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ABSTRACT
Joint inversion strategies and physical constraints on model parameters may be used
to mitigate equivalence problems caused by solution non-uniqueness. This strategy
is quite a common practice in exploration geophysics, where dedicated rock physical
studies are usually carried out, while it is not so frequent in near surface geophysics.
We use porosity as a constraint among seismic wave velocities and electrical resistiv-
ity in a deterministic joint inversion algorithm for surface wave dispersion, P-wave
traveltimes and apparent resistivity from vertical electrical sounding. These data are
often available for near surface characterization.We show that the physical constraint
among model parameters leads to internally consistent geophysical models in which
solution non-uniqueness is mitigated. Moreover, an estimate of soil porosity is ob-
tained as a relevant side product of the procedure. In particular, we consider a clean
sand deposit and hence the appropriate formulations for the computation of poros-
ity from seismic velocities and resistivity are implemented in the algorithm. We first
demonstrate how the non-uniqueness of the solution is reduced in a synthetic case and
then we applied the algorithm to a real-case study. The algorithm is here developed
for one-dimensional condition and for granular soils to better investigate the physical
constraint only, but it can be extended to the two-dimensional or three-dimensional
case as well as to other materials with the adoption of proper rock physical relation-
ships.

Key words: Inversion, Surface wave, Refraction, Electrical resistivity, Porosity.

INTRODUCTION

Geophysical surveys typically require the solution of non-
linear inverse problems that are ill-posed according to the
Hadamard definition (1902). As a consequence, the reliability
of the results is severely affected by solution non-uniqueness,
that is, several possible solutions honour equally well the ex-
perimental data considering the data uncertainties (Backus
& Gilbert, 1970). When different geophysical models are in-
verted separately, in the following this is termed ‘individual’
approach. A possible strategy to mitigate the consequences of
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solution non-uniqueness consists of joint inversion schemes, in
which several data sets are simultaneously inverted to improve
the reliability of the solution. Typically, these approaches re-
quire the combination of different geophysical models that can
be solved by imposing the same structure of the subsurface.
This is what in literature is called ‘structural’ joint inversion
and helps to reduce the inconsistency of interfaces that could
arise in the interpretation of the final models result from indi-
vidual inversion (Dobróka et al., 1991; Haber & Oldenburg,
1997; Gallardo & Meju, 2003, 2004; de Nardis et al., 2005;
Hu et al., 2009; Doetsch et al., 2010; Moorkamp et al., 2011;
Feng et al., 2017; Senkaya et al., 2020). A further step in joint
inversion schemes is achieved by using rock physics relation-
ships among the unknown geophysical model parameters to
constrain themselves relative to each other in what is called
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hereafter a ‘physical’ joint inversion. These a priori constraints
ensure the convergence to a reliable and physically consistent
subsurface model. Several examples of joint inversion are de-
scribed in the literature, especially in the field of hydrocarbon
exploration, where dedicated rock physics studies and char-
acterization are carried out on the investigated formations
and accurately calibrated empirical relationships among the
geophysical parameters are available. An interesting review
of joint inversion of seismic and electromagnetic data is pro-
vided by Moorkamp et al. (2016) and Colombo and Rovetta
(2018). Among the hydrocarbon applications, one can find
the scheme proposed by Gao et al. (2012), in which electro-
magnetic and seismic measurements are jointly inverted and
the final model is solved for porosity and saturation degree,
while the final geophysical parameter distributions, namely
P-wave velocity and resistivity models, are calculated a pos-

teriori. Dell’Aversana et al. (2011) proposed a joint inversion
scheme for sonic, resistivity and density well-log data in order
to derive rock porosity, fluid saturation and permeability.Gase
et al. (2018) proposed a petrophysical model able to explain
the effect of the dual porosity and water content on geophys-
ical parameters in pyroclastic environment.

In near-surface geophysics, which does not benefit from
the same abundance of dedicated rock-physics studies as for
hydrocarbon exploration, the structural coupling only is more
common (Hellman et al., 2017; Ronczka et al., 2018; Senkaya
et al., 2020) than the introduction of physical couplings be-
tween formations into inversion process. Some examples of
physical joint inversion can be found in Dal Moro (2008) and
Boiero and Socco (2014), who introduced the Poisson’s ratio,
which describes the deformation of a material in the perpen-
dicular direction of the applied stress in terms of negative of
the ratio between transverse strain and axial strain, as con-
straint between S-wave and P-wave velocities in a joint inver-
sion of surface wave and P-wave refraction data. The joint
inversion scheme proposed by Boiero and Socco (2014) was
further extended by Garofalo et al. (2015) in order to include
also electrical resistivity data imposing only a ‘structural’ joint
inversion approach among seismic and electrical model pa-
rameters.

As far as the rock physics relationships are concerned,
geomaterials can be modelled as a solid skeleton and the as-
sociated pores using the porous media theory. In a saturated
porous medium, the properties of the pore fluid influence
both seismic wave propagation and electrical current flow and
hence, the porosity is a key property for both phenomena. A
vast literature is available about the influence of the porosity
on the S- and P- wave velocities as well as on the electrical

resistivity. Biot (1956a,1956b) developed a seminal analytical
study on seismic wave propagation in a fluid-saturated porous
medium, while Wyllie et al. (1956, 1958) proposed an empir-
ical study on the relationship between porosity and P-wave
velocity. Based on these studies, several relationships between
porosity and seismic velocities have been proposed, for exam-
ple, Toksöz et al. (1976), Domenico (1984), Eberhart-Phillips
et al. (1989), Berryman et al. (2002), and Foti et al. (2002).
In addition, Mavko et al. (2009) provided a review of rela-
tionships among seismic velocity and porosity and the theo-
retical background for a suitable seismic analysis in porous
media. Bruggeman (1935) before and Archie (1942) there-
after conducted empirical studies on the influence of the pore
fluid on the electrical resistivity of saturated, or partially sat-
urated, clean sands. Archie (1942) also introduced the tortu-
osity of the pore system as an additional parameter on top of
the shape, size and packing of the grains. Waxman and Smits
(1968) studied the influence of clay particles on the resistivity
of the soil mixture. Later studies refined the relationship be-
tween the pore fluid properties and the resistivity of the mix-
ture, for example, Jackson et al. (1978), Bussian (1983), de
Lima (1995), Friedman (2005), Lesmes and Friedman (2005),
Olsen (2011), and Kennedy and Herrick (2012).

Using these formulations, soil porosity can be estimated
from geophysical surveys, rather than by direct estimation on
laboratory samples, thus obtaining porosity for large volumes
of the subsurface in natural conditions. Moreover, for unce-
mented coarse granular materials, common in the near sur-
face, it is difficult to retrieve undisturbed samples without re-
sorting to very expensive techniques, such as ground freezing
(Singh et al., 1982; Hofmann et al., 2000) or gel-push sam-
pler (Mori & Sakai, 2016). The abovementioned relationships
may also be used to constrain seismic and electrical models,
in the perspective of joint inversion of different data to mit-
igate the non-uniqueness of the solution as it is common in
hydrocarbon exploration (Moorkamp et al., 2016; Colombo
& Rovetta, 2018).

In near-surface geophysics, the physical joint inversion
between seismic and electromagnetic method is not so com-
mon because of a lack of rock-physics investigation and
characterization. In the present work, we propose a physi-
cal joint inversion scheme of one-dimensional (1D) surface-
wave dispersion, P-wave refraction and apparent resistiv-
ity data from vertical electrical sounding, to characterize
a pack of sedimentary layers including clean sand forma-
tions. This is a situation quite common in the near sur-
face as well as the adopted geophysical investigation meth-
ods. We constrain the P-wave and S-wave velocities through
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the Poisson’s ratio as suggested by Piatti et al. (2013), and
we introduce a constraint between seismic velocities and re-
sistivity through porosity. The paper is organized as fol-
lows: after a description of the inversion algorithm, a
synthetic example and a case study are reported. Examples are
provided for 1D models, but the proposed approach can be
extended to those two-dimensional and three-dimensional in-
version schemes based on spatially constrained local 1D mod-
els (Auken & Christiansen, 2004; Viezzoli et al., 2008; Socco
et al., 2009; Boiero & Socco, 2014).

METHOD

The proposed joint inversion algorithm combines seismic and
resistivity data: surface-wave dispersion curves, P-wave travel
times and apparent resistivity curves. The inversion algorithm
is the same used by Garofalo et al. (2015) for two-dimensional
data. We here adopt a simplified one-dimensional inversion
scheme and introduce porosity as physical constraint among
model parameters. A brief description of the inversion scheme
follows, while further details are reported by Garofalo et al.
(2015).

Data, forward response and model parameters vectors

The dispersion of surface wave is represented by the disper-
sion curve (dc(f)): phase velocity as a function of frequency f
with the associated uncertainties eobs,dc(f). The P-wave travel-
times (pwt(x)) are represented by the first arrival of refracted
P-waves as a function of the distance x of the receivers from
the source with the associated uncertainties eobs,pwt(x). The re-
sistivity data are represented by the apparent resistivity curve
(ar(es)) with associated uncertainties eobs,ar(es) as a function
of electrode spacing es in the Schlumberger configuration of a
vertical electrical sounding. Each data point of the vector dobs

is hence characterized by its related uncertainties in the vec-
tor eobs that can result from a statistical analysis if the mea-
surements were repeated sufficient times, otherwise it could
be defined consistent with data sampling. The experimental
data vector dobs and the associated covariance matrix Cobs are
hence:

dobs = [
dc

(
f
) ; pwt (x) ; ar (es)

]
, (1)

Cobs = cov
[
eobs,dc

(
f
) ; eobs,pwt (x) ; eobs,ar (es)

]
. (2)

We assume a one-dimensional layered model with l lay-
ers over a half space. The considered model parameters are

S- and P-wave velocities (VS,i and VP,i, respectively), resistiv-
ity (Ri) and the thickness (hi) of each layer i, hence the model
parameters vector is:

m = [
h1; . . . ; hl;VS,1; . . . ;VS,l+1;VP,1; . . . ;VP,l+1;R1; . . . ;Rl+1

]
.

(3)

The forward response g(m) is computed by adopting the
Haskell (1953) and Thomson (1950) method for surface wave
dispersion curves dc and it is mainly a function of hi, VS,i and
VP,i. The forward model for P-wave traveltimes pwt is com-
puted as function of hi and VP,i and it is based on the geometry
of the refracted P-wave ray-paths in the case of horizontal pla-
nar layers model (Reynolds, 1997); while the Koefoed formu-
lation (1979), which takes into account hi and R,i, is adopted
for apparent resistivity curves ar.

The coupling factors

Despite each method investigating different properties of the
subsurface, all of the experimental data are sensitive to inter-
faces and vertical heterogeneity. Thus, the layer thickness is
the first coupling factor and this parameter is constrained by
the three different data sets in the joint inversion scheme, as-
suming common interfaces for the different models. In other
words, the thickness hi is solved by all the three data sets.

Poisson’s ratio ν(m) is used to link VS,i and VP,i to each
other. This coupling factor is introduced in the joint inversion
algorithm by limiting the value of ν(m) between 0.0 and 0.5,
that is, the physical acceptable range, and minimizing the dif-
ference of the value ν(m) with respect to a reference a priori
value ν. The strength of the latter is represented by the diag-
onal covariance matrix Cν : the lower the value, the stronger
the constraint and hence the algorithm forces the solution to-
wards those values of VS and VP that meet the a priori Poisson
value ν. The values in the diagonal matrix Cν could vary from
0.001 to 1.000, from very strong to very weak constraints. For
further information about this constraint, please refer to Piatti
et al. (2013) and Boiero and Socco (2014).

Finally, we introduce the porosity as a further physical
constraint between seismic velocities and resistivity. This con-
straint is implemented as the minimization at each iteration
nth of the distance between the porosity φS, associated to the
seismic velocities VS,n and VP,n, and the porosity φR associ-
ated to the resistivity Rn. We studied the specific case of sat-
urated granular material and a discussion about this follows.
However, the formulations of φS and φR, which must be im-
plemented in the inversion algorithm, depend on the material
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properties and hence these should be evaluated as the more
suitable for the investigated site. Since the constraint on poros-
ity requires the assumption of realistic petrophysical relation-
ships between porosity and seismic velocities and porosity and
resistivity, it can be applied only for those layers where the
expected geological conditions can be reliably assumed or an
empirical site relationship is known. The length of vectors φS

and φR is equal to the number of layers in which the constraint
is applied. For example, if the constraint is applied only in one
layer (as in our synthetic and real case studies), φS and φR re-
duce to scalars. This constraint is tuned by the diagonal co-
variance matrix Cφ , built as the square of the error assumed
between the two porosity estimations. If porosity is expressed
as decimals, then the diagonal values ofCφ could vary between
0.001, very strong, and 1.000, very weak constraints.

The inversion algorithm

The overall misfit function Q is defined as

Q =
[
(dobs − g (m))TC−1

obs (dobs − g (m))
]

+ [
(mP − m)TC−1

P (mP − m)
]

+ [
(ν − ν (m))TC−1

ν (ν − ν (m))
]

+ [
(φR (m) − φS (m))TC−1

φ (φR (m) − φS (m))
]
, (4)

The vector mP contains the reference a priori model and
the corresponding uncertainties are expressed by the covari-
ance matrix CP.

The misfit function is then minimized using a quasi-
Newton damped least-square method (Tarantola, 1987; Aster
et al., 2005), leading to an iterative algorithm in which the
model mn at the nth iteration is updated in mn+1, according
to:

mn+1 = mn +

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎣

GTC−1
obsG

+ PTC−1
P P

+ GT
ν C

−1
ν Gν

+ GT
φC

−1
φ Gφ + αI

⎤
⎥⎥⎥⎦

−1

×

⎡
⎢⎢⎢⎣

GTC−1
obs (dobs − g (mn))

+ PTC−1
P (mP − mn)

+ GT
ν C

−1
ν (ν − ν (mn))

+ GT
φC

−1
φ (φR (mn) − φS (mn))

⎤
⎥⎥⎥⎦

⎞
⎟⎟⎟⎠ . (5)

In Equation (5), G is the sensitivity matrix of the data
with respect to the model parameters; the matrix P contains
the partial derivatives of the a priorimodelmP with respect to
the model m and hence in our approach it corresponds to the
identity matrix whose dimension is equal to the length of the

vector m; Gν and Gφ are the partial derivatives with respect
to the unknown model parameters m of the Poisson’s ratio
ν and of the porosity φ, respectively. The constant parameter
α is a damping factor that stabilizes the solution (Levenberg,
1944; Marquardt, 1963). At each iteration n, the parameter
α is assumed initially equal to the mean value of the diagonal
of the product: GTC−1

obsG normalized for n. Then, if the model
mn+1 does not meet any conditions of validity, α is increased
until it does. For very high value of α, the model mn+1 con-
verges tomn and the inversion stops since no update occurred.
The conditions of validity refer to the physics of the prob-
lem: all the terms of the modelmn+1 are positive, the Poisson’s
ratio ν(mn+1) ranges between 0.0 and 0.5, and the porosity
φS(mn+1) and φR(mn+1) are between 0.0 and 1.0. Any further
condition related to the specific adopted porosity relationship
is explained in the following.

The number of columns of the matrix Gφ is equal to the
total number of unknown parameters of the problem, while
the number of rows depends on the number of layers in which
the porosity constraint is applied. The matrix Gφ is non-null
only for those unknowns involved in the porosity formula-
tions; thus, if this constraint is applied only in the layer i, the
matrix reduces to a row vector and it is non-null only for VS,i,
VP,i and Ri, as:

Gφ,i =
[
· · · 0 · · · ∂φS (m)

∂VS,i
· · · ∂φS (m)

∂VP,i
· · · ∂φR (m)

∂Ri
· · ·

]
. (6)

The expressions of the partial derivatives depend on the
specific formulas adopted for the porosity.

Petrophysical relationships for porosity coupling in clean
sands

The relationships used to constrain porosity to seismic and re-
sistivity parameters (φS and φR, respectively) are selected ac-
counting for the expected site conditions. In this study, we as-
sumed a clean saturated sand for both the synthetic and the
real-world examples. For the seismic model, we applied the
equation proposed by Foti et al. (2002) on the basis of Biot’s
theory (Biot, 1956a, 1956b):

φS =
ρS −

√
ρ2
S − 4(ρS−ρF )KF

V2
P −2

( 1−νSK
1−2 νSK

)
V2
S

2 (ρS − ρF )
, (7)

where ρS and ρF are the densities of the solid particles and of
the fluid, respectively; KF is the bulk modulus of the fluid; νSK
is the Poisson’s ratio of the dry solid skeleton.

This formula is valid under the assumptions of the
low-frequency Biot theory (Biot, 1956a): fully saturated
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porous medium, undrained condition and perfect fluid (non-
dissipative and inviscid fluid). In addition, equation (7) is for-
mulated assuming that the soil grains are incompressible.

Equation (7) is valid if φS ranges between 0.0 and 1.0,
hence the following conditions of validity are applied:

ρS > ρF, (8)

VP
2

VS
2 > 2

1 − νSK

1 − 2νSK
, (9)

VP
2 − 2

1 − νSK

1 − 2νSK
VS

2 >
4 (ρS − ρF )KF

ρ2
S

. (10)

The partial derivatives of Equation (7) with respect to the
model parameters VS and VP, are, respectively:

∂φS

∂VS
=

4 1−νSK
1−2νSK

KFVS(
V2
P − 2 1−νSK

1−2νSK
V2
S

)2
√

ρ2
S − 4(ρS−ρF )KF

V2
P−2

1−νSK
1−2νSK

V2
S

, (11)

∂φS

∂VP
= − 2KFVP(

V2
P − 2(1−νSK)

1−2νSK
V2
S

)2
√

ρ2
S − 4(ρS−ρF )KF

V2
P−2

1−νSK
1−2νSK

V2
S

. (12)

For the electrical resistivity, we assumed the Archie’s
formulation for saturated sand (Archie, 1942), according to
which the resistivity R of a fully saturated clean porous
medium is function of the porosity φR and of the resistivity
of the pore fluid (RF) as:

R = aφR
−m RF, (13)

in which m and a are empirical constants termed as cementa-
tion and tortuosity indices, respectively.

In his work, Archie assumed a equal to 1.0 and found
that m varies between 1.3 for unconsolidated sand and 2.0
for consolidated sandstones (Archie, 1942). These parameters
are usually defined on the basis of a priori information. If the
electrical resistivity of both the soil mixture and the fluid are
known, the porosity can be estimated from Equation (13):

φR = m

√
a
RF

R
. (14)

Such porosity must range between 0.0 and 1.0, this means
that all the involved parameters must be real positive values
and in addition the following condition of validity must be
respected:

R > a RF . (15)

The partial derivative of Equation (14) with respect to the
model parameter R is

∂φR

∂R
= − 1

m R
m

√
a
RF

R
. (16)

To ensure the validity of porosity formulations in Equa-
tions (7) and (14), the conditions reported in Equations (8)–
(10) and (15) must be respected. Equation (8) on a priori

parameters is usually implicitly respected since ρS is greater
than ρF for most geomaterials, while the validity conditions
in Equations (9), (10) and (15) must be verified at each model
update in Equation (5). The partial derivatives (Equations 11,
12 and 16) are then included in the matrix Gφ (Equation 6).

In Equations (7) and (14), we assume that the porosity
is a function of the model parameters VS, VP and R of the
soil mixture. Thus, all the petrophysical parameters, ρS, ρF,
KF, νSK, a, m and RF are assumed a priori on the basis of
laboratory tests, literature data (some useful suggestions are
given by Carmichael (1982), Santamarina (2001) and Fried-
man (2005)) or other a priori information. The petrophysi-
cal parameters are assumed constant within each layer. Then,
Equations (7) and (14) must be implemented in Equations (5)
and (6) using the proper petrophysical parameters for each
layer in which the porosity constraint is applied.

The effect of these a priori assumptions depends on the
sensitivity of the retrieved values of the porosity to the petro-
physical parameters in Equations (7) and (14). We hence in-
vestigate the sensitivity by considering, for each parameter, a
range of values, assumed from the literature (Table 1), which
are common for earth materials and fluids. Assuming a sat-
urated porous medium with a porosity equal to 0.4 and the
petrophysical parameters equal to the mean values in Table 1,
the geophysical parameters VS,VP and R are estimated as 170
m/s, 1680 m/s and 205 �m, respectively. The porosity was
then back-computed perturbing each petrophysical parame-
ter at a time and keeping constant the geophysical parameters
and the other petrophysical parameters. The percentage error
with respect to the true value of porosity was finally calculated
and reported in Fig. 1.

The porosity has little sensitivity to the seismic petrophys-
ical parameters reaching a maximum error of 5.3% forKF.On
the other hand, the Archie’s parameters (a andm) play a larger
role in the estimation of porosity with a maximum variability
of 22% for the parameterm. Finally, the resistivity of the fluid
is the most critical parameter as the corresponding induced
variability on the estimated porosity reaches almost 60%. If
Equations (7) and (14) are chosen for the estimation of poros-
ity, we suggest performing this kind of sensitivity analysis of
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Table 1 Ranges for petrophysical parameters in Equations (7) and (14) and corresponding mean values that are assumed in the sensitivity
analysis

Parameters Min Max Mean description

Seismic ρS (Kg/m3) 2550 2750 2650 Minerals such as K-feldspar, quartz and calcite (Santamarina, 2001)
ρF (Kg/m3) 970 1030 1000 Fluids such as pure water and seawater (Santamarina, 2001)
KF (GPa) 2.12 2.24 2.18 Soils (Santamarina, 2001)
νSK (-) 0.1 0.4 0.25 (Salem, 2000)

Resistivity a (-) 0.8 1.2 1 (Carmichael, 1982)
m (-) 1.3 2 1.65 (Archie, 1942)
RF (�m) 10 80 45 Non-contaminated groundwater (Carmichael, 1982)

Figure 1 Sensitivity of porosity to petrophysical parameters in Equations (7) and (14). On the left, porosity estimation from seismic velocities
φS. The petrophysical parameters are: density of soil grain (ρS), density of fluid (ρF), bulk modulus of fluid (KF) and Poisson’s ratio of the solid
skeleton (νSK). On the right, porosity estimation from resistivity φR. The petrophysical parameters are: resistivity of the fluid (RF), cementation
factor (m) and tortuosity factor (a).

the assumed a priori petrophysical parameters with respect to
the geophysical ones before the physical joint inversion.

Synthetic model

We applied the proposed inversion approach to a synthetic ex-
ample. The porosity constraint is applied to a saturated sand
layer by adopting the aforementioned relationships. We then
compared the results for different levels of coupling in the in-
version to illustrate the advantages of the proposed joint in-
version.

The 1D model and the data

We used a simple one-dimensional synthetic model composed
of a sand deposit overlying a half space whose top is placed

at 15-m depth. The water table is at 5-m depth, and it is the
boundary between the shallow unsaturated sandy layer and
the saturated one. We assumed a porosity equal to 0.4 for the
sand. Petrophysical parameters were assigned on the basis of
literature data (Santamarina, 2001; Comina et al., 2010) and
are reported in Table 2. Based on these assumptions, the geo-
physical model parameters of the sand layer were computed
with Equations (7) and (14) and are reported in Table 3. In
the same table, the model parameters for the half space are
reported. The synthetic data (Fig. 2) were computed using the
same forward codes implemented for the inversion algorithm,
hence committing an ‘inversion crime’ since no uncertainty
due to the choice of a more suitable forward modelling for
the phenomenon was introduced. This strategy is justified by
the motivation of this synthetic test, which is comparing the
results of the inversion with different level of constraints. We
added noise to the synthetic data computed for each sample as

© 2021 European Association of Geoscientists & Engineers,Near Surface Geophysics, 20, 64–81
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Table 2 Petrophysical parameters adopted in the synthetic model for
the sand deposit and the pore fluid

Parameters Value

Seismic ρS 2650 Kg/m3

ρF 1000 Kg/m3

KF 2.18 GPa
νSK 0.227

Resistivity a 1
m 1.8
RF 50 �m

Figure 2 Synthetic data: (a) dispersion curve dc, (b) apparent resistiv-
ity curve ar and (c) P-wave traveltime pwt.

a random percentage between −2.5% and 2.5% of the value
of the sample itself. As far as the standard deviation is con-
cerned, in any experimental data set, it can be related to the
sampling interval adopted for the measurement, or to a sta-
tistical analysis if the measurement is repeated a significant
number of times or any other kind of source of this informa-
tion. However, in the proposed synthetic case, we assumed a
reliable value for the standard deviation equal to 5% of the
simulated data.

Effect of porosity constraint on the solution space

Before showing the inversion results, we here evaluate how
the porosity constraint would potentially reduce the non-
uniqueness of the solution for the considered model and data.
We computed the value of the objective function (Equation 4)
in the absence of porosity constraint (only the first three terms
of Equation 4) and with the addition of the constraint of
porosity (all four terms in Equation 4) applied to the satu-

rated sand layer only (layer n. 2 in Table 3). The misfit was
computed with a grid of step 0.8 m/s for VS, 8.0 m/s for VP

and 0.3 �m for R, varying in a range ±20% of their values in
the saturated sand layer (Table 3), while all the other model
parameters are assumed as the true ones. We show the results
in Fig. 3 in the three different domains: VP-VS; VP-R; and VS-
R. In each domain, the third parameter is kept equal to the
true value.

The misfit surface without porosity constraint (Fig. 3, left
panels) has a flatter shape than that obtained by introducing
the constraint on porosity (Fig. 3, right panels). In particular,
the porosity constraint affects the misfit associated to VP and
R as they are strongly affected by the pore fluid, while VS is
only slightly influenced by it.

Initial model and inversion results

As a local search approach is implemented in the inver-
sion code, an accurate selection of the initial model is of
paramount importance. The number of layers of the model
was assumed equal to the true model itself, and hence two
layers over a half space to focus more on the improvements
of the physical constraints while the initial model parame-
ter values were estimated from a preliminary interpretation
of the data to be inverted as suggested in Piatti et al. (2013)
and Boiero and Socco (2014). Furthermore, since a physical
joint inversion is applied, also the initial model parameters
must respect all the conditions of validity (Equations 8, 9,
10 and 15). The initial model parameters are summarized in
Table 4, while the initial model parameters and the forward
responses of the initial model are shown in Figs. 4 and 5, re-
spectively. Since VP and VS initial models were conceived in-
dependently, the implied Poisson’s ratio can be calculated (Ta-
ble 4). It is quite close to the true value in the saturated layer
and in the bedrock, but not in the first layer.

Since the formulation of the seismic porosity (Equation 7)
is valid only for saturated conditions, the porosity constraint
is applied only to the model parameters of the second layer,
where a saturated porous medium is simulated.

The petrophysical parameters are assumed equal to the
true ones (Table 2) in order to verify if the inversion algorithm
properly solves the model. Moreover, the a priori model mP

was assumed equal to the initial one (Table 4) with a very weak
constraints implemented in the matrix CP (the terms along the
diagonal are equal to 106). As far as the expected values of
the Poisson’s ratio ν are concerned, these were assumed equal
to the ones computed from the a priori model (Table 4) with
a very week constraint (all the terms along the diagonal of
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Table 3 Geophysical model parameters of the synthetic model

Layer h (m) ρ (kg/m3) ν (-) VS (m/s) VP (m/s) R (m)

1- unsaturated sand 5 1590 0.227 190 320 5200
2- saturated sand 10 1990 0.495 170 1680 260
3- half space – 2400 0.485 350 2000 7000

Figure 3 Misfit function computed according to Equation (5) without (left) and with (right) the contribution of the porosity constraint in a
range of 170 ± 20% for VS, 1680 ± 20% for VP and 260 ± 20% for R. The misfit function is reported in three different domains: (a) VP-VS;
(b) VP-R and (c) VS-R. The white cross represents the true model.

Table 4 Model parameters of the initial and a priori models of synthetic data inversion

Layer h (m) ρ (kg/m3) ν (-) VS (m/s) VP (m/s) R (�m)

1 3 1700 0.405 200 500 5000
2 3 1900 0.486 300 1800 700
Half space – 2200 0.474 400 1800 3000

the matrix Cν are equal to 1.0). Moreover, it ensures that the
Poisson’s ratio does not assume values outside the physical
range from 0.0 to 0.5 by imposing a validity condition through
the damping term α.

Several inversions were performed: (i) individual inver-
sions: each data set is inverted independently from the oth-
ers; (ii) structural inversion: all the data sets are inverted si-
multaneously without applying any physical constraint but
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Figure 4 Fitting between the data and the forward response of the final model resulting from different inversions: (a) dispersion curve, (b)
apparent resistivity and (c) P-wave traveltimes.

assuming a shared one-dimensional geometry for the differ-
ent models; and (iii) physical inversion: all the data are in-
verted applying the Poisson’s ratio and porosity as physical
constraints among the model parameters, in addition to the
structural constraint.

Figure 4 shows the data sets compared to the forward
responses for the final models of each inversion. The results
are reported in Fig. 5.

Although all the forward responses fit well the data
(Fig. 4), the VS and VP profiles (Fig. 5a and b, respectively)
resulting from the individual inversion are quite far from the
true ones, and this leads to an estimation of the Poisson’s ra-
tio (Fig. 5d) which is close to zero in the unsaturated layer. On
the contrary, the resistivity model is solved quite well (Fig. 5c)
with the individual inversion.Moreover, the interfaces in these
final models are not consistent with each other. The structural
inversion provides a significant improvement with final mod-
els that are in good agreement with the true ones and all of
them identify common interfaces. Finally, when the physical
constraints are applied, the final model is further improved
and the interface between the second layer and the half space
is better resolved as well as the Poisson’s ratio profile.

The error between the estimated model parameters and
the true ones is reported in Fig. 6. The error on the thicknesses

is quite high in the dc and pwt individual inversions, reaching
almost 100%.The errors for all model parameters are reduced
to less than 10%when the structural joint inversion is applied,
and the maximum error further decreases to less than 3.5%
with the physical joint inversion.

The porosity was computed from S- and P- wave veloci-
ties (φS, Equation 7) as well as from resistivity (φR, Equation
14) in the second layer for all the computed models (Fig. 7).
Since the individual inversion provides VS and VP models
whose interfaces are not consistent with each other, the poros-
ity profile varies with depth within the saturated layer (5–15
m depth). Between 4.5 m and 7.5 m depth,VP is equal to 1120
m/s, a value that is not consistent with a saturated sand. Thus,
the condition of saturation is not respected for Equation (7)
and the porosity assumes a not realistic value (Not a Number,
NaN). In the structural inversion, the porosity was equal to
0.38 and 0.42 from seismic and resistivity, respectively, while
in the physical inversion the two quantities converge on 0.395,
quite close to the true value (0.4).

Despite all the final models provide a good fitting with
the data (Fig. 4), the one resulting from the joint physical in-
version is the better resolved. Moreover, the porosity values
from seismic and resistivity parameters converge on the same
value, which is very close to the true one.
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Figure 5 Initial models (grey dashed line) and final models resulting from individual inversion (black dotted line), structural inversion (black
dashed line), and physical inversion (black solid line) compared with the true one (grey solid line): (a) S-wave velocity, (b) P-wave velocity, (c)
Resistivity and (d) Poisson’s ratio resulting from VP and VS profiles.

Figure 6 Error between the estimated model parameters and the true
ones, for the individual, structural and physical inversions.

CASE STUDY

Site description and experimental data

The site is located in the floodplain zone, the area between the
river and the embankment, in the Padana plain,Northern Italy
(Fig. 8). In 2001, Comina et al. (2004) carried out a geophysi-
cal campaign with both seismic and electrical methods applied
along several profiles in and out the Po River embankment
aimed at investigating the foundation soil. The subsurface is
a stack of soil layers with a clayey layer embedded between
sandy layers as suggested by Colombo (1964, Fig. 9) and the

Figure 7 Porosity estimation from seismic velocities (φS) and resistiv-
ity (φR) models for the different inversions. These values are estimated
in the portion of the model where the saturated sand is expected.

water table in the shallow sandy layer is expected to vary be-
tween 4-m and 5-m depth in the area close to the Po River
where the presented data were acquired.

The data used in this work are from a profile located
between the river and the embankment (Fig. 8, right) where
the top layer is constituted of loose sand deposited by the Po
River. Along the profile, Comina et al. (2004) acquired for
their study seismic data for P-wave seismic refraction tomog-
raphy but in our case we just used the end-on shot (the shot at
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Figure 8 On the left, location of the site in the Po River basin, Northern Italy. On the right, location of the survey (black cross) between the river
and the embankment (dashed line).

Figure 9 Example of the section of the foundation soil of the embankment on the left Po River bank (after Colombo, 1964).

Table 5 Acquisition parameters for Surface wave method and P-wave refraction surveys

Parameter Surface Wave P-wave refraction

Array length (m) 24 72
Receiver spacing (m) 1 3
Recording Length (ms) 4096 102.4
Sampling rate (ms) 2 0.05
Number of shots 1 1
Source Sledge hammer (6 Kg) Sledge hammer (6 Kg)

the beginning of the line) for our one-dimensional study. In ad-
dition to this, data for surface wave method and vertical elec-
trical sounding were also available. The acquisition parame-
ters for the seismic methods are reported in Table 5 while the
apparent resistivity data were acquired using a Schlumberger
configuration and maximum electrode spacing is equal to
70 m.

Figures 10(a) and 11 show the seismograms of Surface
wave and P-wave refraction surveys, respectively. Figure 10(b)
shows the frequency-wave number spectrum with the picked
dispersion curve. The data (dispersion curve, P-wave travel-
times and apparent resistivity curve) are reported in Fig. 12.

Definition of the initial and a priori models and inversion
results

The a priori reference model (mP in Equation 4) was defined
on the basis of previous studies performed in the area (Comina
et al., 2004) and a preliminary interpretation of the data. Fur-
thermore, these sources of information support the absence of
lateral variations in the site and hence they make reliable the
choice of the one-dimensional model. The a priori reference
model is summarized in Table 6. The intercept time method
applied to the P-wave traveltime curve (Fig. 12b) provided a
shallow layer 4.5 m thick with VP equal to 250 m/s overly-
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Figure 10 SurfaceWave survey: on the left the raw data and on the right the related frequency-wavenumber (f-k) spectrum in which the dispersion
curve is picked (white stars).

Table 6 A priori and initial models for the field case. It is defined in terms of depth, thickness of the layer (h), density (ρ), Poisson’s ratio (ν),
S-wave velocity (VS), P-wave velocity (VP) and resistivity (R)

Layer Depth (m) h (m) ρ (kg/m3) ν (-) VS (m/s) VP (m/s) R (�m)

1 0.5 0.5 1550 0.23 100 170 190
2 1.25 0.75 1550 0.25 110 190 200
3 2.5 1.25 1600 0.27 140 250 210
4 4.5 2 1600 0.26 170 300 250
5 7 2.5 1700 0.49 230 1800 100
6 12 5 1800 0.49 200 1800 70
Half space – – 1800 0.49 300 1800 100

Figure 11 P-wave refraction survey: seismogram for the shot in x =
0 m. The black stars are the picked P-wave traveltimes.

ing an 1800 m/s half space. The shallow layer, attributed to
unsaturated sand, was further divided in four sub-layers with
seismic velocity profiles increasing with depth according to a
power-law trend typical of unconsolidated dry granular mate-
rials (Gassmann, 1951; Bachrach et al., 1998, 2000). For this
shallow zone, the VS values were chosen according to reason-
able values of Poisson’s ratio for unsaturated sand (Santama-
rina, 2001), while the R profile was assumed to increase with
depth from 190 �m to 250 �m according to the available ex-

perimental data for apparent resistivity (Fig. 12c). Below 4.5m
depth, a saturated sand with a clay lens is expected, hence two
layers over a half space were added. In these two layers, satu-
rated sand and clay, and in the half space, the VP was assumed
homogeneously equal to 1800 m/s since the P-wave traveltime
curve (Fig. 12b) shows a very smooth behaviour for offset
greater than the crossover point at around 12 m and 1800
m/s, which is the value that, in a first instance, describes this
trend. Since the trend of the apparent resistivity shows a min-
imum for es roughly around 35 m (Fig. 12c), a decrease in the
R profile is expected and hence the initial model was assumed
equal to 70 �m in the layer between two layers with resistiv-
ity equal to 100 �m. Since the low resistivity layer is likely
associated to a clay layer, we also expected a decrease of VS

as confirmed by a previous study (Comina, et al., 2004). The
density was assumed to increase with depth from 1550 Kg/m3

to 1800 Kg/m3, a typical range for soil mixtures (Santamarina,
2001). As for the synthetic case, this model (Table 6) respects
the conditions of validity (Equations 8, 9, 10 and 15).

The covariance matrixCP associated to the a priorimodel
mP was set to have weak constraints (106 in the diagonal of
the matrix). The expected value of the Poisson’s ratio ν was
computed from the a priori model mP and weak constraint
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Figure 12 Field data: (a) dispersion curve, (b) P-wave traveltimes and (c) apparent resistivity curve.

Table 7 Petrophysical parameters assumed for the porosity estima-
tion in the saturated sandy layer

Parameters Value

Seismic ρS 2650 Kg/m3

ρF 1000 Kg/m3

KF 2.18 GPa
nSK 0.227

Initial φS,5 0.33
Resistivity a 1

m 1.3
RF 30 �m

Initial φR,5 0.38

were associated (1 in the diagonal of the matrix Cν). The ini-
tial model m was set equal to the a priori one (Table 6). The
porosity constraint was applied to layer 5,where the saturated
sand is expected. The petrophysical parameters for the com-
putation of seismic porosity (Equation 7) were assumed equal
to the ones used for the synthetic case (Table 2). The petro-
physical parameters used in Equation (14) for the computa-
tion of porosity from resistivity data were assumed accord-
ing to Carmichael (1982) and to previous studies in the area
(Comina et al., 2004). All the assumed petrophysical param-
eters are reported in Table 7 as well as the initial porosity in

Figure 13 Fitting between the experimental data and the forward re-
sponse of the final models: (a) dispersion curve, (b) apparent resistivity
and (c) P-wave traveltimes.

the expected saturated sandy layer (layer 5 in Table 6) that is
equal to 0.33 and 0.38 from seismic velocities and resistivity,
respectively.

Different inversions were run: (i) Individual inversion; (ii)
Structural joint inversion; (iii) Physical joint inversion.

The forward responses of the final models for all the in-
versions honour quite well the data (Fig. 13) even if for pwt
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Figure 14 Final models obtained performing different inversions: individual, structural, Physical. In (a) S-wave velocity, in (b) P-wave velocity,
in (c) Resistivity and in (d) the Poisson’s ratio.

and ar some data points calculated for the final model of both
structural and physical joint inversions are at the edge of the
uncertainty bar. Figure 14 shows the final model for each in-
version. The interfaces of the profiles from individual inver-
sions are not consistent with each other, but this consistency
is imposed with the joint inversions. In addition, the profiles
are further adjusted by applying the physical constraints. The
physical constraints improve theVP estimation in the expected
saturated sand layer at around 4–5 m (Fig. 14b), reaching
values that are more consistent with the theoretical expected
values in such materials. Indeed the value of VP in the range
1000–1200 m/s (as obtained without imposing the physical
constraints, Fig. 14b) not only are not consistent with the
other study performed in the surrounding of the site (Comina
et al., 2004), but also it is not consistent with Biot theory for
wave propagation in saturated porous media (Biot, 1956b).As
far as the water table is concerned, this is expected at 4–5 m,
but in the resistivity profile from individual inversion, the de-
crease in resistivity is located at 3.2 m, while VP shows values
which are not in agreement with saturated sand and hence the
water table cannot be identified at all. Due to all the syner-
gies in the physical joint inversion, the water table is uniquely
identified at 4.3 m.

Figure 15 reports the values of porosity in the saturated
sandy layer as estimated from the final models of Fig. 14. De-
spite the initial geophysical parameters were chosen such that
the porosity estimations at layer 5 were reliable, even if not
convergent, the individual and structural inversions provided
values of VP that lead to an error in the evaluation of soil
porosity with Equation (7) (as the quantity under square root

Figure 15 Porosity estimations from resistivity and seismic velocities
in the saturated layer. NaN stands for ‘Not-a-Number’, that is, the
value cannot be calculated.

becomes negative). The porosity values estimated using seis-
mic and resistivity converge to 0.45 when the physical con-
straints are applied. This value is in good agreement with
Bellotti and Selleri (1969), who performed a geotechnical
characterization of the alluvial sediments in several locations
in the Padana plain deducing a range for the porosity between
0.42 and 0.52.

Although the porosity constraint is applied to the satu-
rated layer only and the Poisson’s ratio is applied only to con-
straint VP and VS to the acceptable physical range 0.0–0.5,
these help to improve the whole final model. For example, the
VS and VP profiles, obtained when the physical constraints are
applied, provide in the shallow unsaturated layer a Poisson’s
ratio equal to 0.13 (Fig. 14d) that is in good agreement with
the one estimated by Bergamo and Socco (2016) through a
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multimodal inversion of the dispersion curve. Only in the very
shallow part of the model, less than 1-m deep, the Poisson’s ra-
tio is not consistent with that result: in this small range, the
VP is not well resolved since a receiver spacing equal to 3 m is
adopted in the P-wave refraction survey.

DISCUSS ION

The proposed algorithm performs a one-dimensional (1D)
joint inversion of surface-wave dispersion, P-wave traveltimes
and apparent resistivity data from vertical electrical sound-
ing adopting both structural and physical constraints and is
applied to the characterization of soil deposits containing a
saturated sand layer. In addition to the Poisson’s ratio, that
links P-wave and S-wave velocities to each other, the algorithm
was further developed by introducing a constraint between the
seismic velocities and the resistivity through the porosity. The
constraint of porosity among seismic velocities and electrical
resistivity requires the choice of appropriate petrophysical re-
lationships for the expected materials. In the present work, an
example based on two widely used formulations (Equations 7
and 14) for clean saturated sands is reported. In these formu-
lations, some petrophysical parameters are defined a priori in
the inversion process. Among these parameters, the most crit-
ical is the resistivity of the pore fluid (Fig. 1) while for the
others, especially the parameters in the seismic formulation of
porosity, the sensitivity of the porosity to their values is low.
Review of previous studies or information from borehole logs
can be used to define reliable values of the petrophysical pa-
rameters. However, we suggest performing a sensitivity anal-
ysis on the a priori petrophysical parameters with respect to
the geophysical ones before running the physical joint inver-
sion to better investigate the impact of the assumed a priori

parameters.
The synthetic example provides a benchmark for the pro-

posed approach. The inclusion of the porosity constraint is
shown to reduce the non-uniqueness of the solution (Fig. 3)
and the physical joint inversion leads to an internally consis-
tent final model. The joint physical inversion provides a final
model whose estimation of porosity and Poisson’s ratio are
very close to the true values. Other inversions provide final
models that are not internally consistent for the computation
of porosity (Fig. 7). As for the error between the calculated
and the true model parameters, it reduces considerably when
the structural constraint is included in the joint inversion. The
physical constraints provided by Poisson’s ratio and porosity
lead to a further improvement in the estimation (Fig. 6).

In the field case, even if the misfit between the forward
response and the data of both structural and physical joint
inversions is slightly higher than the individual inversions, the
final model obtained with both Poisson’s ratio and porosity
constraints is more reliable and allows for a consistent esti-
mation of soil porosity, and the obtained value is in agreement
with other studies (Bellotti & Selleri, 1969). The Poisson’s ra-
tio constrains the estimation of model parameters in the ac-
ceptable domain for the elastic theory and hence the porosity
constraint can be applied leading to a final model that is phys-
ically reliable. The individual inversions may provide a good
fitting and a very lowmisfit but this may be due to an overfit of
the noise in the data, or because they converge towards mod-
els that are not physically consistent but still within the range
associated to solution non uniqueness. On the other hand, the
joint inversion imposes a compromise among the results of
different methods that have different resolutions. Therefore,
it may result in a slight increase of the misfit, particularly in
case of noisy data, but the final model is physically consistent
and honours the whole experimental data set.

The approach here proposed requires a good a priori

knowledge of the site for the choice of the proper physical
relationship and the layer where it should be applied. This
approach could be adopted as refinement of P- and S- wave
velocities and resistivity models to obtain final models which
are physically consistent with each other.

The present work is limited to a 1D model with the
only focus on the introduction of the physical relationship
to constraint the geophysical model parameters in the joint
inversion. Once assessed, this application could be straight-
forwardly extended to especially to all those joint inversion
scheme of P-wave refraction, surface-wave dispersion and ap-
parent resistivity data, based on several local 1D models that
are spatially constrained to build pseudo two-dimensional
(2D) or pseudo three-dimensional (3D) models (e.g., Garofalo
et al., 2015).

As far as the computational cost is concerned, it is not a
critical issue in this case of a 1D layered model with few un-
knowns (11 and 27 for the synthetic and real case studies, re-
spectively) and we did not observe significant difference in the
overall computational time between running the three individ-
ual inversions and one joint inversion. In a 2D or 3D model,
most of the computational cost is due to the chosen forward
response and to the Jacoban matrix obtained often as forward
modelling of perturbatedmodel parameters. The physical con-
straint, as presented here, is only an equation among some of
the total amount of unknowns and hence its impact should be
negligible on the overall computational time.
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CONCLUSION

We presented an algorithm for the joint inversion of surface-
wave, P-wave traveltimes and apparent resistivity data from
vertical electrical sounding. Poisson’s ratio and porosity are
adopted as physical relationships to constrain the inversion
and reduce the non-uniqueness of the solution.We used poros-
ity equations valid for clean saturated sand, but the joint inver-
sion scheme can be extended using appropriate formulation of
porosity for the investigated medium.

Even if the Poisson’s ratio and the porosity are not pri-
mary objectives of the inversion, the final geophysical model
is solved by imposing them as constraints. The final model is
then physically consistent and provides a reasonable estima-
tion of Poisson’s ratio and porosity and hence these can be
considered as relevant side products.

The parameterization is based on a 1D model obtaining
promising results for an application on a 2D or 3D models.

The data that support the findings of this study are avail-
able from the corresponding author on reasonable request.
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