((1.9) this yields (5.3]).
STEP 2: we establish the implication ii) = i). We argue by induction. First, we show that (1.18

holds on ]0, T'[xI;. To this end, we set z := >_;" | 0 and we point out that, owing to (1.15) and (1.16
and to the linearity of the equation for 6, z is a solution of the initial-boundary value problem

o (=

where we recall that a is the initial point of the interval I;. Owing to (1.5)), z = 1 is a solution of the
above initial-boundary value problem. We can then apply Theorem with |o, B[= I1, b = v(p1)

and by the uniqueness part we conclude that (|1.18) holds true on |0, 7[x ;.
Next, we fix i = 2,...,ny, assume that (1.18]) holds true on ]0,T[xI; for j = 1,...,i — 1 and,

under ((5.3]), show that it holds true on |0, T[xI;. To this end, we term d the junction point between
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the road I;_1 and the road I;, that is d is the final point of the road I;_1 and the initial point of the
road I;. We recall ((1.9) and point out that

Tr| D wlp)pib| (nd5) = D Te[o(pi)pii (- d*) B30 — > Trlv(pi-1)pi-16] (-, d7)

k:1; C Py, k:I;C Py k:I;C Py,
(2.15),(5.3)
BIDED Ty(y(py) i) (-, d)

and by recalling definition (2.18) this implies that the function ). r,cp, O attains the boundary
condition 1. We can then repeat the same argument as before on the interval I; and conclude that (1.18])
holds true on ]0, T[x I;. O

5.2. Proof of Theorem We first establish existence, next uniqueness.

5.2.1. Ewxistence. We fix a path P, and we term Iy,...,I,, the consecutive roads composing the path
Py;. We now construct the solutions pi, ..., pp, and 6. We argue inductively: first, we construct the
solution on ;. Next, we assume that we have constructed a solution on the road Iy,...,I; and we
construct it on ;1.

CONSTRUCTION OF THE SOLUTION ON I;. To construct pi, we apply Proposition 2.6 with @ = p,
ug = p1o and f(u) := uv(u). We conclude that there is an entropy admissible solution of (L.5)), (1.11)),
such that 0 < p < p* and we recall that, owing to , the point p* is the point where the
function v — v(u)u attains its maximum. Next, we apply Theorem with Ja, [=I; and b = v(p1)
and conclude that there is a solution of (1.8), (L.12), (L.14) defined on I;. Since 0 < ; < 1 and
0 < 0o < 1, then by the comparison principle given in Theorem [2.15| we get on |0, T[xI;. To
conclude the existence proof on I, we are left to establish on |0, T[xI;. To this end, we can
argue as in STEP 2 of the proof of Lemma [5.2

INDUCTIVE STEP. We assume that we have constructed the solution on Iy,...,I; and we construct it
on Ij;1. More precisely, we assume that we have constructed the functions p1, ..., p; and the function
0 on I,...,I;. We also assume that 0 < p; < p*, for every ¢ = 1,..., 7, and that and
are both satisfied on |0, T[xI;, for every i = 1,...,j. We term d the junction point, that is d is the
final point of the road I; and the initial point of the road I;,;. We proceed according to the following

steps.
STEP 1: we show that
(5.5) 0< Y Trlu(py)pbl(-d”) <v(p™)p* ae. on]0, T

kil 1C Py
To establish (5.5) we recall that, by the inductive assumption, ((1.17)) is satisfied on ]0,T[x1;. Also,
owing to the specific structure of the network,
{k‘ N Ij+1 g Pk} Q {k . Ij g Pk}
and owing to the inequality v > 0 this yields

(WK
0<v(pip; Y, Ox<vlpjp;i D O = vlpj)p
kil 1C Py k:I;C Py

By a small modification of the proof of [25, Lemma 6.1] one can show that the above inequalities

vield (5.3)-
STEP 2: we construct the function p;y;. We combine (1.7) and (5.5) and we conclude that there is a
unique function pj41 € L*(]0, T]) such that

_ * _ _ (1.7 _ —
(5.6) 0<pjp1<p",  v(pjs1)pj+ & 9(pr) = > Tr[v(p)pibkl(-,d7), ae on]0,TY.
k:Ij 1 CPy
Next, we apply Proposition with ]a, B]= Ij11, @ = pj4+1 and we term pj;1 the entropy admissible
solution such that 0 < pj 1 < p*.
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STEP 3: we define the function 6 on I;;;. By combining the fact that (1.17)) is satisfied on I; with
the inequality v > 0 and recalling that by assumption ;41 C P, we get

0 <v(pj)pibk <vipjlp; Y bk
]{,‘:Ij+1ng

and again by a small modification of the proof of |25, Lemma 6.1] this implies

(5.7) 0 < Te[o(p)psOil(d7) < Y Te[olps)piOil(-d7) "= g(pjsa).
k:lj+1C Py

We now set
Tr[v(p;)pibk](d™) ..
f ; 0
(58) ekb = g(ﬁ]-i-l) 1 g(p]"rl) #
0 if g(pj+1) =0.

Note that, owing to (5.7), 0 < i, < 1. To define 6, on I;;1 we apply Theorem with la, Bl= Tj41,
b=1v(pjt+1), p= pj+1 and § = Oy, and we term 6y, the solution of (2.17). By applying the comparison
principle, we get that is satisfied on I;1. The equality established in STEP 5.
STEP 4: we show that 6 is a solution of on Iy Ula U---UIj;q. First, we point out that

(1.7),(2.15) Proposition _
(5.9) Tefolpye)pa) (- d) BB oy an) PP Bl g ),

Next, we set Py ; == [ Ul U---UI; and Py i1 = Py ; UIj;1. We recall that by the inductive
assumption 6y, is a solution on Py ;, which implies that
(5.10)

T
/ /P 7,0k (Orp+v(ry) Opp)dadt :/0 Tr[v(p;)pi0k|(t,d7)o(t,d)dt, for every ¢ € C°(]0, T[x Py j41),

where we recall that 7, is obtained by patching together pi,. .., pj, see (1.9). On the other hand, since
by definition 6}, is a solution of the initial-boundary value problem on I;1, then

T
/ / P01+ ()00t = [ Telolpy)osaful (. a0, d)e
(5.11) Tt

T
- /O Te[o(pj4i)0541)(t, ) Bsi(t, d)dt ERED _ / Te[o(py)p 0] (1, 47 ), d)dt

for every ¢ € C°(]0,T[x Py j+1). This implies that

/ / K0k (0L + V(1) Opp)dadt = / / .0k (0 + v(r1) 0 P)dadt
Py Py

g+l

T
(-10),(B-11) o
+/ / Pj+105(0rd + v(pjt1)0.0)dadt 0:10), .11 0, forevery ¢ € C°(J0,T[x Py jt1),
0 I

that is 6, is a solution of (1.8) on Py ;1 =11 Ul U... .
STEP 5: we establish (1.18). Note that at the junction point d between the road I; and the road I
we have

1,an) B o) B = ST Tu(p)p0el ()

k:Ij 1 CPy

Tr[v(pjt1)pj1

and owing to Lemma this yields (1.18).
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5.2.2. Uniqueness. We now establish the uniqueness part in the statement of Theorem [I.4] We fix a
path Py, term Iy,. .., I,, the consecutive roads composing P and assume that there are two solutions
P1s- -+ Pny, Ok and p?, ..,pgk,GO We want to show that p; = p? a.e. on |0, T[x1Iy, ..., pp, = pgk a.e.
on |0,T[xI,, and that p;6) = ,0<>0<> a.e. on |0,T[xI;, for every i = 1,...,n,. We argue inductively
and proceed according to the following steps
STEP 1: we establish the identities p; = p1 and 0 = 00 on ]O T ><Il Smce p1 and p1 are both entropy
admissible solutions of the initial-boundary value problem , l ) such that 0 < pq, p1 <
p*, the identity p; = follows from the uniqueness part of Proposmon Next, we recall that 6
and 92 are both solutlons of the initial-boundary value problem

{ Ot[p10] + Oz[v(p1)p10] =0
0(0,-) = Oko, 0(-,a) = O

and hence the identity p160; = ,019112> follows from the uniqueness part in Theorem m
STEP 2: we assume that p; = p? and p;0, = pzﬁg on |0, T[x1I;, for every i = 1,...,j and we establish
the identities pj11 = p?H and pj10; = pj+10,<3 a.e. on |0,T[xIj1;. We term d the junction point
between I; and I, 1. We recall that by assumption both 6, and 02 satisfy on |0, T[x I;, for every
t=1,...,n;. We apply Lemma recall that p; = pj?, PO = pjﬁg on ]0,T[xI; and from we
deduce that Tr[v(pjt+1)pj41](-,dT) = Trlv (p]+1)pj+1](-, d*) a.e. on ]0,T[. Owing to the first equality
in (5.9), this yields the identity g(pj41)(-,d") = (p?H)(-,dJr) a.e. on |0,7[, where g is the same
as in and the traces g(pj+1)(-,d") and g(p?+1)(-,d+) are attained in the sense of (2.3)). Since
by assumption ij,p?H < p*, then owing to Lemma this implies that pj;q = p§->+1 a.e. on
10,T[xIj41. Next, we recall that p;0, = pj9,<€> a.e. on |0,T[x1;, we apply and recall and
we conclude that 6 and 9,? are both solutions of the initial-boundary value problem

{ O [pj+10] + Ox[v(pjr1)pj+160] =0

0(0,:) = Oro, O(-,d) = O

where 0y, is the same as in with pj41 replaced by g(pj11)(-,d¥). By the uniqueness part in the
statement of Theorem we conclude that p;j 10, = ,0j+1¢9,<€> a.e. on |0, T[x1j41.

Remark 5.3. Definition[1.3, Definition[5.1] and Lemmal[5.9 extend to the case of more general networks
than those considered in the present paper, i.e. networks containing other types of junctions than T-
junctions. By arguing as in the proof of Theorem one can show that, if the density functions
Pl,---,Pn are assigned, then one can construct the functions 01, ...,0n, satisfying Definition and

these functions are unique in the sense of (1.19). What is missing in the general case is that nothing
guarantees that condition (L.18]), or equivalently the junction condition (5.3)), is satisfied.

6. PROPAGATION OF REGULARITY AND STABILITY FOR THE SOURCE-DESTINATION MODEL

6.1. Proof of Theorem By the uniqueness part in Theorem it suffices to show that the
solution of the distributional source-destination model constructed in satisfies Theorem In
particular, in the proof we show that, under the assumptions of Theorem ri is bounded away
from 0 for every k£ = 1,...,m and hence the function 6 is uniquely determined. We fix k =1,...,m,
consider the path P, and as in term Iy, ..., I,, the consecutive roads composing P.

STEP 1: we establish the regularity estimates on p;. We recall that p; is obtained by applying

Proposition and by recalling (2.8) we arrive at
(6.1) TotVar py(t,-) < TotVar p + TotVar pig + |p(0") — p1o(a™)|, for every t €]0,T7,

where we have used Lemma to define the function p; (¢, -) for every t. By applying the chain rule for
BV functions (see for instance [5, Theorem 3.96]) and using equation (|1.5), we deduce from (6.1]) a con-
trol on the total variation of the measure 9;p; on |0, T'[ x|, 8] and conclude that p; € BV (]0, T'[x]a, B]).
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Next, we recall the assumptions on the data and (2.5)) and we conclude that

(6.2) 0<e<p <p"—eg, ae on]0,T[xI.

We term d the second extremum of I, we recall that g is given by (1.7)), we apply (4.10)) and by using
the chain rule for BV functions we conclude that g(p1)(-,d~) € BV(]0,T[). Owing to (6.2)), this yields

(153 _
(6.3) 0 < v(e)e < g(p)(-,d) S w(p™ —¢)[p* —el.
STEP 2: we establish the regularity estimates for 6, on I;. We apply Theorem with Ja, f[= 11
and b = v(p1) and we conclude that 0, € BV (]0,T[xI;). Also, owing again to Theorem there is
6, € BV (]0,T]) such that

(6.4) Tr(o(p1) 18] (- d ) = B Tr[o(p1)pi] (- d7) = rg(pr)(,d7)  ae. on ]0,T

and that

(6.5) £<6,<1 ae on]0,T[

STEP 3: we deal with the junction d. We have

6.6) g(p2)(-a%) B2 —Tefu(p0)pal(,d) B ST Tlu(en) bl d) D g(o) () T Gy
k:IoC Py, k:I2C Py

On the one hand, by (6.5)) we trivially have Ek:IQQPk 0, > . On the other hand, by linearity z :=
> k:1,c p, Ok solves

O (p12) + 05 (v(p1)p12) =0 on |0, T[x1I;

z(-,a) = Zk:lgng O, 2(0,7) = Zszzgpk Oo
and hence Theorem yields the existence of Z € BV(]0,T[) such that

T {vloor 3 0| (nd7) = ZTelo(p)pr)(d™) B2 Zg(p)(d) e, on |0, 71,
k:I,CPy

The linearity and the uniqueness of the distributional traces and (6.3)) imply
zZ= Z 0y, a.e. on ]O,T[ e<zZ= Z 0 <1 a.e. on |0, 7]

k:I,C Py k:IoC Py
and owing to (6.3) and this yields
(6.7) e*u(e) < g(p2)(-,dT) < w(p* —e)[p* —e].

Also, owing to (6.6), g(p2)(-,d") € BV(]0,T[). We now recall the construction in STEP 2 of
and in particular that the boundary datum py for ps is the unique function comprised between 0 and
p* such that g(p2) = g(p2)(-,d") a.e. on |0,T[. By using and the chain rule for BV functions
we infer that py € BV(]0,T[). Also, € < py < p* — ¢ for a suitable constant £ > 0 which could be
explicitely computed if needed. Next, we recall the construction in STEP 3 of and, by using
formula and recalling that g(p2) is bounded away from 0, we conclude that the boundary datum
for 6, at d is
Tr[v(pr)pa] (- d7)

9(p2)
and, owing to and (6.7)), this yields 6, € BV (]0,T[) and & < 6y, < 1 for some suitable constant
€ which could be explicitely computed, if needed. We can repeat the argument at STEP 1 and STEP
2 and conclude that ps € BV(]0,T[xI2), 0 € BV (]0,T[xI2).
STEP 4: by iterating the argument at the previous steps we conclude that, for every ¢ = 1,..., ng,
pi € BV(]0,T[xI;) and 8, € BV (]0,T[xI;). To conclude that actually 6, € BV (]0,T[xPy) we apply
a “gluing theorem” for BV functions, see [5, Corollary 3.89].

(6.8) Okt =
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6.2. Proof of Corollary By the uniqueness part of Theorem [1.4] it suffices to establish the
stability of the solution constructed in We fix k=1,...,m and as in we term Ip,. .., I,
the consecutive roads composing the path Pg.

STEP 1: we show that p? — p; in L'(]0,T[xI1). To this end, it suffices to recall the stability of the
entropy admissible solutions of initial-boundary value problems with respect to perturbations in the
data, see for instance [19, Theorem 4.3]. Owing to Lemma we also have

(6.9) 9(p1) (v d™) = g(p1)(-,d™) in L'(J0,TY),

where d denotes the second extremum of the interval I7.
STEP 2: we show that p07 — p16y in L'(]0,T[xIy).
STEP 2A: we show that there is a sequence 6} solving the initial-boundary value problem

Olp1OR] + Oz[v(pT)pT0;] =0
6.10 " n o n
( ) { 9k 0,-) = 0k07 91@('7@) = 9k

on |0, T[x I such that 67 = 0 weakly* in L>(]0, T[xI}), where 6, is a solution of the initial-boundary
value problem ,1.12,1.14. To this end, we recall that 0} is constructed in by applying
Theorem [2.15] and by this yields a L bound on 6} in terms of ||0},| L~ and [|0}| 1. Owing
to (1.15) and ([1.16)) we conclude that ||6} ||z is uniformly bounded and hence weakly* converges (up to
subsequences) to some limit function 0. By using STEP 1 we can pass to the limit in the distributional
formulation of and conclude that 6 is a solution of , , .

STEP 2B: we show that p1(02)% = p1(6x)? weakly* in L(]0,T[xI;). Owing to the proof of [25
Proposition 3.11], (6%)? is a solution of the initial-boundary value problem with 6%, and 07
replaced by (07,)? and (67)2, respectively. Also, ||(67)?|| 1 is uniformly bounded because so is ||67|| 1o
and hence, up to subsequences, (67)? weakly* converges in L>(]0,T[xI;) to some limit function 7.
Since p — p1 strongly in L'(]0,T[xI;) by STEP 1, this implies that p7(67)? X p1y weakly* in
L*>°(]0,T[x11). By passing to the limit in the distributional formulation we get that p;7 is a solution
of with 67, and 67 replaced by (6o)? and (x)?, respectively. Since by [25, Proposition 3.11]
p1(0r)? is a solution of the same initial-boundary value problem, then by the uniqueness part of
Theorem we have p1y = p1(60;)2.

STEP 2C: we conclude the proof of STEP 2. We recall that p} — p; strongly in L'(]0, T[xI;) owing
to STEP 1: by STEP 2A, this implies that p107 = p160; weakly* in L=(]0,T[xI;) and henceforth
weakly in L2(]0, T[xI1). By STEP 2B, it also implies that (p107)? = (p160x)? weakly* in L>(]0, T[xI1)
and henceforth weakly in L?(]0,7[xI;). We conclude that p107 — p16y strongly in L?(]0,T[xI;) and
henceforth strongly in L(]0, T[x ;).

STEP 3: we show that pi — po strongly in L(]0, T[), where p& and py are the boundary data for p%
and pa, respectively. We recall that, by the construction in p2 is the function confined between
0 and p* such that

g(ﬁQ): Z Tr[v(pl)plek]('ad_)7

k:IoCPy

where d is the second extremum of ;. Hence, to establish the convergence p5 — ps it suffices to show
that Tr{v(p])pP07])(-,d~) = Tr[v(p1)p16k](-,d ™) strongly in L'(]0,T7) for every k =1,...,m.

STEP 3A: we show that Tr[v(p})pp07](-,d=) = Tr[v(p1)p10k](-,d™) weakly* in L>(]0,T[). Owing
to [3, Proposition 3.2] and to the proof of [20, Lemma 3.3], || Tr[v(p})p70}]| Lo is uniformly bounded in
terms of ||p}||r and [|0}| L~ and hence up to subsequences converges weakly* in L>°(]0,7']) to some
function §. By recalling STEP 1 and STEP 2 and passing to the limit in the definition of distributional
trace we get that § = Tr[v(p1)p16k].

STEP 3B: by recalling STEP 2B we can repeat the same argument as in STEP 3A and conclude that

Telo(pf) 3 (0F)2] (- d=) = Tefu(p1)pr (04)2) (- d=) weakly® in L(]0, TT).
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STEP 3C: owing to the trace renormalization property given by [25, Theorem 4.2] we have
(Tr[v(p1)pr 0k (- d7)) Te[o(p}) 7 (03)2) (- d ) Trlu(p})pY] (-, d7)

Te[o(p)p (7)), d7)g(p}) (-, d7).

Owing to STEP 3B and this yields that (Tr[v(p})pT67](:, d_))2 weakly* converges in L>(]0,T'])
to (Trfv(p})p01](-, d_))2 and by recalling STEP 3A and repeating the same argument as in STEP 2C
it implies that Tr[v(p})p707](-,d ™) strongly converges in L'(]0,T) to Tr[v(p1)p10k](-,d™).

STEP 4: owing to STEP 3, we can repeat the same argument as in STEP 1 and conclude that p§ — po
in L1(]0, T[x I3). Next, we recall that, by the analysis in 0y, is defined on |0, T'[x Iz by solving an
initial-boundary value problem analogous to and with boundary datum 6y, given by . We
now want to show that p50}' — p20;. Note that to repeat the same argument as in STEP 2 it suffices
to show that

(6.11) 01,9(P3) = Orvg(p2),  (03)°9(P%) — (Oxe)?g(p2), in L*(]0, T').

STEP 4A: we establish the first convergence result in . It suffices to recall that, owing to ,
Orbg(p2) = Tr[v(p1)p16k](-,d~) and then recall STEP 3C.

STEP 4B: we establish the second convergence result in . We want to apply the Lebesgue
Dominated Convergence Theorem. First, we recall that |6},| < 1 owing to and we conclude that
1(0%)%g(p3)(-,dT)|| o= is uniformly bounded. We are left to establish the a.e. pointwise convergence.
First, we recall STEP 3C and conclude that, up to subsequences, Tr[v(p})pi0}](t,d™) converges to
Tr[v(p1)p16k](t,d™) and g(p5(t)) converges to g(p2(t)) for a.e. t €]0,T]. We fix a ¢t €]0,T[ such that
the above convergence results hold true and we distinguish between two cases. If g(pa(t)) # 0, then
for n sufficiently large

o (mleteperglan)) (Te(e)mbl(d))
Bh(1)"9(P2 (1)) = AD) - PE0)

If g(p2(t)) = 0 we argue as follows: since |07, (¢)| < 1, then |(67,(¢))?9(p5(2))| < g(p3(t)) and hence it
converges to 0 as n — +oo0. This concludes the proof of the a.e. pointwise convergence and hence of
STEP 4.

STEP 5: by iterating the argument at the previous steps we establish the desired stability result.

2 |25 Theorem 4.2]

(12.15)

= (Or(t))?g(p2(t)) asn — +oc.
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