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Nonlinear static analysis of composite beams with piezoelectric actuator patches using the
Refined Zigzag Theory
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aDepartment of Mechanical and Aerospace Engineering - Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy
bSchool of Engineering, RMIT University, GPO Box 2476, Melbourne, Victoria 3000, Australia

Abstract

Piezoelectric actuators have been highly successful in a wide range of structural control applications. As such, there is an ongoing
need for rapid and accurate structural analysis techniques, particularly for highly heterogeneous composite materials and accounting
for the actuator as a patch.

Here, a new model based on the Refined Zigzag Theory (RZT) formulation that includes geometric nonlinearities is proposed
for buckling, postbuckling and nonlinear static response analyses of geometrically imperfect composite beams with piezoelectric
actuators.
Both the analytical and the finite element (FE) formulation are presented for symmetrically and non-symmetrically laminated
beams. The FE approximation is further generalised to the case of beams with geometric discontinuities to model composite beams
with piezoelectric actuator patches. The new RZT model is numerically verified through comparisons to Abaqus solutions for
buckling and postbuckling analyses and for the geometrically nonlinear response to an applied voltage of geometrically imperfect
composite beams with piezoelectric actuator patches.

This work presents a new model for composite beams with piezoelectric actuators and confirms the remarkable advantages of
RZT in terms of accuracy and computational efficiency also for challenging nonlinear analyses, where the RZT computational time
is generally less than half the time required by the FE commercial code.

Keywords: Refined Zigzag Theory, MFC PZT actuators, Geometrically nonlinear analysis, Composite beams, Buckling analysis,
Geometric imperfections

1. Introduction

Over the past fifty years, the use of advanced composite ma-
terials in the aerospace industry has significantly increased to
meet the demand for better performances and lighter weight. A
way to further enhance the performances of aerospace compos-
ite structures is to use piezoelectric patch transducers.

One of the most widely used piezoelectric materials is the
lead zirconate titanate (PZT) based piezoceramic. Monolithic
piezoceramic wafers were used as the initial configuration of
piezoceramic actuators, but the brittle nature and the rela-
tively high stiffness of the material resulted in very poorly con-
formable devices, especially when applied to curved or irreg-
ular surfaces [1]. In addition, the actuation capability and the
strain energy density of the monolithic piezoceramics were not
sufficient for structural control and shape changing applica-
tions. For these reasons, subsequent research works focused on
improving the properties of PZT-based actuators by changing
their structural arrangement to create piezoelectric fibre com-
posites.

The Active Fibre Composite (AFC) represented the most
promising development of piezoelectric composites for struc-
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tural control applications. AFC actuators were made of unidi-
rectionally aligned PZT fibres embedded in a polymer matrix
and sandwiched between an interdigitated electrode pattern [2].
The presence of the polymer matrix allowed the use of very
thin piezoelectric fibres, which reduced the bending stiffness
and increased the conformability of the actuator. Compared
to monolithic piezoceramics, AFC had also a higher strength
and significantly higher strain energy density and in-plane di-
rectional actuation strain due to the use of the interdigitated
electrode (IDE). AFC actuators were also more suitable for con-
trolling lightweight structures and thin membranes because of
the lower mass and the improved conformability [3]. However,
AFC had two major disadvantages: the extremely high man-
ufacturing cost, due to the manual handling and alignment of
the piezoelectric fibres, and the attenuation of the electric field
due to the small contact area between the IDE and the circu-
lar piezoelectric rods. These problems were overcome by the
Macro Fiber Composite (MFC) developed by NASA in 1999.
The MFC piezo-composite actuator retained the same essen-
tial characteristics of AFC, but the PZT fibres had a rectangular
cross section and were machined by cutting low-cost piezoce-
ramic wafers using a computer controlled dicing saw [4]. The
automatic process of fibre manufacturing and handling signif-
icantly reduced the production costs of MFC. In addition, the
rectangular shape of the fibre cross section maximised the area
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directly in contact with the IDE, thus optimising the electric
field transfer to the fibres. As a result, MFC was not only char-
acterised by an excellent mechanical conformability, but it also
exhibited superior actuation performances for a considerably
lower production cost than AFC.

Since their development, a primary application of piezo-
composite actuators was the vibration and noise suppression in
aerospace structures [5–8]. In addition, the enhanced actuation
performance of the piezo-composite actuators led to their use
for structural control and shape-changing. In particular, they
became very attractive for controlling the stability of aerospace
structures, like for multi-stable morphing structures, where PZT
actuators could be used as a method to drive the transition be-
tween multiple equilibrium states [9–11], or to further enhance
the behaviour of aircraft structures designed to work in post-
buckling conditions by controlling the response to compressive
loads [12, 13].

Because of the great success of these devices, a significant
amount of work was carried out by researchers for predicting
the behaviour of structures with integrated piezoelectric actua-
tor patches. In the case of composite structures, the coupling
between the mechanical and the electric field introduced by the
piezo-actuator was an additional challenge to the well-known
difficulties of modelling structures with heterogeneous material
properties.

Many authors employed either the Bernoulli-Euler Theory
(BET) or the Timoshenko Beam Theory (TBT) for modelling
beams with piezoelectric actuators, also for composite lami-
nated beams [14–20]. The simplicity of the BET and the TBT
formulations result in very efficient analyses, but both theories
are not generally accurate for composites. The reason is that
they assume a planar beam cross-section after the deformation,
whereas composite beams exhibit a discontinuity in the slope
of the axial displacements through the thickness at the interface
between two consecutive layers. As a consequence, the strains
and the stresses calculated by BET and the TBT for composite
beams can be significantly inaccurate.

The High-Shear Deformation Theories (HSDTs) and the
Layer-Wise Theories (LWTs) were developed to correctly
model the through-the-thickness distribution of the axial dis-
placements in composite laminates and beams. LWTs were
generally more accurate than HSDTs, especially for highly het-
erogeneous material laminations, but they had a number of
kinematic variables proportional to the number of layers in the
laminate. The Zigzag Theories (ZZTs), a subclass of the LWTs,
were created with the intent to have formulations with a con-
stant number of kinematic variables, as with HSDTs, but accu-
rate enough also for highly heterogeneous material properties.
One of the Zigzag Theories, the Refined Zigzag Theory [21],
was proven to be very efficient and accurate for composite lam-
inated and highly heterogeneous sandwich beams compared to
other popular ZZTs [22]. Many analytical formulations based
on HSDTs, LWTs and ZZTs were extended to the analysis of
structures with piezoelectric actuators [23–28]. However, the
majority of these models considered the piezoelectric actuators
as continuous layers in the composite structure, whereas the
commercially available piezoelectric actuators with the best ac-

tuation performances are patch actuators.
The presence of patch actuators applied to only a small por-

tion of a beam surface increases the complexity of the analyti-
cal model because the thickness and material properties change
along the beam length. The use of Finite Element (FE) com-
mercial codes is the most versatile way for performing struc-
tural analyses: FE commercial codes allow the modelling of
complex geometries in detail and guarantee highly accurate re-
sults. However, a generally accurate model of composite struc-
tures using commercial FE programs like ABAQUS requires
the use of two- or three-dimensional finite elements, even in
case of a simple beam geometries, because the one-dimensional
finite elements are based on TBT [29]. Consequently, the com-
putational cost for performing accurate analyses of composite
beams using FE commerical codes is higher than that required
by analytical formulations based on one-dimensional finite ele-
ments. This can be a big drawback when complex analyses, like
the study of the stability and the nonlinear postbuckling analysis
of composite beams, are performed. Moreover, the presence of
piezoelectric actuators in a composite beam increases the com-
plexity of the model (number of degrees of freedom) causing a
further increase in the computational cost.

For this reason, there is a need to create a new method for the
buckling and postbuckling analysis of composite beams with
PZT actuators which is sufficiently accurate as FE commercial
codes but more efficient. Among the theories developed ad-hoc
for composite beams, the Refined Zigzag Theory is a promising
tool to satisfy the requirements of both accuracy and efficiency.
In [30], RZT was extended to the buckling and postbuckling
analysis of composite and sandwich beams, also including the
beam geometric imperfections, and the results showed that RZT
was as accurate as FE commercial codes with a computational
cost comparable to TBT. The accuracy of RZT was also exper-
imentally demonstrated for predicting the static bending [31],
the natural frequencies [32] and the critical buckling loads [33]
of highly heterogeneous sandwich beams.

To the authors’ knowledge, RZT was employed for the anal-
ysis of composite structures with piezoelectric actuators only
in [34], where an analytical formulation was proposed for the
vibration analysis of functionally graded carbon nanotube re-
inforced composite microplates with continuous piezoelectric
layers.

The present work aims to provide a new, accurate and effi-
cient method to evaluate the nonlinear static response, the buck-
ling loads and the postbuckling behaviour of composite beams
with piezeoelectric actuators, either as continuous layers or dis-
crete patches. The method has been formulated to be valid for
both symmetric and non-symmetric material laminations and
for any number of piezoelectric layers or patches.

The nonlinear formulation of RZT for initially imperfect
beams has been extended to include piezoelectric actuators.
RZT C0-beam elements [35] have been employed to derive the
corresponding finite element formulation, that has been further
extended to model beams with geometric interfaces, like those
introduced by actuator patches on the external surfaces of the
beam. The procedure to solve the nonlinear equilibrium equa-
tions employing the Newton-Raphson method has been pre-
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sented for both cases of incremental mechanical forces and in-
cremental electrical forces.

Subsequently, the method has been numerically verified
through comparisons to Abaqus solutions for five composite
multilayer beams with either symmetric or non-symmetric ma-
terial laminations and piezoelectric actuator patches bonded on
the beam external surfaces. The buckling loads, the nonlin-
ear response to an axial-compressive load and the nonlinear re-
sponse to a voltage applied to the piezoelectric actuators have
been calculated for each beam in simply supported boundary
conditions. A highly-detailed finite element model of each
beam has been realised in Abaqus employing three-dimensional
finite elements and the same analyses have been performed us-
ing the commercial code.

The comparisons between the RZT and the Abaqus solutions
have proven the remarkable accuracy and computational effi-
ciency of the proposed method, making it a very convenient
alternative to FE commercial codes for performing nonlinear
analyses of piezo-composite beams.

2. Analytical model

In this section, the basic assumptions of the Refined Zigzag
Theory (RZT) for beams are briefly reviewed extending the
nonlinear formulation of the theory for imperfect beams [30] to
the case of composite beams with piezoelectric actuator layers.
The Principle of Virtual Work (PVW) for electro-mechanical
fields is formulated according to RZT to derive the nonlin-
ear equilibrium equations of geometrically imperfect compos-
ite beams with piezoelectric actuator layers in terms of the RZT
kinematic variables.

2.1. Nonlinear RZT for composite beams with piezoelectric
layers: basic assumptions

In this new formulation of the RZT for beams, the beam lam-
ination is constituted of N orthotropic material layers, including
piezoelectric materials, with the orthotropy axes corresponding
to the coordinates x and y of the Cartesian reference system of
the beam, (x, y, z). The coordinate x ∈ [xa, xb] corresponds to
the beam longitudinal axis and the coordinate z ∈ [−h, h] cor-
responds to the beam thickness (see Fig.[1]). The length of the
beam is L and the cross-sectional area A = 2h × b lays in the
(y, z) plane. Each layer of the lamination is denoted with a su-
perscript (k) and has a thickness 2h(k). The centroidal axis of
the beam presents an initial (stress-free) transversal deviation
from a straight configuration and it is described by the function
w∗(x).

In Fig.[1], pb(x) and pt(x), qb(x) and qt(x) are, respectively,
the distributed transverse loads and the distributed axial loads
applied to the bottom (z = −h) and the top (z = +h) sur-
face of the beam. Concentrated forces are applied to the end
cross-sections and they are the axial forces, (Txa,Txb), and the
transverse-shear tractions, (Tza,Tzb). In addition, a voltage V (k)

is applied to the kth layer made of piezoelectric material. Only
planar deformations in the (x, z) plane are considered under the
assigned load system.

Figure 1: Notation for beam geometry and applied loads.

Figure 2: Through-thickness layer notation and zigzag function of the Refined
Zigzag Theory for a four-layered piezo-composite laminate: (a) layer notation
and (b) zigzag function.

The orthogonal components of the RZT displacement vector, s,
are the displacements in the directions of the x− and z−axis, u(k)

x
and uz respectively [35]. The transverse displacement uz ≡ w is
assumed to be uniform along the beam thickness, thus it is in-
dependent of the kth layer characteristics. The kinematic vari-
ables of the theory are the uniform axial displacement, u(x), the
deflection, w(x), the average cross-sectional (bending) rotation,
θ(x), and the zigzag rotation, ψ(x), which is the variable intro-
duced to model the through-the-thickness zigzag trend of the
axial displacement. The four kinematic variables are the com-
ponent of the vector u; in matrix form, the RZT displacement
vector is then

s ≡
{

u(k)
x (x, z)

uz(x, z)

}
=

[
1 0 z φ(k)

0 1 0 0

] 
u(x)
w(x)
θ(x)
ψ(x)

 ≡ Zuu , (1)

where φ(k) is the zigzag function, which is piecewise linear
and C0 continuous along the thickness. The zigzag function
φ(k) vanishes on the top and the bottom beam surfaces (φ(0) =
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φ(N) = 0) whereas the values at the internal interfaces between
two consecutive layers are defined by

φ( j) = φ( j−1) + 2h( j)β( j) , j = 1, · · · ,N − 1 , (2)

where the subscript of φ(i) ( i = 0, · · · ,N) indicates the layer
interface, as shown in Fig.[2]. The slope of φ(k) in each layer is
β(k) and it can be calculated from the material properties of the
layers as

β(k) =
G

G(k)
xz

− 1 , k = 1, · · · ,N , (3)

where G(k)
xz is the transverse-shear modulus of the k−th layer

and G is

G =
2h∫ h

−h

(
1/G(k)

xz

)
dz

=
2h∑N

k=1

(
h(k)/G(k)

xz

) . (4)

In case of a non-symmetric lamination with one of the exter-
nal layers of a transverse-shear rigidity weaker than the adjacent
one, the external layer behaviour is driven by the internal layer
and, consequently, the slope of the axial displacement function,
u(x, z), along z is continuous at the interface. This means that
the slope of the zigzag function has to be the same in the two
consecutive layers. In [22], Gherlone proved that the correct
implementation of the RZT in this particular case is obtained
assuming that the transverse-shear modulus of the inner layer
is the same as the external weaker layer for defining the zigzag
function.

In [30], the RZT was extended considering the von Kármán
nonlinear kinematic equations particularised to beam structures
with geometric imperfections,

εx = ux,x +
1
2

u2
z,x + uz,xw∗,x ,

γxz =
1
2

(ux,z + uz,x) . (5)

Substituting the derivatives of the displacement components of
Eq.[1] in Eq.[5], the RZT nonlinear axial strain, ε(k)

x , and shear
strain, γ(k)

xz , are obtained:

ε(k)
x = u,x + zθ,x + φ(k)ψ,x +

1
2

w2
,x + w,xw∗,x ,

= Z(k)
ε ω +

1
2
ωT Hω + ω∗Tω ,

γ(k)
xz = w,x + θ + β(k)ψ

= Z(k)
γ ω . (6)

The vectors ω and ω∗ contain, respectively, the derivative
with respect to the x-coordinate of the kinematic variables of
the theory and of the initial imperfection function, w∗(x),

ω ≡ [u,x w,x θ ψ θ,x ψ,x]T , (7)

ω∗ ≡ [0 w∗,x 0 0 0 0]T . (8)

The matrices H, Z(k)
ε and Z(k)

γ are defined in Appendix A.
Making the hypotheses that the beam exhibits a plane-stress

behavior in the (x, z) plane and the transverse normal stress σ(k)
z

is negligibly small compared to the axial and transverse-shear
stresses, the constitutive relations of the beam for a linearly cou-
pled electro-mechanical field are

σ(k)
x = E(k)

x ε(k)
x − e(k)

31 Ξ(k)
z ,

τ(k)
xz = G(k)

xz γ
(k)
xz , (9)

D(k)
z = e(k)

31 ε
(k)
x + χ(k)

33 Ξ(k)
z , (10)

where E(k)
x is the axial modulus, e(k)

31 the piezoelectric stress
coefficient, D(k)

z is the component along z of the electric dis-
placement vector and χ(k)

33 the dielectric permittivity of the mate-
rial of the kth layer. All the mechanical and electrical properties
are assumed to be constant in time and within each layer.

2.2. The Principle of Virtual Work for electro-mechanical sys-
tems

The PVW for electro-mechanical systems can be formulated
as the equality of the virtual variation of the electrical enthalpy,
δHE , and the virtual work of the external forces and electrical
charges, δL [36]:

δHE = δL . (11)

By definition, the electrical enthalpy is related to the inter-
nal energy, U, and to the work of the internal charges, UE , as
follows [36]:

HE = U − UE , (12)

and the virtual variation of HE is

δHE =

∫
V
δεTσdV −

∫
V
δΞT DdV , (13)

where the quantities ε and σ are the strain and stress tensors,
and Ξ(k) and D(k) are the electric field vector and the electric
displacement vector (see Appendix B for more details about
the characteristics of the piezoelectric layers and the definition
of Ξ(k) and D(k)).

In this application, a voltage source is assumed as electric
power supplier for the piezoelectric actuator layers. This means
that the electric potential on each electrode of the piezoelectric
layer, and thus the electric field Ξ

(k)
z in the layer, are prescribed.

Consequently, the virtual variation δΞ(k)
z vanishes and

δHE =

∫ xb

xa

∫
A

[
δε(k)

x σ(k)
x + δγ(k)

xz τ
(k)
xz

]
dAdx . (14)

In addition, the virtual work of the external forces and elec-
trical charges is

δL = δLm + δLE , (15)
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but δLE = 0 because it depends on the virtual variation of the
electric potential which is prescribed. Then, δL corresponds to
δLm, and for the load system represented in Fig.[1],

δLm =

∫ xb

xa

[
pbδu(1)

x (−h) + ptδu(N)
x (+h) + qbδu(1)

z (−h)+

+ qtδu(N)
z (+h)

]
dx −

∫
A

[
Txaδu(k)

x (xa, z) + Tzaδu(k)
z (xa, z)

]
dA+

+

∫
A

[
Txbδu(k)

x (xb, z) + Tzbδu(k)
z (xb, z)

]
dA .

(16)

Then, the general formulation of the PVW based on the non-
linear RZT for imperfect beams with piezoelectric actuator lay-
ers corresponds to that presented in [30] for composite beams
without piezoelectric layers.

The mechanical internal forces and moments are defined as

[Nx,Mx,Mφ] ≡
∫

A
(1, z, φ(k))σ(k)

x dA ,

[Vx,Vφ] ≡
∫

A
(1, β(k))τ(k)

xz dA . (17)

The nonlinear constitutive equations are obtained substitut-
ing the strains of Eqs.[6] in Eqs.[9] and then the stresses in
Eqs.[17]; in matrix form

R = ∆ω + ∆̄

(
1
2
ωT Hω + ω∗Tω

)
− Find , (18)

where the vector R ≡ [Nx Vx Vφ Mx Mφ]T contains
the stress resultants. In this new formulation for beams with
piezoelectric actuator layers, the vector Find appears in the con-
stitutive equations, which contains the induced axial force and
moments due to the piezoelectric actuation,

Find ≡ [N ind
x 0 0 Mind

x Mind
φ ]T

≡

∫
A

e(k)
31 Ξ(k)

z [1, 0, 0, z, φ(k)]T dA .
(19)

The equilibrium equations in terms of displacement compo-
nents can be obtained making use of Eqs.[12-16] and Eq.[18]:

A11

[
u,xx +

(
1
2

w2
,x + w,xw∗,x

)
,x

]
+ B12θ,xx + B13ψ,xx + p̄ − N ind

x,x = 0 ,

{[
A11

(
u,x +

1
2

w2
,x + w,xw∗,x

)
+ B12θ,x + B13ψ,x − N ind

x

]
(w,x + w∗,x)

}
,x

+

+ ḠA(w,xx + θ,x) + (G − Ḡ)Aψ,x + q̄ = 0 ,

B12

[
u,xx +

(
1
2

w2
,x + w,xw∗,x

)
,x

]
+ D11θ,xx + D12ψ,xx − (G − Ḡ)Aψ+

− ḠA(w,x + θ) + m̄ − Mind
x,x = 0 ,

B13

[
u,xx +

(
1
2

w2
,x + w,xw∗,x

)
,x

]
+ D12θ,xx + D22ψ,xx − (Ḡ −G)Aψ+

− (G − Ḡ)A(w,x + θ) − Mind
φ,x = 0 .

(20)

The equilibrium equations in Eq.[20] differ from the case of
beams without piezoelectric actuator layers for the presence of
the derivative with respect to the x−coordinate of the induced
axial force and moments.

The electric field in the kth piezoelectric layer can be ex-
pressed as the ratio of the applied voltage, V(k), to the layer
thickness, 2h(k),

Ξ(k)
z =

V(k)

2h(k) , (21)

thus the induced resultant force and moments of Eq.[19] can
be expressed as

[N ind
x , 0, 0,Mind

x ,Mind
φ ]T =

∫
A

e(k)
31

2h(k) V(k)[1, 0, 0, z, φ(k)]T dA .

(22)
The electrical quantities e(k)

31 and V(k) are constant within the
layer so they can be taken out of the integral. Defining the kth
layer electrical stiffness coefficients per unit of voltage as

[
a(k)

E , d(k)
E , c(k)

E

]
≡ b

e(k)
31

2h(k)

∫ zk+

zk−

(
1, z, φ(k)

)
dz , (23)

then Eq.[22] becomes

[N ind
x , 0, 0,Mind

x ,Mind
φ ]T =

N∑
k=1

[a(k)
E , 0, 0, d(k)

E , c(k)
E ]T V (k) . (24)

3. Finite element formulation of the RZT for geometrically
imperfect beams with piezoelectric actuators

In this section, the finite element approximation is introduced
to derive the FE expression of δHE and δL based on RZT beam
finite elements. The FE equilibrium equation is derived and it
is shown how it can be simplified for particular boundary and
loading conditions. Subsequently, the FE model is extended to
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the case of beams with physical interfaces, as when piezoelec-
tric actuator patches are locally bonded to the external surfaces
of the beam. Finally, the Newton-Raphson method is imple-
mented for solving the nonlinear FE equilibrium equation for
either mechanical or electrical loads.

3.1. General formulation

The matrix expression of the virtual variation of the electrical
enthalpy is obtained substituting Eqs.[6] and Eqs.[9] in Eq.[14]:

δHE =

∫ xb

xa

∫
A

[
δωT Zε

(k)T E(k)
x Zε

(k)ω
]

dAdx+

+
1
2

∫ xb

xa

∫
A

[
δωT Zε

(k)T E(k)
x ω

T Hω
]

dAdx+

+

∫ xb

xa

∫
A

[
δωT Zε

(k)T E(k)
x ω

∗Tω
]

dAdx+

+

∫ xb

xa

∫
A

[
δωT HωE(k)

x Zε
(k)ω

]
dAdx+

+

∫ xb

xa

∫
A

[
δωT HωE(k)

x

(
1
2
ωT Hω

)]
dAdx+

+

∫ xb

xa

∫
A

[
δωT HωE(k)

x

(
ω∗Tω

)]
dAdx+

+

∫ xb

xa

∫
A

[
δωTω∗E(k)

x Zε
(k)ω

]
dAdx+

+

∫ xb

xa

∫
A

[
δωTω∗E(k)

x

(
1
2
ωT Hω

)]
dAdx+

+

∫ xb

xa

∫
A

[
δωTω∗E(k)

x

(
ω∗Tω

)]
dAdx+

−

∫ xb

xa

∫
A

[
δωT Zε

(k)T e(k)
31 Ξ(k)

z

]
dAdx+

−

∫ xb

xa

∫
A

[
δωT Hωe(k)

31 Ξ(k)
z

]
dAdx+

−

∫ xb

xa

∫
A

[
δωTω∗e(k)

31 Ξ(k)
z

]
dAdx+

+

∫ xb

xa

∫
A

[
δωT Zγ

(k)T G(k)
xz Zγ

(k)ω
]

dAdx .

(25)

The anisoparametric-constrained interpolation is employed
for the approximation of the RZT kinematic variables within the
finite element. The corresponding C0-continuous beam finite
element has two nodes and four degrees of freedom per node,
as shown in Fig.[3] and the kinematic variables approximation
is the following:

u =


u(x)
w(x)
θ(x)
ψ(x)

 ' Nue , (26)

where N is the shape function matrix and ue is the vector
containing the degrees of freedom of the element,

ue ≡
[
u1 w1 θ1 ψ1 u2 w2 θ2 ψ2

]T
. (27)

The complete derivation of the anisoparametric-constrained
finite element based on the RZT for beams and further details
on the constraint condition can be found in [35].

Figure 3: Two-node constrained anisoparametric element based on the Refined
Zigzag Theory for beams.

The vector of the derivative of the kinematic variables, ω,
can be approximated as

ω ' Beue , (28)

where the matrix Be contains the derivative of the shape func-
tions with respect to the x coordinate.

Figure 4: Parabolic approximation of the initial imperfection in the finite ele-
ment.

Introducing the vector u∗e, containing the values of the geo-
metric imperfection at the finite element edges, w∗1 and w∗2, and
at the mid-point, w∗m,

u∗e ≡
[
w∗1 w∗m w∗2

]T
, (29)

the approximation of the initial imperfection function w∗(x)
within the finite element (see Fig.[4]) is

w∗(x) ' N∗u∗e . (30)

The finite element approximation of the vector ω∗ is then

ω∗ ' B∗eu∗e , (31)

where B∗e contains the derivative of the functions of N∗ with
respect to the x coordinate.

The definition of the shape function matrices, N and N∗, and
the definition of Be and B∗e can be found in Appendix A.
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Substituting Eq.[28] and Eq.[31] in Eq.[25] the finite element
approximation of the electrical enthalpy can be obtained,

δHe
E ' δu

eT
·

{[∫ xb

xa

BeT
(∫

A
Zε

(k)T E(k)
x Zε

(k)dA
)

Bedx+

+

∫ xb

xa

BeT
(∫

A
Zγ

(k)T G(k)
xz Zγ

(k)dA
)

Bedx+

+
1
2

∫ xb

xa

BeT
(∫

A
Zε

(k)T E(k)
x dA

)
ueT BeT HBedx+

+

∫ xb

xa

BeT
(∫

A
Zε

(k)T E(k)
x dA

)
u∗eT B∗eT Bedx+

+
1
2

∫ xb

xa

BeT HBeue
(∫

A
E(k)

x dA
)

ueT BeT HBedx+

+

∫ xb

xa

BeT HBeue
(∫

A
E(k)

x Zε
(k)dA

)
Bedx+

+

∫ xb

xa

BeT HBeue
(∫

A
E(k)

x dA
)

u∗eT B∗eT Bedx+

+

∫ xb

xa

BeT B∗eu∗e
(∫

A
E(k)

x dA
)

u∗eT B∗eT Bedx+

+

∫ xb

xa

BeT B∗eu∗e
(∫

A
E(k)

x Zε
(k)dA

)
Bedx+

+
1
2

∫ xb

xa

BeT B∗eu∗e
(∫

A
E(k)

x dA
)

ueT BeT HBedx+

−

∫ xb

xa

(∫
A

e(k)
31 Ξ(k)

z dA
)

BeT HBeuedx
]
· ue+

−

∫ xb

xa

BeT
(∫

A
Zε

(k)T e(k)
31 Ξ(k)

z dA
)

dx+

−

∫ xb

xa

(∫
A

e(k)
31 Ξ(k)

z dA
)

BeT B∗edx · u∗e
}
.

(32)

In order to express the integrals containing the electric terms
in a matrix form, a vector Ve

P (dimension N × 1) is defined with
the elements corresponding to the values Vek

P of the voltage ap-
plied in kth layer of the finite element (Vek

P = 0 if the layer is
not made of piezoelectric material or if the applied voltage is
zero):

Ve
P ≡

[
Ve1

P ... Vek
P ... VeN

P

]T
. (33)

Making the following simplifications:

∫
A

e(k)
31 Ξ(k)

z dA ≡ N inde
x ,

∫
A

Zε
(k)T e(k)

31 Ξ(k)
z dA ≡ Ze

PVe
P , (34)

the matrix form of the electrical enthalpy is then

δHe
E ' δu

eT
·

{[ ∫ xb

xa

BeT
(∫

A
Zε

(k)T E(k)
x Zε

(k)dA
)

Bedx+

+

∫ xb

xa

BeT
(∫

A
Zγ

(k)T G(k)
xz Zγ

(k)dA
)

Bedx+

+
1
2

∫ xb

xa

BeT Ze
N

T ueT BeT HBedx+

+

∫ xb

xa

BeT Ze
N

T u∗eT B∗eT Bedx+

+
1
2

∫ xb

xa

BeT HBeueAe
11ueT BeT HBedx+

+

∫ xb

xa

BeT HBeueZe
NBedx+

+

∫ xb

xa

BeT HBeueAe
11u∗eT B∗eT Bedx+

+

∫ xb

xa

BeT B∗eu∗eAe
11u∗eT B∗eT Bedx+

+

∫ xb

xa

BeT B∗eu∗eZe
NBedx+

+
1
2

∫ xb

xa

BeT B∗eu∗eAe
11ueT BeT HBedx+

−N inde
x

∫ xb

xa

BeT HBedx
]
· ue −

∫ xb

xa

BeT dx · Ze
PVe

P+

−N inde
x

∫ xb

xa

BeT B∗edx · u∗e
}
,

(35)

where the matrices Ze
P and Ze

N are defined in Appendix A.
The FE approximation of the electrical enthalpy can be fur-

ther simplified introducing the following stiffness matrices:

Ke ≡

∫ xb

xa

BeT DBedx , (36)

K̄e
GI(u

e) ≡
∫ xb

xa

BeT HBeueZe
NBedx , (37)

K̄e
GII(u

e) ≡
∫ xb

xa

BeT HBeueAe
11ueT BeT HBedx , (38)

K̄e
GM(ue,u∗e) ≡

∫ xb

xa

BeT HBeueAe
11u∗eT B∗eT Bedx , (39)

K∗eGI(u
∗e) ≡

∫ xb

xa

BeT B∗eu∗eZe
NBedx , (40)

K∗eGII(u
∗e) ≡

∫ xb

xa

BeT B∗eu∗eAe
11u∗eT B∗eT Bedx , (41)

Ke
G ≡

∫ xb

xa

BeT HBedx , (42)

K∗eG ≡

∫ xb

xa

BeT B∗edx , (43)

Ke
P ≡

∫ xb

xa

BeT dx · Ze
P , (44)
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where the matrices dependent on ue are indicated with an
overbar. Substituting Eqs.[36-44] in Eq.[35],

δHe
E 'δu

eT
·

[(
Ke +

1
2

K̄eT
GI + K̄e

GI + K∗eGI
T

+ K∗eGI + K∗eGII+

+
1
2

K̄e
GII + K̄e

GM +
1
2

K̄eT
GM − N inde

x Ke
G

)
· ue +

−N inde
x K∗eG u∗e −Ke

PVe
P

]
.

(45)

The virtual work done by the external forces in the finite el-
ement approximation corresponds to the product between δue

and the vector of nodal forces equivalent to the applied me-
chanical forces, Fe,

δLe ' δueT Fe . (46)

Employing the Principle of Virtual Work (Eq.[11]) in the fi-
nite element approximation, the element-based nonlinear-FE
equilibrium equation for geometrically imperfect composite
beams with piezoelectric actuator layers based on the RZT is
obtained:

(
Ke +

1
2

K̄eT
GI + K̄e

GI + K∗eGI
T

+ K∗eGI + K∗eGII +
1
2

K̄e
GII + K̄e

GM+

+
1
2

K̄eT
GM − N inde

x Ke
G

)
· ue = Fe + N inde

x K∗eG u∗e + Ke
PVe

P .

(47)

The solution of the nonlinear equation identifies the equilib-
rium condition of the beam for any applied load system and
voltage in the piezoelectric layer.

3.2. Constant axial force
For particular boundary and loading conditions the beam ax-

ial force is independent of the degrees of freedom and Eq.[47]
is reduced to a linear relation. The general definition of the
internal axial force is

Nx =

∫
A
σxdA . (48)

The virtual variation of Nx due to a virtual variation of the
vector ue is

δNx '

∫
A

[
E(k)

x

(
Z(k)
ε Be · δue + ueT BeT HBe · δue+

+ u∗eT B∗eT Be · δue
)]

dA

=
(
ZNBe + Ae

11ueT BeT HBe + Ae
11u∗eT B∗eT Be

)
· δue .

(49)

The term linearly dependent on ue is indicated as Nxc:

Ne
xc ≡ Ze

NBeue . (50)

The virtual variation of the electrical enthalpy of Eq.[35], af-
ter some operations, can be simplified considering that the vir-
tual variation δNx = 0 when the axial force is assigned as a
consequence of the boundary condition of the beam (e.g. the
applied axial force at the supported edge of a simply-supported
beam) because Nx is independent of ue:

δHe
E = δueT

·

[∫ xb

xa

BeT
(∫

A
Zε

(k)T E(k)
x Zε

(k)dA
)

Bedx+

+

∫ xb

xa

BeT
(∫

A
Zγ

(k)T G(k)
xz Zγ

(k)dA
)

Bedx+

+ Ne
xc

∫ xb

xa

BeT HBedx − N inde
x

∫ xb

xa

BeT HBedx
]
· ue+

+ Ne
xc

∫ xb

xa

BeT B∗edx · u∗e − δueT
·

[∫ xb

xa

BeT dx · Ze
PVe

P+

+ N inde
x

∫ xb

xa

BeT B∗edx · u∗e
]
.

(51)

Substituting Eq.[51] in Eq.[11] and considering Eqs.[36, 42-
44,46], the element-based RZT-FE equilibrium equation for a
constant axial force is

[
Ke −

(
N inde

x − Ne
xc

)
Ke

G

]
·ue = Fe+

(
N inde

x − Ne
xc

)
K∗eG u∗e+Ke

PVe
P .

(52)
All the matrices in Eq.[52] are independent of the degrees-

of freedom vector, thus, the equation can be solved as a linear
equation for any prescribed values of N inde

x and Ne
xc. Eq.[52]

and, in general, Eq.[47] can be used to find the equilibrium con-
dition of a composite beam for any applied mechanical load and
electric voltage. The entire nonlinear load-displacement equi-
librium path of axially-compressed beams can be reconstructed
by solving the equation for an increasing load from zero to a
desired value.

In addition, employing the Euler’s method of the adjacent
equilibrium configurations[37] in Eq.[52], the stability equation
is obtained: (

Ke − Pe
i Ke

G

)
· ûe

i = 0 , (53)

where the eigenvalues Pe
i = N inde

x −Ne
xc are the buckling loads

and the eigenvectors ûe
i are the buckling mode shapes.

3.3. Geometric interface between finite elements
A further generalisation of the formulation is needed to cor-

rectly model beams with piezoelectric patches locally bonded to
the external surfaces of the beam. The presence of the actuator
changes the thickness and the material lamination of the beam
in that location. Different material or geometrical properties
along the beam length lead to physical interfaces; the two finite
elements that share the node at the interface have two different
displacement field vectors in that node because of the change
in the geometric and material characteristics. This inconsis-
tency can be solved by minimising the difference between the
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displacement fields by using a strategy based on the Lagrange
multipliers method.

In addition, a geometric discontinuity can be characterised
by a misalignment between the half thickness axis of the beam
with a consequent offset between the two finite elements.

Figure 5: Geometrical interface between the elements α an β.

Considering a physical interface between two finite elements,
α and β, at x = xi (see Fig.[5]), the total potential energy of
the system is the sum of the total potential energy of the first
element and the total potential energy of the second element:

Π = Πα + Πβ . (54)

The problem of the beam equilibrium can be solved finding
the minimum of the total potential energy subjected to the con-
straint condition that the work done by fictitious forces on the
difference between the two displacement fields at the interface,
sαi and sβi , is zero. The physical meaning of this constraint con-
dition is that, since the two elements are joint at the interface,
the two displacement fields have to be the same, thus the beam
cannot be deformed as if it were split in that location [38].

The total potential energy of the generic finite element j ( j =

α, β) is the difference between the strain energy, U j, and the
work done by the external forces L j

m:

Π j = U j − L j
m . (55)

Considering all the finite element approximation for nonlin-
ear and geometric imperfect beams (for the sake of simplicity,
the condition of constant normal force and no electrical con-
tribution is shown), the total potential energy of the element j
is

Π j =
1
2

ujT Kjuj + N j
xc

1
2

ujT Kj
Guj + N j

xcujT K∗jGu∗j−ujT Fj , (56)

thus the total potential energy Π is a function of the degrees
of freedom vectors of the two elements, Π = Π(uα,uβ).

The Langrange function is introduced to transform a con-
strained minimum problem of the function Π = Π(uα,uβ),
into an unconstrained minimum problem of a function, Πi =

Πi(uα,uβ, λ), which depends also on the Lagrange multipliers
vector, λ,

Πi = Πα + Πβ +

∫
Ai

λT
·
(
sαi − sβi

)
dA . (57)

The additional term in Πi is the fictitious work given by the
integral over the interface cross-section, Ai = hi × b (the area

shared by the two elements), of the product between the fic-
titious stresses λ and the difference between the displacement
fields of the two elements at the interface.

The function Πi of Eq.[57], can be then written taking into
account also Eq.[1] and Eq.[26]:

Πi(uα,uβ, λ) =

[
1
2

uαT (
Kα + Nα

xcKG
α) uα + Nα

xcu
αT K∗αG u∗α − uαT Fα

]
+

+

[
1
2

uβT
(
Kβ + Nβ

xcKG
β
)

uβ + Nβ
xcu

βT K∗βG u∗β − uβT Fβ

]
+

+

∫
Ai

λT
·
(
Zα

uNα(xi)uα − Zβ
uNβ(xi)uβ

)
dA .

(58)

The Lagrange multipliers vector has two components, λu

and λw, one for each displacement variable. The through-the-
thickness distribution of the Lagrange multipliers at the inter-
face is defined using the variables λ̄u1, λ̄u2 and λ̄w, because a
linear distribution is assumed for λu, whereas λw is constant
over the beam cross-section:

λ =

{
λu

λw

}
=

[
NL

1 NL
2 0

0 0 1

] 
λ̄u1
λ̄u2
λ̄w

 ≡ Nλλ̄ , (59)

where NL
1 and NL

2 are the linear Lagrange polynomials de-
fined in AppendixA, but in this case they are function of the
thickness coordinate z.

Defining the matrix H j for the element j,

H j = b j
∫

hi

Nλ
T Z j

udz N j(xi) , (60)

the function Πi is then

Πi(uα,uβ, λ) =

[
1
2

uαT (
Kα + Nα

xcKG
α) uα + Nα

xcu
αT K∗αG u∗α − uαT Fα

]
+

+

[
1
2

uβT
(
Kβ + Nβ

xcKG
β
)

uβ + Nβ
xcu

βT K∗βG u∗β − uβT Fβ

]
+

+ λ̄
T Hαuα − λ̄T Hβuβ .

(61)

The minimum of the function Πi can be found solving the
following system: 

δΠi

δuα
= 0 ,

δΠi

δuβ
= 0 ,

δΠi

δλ̄
= 0 ,

(62)

that is


(
Kα + Nα

xcKα
G

)
uα + Nα

xcK∗G
αu∗α − Fα + HαT λ̄ = 0 ,(

Kβ + Nβ
xcKG

β
)

uβ + Nβ
xcK∗G

βu∗β − Fβ −HβT λ̄ = 0 ,

Hαuα −Hβuβ = 0 .

(63)
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In matrix form, the degrees of freedom and the Lagrange
multipliers can be collected in one vector because they are the
variables of the system,



Kα 0 HαT

0 Kβ −HβT

Hα −Hβ 0

 +


Nα

xcKeα
G 0 0

0 Nβ
xcK

β

G 0
0 0 0





uα
uβ
λ̄

 =

−


Nα

xcK∗eαG 0
0 Nβ

xcK
∗eβ
G

0 0


{

u∗α
u∗β

}
+


Fα

Fβ

0

 ,

(64)

that is

(K + KGN) u = −K∗GNu∗ + F , (65)

where the vector u contains both the degrees of freedom of
the beam and the Lagrange multipliers variables.

It can be seen that the stiffness matrix K of a beam with an in-
terface has additional rows and columns for the new degrees of
freedom at the interface but also other terms related to the vari-
ables of the Lagrange multipliers. The geometric stiffness ma-
trices of the beam, KGN and K∗GN, contain the geometric stiff-
ness matrices of each element multiplied by the normal force
acting on the element. KGN, K∗GN and the vector F have addi-
tional rows and columns of zero-elements corresponding to the
Lagrange multipliers variables.

3.4. Newton-Raphson solution of the nonlinear RZT-FE equi-
librium equation

The nonlinear equilibrium equation of the whole beam struc-
ture is obtained by assembling the element-based matrices and
vectors,

(
K +

1
2

K̄T
GI + K̄GI + K∗GI

T
+ K∗GI +

1
2

K̄GII + K∗GII + K̄GM+

+
1
2

K̄T
GM −KGAe

)
· u − F −K∗GAeu∗ −KPVP = 0 ,

(66)

where KGAe and K∗GAe are obtained assembling the matrices
N inde

x Ke
G and N inde

x K∗eG of each finite element.
The nonlinear RZT-FE equation can be solved employing the

incremental-iterative technique based on the Newton-Raphson
(N-R) method proposed by Crisfield [39]. Eq.[66] can be writ-
ten using the vectorial function g(u, λ) as

g(u, λ) = qi(u, λ) − λqe = 0 , (67)

where the vector qi(u, λ) is the internal forces vector and it
is a function of both the degrees of freedom vector, u, and the
increment factor, λ, whereas qe is the external forces vector that
increases by λ at each increment.

The definition of qi and qe depends on the application con-
sidered and on the type of load, mechanical or electrical, that
increases at each incremental step. In this analysis, the follow-
ing cases were considered:

1. Incremental electrical forces: the voltage vector VP is
gradually increased. At the ith increment, the applied volt-
age is VPi = λiVP1, where VP1 is the initial reference volt-
age vector and KGAe1 and K∗GAe1 the matrices KGAe and
K∗GAe for VP = VP1. The vectors qi and qe are

qi =

(
K +

1
2

K̄T
GI + K̄GI + K∗GI

T
+ K∗GI +

1
2

K̄GII + K∗GII+

+
1
2

K̄T
GM + K̄GM − λKGAe1

)
· u ,

(68)

qe = K∗GAe1u∗ + KPVP1 . (69)

2. Incremental mechanical forces: the initial reference vector
of mechanical loads, F1, is gradually increased, thus

qi =

(
K +

1
2

K̄T
GI + K̄GI + K∗GI

T
+ K∗GI +

1
2

K̄GII + K∗GII+

+
1
2

K̄T
GM + K̄GM −KGAe

)
· u −K∗GAeu∗ −KPVP ,

(70)

qe = F1 . (71)

The Newton-Raphson procedure combines at each step an
incremental solution, that is the tangential increment of u cor-
responding to the load increment of the step, used as predictive
starting solution point (predictor), and a certain number of it-
erations (corrector), which find a convergent value of u for the
assigned load. The convergence criterion adopted for both the
predictor increments and the corrector iterations is based on the
calculation of a parameter indicated as kc [39],

kc(g,qe) =
(
gT · g

)0.5
− 0.01

(
qe

T · qe
)0.5

. (72)

The nth predictor increment converges if kc(g = g(n),qe =

qe
(n)) < 0 and the ith corrector iteration of the mth predictor

increment converges if kc(g = g(m)
i ,qe = qe

(m)
i ) < 0.

The load factor changes at each increment and it is calculated
as

λ(n) = λ(n−1)

√
Ire f

In−1 , (73)

where λn−1 is the previous increment factor for which In−1 it-
erations were required and Ire f is a reference number of desired
iterations.

Moreover, the N-R procedure requires the calculation of the
tangent stiffness matrix, defined as

Ke
T(ue) =

dge

due . (74)

Eq.[67] shows that only the internal forces vector qi depends
on the degrees of freedom vector u, consequently

dge

due =
dqe

i

due . (75)
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The derivative dqe
i /due for both the cases of incremental

electrical forces and incremental mechanical forces is (refer to
Eqs.[68,70])

dqe
i

due = Ke + K∗eGI
T

+ K∗eGI +
1
2

K̄e
GII + K∗eGII −Ke

GAe+

+
d

due

(
1
2

K̄eT
GIu

e + K̄e
GIu

e +
1
2

K̄eT
GMue + K̄e

GMue
)
.

(76)

The matrices with the overbar are a function of the degrees
of freedom vector ue, thus it is useful to define the following
matrices obtained by the derivative of the nonlinear terms in
Eq.[76]:

d
due

[
K̄e

GI · u
e
]

= K̄e
GI + K̄e

GI2 , (77)

d
due

[
K̄eT

GI · u
e
]

= 2K̄eT
GI , (78)

d
due

[
K̄e

GII · u
e
]

= 2K̄e
GII + K̄e

GII2 , (79)

d
due

[
K̄e

GM · u
e
]

= K̄e
GM + K̄e

GM2 , (80)

d
due

[
K̄eT

GM · u
e
]

= 2K̄eT
GM , (81)

where

K̄e
GI2 ≡

∫ xb

xa

BeT HBeZe
NBeuedx ,

K̄e
GII2 ≡ Ae

11

∫ xb

xa

BeT HBeueT BeT HBeuedx ,

K̄e
GM2 ≡ Ae

11

∫ xb

xa

BeT HBeu∗eT B∗eT Beuedx .

(82)

The full expression of the tangent stiffness matrix for the
nonlinear RZT model is then

Ke
T(ue) = Ke + K̄eT

GI + K̄e
GI + K̄e

GI2 + K∗eGI
T

+ K∗eGI + K̄e
GII+

+
1
2

K̄e
GII2 + K∗eGII + K̄eT

GM + K̄e
GM + K̄e

GM2 −Ke
GAe .

(83)

4. Numerical analysis

The beams considered in the analysis are made of four Car-
bon Fibre Reinforced Polymer (CFRP) material layers. Simply-
supported boundary conditions are considered and piezoelec-
tric patches are bonded to the external surfaces of the beams.
Several configurations are chosen to assess the models for var-
ious geometrical properties and for a different actuator loca-
tion and beam lamination, which is either cross-ply symmet-
ric with a [0◦/90◦/90◦/0◦] fibre orientation, or non-symmetric

Beam L b h Ply orientations
(mm) (mm) (mm)

BPZT1 298.0 20.83 0.65 [0◦/90◦/90◦/0◦]
BPZT2 299.0 23.03 0.73 [90◦/0◦/90◦/0◦]
BPZT3 447.5 21.46 0.72 [0◦/90◦/90◦/0◦]
BPZT4 448.0 22.59 0.75 [90◦/0◦/90◦/0◦]
BPZT5 448.5 22.24 0.78 [90◦/0◦/90◦/0◦]

Table 1: Beam geometrical properties and material orientation.

with a [90◦/0◦/90◦/0◦] fibre orientation. The names and ge-
ometrical properties of the beams are indicated in Table [1]1.
BPZT1 and BPZT2 have approximately the same length, but
BPZT1 has a symmetric lamination and two actuators symmet-
rically located on the top and the bottom surface of the beam,
whereas BPZT2 is slightly thicker and wider than BPZT1 and
has a non-symmetric lamination with only one actuator bonded
to the top surface. BPZT(3-5) have similar length and thick-
ness values. BPZT3 and BPZT4 have one actuator on the top
surface, whereas BPZT5 has two actuators bonded to the top
and the bottom surface of the beam; BPZT3 has a symmet-
ric lamination, BPZT4 and BPZT5 have both a non-symmetric
lamination.

The beams are represented in Figs.[6], where the symmet-
ric (S) and non-symmetric (NS) lamination is also indicated.
The location of the actuators is expressed by the distance be-
tween the hinged edge of the beam and the first section of the
patch, indicated as la or lb in Figs.[6]. The midsection of the
actuators in BPZT(1-2) is almost coincident to the central sec-
tion of the corresponding beam (the eccentric distance is only
0.5 mm), whereas BPZT(3-4) have the actuator placed off the
beam centre with an eccentric distance of 25.75 mm and 25.5
mm, respectively. The actuators of BPZT5 have the highest ec-
centric distance, 111.25 mm for the patch on the top and 111.75
for the patch at the bottom, being very close to the beam ends.

The beam BPZT1 has two actuators symmetrically located
with respect to the mid-plane, one on the top and one on the
bottom surface of the beam, whereas BPZT5 has the two actu-
ators in different locations along the beam length (indicated as
the distances la and lb form the hinged edge in Fig.[6e]).

Each actuator patch has two external parts made of Kap-
ton (Young modulus of 2,500 MPa and Poisson ratio of 0.34
[40]) of length lk = 8 mm each, and an internal area made of
piezoelectric material with a length lp = 85 mm (see Fig.[7]).
The thickness is hp = 0.3 mm and the width is assumed to
be the same as the beam on which the patch is bonded. The
dimensions and the material properties of the actuators corre-
spond to the MFC 8514-P1 piezoelectric transducer [41]. MFC-
P1 piezo-composite actuators have superior actuation perfor-
mances due to their complex structure made of piezoelectric
rods and interdigitated electrodes. Their operational mode
is called d33-coupling and it slightly differs from the opera-

1The beams considered in this study correspond to samples realised for ex-
perimental tests.
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(a)

(b)

(c)

(d)

(e)

Figure 6: Composite beams with piezoelectric actuators patches: (a) beam
BPZT1, (b) beam BPZT2 (c) beam BPZT3 (d) beam BPZT4 (e) beam BPZT5.

tional mode considered in the new RZT formulation, called d31-
coupling. The detailed model of the MFC transducers is not a
purpose of the present work, thus a strategy to model their be-
haviour as a d31-coupling is shown in Appendix D.

The properties of the CFRP used for the beams correspond
to those of the carbon/epoxy unidirectional prepregs VTM264-
T700 (35% of resin content, Advanced Composites Group).
The characteristics of the VTM264-T700 and the piezoelectric
properties of the actuator are reported in Table [2].

The presence of only one actuator or two actuators not sym-
metrically located on the top and bottom surfaces of BPZT(2-5)
changes the location of the beam centroidal axis, thus the phys-
ical interfaces are characterised by both a change of material
lamination and an offset of the half-thickness axis. Considering
the coordinate reference system of Figs.[6], the offset is posi-
tive for z > 0 and it corresponds to +hp/2 for the actuators of
BPZT(2-4) and the first actuator of BPZT5, whereas it is −hp/2
for the actuator bonded to the bottom surface of BPZT5.

4.1. RZT model

The finite element formulation based on the RZT for geomet-
rically imperfect composite beams with piezoelectric actuators
was implemented in a Matlab routine for linear-static, buckling
and nonlinear static analyses. The number of finite elements in
the RZT models was set taking into account the discontinuities

Figure 7: Model of the piezoelectric actuator patch.

CFRP Piezoelectric [41]

E1 (MPa) 120,000 E1 (MPa) 30, 340
E2 (MPa) 7,500 E2 (MPa) 15, 860
E3 (MPa) 7,500 E3 (MPa) 15, 860
G12 (MPa) 3,900 G12 (MPa) 5, 510
G13 (MPa) 3,900 G13 (MPa) 5, 510
G23 (MPa) 2,300 G23 (MPa) 5, 510
ν12 0.32 ν12 0.31
ν13 0.32 ν13 0.31
ν23 0.20 ν23 0.16

d31 (m/V) 2.76 × 10−10

χ33 (F/m) 1.64 × 10−8

Table 2: Mechanical properties of the materials of the beams and actuators.

along the beam length by considering a node at each physical
interface. The two, closest and consecutive interfaces had the
same distance for all the beams, corresponding to lk = 8 mm.
Indeed, one interface was between the part of the beam with-
out the actuator and the part of the beam with a Kapton layer,
and the other interface was between the part of the beam with
a Kapton layer and the beam with the piezoelectric material.
Any other pair of consecutive interfaces had a higher distance.
For this reason, the maximum allowable length of the finite el-
ements that could guarantee a uniform mesh was 8 mm. Buck-
ling and postbuckling analyses were performed several times
progressively reducing the element average length starting from
8 mm, thus increasing the number of finite elements. It was
verified that the difference between the solutions obtained for a
mesh with elements 2 mm long and the solutions with smaller
elements was less than 0.01%, thus the average length of the
finite elements considered in the RZT models was 2 mm. The
resulting number of nodes and finite elements is indicated in
Tables [3-4].

4.2. Abaqus model

The mesh of the Abaqus models used 3D stress elements
for the actuators (C3D8/C3D8E type) and continuum shell ele-
ments for the beams (SC8R type). A number of two finite el-
ements was set along the direction of the z-coordinate in order
to have three nodes along the beam thickness. The average di-
mensions of the continuum shell elements were 1 × 1 × h mm3,
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No. of nodes

RZT ABAQUS
Beam Actuator total

BPZT1 145 19,800 4,488 28,776

BPZT2 145 21,672 4,896 26,568

BPZT3 223 29,634 4,488 34,122

BPZT4 225 32,400 4,896 37,296

BPZT5 219 31,050 4,692 40,434

Table 3: Number of nodes of the RZT and the Abaqus models.

No. of elements

RZT ABAQUS
Beam Actuator total

BPZT1 144 12,558 2,121 16,800

BPZT2 144 13,800 2,323 16,123

BPZT3 222 18,816 2,121 20,937

BPZT4 224 20,654 2,323 22,977

BPZT5 218 19,756 2,222 24,200

Table 4: Number of finite elements of the RZT and the Abaqus models.

where h was half the thickness of the beam considered. As
shown in Fig.[8], only one element was considered along the
actuator thickness direction, thus the average dimensions of the
3D stress elements were 1×1×hp mm3. Tables [3-4] report the
number of nodes and finite elements also for the Abaqus mod-
els, distinguishing the values for the beam part and for each
actuator.

A tie constraint was used to connect the patch to the beam
surfaces. Simply-supported boundary conditions were defined
at the half-thickness nodes of the beam edges and concentrated
compression forces were applied to all the nodes at the sup-
ported edge.

5. Results

In this section, the analyses performed for both the RZT and
the Abaqus finite element models are presented. In each case,
the results of RZT were compared to the Abaqus solutions to
evaluate the differences between RZT and highly detailed finite
element models in commercial codes.

Firstly, buckling analyses were conducted to verify the RZT
abilities of predicting the critical buckling loads of compos-
ite beams with physical discontinuities. Subsequently, nonlin-
ear static analyses were performed to assess the accuracy of
RZT with respect to Abaqus also for the evaluation of the post-
buckling behaviour of composite beams with actuator patches
bonded to the external surfaces. Finally, the ability of the new

Figure 8: Abaqus finite element model of the piezoelectric actuator using 3D
elements.

RZT formulation, that includes the inverse piezoelectric be-
haviour, was assessed by performing nonlinear static response
analyses to a piezoelectric voltage in the actuators.

5.1. Buckling analysis
The RZT buckling loads were calculated solving the eigen-

value problem of Eq.[53] with Pe
i = −Ne

xc = N0 and N inde
x = 0

because the piezoelectric actuators were imagined to be discon-
nected from any power supply. The degrees of freedom vec-
tor and the stiffness matrices had to be modified as shown in
Eq.[64] because the presence of piezoelectric patches bonded
to the external surfaces of the beams introduced 4 geometri-
cal interfaces for BPZT(1-4) and 8 geometrical interfaces for
BPZT5. In Abaqus, axial-compressive forces of the same in-
tensity were applied to the nodes at the supported edge with a
total applied load N0 = 1 N (see Fig.[9]), thus the eigenvalues
obtained from a buckle-perturbation analysis corresponded to
the actual buckling loads.

Figure 9: BPZT1 subjected to a compressive load N0.

Table [5] shows the first two buckling loads calculated with
Abaqus and RZT and the percentage deviation, ∆, of RZT with
respect to Abaqus. All the values of ∆ were less than 3%, and
∆ exceeded 2% only for BPZT5. The BPZT5 beam had the
highest level of non-symmetry due to a non-symmetric beam
lamination and location of the actuators, and likely this was the
reason of the highest deviation between the two solutions.

The time required to perform the buckling analyses using the
Matlab routine based on RZT and Abaqus is reported in Table
[6]. It can be seen that the time of the Abaqus analyses increases
with the number of finite elements, whereas the RZT computa-
tional cost is significantly affected by the non-symmetry of the
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ABAQUS RZT ∆

(N) (N) %

BPZT1 8.56 8.40 -1.88
24.61 24.40 -0.86

BPZT2 6.00 5.90 -1.71
19.08 18.90 -0.92

BPZT3 4.07 4.00 -1.65
14.57 14.47 -0.67

BPZT4 2.56 2.52 -1.41
8.97 8.90 -0.80

BPZT5 2.92 2.85 -2.62
14.46 14.07 -2.67

Table 5: Buckling loads of composite beams with piezoelectric actuators.

RZT ABAQUS

BPZT1 1.9 13.5
BPZT2 7.5 11.8
BPZT3 1.8 14.4
BPZT4 7.3 16.0
BPZT5 7.8 17.6

Table 6: Time (s) required by RZT and Abaqus for performing the buckling
analysis.

lamination rather than by the number of finite elements con-
sidered in the model. As an example, the RZT finite element
model of BPZT3 has 78 elements more than BPZT1 (refer to
Table [4]), but the time to perform the buckling analysis is al-
most the same for both beams. By contrast, the time to perform
the buckling analysis with RZT for BPZT2 is four times the
time required for BPZT1, even if the two beams have the same
number of finite elements. The comparison between RZT and
Abaqus in Tables [5-6] shows that the models based on one-
dimensional RZT finite elements are not only as accurate as
the three-dimensional Abaqus models for predicting the critical
buckling load, but they are also convenient in terms of com-
putational time because Abaqus requires double the RZT time
for the buckling analysis of almost all the beams with a non-
symmetric lamination and six times the RZT time for symmet-
rically laminated beams.

5.2. Static nonlinear response to a compressive load

The postbuckling behaviour of the beams was studied by pro-
gressively increasing the applied compressive load N0 from 0 N
to a value corresponding to 99% the critical buckling load, Ncr.
For the RZT models, the response was calculated by solving
Eq.[66] using the Newton-Raphson method with increments on
the mechanical load (refer to Eqs.[67, 70-73]).

In addition, the internal axial force of a beam in simply-
supported boundary conditions with an applied compressive
load, as the one shown in Fig.[9], is independent of the degrees
of freedom, thus the beam response was calculated also using

BPZT1 BPZT2 BPZT3 BPZT4 BPZT5

a1 1.66 3.97 1.60 8.62 9.24
a2 0.10 0.19 0.76 -0.15 -0.36
a3 0.27 0.30 0.22 0.72 0.46

Table 7: Coefficients of the linear combination approximating the imperfection
function.

the simplified equilibrium equation for beams with a constant
internal axial force, whose element-based formulation corre-
sponds to Eq.[52]. The piezoelectric actuators were imagined
to be disconnected from any power supply, thus N inde

x = 0 and
Ne

xc = −N0 for all the finite elements of the model.
All the vectors and matrices in the equilibrium equations had

to be formulated according to the procedure shown in Section
3.3 to take into account the physical interfaces due to the pres-
ence of the actuators.

The geometric imperfections of the beams were considered
in terms of an initial stress-free deflection from a straight axis
configuration, introducing them in the finite element models as
a linear combination of the buckling modes of the beams with-
out imperfections. In the RZT models, the imperfection was
described by the function w∗(x), defined as a linear combination
of the first three buckling mode functions of a simply supported
beam:

w∗(x) = a1 · sin
(
πx
L

)
+ a2 · sin

(
2πx
L

)
+ a3 · sin

(
3πx
L

)
. (84)

The coefficients ak (k = 1, 2, 3) of the linear combination
were different for each beam, as indicated in Table [7]2. The
same coefficients were used in Abaqus to define the imper-
fection as a linear combination of the buckling modes of the
Abaqus buckling analyses. However, the use of the same coef-
ficients for both the RZT and the Abaqus models led to slightly
differently imperfect beams, because the initial stress-free de-
formed shapes of the Abaqus beams were obtained combining
buckling modes of three-dimensional models, whereas, in RZT,
the buckling mode shapes were those of one-dimensional mod-
els.

The Riks analysis [42] was implemented in Abaqus with an
initial increment of 0.01, a maximum increment of 0.1 and a
maximum number of increments corresponding to 1000. In
RZT, the same maximum and minimum values of increments
were considered. The solution of Eq.[52] was calculated for 40
values of N0, obtained by constant load increments from 0 N to
99% of the critical buckling load.

The load-displacement equilibrium paths obtained perform-
ing the nonlinear static analysis are shown in Figs.[10-14] for
the RZT and the Abaqus models. The three solutions identified
the exact same initial responses in the range of loads where the

2The finite element models of this study correspond to beams realised for
experimental tests. The values ak considered for defining the function w∗(x) are
those that approximate the actual initial deflection measured on the real beams.
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relationship between N0 and the transversal displacement was
linear. In general, a very good agreement between the Abaqus
and the RZT-N0 solutions was found for any value of N0, also
for non-symmetric laminations. As a general behaviour, the
RZT solution obtained by solving Eq.[66], which was indicated
as RZT-nnl, was stiffer than Abaqus in any case according to
the lower number of degrees of freedom of the models. On the
other hand, the simplified RZT solution obtained from Eq.[52]
was slightly softer than Abaqus.

The best results in terms of lowest deviation of both the RZT
solutions from Abaqus were obtained for BPZT1 and BPZT3
in Figs.[10,12], which were the beams with a symmetric lam-
ination. Moreover, even if BPZT3 had only one piezoelectric
patch bonded to the top external surface, which made the lam-
ination globally non-symmetric in a small portion of the beam,
the RZT-nnl and the Abaqus curves were very close for any
applied compressive load value. The deviation of the RZT-nnl
solution from Abaqus did not exceed 10% even at the highest
values of N0, reaching 9.49% for BPZT1 and 6.1% for BPZT3.
In addition, the deviation of the RZT-N0 from Abaqus had fur-
ther lower values reaching, respectively, -1.05% and -1.19% at
the highest value of applied compressive load.

A bigger mismatch between RZT-nnl and Abaqus was found
for BPZT2, BPZT4 and BPZT5 at high values of N0 in
Figs.[11,13-14], where the deviation exceeded 20% in all
cases. These beams had a non-symmetric lamination and ac-
tuator patches located unsymmetrically along the beam length.
In addition, for these beams there was also a higher differ-
ence between the initial geometric imperfection of the RZT
and the Abaqus models, which reached 0.9% and 2% for
BPZT(2,4) and BPZT5 respectively, whereas it was only 0.1%
for BPZT(1,3).

Despite these slight differences between the RZT-nnl and the
Abaqus results, the RZT-N0 solutions were remarkably close
to the Abaqus predictions with a deviation always lower than
2.5%, even for highly non-symmetric beams.

Table [9] shows that both the RZT procedures have a consid-
erably lower computational cost than the Abaqus analyses for
all the beams. This was the application where the RZT capa-
bilities were best shown because, even for very slender beams
and simple geometries, the time for performing nonlinear Riks
analyses in Abaqus was significantly high, exceeding 10 min-
utes for all cases, whereas RZT-nnl was less than 5 minutes on
average and RZT-N0 was even less than 60 s, being also as ac-
curate as Abaqus.

RZT ABAQUS
nnl N0

BPZT1 310 38 1264
BPZT2 166 56 638
BPZT3 227 38 637
BPZT4 244 56 704
BPZT5 209 58 1887

Table 8: Time (s) required by RZT and Abaqus for performing the nonlinear
analysis.

Figure 10: Load-displacement equilibrium path of BPZT1.

Figure 11: Load-displacement equilibrium path of BPZT2.

Figure 12: Load-displacement equilibrium path of BPZT3.
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Figure 13: Load-displacement equilibrium path of BPZT4.

Figure 14: Load-displacement equilibrium path of BPZT5.

5.3. Voltage response
The transversal deflection of the beams was calculated con-

sidering a voltage source connected to the piezoelectric patches.
The e31 operational mode was considered for the actuators in
both the RZT-nnl and the Abaqus models, with a piezoelec-
tric stress coefficient e31 = 0.0084 N/(mm·V). The constrain-
ing conditions assumed for this application were two hinges at
the beam ends and the voltage applied to the actuators was the
only external action considered on the beams. In these loading
and boundary conditions, the RZT response of the beams could
be calculated by solving Eq.[66] with the Newton-Raphson
method incrementing the electric voltage and considering F = 0
(refer to Eqs.[67-69] and Eqs.[72-73]). Firstly, the beams were
deflected in the opposite direction of the imperfection by ap-
plying a negative voltage to all the actuators but the one on the
bottom surface of the BPZT1, which had positive values in-
stead (see Fig.[15a]). Then, the RZT results were verified also
for positive transversal deflections obtained by applying values
of voltage opposite to the previous case, as shown in Fig.[15b].
The range of voltage values considered varied between 0 V and
±700 V.

The piezoelectric behaviour was introduced in Abaqus by
modelling the piezoelectric part of the actuators with C3D8E fi-
nite elements. The voltage was defined as a boundary condition

(a) Applied voltage for a deflection opposite to the direction of the imperfection.

(b) Applied voltage for a deflection in the same direction as the imperfection.

Figure 15: Actuation modes for BPZT1.

applied to the top and bottom surfaces of the actuator. Accord-
ing to the positive value of e31, the actuator had to expand when
the electric field deriving from the voltage difference between
the top and bottom surface was positive, i.e. the electric field
vector had the same orientation as the z-axis.

Figure 16: Modelling piezoelectric actuators in Abaqus with a e31 operational
mode.

For this reason, a voltage of 0 V was applied to the top sur-
face (with respect to the z-axis) and a voltage V̄ was applied to
the bottom surface of each actuator, as shown in Fig.[16]. As a
consequence, positive values of V̄ caused the expansion of the
actuators, whereas negative values of V̄ caused a contraction.

In Abaqus, a general nonlinear static analysis was performed
for the beams with the geometric imperfections defined as a
linear combination of the buckling modes, as described in the
previous section.

The transversal deflection of the beams as a function of the
increasing absolute value of voltage is reported in Figs.[17-21]
for both the RZT and the Abaqus models, referring to the same
points along the x-direction considered in the previous analy-
sis. The solutions obtained for voltages which deflected the
beam opposite to its initial imperfections, indicated as RZT-
and Abaqus-, and the solutions which gave positive transversal
deflections, indicated as RZT+ and Abaqus+, were reported in
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Figure 17: BPZT1 response for increasing voltage values.

Figure 18: BPZT2 response for increasing voltage values.

the same figure for each beam.
The comparison between the Abaqus and the RZT solu-

tions indicates that RZT was extremely accurate, even for very
high voltage values, for both the cases of positive and negative
transversal displacements.

RZT correctly predicted the curvature change in the response
of the BPZT1 and the BPZT3 (Figs.[17]-[19]), which took
place when the transversal displacement w reached exactly the
opposite value of the beam initial deviation in that point. Fur-
ther increasing the voltage, the beam started to bend in the op-
posite direction, and the curvature changed. RZT predicts this
behaviour with a remarkable accuracy, especially for BPZT1
and the very good agreement with the Abaqus solution is for the
deflection of all the points along the beam axis. Fig.[22] reports
the deformed shape of BPZT1 for different applied voltage val-
ues. The curves indicated as 0r and 0a correspond to the initial
stress-free deflections of the RZT beam and the centroidal axis
of the Abaqus beam, respectively. The remaining curves are
the deformed shapes of the RZT and the Abaqus models for the
voltage values highlighted in Fig.[17]. The 1r and 1a solutions
are obtained for an applied voltage of 200 V, whereas 2(r-a)
and 3(r-a) are the solutions obtained for the voltage values be-
fore and after the snapping through of the beam. Note that in
Fig.[22] the transversal displacement values, w, given by the in-

Figure 19: BPZT3 response for increasing voltage values.

Figure 20: BPZT4 response for increasing voltage values.

tersection of x=148 mm and each deformed shape correspond
to those of the points indicated in Fig.[17] for the voltage val-
ues considered. The results of Fig.[22] show the high accuracy
of RZT in predicting the deformed shapes for varying voltage,
before and after the snap through, and also the value of voltage
at which the snap through took place, which was around 350 V.

The other beams did not exhibit this behaviour in the range
of voltage considered because their initial imperfection was too
large, thus higher voltages were needed to invert the deflection.
The biggest difference between the two solutions was found for
BPZT4 in Fig.[20] at high values of positive V̄ , where the RZT
was slightly stiffer than Abaqus, and for BPZT5 in Fig.[21] at
high values of negative V̄ , where RZT was softer instead. This
behaviour was likely a consequence of the fact that the initial
imperfections of the RZT and the Abaqus models were not ex-
actly the same and these beams had the highest mismatch, as
discussed above. Fig.[21] also shows that even the application
of a positive voltage higher than 250 V causes a deflection of
the point at half-length of the beam towards the negative values
of the z-axis.

The time to perform the analysis with RZT and in Abaqus
is reported in Table [9], which indicates that RZT is computa-
tionally more efficient than the Abaqus model also in this case
performing the same analysis in half the time. Moreover, the
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Figure 21: BPZT5 response for increasing voltage values.

Figure 22: Deformed shapes of BPZT1 for different values of applied voltage.

Abaqus values in Table [9] are those obtained for a general
nonlinear static analysis, which is generally faster than the Riks
analysis; this means that the investigation of the postbuckling
behaviour of beams with active piezoelectric actuators would
require a higher computational cost.

Actuation
Response

RZT ABAQUS
BPZT1 145 420
BPZT2 138 300
BPZT3 226 402
BPZT4 216 403
BPZT5 211 570

Table 9: Time (s) required by RZT and Abaqus for performing the nonlinear
static analysis of the beams subjected to the piezoelectric voltage.

6. Conclusion

A new formulation of the Refined Zigzag Theory for evalu-
ating the nonlinear static response, the buckling loads and the
postbuckling behaviour of initially imperfect composite beams

with piezoelectric actuators was presented and numerically ver-
ified. The nonlinear formulation of RZT for initially imperfect
beams was extended to include piezoelectric actuator layers in
the analytical model and the procedure to derive the nonlinear
equilibrium equations employing the Principle of Virtual Work
for electro-mechanical systems was described in detail. A fi-
nite element approximation based on C0 RZT-beam finite ele-
ments was created, providing a method to solve the equilibrium
problem for any lamination, load system, boundary conditions
and geometric imperfection. Moreover, the method was further
generalised to the case of piezoelectric actuator patches by in-
troducing a strategy based on the Lagrange multipliers able to
model the geometric discontinuities (variation of thickness and
material lamination) due to actuator patches bonded on the ex-
ternal surface of the beam. The general form of the resulting
FE equilibrium equation was nonlinear and had both mechan-
ical and electrical load terms. The incremental-iterative tech-
nique based on the Newton-Raphson method was proposed as
the procedure to solve the FE nonlinear equilibrium equation
and the formulations to solve both cases of incremental elec-
trical forces and incremental mechanical forces were shown.
The model was employed for the analysis of five CFRP beams
with actuator patches bonded to the beam external surfaces
in different locations, assessing the model validity for differ-
ent geometrical properties of the beams and for symmetric and
non-symmetric material laminations. Highly-detailed finite el-
ement models of the beams were developed in Abaqus em-
ploying three-dimensional finite elements. The new RZT-FE
formulation was compared to the Abaqus solutions for three
different analyses: the critical buckling load, the static nonlin-
ear response to a compressive load and the nonlinear static re-
sponse of the beam to a voltage applied to the actuators. The
RZT model was extremely accurate for calculating the critical
buckling loads with a percentage deviation with respect to the
Abaqus solution higher than 2% only for one beam, where it
reached 2.7%. The RZT prediction of the beam postbuckling
behaviour was very accurate as well. In this analysis, the so-
lution of the RZT model obtained with the Newton-Raphson
method was a bit stiffer than Abaqus for values of applied com-
pressive loads close to the critical buckling load. However, the
solutions obtained employing the RZT simplified equilibrium
equation for beams with a constant axial force were very close
to Abaqus for any applied compressive load, with a deviation
lower than 2.5% in any case. Moreover, the new nonlinear
RZT model successfully predicted also the nonlinear response
of the beams to increasing voltage values applied to the actu-
ators, even for highly nonlinear behaviours. The great advan-
tages of the proposed RZT model were demonstrated by com-
paring the computational time required to perform the analy-
ses. In any case, the RZT model required significantly less
time than Abaqus, especially in the postbuckling analysis where
Abaqus exceeded 10 minutes whereas the simplified formula-
tion of RZT required less than 60 s.
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Appendix A. Vectors and matrices definitions

The matrices appearing in Eq.[6] are:

Zε
(k) =

[
1 0 0 0 z φ(k)

]
, (A.1)

Zγ
(k) =

[
0 1 1 β(k) 0 0

]
, (A.2)

and

H =



0 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


. (A.3)

The matrix of the stiffness coefficient, ∆, in Eq.[18] is defined
as

∆ =


A11 0 0 0 B12 B13
0 ḠA ḠA (G − Ḡ)A 0 0
0 (G − Ḡ)A (G − Ḡ)A (Ḡ −G)A 0 0

B12 0 0 0 D11 D12
B13 0 0 0 D12 D22

 ,
(A.4)

where the stiffness coefficients are

[A11, B12,D11] ≡
∫

A
E(k)

x [1, z, z2]dA ,

[B13,D12,D22] ≡
∫

A
E(k)

x φ(k)[1, z, φ(k)]dA , (A.5)

and

Ḡ ≡
1
2h

∫ +h

−h
G(k)

xz dz , (A.6)

is the average thickness-weighted transverse-shear modulus
of the total laminate. The vector ∆̄ in Eq.[18] corresponds to
the first column of the matrix ∆.

The shape function matrix introduced for the finite element
approximation in Eq.[26]

N ≡


NL

1 0 0 0 NL
2 0 0 0

0 NL
1 −leNQ

m −lerNQ
m 0 NL

2 leNQ
m lerNQ

m
0 0 NL

1 0 0 0 NL
2 0

0 0 0 NL
1 0 0 0 NL

2

 ,
(A.7)

where le = Le/8, NL
i are the linear Lagrange polynomials and

NQ
j are the quadratic Lagrange polynomials,

[NL
1 ,N

L
2 ] =

[
1
2

(1 − ξ),
1
2

(1 + ξ)
]
, (A.8)

[NQ
1 ,N

Q
m ,N

Q
2 ] =

[
1
2
ξ(ξ − 1), (1 − ξ2),

1
2
ξ(ξ + 1)

]
. (A.9)

The matrix introduced in Eq.[28] containing the derivative of
the shape functions is

Be ≡



NL
1,ξ 0 0 0 NL

2,ξ 0 0 0
0 NL

1,ξ −leNQ
m,ξ −lecNQ

m,ξ 0 NL
2,ξ leNQ

m,ξ lecNQ
m,ξ

0 0 LeNL
1 0 0 0 LeNL

2 0
0 0 0 LeNL

1 0 0 0 LeNL
2

0 0 NL
1,ξ 0 0 0 NL

2,ξ 0
0 0 0 NL

1,ξ 0 0 0 NL
2,ξ


.

(A.10)
The finite element approximation of the initial imperfection

function is obtained using the following shape function matrix:

N∗ ≡
[
NQ

1 NQ
m NQ

2

]
, (A.11)

and the matrix with the derivative of N∗ is

ω∗ ' B∗e =
1
Le



0 0 0
NQ

1,ξ NQ
m,ξ NQ

2,ξ
0 0 0
0 0 0
0 0 0
0 0 0


. (A.12)

The matrices Ze
P and Ze

N introduced in Eq.[35] are

Ze
P ≡



a1
E ... ak

E ... aN
E

0 0 0
0 0 0
0 ... 0 ... 0

d1
E dk

E dN
E

c1
E ... ck

E ... cN
E


. (A.13)

Ze
N ≡

∫
A
[E(k)

x Zε
(k)]dA =

[
Ae

11 0 0 0 Be
12 Be

13

]
,

(A.14)
where Ae

11, Be
12 and Be

13 are the stiffness coefficients of the
finite element e.

The matrix D introduced in Eq.[36] is

D ≡
[∫

A

(
Zε

(k)T E(k)
x Zε

(k) + Zγ
(k)T G(k)

xz Zγ
(k)

)
dA

]
(A.15)

Appendix B. Piezoelectric layer notations

The poling direction in each piezoelectric layer is parallel to
the z−coordinates, as indicated in Fig.[B.23].

The top and the bottom surfaces have two different electric
charges, q− and q+, giving an electric potential difference ∆V (k)

parallel to the poling direction. For the assumptions made, the
electric field vector, Ξ(k), and the electric displacement vector,
D(k), are

Ξ(k) =


0
0

Ξ(k)

 , D(k) =


0
0

D(k)
z

 . (B.1)
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Figure B.23: Piezoelectric layers characteristics.

The electrostatic behaviour of the piezoelectric layers is as-
sumed to be linear, thus the dielectric properties are not depen-
dent on the electrostatic field intensity.

Appendix C. Procedure for the Newton-Raphson solution

The procedure is summarised below using a superscript for
the increments and a subscript for the iterations:

1. the starting equilibrium point is the homogeneous condi-
tion, because u = 0 when no loads are applied. It is indi-
cated by the superscript (0), thus:

(u(0) = 0, λ(0) = 0) and g(0) = g(u(0), λ(0)) = 0 ;

2. the tangent stiffness matrix is calculated for the initial con-
dition:

KT
(0) =

(
dg
du

)(0)

;

3. the first incremental solution (predictor) is calculated as

u(1)
0 = u(0) +

(
KT

(0)
)−1

∆qe
(1) ,

where ∆qe
(1) = λ(1)qe1 and qe1 is unitary reference load

vector;
4. the function g is calculated in the (u(1)

0 , λ(1)) condition,

g(1)
0 = g(u(1), λ(1)) .

If g(1)
0 , 0 and does not satisfy the convergence criterion

of the predictor, the Newton-Raphson iterations begin for
the load factor increment λ(1)

(a) the tangent stiffness matrix is calculated for
(u(1)

0 , λ(1)):

KT
(1)
0 =

(
dg
du

)(1)

0
;

(b) the increment at the first iteration is then

δu(1)
1 = −

(
KT

(1)
0

)−1
g(1)

0 ;

(c) the solution at the first iteration is

u(1)
1 = u(1)

0 + δu(1)
1 ;

(d) if the function g(1)
1 = g(u(1)

1 , λ(1)) , 0 and does not
satisfy the convergence criterion for the corrector,
another iteration is needed;

(e) the tangent stiffness matrix is calculated for
(u(1)

1 , λ(1)):

KT
(1)
1 =

(
dg
du

)(1)

1
;

(f) the increment at the second iteration is

δu(1)
2 = −

(
KT

(1)
1

)−1
g(1)

1 ;

(g) the solution at the second iteration is

u(1)
1 = u(1)

1 + δu(1)
2 ;

(h) the function g(1)
2 = g(u(1)

2 , λ(1)) is calculated to check
the convergence. The last nth iteration is the one for
which g(1)

n satisfies the corrector convergence crite-
rion.

The second equilibrium point is then (u(1), λ(1)), where
u(1) = u(1)

n . The procedure continues starting from point
1, but with (u(1), λ(1)) as initial condition and the load fac-
tor λ = λ(2).

Appendix D. Simplified model of MFC 8514-P1 actuators

Fig.[D.24] represents the section between two consecutive
electrodes of the IDE of an MFC-P1 type piezoelectric trans-
ducer. The positive and the negative electrodes are spaced along
the piezoelectric rod longitudinal direction. This arrangement
establishes the d33-operational mode, where both the direction
of the electric field vector and the deformation of the transducer
are parallel to the piezoelectric rod longitudinal direction (di-
rection 3 in this case). The electric field component, Ξ3, for
a given electric potential difference ∆V is Ξ3 = −∆V/te and
the axial strain of the section between the two electrodes is
ε3 = d33E3.

Figure D.24: Operational mode of a piezoelectric actuator with a d33-coupling.

In an MFC 8514-P1 actuator there are 170 sections between
the IDE electrodes, equally spaced with te = 0.5 mm, thus the
axial strain of the actuator is:

ε
d33−e f f ect
x = 170 · d33E3 . (D.1)
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Figure D.25: Operational mode of a piezoelectric actuator with a d31-coupling.

The electro-mechanical behaviour of the piezoelectric actu-
ators considered in the new RZT model and described in Ap-
pendix B refers to the d31-operational mode, where the pos-
itive and the negative electrodes are continuous layers placed
one on the top and and one on the bottom surface of the PZT.
This arrangement causes a deformation of the actuator along
the PZT longitudinal direction (called direction 1 in this oper-
ational mode), like the d33-operational mode, but the electric
field component, Ξ3, is orthogonal to the PZT rod longitudinal
direction. The electric field component, Ξ3, for a given electric
potential difference ∆V is Ξ3 = −∆V/hp and the axial strain of
the actuator is:

ε
d31−e f f ect
x = d31 · E3 . (D.2)

In order to model the MFC 8514-P1 actuator in a d31-
operational mode, the value of the piezoelectric coefficient d31
can be found assuming that the axial strain for a given electric
potential difference ∆V has to the be same as the value obtained
for the actual d33-operational mode:

d31 = 170 · d33
hp

te
. (D.3)

The piezoelectric coefficient of the MFC 8514-P1 is d33 =

4.6 × 10−10 m/V, thus d31 = 2.76 × 10−10 m/V and the corre-
sponding piezoelectric stress coefficient is e31 = E1 · d31 = 8.40
N/m/V, where E1 is the Young modulus in the longitudinal di-
rection of the piezoelectric material defined in Table [2].
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