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A B S T R A C T

This paper presents the analysis of free vibration and stress state of steel–concrete composite beams, using
high-order theories and closed-form solutions based on Carrera unified formulation (CUF). The governing
differential equations are formulated in terms of fundamental nuclei via CUF and the longitudinal differential
problem is solved analytically by imposing simply supported boundary conditions. For the cross-sectional
kinematics approximation, bilinear, cubic, and fourth-order Lagrange polynomials are adopted. In particular,
the component-wise (CW) approach is applied in which the steel part and concrete part are considered as two
independent components. To assess the efficiency of the proposed method, I-section and box-section composite
beams are studied. The results are compared with those from other research and the commercial software
ABAQUS. From accuracy, it is clear that, albeit the proposed approach is 1D, it can provide 3D accuracy, in
terms of both free vibration and stress analysis of steel–concrete composite beams, with a significant reduction
in the computational costs, which is innovative and worth promoting.
1. Introduction

Steel–concrete composite beams have been studied and analyzed by
Mackay [1] since the early 20th century. These beams present some
advantages when compared with traditional reinforced concrete or steel
beams because composite beams possess light mass, high capacity, good
ductility, and extra stiffness, which are all fundamental in structural
design. Nowadays, they have been widely applied in civil engineering,
mainly in building and bridge construction, assuming that there is a
good connection between the I-section steel beam and the concrete slab.
In any case, the analysis of these types of beams has been limited to ei-
ther classical Euler–Bernoulli beam model (EBBM) [2], or Timoshenko
beam model (TBM) [3,4], therefore, disregarding any transversal stress
or strain effect in the structural design.

1.1. Literature review

Many refined beam theories have been proposed to overcome the
shortcomings of classical beam models. A detailed review about modern
theories for beam structures was recently published by Carrera [5].
For the sake of completeness, a brief overview and recent researches
about beam theories are given here. Sokolnikoff [6], Wanger and
Gruttmann [7–9] computed shear correction factors for several struc-
tural cases. Vlasov [10] introduced warping functions in modeling
thin-walled beams and El Fatmi [11–13] has developed a non-uniform

∗ Corresponding author.
E-mail address: alfonso.pagani@polito.it (A. Pagani).

warping theory by introducing warping functions. The Generalized
Beam Theory (GBT) proposed by Schardt and Heinz [14] is an alter-
native modeling concept that adds to Vlasov’s model the distortion of
the cross-section. Besides, many advanced beam models are based on
the Saint-Venant solution. For example, Yoon [15] proposed a finite
element formulation for nonlinear torsional analysis of 3D compos-
ite beams with the help of the Saint-Venant solution. Ladeveze [16]
first introduced the Proper Generalized Decomposition method (PGD),
which was applied to plate/shell problems by Bognet [17,18] and was
extended to beams by Vidal [19]. Asymptotic methods are power-
ful tools and suitable to develop a structural model for thin-walled
structures [20].

At present, free vibration analysis of concrete beams, which is quite
significant for preventing resonance and damage of the beams, also
begins to attract many researchers’ concerns. Stefan [21] proposed
three analytical models to study composite beams researched by Biscon-
tin [22]. Two of them were based on EBBM, and the other used TBM.
The result turned out TBM presented a better accuracy. Furthermore,
Stefan [23] compared TBM with the rigid finite element method’s
(RFE) model and found TBM provides highly consistent results while
a discrete RFE model is easy to build and modify. Recently, Niesterow-
icz [24] applied the same method based on TBM to vibration analysis
of composite steel-polymer concrete box beams successfully.

To study the influence of shear connectors on natural frequency,
Henderson [25] has done an experimental study with four types of
https://doi.org/10.1016/j.tws.2022.109094
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connectors and found larger values of connector stiffness resulted in
lower natural frequencies. Meanwhile, Henderson [26] successfully
modeled the steel–concrete composite beams with TBM. Besides, Huang
and Su [27] presented analytical solutions for the dynamic response
of composite beams with partial shear connections based on EBBT.
Nguyen [28,29] proposed an analytical solution for the free vibration
analysis of composite beams with interlayer slip based on the TBT.
Xu and Wu [30] presented a two-dimensional (2D) analytical solution
for the free vibration and buckling analysis of composite beams with
interlayer slip based on TBT too.

Based on the Hamilton principle, Zhou [31] induced the governing
differential equations and the corresponding boundary conditions of
steel–concrete composite box girder with consideration of the shear
lag effect, shear deformation, slip, as well as rotational inertia. In
advance, Jiang and Zhou [32] also considered the above influencing
factors and derived the improved steel–concrete composite box beam
element stiffness and mass matrices. It turned out shear-lag effect, shear
deformation, and rotational inertia all make the natural frequency
higher. Lai and Feng [33,34] took the same method to analyze the
natural vibration of steel–concrete composite truss beam and composite
box beam with corrugated webs, respectively.

To overcome the limitations of classical beam models that can-
not capture the higher-order manner of composite beam structures
such as warping, in-plane distortion of cross-section, and shear effects,
Chakrabarti [35] proposed a higher-order beam model considering
partial shear interaction between the adjacent layers and the transverse
shear deformation of the beam to predict the dynamic response of
composite beams. Guanghui He [36] also proposed a new model for
free vibration and buckling of composite beams with a higher-order
beam theory.

Unlike the above publications, the Carrera unified formulation
(CUF) is a hierarchical formulation that considers the order of the
model as a free parameter, or an input, of the analysis [37]. In
this regard, this theory can consider various structural problems with
no need for ad hoc assumptions. Therefore, EBBM and TBM can be
obtained as particular cases. CUF was introduced by Carrera et al. [38–
40] for plates and shells and extended to beam structures by Carrera
and Giunta [41] in 2010. The comprehensive discussion about CUF
can be found in [37]. Over the past years, the CUF has been ap-
plied to different problems by the use of Taylor series polynomials as
cross-sectional functions [42–44]. More recently, Lagrange polynomials
have been used to discretize the cross-sectional kinematics [45,46].
It is worth noting that CUF also has been applied to free vibration
analysis of different beams, including solid and thin-walled cross-
sections beams, cross-ply laminated beam structures; e.g. [47–51]. In
the recent literature, CUF has also been employed for the investigation
of reinforced composite structures for civil engineering applications;
e.g. [52,53].

1.2. Research significance

Previous works that studied the performance of steel–concrete com-
posite beams have considered several influence factors, such as shear
slip, shear lag effect, shear deformation. A steel–concrete composite
beam consisting of the concrete slab and the I-section steel beam is
a common research object which is also shown as Fig. 1(a). However,
most of the mathematical models mentioned in the previous publica-
tions employ classical theories, which inevitably have assumptions and
simplifications that may not be appropriate depending on the problem
under consideration. In the present work, the use of exact solutions
based on the component-wise (CW) approach (see Fig. 1(b)) is pro-
posed, which has been demonstrated to be physically and geometrically
consistent. In the CW approach, each component is modeled individu-
ally and simultaneously by using CUF beam elements (see [40]). Then,
continuity conditions among the different components are automati-

cally satisfied if Lagrange polynomials are used to approximate the

2

cross-section kinematics. A recent successful application of the CW
approach can be seen in [53]. The advantages and novelties of the
proposed solutions are:

(1) There is no need to simplify the physical dimension of structures
for the component-wise approach.

(2) CUF considers the order of the model as a free parameter of the
analysis, which is easy to get enough accuracy as needed.

(3) Considering the simply-supported boundary conditions, the gov-
erning equation can be solved in an exact manner which is
the quasi-exact Navier-type solution. This exact solution for free
vibration and stress analysis of steel–concrete composite beams
will be characterized by high efficiency in terms of computational
costs and unprecedented accuracy.

According to the author’s best knowledge, it is the first time apply-
ing CUF to simulate the composite concrete–steel structures numeri-
cally and calculate their eigenmodes in this work where a convergence
study is investigated for the vibration modes, displacement, strain,
and stress fields. The main novelty of this work is to provide a new
advanced model for closed-form solutions of steel–concrete composite
beams, which will provide a benchmark work for future research.

1.3. Organization

The paper is organized as follows: First, the Lagrange expansion (LE)
CUF models is presented. Then, the governing differential equations
of free vibration analysis and stress analysis with simply supported
boundary conditions are discussed and their closed-form solutions are
also given. Next, two examples taken from the literature are used to
validate the proposed model. Their results are also compared with those
from ABAQUS [54] to assess the availability of CUF to provide 3D
accuracy of steel–concrete composite beams. Finally, some meaningful
conclusions based on the above analysis are obtained.

2. Higher-order beam theory via CUF

By using the CUF, the three-dimensional (3D) displacement field of
composite steel–concrete beams can be expressed as follows:

𝐮(𝑥, 𝑦, 𝑧; 𝑡) = 𝐹𝜏 (𝑥, 𝑧)𝐮𝜏 (𝑦; 𝑡), 𝜏 = 1, 2,… .,𝑀 (1)

here 𝐹𝜏 varies within the cross-section; 𝐮𝜏 is the generalized displace-
ents vector and 𝑀 stands for the number of terms in the expansion.
ccording to the Einstein notation, the repeated subscript, 𝜏, indicates
ummation. The choice of 𝐹𝜏 and 𝑀 is arbitrary, that is, different base
unctions of any order can be taken into account to model the kinematic
ield of a beam above the cross-section [40].

In this paper, Lagrange polynomials are used for 𝐹𝜏 functions.
agrange polynomials are usually given in terms of normalized coor-
inates and only three quadrilateral Lagrange polynomials, four-point
L4) bilinear, nine-point (L9) cubic, and 16-point (L16) fourth-order,
re presented here.

The simplest quadrilateral Lagrange polynomial is the four-point
L4) and the interpolation functions are given by

𝜏 = 1
4
(1 + 𝑟 𝑟𝜏 )(1 + 𝑠 𝑠𝜏 ), 𝜏 = 1, 2, 3, 4 (2)

where 𝑟 and 𝑠 are the normalized coordinates that vary from −1 to 1
nd 𝑟𝜏 and 𝑠𝜏 are the actual coordinates of the four nodes.

Then, the interpolation functions of nine-point (L9) cubic polyno-
ial element are given by

𝐹𝜏 = 1
4
(𝑟2 + 𝑟 𝑟𝜏 )(𝑠2 + 𝑠 𝑠𝜏 ), 𝜏 = 1, 3, 5, 7

𝐹𝜏 = 1
2
𝑠2𝜏 (𝑠

2 + 𝑠 𝑠𝜏 )(1 − 𝑟2) + 1
2
𝑟2𝜏 (𝑟

2 + 𝑟 𝑟𝜏 )(1 − 𝑠2), 𝜏 = 2, 4, 6, 8

𝐹𝜏 = (1 − 𝑟2)(1 − 𝑠2), 𝜏 = 9

(3)

where 𝑟 and 𝑠 are the actual coordinates of the nine nodes.
𝜏 𝜏
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Fig. 1. Component-wise approach for a steel–concrete composite beam. (a) Composite beams; (b) Component-wise approach.
Finally, the interpolation functions of 16-point (L16) fourth-order
olynomial element are given by

𝜏𝑚𝑛 = 𝐿𝑚(𝑟)𝐿𝑛(𝑠), 𝑚, 𝑛 = 1, 2, 3, 4 (4)

where

𝐿1(𝑟) =
1
16

(𝑟 − 1)(1 − 9𝑟2), 𝐿2(𝑟) =
9
16

(3𝑟 − 1)(𝑟2 − 1)

3(𝑟) =
9
16

(3𝑟 + 1)(1 − 𝑟2), 𝐿4(𝑟) =
1
16

(𝑟 + 1)(9𝑟2 − 1)

The cross-section displacement fields can be defined according to
ifferent elements and Eq. (1). For instance, the complete displacement
ield given by one single L4 element is

𝑥(𝑥, 𝑦, 𝑧) = 𝐹1(𝑥, 𝑧)𝑢𝑥1(𝑦) + 𝐹2(𝑥, 𝑧)𝑢𝑥2(𝑦) + 𝐹3(𝑥, 𝑧)𝑢𝑥3(𝑦) + 𝐹4(𝑥, 𝑧)𝑢𝑥4(𝑦)
𝑢𝑦(𝑥, 𝑦, 𝑧) = 𝐹1(𝑥, 𝑧)𝑢𝑦1(𝑦) + 𝐹2(𝑥, 𝑧)𝑢𝑦2(𝑦) + 𝐹3(𝑥, 𝑧)𝑢𝑦3(𝑦) + 𝐹4(𝑥, 𝑧)𝑢𝑦4(𝑦)
𝑢𝑧(𝑥, 𝑦, 𝑧) = 𝐹1(𝑥, 𝑧)𝑢𝑧1(𝑦) + 𝐹2(𝑥, 𝑧)𝑢𝑧2(𝑦) + 𝐹3(𝑥, 𝑧)𝑢𝑧3(𝑦) + 𝐹4(𝑥, 𝑧)𝑢𝑧4(𝑦)

(5)

where 𝑢𝑥1(𝑦),… , 𝑢𝑧4(𝑦) are the unknown variables of the problem and
represent the translational displacement components of each of the four
points of the L4 element. The above displacement variables are the only
unknowns, which do not lie on the beam element axis.

3. Governing equations and closed-form solution

3.1. Governing equations

The adoption of LE models does not imply any formal changes in
the problem governing equations which can be derived by means of
the Principle of Virtual Displacements (PVD). According to the PVD,
the following equation holds:

𝛿𝐿𝑖𝑛𝑡 + 𝛿𝐿𝑖𝑛𝑒 = 𝛿𝐿𝑒𝑥𝑡 (6)

where 𝐿𝑖𝑛𝑡 is the internal elastic work, 𝐿𝑖𝑛𝑒 is the inertial work, 𝐿𝑒𝑥𝑡
is the work done by the external forces, and 𝛿 indicates the virtual
variation.

The virtual variation of the internal elastic work is

𝛿𝐿𝑖𝑛𝑡 = ∫𝑉
𝛿𝜺T𝝈 d𝑉 = ∫𝐿

𝛿𝐮T𝑠𝐊
𝜏𝑠𝐮𝜏 d𝑦 +

[

𝛿𝐮T𝑠𝜫
𝜏𝑠𝐮𝜏

]𝑦=𝐿
𝑦=0 (7)

where 𝜺 is the strain vector, 𝝈 is the stress vector, 𝐊𝜏𝑠 is the linear
differential stiffness matrix and 𝜫𝜏𝑠 is the matrix of natural boundary
conditions. Matrices are given in terms of 3 × 3 fundamental nu-
clei, which can be expanded automatically depending on the theory
order [40].

The virtual variation of the inertial work is written as

𝛿𝐿𝑖𝑛𝑒 = 𝛿𝐮𝜌𝐮̈ d𝑉 = 𝛿𝐮𝑠𝐌𝜏𝑠𝐮̈𝜏 d𝑦 (8)
∫𝑉 ∫𝐿

3

where 𝜌 is the material density, 𝐮̈ is the second derivative of displace-
ment 𝐮 with respect to time 𝑡, and 𝐌𝜏𝑠 is the fundamental nucleus of
the mass matrix.

The virtual work done by the external loads is

𝛿𝐿𝑒𝑥𝑡 = ∫𝑉
𝛿𝐮T𝐠 d𝑉 + ∫𝑆

𝛿𝐮T𝐩 d𝑆 + ∫𝐿
𝛿𝐮T𝐪 d𝑦 + 𝛿𝐮T𝐏 (9)

where 𝐠 are the volume forces, 𝐩 are the surface forces, 𝐪 are the line
forces and 𝐏 are the concentrated loads.

A undamped free vibration analysis investigates the equilibrium
between elastic forces and inertial forces. Therefore, Eq. (6) can be
written as:

𝛿𝐿𝑖𝑛𝑡 = −𝛿𝐿𝑖𝑛𝑒 (10)

Accounting for Eqs. (7) and (8), the governing differential equation of
the free vibration analysis can be rewritten in the following compact
form:

𝛿𝐮𝑠 ∶ 𝐊𝜏𝑠𝐮𝜏 = −𝐌𝜏𝑠𝐮̈𝜏 (11)

The natural boundary conditions can be written as:

𝛿𝐮𝑠 ∶
[

𝜫𝜏𝑠𝐮𝜏
]𝑦=𝐿
𝑦=0 = 0 (12)

In the case of static stress analysis, Eq. (6) can be simplified into:

𝛿𝐿𝑖𝑛𝑡 = 𝛿𝐿𝑒𝑥𝑡 (13)

If only a surface loading is considered, the external virtual work Eq. (9)
due to the pressure loading can be given by:

𝛿𝐿ext = ∫𝑆
𝛿𝐮T𝐩 d𝑆 (14)

Accounting for Eqs. (7) and (14), the governing differential equation of
the static analysis can be rewritten in the following compact form:

𝛿𝐮𝑠 ∶ 𝐊𝜏𝑠𝐮𝜏 = 𝐩𝑠 (15)

where 𝐩𝑠 is the fundamental nucleus of the loading vector containing
only surface pressures. The natural boundary conditions are the same
as in Eq. (12).

For the sake of brevity, these matrices, such as 𝐊𝜏𝑠, 𝐌𝜏𝑠 and 𝜫𝜏𝑠 are
not given here but they can be found in [47,48]. Besides, the explicit
expression of the Eq. (11), Eq. (12) and (15) can be found in [55].
Overall, any theory can be implemented as before in terms of the FNs
by expanding them using the indexes 𝜏 and s.

3.2. Closed-form analytical solution

The Navier-type solution can be used to solve the static and free
vibration problems using LE-based CUF theories. For doing this, the so-

lution of the differential governing equations of free vibration problems
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is supposed by imposing simply supported boundary conditions:

𝑢𝑥𝜏 (𝑦; 𝑡) = 𝑈𝑥𝜏𝑒
𝑖𝜔𝑡 sin(𝛼𝑦)

𝑢𝑦𝜏 (𝑦; 𝑡) = 𝑈𝑦𝜏𝑒
𝑖𝜔𝑡 cos(𝛼𝑦)

𝑢𝑧𝜏 (𝑦; 𝑡) = 𝑈𝑧𝜏𝑒
i𝜔𝑡 sin(𝛼𝑦)

(16)

he term 𝛼 in Eq. (16) is given by

= 𝑚𝜋
𝐿

(17)

where 𝑚 represents the half-wave number along the beam axis. 𝑈𝑥𝜏 , 𝑈𝑦𝜏
nd 𝑈𝑧𝜏 are the maximum displacement amplitudes function of the
otion. 𝜔 is an arbitrary circular or angular frequency and 𝑖 is the

maginary unit.
By substituting Eq. (16) into the equations of motion Eq. (11), the

lgebraic eigensystem in the compact form is obtained as:

𝐔𝐬 ∶ (𝐊
𝜏𝑠
− 𝜔2𝐌

𝜏𝑠
)𝐔𝜏 = 0 (18)

where 𝐊
𝜏𝑠

and 𝐌
𝜏𝑠

are the fundamental nuclei of the algebraic stiffness
nd mass matrices, respectively. Considering the simply supported
oundary condition, these matrices can be simplified as shown in the
Appendix.

In the case of static problems, there is no need to consider time-
ependent displacements. Therefore, the solution of the above differ-
ntial governing equations is proposed as:

𝑢𝑥𝜏 (𝑦) = 𝑈𝑥𝜏 sin(𝛼𝑦)

𝑦𝜏 (𝑦) = 𝑈𝑦𝜏 cos(𝛼𝑦)

𝑢𝑧𝜏 (𝑦) = 𝑈𝑧𝜏 sin(𝛼𝑦)

(19)

Meanwhile, the external surface loadings varying along the beam
xis 𝑦 are proposed as:

=
{

𝑝±𝑥𝑥 sin(𝛼𝑦) 𝑝±𝑥𝑦 cos(𝛼𝑦) 𝑝±𝑥𝑧 sin(𝛼𝑦) 𝑝±𝑧𝑥 sin(𝛼𝑦)

× 𝑝±𝑧𝑦 cos(𝛼𝑦) 𝑝±𝑧𝑧 sin(𝛼𝑦)
}T

(20)

here 𝑝±𝑥𝑥, 𝑝±𝑥𝑦, … , 𝑝±𝑧𝑧 are the amplitudes of the surface loading. The
ign ± means the positive value or the negative value. It depends on
hether the surface loading shows the same orientation as the normal
nit vector.

By substituting Eqs. (19) and (20) into Eq. (15), the algebraic system
f equations of the generic simply supported beam subjected to pressure
oads is obtained as:

𝐔𝐬 ∶ 𝐊
𝜏𝑠
𝐔𝜏 = 𝐩 (21)

For the sake of brevity, 𝐩 is not shown here, but it can be found in [55].
he explicit expressions of Eqs. (18) and (20) can also be found in [49].

. Free vibration analysis

To validate the accuracy of the present approach, two composite
eams with different kinds of cross-section from [32,56] are analyzed
ere. The results from the LE closed-form solutions are compared
ith those from 3D solid models by using the commercial software
BAQUS [54]. The elastic material models for the steel and concrete
re used in this work. Both concrete and steel materials are isotropic
aterials, and their constitutive relations are both based on a linear

ehavior. All of those models have the same boundary condition that
s simply supported on both sides.

.1. I-steel concrete composite beam

Fig. 2 shows the cross-section of a composite beam from [56]. The
pper part is a concrete slab whose thickness is 0.05 m and width is

0.3 m, that is, ℎ1 = 0.05 m, 𝑏1 = 𝑏2 = 0.1 m. The lower part is a
-section steel whose dimension is 0.1 × 0.1 × 0.006 × 0.008 m, that is

= 0.008 m, 𝑡 = 0.006 m, and ℎ = 0.1 m. Those two parts are
1 2 2

4

Table 1
Material properties of I-steel concrete composite beam.

Material Elastic modulus (GPa) Poisson ratio Mass density (kg/m3)

Concrete 38.9 0.3 2500
Steel 210 0.2 7850

connected by some studs in [56]. The length of total beam is 2 m. The
relevant material properties are shown in Table 1.

The LE cross-sectional discretizations with Lagrange elements are
depicted in Fig. 2 for illustrative purposes. Fig. 2(b) and (d) show
bilinear Lagrange elements. Fig. 2(c) and (e) show cubic Lagrange
elements.

Table 2 shows the first 8 natural frequencies. The first row in
Table 2 shows the 1st natural frequency from [56]. Various LE models
are considered in the table and they are shown in rows 2–6. Results
from various ABAQUS models are also shown in rows 7–9. Both the
ABQ C3D8 model with 76 620 DOFs and the ABQ C3D20 model with
269880 DOFs have 13 750 elements. There are 103000 elements in
the ABQ C3D8 model whose number of DOFs is 445824. Although the
number of DOFs of the ABQ C3D20 model is only 269880, the ABQ
C3D20 model shows better accuracy than the ABQ C3D8 model with
445824 DOFs does. Therefore, it turns out that taking quadratic order
elements is more effective than only increasing the number of linear
order elements. Furthermore, treating results from the ABQ C3D20
model as reference results is the best. However, considering that the
differences among the three ABAQUS models are quite small, it is
preferable to choose C3D8 elements in ABAQUS for further analysis to
save computational costs.

From Table 2, [56] just calculated the first natural frequency of the
composite beam considering no shear-slip effect. The value from [56] is
the lowest comparing other results among the first frequencies, because
Zhang [56] made calculations based on some assumptions, one of
which is the plane section hypothesis. From rows 2 to 6, the 15L16
model always shows the best accuracy among five different LE models
because it has enough DOFs. In the first four natural frequencies, the
percentage differences between the L4 models and the ABQ C3D20
model are small. Starting from the 5th frequency, the L4 model cannot
produce reasonable results anymore. Especially for the 6th frequency,
the percentage difference of the 12L4 and 15L4 model from the ABQ
C3D20 model are 243.43% and 202.07%, respectively. The reason the
L4 model cannot give good results is that L4 models do not have enough
DOFs to characterize the shell-like modes.

In addition, it is worth noting that although the 15L16 model can
give better results than the C3D8 model, the results of the 15L9 model
can also approach 3D results from ABAQUS. Therefore, the first eight
modes attained from 15L9 models are depicted in Fig. 3. The first two
modes are bending modes along 𝑥 and y, respectively. The third mode
is torsional mode and the fourth mode is also bending mode along
x. The rest shows complex modes that the L4 model does not have
enough DOFs to characterize. For comparison, the first eight modes
from ABAQUS are also depicted in Fig. 4. Modes in Fig. 3 are quite
similar to those in Fig. 4, which demonstrates the 3D capabilities of the
present beam formulation. Therefore, the 15L9 model is sufficient and
recommended in this case considering the balance between accuracy
and computational costs.

4.2. Steel–concrete composite box-beam

A steel–concrete composite box beam is the other example from [32]
that is considered for the assessment of the present beam model.
The geometry of the cross-section is shown in Fig. 5. The values of
parameters in Fig. 5 are: 𝑏1 = 𝑏3 = 0.4 m, 𝑏2 = 0.2 m, 𝑏4 = 0.12 m, ℎ1 =
0.12 m, ℎ2 = 0.4 m, 𝑡1 = 0.04 m, 𝑡2 = 𝑡3 = 0.025 m. The length of total
simply supported beam is 10 m. Table 3 lists the relevant material
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(

Fig. 2. I-girder cross-section and LE discretizations. (a) I-girder cross-section; (b) 12L4; (c) 12L9; (d) 15L4; (e) 15L9.
Table 2
Natural frequencies (Hz) of I-girder.

Model DOFs 1st 2rd 3nd 4th 5th 6th 7th 8th

Zhang [56] – 75.70 – – – – – – –
Present 12L4 72 78.41 112.61 225.73 283.64 411.37 1087.63 470.36 559.31
Present 15L4 90 78.28 112.26 220.01 282.89 402.90 958.99 461.63 556.98
Present 12L9 213 77.98 111.06 200.32 280.55 317.66 332.13 446.10 521.06
Present 15L9 267 77.97 110.79 196.74 280.42 308.81 322.10 445.75 517.28
Present 15L16 534 77.95 110.65 194.13 280.11 305.00 316.58 445.27 514.90
ABQ C3D8 76 620 78.09 110.84 195.42 281.20 307.35 318.99 445.19 516.37
ABQ C3D8 445 824 77.96 110.69 194.32 280.17 305.52 317.47 445.23 515.10
ABQ C3D20 269 880 77.94 110.64 194.01 279.97 304.91 316.70 445.22 514.62
Fig. 3. First eight modes by the 15L9.(a) flexural mode, 𝑓 = 77.97 Hz; (b) flexural mode, 𝑓 = 110.79 Hz; (c) torsional mode, 𝑓 = 196.74 Hz; (d) flexural mode, 𝑓 = 280.42 Hz;
e) local torsional mode, 𝑓 = 308.81 Hz; (f) shell-like mode, 𝑓 = 322.10 Hz; (g) torsional mode, 𝑓 = 445.75 Hz; (h) local torsional mode, 𝑓 = 517.28 Hz.
5
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Fig. 4. First eight modes by the ABAQUS.(a) flexural mode, 𝑓 = 77.94 Hz; (b) flexural mode, 𝑓 = 110.64 Hz; (c) torsional mode, 𝑓 = 194.01 Hz; (d) flexural mode, 𝑓 = 279.97 Hz;
(e) local torsional mode, 𝑓 = 304.91 Hz; (f) shell-like mode, 𝑓 = 316.70 Hz; (g) torsional mode, 𝑓 = 445.22 Hz; (h) local torsional mode, 𝑓 = 514.62 Hz.
Fig. 5. Box-girder cross-section and LE discretizations.(a) Box-girder cross-section; (b) 20L4; (c) 20L9; (d) 36L4; (e) 36L9.
Table 3
Material properties of steel–concrete composite box-beam.

Material Elastic Modulus (GPa) Poisson ratio Mass density (kg/m3)

Concrete 45 0.28 2400
Steel 200 0.18 7900

properties. Various cross-sectional discretizations are shown in Fig. 5
for illustrative purposes.

Table 4 shows the flexural natural frequencies for the beam an-
alyzed by [32], the present beam theories, and ABAQUS. m means
the number of semi-waves. Zhou [32] improved stiffness and mass
matrices considering many influencing factors based on a cubic Hermite
6

polynomial shape function. However, his method is also based on some
assumptions that the plane-section assumption is taken and lateral
strain, bending of the slab, and shear deformation out of the plane
of the slab are neglected. The above assumptions caused limitations
of Zhou’s method, which accounts for the difference between Zhou’s
results and LE models’ results.

For the sake of brevity, only one ABAQUS model is introduced
for comparison. Natural frequencies of LE models decrease with the
increase of DOFs when m is fixed. When m equals 1, results from
different models are similar. However, with the increase of m, the L16
model owns the best accuracy, and the L4 model shows the worse accu-
racy. Especially for 8 semi-waves, the result from 20L4 is nearly three
times that of ABQ C3D8. The above phenomenon can be attributed
to the increase in DOFs. The more DOFs the model has the better
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Table 4
Natural frequency (Hz) of Box-girder.

Model DOFs m = 1 2 3 4 5 6 7 8

RFB [32] – 17.71 43.93 80.09 124.48 175.85 – – –
Present 20L4 108 15.33 59.10 125.86 209.31 304.02 405.90 512.14 620.85
Present 36L4 204 15.21 58.23 122.54 200.16 283.02 361.91 423.13 457.49
Present 20L9 336 15.19 58.14 122.32 199.79 281.42 345.06 375.44 398.05
Present 36L9 624 15.19 57.80 118.74 175.19 198.02 207.50 214.89 222.27
Present 36L16 1260 15.18 57.75 118.22 171.70 191.83 200.67 207.85 215.15
ABQ C3D8 2 177 355 15.19 57.77 118.48 173.41 194.77 203.91 211.21 218.57
Fig. 6. First modes related to 𝑚 = 1 − 5 of Box-girder cross-section by the 36L9 model.(a) 𝑚 = 1, 𝑓 = 15.19 Hz; (b) 𝑚 = 2, 𝑓 = 57.80 Hz; (c) 𝑚 = 3, 𝑓 = 118.74 Hz; (d) 𝑚 = 4, 𝑓
175.19 Hz; (e) 𝑚 = 5, 𝑓 = 198.02 Hz.
ccuracy the result shows. Among all models, the natural frequencies
f the 36L16 model are smaller than these of the ABAQUS model,
hich demonstrates the high efficiency of the L16 model. However,

omparing results from the 36L9 model and ABAQUS model, the 36L9
odel is powerful enough to show satisfactory results in free vibration

nalysis of steel–concrete composite box beams.
Figs. 6 and 7 show the modes from 36L9 and ABAQUS, respectively.

he modes are flexural modes when m = 1 and 2 as shown in Fig. 6.
hen m equals 4 and 5, the flexural modes mainly occur locally in

he steel part, which is not shown in Zhou’s work [32]. Besides, it
s worth noting modes in Figs. 6 and 7 are quite similar to each
ther, which demonstrates 36 L9 elements are effective enough for
alculation. Furthermore, the phenomenon that the steel penetrates the
oncrete is shown in some modes, indicating that the reduction of scale
actors is necessary.

. Static stress analysis

To investigate the application of CUF in the static analysis, the
bove two kinds of composite beams, subjected to a stable pressure
oad, are also used to do stress analysis here. Assuming the beams are
nly under the pressure load that is on the top surface and along the
-axis. From Eq. (20), the load function in Fig. 8 is

= 𝑝−𝑧𝑧 sin(𝛼𝑦) (22)

here 𝑝−𝑧𝑧 is the maximum value in the mid-span, which is 10, 000 Pa.
For comparison, the displacements, normal stresses, and strains of

he mid-span cross-section can be obtained from the above-proposed
odels and ABAQUS. Besides, shear stresses and strains of one-fifth
pan cross-section will also be obtained because shear stresses and

7

strains are close to zero in the mid-span section. It is inconvenient
to show all results on one cross-section. So, Fig. 9(a) and (b) choose
one specific path to show curves of different results from I-girder and
box-girder, respectively.

5.1. I-steel concrete composite beam

Fig. 10 shows the mid-span deflections, which are obtained from
one path shown in Fig. 9(a). The path starts at the vertex of the axis of
symmetry and ends at the bottom point of the axis of symmetry. In the
beginning, only the ABAQUS model with coarse mesh is considered.
Results from L4 models are much smaller than those from ABAQUS,
while L9 and L16 show great results that are larger than those from
ABAQUS. The reason for the above phenomenon is that the L4 model
cannot provide enough DOFs, though 15L4 has more DOFs than 12L4
does. ABAQUS model cannot perform as well as 15L9 and 15L16
because there may be a convergence problem that can be handled by
refining the mesh. To explain it, another ABAQUS model with finer
mesh is conducted in Fig. 10. It turns out the ABAQUS model with
finer mesh can produce a better result. Although both ABAQUS models
cannot achieve the same accuracy as 15L9 and 15L16 do, the difference
between ABAQUS models and 15L9 or 15L16 is within 0.2%. Consider-
ing that more and more refined mesh will lead to heavy computational
costs, it is also preferable to treat results from the ABAQUS model with
coarse mesh as the reference results for further analysis.

From Fig. 11, it is evident that the 12L4 model gives the wrong
curves compared with other models. For the 15L4 model, a few points
are not matched with other curves, but it gives a great trend. In
general, the curves from 15L9 and 15L16 models match well with that

from ABAQUS except when the true distance is around 0.05 m, which
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Fig. 7. First modes related to 𝑚 = 1 − 5 of Box-girder cross-section by ABAQUS.(a) 𝑚 = 1, 𝑓 = 15.19 Hz.(b) 𝑚 = 2, 𝑓 = 57.77 Hz.(c) 𝑚 = 3, 𝑓 = 118.48 Hz.(d) 𝑚 = 4, 𝑓 =
173.41 Hz.(e) 𝑚 = 5, 𝑓 = 194.77 Hz.
Fig. 8. Beams under pressure load.
Fig. 9. Path and nodes on cross sections. (a) I-girder; (b) Box-girder.
indicates 15L9 and 15L16 models are effective in normal stress analysis.

Considering 0.05 m is the point where there is an interface between steel

and concrete, it is acceptable that results from ABAQUS are higher than

those from 15L9 and 15L16, because the relationship between steel and

concrete is not taken into account here.
8

In Fig. 12, Except for 12L4, the curves of other models are very
consistent with the curve of the ABAQUS model. The normal strain
is linear over the beam depth at mid-span from Fig. 12. 12L4 model
cannot show the strain linearity for the lack of DOFs.

Fig. 13 shows the shear stresses at one-fifth span. Shear stresses
mainly occur on the steel web. On the top concrete slab, shear stresses
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Fig. 10. Mid-span deflections along 𝑧-axis 𝑈𝑧 according to different LE-CUF models and 3D ABAQUS.
Fig. 11. Mid-span normal stresses 𝜎𝑦𝑦 according to different LE-CUF models and 3D ABAQUS.
Fig. 12. Mid-span normal strains 𝜖𝑦𝑦 according to different LE-CUF models and 3D ABAQUS.
are quite small or close to zero. From shear stress curves, two L4 models
do not show great accuracy, while the curves of 15L9 and 15L16 can
match with the curve of ABAQUS at most nodes.

The shear strain curves of different models at one-fifth span can
be seen in Fig. 14. It is the same as shear stresses that shear strains
mainly occur on the steel web. 12L4 and 15L4 models do not show
great accuracy in shear strains. The strain curves of 15L9 and 15L16
are consistent with the curve of ABAQUS, except when the true distance
is around 0.05 m where steel and concrete meet. This phenomenon is
similar to that in Fig. 11 for the lack of consideration of the relationship
between steel and concrete.
9

Table 5 shows different results obtained from different models and
different cross-sections. Columns 3 to 5 mean mid-span deflections,
normal stresses, and normal strains, respectively. They are all obtained
from the bottom nodes which can be seen in Fig. 9(a). Columns 6 to 7
mean one-fifth span shear stresses and strains, respectively. They are all
obtained from the middle nodes which can also be found in Fig. 9(a). In
terms of all results in Table 5, the differences among 15L9, 15L16, and
ABAQUS are quite small. Results of the 12L4 model are always quite
away from these of ABAQUS because of the lack of enough DOFs.

Overall, Figs. 10–14 and Table 5 confirm the accuracy of all models
except the 12L4 model in static analysis of composite I beam.
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Fig. 13. One-fifth span shear stresses 𝜎𝑦𝑧 according to different LE-CUF models and 3D ABAQUS.
Fig. 14. One-fifth span shear strains 𝜖𝑦𝑧 according to different LE-CUF models and 3D ABAQUS.
Table 5
Static results of steel–concrete composite I-beam.

Model DOFs 𝑈𝑧/mm 𝜎𝑦𝑦/Mpa 𝜖𝑦𝑦 × 106 𝜎𝑦𝑧/Mpa 𝜖𝑦𝑧 × 106

Present 12L4 72 −0.2273 10.3491 48.5698 −2.0022 −24.7886
Present 15L4 90 −0.2280 10.3221 48.7062 −2.1083 −26.2499
Present 15L9 267 −0.2297 10.2808 48.9882 −2.1202 −26.2499
Present 15L16 534 −0.2299 10.2809 48.9828 −2.1334 −26.4133
ABQ C3D8 1 020 144 −0.2296 10.1665 48.6015 −2.1339 −26.4192

5.2. Steel–concrete composite box-beam

Fig. 15 shows the mid-span deflections, which are obtained from
one path shown in Fig. 9(b). The path starts at the vertex of the
axis of symmetry, passes through the left steel web, and ends at the
bottom point of the axis of symmetry. Results of 20L4 are the smallest
among all models, indicating that 20L4 cannot present great accuracy
in terms of mid-span deflections. At the starting point, results of 36L9
and 36L16 are close to that of ABAQUS. After that, the ABAQUS curve
begins to approach the 36L4 model curve, which can be accounted
for the convergence problem. The maximum difference between the
ABAQUS model and the 36L16 model is around 0.3% that is quite small.
Therefore, another ABAQUS model with refined mesh will not be shown
here. 36L9 and 36L16 curves are close with each and they both show
great accuracy in mid-span deflections.

From Fig. 16, it is clear that the normal stresses on the top concrete
slab and bottom steel part are almost uniform. The phenomenon of
shear lag is not obvious because the cantilever concrete part in the
mid-span cross-section is small. The normal stress curves of all models
show a huge increase at the interface of steel and concrete. It can be
seen that all CUF models can reflect the normal stresses in the mid-span
10
cross-section because the 20L4 model also owns enough DOFs in terms
of normal stresses.

Similarly, normal strains are uniform on the top concrete slab and
bottom steel part from Fig. 17. On the steel web, they also show
linearity like Fig. 12. For strain analysis, all curves match well with
each other, indicating all LE models are effective.

Fig. 18 shows the shear stresses at one-fifth span. Shear stresses are
close to zero on the top concrete slab and bottom steel part. The shear
stresses mainly occur on the steel web. 20L4 model cannot present great
accuracy. 36L9 and 36L16 models are the most effective in shear stress
analysis. They show better results than ABAQUS does. Therefore, the
ABAQUS model needs mesh refinements on the steel web.

From Fig. 19, shear strains are zero on the top concrete slab and
bottom steel part similarly. There is a sharp decrease of shear strains at
the interface of steel and concrete, which cannot be seen from the 20L4
and 36L4 models. 36L9 and 36L16 can reflect all curve trends that the
ABAQUS model shows. Also, the results from ABAQUS are worse than
these of 36L9 and 36L16 models on the steel web, illustrating there is a
need for refining meshes of the ABAQUS model in shear strain analysis.

Table 6 shows different results obtained from different models
and different cross-sections of the composite box beam. Columns 3
to 5 mean mid-span deflections, normal stresses, and normal strains,
respectively. They are all obtained from the bottom nodes which can be
seen in Fig. 9(b). Columns 6 to 7 mean one-fifth span shear stresses and
strains, respectively. They are all obtained from the middle nodes which
can also be found in Fig. 9(b). In terms of mid-span normal stresses
and normal strains, the results of LE models are close to these of the
ABAQUS model. The differences between LE models and the ABAQUS
model are all below 2%. For shear stresses and strains in one-fifth span,
results of 36L9 and 36L16 models are relatively different from these of
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Fig. 15. Mid-span deflections 𝑈𝑧 according to different LE-CUF models and 3D ABAQUS.

Fig. 16. Mid-span normal stresses 𝜎𝑦𝑦 according to different LE-CUF models and 3D ABAQUS.

Fig. 17. Mid-span normal strains 𝜖𝑦𝑦 according to different LE-CUF models and 3D ABAQUS.

Fig. 18. One-fifth span shear stresses 𝜎𝑦𝑧 according to different LE-CUF models and 3D ABAQUS.

11
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Fig. 19. One-fifth span shear strains 𝜖𝑦𝑧 according to different LE-CUF models and 3D ABAQUS.
𝐾

𝐾

𝐾

𝐾

𝐾

𝐾

𝐾

𝐾

𝐾

w

𝐸

Table 6
Static results of steel–concrete composite box-beam.

Model DOFs 𝑈𝑧/mm 𝜎𝑦𝑦/Mpa 𝜖𝑦𝑦 × 106 𝜎𝑦𝑧/Mpa 𝜖𝑦𝑧 × 106

Present 20L4 108 −1.5860 9.0803 44.6532 −0.9717 −12.4381
Present 36L4 336 −1.6088 9.0352 44.7215 −0.8814 −10.6943
Present 36L9 624 −1.6115 8.9819 44.7968 −0.8780 −11.2335
Present 36L16 1260 −1.6115 8.9720 44.7961 −0.8716 −11.1538
ABQ C3D8 1 070 136 −1.6108 8.8982 44.5819 −0.7327 −9.3781

the ABAQUS model, which can be attributed to the non-convergence of
the ABAQUS model.

Overall, Figs. 15–19 and Table 6 confirm the accuracy of the pro-
posed all LE models in normal stresses and strains of composite box
beams. Besides, they verify the accuracy of the proposed 36L9 and
36L16 models in static analysis of composite box beams.

6. Conclusions

In this work, higher-order beam theories based on CUF are applied
to free vibration and stress analysis of simply supported steel–concrete
composite beams. Three kinds of Lagrange polynomials, which are
Four-point (L4), nine-point (L9), and sixteen-point (L16), are applied
to discretize the beam cross-sectional kinematics. Two steel–concrete
composite beams were analyzed and compared with the numerical
results provided by ABAQUS and those available in [32,56]. It was
possible to conclude that:

(1) The results show that the present analytical CW formulation can
give 3D numerically quasi-exact natural frequencies, modes, and
static performances of composite beams correctly.

(2) The main advantage of this method is that it can deal with shear
deformation and higher-order effects, such as warping, without
any assumption, using the 1D beam formulation. These effects
were comparable to the ones provided by a 3D solid FE using
ABAQUS.

(3) The L9 approximation provides a lower limit for vibration analy-
sis of composite beams. Also, it provided a good accuracy when
compared with ABAQUS with less DOF. This is a computational
advantage of CUF when compared with classical beam theories.

(4) For the stress analysis, the L4 approximation of the cross-sectional
kinematics is enough to capture similar results to ABAQUS, in this
case even with less DOF than the vibration analysis. However,
considering ABAQUS may not provide the best solutions, L9 and
L16 approximation can even give better results than ABAQUS
sometimes.

On-going work is focused on the improvement of this approach, for
hich the shear-slip relationship between concrete and steel needs to
e considered. Also to improve the stress analysis output for design
12
purposes the material non-linear behavior in steel and concrete needs
to be implemented.
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Appendix

In the case of isotropic homogeneous material, the components of
the linear stiffness matrix 𝐊

𝜏𝑠
in Eq. (18) are:

𝜏𝑠
𝑥𝑥 = 𝛼2𝐸66

𝜏𝑠 + 𝐸22
𝜏,𝑥𝑠,𝑥

+ 𝐸44
𝜏,𝑧𝑠,𝑧

𝜏𝑠
𝑥𝑦 = 𝛼

(

𝐸23
𝜏,𝑥𝑠

− 𝐸66
𝜏𝑠,𝑥

)

𝜏𝑠
𝑥𝑧 = 𝐸44

𝜏,𝑧𝑠,𝑥
+ 𝐸12

𝜏,𝑥𝑠,𝑧
𝜏𝑠
𝑦𝑥 = 𝛼

(

𝐸66
𝜏,𝑥𝑠

− 𝐸23
𝜏𝑠,𝑥

)

𝜏𝑠
𝑦𝑦 = 𝛼2𝐸33

𝜏𝑠 + 𝐸66
𝜏,𝑥𝑠,𝑥

+ 𝐸55
𝜏,𝑧 ,𝑠,𝑧

𝜏𝑠
𝑦𝑧 = 𝛼

(

𝐸55
𝜏,𝑧𝑠

− 𝐸13
𝜏𝑠,𝑧

)

𝜏𝑠
𝑧𝑥 = 𝐸44

𝜏,𝑥𝑠,𝑧
+ 𝐸12

𝜏,𝑧𝑠,𝑥
𝜏𝑠
𝑧𝑦 = 𝛼

(

𝐸13
𝜏,𝑧𝑠

− 𝐸55
𝜏𝑠,𝑧

)

𝜏𝑠
𝑧𝑧 = 𝛼2𝐸55

𝜏𝑠 + 𝐸44
𝜏,𝑥𝑠,𝑥

+ 𝐸11
𝜏,𝑧𝑠,𝑧

(23)

here generic term 𝐸𝛼𝛽
𝜏,𝜃𝑠,𝜁 is a cross-sectional moment parameter:

𝛼𝛽 = 𝐶̃𝛼𝛽𝐹𝜏, 𝐹𝑠, d𝛺 (24)
𝜏,𝜃𝑠,𝜁 ∫𝛺 𝜃 𝜁
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The components of 𝐌
𝜏𝑠

in Eq. (18) are:

𝑀𝜏𝑠
𝑥𝑥 = 𝑀𝜏𝑠

𝑦𝑦 = 𝑀𝜏𝑠
𝑧𝑧 = 𝐸𝜌

𝜏𝑠

𝑀𝜏𝑠
𝑥𝑦 = 𝑀𝑟𝑠

𝑥𝑧 = 𝑀𝜏𝑠
𝑦𝑥 = 𝑀𝜏𝑠

𝑦𝑧 = 𝑀𝜏𝑠
𝑧𝑥 = 𝑀𝜏𝑠

𝑧𝑦 = 0
(25)

here generic term 𝐸𝜌
𝜏𝑠:

𝜌
𝜏𝑠 = ∫𝛺

𝜌𝐹𝜏𝐹𝑠 d𝛺 (26)
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