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MAXIMIZING THE RATIO OF EIGENVALUES OF
NON-HOMOGENEOUS PARTIALLY HINGED PLATES

ELVISE BERCHIO AND ALESSIO FALOCCHI

ABSTRACT. We study the spectrum of non-homogeneous partially hinged plates having structural engi-
neering applications. A possible way to prevent instability phenomena is to maximize the ratio between
the frequencies of certain oscillating modes with respect to the density function of the plate; we prove
existence of optimal densities and we investigate their analytic expression. This analysis suggests where
to locate reinforcing material within the plate; some numerical experiments give further information and
support the theoretical results.

1. INTRODUCTION

In recent years the trend in bridge design is to replace expensive experiments in wind tunnels with
numerical tests; hopefully, these tests should be preceded by a suitable mathematical modelling and,
possibly, by analytic arguments. In particular, since it is by now well-established that reliable models
for suspension bridges should have enough degrees of freedom to display torsional oscillations, it is
convenient to model the deck of the bridge by means of a long narrow rectangular thin plate Q C R?,
hinged at short edges and free on the remaining two, see [23] and problem (1.1) below.

When the wind comes up against the deck of the bridge, a form of dynamic instability arises, which
appears as uncontrolled vortices and it is usually named flutter. The origin of asymmetric vortices
generates a forcing lift which launches vertical oscillations of the deck; this phenomenon finds confir-
mation in wind tunnel tests, see e.g. [30]. In particular, a transition between these vertical oscillations
to torsional ones may happen which, in some cases, leads to the collapse of the bridge; we refer to
[25, Chapter 1] for a survey of historical events where this phenomenon occurred, among which the
infamous Tacoma Narrows Bridge collapse. Therefore, it becomes extremely important preventing flut-
ter instability to provide a structure strong and safe. Rocard [33] suggested that for common bridge
there exists a threshold of wind velocity V. at which flutter arises. The computation of V, is not an
easy task, since it depends on the wind and on the geometric features of the deck; a possible way is
to determine it experimentally. On the other hand, in engineering literature there exist some closed
formulas for V,; even if the debate on these formulas is still open, it seems to be accordance in thinking
that the critical velocity depends on the frequencies or, equivalently, on the eigenvalues of the normal
modes of the deck, see [19, 27, 33]. More precisely, since V. represents the critical threshold at which an
energy transfer occurs between the j-th and the i-th mode of oscillation, most of the authors propose
Ve directly proportional to the difference between the square of the corresponding eigenvalues A\; > Aj,
ie.

Voo (AF =A%)
It follows that a way to increase the critical velocity V., and in turn to prevent instability, is by
increasing the distance between )\? and /\?; this purpose is achievable moving the ratio (\;/ )\j)2 away
as much as possible from 1. A theoretical explanation of this fact was given in [10], within the classical
stability theory of Mathieu equations, by relating large ratios of eigenvalues to the situation in which
the instability resonant tongues of the Mathieu diagram become very thin.

Coming back to the plate model of the bridge, in order to prevent dynamical instability, different
strategies to optimize the design of the plate have been proposed in literature; for instance, one may
modify its shape, see [6], or rearrange the materials composing it, see [7, 8]. Within the present research,
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2 ELVISE BERCHIO AND ALESSIO FALOCCHI

we exploit the latter approach to maximize the ratio of selected eigenvalues of a partially hinged non-
homogeneous plate. More precisely, by rescaling, we assume that the plate has length 7 and width 2¢
with 2¢ < 7 so that

Q= (0,7) x (—£,¢) C R?;
then we characterize the non-homogeneity of the plate by a density function p = p(x,y) and we consider
the weighted eigenvalues problem:

Ay = )‘p(xv y)u in )
(1.1) u(0,y) = uzz(0,y) = u(m,y) = uga(m,y) =0 for y € (—¢,4)
Uyy (T, £0) + oUgy (2, £L) = uyyy(x, £0) + (2 — 0)Ugagy(x, ££) =0 for x € (0, 7).

The boundary conditions on short edges are of Navier type, see [31], and model the situation in which
the deck of the bridge is hinged on {0, 7} x (—¢, ¢). Instead, the boundary conditions on large edges are
of Neumann type, see [18, 32], they model the fact that the deck is free to move vertically and involve
the Poisson ratio o which, for most of materials, satisfies o € (0,1/2). Finally, we focus on densities p
satisfying some natural constraints, i.e. for «, 8 € (0,4+00) with o < 3 fixed, we assume that p belongs
to the following class of weights

(1.2) P, := {p eL®Q):a<p< P, plzy) =p(r,—y)ae inQand / pdxdy = |Q } .
Q

The integral condition in (1.2) represents the preservation of the total mass of the plate, while the
symmetry requirement on p means that we focus on designs which are symmetric with respect to the
mid-line of the roadway. From a mathematical point of view, the symmetry of p produces two classes
of eigenfunctions of (1.1), respectively, even or odd in the y-variable, that we named longitudinal and
torsional modes. In order to prevent the energy transfer from longitudinal to torsional modes, one may
study the effect of the weight p on the ratio v(p)/u(p), where v and u are two selected eigenvalues
corresponding, respectively, to a torsional and a longitudinal mode. Since the final goal is to find the
best rearrangement of materials in {2 which maximizes this ratio, we study, either from a theoretical
and a numerical point of view, the optimization problem:

(1.3) R = sup vip)

pePa 5 (D)

We refer to [4] for optimization results on the ratio of eigenvalues of second order operators subject to
domain perturbations and to [28] for optimization results, with respect to the weight, in 1-dimensional
domains; see also [26, Chapter 9] and references therein. In particular, in [28] the author proved that
the weight maximizing the considered ratio is of bang-bang type, namely a piecewise constant function,
symmetric with respect to the middle of the string and getting the minimum value there. Unfortunately,
the techniques exploited in [28] are closely related to the 1-dimensional nature of the problem and seem
not applicable to our situation. Furthermore, here, things are complicated by dealing with a fourth
order operator with non standard boundary conditions, for which no general positivity results are
known. We refer the interested reader to [8] where a partial positivity property result was proved for
the operator in (1.1).

As a consequence of what remarked, at the current state of art, a complete theoretical solution to
problem (1.3) is difficult to reach and we proceed by steps. More precisely, we concentrate our efforts
in looking for weights increasing v(p) or reducing u(p), separately. The numerical results we collect in
Section 4 reveal that this apparently not rigorous approach turns out to be effective in increasing the
ratio (1.3); indeed, as a matter of fact, weights having strong effect on torsional eigenvalues v(p) produce
very confined effects on longitudinal eigenvalues p(p), and viceversa. In this regard, preliminary results
were obtained in [8], where the goal was minimizing the first eigenvalue of (1.1), see Proposition 3.3
below. The focus of the present paper is on higher eigenvalues, furthermore we deal with a supremum
problem and different methods are required; hence, the optimization issue (1.3) deserves to be studied
independently. About the optimization of the first weighted eigenvalue of A% under Dirichlet or Navier
boundary conditions, we mention the papers [2],[3],[16]-[22]. Concerning higher eigenvalues we refer
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to [29] where the authors provide a detailed spectral optimization analysis, upon density variations,
of general elliptic operators of arbitrary order subject to several kinds of boundary conditions. In [15]
numerical results were given for the Dirichlet and Navier version of of (1.1); while in [18] sharp upper
bounds for weighted eigenvalues in the Neumann case were provided.

In order to increase the numerator of (1.3), i.e. the first torsional eigenvalue, we adapt to our situation
the approach developed by [21], in the second order case, and which was partially extended to the fourth
order by [22], in order to optimize the first biharmonic eigenvalue under Navier or Dirichlet boundary
conditions. The main novelty of the present paper is the exploitation of the precise information we have
from [23] on the spectrum of problem (1.1) with p = 1; this fact allows us to partially overcome the loss
of positivity results for (1.1). Moreover, since we work with a domain © C R? rectangular, we perform
some computations explicitly; in particular, we obtain upper bounds on longitudinal eigenvalues that,
suitable combined with some rearrangements arguments inspired by [13] and [16], give the analytic
expression of weights reducing the denominator in (1.3), see Theorem 3.4. Finally, in Section 4 we
complete our theoretical results with numerical experiments; they provide weights increasing the ratio
(1.3) and suggest a maximizer to (1.3).

The paper is organized as follows. In Section 2 we introduce some preliminaries and notations and we
recall the known results in the case p = 1. Section 3 is devoted to the main results of the paper, which
we prove in Section 5. The theoretical results are complemented with numerical experiments collected
in Section 4, where we give some practical suggestions about the location of the reinforcements in the
plate. Finally, in the Appendix we complete our analysis of problem (1.1) by providing a Weyl-type
asymptotic law for the eigenvalues.

2. PRELIMINARIES AND NOTATIONS

From now onward we fix Q = (0,7) x (—¢,¢) C R? with £ > 0 and o € (0,1/2). We denote by || - ||,
the norm related to the Lebesgue spaces L1(€2) with 1 < ¢ < oo and we shall omit the set  in the
notation of the functional spaces, e.g. V := V(). The natural functional space where to set problem
(1.1) is

H2={ueH*:u=00n{0,7} x (—£,0)}.
Note that the condition © = 0 has to be meant in a classical sense because {2 is a planar domain and the
energy space H2 embeds into continuous functions. Furthermore, H2 is a Hilbert space when endowed
with the scalar product

(u,v) g2 := / [AuAY + (1 — 0)(2UgyVay — UzaVyy — UyyVzz)| dz dy
Q

and associated norm
||U||12qg = (u,u)pz,

which is equivalent to the usual norm in H?, see [23, Lemma 4.1]. Then, we reformulate problem (1.1)
in the following weak sense

(2.1) (U, v) g2 = )\/ plx,y)uwdrdy Vo€ HZ,
Q

where p belongs to the family of weights P, g defined in (1.2) with a, 8 € (0,400) and a < f fixed.
We underline that condition p € P, 3 implies a < 1 < 8 since [ pdrdy = |Q|. Moreover, it is not
restrictive to assume o < 1 <  when we consider weights that do not coincide a.e. with the constant
function p = 1. In fact, if we assume 8 = 1, it must be p = 1 a.e. in ), since otherwise we would have
fQ pdx dy < |Q|; similarly, if we put a = 1. For these reasons, since the aim of our research is to study
the effect of a non-constant weight on the eigenvalues of (1.1), in what follows we will always assume

l<a<l<p.

The bilinear form (u,v) m2 is continuous and coercive and p € L™ is positive a.e. in ), by standard
spectral theory of self-adjoint operators we infer
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Proposition 2.1. Let p € P,g. Then all eigenvalues of (2.1) have finite multiplicity and can be
represented by means of an increasing and divergent sequence A\ (p) (h € Ny ), where each eigenvalue
is repeated according to its multiplicity. Furthermore, the corresponding eigenfunctions form a compete
system in H2.

We refer to [29, Lemma 2.1] for a detailed proof of Proposition 2.1 in a more general setting. On the
other hand, it is well-known, see [20, 26], that the following variational representation of eigenvalues
holds for every h € N:

el 2
(2.2) An(p) = inf sup 5.
WihCH2  wewy\{0} lv/Pull3

dim Wy =h

When h =1, (2.2) includes the well known characterization for the first eigenvalue

a2

(2.3) AM(p) = inf —.
ue H2\{0} [|\/pull3

If h > 2, the minimum in (2.2) is achieved by the space W}, spanned by the h-th first eigenfunctions.
Assuming that the first h — 1 eigenfunctions, w1, uo, ..., us_1 are known, one also obtains

Jul

1 72 .
ueH2\{0} 1 Ilv/pull3

(u’“i)HE =0Vi=l,...,h

(2.4) An(p) =

When p = 1, we recall that the whole spectrum of (1.1) was determined in [23] (see also [6]); we
collect what known in the following proposition.

Proposition 2.2. [23] Consider problem (1.1) with p =1. Then:

(i) for any m > 1 integer there exists a unique eigenvalue X = A1 € (1 — o?)m*, m*) with
corresponding eigenfunctions ¢m, 1(y) sin(maz) with ¢m 1(y) given in (2.6);
(i1) for any m > 1 and any k > 2 integers there exists a unique eigenvalue X = Ay, > m* sat-

2 2
isfying <m2 + 2—22 (k: — %)2> < ik < (m2 + %22 (k— 1)2> , with corresponding eigenfunctions

Gm k() sin(maz) with ¢ 1 (y) given in (2.6);

(iii) for any m > 1 and any k > 2 integers there exists a unique eigenvalue X = A™F > m?* with
corresponding eigenfunctions ¥, 1 (y) sin(max) with 1y, k(y) given in (2.6);

(iv) for any m > 1 integer, satisfying fm~/2 coth(ém+/2) > (277")2, there exists a unique eigenvalue
A =A™ e (Ap1,mb) with corresponding eigenfunctions Y 1(y) sin(ma) with Ym1(y) given
in (2.6).

Finally, if

o

2
(2.5) the unique positive solution s > 0 of: tanh(\@sf) = (2 > V2sl is not an integer,

-0
then the only eigenvalues are the ones given in (1) — (iv).

In the following, we will always assume that (2.5) holds.
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At last, we recall the analytic expression of the functions ¢y, (y) and ¥, 1 (y) of Proposition 2.2. For
m, k € Ni, we define:

1 om? — c2 1 c2 1—0m2
m = o h Cm o h m
m.1(y) N { cosh(€¢pm 1) cosh(yem,1) + cosh(€ ¢ 1) cosh(y ¢ 1)}
1 om2+c$nk EiqkfamQ
m = . h Cm - m
26) . (y) Nm,k{ cosh(£¢p, k) cosh(y ém.k) + cos({ ¢ k) cos(y e k)}
2.6 9 —2
1 om? + d?, — d,, . —om?
’(/)m,k(y) = k { . = ’k Sinh(y dm,k) + — ok Sin(y dm,k)}
N™ sinh(¢ dm,k) sin(¢ dm,k)
)
1 m? — d2, - d,, | — om?
Y (y) = : { U. 1 sinh(ydp 1) + ——— 17 sinh(y dm_l)} ,
' N™1 | sinh(£d,y, 1) ' sinh(£dy, 1) ’
where

e = )2 =2 g =\ (M) V2 + m?

o o= \/|(Am,k)1/2 — m2| Ao = \/(Am,k)1/2 T+ m2,

with A;, ;. and A™F defined in Proposition 2.2, and Nm,k,Nm’k € Ry are fixed in such a way that
| &mk(y) sin(mz)llz = [[¢nk(y) sin(ma)l|z = 1.

Remark 2.3. Denote by A,(1) (h € N ) the sequence of eigenvalues of (1.1) with p = 1; this sequence
can be written explicitly by ordering the eigenvalues given by Proposition 2.2. Then, for all p € P, g,
the characterization (2.2) readily gives the stability inequality

An(1 An(1

L g )\h(p) g Lj

B o
for every h € Ni. In applicative terms, if we choose materials having similar densities, we obtain
eigenvalues close to those of the homogeneous plate.

By Proposition 2.2 we distinguish two classes of eigenfunctions of problem (1.1) with p = 1:

e y-even eigenfunctions ¢y, ,(y) sin(ma) corresponding to the eigenvalues A, 1;
e y-odd eigenfunctions v, 1(y) sin(mx) corresponding to the eigenvalues AR

As in [11], this suggests to introduce the subspaces of H2:

H = {u € H : u(z, —y) = u(z,y) V(z,y) € Q},

H(29 = {’LL € Hf : U(QZ‘, _y) = —U(IE,y) V(l’,y) € Q}?
where

H? 1 H)Y H?)=H}o H}.

By the symmetry assumption on p € P, g it is readily verified that all linearly independent eigenfunc-
tions of (1.1) may be thought in the class HZ or in the class HZ. We call the eigenfunctions belonging
to Hg longitudinal modes and those belonging to H(% torsional modes. In what follows we order all
eigenvalues of (1.1), repeated according to multiplicity, into two increasing and divergent sequences:
the sequence of the eigenvalues p;(p) (j € N4) corresponding to longitudinal eigenfunctions and the
sequence of the eigenvalues v;(p) (j € N) corresponding to torsional eigenfunctions. From Proposition

2.2 we infer that the sequences 11;(1) and v;(1) can be written explicitly by ordering, respectively, the
numbers A, ; and A™F_ In particular, we have

(2.7) AM(1) = p1(1) = Ay < vi(1) = min{Ab AB2}

For actual bridges, one usually has v1(1) = A2, indeed the inequality required in Proposition 2.2-iv)
is not satisfied for ¢ small, see Table 1 in Section 4. We note that, even in the case p = 1, simplicity of
eigenvalues is not know, hence, in principle, the same eigenvalue may correspond either to longitudinal
and torsional eigenfunctions. However, our numerical results show that “low” eigenvalues are simple
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for ¢ < m and o € (0,1/2), furthermore “high” modes are activated by bending energy so large that
they not appear in realistic situations; it follows that eigenvalues are expected to be simple in the
applications.

For future purposes it is convenient to characterize in a variational way longitudinal and torsional
eigenvalues. First, for j € N fixed, we introduce, respectively, the spaces U Jg C Hg of the first (j — 1)
longitudinal eigenfunctions and Uj(9 C HZ of the first (j — 1) torsional eigenfunctions of (1.1). Then
we define

Vj‘s ={ucH}: (u,v)g2 =0 Vv e Uf}, VjO ={uc H} : (u,v)g2 =0 Vo€ Ujo},
where if j = 1 we mean Vf = H 2 and VP =H ¢ Finally, using (2.4), we set
lulli o Ml

(2.8) pi(p)= inf ——= and vij(p)= inf —.
’ uevE(o} |/ ulls ’ uevO\(oy [[v/Pull3

3. MAIN RESULTS

As in Section 2 we always assume
1
0<0<§ and a<l<f (a,0 € (0,40)).

The final goal of our analysis is to maximize the ratio (1.3) with the family P, g defined in (1.2). To
this aim we need first to clarify which eigenvalues we shall consider in the ratio; the model situation
we have in mind is a motion concentrated on a longitudinal mode, with corresponding eigenvalue p;
and we want to prevent the transfer of energy from this mode to the nearest torsional one v;, for
suitable i,7 € N4. Rocard [33, p.169] claims that, for the usual design of bridges, the eigenvalues of
the observed longitudinal oscillating modes are larger than those of torsional modes, i.e. p; < v;. For
the homogeneous plate this inequality readily follows from (2.7) if 7 = ¢ = 1. More in general, we set

(3.1) Jo :=max{j € Ny :v1(1) — p;(1) > 0}.

Clearly, jo > 1 and jo = jo(¢,0); in our numerical experiments, for several values of ¢ and o chosen,
taking into account real bridges, we always obtain jo = 10. As explained in [9, Section 1] this number
is in accordance with what reported in the Federal Report [1], since a moment before the collapse of
the Tacoma Narrows Bridge the motion was involving nine or ten longitudinal waves. Coming back to
the choice of the eigenvalues in the ratio (1.3), for what observed, we finally focus on the problem

(3.2) R = sup Vl(p).
pEPy. 5 Mo (p)

Note that if jo > 1, then v1(p)/1jo(p) < v1(p)/p;(p) for all 1 < j < jo; therefore weights p increasing
the value of v1(p)/ ), (p) also increase the value of v1(p)/p;(p) for all 1 < j < jo.
First we prove

Theorem 3.1. Let jo € Ny be as defined in (3.1). Then, problem (3.2) admits a solution.

As already explained in the introduction, a precise theoretical characterization of maximizers to
problem (3.2) seems hard to reach at the current state of studies. For this reason, we concentrate our
efforts in looking for weights increasing vq(p) or reducing pj,(p), separately. We start by facing the
problem

(3.3) V?’B = sup v1(p),

pEPa,B
where v1(p) is defined in (2.8) taking j = 1. We call optimal pair for (3.3) a couple (p,u) such that
p achieves the supremum in (3.3) and @ is an eigenfunction of v1(p). In the following we will always
indicate with yp the characteristic function of a set D C R2. In Section 5 we prove
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Theorem 3.2. Problem (3.3) admits an optimal pair (p,0) € Py x H%. Furthermore, @ and p are
related as follows

ﬁ(w y) = BX§(9C y) +axg g, y)  forae (z,y) €,

where S = {(z,y) € Q : /} for some t > 0 such that |S\ = B < 9.
Next we focus on longitudinal eigenvalues. For j € N, we set the minimum problem
.4 anB = f

(3-4) uy = dnf (),

where 11;(p) is as defined in (2.8). We call optimal pair for (3.4) a couple (p;, ;) such that p; achieves
the infimum in (3.4) and %; is an eigenfunction of y;(p;). When j = 1 the counterpart of Theorem
3.2 for problem (3.4) is basically known from [8] where the minimization issue for A;(p), as defined in
(2.3), was dealt with. More precisely, the same proof of [8, Theorem 3.2] with minor changes yields the
following statement;:

Proposition 3.3. [8] Set j = 1, then problem (3.4) admits an optimal pair (py,u1) € Popg x HE.
Furthermore, W, and p; are related as follows

Pi(z,y) = axs, (z,y) + Bxas, (z,y)  for a.e. (:n,y) €,
where Sy = {(z,y) € Q : ws(x,y) < t1} for some t; > 0 such that |S1| = |Q|

Things become more involved for higher longitudinal eigenvalues. Indeed, the proofs of Theorem 3.2
and Proposition 3.3 are based on suitable rearrangement inequalities, see Lemma 5.4 below, involving
p and Py, respectively; this approach does not carry over to the case j > 2 since, in general, the
orthogonality condition in the sets ng of (2.8) is not preserved when changing weights. For this reason,
we proceed differently and we lower p;(p) “indirectly”. More precisely, we first derive upper bounds
for 11;(p), where the eigenfunctions w; are, in some sense, replaced by functions suitably chosen in Hg;
then we look for weights effective in lowering the upper bounds and, in turn, p;(p). We do not claim
that this indirect approach will give the optimal density, however it suggests explicit weights effective in
lowering higher eigenvalues and furthermore it provides a theoretical validation of the numerical results
we collect in Section 4.2.

For j > 2 fixed and m = 1,...,j, we introduce the following functions having disjoint supports

Q- . J
sin”(jz) if (x,y) € O,

3.5 W (x,y) = ,

(3:5) m(®y) {0 if (z,) € Q\ U,

. -1 _
where QF, := (M, m) x (—£,0) C Q; it is readily checked that w,, € C'(Q) N HZ for all
J J

m =1,...,5. Then, we prove:

Theorem 3.4. Let j > 2 integer, then problem (3.4) admits an optimal pair (p;,uj) € Papg X HZ and
there holds

3.6 wi(p) < inf { max { }}]39
( ) ]() pEP. 5 | m=1,....j H\/»ﬂ]mHZ ’ ‘

In particular, denoting by Pgeg ={pePyp:plx,y) = p(m + F,y), for a.e. (x,y) € Q}, we have

1
(3.7) pj(p) < inf { — }j4!Q\
’ per?s | |ly/p sin®(jz)|I3

and the latter infimum is achieved by the functions

pi(z,y) = axs;(z,y) + Bxas, (z,y)  for a.e. (z,y) €,
where S; = {(z,y) € Q : sint(jx) < t;} for tj > 0 such that |S;| = ,8 - |Q|
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Remark 3.5. A comment on the choice of the functions wy, is in order. The idea of taking func-
tions m/j-periodic in the x-variable comes from the explicit form of the longitudinal eigenfunctions of
Proposition 2.2; slightly changes in the analytic expression of functions wy, will qualitatively produce
the same weights p;, e.g. replacing sin®(jz) with sin®(jz) (n > 2 integer) or exp [ — 1/(1 — |z|*)]
properly rescaled and shifted in each Qf,. We underline that there is accordance between the optimal
weights found numerically in Section 4.2 and the weights p; of Theorem 3.4.

sin(52)

FIGURE 1. Plots of z = sin4(5x) intersected with the plane z = t5 and the correspondent
set S5, related to the weight ps(z,y), for a plate with £ = 7/150 (o = 0.5, 5 = 1.5).

We observe that, while the sets S and S1 of Theorem 3.2 and Proposition 3.3 depend on the unknown
functions u and @y, the set S; of Theorem 3.4 is explicitly given once determined ¢; > 0. As a matter
of example, in Figure 1 we plot the function z = sin*(5x), the corresponding set S5 and the related
weight ps(x,y). It is worth noting that the statement of Theorem 3.2 combines nicely with those of
Proposition 3.3 and Theorem 3.4 in increasing the ratio in (3.2). This is highlighted by the numerical
experiments we collect in Section 4.

4. NUMERICAL RESULTS

In the previous section we proved that an optimal weight maximizing the ratio v1(p)/pj,(p), with jo
defined in (3.1), exists. Then, in order to find information on its analytic expression, we decided to
minimize y;,(p) or maximize vy (p), separately. All the theoretical results obtained tell that the optimal
weights p € P, g, either for problem (3.3) and (3.4), must be of bang-bang type, i.e.

p(z,y) = axs(z,y) + Bxa\s(z,y) for ae. (z,y) € Q,

for a suitable set S C 2. In other words, the plate must be composed by two different materials properly
located in §2; this is useful in engineering terms, since the assemblage of two materials with constant
density is simpler than the manufacturing of a material having variable density. Unfortunately, Theorem
3.2 and Proposition 3.3 give no precise information on the location of the set S; nevertheless, through
suitable numerical experiments, we are able to suggest what could be the optimal design of the set S,
in problems (3.3) and (3.4), and to guess a possible maximizer to problem (3.2). For the applicative
purpose we may strengthen the plate with steel and we may consider the other material composed by
a mixture of steel and concrete; following this approach, the denser material has approximately triple
density with respect to the weaken, i.e. 8 = 3a.

4.1. Eigenvalues computation. We propose a numerical method to find approximate solutions of
(1.1) which relies on the explicit information we have from Proposition 2.2 (p = 1). We expand the
solutions u of (1.1) in Fourier series, adopting the orthonormal basis of L? given by eigenfunctions of
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the homogeneous plate. More precisely, denoting by z,(z,y) € H2 and 0,,(z,y) € HE, respectively,
the (ordered) longitudinal and torsional eigenfunctions of problem (1.1) with p = 1, u writes
oo
(4'1) u(m,y) - Z [szm($, y) + bmem('%y)} )
m=1
for suitable a,, b, € R. In order to get a numerical approximation, we trunk the series in (4.1) at
N € N and we plug the Fourier sum into (2.1). We recall that, for all m € N, z,, and 6,, solve:

(ZTmU)H,% = pim (1) (zm,v)2 Vv € Hf
(Om, V) g2 = v (1) (O, v)2 Vv € H?,

where (1) and v, (1) are defined in (2.8) with p = 1. Therefore, we obtain the following finite
dimensional linear system in the unknowns a,, and b,:
N

anpin(1) = p(p) 3 a
(4.2) m=1

N
an()—V()g b C

forn=1,...,N
where

v = /Q D(2,9) 20(@, ) 2, y) dady

Coom = /Qp(x, Y) On(2,y) Om (2, y) dedy.

In particular, by solving (4.2), it is possible to determine N approximated longitudinal eigenvalues
tn(p) and N torsional eigenvalues vy, (p). We observe that the decoupling between the unknowns a,
and b,, which produces eigenfunctions even or odd in y, is due to the assumption on p € P, g, being
y-even.

In order to compute numerically the eigenvalues 1, (p) and v, (p) for suitable choices of the weight p,
we fix from now onward:

(4.3) o=0.2 and (= —

150
which is a choice consistent with common bridge design. The explicit values of p, (1) and v,(1) are
computed by exploiting Proposition 2.2, see Table 1. When condition (4.3) holds, we numerically find
that the eigenvalues A™! do not exist for 1 < m < 2734 and that

pm(l) =Ap1 for m=1,...,113

Um(1) = A™2 for m=1,...,174.

Hence, by Proposition 2.2 we know that the basis of eigenfunctions exploited in (4.1) writes z,(x,y) =
®m,1(y) sin(ma) and 0, (x,y) = VYm2(y) sin(mz) for 1 < m < 113.

4.2. Numerical solution of (3.4). Let us begin by minimizing pi(p), i.e. the first longitudinal
eigenvalue of problem (1.1), as characterized in (2.8) with 7 = 1. In order to find the optimal weight
given by Proposition 3.3, we adopt a numerical algorithm proposed in [15] that we shortly illustrate
in the following. First we solve numerically (4.2) with a given weight p@ and we determine the

(4)

corresponding eigenfunction u;’. Then, we choose a weight at the next iteration pU*Y such that
1/ Du” 3 > [ly/pOut” 3,

i+1
a2,

in order to have

oy Jull?, Ju ”nm g ||H2 "

Uy = i i —h
ueﬂg\mnmunz Wmug“)nz 1v/pED w12 WpT |12
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(1) = A U (1) = A™2
m=1 9.60-107! m=1 1.09-10%
m=2 1.54-10! m=2 4.38-10%
m=3 7.78-10" m=3 9.86-104
m=4 2.46-102 m=4 1.75-10°
m=>5 6.00-102 m=5 2.74-10°
m=6 1.24-103 m=26 3.95-10°
m=7 2.31-10° m=7 5.38-10°
m=8 3.93-10° m=38 7.04-10°
m=9 6.30-103 m=9 8.93-10°
m =10 9.61-10° m =10 1.10-108
m =11 1.41-10% m =11 1.34-106
m =12 1.99-10% m =12 1.60-106

TABLE 1. On the left the lowest longitudinal eigenvalues p,,(1) and on the right the
lowest torsional eigenvalues vy, (1) of (1.1) with p = 1.

Note that to select p(it1) we exploited the rearrangement Lemma 5.4 below. Iterating, we obtain a
decreasing sequence of eigenvalues; since the infimum in (3.4) is achieved, the sequence is bounded

from below by u?’ﬁ so that it is convergent. We stop the algorithm when |,ugi+1) — ,ugi)| < €, with

e =10"%=1073. As pointed out in [13] it is not clear a priori if the sequence converges to ,ui"’ﬁ or not;
to avoid the latter case we repeated the procedure considering different weights at the first iteration
and we always obtain the convergence to the same values.

In Figure 2 we plot the set S; defined in Proposition 3.3 for the eigenfunction w; of the obtained
numerical optimal pair; clearly, the direction is to concentrate the denser material near the maximum
of W2. Since the set Q\ S; is similar to a rectangle, we propose the following analytic expression of the

approximated optimal weight for /ff”ﬁ :

ﬁl(x7y) :1_)1(‘1.) = BXH (:E) + QX (0,m)\I1 (.CB) for a.e. (x,y) €Q,

T r(l-a) 7« 7 (1—«
e 1= (5 82 5+ 55).

pl(xay)

FIGURE 2. Plot of z = w5(z,y) intersected with the plane z = ¢; and plot of the related
set 51 (a =0.5, 8 =1.5, N = 20).
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The previous algorithm can be adapted to determine ji; (ﬁj) for generic j € N, ; in particular, if j > 1
we apply the characterization (2.4) of eigenvalues, i.e. we consider the minimum onto the space Vf

instead of H. g The further difficulty is that, now, at the end of every iteration, we have to check that

ug-i)(:v, y) does not belong to the subspace spanned by {ugiH), ol

JUj )}, for more details see [15]. For
each j € N, the obtained optimal weight has the denser material concentrated near to the peaks of
the associated eigenfunction which are, approximatively, located at %(Qh — 1) with h = 1,...,7; this

is aligned with the statement of Theorem 3.4. Therefore, we propose the following approximated

optimal weight for M?’B :
(4.4) pj(@,y) =p;(@) :== Bxy;(x) + axomy; (), forae. (z,y) €Q,
J
s T(l—a) = 77(1—@))
where I; = | | [ Z@h—1) =T V=Y Tiop 1y T 1079 )
= U(gen-0-Fapay 5D+ Saa

The above results show that the optimal weight changes if we change j. Nevertheless, numerically,
we observe that the weight p;(z) in (4.4) reduces not only 1;(p;), but also all the previous longitudinal
eigenvalues ;(p;) with 1 < 7 < j; while it increases p;(p;) with ¢ > j. This means that, if it were
possible to predict the highest mode of vibration for a plate during its design, then there would be an
optimal reinforce for it, reducing at the same time all the previous ones.

4.3. Numerical solution to (3.3). About the maximization of the first torsional eigenvalue, we
cannot adapt the algorithm in [15] that only works for infimum problems. Nevertheless, Theorem 3.2
suggests to put the denser material in the region S = {(z,y) € Q : @3(z,y) < t} for some > 0,
where u is the eigenfunction corresponding to v;(p). Since we do not know explicitly u, we proceed by
trial and error; we start by replacing u with the first torsional eigenfunction 6, (x,y) = 11 2(y) sin(x)
of problem (1.1) with p = 1 and we define the weight p*(z,y) := Bxs«(z,y) + axo\s-(v,y) where
S* = {(x,y) € Q : 2(x,y) < t*}, for t* > 0 such that |S*| = ;}:—Z |2]. Then, we proceed by solving
(1.1) with p*, obtaining a new first torsional eigenfunction u* to which we associate, as done for 6, a
new weight p** of bang-bang type; iterating the procedure, we observe that the obtained weights are
always very close to p*, so that we conjecture that the theoretical optimal weight p of Theorem 3.2
is qualitatively very similar to p*. In Figure 3 we plot S* and in Table 2 we give the corresponding
eigenvalues.

(r2y) sm(@)? 4

FIGURE 3. Plot of z = 03(z,y) = (¥1.2(y) sin(x))? intersected with the plane z = t* and
plot of the related set S* (o = 0.5, § = 1.5).

In order to find a reinforce more suitable for practical reproduction, inspired by Figure 3, we consider
in our experiments a second weight depending only on y and concentrated around the mid-line y = 0,
ie.

P(x,y) = p(y) = Bxy(y) + ax_gonily) forae. (z,y) € Q,
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where [ := ( — e([f?__al), Z(g__;)). Clearly, this choice produces some simplifications in the problem and
the coefficients in (4.2) become simpler, see also [8, Section 4]. The obtained eigenvalues are again
collected in Table 2.
Since the weight p(x, y) increases v (p) less than p*(x,y), we keep as approximated optimal weight
for v}’ 2,
p(x,y) = Bxs+(x,y) + axa\s+(z,y) for ae. (z,y) €,

where S* = {(z,y) € Q : (61)*(x,y) < t*} for t* > 0 such that |S*| = %Kﬂ

p=1 P1o(z) P (z,y) p(y) p(x) p(z,y)

AL | ——a | W |

pi(p) | 9.60-1071 9.60-10~! 1.16 9.60-10~! 1.40 9.86-10~!
wa(p) 1.54-101 1.54-101 1.66-10* 1.54-101 1.52-10* 1.58-10¢
us(p) 7.78-10 7.77-10 8.06-10* 7.78-10 8.05-10* 7.98-10*
wa(p) 2.46-10? 2.46-102 2.51-102 2.46-10? 2.96-102 2.52:10?
us(p) 6.00-10? 5.99-102 6.10-102 6.01-10? 6.78-102 6.16-10?
we(p) 1.24-10° 1.24-103 1.27-10° 1.25-103 1.31-10° 1.28-10°
wr(p) 2.31-10° 2.28-103 2.36-10% 2.31-10° 2.60-103 2.37-10°
us(p) 3.93-103 3.84-103 4.04-10° 3.94-103 4.55-10° 4.04-103
o (p) 6.30-103 5.87-103 6.48-10% 6.31-103 6.85-10% 6.47-103
w10(p) 9.61-103 7.28-103 9.90-10% 9.62-103 1.04-10* 9.55-103
p11(p) 1.41-10% 1.68-10% 1.45-104 1.41-10* 1.61-10% 1.45-10*
p12(p) 1.99-104 2.27-10% 2.05-10% 2.00-10% 2.24-10% 2.05-10%
v1(p) 1.09-10% 1.09-10% 1.98-104 1.75-10% 1.56-104 1.71-104
va(p) 4.38-10% 4.37-10% 6.88-10% 7.01-10% 4.14-104 6.84-10%
R 1.14 1.50 2.00 1.82 1.49 1.79

TABLE 2. The lowest longitudinal eigenvalues p;(p) with j = 1,...,12, the first two
torsional v;(p) with ¢ = 1,2 and the ratio R = :110(%2) of (4.2) with different weights,
assuming (4.3), « = 0.5, § = 1.5 and N = 30.

4.4. Numerical solution of (3.2). From the eigenvalues in Table 1 we infer

pi(l) < .o < pio(l) <vi(1) < pn(1) < ...

This is the reason why, we fix jo = 10 in (3.1) and we focus on the ratio R between v;(p) and p10(p).
In order to increase R we test weights raising v;(p) and lowering p10(p).

First we consider the optimal weight p,y(x) as defined in (4.4). As we can see from Table 2, it has a
limited effect on the variation of v1(p), so that it makes sense to minimize p19(p) in order to increase
the ratio (3.2).

Next we consider weights having strong effects on v;(p), such as the weights p*(z,y) and p(y) defined
in Section 4.3. Table 2 highlights that they have a confined effect on longitudinal eigenvalues. Moreover,
they increase the ratio R much more than the weights optimal for the longitudinal modes.

We complete the numerical experiments by testing other weights which seem to be reasonable in order
to increase R; more precisely, we consider a weight concentrated near the short edges of the plate:

p(z,y) = P(x) := axi(x) + Bxomi(x) forae. (z,y) € Q,
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where I := (% — ;r((g:ig 5+ ;r((g:ig ), and the cross-type weight p(z,y), given in the last column of Table
2, which is obtained by combining p;o(z) and p(y). From Table 2 we observe that these weights have
effects both on torsional and on longitudinal eigenvalues, so that they do not seem optimal for the ratio
R.

Summing up, since p*(z,y) increases the ratio R more than all the other considered weights, we
propose as approximated optimal weight for R:

(@, y) = Bxs+(z,y) + axaq\s+(z,y)  for ae. (z,y) € 2,

where S* = {(z,y) € Q : 6%(z,y) < t*} for t* > 0 such that |S*| = é:—‘;ﬂm, cfr. Figure 3.

Although the present work is focused on the first torsional eigenvalue, in Table 2 we also collect
the results obtained for the second torsional eigenvalue v»(p). We observe that the variation of vs(p)
follows the same trend of that of v (p) with respect to the considered weights, hence we may conjecture
that the same reinforcement could be adopted to optimize ratios involving subsequent (low) torsional
eigenvalues.

5. PROOFS

In what follows we will always assume that
1
0<0<§ and a<l<p (a,0€(0,+00))

and the family P, g is as defined in (1.2).

5.1. Proof of Theorem 3.1. The proof follows by combining three lemmas that we state here below.
In the first part of this section we will not need to distinguish between longitudinal and torsional
eigenvalues.

Given p € P, g, it is convenient to endow the space L? of the weighted scalar product: (pu,v)y2, for
all u,v € L?, which defines an equivalent norm in L2. Then, for h € N, we introduce the orthogonal
projection of u € H2, with respect to the above weighted scalar product, onto the space generated by
the first (h — 1) eigenfunctions uy, ..., u,—1 of problem (1.1):

h—1
Pya(pyu =Y (pu,wi)p2 ui;

i=1
when h = 1 we adopt the convection Py(p)u = 0. Finally, we recall the Auchmuty’s principle [5] stated
in our framework:

Lemma 5.1. Let p € P, g and A\, (p) the h—th eigenvalue of (1.1) with h € N, then

1
_2)\h(p) = uienfgf An(p,u)  where Ap(p,u) := §||u|ﬁ{3 —[v/P [u — Ph_l(p)u] ll2.

Furthermore, the minimum is achieved at a h-th eigenfunction normalized according to

1
2
U = |l\/pupl|2 = ——

Proof. The proof follows arguing as in [22, Lemma 3.3] by simply replacing H? N H¢ with H2. In
alternative, in [5] one can find the original proof in a general setting. O

Lemma 5.2. The set P, g is compact for the weak™* topology of L.

Proof. First we prove that P, g is a strongly closed set in L?.

Let {pm}m C Pap be a sequence such that p, — ¢ in L? (as m — +o0) for some ¢ € L?; then
pm — qin L' (as m — +00) and up to a subsequence (still denoted by p,,) we infer that p,, — q a.e.
in Q. Therefore, @ < ¢ < 8 and ¢ is y-even a.e. in ; moreover, [, pmvdrdy — [ quvdxdy for all
v € L?, so that, choosing v = 1 € L?, we obtain |Q| = fQ qdx dy. This implies that ¢ € P, 3 and P,z
is strongly closed in L2.
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Next, we show that any sequence {pp}m C P, admits a subsequence converging in the weak®
topology of L™ to an element of P, 3. By the definition of P, g we have ||pm |l < /5, so that, up to a
subsequence, we obtain

Dy, AP inL® ask— 0.
Moreover, we have ||pm, |3 < B]Q], so that, up to a subsequence, we infer that p,, — g in L? as
J

J — oo. It is easy to check that P, g is a convex set and, since convex strongly closed space are weakly
closed, we readily infer that g € P, g.
Therefore,

/pmkjvdxdy%/quxdy Ywel?cL! asj— with g € P
Q Q

and, since py,, AP in L™ yields fQ Py, vdx dy — fgﬁvd:ﬁ dy Yv € L', we conclude that p = 7 a.e.
in 2. Whence, p € P, g and the proof is complete. O

Lemma 5.3. Let A\p(p) the h—th eigenvalue of (1.1) with h € No. The map p — A(p) is continuous
on P, g for the weak™ convergence.

Proof. Let {pm}m C P, be a sequence converging in the weak™ topology of L™ to p, i.e.
Pm —7P in L™ asm — oo;
then p € P, g by Lemma 5.2.

To p.,, we associate the h-th eigenvalue Ay (py,) of (1.1) and an eigenfunction up(py,) normalized with
respect to the weighted scalar product, i.e. [o pm un(Pm) tr(Pm) d dy = Oy, where dpy is the Kronecker
delta for all h,7 € Ny and Ap(pm) = Huh(pm)H%{%

By (1.2) and (2.2) we have
Ap(1
Mip) < 2
where A (1) is the h-th eigenvalue of (1.1) with p = 1, implying that Ap(pm) = [[un(Pm) || g2 < An(1)/a.
Therefore, we can extract a subsequence, still denoted by up(pm, ), such that

Vp € Paﬁ,

)\h(pm) — Xh in R,
up(pm) = W, in H? asm — co.

Moreover, due to the compact embedding H? < L?, we obtain that uy(p,,) strongly converges to @y,
in L? as m — oo; this implies, for all v € H2, that

/pmuh(pm)vdxdy%/puhvdxdy as m — 0o
Q Q

indeed
‘/Q(pmw(pm) —puh)vdazdy’ < |lpmvll2]|un (pm) —uh\z+‘/ﬂpmuhvdxdy—APUhvdxdy‘ — 0,

since wpv € H? C L'. Therefore, we obtain
(uh(pm)av)Hg _)\h(pm)(pmuh(pm)vv)[; — (ahvv)Hg _Xh(ﬁﬂhyv)Lz Vv € Hf as m — o0,

inferring that ), is an eigenvalue of (1.1) and 7y, is a corresponding eigenfunction.

Arguing as before we also obtain [, pm un(pm) Ur (pm) dz dy = [ DU T, dz dy = Op, for all h,r € N,
so that )\ is a diverging sequence for h — co. To prove that A;, = A\,(p) for every h € N, we assume
by contradiction that, for p = P, there exists an eigenfunction 7 associated with the eigenvalue X such
that (p@,%s) ., = 0 for all h € Ny. We suppose that @ is normalized in HZ so that ||\/pall2 = 1/X;
applying Lemma 5.1 we have

1 1, - _ 1,_ —~_
(5.1) —m < An(pm, 1) = 5”“”%{3 = VPm [“ - thl(pm)u] l2 = 5”“”125(3 - H\/IBUH2 ==

1
2N
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where the convergence comes from
h—1

h—1
Pp—1(pm)u = Z (pmﬂ, Uz(pm) 2 Wi (Pm) — ﬁﬂ ﬂ L2 ;=0 inL”
i=1 i=1

Therefore, by (5.1), letting m — oo, we obtain
A= A(pm) = A Vh € Ny,
giving a contradiction since \; is an unbounded sequence for h — oo. Thus Ay = A (p), implying the
continuity of p — A (p) for every h € Ny fixed. O
Proof of Theorem 3.1 completed. Let us consider the function F' : (0, +00) x (0, 4+00) — R given
by F(t,s) := é, continuous on its domain. By Lemma 5.3, the maps p — vi(p) and p — pj,(p) are

continuous on P, g for the weak™ convergence; since v1(p) > pj,(p) > 0, we infer that F'(uj,(p), v1(p)) =
n(p)
1o (P)

minimum) of F(u,(p),v1(p)) =

is also continuous on P, g for the weak™ convergence. Finally, the existence of a maximum (or

vi(p)

1o (P)
5.2 of the set P, g for the weak™ topology of L.

on P, g follows thanks to the compactness proved in Lemma

5.2. Proof of Theorem 3.2. The existence of an optimal pair for (3.3) follows as in the proof of
Theorem 3.1 by considering the continuous function F'(1u,(p),v1(p)) = vi(p). In the sequel we will
denote by (p,u) € P, x HZ an optimal pair for (3.3) suitable normalized as follows

(5.2) “% = v (p) @l [k !
. v = = ——— an U = —Q.
! e 2 H2 = 0 (p)

VP al3

Next we state a couple of lemmas useful to complete the proof.

Lemma 5.4. Let u € H2\ {0} and let J : P, g — R be defined as follows

J(p) = /Qp(w, y)u® da dy .

Then, the problem

Iog = f J
8 pé%aﬂ ()

admits the solution
pu(z,y) = Bxz(e, y) + axg gz, y)  for ae (z,y) € Q,

where S = S(u) C Q is such that |S| = B Q] = ag Furthermore, define

(5.3) ti=sup {s >0

if t = 0 we have that

—~

z,y) €N : u(:c y) < 8}|<5a75},

S C{(z.y) € Q 1 u’(z,y) =0}
while if t > 0 we have that
(5.4) {(z,y) € Q WP (z,y) <t} €S C {(z,y) € Q:u?(z,y) < t}.

Similarly, the problem

My g := sup J(p)
pePa,B

admits the solution

pu(,y) = axg(z,y) + Bxg\g(z,y)  for a.e. (z,y) €,
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where S = S(u) C Q is such that |S| = g_% Q| =: Cyp and satisfies (5.4)-(5.3) with CNZ'a,g replaced by

Cap-

Proof. We only prove the statement for I, g since the statement for M, g follows basically by reversing
all the inequalities below. Since p, € P, g we have

Ia,ﬂ < J(pu) .
If we prove that
J(p) P J(pu) VP € Poc,,By

the thesis is obtained. To this aim, we first consider the case t > 0, we have

/QUQ(pu —p)drdy

—/ uz(ﬂ—p)d:rder/ uz(a—p)dwder/ u? (py — p) da dy
{u?<t} {u?>t} {u?=t}

<t/ <5—p>dwdy+t/ (a—p)dmdwt/ (pu— p) du dy
{u2<t} {u2>t} {u2=t}

:t/(pu—p)dxdy:(),
Q

where the last equality comes from the preservation of the total mass condition.
Similarly, for ¢ = 0 we have

/uz(pu—p)dxdy:/ u? (py —p)dzdy < 0.
Q {u2>0}

In both the cases we conclude that J(p) > J(py), and in turn that J(p,) = I, .

O
We will also invoke the Auchmuty’s principle recalled in Lemma 5.1 that, in terms of v (p), rewrites
1 1
5.5 — = inf A(p,u Alp,u) = =||ul|?» — g .
(5.5 ) = AB) A ) = Sl ~ Pl

By this, if (p,0) € P,p x H3 and (5.2) is satisfied, it is readily deduced that

1 1
5.6 sup inf A(p,u) = — =— — = inf A(p,u) = A(p,u).
(5.6) pepf,ﬁueHg (p,u) 2,3 () e (p,u) = A(p, u)

Furthermore, we have
Lemma 5.5. Let A(p,u) be as defined in (5.5), the following equality holds

(5.7) sup inf A(p,u) = inf sup A(p,u).
PEP, 5 uGH(Q9 UGH(Q9 PEP, 5

The proof of Lemma 5.5 is the same of [22, Lemma 3.7] once replaced the set H? N H& there with
our set H3 (strongly and weakly closed subspace of H?). Hence, we omit it and we refer the interested
readers to [22] or [21], where the proof was originally given in the second order case.

Finally, we prove

Lemma 5.6. There exists an optimal pair (p,0) € Papg x HZ as in (5.2) such that there holds

(5.8) [ B @dody < [ pla.g)@dady Vo€ Py,
Q Q
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Proof. The idea of the proof is taken from [22, Proposition 3.8], the main difference here is the use of
Lemma 5.4.
First we consider the functional B : H, (29 — R defined as follows

1 .

B(u) = sw A(p,u) = lullds — inf ||y/Buls,
pEPaﬁ * pEPOuB

and we claim that

(5.9) there exists 4 € Hp such that B(@) = inf B(u) = inf sup A(p,u)=:1.
uEHé uEH(Q9 pEP, 3

To this aim, let {ux} be a minimizing sequence for I, namely
1 .
“Nugl3s — inf ||ypuglla=T+o0(1) ask— +oo.
2 * pEPawg

By the boundedness of p and the continuity of the embedding H? C L? it is readily deduced that
luplZ < Cllugllz + 21 +o(1) as k — +oc

and, in turn, that
utllgz < C  for k sufficiently large,

with C,C > 0. Then, up to a subsequence, we have
up — uin Hf and wup > uwin L? ask — +oo.
Therefore,
3 < limin gl %

Next we take py as given in Lemma 5.4, namely such that

inf /p(:c,y)quxdy:/pg(x,y)UZda:dy.
Q Q

pePoz,B

Clearly,
lim /pa(x,y) uj dfﬂdyz/pa(ﬂc,y)u2 dx dy
k—+oco J Q

and

inf /p(w,y)ulidl‘dy</m(w,y)Uidl‘dy-
PEPu g JO Q

In particular, we conclude that
limsup inf / p(z,y) u2 de dy < lim sup/ pal(z,y)us dedy = inf / p(z,y) @ dedy.
k—+o0o PEPas JO k—+oc0 JQ PP SO

The above inequalities yield
B(w) < liminf B(ug) =1

k—+o0

which is the claim (5.9).
By combining (5.6), (5.7) and (5.9), it follows that

sup A(p,u) = inf sup A(p,u) = sup inf A(p,u)=A(p,u)= inf A(p,u).
pEF. B u€HE pePy g pEP, g ucH} ueH}

In particular, this implies that

(5.10) Alp,u) < sup A(p,u) = inf A(p,u) <A(p,u)  Vpe Pap
pePy 3 uGH?Q
and that

AB,0) < sup A(p,a) = inf A(fu) < AFu)  Vue Hb.
pEPy UEH(QD
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From the above inequality we infer that @ is a minimizer of A(p, u), hence an eigenfunction of v (p),
see (5.6). Then, (p,u) is an optimal pair as defined in (5.2) and we may take u = @ in the statement.

Furthermore, by (5.10) with © = u we get
Alp,u) < Ap,u)  Vp€ Pag,
which, recalling the definition of A(p,u), yields (5.8).
]
Proof of Theorem 3.2 completed.
Step 1. Let (p,u) € P, x H% be the optimal pair given by Lemma 5.6 and set pg(z,y) :=
Bxs:(,y) + axa\s, (z,y) with Sz = S(u) as defined in Lemma 5.4; we prove that

(5.11) VP all3 = |lv/pz all3.

By Lemma 5.4 on problem I, g we know that

/ Bla,y) @ drdy > / pale,y) @ dedy.
0 0

On the other hand, by (5.8) with p = p; we infer

/ Pz, y) 0 dedy < / pa(z,y) 0 dady .
Q Q
Comparing the above inequalities, the proof of Step 1 follows.

Step 2. Let (pg,u) € Py X H(% be as in Step 1 and let ¢ > 0 be the number corresponding to @ in
Sz. We prove that p = p; a.e. in Q.

By (5.11), if t = 0 we have

0= / (P — pa)a® de dy — / (P — po)i? do dy + / (- o) do dy,
Q {u2=0} {a2>0}

implying pu = a@ a.e. in . On the other hand, since u € H*(Q) we can write almost everywhere

the Euler-Lagrange equation related to the Rayleigh quotient of v —_— (p) and, for what observed

above, we infer that
AT = V?’Baﬂ a.e. in Q.
Recalling that u satisfies the partially hinged boundary conditions, this means that it must be one
of the eigenfunctions listed in Proposition 2.2; since the set of zeroes of any of the eigenfunctions of
Proposition 2.2 has zero measure, this contradicts the definition of S; and forces S; to be a set of
positive measure. Whence, the above arguments proves that t> 0.
For t > 0 we set

Ap={(z,y) € Q : @ (x,y) = }.
By (5.11) we obtain

0= /(ﬁ— pa)u dx dy = / (p— B)a? dzdy + / (p— a)u? dz dy + / (P — pa)u? dx dy.
Q {a2<t} {a2>t} Ap

Assume by contradiction that p > a in a set A C {4 > t} with |A] > 0, then we get
[ o-a@-dardy> [((-a)@-Ddsdy>0
{a2>1} A

and, in turn, that f{az,%} (p— )u?dx dy > /t\f{62>tA} (p — a) dz dy. Whence,

0>/ (ﬁ—mwxdm/ @—a)dwdw?/@—pa)dxdyﬁ/@—pa)dxdy:o,
{@2<i} {@2>7) A @

T
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where the last equality follows from the preservation of the total mass condition. This contradicts the
definition of the set A and implies p = a a.e. in {u? > ﬂ Proceeding as before, we suppose that p < 3
in a subset of positive measure of {4? < ¢} and we obtain a further contradiction

057 [ G- dedy+T [ (- po)drdy=7 [ (G- p)dedy=0.
{a2<t} A Q
a?ﬁ

It remains to study pin Az When [Az] > 0, we write the Euler-Lagrange equation related to v;"” = v1(p)
obtaining

t

2~ a7ﬁ AN~ . N
A*u=v""pu a.e. in Ap

Since 42 =t we get 0 = Vf"ﬁ p, that is absurd since p > a > 0. This implies that A; must have zero

measure, so that p = pg a.e. in Q.

Step 3. Since |47 = 0, also |A;\ S5| = 0, therefore it is not restrictive, up to a set of zero measure,
to assume that A\ Sz = 0 in such way that A; C S and, in turn, that

Si = {(z,y) € Q: @ (x,y) < F}.

5.3. Proof of Theorem 3.4. The existence issue follows as in the proof of Theorem 3.1 by considering
the continuous function F'(u;(p), v1(p)) = pi(p).
Fixed j > 2, by the characterization (2.2) of p;(p), we may choose W; = {wi,...,w;} C H2, where

the functions w,, for m =1,...,j are defined in (3.5). Therefore, we obtain
Hj\P SUp ———5 = max  ——5 .,
T ueW ;\{0} lvpull3 — m=1."5 | |l\/Pwml3

where we have exploited the fact that the space Wj is generated by disjointly supported functions.
Since [lwm |32 = [©2|5°, we finally obtain the upper bound (3.6).
In order to reduce this bound and, in turn ,uf;-“’ﬁ , it is convenient to choose a weight p having the same

effect on every |\/pw,|3; this suggests to take a weight 7 /j-periodic in z, i.e. p € Pgeg. In this way
we obtain

1 9.
IVPwnll3 = 3”\/]351T12(.79€)||%7

and the proof of (3.7) readily follows from (3.6).
The last part of the statement comes out by slightly modifying the proof of Lemma 5.4 by which we
infer that the problem

inf /p(x,y) sin(jz) dx dy
peEPYS Ja

admits the solution
pi(z,y) = axs;(z,y) + Bxas, (z,y) for ae. (x,y) €2,
where S; = {(z,y) € Q : sin(jz) < t;} for t; > 0 such that |S;| = g%i |Q2].

6. APPENDIX

The aim of this section is to give further information on the eigenvalues A, (p) (h € N4 ) of (1.1); in
particular, we compare problem (1.1) with the more studied Dirichlet and Neumann type problems and
we derive a Weyl-type asymptotic law for Ay (p) .

We begin by writing the above mentioned problems in our rectangular domain €2; the Dirichlet
problem reads

A%y = \p(x,y)u in Q

(6.1) w(0,y) = uz(0,y) = u(m,y) = uz(m,y) =0 for y € (=¢, 1)
u(z, £0) = uy(z, £0) =0 for z € (0,7),
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with weak form
/ AulAv = )\/ puv Vv € HE.
Q Q

The Neumann type problem reads

A%y = \p(x,y)u in Q

Uz (0,Y) + 0ty (0,Y) = tzae(0,y) + (2 = 0)uyy(0,y) =0 for y € (—¢, )
(6.2) Uz (T, Y) + OUyy (T, Y) = Ugaa (T, y) + (2 — 0)uyye(m,y) =0 for y € (—¢,4)

Uyy (2, £O) + oUze (2, £L) = Uyyy (2, £L) + (2 — 0)Ugay(x, L) =0 for z € (0, )

Uy (0, £0) = Ugy (7, £0) =0

with weak form
(u,v)H*zz)\/p(x,y)uvdxdy Vv e H?,
Q

where the scalar product (-, ) 2 is defined in Section 2. It’s worth mentioning that the corner conditions
in (6.2) make consistent the two formulations of the problem (classical and weak), while they are
unnecessary when dealing with problem (1.1). Indeed, u € H2 N C%(Q) clearly satisfies u(0,y) =
Uy (0,) = uyz(0,y) = Uazy(0,y) = uyy(0,y) = 0 for all y € [—¢, /] and similarly it happens for z = 7.
We refer to [23, Sections 4] for the derivation of the boundary conditions in (1.1) and to [14] for those
in (6.2), see also [32] for the formulation of (6.2) in a more general setting.

By exploiting the inclusions H3 C H2 C H?, we derive

Proposition 6.1. Let p € P, 3 and let A\p(p) be the eigenvalues of (1.1). Furthermore, denote with
AP (p) and AN(p) the divergent sequences of eigenvalues of (6.1) and (6.2). There holds:

(6.3) AY(p) < Au(p) S AP (p)  for all h € Ny

and
h? 1672

( Jo \/15d*73d3/)2

We refer to [12] for similar comparisons and a sharper asymptotic analysis in the Neumann case for
the homogeneous plate.

An(p) ~ as h — +oo.

Proof. The proof is based on the variational characterization of the eigenvalues (2.2) and on some
general results presented in [24].
To prove (6.3) we observe that, by density arguments, it follows that |[Aul3 = [ju||%. for all

u € HZ(Q); in this way we may write both the variational representation of Dirichlet and Neumann
eigenvalues in (6.1) and (6.2) as

Dir , [ull 2 New . [ull7
Ay (p) = inf sup ——— and Ay“(p)= inf sup oL
WiCHZ  uew,\{0} lv/Pull3 WihCH?  weWw,\{0} |v/Pull3
dim Wjy,=h dim Wp,=h
Observing that H3 C H2 C H?, we infer
. ez lul2, lul
in sup in sup in sup
wiCH?  wew\{o} vVPull3 = wicH?2  wewnqoy IvDulls ~ wacHZ  wew,\{oy lv/Dull3’
dim Wy =h dim Wy, =h dim Wp=h

implying inequality (6.3).
Finally, the asymptotic law for A, (p) follows from [24, Theorem 4.1, 4.2], where the authors prove

h? h?
(fQ \/ﬁalgf/“ly)2 (fQ ﬁdxdy)z

implying the same asymptotic behavior for A, (p). O

AP (p) ~ 1672 and  AN(p) ~ 167> as h — +oo,
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The estimate (6.3) confirms the general principle that, fixed h € N, any additional constraint
increases the eigenvalue and, therefore, the vibration frequency. We point out that the Dirichlet prob-
lem represents the most constrained situation, while the Neumann the most free. Problem (1.1) has
intermediate boundary conditions, reflecting the trend given by (6.3).
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