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In this work, we introduce a general method
to deduce spectral functional equations and thus,
the Generalized Wiener-Hopf Equations (GWHEs)
for the wave motion in angular regions filled by
arbitrary linear homogeneous media and illuminated
by sources localized at infinity with application to
electromagnetics.

The functional equations are obtained by solving
vector differential equations of first order that
model the problem. The application of the boundary
conditions to the functional equations yields GWHEs
for practical problems.

This paper shows the general theory and the
validity of GWHEs in the context of electromagnetic
applications with respect to the current literature.
Extension to scattering problems by wedges in
arbitrarily linear media in different physics will be
presented in future works.

1. Introduction

The extension of the Wiener-Hopf (WH) technique in
angular regions [1]- [5] demonstrated its efficacy to solve
electromagnetic wave scattering problems in presence of
geometries containing angular regions and/or stratified
planar regions, see for instance [6]- [10] and reference
therein.

This technique consists of three steps: 1) the deduction
of functional equations in spectral domain of sub-regions
that constitute the whole geometry of the problem, 2) the
imposition of boundary conditions to get the Generalized
Wiener-Hopf Equations (GWHESs) and, 3) the solution of
the system of the WH equations using exact or semi-
analytical/approximate techniques of factorization as the
Fredholm factorization technique [11], [12], [5]- [10].

© The Authors. Published by the Royal Society under the terms of the
Creative Commons Attribution License http://creativecommons.org/licenses/
by/4.0/, which permits unrestricted use, provided the original author and
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This paper is focused on the first and second steps of the procedure showing a new general
methodology. In particular, we deduce spectral functional equations and GWHEs for angular
regions filled by arbitrary linear homogeneous media in a general framework, following the
procedure first proposed in [3] with applications to electromagnetics.

The introduction of the GWHEs in angular region was inspired by Vekua in [13]. This book
introduces the Hilbert generalized equations and shows that, with slight modifications, these
equations can be solved using the same procedures developed for the solution of the functional
equation for classical Hilbert problems. We note that these equations are more general than the
ones defined in the WH method.

The GWHEs differ from the Classical Wiener-Hopf equations (CWHEs) for the definitions of
the unknowns in spectral domain. While CWHEs introduce plus and minus functions that are
always defined in the same complex plane, the GWHEs present plus and minus functions that are
defined in different complex planes but related together. However, in several important practical
cases, suitable mappings allow to redefine the plus and the minus functions of GWHEs in the
same complex plane: for instance, in angular subregions see the mapping reported in [1]- [6].
With this transformation we ensure the remarkable property that GWHEs reduce to CWHEs.

When the problem can be formulated in terms of Helmholtz equations, the GWHEs are related
to the difference equation of the Sommerfeld-Malyuzhinets method (SM): see for instance, in
wedge problem [10] and references therein. In particular, the mapping n = —k cos w relates the
spectral variables r and w, respectively defined in the WH equations using the Laplace transform
and in the difference equations using the SM method. Passing from the i plane to the w plane
(and vice-versa) is an expedient that allows to exploit solution properties of the same problem
with two methods (WH factorization technique and SM difference equations). Hence, the analysis
of problems with SM and WH methods determine a helpful synergy. This means that the study
of scattering problems in presence of angular regions with different methods is fundamental.
In particular, important improvements on the SM method are reported in the books of Babich,
Bernard, Budaev, Lyalinov [15]- [18] and reference therein.

The introduction of the GWHEs in scattering problems by angular regions presents some
aspects in common with the study of right bounded regions, see [5], [10] and references therein.
In particular, several works on right-angled structures have been studied in terms of Riemann-
Hilbert (RH) formulations [38]- [40] and relationship between RH and WH methods may be
examined in depth. However, Wiener-Hopf and/or Riemann-Hilbert formulations of angular
regions have been rarely considered in literature and fully interpreted. For what concerns the
WH method, the last equation of the Example 5.15 of [14] at page 219 is a GWHE. In particular,
Noble suggested the mapping n = —k cos w as a natural substitution to get the solution.

We also observe that Gautesen in numerous papers (see for example [19]- [22]) proposed
the solution of the fundamental scattering problem from an elastic wedge, where the
functional angular equations are substantially GWHEs although not defined in this way. This
author provides efficient semi-analytical solutions of the spectral equations using the Cauchy
decomposition formula in the spectral plane. His method can be considered an efficient technique
to approximately solve GWHEs.

GWHEs were also introduced in [23]- [24] for solving the electromagnetic scattering problem of
a Perfectly Electrical Conducting (PEC) wedge as well as of an impedance wedge. These authors
are aware that their equations might be dealt with the factorization technique, however they
proposed a solution based on the SM method and difference equations.

A last set of works concerning the introduction of GWHEs in wedge problems is [25]- [26].
The novelty of these works resides on the application of a mapping that provides a factorization
method to solve difference equations in SM method for acoustic impenetrable wedge scalar
scattering problems. We recall also that the factorization method to solve difference equations
was, for example, proposed in [27]. We note that the mapping used in [25] resembles the one
introduced in [1]- [6] but the motivation of its introduction is different. In particular, in [1]- [6] the
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mapping is introduced to systematically reduce GWHEs of general angular shaped region wave
problems defined in Laplace domain to the usual classical WH equations [14].

As per rectangular regions, the WH equations of scattering problems in angular regions
can be obtained using two strategies. The first method consists of formulating the problem in
terms of integral equations in the natural domain using suitable Green’s functions [28]. Since
the formulation contains integral representations with convolutional kernels the application of
the Fourier or Laplace transforms yields the WH equations in the spectral domain. The second
method to obtain the WH equations in spectral domain is proposed by Jones [29], [14]. It is based
on the application of the Fourier or the Laplace transforms directly to the partial differential
equation formulation of the problem avoiding the necessity to study the Green’s function
representations in the natural domain. The Jones’ procedure is convenient, flexible and applicable
to arbitrary media and physics where the evaluation of the Green’s function can constitute a
cumbersome difficult problem. While the deduction of the functional equations in [19]- [26] is
based on the first method also using the second Green’s identity, we propose in this paper the
Jones” method. We note that, in order to apply the Jones’s approach to get the GWHEs in presence
of angular region problems, it is important to introduce partial differential equation formulations
using oblique Cartesian coordinates as [1]- [5].

We have developed different strategies to apply the Jones’s method. In this paper we use a
novel general first order differential vector formulation for transverse components of the fields
as in [3]- [4] and first proposed as method in [30]- [31] for rectangular problems. The method
differs from the one reported in [1], [2], [5] where the second order differential formulation
(wave equation) is applied. We claim the superiority of the new procedure (based on first
order formulation) to get spectral functional equations in angular regions, since it is capable to
model arbitrary linear media in systematic steps as illustrated in the paper. Derivation of explicit
equations require the implementation of the procedure reported in the paper, illustrated explicitly
for isotropic media and extendable to more complex media (see e.g. Appendix A). While the first
order procedure provides a method to get the functional equations for general arbitrary linear
media filling the angular region, we note that the second order formulation [2], [5] is unpractical in
non-isotropic media since no systematic procedural steps are available. Moreover, the first order
differential formulation can be extended also to wave motion problems in different physics.

In this paper, plane wave sources and/or sources localized at infinity are considered in time
harmonic electromagnetic field with a time dependence specified by et (electrical engineering
notation) which is suppressed. The paper is organized into six sections, two appendices and a
glossary. The deduction of the GWHEs for scattering problems by wedges in arbitrary linear
homogeneous medium is based on applying the boundary conditions to relevant spectral
functional equations of angular regions. The main aim of this paper is to get these functional
equations by introducing a conceptually simple technique starting from first order differential
vector formulation in terms of transverse components of fields (transverse equations). In order to
develop this technique, a preliminary study based on an abstract formulation of the Maxwell’s
equations in an indefinite homogeneous medium is necessary, as reported in Section 2. We recall
that this methodology is also useful to study propagation in stratified media.

Using oblique Cartesian coordinates and taking into account the results of Section 2, Section
3 describes the novel application of the method to angular regions with oblique Cartesian
coordinates, yielding the oblique transverse equations. The solution of these oblique transverse
equations (Section 3), projected on the reciprocal eigenvectors of an algebraic matrix defined in
Section 2, provides the functional equations of an arbitrary angular region, reported in Section 4. It
is remarkable that we get functional equations independently from the materials and the sources
that can be present outside the considered angular region. Properties and validations of functional
equations and how to get the GWHEs by imposing the boundary conditions on the two faces of
the angular region is finally reported in Section 5 for isotropic media, with conclusions in Section
6. Appendix A reports fundamental explicit matrices to apply the methodology to anisotropic
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media, while Appendix B justifies the dyadic Green’s function formula of Section 4. The Glossary
reports the main abbreviations, notations and symbols useful for the readability of the text.

2. First order differential transverse equations for indefinite
rectangular regions filled by arbitrary linear homogeneous
media

The evaluation of the physical fields in a linear medium can be generally described by a system
of partial differential equation of first order. In absence of sources localized at finite or in presence
of plane wave sources, the system assumes the homogeneous abstract form:

Iy =0 @.1)

where Iy is a matrix differential operator that contains partial derivatives of first order, % is a
vector that defines the field to be evaluated and 6 is an additional field that is related to the field 1
through constitutive relations depending on the parameters that define the physical characteristic
of the medium where the field is considered. 1) and 6 are vectors having the same dimensions and
the constitutive relations are defined by the equation

O=W -9 2.2)

where the matrix W depends on the medium that is considered.
In electromagnetism, the fields E and H in an arbitrary homogeneous linear medium are
governed by the Maxwell’s equations and present the following constitutive relations

D=¢-E+¢-H

B—C-E+p H (2.3)
thus, in electromagnetic applications, (2.1) and (2.2) are defined by:
E ) D 0 Vx1 ‘ € £
(0 H | Jw B |’ v ‘ vV x1 0 s W=jw ¢ - ‘ ( )

where 1 is the unit dyadic in the Euclidean space. An extended and detailed treatise about this
abstract formulation is reported in [34] that is not easily accessible and not well known in the
scientific community; for this reason here we report a short introduction and then our application.

To complete the formulation of the field problem via (2.1)-(2.4) we also need to impose the
geometrical domain of the problem, its boundary conditions and the radiation condition.

In our method, first, we derive spectral functional equations avoiding the application of
boundary conditions for a particular domain and, then, in practical problems we impose the
boundary conditions coupling different regions and yielding the GWHEs of the problem.

For this reason, in the following sections the boundary conditions will appear only at Section 5
where a practical classical problem will be examined as an example of implementation procedure:
the Malyuzhinets” problem.

The application of abstract formulation to the electromagnetic study of stratified medium
along a direction (say y) is fundamental to introduce several important concepts in wave
propagation (see for example [32]- [33]). In particular the introduction of the transverse equations
can be used for the analysis of indefinite regions and in Section 3 for the development of the
theory for angular regions. The transverse equations of a field are equations that involve only the
components of the field 1), say 1, that remain continuous along the stratification according to the
boundary conditions on the interfaces. In [34] the abstract deduction of the transverse equations
is obtained starting from the abstract equations (2.1) and (2.2).

In the following, we assume y=const in Cartesian coordinates as the interface among
media of rectangular shape (layers). To get the boundary conditions the method resorts to a
suitable application of the divergence theorem on the equation (2.1) (see for example [30]). In
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electromagnetism, the transverse field for a stratification along the y direction is
e =B Hy| = |E, Ex Hy Hy| (2.5)

s where ’ stands for transpose and, E;=2E, + &E;, H; = 2H, + £H, satisfy the boundary
1w condition of continuity on the interfaces of the stratification.

Following [34], we deduce the electromagnetic transverse equations with respect to y starting
from (2.1)-(2.4) for a general bianisotropic medium with constitutive parameters W where
g,&, ¢, p are tensors. For practical evaluation we assumes Cartesian coordinates with the ordering
(z,z,y). We start from the decomposition of the differential operator

0 19} 0
= o) Vi =5 + B 2,
\% Vt—i-yay,Vt Z82+w81‘ (2.6)
that yields
Iv=I++1T, 9 2.7)
v =4t Y 8y .
with
_ 0 Vix1 _ 0 gx1 Caa s oas
Ft'Vtxl 0 , Iy = Jx1 0 ,1=224+2T+ 9y (2.8)
We observe that the following dyadic relations hold:
L In=Iy-1y, It - Iy=Iy-I1=Iy, Iy Iy=Iy-I;, Iy-Iy=1Iy-Iy=0 2.9
where
1; O 1 0 an aa N
I = 0 1, | I, = 5’ 1, | 1 =22+422, ly=497 (2.10)
Taking into account (2.6)- (2.10), the first member of (2.1) becomes:
0 0
Fv-w:(Ft+Fya—y)w:n-wt+rya—ywt+rt~wy (2.11)

o where iy = |E; Hy| = |E, E; H, Hy|' and vy, = |Eyj Hyg| with By = 2E, + #E,, Hy = 2H, +
132 iH;E.

Using the representation
W =Wy + Wiy + Wyt + Wyy (2.12)

where th:It‘W'It, WtyZIt'W'Iy,WytZIy‘W‘It, Wyy:Iy-W-Iy, we have the
following decomposition in transversal and longitudinal components of (2.1)

Iy - Iy -y = Wyt - g + Wy -y (2.13)
It-%Fy-wt+ft-Ft'¢y=th'¢t+Wty'dJy (2.14)

By substituting the matrix W, defined by
Wy Wyy =Wyy - Wy =1, (2.15)

into (2.13), it yields the relation that connects the longitudinal field 1)y, in terms of the transversal
field iy

by =Wy - (Iy - Ty = Wyt) - bt (2.16)
where explicitly
3 1 pyly  Eyly
Wy=—7——"“—7#747= 217
Y jwley iy — &y G) | —Gly  —eyly @17
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Taking into account that I'2 = [, the substitution of (2.16) into (2.14) yields the transversal
Maxwell’s equations (2.18):

o o 0
—gywt:/\/l(a,%)% (2.18)

where the matrix operator of dimension four M(%, %) is given by:

g 0
(&7 %)

In the case of isotropic medium i.e. with

=1, [It Iy = Way) - Wy - (Iy - Tt — W) — th} (2.19)

el 0
=J 2.2
we obtain
0 0 _jD:D. J(D:?+epw?)
'(D zers w2) s
o 0 0 0 A - H JD;UDZ
MG, 8= iD.D. §(D.2tepw?) 0 . (2.21)

(D z‘f 2) B pew
T R _]T 0 0

where Dy = %, Dy = 8%’ D, = %. Further specific examples in electromagnetism, elasticity and
more general field are reported in [5], [10], [12], [30]- [31], [35].

Here we assume that the geometry of the problem is invariant along the z-direction, thus,
without loss of generality, we assume ¢; = ¢¢(z,y, z) = f(z, y)e‘j"oz. It yields %W(:p, Y, 2) =
—jaothi(z,y, 2), ie. % — —jao , thus
2 2) :M(—jozo g) =M, + ]\412 + MQiQ + ]\43873
0z’ Ox " Oz ox Ox? ox3™"

Taking into account (2.19), the number of non-null terms at the second member of (2.22)
depends on I and thus it is three, i.e. M., =0 for m > 2. The explicit expressions of the matrices
M, are defined by the problem under investigation and, in a general electromagnetic medium,

M( (2.22)

the matrices M, are of dimension four. In an isotropic medium, from (2.21), we have

j(—a2+€uw2)
0 0 0 Lo ohe )
0 0 —J pw 0
My, = . 2 2
i(—agtepw?) ’
0 T 0 0
Jjew 0 0 0 2.23)
0 0o -—2u 0 0 0 0
0 0 0o 0 0 -ZL o
M= o0 o o | M= o 0o o o
a )
0 -5 0 0 50 0 0

where we have omitted the dependence on —ja.

The explicit expression of M (2.19) for a general arbitrary linear medium in electromagnetic
applications is reported in [3], while in the Appendix A we report the anisotropic case. For
readability, in the following, we will develop explicit expressions in isotropic media even if the
theory and the procedure are completely valid for the general case. As shown in [12], [30], [31],
[33] the transverse equations are very useful (independently from the application of Section 3) to
deduce the WH equation in stratified media with discontinuity at the interfaces.
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(a) The eigenvalues and the eigenvectors of M in spectral domain

By applying Fourier transform along « direction to (2.18) with (2.22)-(2.23) (M, =0, m > 2) in
absence of source, we obtain an ordinary vector first order differential equation

—%%m = M(n) - % (n) (2.24)

where ¢ (x) = % fiooo &I/t(n)efj % dn (notation with omission of y, z dependence) and

M (n) = M(—jao, —jn) = Mo — jnMi —n° M (2.25)
where % — —jo for the presence of the field factor e~ 7% % (see also comment before (2.22)) and
% — —jn for the property of Fourier transforms.

Now, let us investigate the properties of the eigenvalue problem (2.26) associated to the

differential problem:

M(n) - ui(n) = Xi(n)ui(n) (2.26)

We anticipate that the eigenvalues \; and the eigenvectors u;(n) (i =1..4) of the matrix M (n)
(2.26) in rectangular shaped regions will play a fundamental role to get the functional equations
of an angular region as solution of the differential problem.

In presence of a passive medium, we observe that two eigenvalues (say A1, A2) present non-
negative real part and the other two eigenvalues (say A3, A\4) present non-positive real part.
While A1, A are related to progressive waves, A3, A4 are associated to regressive waves. In this
framework we associate the direction of propagation to attenuation phenomena, while we let free
of constraint the phase variation to model also left-handed materials.

The eigenvalues of the matrix M (n) are

M =7&M), Aa=7&(n), A\3=—7£3(n), \a=—3j&(n) (2.27)

In medium having reflection symmetry we have &3 4(n) =¢&1,2(n). For simplicity and to get
explicit simple expressions, let us consider homogeneous isotropic lossy media (see extension
to anisotropic media in the Appendix A). For these media we have

&Gm)=¢Em) =1/73—n? i=1,2,3,4 (2.28)

where 7, = \/k? — a2 with Im[7,] <0 and k = w,/zfi is the propagation constant with Im/[k] <
0 (normally Re[k] >0, otherwise Re[k] < 0 in left-handed materials). Since k2 = k2 + kfj + k2=
n* + €2 + a2, £(n) is a multivalued function of 7. In the following we assume as proper sheet
of £(n) the one with £(0) = 7, and as branch lines the classical line Im[£(n)] = 0 (see in practical
engineering estimations Ch. 5.3b of [33]) or the vertical line (Re[n] = Re[1o], Im[n] < Im[7o]).

In isotropic media, according to (2.27) and (2.28), the eigenvalue are A1 > = —A3 4 = j&(n). The
eigenvectors u;(n) = u; corresponding to A;, i =1,2, 3,4 are

72 aom 72 _ Qo
2 we -2 we
“8& _(€%Fa2) an’ (67 +a2)
ul = we€ |, ug= wel , Uz = wef , Ug = weg (2.29)
0 1 0
1 0 1 0

We also introduce the reciprocal vectors v;(n) of the eigenvectors u;(n) that are the eigenvectors
of the transpose of the matrix M (n). The vectors v;(n) satisfy the bi-orthogonal relations

Vi -u; = 5ji (230)
or alternatively

1 =uiv1 + ugve + usvs + uqvy (2.31)

H
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where §;; is the Kronecker symbol, 1; is the identity dyadic such that 1; - M = M - 1; and in (2.31)
we assume dyadic products.

According to the definition reported in (2.30) we obtain from (2.29) the reciprocal vectors
vi(n) = vi

_| €+4a2 aon 1 ’ — l aon i 1 ’
v = o 1 Vo= | — _ o ES
1 ‘ 2w € 2w € 0 2 |2 2w p € 2wpe 2 0 (2.32)
V3 =|— §2+0‘§ __agn 0 1 vy = agn 702 1 0
20w p € 2wp € 2 |’ 2pné  2wp€ 2

3. First order differential oblique transverse equations for
angular regions filled by arbitrary linear homogeneous media

In this section we introduce the oblique transverse equations using an oblique system of Cartesian
axes and applying the properties reported in Section 2 for rectangular regions. In the following
sections, first, we deduce spectral functional equations then, by imposing boundary conditions,
the GWHEs for any arbitrary medium with angular shape [3]- [4].

With reference to Fig. 1, where angular regions are defined thorough the angle v (0 < v < ), let
us introduce the oblique Cartesian coordinates u, v, z in terms of the Cartesian coordinates x, y, 2:

u=zx —y coty, v= .y orx=u-+v cosy, y=wvsin-y (3.1)
sin 7y
with partial derivatives

d ud wad 9 d dud  Ovod d 1 9
Or Oz 0u Oz v Ou Oy Oyou %%:_C°t7%+sin7%

8 oxd Oydo 0 o dxd Oy o . o (3.2)
Ou Oudr  Oudy 0z v  0Ovox %@26087%+51n7?y

v y4
N0
a
d P
® sy .
o=tn 0 o=0 x:u
@Z

® c

Figure 1. Angular regions and oblique Cartesian coordinates. The figure reports the x, y, z Cartesian coordinates and
p, @, z cylindrical coordinates useful to define the oblique Cartesian coordinate system u, v, z with reference to the
angular region 1 0 < ¢ < v with 0 <~ < . In the figure, the space is divided into four angular regions delimited by
(¢ =y and the face boundaries are labeled a,b,c,d.

In the following, we consider the system of transverse (with respect to y) equations of
dimension four for an electromagnetic problem with invariant geometry along z-direction (i.e.
e~ 7?7 field dependence) in an arbitrary homogeneous linear medium (see Section 2 in particular
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(2.18) with (2.22)-(2.23)):

2 = Mo, 2y = (Mo 1 L 20 2 (33)
By t = J 0781‘ t = o 1(923 anz t .
Substituting (3.2), in particular % = 3% and 3% =—coty {% + ﬁ %, into (3.3), we obtain
) .9 ) d*
—%wt = Me(—jao, 8u) P = (Meo + Mela + M62W) Sy (3.4)
where
Meo = Mosiny, Me1=Mjsiny — Izcosy, Meg=Mssiny (3.5)

For the sake of simplicity and in order to get simple explicit expressions, let us consider a
homogeneous isotropic medium, even if the procedure is general and applicable to arbitrary
linear media (definitions for the anisotropic case are reported in the Appendix A). For isotropic
media we have

0 0 0 j(fag+euw2)sin'y
EW
M 0 0 —Jpw sin -y 0
eo = j(—a2+5uw2) sin y ’
jewsiny 0 0 0
—cos7y 0 _7%:5}n’v 0
_ Qg siny
Me1 = Qg gin ol o ’ Py ) (3.6)
e ()~ —Cos Y 0
0 —% 0 — COos 7y
0 0 0 0
0 0 —IEY 0
Mez = 0 0 0 0
I

By applying the Fourier transform along = = u direction to (3.4) (i.e. ¢ (z) = % 2 (n)e ™" dy

with notation omitting v, z dependence), we obtain

d
*%&T’t(n) = Me(7,n) - ¥(n) (3.7)
with
Me(7,1) = Me(—joo, —jn) = Meo — jnMe1 — n° Mea (3.8)

simce o0 — oz — —Jn.

(a) Link between eigenvalues of M (1) and M. (~y,n)
In oblique coordinates, the solution of (3.7) is related to the eigenvalue problem

Me(v,n) - uei (7, 1) = Aei (7, M) tei (7, M) (3.9)

where \.; and u.;(n) (i = 1..n) are respectively the eigenvalues and the eigenvectors of the matrix
Me (v, n) of dimension n = 4 in our application. Using (3.7) and (3.8), equation (3.9) becomes

(Mo siny — jnMy siny — n° Masin"y) - uei(7,n) = (Aei (7, n) — 51 €08 Y)uei (v, 1) (3.10)
and thus

MO ) = (2EOIZINOTY 611
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Comparing (3.11) with (2.26) we observe the relation among the eigenvalues and the eigenvectors
of the two problems. The two problems defined by the matrices M (n) and Me(~y,n) have same
eigenvectors

uei(7,m) = ui(n) (3.12)
thus same reciprocal vectors and related eigenvalues

Aei(v,m) —gncosy
sinny =Xi(n) (3.13)

Since Me(v,n) and M (n) have same eigenvectors (3.12) and the eigenvectors of M (n) are u;(n)
reported in (2.29), we note the important property that the eigenvectors of Me(y,n) do not depend
on the aperture angle ~y (Fig. 1). From (3.13), the eigenvalues \.; of M¢(y,7) can be re-written
using the notation (2.27):

Ae1(v,m) = j(ncosy +siny&1(n))

Ae2(v,m) = j(ncosy +siny &2(n)) (3.14)
Ae3(v,m) = j(ncosy — siny &3(n)) '
Aea(y,m) = j(ncosy — siny &a(n))

where Ac1, A2 (Ae3, Aeq) are related to progressive (regressive) waves.
For what concerns the specific case of electromagnetic applications with an homogeneous
isotropic medium in angular regions, the eigenvalues of the matrix Me (v, n) are

Ael=Ae2=jncosy+jVT02 —n2siny, Aezg=Aea=jncosy—j\/ 102 —n2siny (3.15)

where k is the propagation constant, 7o =+/k2 — a3 and £ =£(n)=+/72 —n? (2.28) is a
multivalued function as discussed in subsection 2(a). Note that, also in the isotropic angular
geometries, two independent eigenvectors ui,us (u3,us) (2.29) correspond to the two equal
eigenvalues A 1 = A ¢2 (A e3 = A c4) as reported in (3.15).

4. Solution of the oblique transverse equations

In order to present the general solution procedure, in the following, we consider a system of
oblique transverse equations (3.4) of dimension four with matrix operator Me¢(—jao, %) with
three non-null terms (Mo, M1, M>) for a problem with invariant geometry along z-direction. This
framework is appropriate for electromagnetic applications in arbitrary linear media and it will
be explicitly developed for particular problems in Section 5. In this section, we obtain, as general
solution, the spectral functional equations for the four angular regions as identified in Fig. 1.
The four angular regions present same equation (3.4) but with different matrices Meo, Me1, Me2
depending on the media as well as on the aperture angle ~.
Let us introduce the Laplace transforms (notation omitting z dependence)

wwnno:;ﬁne”“wxu,wdu (1)

for regions 1,2 and

0 .
dilno) = | 0)da @2

for regions 3,4.
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The Laplace transforms applied to (3.4) yields:

G, 0) = Mely,m) - 920, 0) + 0 (0) @3
with
Me(y,m) = Me(—jao, —jn) = Meo — jn M1 —n” Mea (4.4)

Note that (4.4) and (3.8) share the same symbol and explicit mathematical expression, however
the first is related to a Fourier transform while the second to a Laplace transform, thus obviously
they have the same eigenvalues and eigenvectors. The term )5 (v) is obtained from the derivative
property of the Laplace transform (initial conditions) and for each angular region we obtain a
different expression. In particular, we indicate with 1qs(v) the value of ts(v) on the face a, see
Fig. 1, (0 < v < 400, u = 04), with 14 (v) the value of 1s(v) on the face b (—oo <v < 0,u=04),
with ¥es(v) the value of ¥s(v) on the face ¢ (—oo <v < 0,u=0_) and with ¢ 4,(v) the value of
1s(v) on the face d (0 < v < +oo,u=0_).

Since (4.3) is a system of four ordinary differential equations of first order with constant
coefficients in a semi-infinite interval, we have mainly two methods for its solution: 1) to apply the
dyadic Green’s function procedure in v domain, 2) to apply the Laplace transform in v that yields
a linear system of four algebraic equations from which one can write down the general solution in
terms of eigenvalues and eigenfunctions. We note that both methods are effective and in particular
the second method is more useful for representing the spectral solution in each point of the
considered angular region. However, it initially introduces complex functions of two variables.
As proposed in the following subsections, we prefer the first method because, by this way, we
get the functional equations of the angular regions that involve directly complex functions of one
variable.

Using the concept of non-standard Laplace transforms (see section 1.4 of [5]), the validity of
(4.3) and (4.4) in absence of sources is extended to the total fields in the presence of plane-wave
sources or in general of sources located at infinity.

With reference to Fig. 1, let us now describe the four angular regions in details. The selection
of four angular regions as in Fig. 1 related to a unique aperture angle v does not limit the
applicability of the method. In fact all the equations (once derived) can be used with a different
appropriate aperture angle just replacing v with the proper value. The purpose of deriving the
functional equations with a unique 7y is related to the fact that we formulate and solve the angular
region problems by analyzing once and for all the matrix operator M (v, n) (4.4). We recall also
that the imposition of boundary conditions and media for each region will be made only while
examining a practical problem and it yields GWHEs.

(@) Region1:u>0,v >0
With reference to Fig. 1, for what concerns region 1 (u > 0, v > 0), (4.3) holds with
) 7]
Vs (V) =as(v) = —Me1 - P1(04,v) 4+ jn Me2 - 1 (04,v) = Mez - -1t (u, v) (4.5)
ou w=01

Equation (4.3) is a system of differential equations of first order (of dimension four in our
electromagnetic assumption), whose solution (7, v) is obtainable as sum of a particular integral
1p(n, v) with the general solution of the homogeneous equation (7, v):

Vi (n,v) = o (n,v) + Pp(n,v) (4.6)
The solution of the homogeneous equation must satisfy

8 Joln,v) = Mey,1) - Goln,0) @)
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Considering the solution form v, (1, v) = C e~ MMy (), the most general solution is

Go(n,v) = Cre 1) Yy (1) 4 Coe A2 Yy (1) o Cge™ A3 Vg (1) o Cye™Aea () Vo (i)
(4.8)

where \¢; and ue; = u; (i=1,2,3,4) are the eigenvalues and the eigenvectors of the matrix Me (v, 1)
respectively reported at (3.14) and (3.12).

In presence of a passive medium, we recall that two eigenvalues (say A1, A2) present non-
negative real part and the other two eigenvalues (say A3, A\4) present non-positive real part. From
(3.14), we note that Ac1, Ac2 model progressive waves along positive v direction, while Ac1, Ac2
regressive waves.

The evaluation of the particular integral of (4.3)

oo

T, v) = — j Glo) s () (49)

0

requires the dyadic Green’s function G(v,v’) of (4.3), i.e. the solution of

(dii; + Me(’y,n)> CGo,0") =8(v — )1y (4.10)
with the boundary condition of the problem: in this case the ones of region 1 (u > 0, v > 0). Note
that 1; is the identity dyadic of dimension four in our assumption (2.31).

An original method to get the particular solution is reported in [3], [30], [31]. While in [30]-
[31] the method is applied to arbitrary stratified regions with appropriate boundary conditions,
in this paper, we apply a slightly different method to the simplified structure constituted of an
arbitrary indefinite angular region for the solution of (4.10). According to [36], it is possible to
build a Green'’s function starting from arbitrary solutions of the homogeneous equations without
imposing boundary conditions at first. Then, to get the solution of the differential problem with
the boundary conditions, the selected form of the particular integral conditions the values of the
arbitrary coefficients of the homogeneous solutions for the imposition of the boundary conditions.
Finally, the sum of the homogeneous solutions with the particular integrals yields the solution of
the problem.

We select progressive and regressive waves in indefinite half-space as homogeneous solutions
for building the dyadic Green’s function (see Appendix B for justification and properties of the
dyadic Green’s function). In our framework, we avoid to impose the boundary condition at this
point, since we want to find functional equations that are free of this constraint. Only, while
investigating a practical problem, we will impose boundary condition to the functional equations
(for instance in region 1 at face ¢ =0 ie. v >0, v=0 and face ¢ =~ i.e. u=0, v > 0) yielding
GWHE:s of the problem. See Section 5(b) for a practical example of wedge scattering problem.

By applying this method (Appendix B) to the present problem we obtain the dyadic Green’s
function

—Ae1(v,m)(v—2") —Aez(v,m)(v—0") /
ujvie + uagvoe s v>v
G(u,u’)—{ 11 22 4.11)

_ [u3,,3efke3(%n)(v*v’) + u4,,4e*/\e4(%n)(v*v')] , v<d

where v; are the reciprocal vectors (2.30) of the eigenvectors u; of Me (7, n) and A¢; are the related
eigenvalues. Note that u;v; in (4.11) are dyadic products.
By substituting (4.8) and (4.9) with (4.11) into (4.6), it yields

Clule_)\el(')’;n) vy C2u26—>\ez(%n) vy 03u3e—>\es(%n) vy C4u46—>\e4(%77) vy
De(m,v) = —uqv - J"g e~ Aer(vm)(v—v )was(v’)dv' — s JS e~ Ae2(v,m)(v—v )¢as(v/)dv/+
+usvs - J':o e Aealrmv=v )T/Jas(vl)dvl + uqvy - J‘;O e~ Aealym)(v=v )was(v/)dvl

4.12)
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Looking at the asymptotic behavior of (4.12) for v —+ 400 we have that only the terms
Csuze™ Aes ¥ 4 Cyuge™ Aea? are divergent. For this reason we assume C3 = Cy=0. Note, in
particular, the vanishing of the last two integral terms as v — +o0.

Setting v = 0 in (4.12), we have

Pi(n,0) = Crug + Coug + ugvs - JOO A MY o (o) do + ugvs - ro A g (o) do
0 0
(4.13)
Multiplying (4.13) by v;(n) = v; for i = 1..4, we obtain
vi(n) - $r(n, 0) = C1
va(n) - Pe(n,0) = C2 @14)
v3(n) - ¥e(n,0) = v3(n) - Pas(—iAes(y,m)) '
va(m) - ¥e(n,0) =va(n) - ¥as(—jAea(v,m))

due to the property of the reciprocal vectors (2.30) and where Vs (x) is the Laplace transform in
v along face a (v = p in cylindrical coordinates)

Yas(X) = J:O X a5 (v)dv (4.15)

The last two equations of (4.14) can be rewritten in the form

v3(n) - e (1,0) = v3(n) - ¥ g5 (—ma1 (7, 1)) (4.16)
va(n) - De(n,0) = va(n) - Ys(—maz(v,7m)) (4.17)
with

Ma1(7,1) =jAe3(7,m) = —mcosy + & siny

‘ . 4.18
ma2(7,n) = jAea(y,n) = —ncosy + & siny (418)

While the first two equations of (4.14) relate the unknowns C1 and C5 to the Laplace transform
@t(n, 0) evaluated in the lower face of the angular region (u >0, v =0), the last two equations
of (4.14) provide two important functional equations that relate the Laplace transforms of
combinations of the field components on the boundaries of the angular region 1,i.e. >0, v=0
and u =0, v > 0 (face a) in Fig. 1.

These functional equations are the starting point to define the GWHEs of region 1. They are
valid for any linear medium filling the region and independently from any boundary conditions
surrounding the region.

For example and for simplicity, the explicit form of (4.16)-(4.17) are reported in Section 5 for
isotropic media where &;(n) = £(n) = /72 — 12 (see definition of the multivalued function &(n)
in subsection 3(a)).

These functional equations are equivalent to (3.3.57) and (3.3.58) of [5] where a completely
different method has been applied for the derivation. In fact, in Chapter 3 of [5], the equations are
obtained from the second order differential formulation for electromagnetic applications (wave
equation). The theory is developed for isotropic medium and cumbersome symmetry properties
have been used to develop the equations for the other angular regions with respect to region 1.

In the present work, the theory is more general, applicable to any arbitrary electromagnetic
media and extendable to different physics. In particular, the equations of the other regions with
respect to region 1 are easily derived as in the following subsections.
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(b) Region2: u > 0,v <0

With reference to Fig. 1, following the procedure reported for region 1 in subsection 4(a), we
develop the solution for region 2 (u > 0, v < 0). The problem shows same equation (4.3) with

Ys(v) = Pps(v) = —=Me1 - Pt(04,v) + jn Mez - t(04,v) — Mea - %%(u, v) (4.19)

u=0+
Note the different geometrical support of (4.19) with respect to (4.5), i.e. for region 2 v < 0 while for
region 1 v > 0. As per region 1, the solution of (4.3) is obtained as combination of the homogeneous
solution and the particular integral, see (4.6). We note that the particular integral depends on
(4.19), while the homogeneous solution depends on the expressions of eigenvalues A¢;(7y,n) and
eigenvectors u;(n) of Me(vy,n) (4.4) that are the same as for region 1, except for their dependence
on the physical constitutive parameters of region 2 that my be inhomogeneous with respect to
region 1.
Once obtained the expression of the dyadic Green’s function specialized for region 2, we get

Clulef)\el(%ﬂ) v Czuzef)\ez(%n) vy Cgugef)\cg(v,n) vy C4u4ei>‘64(7’77) vy
Pe(nv)= —uwr - [0 67’\“(7’")(1’? V)i (v)dv' — uva - [V 67’\62(7’”)/( U= )y (v ) o'+
+usvs jg e Aes(rmME=2) g (v + ugvy - J‘S e Aearm)(v=) g (Y do!
(4.20)

where \.; and u; are reported in (3.14) and (3.12).

Looking at the asymptotic behavior of (4.20) for v = —oco we have that only the terms
01U167A61 v+ CQU267A62 v are divergent. For this reason we assume C; =C2=0. Note, in
particular, the vanishing of the first two integral terms as v — —oo.

Assuming v =0 in (4.20), we have

0 ’ O ’
Pi(n,0) = Cauz + Cyug — uivy J e rer(rm(=v )%s(vl)dv'*wwj e 2=y () do'
421)
Multiplying (4.21) by v;(n) = v; for ¢ = 1..4, we obtain
v3(n) - 1 (n,0) = Cs
va(n) - ¥e(n,0) = Cy @22)
v1(n) - Pe(n,0) = —11(n) - Yps (G Ae1 (v, 1)) '
va(n) - e (n,0) = —v2(n) - Yps(GAe2(v,m))
where
- 0 ) 0o
wbs(X) = J'7 e_JX’waS (U)d’l] = J'O ejxp'l/)bs(_p)dp (423)

is the left Laplace transform of ;4 (v) in v along face b (Fig. 1) or the Laplace transform in p of
1ps(—p) in cylindrical coordinates (p, ¢, z).

As stated for region 1, in media with reflection symmetry (£3.4(n) =£&1,2(n)), the last two
equations of (4.22) can be rewritten in the form

vi(n) - $e(n,0) = —v1(n) - Yps(—mp (v, 7)) (4.24)

va(n) - (1, 0) = —va(n) - Yps(—mp2(y,m)) (4.25)
with

mp1(7,M) = —Jre1(y,n) =ncosy + &1 siny (4.26)

M2 (7,71) = —=jAe2(7,m) =108y + &2 8iny
While the first two equations of (4.22) relate the unknowns C3 and C} to the Laplace transform

1t (n, 0) evaluated at the face of the angular region (u > 0, v = 0), the last two equations of (4.22)
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provide two important functional equations that relate the Laplace transforms of combinations of
field components on the boundaries of the angular region 2,i.e. u >0, v=0and u =0, v < 0 (face
b) in Fig. 1. These functional equations are the starting point to define the GWHESs of region 2. As
stated for region 1, they are valid for any linear medium filling the region and and independently
from any boundary conditions surrounding the region. They agree with the ones proposed in
chapter 3 of [5] in case of isotropic medium for electromagnetic applications.

Note that, in view of dealing with scattering problems by wedges, see Section 5(b), the aperture
angle of region 2 is usually different from ~. This difference modifies the equations only in (4.26)
for the dependence on a different aperture angle. We recall that the motivation of deriving the
functional equations with a unique 7 is related to the fact that we formulate and solve the angular
region problems by analyzing once and for a single matrix operator Me (v, n) (4.4).

(c) Region 4:u < 0,v>0

With reference to Fig. 1, following the procedure reported for region 1 in subsection 4(a), we
develop the solution for region 4 (u < 0, v > 0). Applying the the Laplace transform

Ve, 0) = [7 7"y (w, 0)du = thri(—7,0) 4.27)
1/J7rt (777 0) = ‘I‘(C)XJ el uiﬁt(—% O)du
to (3.4), the problem in region 4 shows the same equation (4.3)
d - -
— = Me(y,m) - + s (0) (4.28)
with Me (7, n) reported in (4.4) and with the different definition of
. g
¥s(v) = tas(v) = Mer - ¥¢(0—,v) = jn Me2 - 40—, v) + Me2 - 791 (u, v) (4.29)

that is related to the derivative property of the Laplace transform (4.27) along face d (see Fig. 1).
The application of the method used for region 1 yields the two functional equations

v () - $e(1,0) = v3(n) - Yas(—iAes(v,1)) (4:30)
va(n) - $e(n,0) = va(n) - Yas(—jrea(r,m)) (4.31)

where we have defined the Laplace transform
Va0 = | a0y @32)

The other difference with respect to the last two equations of (4.14) is the definition of

o
J)t(n,U):J_ e 1y (u, v)du (4.33)

that is a minus function (left Laplace transform). Changing n with —n we rewrite (4.30) and (4.31)
as

v3(=n) - Pt (n,0) = v3(—n) - s (—jres (v, —1) (4.34)
va(=n) - Pt (1,0) = va(—n) - Y s (—GAea(y, —1)) (4.35)

with the plus function (right Laplace transform)

Gt (n,0) = JO "y (—u, 0)du (4.36)
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(d) Region 3: u < 0,v <0

As already done for regions 1,2,4 we repeat the procedure. We get the same equation (4.3) with
the definition (), 0) (4.27) except for

Vs (v) = tes(v) = Mer - 91 (0—,v) — jn Mez - e (0, v) + Mez - %zpt(u, v) (4.37)
u=0_

that is related to the derivative property of the Laplace transform (4.27) along face c (see Fig. 1).
It yields the two functional equations

v1 () - Pe(1,0) = —11(0) - Vs (FAe1 (v, 1)) (4.38)
va(n) - %t (1,0) = —v2(n) - Yes (Gre2(7,1m)) (4.39)

where we have defined the Laplace transform

- 0 . 0o
¢cs (X) = J_ e_jwics (U)d’l] = JO ejxpwcs (—p)dp (440)

The other difference with respect to the last two equations of (4.14) is the definition of

0 .
Pr(n,u) = J_ ey (u, v)du (4.41)

that is a minus function (left Laplace transform). Changing n with —n we rewrite (4.38) and (4.39)
as

1 (=n) - Pre(1,0) = —11(=n) - Yeg (G Ae1 (v, —1)) (4.42)

vo(=n) - Dt (1,0) = —v2(=1) - Vs (FAc2 (7, —1)) (4.43)

with the plus function (right Laplace transform)

bt (n,0) = J:o e/ py (—u, 0)du (4.44)

5. Properties and validation of the functional equations

(a) Explicit form for regions 1-2 and validation

Using the concept of non-standard Laplace transforms (see section 1.4 of [5]), the validity of
the functional equations (4.16)-(4.17), (4.24)-(4.25),(4.34)-(4.35),(4.42)-(4.43) obtained in absence of
sources is extended to the total fields in presence of plane-wave sources or in general of sources
located at infinity.

In order to validate the functional equations obtained in this paper (4.16)-(4.17), (4.24)-
(4.25),(4.34)-(4.35),(4.42)-(4.43) we demonstrate that they are equivalent to the ones proposed
in Chapter 3 of [5] for electromagnetic applications with angular regions filled by an isotropic
medium with permittivity e and permeability p. Let us consider, for simplicity, region 1 with
(4.16)-(4.17), i.e.

v3(n) - e (n,0) = v3(n) - Vs (—ma1(v,m)) (5.1)
va(n) - Dt (n,0) = va(n) - Ys(—ma2(v,7)) (5.2)

These equations need to be compared to (3.3.57) and (3.3.58) of [5] that for readability are
reported here using the notation of this paper:
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2 2
~ To 7 QoN £ = To 5 QoM =
§EZ(7770) - ;sz(n7 O) - ol HZ(n7 O) = _nEZ (_ma 7) - 7OHP (_mvv) + WLEHZ (_mjv)

we we
(5.3)

~ 2 . ~ — 2 -
£H:(n,0) + 2 Ex(n,0) 4+ 221 E5(n,0) = —nH . (—m,7) + 2 Ep (—m,7) — 22 E, (—m, )
(5.4)

where for the isotropy of media

m=m(y,n) =ma1(y,n) =ma2(7,n) = —ncosy + Esiny = jAe3(v,1m) = jrea(r,m) (5.5)

n=mn(y,n)=—nsiny — {cosy (5.6)

In (5.3)-(5.4) we have used Laplace transforms in 7 along u > 0, v = 0 in the LHS and in —m along
u=0,v > 0 in the RHS respectively denoted by ~ and — symbols and reported in (4.1) and (4.15).
To explicitly represent (5.1) and (5.2) we apply on the LHS the definitions of ;=
|E. Ex H, Hz|" and the reciprocal vectors reported in (2.32).
On the RHS we use the source term t4s(v) (4.5) of the differential equation (4.3), where,
substituting the explicit expressions of M.; and M.z reported in (3.6), it yields

E. cos(y) + 7‘1"]{;?“(7)
B COS(’}/) + jDH, sin(y)—Hgo, sin(y)+H,nsin(y)
Yas (’U) = aDE:)sEin('y) (5.7)
H cos(y)
& _ QolvzSINY)
H, COS(’y) + —jD.E, sin(’y)—i—aﬁ% sin(y)—E.nsin(y)

where Dy, = % and the field quantities are defined for u = 04 and depends on v > 0.

We observe that, while 1 (n,0) is continuous at ¢ =0 by definition (2.5), we need to apply
mathematical manipulations to demonstrate the continuity of 1qs(v) (5.7) at face a for an arbitrary
aperture angle . In fact, ¥qs(v) shows possible discontinuous terms at face a (u =04, v > 0) due
to the presence of D H, and Dy E..

For this purpose, we resort to the Maxwell’s equations

—kEy — Hy Zoao

DyH:=j Z , DuE.=j(kZoHy — coEz) (5.8)
o
Substituting (5.8) into (5.7)
E. cos(vy) + %ﬁeﬂﬂ(v)
Ez cos(vy) + (kEy+H22ZO) sin(v)

Yas(v) = (5.9)

H cos(y) — o B sin(y)
TR
Hy COS(fy) + (H3J]€Zo7€§zn) sin(7y)

where the field quantities are defined for v = 0+ and depends on v > 0. The next step is to rewrite
E:, Ey, Hy and Hy in terms of the components (Ey, Hy) and (En, Hy) respectively tangential
and normal to the face a (outward normal with respect to region 1). We have:

Ey = —Eysin(y) + Ey cos(y)
H; = —Hpsin(y) + Hy cos(7)
Ey = Eysin(y) + En cos(y)
Hy, = H, sin(7y) + Hy, cos(7)

(5.10)
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Substituting (5.10) into (5.9), we have

E; cos(y) + 7%}[;?“(7)

Ey + H.nZ, sin(v)

as(v) = ke o 5.11
Vs =] cou(y) — aeBsintn) e

Hy + —Ez:ZSin('V)

Note that the discontinuous components of fields (i.e. the normal components of
electromagnetic field E,H) are canceled by substitution in (5.11), thus s (v) is continuous at face
a. The absence of the discontinuous components Ey, Hy in (5.11) is justified by the equivalence
theorem of electromagnetism, i.e. the field in the region 1 can be computed and depends only
on the field components continuous at the boundaries: for face a the tangential components of
electromagnetic field are Ey, Hy, E», H> in u, v, z.

Now, substituting the Laplace transforms v (n,0) (4.1) of ¢ (u,0) and E(Ls(—m) (4.15) of
Yas(v) (5.11) with (5.5) into (5.1)-(5.2), and using (2.32), it yields the two functional equations

_OéonEa: + (772 - k/'z)Ez + ]fstoﬁIw =
- _ _ (612
= —aonEy — [n€sin(y) + cos(7) (k2 — 772)]Ez + k€ZoHy — sin(vy)aokZoH »

102 Ex 4+ aonEs 4+ k€ ZoH, = 70> Ev + ao[cos(y)n — sin(y)€]E=~ + kZo[sin(y)n + cos(7)¢]Hx (5.13)

that we have normalized by the multiplying factor 2kZ,€. In (5.12)-(5.13) the field quantities on
the LHS are Laplace transforms in n along « > 0,v =0 (symbol ~), while the field quantities on
the RHS are Laplace transforms in —m along v > 0, v = 0 (symbol -—). As a consequence, the field
components on the LHS are plus functions in 7, while the ones on the RHS are minus functions
in m. We also observe that v components of field in oblique Cartesian coordinates are equivalent
to p components in cylindrical coordinates.

Eqgs. (5.12)-(5.13) are explicit expression of functional equations of region 1 filled by an isotropic
medium.

We note that (5.3)-(5.4) and (5.12)-(5.13) are obtained from completely different methods and
therefore equivalence is not immediate in the general case o, # 0. However, each of (5.12)-(5.13)
is a linear combination of (5.3)-(5.4) and vice-versa.

For simplicity, we explicitly report the equivalence between (5.3) and a linear combination of
(5.12)-(5.13). First, we demonstrate the equivalence of the left member of (5.3) to the left member
of a linear combination between (5.12) and (5.13), imposing

2

2hZo8(C1vs(n) - r(n,0) + Cava(n) - (. 0)) = €B=(n, 0) = 7 Ha(n,0) = =

we

H.(n,0) (5.14)

To evaluate the linear combination constants C; and Cy in (5.14), first we impose that the
coefficients of H in both the members of (5.14) are the same. It yields:

2

2

Cy = (5.15)

Second, we need to eliminate the component E. from the first member of (5.14) since no Ex
component is present at the second member, therefore

Ca=0C1 aO;] (5.16)
To

With the above values of C1 and Co the identity (5.14) holds.
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Finally, we simply prove by substitution that the constants (5.15) and (5.16) enforce the same
equality on the right members of the two formulations, i.e.

2kZ0€(C1v3(n) - Yas(—m) + C2va(n) - $as(—m)) =
2 am (5.17)
- - 1My =
=-—nE:(-m,y) = —=Hp(=m,7) + ————H: (-m,7)

Due to the structure of (5.4) that is similar to the one of (5.3), it is possible to demonstrate the
equivalence of (5.4) to a linear combination of (5.15) and (5.16) with the same procedure, that we
omit here.

Analogously to region 1, we can derive the explicit form of functional equations (4.24)-(4.25)
for region 2 filled by an isotropic medium with permittivity e and permeability s

vi(n) - Dt (n,0) = —v1(n) - by (—mp1 (v, ) (5.18)
va(n) - (1, 0) = —va(n) - Yps(—mp2(y,m)) (5.19)

Regions 1 and 2 share the same procedure to get the explicit form of the functional equations. In
particular, we note the following analogies and differences: 1) the source term assumes the same
form vy, (v) = Yas(v) (5.11) with the exception for the dependence on the constitutive parameters
g, i1, 2) while applying the Maxwell’s equations (5.8) to represent the field components in terms of
face a(b) tangential (Ey, Hy) and normal (Ey, Hn) components we need to consider the outward
normal of region 1(2).

Focusing the attention on region 2 and substituting the Laplace transforms ¥t (n,0) (4.1) of

Wi (u,0) and Py, (—mp) (4.23) of ¥y, (v) with

my =mp(7,n) =mp1(7,m) =mp2(y7,n) =ncosy + Esiny =jAe1(y,n) =jre2(v,m)  (5.20)
into (5.18)-(5.19), and using (2.32), it yields the two functional equations
+ao77E~x - (772 - kQ)Ez + kézoﬁ[r =

B B B _ (5.21)
= —aonEy — [—nEsin(y) 4 cos(y)(k* — n*)|E» — ké ZoHy — sin(y) ok ZoH »

—102Ey — conEy 4+ k€ ZoH, =702 Ey + aolcos(v)n + sin(v)€)E= + kZo[sin(v)n — cos(v)€]H. (5.22)

345

346

347

348

349
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352

353

354

355

356

357

358

that we have normalized by the multiplying factor 2kZ,&. Egs. (5.21)-(5.22) show change in sign
with respect to (5.12)-(5.13) of region 1. In (5.21)-(5.22) the field quantities on the LHS are Laplace
transforms in n along u > 0, v =0 (symbol ~), while the field quantities on the RHS are Laplace
transforms in —my, along v < 0,u = 0 (symbol —). As a consequence, the field components on the
LHS are plus functions in 7, while the ones on the RHS are minus functions in m;. We also observe
that v components of field in oblique Cartesian coordinates are equivalent to p components with
opposite sign in cylindrical coordinates (the sign is due to the face b orientation, see Fig. 1).
Equivalence of (5.21)-(5.22) to (3.3.59) and (3.3.60) of [5] can be accomplished as already done
for (5.3) that is a linear combination of (5.12)-(5.13). In this case we need to pay attention that y in
(5.21)-(5.22) must be substituted with m — ;, for the equivalence with (3.3.59) and (3.3.60) of [5],
since Fig. 1 of this paper describes a region 2 that is different from the one of Fig. 3.3.2 used in [5].
Moreover, explicit expressions of functional equations for more complex media can be derived
starting from the definitions of My, matrices in (2.22): in the Appendix A we report the matrices
for the anisotropic case.
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(b) A classical example of GWHEs for the validation of functional
equations: the Malyuzhinets’ problem

In this subsection, to further convince the readers about the validity and the correctness of the
proposed procedure based on matrix first order differential formulation (Section 4), we derive the
GWHE:s for a classical scalar problem: the Malyuzhinets” problem.

The general derivation of functional equations of the angular regions do not depend on the
materials, the sources located outside the considered angular region and the boundary conditions.

By imposing on them the constitutive parameters of the media and the boundary conditions
on the faces we get GWHEs that in general are coupled to the electromagnetic equations present
in the regions outside the considered angular region.

We affirm that, in particular, the functional equations are useful to derive GWHEs for wedge
problems with impenetrable boundaries as with penetrable ones, see for instance applications
in [6]- [7]. Moreover, the functional equations of angular regions can be used to describe more
complex scattering problems where angular regions are coupled with stratified planar regions,
see for instance [8]- [9].

If we are interested in decoupling the evaluation of the electromagnetic field in a region from
the equations that hold outside, we can resort to impenetrable approximate boundary conditions.

For instance, we can assume Leontovich boundary conditions that impose impedance surfaces
on the faces of the angular region [37]. In this context, several studies have been developed based
on higher order approximate boundary conditions that involves derivatives of the components of
the field on the faces. In particular these enhanced version of boundary conditions have been
examined in right angled structures [38]- [40] yielding Riemann-Hilbert problems with exact
solutions.

In this section, we report as simple demonstration of the method, the classical impenetrable
wedge scattering problem known as the Malyuzhinets” problem [41] and extensively studied
in literature with different methods. We start from the functional equations and we derive the
GWHE:s of the problem.

With reference to Fig. 2, the Malyuzhinets” problem is constituted of an impenetrable wedge
structure immersed in an isotropic medium and illuminated by a plane wave at normal incidence
(cvo = 0) where the following scalar boundary conditions are imposed in cylindrical coordinates:

Ex(p7) | _ Hy(p,7) Ep—) | Hy(p,—)
Ep(p77) :| =Za |: —Hz(P,’Y) :| ’ |: Ep(p, —’Y) :| =—2 _Hz(P, —’Y) :| (5.23)

In Fig. 2, with respect to Fig. 1, we identify two symmetrical homogeneous isotropic regions
respectively with aperture angle v and = — ~y, while regions 3 and 4 are not physically considered.

The functional equations of region 1 are reported in (5.12)-(5.13), before the application of the
boundary conditions of the problem. For region 2, we note the difference on the aperture angle of
Fig. 1 with respect to the aperture angle of Fig. 2. For this reason to derive the functional equations
of region 2 of Fig. 2 we need to replace y with  —  in (5.21)-(5.22).

At normal incidence (a, = 0), the functional equations of region 1 take the following form

EE, + kZoH, = —[nsin(y) + cos()E|Ex + kZoH (5.24)

kE, + £ZoH, = kE, + Zo[sin(y)n + cos(v)¢]H - (5.25)

with direction vectors ¢ = p for ¢ =+ (face a) and & = p for p =0. The field quantities on the
LHS of (5.24)-(5.25) depends on 7 and are evaluated for ¢ = 0, i.e. ' = F(n, ¢ = 0), while the field

quantities on RHS depends on —m and are evaluated for ¢ =1, i.e. F=F (—m, o =+7).
The functional equations of region 2 take the following form

€E. + kZoH, = [nsin(y) + cos(Y)é)Ex + kZoH ) (5.26)

—kE, 4 £ZoH, = —kE, + Zolsin(v)n + cos()¢]H 5 (5.27)

10000000 V 208 4 0014 Buo-BuysiandAieiosieforeds:



395

396

397

)
e\\

®

Figure 2. Impenetrable wedge problem with surrounding space made by a homogeneous isotropic medium divided into
angular region 1 and 2. Cartesian coordinates (z,y, z) and cylindrical coordinates (p, ¢, z) are reported. For each
angular region a local oblique Cartesian coordinate system is defined: for region 1 w, v, z with aperture angle ~, for region
2 u,va, z with aperture angle m — . With respect to Fig. 1, regions 3 and 4 are not physically considered. Boundary
conditions are imposed at face a and b.

with direction vectors 09 = —p for ¢ = —v (face b) and & = j for ¢ = 0 (see Fig. 2). Note also that
for region 2 of Fig. 2 we have from (5.20) and (5.5)

mp(m —y,m) =—ncosy+Esiny=m (5.28)

In this case, while the field quantities on the LHS of (5.26)-(5.27) are the same of the LHS of (5.24)-
(5.25), ie. F = F‘(n, ¢ =0), the field quantities on RHS of (5.26)-(5.27) depends on —m and are
evaluated for ¢ = —v, i.e. F= F‘(—m7 o=—").

For simplicity, focusing the attention on E. polarization we use only (5.24) and (5.26). By

imposing the boundary conditions (5.23) and eliminating E., we obtain the following system
of equations after some mathematical manipulation:

—EE=(1,0) + kZoHp(1,0) = (kZo +nZa)Hp(—m, +7) (5.29)
EE=(1,0) + kZoHy (1, 0) = (kZo + nZy) H p(~m, —7) (5.30)
with n = —nsin(y) — cos(y)&. Finally, (5.29)-(5.30) can be reduced in the normal form to
G Fy(n)=F-(m) (5.31)
with
3 kZ, - -
B n n n n EZ ) 0 Hpy(— ’
g(,q): Za(ng+n) Za(k:Zaj ) , F+(77)_’ f{ ((77 0)) ’7 F_(m): VP( m +7)
Zp(np+n) Zp(np+n) P\, Hp(=m, —7)
(5.32)

and where n, , = kZo/Z, ;. Note that (5.31) is a matrix GWHE with kernel G(7), plus functions
F4(n) in n and minus functions F_(m) in m. Solutions of the GWHEs of the Malyuzhinets’
problem can be found in [2]- [6], [10] using analytical and/or semi-analytical procedure after
their reduction to classical WH equations (CWHEs) in a new complex plane 7 using the special
mapping [5]:

n(7) =—-k cos(—% arccos(—-)), (5.33)

ENIES]
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(c) Remarks on the functional equations to get GWHEs

In general, the functional equations (4.16)-(4.17), (4.24)-(4.25),(4.34)-(4.35),(4.42)-(4.43) respectively
for regions 1,2,3,4 (Fig. 1) are the starting point to derive the GWHEs of arbitrary angular regions
(aperture angle, material) in complex scattering problems. In order to obtain the GWHEs for a
practical problem we need to define the media and to enforce the boundary conditions at the
interfaces of the regions. For instance, see electromagnetic scattering problems by anisotropic
impedance wedges in [4], [6], section 5.2 of [10] and more complex problems in [7]- [10].

With reference to Fig. 1, we observe that the axial spectra 1t (1, 0) and ¥+ (7, 0) at the interfaces
respectively between regions 1 and 2 and between regions 3 and 4 are defined in terms of
only continuous components of the fields satisfying the boundary conditions in electromagnetic

problems. Meanwhile, the face spectra ¥ s(x) on the interface between the regions 1 and 4 (2 and
3) could present discontinuous components and/or derivative of the fields: see face a and d (face
b and c) in Fig. 1. To check the continuity of the face spectra we have re-written the component of

JS (x) in terms of continuous components of the field in the case of isotropic media. In practical
case, according to our experience, we note that appropriate relations are always available in
arbitrary linear media.

Once obtained the GWHEs from the functional equations of an angular region problem, an
important aspect is their reduction to CWHEs by using a suitable mapping as the one reported in
(5.33).

The introduction of the complex angular plane w

n=—kcosw (5.34)

helps the analysis of asymptotic solution of practical problems by allowing analytical extension of
approximate solutions [5]- [10]. In fact the application of (5.34) to GWHE:s allows to get difference
equations useful for recursive applications. We further note that the difference equations relate
GWHE:s to the SM method for an valuable synergy between the two methods.

The text reports explicit expressions of functional equations for isotropic media. However the
procedure is general and applicable to more complex media starting from the definitions of My,
matrices in (2.22): in the Appendix A we report the matrices for the anisotropic media.

6. Conclusion

In this work, we have introduced a general method for the deduction of spectral functional
equations in angular regions filled by arbitrary linear homogeneous media. These equations are
obtained by solving vector differential equations of first order using dyadic Green’s function and
then by projecting the solution on reciprocal eigenvectors of an algebraic matrix related to the
medium filling the angular region. The fundamental starting point to derive equations in arbitrary
linear media is the derivation of matrices My, M1, Ma. From a practical point of view, we have
reported these matrices for anisotropic media in the Appendix A, while the main text contains
the ones for isotropic media. Derivation of explicit equations requires the implementation of the
procedure reported in the paper, illustrated explicitly for isotropic media. The application of the
boundary conditions to the functional equations yields GWHEs for practical problems. In this
paper, the method is applied to electromagnetic applications and the functional equations are
explicitly derived and verified in the case of isotropic media with respect to the current literature.

The efficacy of the GWHE formulation has been demonstrated in several practical
electromagnetic engineering works by the authors, see references. We assert that the proposed
method to get spectral functional equations in arbitrary angular regions for wave motion problem
is general and it is applicable to different physics.
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Appendix A

In this Appendix we report the explicit definitions of the fundamental matrices Mo, M1, M2 (2.22)
useful to develop applications of the method in electromagnetic anisotropic media, i.e. £ =0, ¢ =
0in (2.3)-(2.4) (we avoid to report the matrices for the bi-anisotropic case due to their length). In
particular to develop the procedure it is sufficient to replace (2.23) of the isotropic case with

As a practical propagation example, by restricting the case to oo =0 and diagonal e, p we
compute easily the eigenvalues (2.27) of M (n) (2.25), yielding

vH 2 Ve 2
1=8=Y—"/w?e,.n , 2=§& = w2eyyp A4
13 §3= m zzfyy — 1 13 3 m yyMzz — 1] (A4)

that constitutes two propagation modalities, the ordinary and extraordinary waves.

Appendix B

In this Appendix we report the justification and the properties of the dyadic Green?s function
(4.11) to get the particular solution (4.9) of (4.3). The dyadic Green’s function is solution of the
dyadic equation

%G(U, )+ Mo ()G (v, ') = 8(v — o)1 (B.1)
where 1; is the unitary dyadic (2.31). According to [36], we select as solutions of the homogeneous
equations to build the dyadic Green’s function progressive and regressive waves in an indefinite
region. Moreover the dyadic Green’s functions need to model the behavior at v =" of (B.1) to
allow the particular solution (4.9) be solution of (4.3). Using dyadic notation, for v > v" we have
the set of progressive waves (i = 1, 2), while for v < v’ regressive waves (i = 3, 4), i.e.

Gi(v,v) =u;A; (v')ef)“”'(%")v, i=1.4 (B.2)

where A¢; (v, n) and u; are the eigenvalues and the eigenvectors of the matrix of dimension four
Me(7y,n) and, A;(v") are arbitrary vector coefficients.

c2
1%
Eyyw |1

)
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The most general solution of (B.1) is expressed by the dyadics

_ é’(v7 V) = ulAl(U')e_A“(%")U + ug Ao (U/)e_/\ﬂ(%")” v>v

G, v )={ L B3
o) { G (v,0") = ugAz(v')e MV Ly Ay () Aealrmy ) <o ®3)

In order to find the vectors A;(v’), G(v,v") must satisfy (B.1) also at v =% by imposing the
fundamental jump condition

Gy, v') — é(v/,, o) =14 (B:4)
It yields
ulAl(vl)e*Ael(’Yﬂi)U/ + UQAQ(v/)efz\ez(“/ﬂ?)vl — (ugAs (U/)G*AeS(’Yﬂl)v/ + u4A4(’U/)ei)‘€4(%n)vl) =1
(B.5)
Pre-multiplying (B.5) by the reciprocal eigenvectors v; (2.30)-(2.31), we get
(") = 1 prei () 5 —
A;(v") =yse (i=1,2) (B.6)
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Ai(0) = =i (=3 4)
Substituting (B.6) into (B.3), we get the dyadic Green’s function (4.11).
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Glossary

In the following table 1 we report a glossary of main abbreviations, notations and symbols

introduced in the paper and useful for its readability.

Table 1. Main Abbreviations, Notations and Symbols introduced in the paper

Notation \ Description
WH Wiener-Hopf
GWHEs Generalized Wiener-Hopf Equations
CWHEs Classical Wiener-Hopf Equations
SM Sommerfeld-Malyuzhinets (method)
PEC Perfect Electrical Conductor
(z,y,2) Cartesian coordinates
(p, e, 2) cylindrical coordinates
(u,v, 2) oblique Cartesian coordinates
E, H DB electric field, magnetic field, dielectric induction, magnetic induction
k propagation constant
Zo free space impedance
g, pnpand &, ¢ | tensor constitutive parameters (electric permittivity, magnetic permeability
and magnetoelectric tensors)
el time dependence of harmonic field
Iy matrix differential operator in abstract notation
¥, 0 vector fields in abstract notation
w matrix constitutive parameters of media
Pt transverse field for a stratification along the y direction
Py longitudinal field for a stratification along the y direction
./\/l(a%, %) transversal operator for Maxwell’s equations
Dy = % alternative partial derivative notation
Qo due to invariance along the z-direction, without loss of generality,
we suppose that a field dependence specified by the factor e 7% 2
n Fourier or Laplace spectral variable according to the position on the text
i (n) Fourier transform along = = u direction (y, z or v, z dependence is omitted)
M(n) matrix operator in Fourier/Laplace domain in indefinite rectangular region
iy Ug eigenvalues and eigenvector of M (7)
v; reciprocal vectors of u;
& different notation of A; for propagation’s properties, multivalued function
¥ aperture angle of angular regions (Fig. 1)
Me(vy,m) matrix operator in Fourier/Laplace domain in indefinite angular region
Aei eigenvalues of Me (7, n)
1/~Jt(777 v) Laplace transform along = = u of 9 (u, v) (omitting z dependence)
Ps(v) field components on the face of an angular region in Laplace domain
Yas(v) specialized expression of ¢s(v) on face a
G(v,v") dyadic Green’s function in Laplace domain for an angular region
E as () Laplace transform in v along face a (v = p)
Mal, Ma2 spectral variables for the evaluation of P as(X) in functional equations
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