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Hardy spaces on homogeneous trees
with flow measures

Federico Santagati'[]

Abstract

We consider a homogeneous tree endowed with a nondoubling flow measure p of exponential
growth and a probabilistic Laplacian £ self-adjoint with respect to pu. We prove that the
maximal characterization in terms of the heat and the Poisson semigroup of £ and the Riesz
transform characterization of the atomic Hardy space introduced in a previous work fail.

1 Introduction
Let H*(R™) be the Hardy space defined by
HY(R™) = {f e L'\(R") : |[VA™Y2f] e L}Y(R™)},

where V denotes the standard Euclidean gradient and A denotes the standard positive Euclidean
Laplacian. It is a well-known fact that H!(R™) can be defined in several equivalent ways. Indeed,
a celebrated result of C. Fefferman and E.M. Stein [8] 20] states the equivalence between H'(R™)
and the maximal Hardy spaces defined via the heat semigroup and the Poisson semigroup of the
Euclidean Laplacian. This result deeply depends on the doubling property of the Euclidean setting.
Moreover, R. Coifman proved in [4] that H'(R™) admits an atomic characterization. Subsequently,
Coifman and G. Weiss [§] introduced an atomic Hardy space in the setting of spaces of homoge-
neous type; we refer to [10] (11l 22| 24] for various maximal characterizations of the Hardy space
in the context of such spaces. It is worth mentioning that, on R™ endowed with a nondoubling
measure of polynomial growth, X. Tolsa [21] introduced an atomic Hardy space and proved that it
can be characterized by a maximal operator as in the doubling setting. Furthermore, G. Mauceri
and S. Meda defined an atomic Hardy space in the context of a Gaussian measure and the Orn-
stein—Uhlenbeck operator in R™ and, in the one-dimensional case, a maximal characterization of
this space was proved in [16]. Many efforts have been made in order to study nondoubling (both
continuous and discrete) settings on which these characterizations fail. See for example [15] [18] [19]
for a contribution on a Lie group of exponential growth and on locally doubling manifolds and [3]
for similar results in the context of a homogeneous tree and the combinatorial Laplacian.

In [13] the authors define an atomic Hardy space on a tree endowed with a nondoubling, locally dou-
bling flow measure and they prove some classical results such as the duality between H' and BMO
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and good interpolation properties. In this paper, we focus on the homogeneous tree T,y1 = (V, E)
of order g + 1, i.e., a tree in which every vertex has exactly ¢ + 1 neighbours. We consider the
metric measure space (V,d, u) where d is the usual discrete distance on a graph and the measure
is the canonical flow measure on a homogeneous tree (see Section for a precise definition). It is
worth recalling that (V, d, u) is of exponential growth and does not satisfy the Cheeger isoperimetric
inequality (we refer to [I3] Section 2).

Inspired by [12], in Sectionwe introduce a Laplacian £ self-adjoint on L?(y) that can be thought
of as the natural Laplacian in this setting. We define the heat semigroup (H¢):~o and the Poisson

semigroup (P;)io associated with £, given respectively by H; = e~ ** and P; = etVE Tt is a
natural task to investigate whether the Hardy spaces defined in terms of the heat semigroup and
the Poisson semigroup are equivalent to the atomic Hardy space H},(u) defined in [I3] or the equiv-
alent Hardy space defined in [2] (see Subsection for its definition). We define the heat maximal
operator and the Poisson maximal operator as

My f = sup [Hif], (1)
>0

Mpf =sup|P:f], (2)
>0
respectively. The aim of the first part of this work is to establish that the spaces

Hy(p) ={f € L'(n) : Muf € L'}, flmz = 11l + [Mnfll1,
Hp(p) ={f € L'(w) : Mpfe LW}, Iflay = Ifl + IMpfl1,

do not coincide with the atomic Hardy spaces H}, (1) defined in [I3] (see Section [2.2| for its precise
definition). The following theorem is one of the main results of this work. It states that, although
the inclusions H},(n) € H}(w), HL,(n) € Hp(u) are valid, the maximal characterizations of the
atomic Hardy space fail in our setting.

Theorem 1.1. i) There exists a positive constant C such that
IMnfllh < Clfllm,  Vf € Hy(p);
it) there exists a positive constant C' such that

IMpflle < Clifllm, — Vf € Hap(u);
iii) there exists a function g € H}(u) N Hp(u) which does not belong to HE,(i).

It is possible to define the analogue of the Riesz transform in our setting, which we shall denote
by R (see Section |5 for its precise definition). We introduce the Riesz Hardy space Hp (1) defined

by
Hp(p) ={f € L'(n) : Rf € L' ()}, (3)

which we endow with the natural norm | f|[zz, = [ flli + [[Rf]1-

The following theorem establishes that the Riesz characterization of the atomic Hardy space
fails.



Theorem 1.2. i) There exists a positive constant C such that
IRfll < Clifllay, — VF € Hyp(p);

ii) there exists a function g € Hy(w) which does not belong to H},(1).

We point out that the function g in the above statement coincides with the function which
appears in the statement of Theorem 14i).

This paper is organized as follows. In Section [2] we introduce the notation, preliminary notions
and we provide useful estimates concerning the heat kernel and its gradient. Section [3|is devoted
to the proof of Theorem i) and #3), while in Section {4] we construct the function g of Theorem
ii1). Finally, in Sectio we prove Theorem

Along the paper, C' denotes a positive constant which may vary from line to line. However, when
the exact values are unimportant for us, we use the standard notation fi(z) < fo(x) to indicate
that there exists a positive constant C, independent of the variable x but possibly depending on
some involved parameters, such that fi(x) < Cfa(x) for every . When both fi(z) < fo(x) and
fa(x) < fi(x) are valid, we will write f1(z) =~ fo(z).

2 Setting

2.1 Homogeneous trees and canonical flow

Let T be an unoriented tree, i.e., an unoriented connected graph with no cycles. We denote
by V the set of vertices and by F the set of edges of T and we write © ~ y when (x,y) € E. If
x ~ y we say that x is a neighbour of y. Consider a sequence of vertices {«;} such that z; ~ ;1.
This naturally identifies an associated sequence of edges {e;}, where e, is the edge connecting x; to
xj1. We say that {z;} is a path if {e;} does not contain repeated edges. If the path v = {x;}7_,
is finite, zp and x,, are called the endpoints of . The discrete distance d(x,y) counts the minimum
number of edges one has to cross while moving from = to y along a path. In a tree, for every couple
of vertices (z,y), there exists a unique path (which we call geodesic) realizing such a distance. In
this case, we denote by [z, y] the geodesic connecting x to y. We denote by I" the family of geodesics
and by S, (z) and B, (z) the metric sphere and ball of center « € V' and radius r > 0 respectively.
Let T,41 denote the homogeneous tree of order ¢ + 1, namely, a tree such that each vertex has
exactly ¢+ 1 neighbours, where ¢ € N\ {0}. Hereinafter, we assume T'= T, = (V, E) with ¢ > 2.

We fix a distinguished point o € V' which we call the origin of the tree. When x € V' we denote
the distance between z and o by |z|. We write I'g for the family of half-infinite geodesics having an
endpoint in the origin, 'y = {y = {z,}32, € T',z0 = o}. The boundary of the tree 9T is classically
identified with the set of labels corresponding to elements of 'y,

oT = {C’y N S Po}

It is standard to denote a half-infinite geodesic starting at the vertex z and ending at £ € 9T by
[2,€). A point & € 9T can be chosen to play the role of root of the tree. The role of such a point
is to induce a partial order relation on V. We say that « > y if and only if = € [y,&). We define
the projection of  on the half-infinite geodesic [o, &) as

Hfo (I) = argminyé[o,ig) d('ra y)7



and the level of x as
U(z) = d(0, I, (x)) — (I, (z), 7).

The fixed point & € 9T is called mythical ancestor. Note that x > y if and only if £(z) — £(y) =
d(z,y).

The predecessor of x is the unique vertex p(z) such that @ ~ p(z) and £(p(x)) = £(z) + 1, while
y is a son of x if it belongs to the set s(z) = {y ~ z : £(y) = ¢(x) — 1}. More generally, for any
integer m > 2 we denote by p™ the composition pop™~!, where p! = p. We define the confluent of
x,y € V as the point

x Ay =argmax{l(z): z € [z,y]} = argmin{l(z) : z >,z > y}.

We denote by C(V') the set of complex-valued functions on V. If A C V we write |A| to denote
the cardinality of A. We endow V with the measure p defined as

wA) = q",

z€A

where A C V. We recall that u is a flow measure in the sense that

p(x) =q"" =q¢"'@ = " uy) Ve,
yEs(z)

(see [13] for more information about flows). The measure p was introduced by W. Hebisch and T.
Steger in [12] and it represents the canonical flow measure on T, since it equally distributes the
mass of a vertex among its sons.

For p € [1,00) we define LP(4) = {f € C(V) & [|flly = (Loey F@IP n@)/" < +oc}. We
also define L>®(p) = {f € C(V) : [|flloc = supgey |f(2)] < 400} and denote by # the counting
measure on V. Finally, if f € C(V) we define the gradient of f as

Vi) = f(x) = fp(x))  VeeV.

2.2 Atomic Hardy space

In [I3] the authors develop a Calderén—Zygmund theory with respect to locally doubling flow
measures and a family of sets F which are called admissible trapezoids. Hereinafter, we say that a
set R belongs to F if either R = {y} for some y € V or there exist a vertex yr and two positive
integers h’, b, such that R ={y <ygr : A’ <d(y,yr) < h"} = RZ:’(yR) and 2 < 71—/,/ <12.

It is worth noticing that (R} (yr)) = ¢"@R) (k" — B'). We introduce the atomic Hardy space
H},(p) and its dual (we refer to [I3] and [I] for more details). A function a is a (1, c0)-atom if the
following hold:

(1) a is supported in a set R € F;

.o 1 .
(i1) flalloe <

(ii1) Y epal(z)u(z) =0.



The atomic Hardy space is defined as
i) = {1 1) <1 - S s (g € 200, a5 1:00)~atom b

endowed with the norm || f[| g1, = inf{3_; [A;[ - f =32, Aja;, a; (1,00) — atom}.
The space of functions of bounded mean oscillation is

BMOG) = {F € CV) + sup s 7 2 1) Sl 0 < oo,

where fr denotes the average of f on R.
The dual of H},(11) can be identified with BMO(p), see [13| Th. 4.10]. In particular, if f € BMO(u)
and a is a (1, 00)-atom, then

> f(@)a(z)u(x)

zeV

S Ifllsaollallmy, » (4)

where || fllppo = SUPre F iy Zser [ (@) — frlu(@).

2.3 Laplacians and Heat kernel
Let A denote the combinatorial Laplacian, namely the operator defined on every f € C(V) by

1
71 (f(z) = f(y)) Ve eV.

Yy~

Af(x) =

The Laplacian A is bounded on LP(#) for any p € [1,00]. Moreover, the L?(#) spectrum of A

s [b,2 — b], where b = (‘/5;11 > (see [6]). We refer to [9] for more information about A and the
spherical analysis on 7.

Consider the operator A : C(V) — C(V) defined on f € C(V) by

( L) ))) vz e V. (5)

yes(x)

Observe that we can associate to A a probabilistic transition matrix, in the sense that

= Y A y)f(y) and Y Alry) =1, (6)
yev yev
3 y € s(x),
where A(z,y) = { % y = p(x),
0 otherwise.
We define the operator
L=1-A, (7)



which is the natural Laplacian in our setting. By @7 it is clear that £ is a Laplacian from the
probabilistic viewpoint (for more information about random walks and Laplacians on graphs we
refer to [23]). It is also easy to see that L is self-adjoint on L?(p). Such operator was originally
introduced in [I2]. It is worth noticing that

1

Eert

(A bt (8)

Using the fact that the pointwise multiplication by x'/? is a surjective isometry between L?(#) and
L?(p1) and the pointwise multiplication by p~'/2 is its inverse, the previous identity implies that
L?(u)-spectrum of L is [0,2].

Next, we shall define the heat kernel associated to £ and provide some useful estimates. We denote
by H; the operator e~**, t > 0. Its integral kernel with respect to the measure p is the function
H,(-,-) such that for f € C(V)

x) =Y Hy(x,y)f(y)uly) VzeV.
yeVv

By we can explicitly write H; in terms of the heat kernel associated to A on T', which we
shall denote by h;. By the Spectral Theorem

Ht(x,y)—el 5 ()~ “”))/Qh e (x Y) vVt > 0,z,y € V. 9)
Notice that, since A is a transition matrix

Y Hi(z,ypu(y) =1, VteR', zeV; (10)
yev

moreover, since hi(x,y) = hi(y, z) we deduce that

Hy(z,y) = Hi(y,x) VvVt > 0,2,y € V.

In the following, we denote by hZ the heat kernel associated to the combinatorial Laplacian on
Z and, with a slight abuse of notation, we denote by hZ(j) the function hZ(j,0).
In the next proposition, we collect some results of M. Cowling, S. Meda, and A.G. Setti (see [6]
Lemma 2.4., Prop. 2.5]) which provide an explicit expression and a sharp approximation of h; that
will be useful in the sequel.

Proposition 2.1 ([6]). The following hold for allt >0, x €V and j € N:

—bt
. 2e —d(z, _
i) he(wy) = T « y)/QZq (d(w.y) + 2k + D (d(w.m) + 2k + 1),

et/ +t? J
1452+ 1/4(]+\/ 2+t2)

i) W) G +2) = 2Dy,

it) hi(j) ~




Using i) and (9)), we easily get

H, (:C7 y) = qig(x)/zie(y)/2ebt/(lib)h’t/(1—b) (33, y) = Q(-T, y)Jt (.’E, y)7

where
Q(z,y) = ¢l~t@)/2=ty)—d(z.y)]/2 (11)
and
2 e~ _
Ti(wy) = > a7 (d(w,y) + 2k + DAE(d(,y) +1). (12)
k=0

Then, by means of ¢), we obtain the following estimate for H;

Q(z,y)

Ht('r7y)% t

(d(z,y) + Dhe (d(z,y) +1). (13)

We now introduce some notation. For every n € N we define the function s,, : Rt — R by

n+144/(n+1)24t2

n+1
eftey/(n+1)2+t2 ( t >
vt > 0.

su(t) = (n+1) H1+ (n+ 1)2 4 2)1/8 (14)
Observe that by and Proposition i1)
Hi(z,y) = Q(z,Y)Sa(a,y) (1)- (15)
Let ¢ : RT — R be the function defined by
ot) = —t+ V142 +logt —log(1+V1+12) V>0 (16)
We have that
e(n+1)e(t)
sp(t(n+1)) = H1+ (nt D)2+ 2(n+ 1)2)/4°
It is easy to verify that ¢ is negative, increasing and
o(t) < % —log (1 + 1) vt > 0. (17)

We now state a technical lemma involving the function s,, defined in .
Lemma 2.2. The following hold

i) $uPysg $u(t) S Gz

”) SUP¢>0 %Sn(t) 5 (nﬁl)s .



Proof. We distinguish three different cases, namely, we estimate the supremum of the above func-
tions whent > (n+1)2, n+1<t<(n+1)2and 0 <t <n+1.
Case 1. Observe that

(0 (t(n + 1)) ey
su Sp(t) = sup sp(t(n+ = su .
tz(nfm? t>n51 t>n5—1 tH1+ (n+1)2(1 +¢2)]1/4
Since ¢ is negative on R it follows
1 n 1
sup  s,(t) < ——— and sup  —s,(t) < ———.
>(nt1)2 (n+1)2 t>(ni1)2 t (n+1)3

Case 2. When t € [n+ 1, (n + 1)?) we can write t = (n + 1)a with o € [1,n + 1) and

0 e(nt+1)e(a)
sup sp(t) = sup .
nt1<t<(nt1)2 1<a<nt1 o[l + (n+1)2(1 + a?)]1/4

By using and the fact that (1 +1/a)® > 2 for all @ > 1, we get

PPRRNCES T L) (/e
e+ De(a) T+ 2

< < .
al+(m+ 121+ a2/ = ad2(n+ 1)/2 = ad2(n+ 1)1/2

(n+1)/a
Next, we use that <612/2> < (nﬁ‘%); to obtain

e(n+1)e(a) - a3/2 1
su su <
L<ommi1 oL+ (n+ D20+ a)] 72~ oD (n+ 172 = (n+ 1)2

and

n c(n+De(a) ol/2 1
sup 2 2\11/4 S sup 7/2 < 3°
1<a<n+1 (n+Daall + (n+1)2(1+a?)V* ™~ 1<acptr (n+1) (n+1)

Case 3. In this last case ¢ € (0,n+ 1) thus we can write ¢t = (n+ 1)a with a € (0,1). By using the
fact that ¢ is increasing and negative, we get

) e(n+1)e(a) o )ew(a)
— < n e}
sn(a(n+1)) o[l + (n+1)2(1 + a2)] /4 = € o
< (1) < 1
~ ~ (n+1)2’

where we have used that @ < 1 when a € (0,1). If n = 0, then i) follows trivially. Assume
n > 1 and by repeating the same argument

2p(a)
e“? < 1

n
. 1)) < o(n=De(@) ,
(n—i—l)as (O[(TL+ ))/‘\/e 042 ~ (n+1)3

This concludes the proof. O



Combining the above lemma with , we obtain that

Q(z,y)

sup Hy(z,y) S ———— Ve,y €V, 18
t>g t( y) (d(x,y) + 1)2 Y ( )
and
d(z,y) Q(z,y)
. H < VI V. 1

In the next results we recall some pointwise and integral estimates concerning the gradient of the
heat kernel which were proved in [14].

Lemma 2.3. Assume x £ y where x,y € V. Then,

i Hﬁay)—ﬂxap@»|SHmX{“%y”ﬂ“”*”) H“%y>},

t Td(x,y) +1
. Q(z,y)
1 sup |Hy(z,y) — Hy(z, < 1= .
) t>%)| t(z,y) t(z,p(y))| (d(z,y) + 1)3
Proof. i) is proved in [I4, Lemma 3.2]. Combining i) with (19), we obtain 7). O

Lemma 2.4. The following estimates hold

N Q(z,y)
o[tlﬂmmw—mwmﬂﬂﬁsaagjﬁf vy £,

.. o ~1/2 Ht(xay) Q(ac,y)
D e ey S Gy s YV

Proof. We refer to [14, Lemmas 3.4, 3.5] for a detailed proof. O

We conclude this section with a technical lemma that provides an algorithm that we will apply
to integrate a certain class of functions.

Lemma 2.5. Let f;, be the function in C(V) defined by

g~ @) rd(.v))/2
Pl = iy

for some fized x € V and n € N\ {0}. Then, for any m € N\ {0}

> A fo) = G (24 - D),

YESm (x) (m +n)

yev,

Proof. We introduce the family of sets {E],}7,, F,,, defined by

B = Sm(@) 0 {y : €y) =Ll(z) +2j —m} = Sp(x) N{y < p’(2),y £ (@)}, G=1,.,m,
Lx) —m}=Sn(z)N{y : y <z}



Clearly < {E},}7,, Fin ¢ is a partition of Sy,(z). Moreover, |E}| = (¢ — 1)¢"™ 7/~ if j < m,
|[E™| =1 and |F,,| = ¢™. Thus,

S ) =3 Y @Ry S @y,
I=lyer],

YESm () YEFm
m—1
1 qg—1
= 2.
<m+n>2(Z ¢ )

j=1

O

Remark 2.6. The above proof illustrates the algorithm on which the computation of most of
the sums throughout this paper relies. Unfortunately, although the functions we will integrate are
usually of the form f, ,,, the domain of integration might not coincide with the whole sphere S, (z).
Thus, in each specific case, we will adapt the above idea to the particular geometry of the domain.

3 Proof of Theorem i)-ii

In this section, we shall prove that the L'-norm of the heat maximal operator M, defined in
is uniformly bounded on atoms and deduce that Hl,(n) C H}(n). By using the well-known
subordination formula for the Poisson semigroup, a standard argument shows that H} (1) C Hp(u).
Thus, Theorem i1) will follow immediately by Theorem i).

We preliminarily need to show that My, is of weak type (1,1). It is worth recalling that the weak
type (1,1) boundedness of the heat maximal operator associated to the combinatorial Laplacian A
is a well-known fact proved by M. Pagliacci and M. Picardello in [I7].

Before establishing the abovementioned properties, we define the local maximal heat operator by

Mo f(z) = sup |Hif(z)] VfeC(V),zeV.

0<t<1
Proposition 3.1. The operator M, is bounded on L*(u).
Proof. Let f € C(V). By

[Muceflle < D 1F@IDY sup Hi(w,y)(x)n(y)

yeVv zeV

S W)ley) Z‘:/Oiling(x>y)5d(z,y) () ().

yeV

It is easy to see that the term inside the second sum can be dominated as follows

Q. y)s (D) < —d(ey)—t(w) () et d@y)
yY)Sd(x,y) L) ~ 4 d(l’,y)+1

—d(e.y) = t(y)+i(e) e d@.y)
2 —_— 0<t <.
(d(x, y)+ 1)

10



Recalling that ¢(x) — ¢(y) < d(x,y), it suffices to notice that

> Q(z,y) JSup Sy (@) S > (W)d(m) = i (d(iely < +o0.

zeV zeV d=0

O

Proposition 3.2. The operator My, is of weak type (1,1) and bounded on LP(u) for all p € (1, 00].
Proof. 1t suffices to prove the weak type (1,1) boundedness of M}, and then use interpolation.
Pick f € L'(u1) and assume without loss of generality f > 0. Then, for every t > 0 we have

1 g2

2t
ﬂoﬂf()dwlttﬂf 2= 3 f) " H.(ey) dey)

yev

25 Zf t Q z,y)sa(2) dzp(y),

yeV

where d = d(z,y). Recall that s4(z) = (d+ 1) gD/t D) + where ¢ is defined in (T6]), and

2[1+(d+1)2+22]1/

R* 5 z — dTD9E/ A1) g increasing,
1

RT3z — AT @) 5 A is decreasing,
thus
1 [2t (d—|— e (d+1)e(t/(d+1))
_ >
2 Z FW)Hi(z,y)uly) = Hef(2), (20)

yev

where in the last line we have used . Observe that, by , (Ht): is a strongly measurable
semigroup which satisfies the contraction property, namely, if f € L' ()

[Hefll < Y0 1 @H ) u@)n@) =Y )Y Hi(z,y) px) ply) = [1£]1-

zeV yeV yev eV

Thus, by the Hopf-Dunford-Schwartz Theorem (see [7]), the ergodic operator associated to the heat
semigroup is of weak type (1,1). We conclude passing to the supremum in . O

Proposition 3.3. There exists a positive constant C > 0 such that |[Mpally < C for any (1,00)-
atom a.

Proof. Let a be a (1,00)-atom. If F >
enlargement R* = {x € V : d(z,R) <
boundedness of My,

R = RIY(yg) is the support of a, then we define its
R'}. By the Cauchy-Schwarz inequality and the L?(u)-

R* 1/2
| Muall gy < [Miall2p(RY)? < 0'||Mh||gﬁz(lﬁ<m)) =G

11



where we have used the fact that u(R*) < u(R), see [13].
We now split (R*)¢ in two regions, namely,

Fl = {Jf S (R*)C < yR}7

Iy = (R)\TI'1={2: z £ yr}
We start with

> Mua)u(a) S 3 sup - Q@ )sute Ola(y) ).

zel'y zel'y >0 YyER

By exploiting and the size condition of the atom, we get
—l(z)/2+L(y)/2—d(z,y) /2 q

q
2 Mualu@) £ 3 D gy )

zel zel't yeR

If x € T'q, then

(o) 24w 2=d(ay)/z Ry g~ @) /2+w) /2= d(x ) /2

q _ 1
Z d(z,y) +1)? = 2 1(R) > (d(x,y) + 1)

yeR I=b(yr)—h"+1 yERN{L(y)=1}

We briefly explain how to compute the above sum. Fix 2 € I'; and an integer | € [((yr) — " +
1,4(yr) — h']. Then, there exist

e one vertex y; > x in R at level £(y;) = I. In this case d(z,y) = €(y1) — {(x);

e ¢ — 1 vertices which lie at the same level as y; which belong to U1 = {y : £(y) = ly),y <
p(y1),y # i)} In this case, for any y € U 1, d(y, z) = d(yi, z) + 2;

e (g — 1)q vertices which lie at the same level as y; which belong to U2 = {y : ¢(y) = ¢(v1),y
p?(y1),y £ p(y)}. In this case, for any y € Uy o, d(y,z) = d(yi, z) + 4;

IN

e (g—1)q%vyr)=1 vertices which lie at the same level as y; which belong to Udiye) = 1y L(y) =

),y < yr,y £ p?WvR)=1(y)}. In this case, for any y € Uj ay, yn)» Ay, ) = d(yi, ) +2d(y1, yr).-
We can rewrite the previous sum as

Z q—z(w)/2+e(y)/2—d(a:,y)/2 L. ) d(yffR) €1 i q(d(yl7w)—d(yl,$)—2j)/2
2 : 2

yERN{L(y)=1} (d(z,y) +1) (d(z,y0) + 1) (d(z,y1) +2j +1)

d(yl YR)
1 1
=1- + —1)gq .
(d(z, y1) +1)2 Z (4 (d(w,y) + 2 +1)2
h/l +h/

~ (d(x,yr) = 1)*
since d(z,y;) = d(z,yr) — d(yi,yr) > d(x,yr) — h”. Summing up over the h” — A’ level which
intersects R, we get
L(x)/2+L(y)/2—d(z,y)/2 =K B+ R - n

q < .
yGZR d(z,y) +1)? qé(yR)(h/l —h) (d(z,yr) — ") ~ qe(yR)(d(x,yR) — h")2.

12



We conclude that

Z 1 h u(z Z q —d(z,yr) 1
zely ql(yﬁ) (d(x7yR) h// 2 zel, (d(x7yR) - h’//)Q
Sy e

J>h/

Now we shall integrate on I's. In this case we need to use the cancellation condition of the atom.

It is worth noticing that the function R 3 y — Hy(z,y) with x € Iy fixed, is radial (namely,
it depends only on d(x,y) or equivalently, in this particular case, it depends only on £(y)). Let y
denote a vertex of maximum level in R. We have d(z,y") = d(z,yg) + I/ for any z € T's. Given
a vertex y € R, let ¥ denote the predecessor of y of maximum level in R. An easy application of
Lemma and the fact that £(p/(y)) + d(z,p’ (y)) = £(yr) + d(z,ygr) for every 1 < j < d(y,7),
x €l and y € R, yield

d(y,y)
igg\Ht(x,y) Hy(z,y") < > Sup\Ht(x P (y) — H(z, 0" (y))|
7=0
- AT () W)+ 2! W))/2
= (d(z,p?(y)) +1)3

AT () )+’ ())/2

= (d(w,yr) + 1')?

(B — B )g~ @) Hyr)Hd(e.yn) /2
- (d(z,yr) + 1')3 ’

IN

(21)

where in the second line we have used Lemma ii) and p°(y) = y. By the cancellation and the
size condition of the atom and

5" Hiapaty)uts)| = sup

sup S (Hua,1) ~ Hile ()|
t>0 yeRr t>0 yeR
w(y) _ (W — g U@ +yr)+d(z.yr))/2
< sup | Hy(x, Hy(z,y* <
Z t>g| t(z,y) — He(w,y )|M(R) (d(z,yr) + 1)

yeR

It follows that

HMhaHLl(Fg Z qf(z bup

5" Huo, )t

z€T; YyER
- 2| 5 (e - i) Jownis)

< T /2t i) 2 (h" = h')

z€ls (d(xV yR) + h/)g .

13



We can integrate over the intersection of the spheres S,,(yr) and T's for m > 1. Arguing as in
Lemma we get

Z Z(w sup

mew@mﬂ

2€T2NSm (YR) 0l yer

) —m m—1
_ (h" — h')q (yr)/2—m/2 3 —(+1) (g(yR)JrgJ m)/2 (m+4(yr))/2
~ (m + h')3 =y o

m
Jj=1

< (h// _ h')m - (h// _ h/)
S S mr e

Summing up over m > 1, we obtain

e} e h” h/
SX el Y mlealut)| £ Y S <
m=1zeT2NS (yr ) >0 R :1

This concludes the proof. O

Using the weak type (1,1) boundedness of My, it is easy to prove that the uniform boundedness
of || Mpall; where a ranges over (1,00)-atoms, implies the boundedness of M;, from H},(u) to
L'(u). Indeed, the following can be proved by a standard argument.

Lemma 3.4. Let K : HL,(n) — L'(u) be a positive sublinear operator, i.e., Kf >0, K(af) =
|| C(f) and

K(f +9)(x) < K(f)(x) + K(g)(x),  VzeV,
where a € C, f,g € HL,(1). Suppose that there exists a positive constant C' such that
[Kal < C,
for all (1,00)-atoms a. If K is of weak type (1,1), then

1Al S Mfllz,  VF € Hay(p).

Theorem i) now follows combining Proposition with Lemma
We end this section with the proof of Theorem [1.1]47). The kernel P;(-,-) of the Poisson semigroup
(Py)¢ is given by the following well-known subordination formula

o d
Pi(-,") :t/ (47rz)*1/26*t2/(42)HZ(',') @z
0 z
We recall that the Poisson maximal operator Mp is defined by . By a change of variables and
an application of Fubini-Tonelli’s Theorem, it is easily seen that Mpf < M, f for any f € C(V),
thus H} (1) € Hp(u) and Theorem [1.1{4i) is proved.

14



4 Proof of Theorem 1.1 iii)

In this section we introduce a sequence of functions {g,}, and we provide estimates of their
norms in HY, (1) and H} (). In particular, we shall obtain that |- |73 and ||| 71, are not equivalent
norms. By means of the abovementioned estimates, we construct a function g which belongs to
H}(w) but which does not belong to H},(x). Exploiting the inclusion H}(u) € Hp(p), we will
obtain also that g € Hp ().

We introduce a numeration on the set of vertices of level 0 as follows. For all n > 2 if ¢(z) = 0,
x < p*(0) and & £ p"~!(0) we assign to z a unique label z; with i € [¢"71,¢" — 1]. If z < p(o),
then we define zp = o and the remaining ¢ — 1 vertices z; withi=1,...,¢q — 1.

Define

gn(x) = 0z, () — 0o(x) Vn > 2. (22)

Since g, is supported in {z,, }U{o} and has zero average for every n > 2, it follows that g, € H},(u).
In order to estimate [|g,|/f:, from below, we shall construct a function f € BMO(u) and apply
. Consider the function f: V — R defined as follows

Flz) = {nlogq if 2 < p"(0), z £ p"~*(0), and n > 2, (23)

logqg if 2 < pt(o).

Proposition 4.1. The function f defined by belongs to BMO(p).

Proof. Tt is easy to see that f is constant on every admissible trapezoid with root not in [p?(0), &).
Hence, to prove that f € BMO(u) we have to control the average of f on an admissible trapezoid
R with root in [p?(0),&p). We claim that it suffices to prove the uniform boundedness of

5 2 (@) = Caluo)

TER

where Cg is a suitable constant depending only on R. Indeed, for any y € R

F() — frl < 17 (y) = Crl +|Cr — fal < |/ (y) — Crl + ﬁ S 1£(2) - Crl (),
TER

and it follows

—— Y |f W) = frln(y) < ——= > 1f(y) — Crlu(y),

and the last inequality proves the claim.
Next, we distinguish two cases.
Case 1. Let R = R}, (p™ (0)) with n > h”. We shall estimate from above

5 3 11(@) — nlogalu(o).
z€ER

15



Using the definition of f, it is convenient to compute the above sum on each level. Indeed, fix a
positive integer [ € [n — h” + 1,n — h/]. Then,

1
T 2 M@ - nboggu)
H z€RNL(x)=1
! n
q .
~ u(R) K<q —1) > o jlogq — nlogql) +1-|llogq — nlogq|
# Jj=l+1
n—1 ql .
= @ (n—j)logq
= R
n—1
(n—j)
= J—n 1
pa q (W' = 1) 0gq
< n;q_mh 7 log ¢

We get an estimate independent of I. Summing over the h” —h' levels which intersect R, we conclude
that

n—h'

W S M@ - mosdlute) = 3 i 3 1)~ nlogalute)
TER

z€RNL(x)=1

< =h)Y g h,,_ )logq

Case 2. Let R = Rl (p"™(0)) with 2 < n < h”. We can follow the previous argument except for the
levels | < 0. Thus, if 0 >1 € [n—h" 4+ 1,n— h'] is a fixed level,

T X = nloxgut

K R z€RNL(x)=1

M(R) |:<(q - 1) quflqu logq — ’/7,1qu|> 4 q17l| 10gq B nlogq\
j=2

<

- )
¢’"'(n—j)logg,

(R)

and we conclude as above.

This proves that f € BMO(u). O

Remark 4.2. If we take n such that ¢! < n < ¢™ — 1 for m > 2, then it is easily seen that
|2n] =2m < 211222 + 2 <logn, while f(z,) =mlogq > logn.
We also underline that x, A o = pl*»1/2(0) = pl*»1/2(z,,) for all n > 2.
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Since g, is a multiple of a (1, 00)—atom, by we get

Zf gn ()

zeV

= |f(zn) = f(0)| Z logmn,

Hf”BMO”gnHHat ~

which implies that
logn < ||gnllmy, - (24)

Moreover, it is clear that ||g,||1 = 1. Combining the previous inequalities with the following propo-
sition we conclude that the norms on H} (u) and H},(p) are not equivalent.

Proposition 4.3. Let {g,}n be the sequence defined in . Then, the following holds:
IMrgnll1 < loglogn Yn > 2.

Proof. We split the proof into three steps.
Step 1.
Define B = B(o, |x,|). Our goal is to show that

Z My, (z)u(z) S loglogn
zeB

for =0 and j =n.
Notice that for all x € V, by

Q(z, ;) p(x)

Mp(6:.)(@)p(x) = p(x)sup He(z, ;) S . 25
h( ])( )/’6( ) :u( )t>IO) t( J) (d(l‘,l’j)+1)2 ( )
By (25)
ZM (5) Z Lxy/2 4 q ~lal/2
h\%o q
by eh (J| + 1)
We write B = U‘,iilosm(o) and apply Lemma to obtain
[zn]
1
D> My (o) (@)pu(x) < Z TR S log |zy| < loglogn, (26)
z€EB m=

where we refer to Remark .2 for the last estimate.
It remains to prove the same inequality which involves My, (d,, ). Again by

Q(x, xn) ()
M0z, )(@)p(x) = ) p(@)sup [Hi(z,20)| S ) —o————5-
b g IS S e+ 1y
Denote by B* the ball B(x,,2|x,|). Clearly, B C B*. Hence

—d(z,x,)/2

qZ(:r
Z M (0z,)(= Z d(x,x,) +1)2

r€EB reB*

17



Exactly as in we get

2|z |

1
> M, )@)u(e) S 30— Slog2lwa| S loglogn. (27)
m=0

zEB

This is the desired conclusion.

Step 2.
We divide the complement of B(o, |x,|) in two regions.
L1 = {x € Blo,|za))” : z <p* (o)},
Ty ={z € B(o,|z,])¢ : 2z ¢ T}

We claim that

D Mu(8)(@)u(z) S 1. (28)

xzel'

The claim follows by a direct computation. Indeed, we estimate the above sum on S,,(0) N Ty
for every m > |z, | as follows
qf(w)/Q—d(ac,o)/2

> M@ S Y ot

2ESm, (0)Ny TESm (0)NT'y
g2 il m—(j+1), (2j—m)/2 m/2 |25
=3 [(q—l)z<q g )+q ]sz (29)
j=1
where we integrate adapting Lemma We conclude by observing that
S MG @@= Y Y fEOMG)@ s Y Sa s,
zely m=|zy|+1 xESm (0)NI'y m=|x,|+1
and is proved.
We now claim that
> Mu(da,)(@)n(x) < loglogn. (30)

xzel’y

For establishing it, in order to exploit the symmetries of My, (d,, ), it is convenient to integrate on
a larger set than I';. Define T = {y € V : y £ pl®1/2(0)} and observe that if z € T'; N '} then
d(z,,x) = d(o,x), (because z, A o = pl*I/2(x,) = pl*=1/2(0)), thus My, (6., )(x) = Mu(o)(z).
Obviously Ty N (T})¢ € (T = {y € : y < pl*»1/2(0)}.

It suffices to check that

Z M (0, )(@)p(z) < loglogn.

ze(ly)e
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It is convenient to think of the above sum as the sum over the disjoint sets { Sy, () N (I'7)¢ >0
Fix m > 0 and by applying we obtain

Z My (02, )(@)p(z) S Z ¢@72

2ESm (zn)N(F)C €S (zn)N(IT)e

g~ U@ zn)/2

(d(z,2n) +1)%
Assume m > |z,[/2. In the same fashion as we computed in Lemma [2.5 we obtain

S M) (@ul)

2€Sm (zn)N(I])e
g " e )
5 — |:(q_1) Z (q7rl—(]+1)q(2]—m)/2> +qm/2:|
j=1
< \51:71\/2.

If m < |x,,|/2, the same computation still works with a slight modification,

m—1

q—m/2 iy . 1
> M) [ (g} g grrz) < 2
1

- m
2ESm (zn)N(T)C Jj=

where the first term inside the square brackets is the contribution due to p™(z,) € (I'f)¢. Summing
up over the positive integers, we conclude

S Rl a2
YooY MiG)@u@ S Y —+ Z
m=1z€Sm (zn)N(I])° m=1 =[zn|/2

Slog(lzn|) +1 5 log log n,
which proves .

Step 3.
Notice that, if z £ z, A o = pl*!/2(0), then d(z,,z) = d(z,0). This is true because, for such a
vertex x

d(x,0) = d(x,zn, AN o)+ d(xn A o,0) = d(x, 2, A 0) 4+ d(xyn A o,xy) = d(x,2,).
Observe that this together with @ imply

S M6, — 8)@)u(x)

:cEFQ
=7 —b Z qé("’” supebt/(1 b)|q t(zn /zht/(l o (2, Tn) — g to )/2ht/(1_b)(x,o)| dr =0, (31)
x€ls
since ¢/(®n) = qz(o) =1and hy/( = hy/(1—p)(d(2,y)).

In conclusion, , . ., . and . yield

[Mugnl1 S loglogn.
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It follows that

gl

oo HgnnH;t

:07

and in particular, || - [|g;, || - [|g2, are not equivalent.
We are now ready to prove Theorem 141).

Proof of Theorem iii). Define the function g on the set of vertices at level 0 as g(o) = co,
g(z) = 0if z < p*(o) \ {0} and g(z,) = W for every n > q. Then we extend g = 0 outside
the level zero. Choose cq such that >, g(x)u(z) = 0. Clearly,

> 1
= —_— sy < .
Iolh = bl + 3 S yrs < o0

We now show that || Mgl is finite. Indeed, we observe that

(e o)
9= Z CkIks
k=q

where {gi }x is defined in and ¢, is the value of ¢ at x. Then, by using Proposition

loglog k

—s < .
Fogkypz = T

Mgl S cxloglogh <>

k=q k

This implies that g € H} ().
We now prove that g ¢ H',(u). Indeed, suppose the converse by contradiction. Then it would be

> 9(@) f(@)u(z) < +oo, (32)

zeV

where f is the BMO function defined in (23). But using the estimate f(z,) > logn (see Remark
, would imply

- 1
— <
2 e <o
which is clearly false. Then g ¢ HZ, (u). O

5 Proof of Theorem [1.2

This last section is devoted to the proof of Theorem [1.2l We briefly recall some preliminary
notion.
We define the discrete Riesz transform R = VL ~'/2, which corresponds to the integral operator
with integral kernel with respect to

+oo
me:A V2 (H, (2, y) — Hy(ple).v)) db.
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Recall that the Riesz Hardy space is defined by . It is a well-known fact that R maps H_},(u)
to L'(u), indeed, it is an easy consequence of the discrete version of Hérmander’s condition for
singular operators (see [2, Th. 3] or [I3] and [12]). Thus, the inclusion H}, (1) C H(u) is trivial.
In order to show that such inequality is strict, we need the following result.

Proposition 5.1. The following holds
IRgnll1 < loglogn Vn > 2,

where {gy }y, is the sequence defined in (22).
Proof. We write

Rix.y) = / V2 (H, (e, y) — Hyple),y)) dt + / T2y () — Hyple),y)) dt

0 1
= RO(z,y) + R (z,y)
and consequently R = R(® +R(>) Tt follows from Proposition that R(9 is bounded on L(p),
hence |[R©g, |1 < 1. We now consider [|[R(>)g,||;. We recall that

S5 [T e e - o) denwn o)

yev

/ t_1/2 (Hi(z,x,) — Hi(z,0) + He(p(x),0) — Hi(p(x), x,)) dt‘,u(x).

IR gally =
zeV

zeV

Arguing as in Step 3 of Proposition we get that, if x £ x, A o, the first difference inside the
integral in the last line vanishes. The same happens for the second difference if p(z) € x, Ao. Since

{zreV xLx, Ao} C{x eV : p(x) £z, Ao},

we can estimate the previous sum as follows

IR g1
|Hi(z, ) — He(p(x), > [Hy(z,0) — Hi(p(x),0))|
= Z / t1/2 dt ua Z t1/2 dt p(z)
zckb, zeE,
= Il + I?a

where E, = {zx €V : x <z, Ao}. Observe that E,, =Ty UTy = X1 U X5, where
y={z€kE, :z, £z},
Iy={x€E, : z, <z},
Y1={x€E, 0Lz},
Yo={x€E, :0<z}.

We start studying I;. Exploiting the symmetry of the problem, the same computations are valid
for I5. It can be useful to split the sum which defines I; as

= ZZ/ it zn) = @D 2N gy () = 13 + 12

1=1x€el;
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By Lemma [2.4]7),

HE Y e e

= z,xy) + 1)

Since z,, A o = plenl/2 (25,), we can think of the sum on I'; as the sum on the sequence of disjoint
sets {I }‘]Z‘OI/ ?_ where TV is defined by

pi = J{z Sz} if j =0,
e {z < pj(xn) and x ﬁpj_l(xn)} if 1 <j <|zal/2,

with p°(x,,) = z,,. Observe that, for any j =1, ..., |z,|/2, © € I’{ implies that
d(z, y) = 2j — l(z),
where we have used that £(p?(z,,)) = j. Then, for any 1 < j < |x,[/2

l(z)/2—d(z,xn)/2

X W7 © Zq RO L

k:\w

where (¢ —1)¢?~'~! corresponds to the cardinality of vertices in F{ at the level /. The sum over I'
contributes to the sum as a constant independent of n. Summing up

|9”n|/2
Il < = <loglogn.
j=1

S =

It remains to estimate I2. By Lemma [2.4|4i) and the fact that if 2 € Ty, then ¢(x) = d(z, z,,) and

Q(‘T7 xn) = qQ(p(x), I‘n) = q_d(xvxn)7

we get

< Z/ V2 ax{Hy(x, 2n), Hy(p(x), @)} dt ()

el
—d(z,zn) lznl/2 1
= <logl .
dexxnﬂ() > 5 Sloglogn
xz€ls d=1

Similar computations can be repeated to estimate I if we replace I'; by X;. In conclusion
[Rgnlly < loglogn,
as required. O

We conclude the proof of Theorem
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Proof of Theorem it). Let g be the function constructed in the proof of Theorem 1i7). Then,

oo

i loglog k
IRalls 3 exlRaull S 7z < +oo-
ot i k(logk)

Hence g € Hj (1) but g & H}, (). O

Remark 5.2. It is not clear whether H} (n), Hp(u) and H}(p) are the same space or not. This is
an interesting open problem that we have not been able to answer and leave for further work.
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