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Abstract

A 3-stage model is used to evaluate the results of an experimental cam-

paign, previously carried out with the aim of studying the deflection of

reinforced concrete structures made with reinforced concrete (RC) and

fiber-reinforced concrete (R/FRC). In particular, 12 four-point bending tests

were performed on beams, whose cross-sections were obtained by combin-

ing four effective ratios of the tensile reinforcement (i.e., 0.73%, 1.7%, 3%,

and 6.3%), two concrete covers (i.e., 32 mm and 82 mm), and three

amounts of steel fibers (0, 0.5%, and 1.0% in volume) recycled from end-of-

life tyres. In reinforced beams with low reinforcement ratios, there is a

reduction in deflections and the load at yielding of steel increases with the

content of fibers. On the contrary, the mechanical behavior of R/FRC and

RC beams does not substantially differ in presence of a high effective rein-

forcement ratio. These experimental observations are in accordance with

the results of the three-stage model, introduced herein to predict the possi-

ble variation of the load-deflection curves. For a given deflection, the

model provides a possible range of applied loads, whose upper bound is

related to the situation of incipient cracking (i.e., the maximum tension

stiffening effects), whereas the lower bound concerns a fully cracked beam

(i.e., the minimum tension stiffening effects). Regardless of the content of

fibers, the difference between the upper and lower bounds vanishes in

highly reinforced concrete beams.

KEYWORD S

four-point bending tests, FRC, load-deflection diagrams, moment-curvature relationship,
tension-stiffening, three-stage model

1 | INTRODUCTION

In the last years, deflection control of reinforced concrete
(RC) elements has become more important. Indeed, the
limits of deformation are the most critical requirement,
especially in beams subject to bending actions.1 In
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designing new constructions, the depth of RC beams can
be determined by slenderness limits which, for a given
span, provide a minimum effective depth.2,3 These
limits provide enough stiffness and to avoid total deflec-
tions larger than 1/250 of the span length and deflec-
tion happening after the construction of partitions
larger than 1/500 of the span. The latter is normally
the appropriate limit for quasi-permanent loads when
deflections can damage adjacent structural or non-
structural components.4

In the serviceability stage, deflection depends on the
stiffness of RC beams, which is in turn reduced by
the presence of cracks in the tensile zones. As cracking is
a random phenomenon, the so-called tension-stiffening
effect (i.e., the stiffness of concrete in tension between
two consecutive cracks) varies within a range.5 The
amplitude of this range depends on the percentage of
reinforcement in the tensile zone, on the concrete cover
and on the presence of fibers in the cement-based
matrix.6

In fiber-reinforced concrete (FRC), the bridging effect
of fibers tends to reduce the crack width.7 Thus, in
R/FRC beams, reinforced by both rebar and fibers (so-
called hybrid reinforcement), the limitation of crack
width is easier to satisfy than in RC beams under the
same service loads.8 Also, the stiffness of FRC structures
is expected to be greater than that of plain concrete struc-
tures.9 Nevertheless, deflections in R/FRC beams are not
always lower than those of RC beams, as recently shown
by Hamrat et al..10 Indeed, the influence of steel fibers in
increasing the stiffness of cracked cross-sections depends
on the amount of longitudinal rebar in tension.11 More-
over, models used to calculate the deflection of RC
beams, and based on the definition of a single moment-
curvature (M–χ) relationship,12 are not always effective
in computing the deformation of R/FRC beams. Indeed,
the possible variations of tension-stiffening caused by the
randomness of crack patterns, and by the presence of
fibers, are generally not included in the calculation of
M–χ diagram.

Thus, a new range model for M–χ, similar to that
used to predict the behavior of reinforced concrete ties,6

is also desirable for R/FRC beams. Through this model,
the capacity of Recycled Steel Fibers (RSF) to improve
the mechanical and environmental performance of con-
crete beams can be definitely assessed.13 The investiga-
tions on reinforced concrete beams containing recycled
steel fibers are very scarce, especially in the serviceability
stage. Thus, the results of the experimental and theoreti-
cal analyses presented herein, can contribute to the
design of R/FRC beams containing RSF and to reduce
the environmental impact of the construction industry
as well.

2 | DESCRIPTION OF THE
EXPERIMENTAL INVESTIGATION

The results of the tests performed on 12 full-scale beams
at the Technical University of Madrid (UPM),14–17 are
described and analyzed in the following sections.

2.1 | Materials

Eight of the beams have been cast with Self-Compacting
Concrete (SCC) containing RSF from end-of-life tyres.
The composition of SCC is shown in the Table 1. RSF,
which are generally crooked after the shredding process,
have variable length and aspect ratio (average
length = 15 mm, and average aspect ratio = 100). Two
cement-based mixtures, B and C, made with the same
SCC, but containing different percentage in volume of
RSF (i.e., 0.5%, and 1%, respectively), have been com-
pared with a previous experimental campaign. In this
campaign, four beams with the same geometry but cast
using conventional RC (mix type A) were tested.16 The
mechanical properties of these concretes are listed in
Table 2. In particular, the average value of the compres-
sive strength, fcm, has been measured by means of uniax-
ial compression tests cylinders (diameter = 150 mm, and
height 300 mm). In the case of FRC (i.e., only in con-
cretes B and C), in accordance with EN 14621,17 notched
prismatic specimens 150 � 150 � 600 mm have been
tested in three-point bending to measure the Limit of
Proportionality (LOP), and the residual strengths fR1, fR2,
fR3 and fR4. Finally, B-500 C steel reinforcing bars have
been used to reinforce all the beams.

2.2 | Specimens and test setup

Figure 1a shows the configuration of the statically determi-
nate beams tested in four-point bending. The beams have
the same rectangular cross-sections (width = 350 mm, and
depth = 450 mm) and reinforcement (four reinforcing bars
in tension, two in the middle, and two in the compression

TABLE 1 Self-compacting concrete used to cast RC and R/FRC

beams

CEM II AM (P–V) 400 kg/m3

Water 165 kg/m3

Aggregate 0/5 mm 1004 kg/m3

Aggregate 5/10 mm 821 kg/m3

Superplasticizer 3.7 L/m3
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zone). Nevertheless, the diameter of reinforcement and the
size of concrete cover vary as follows:

• Beam 12-20 (Figure 1b), having a clear concrete cover
c = 20 mm to the stirrup, 32 mm to the longitudinal
bar and reinforced with 8 rebars with a diameter
Φ = 12 mm (2 in the compression zone, 2 in the mid-
dle, and 4 the tensile zone)

• Beam 12-70 (Figure 1c), reinforced as Beam 12-20 but
with a clear concrete cover c = 70 mm to the stirrups,
82 mm to the longitudinal bars;

• Beam 25-20 (Figure 1d) reinforced by 4 rebars
Φ = 25 mm in the tensile zone and 4 rebars
Φ = 12 mm in the rest of the cross-section (2 in the
compression and in the central part); the size of the
concrete cover is c = 20/32 mm;

• Beam 25-70 (Figure 1e) reinforced as Beam 25-20 but
with a concrete cover c = 70/82 mm.

As each type of beam has been made with the three con-
cretes of Table 1, 4 series of 3 beams have been cast (see
Table 3). By testing them in four-point bending, it has
been possible to correlate the mechanical response of RC
and R/FRC beams under flexure with the effect produced
by the percentage of rebar in the tensile zone, the depth
of concrete cover and by the fiber volume fraction. The
beams have been labeled with the code XX-YY-Z, where
XX = diameter in mm of rebar in tension (i.e., 12 mm or
25 mm); YY = depth of concrete cover to the stirrup
(i.e., 20 mm or 70 mm); and Z = type of concrete (i.e., A,
B, or C).

In the four cross-sections shown in Figure 1, the effec-
tive tension area, Ac,eff is hatched. For the sake of the
simplicity, Ac,eff is assumed to be the area of a rectangle
having a width of 350 mm and a depth = 2�(450 mm � d)
(where d = effective depth of the cross-section18). The
ratio ρeff = As/Ac,eff (where As is the area of the rebar in
tension) is considered as the geometrical percentage of
rebar in the tensile zone. As shown in Table 3, ρeff varies
from 0.73% (in series 12-70) to 6.3% (the beams of 25-20
series).

To prevent shear failure, the beams have been also
reinforced with stirrups (diameter = 12 mm and spacing
=100 mm) in the cantilever regions.

In the four-point bending tests, loads are applied in
the cantilever edges through a loading machine equipped
with a loading cell of 500 kN. Each test has been per-
formed by controlling the applied load P, which was
increased in pre-established steps. LVDTs (having a base
of 200 mm) have been used to measure the beam deflec-
tion as P increases (see Figure 1).

2.3 | Experimental results

As a result of the four-point bending tests, Figure 2 illus-
trates the load P (applied at the end of the cantilever
parts) versus deflection η curves in the midspan of the
constant moment zone. All the curves experimentally
measured are limited to the deflection η = 30 mm, which
corresponds to the end of the serviceability stage. Indeed,
at this deflection, the yielding of steel rebar in tension
has already occurred in all the beams.

Obviously, the higher the reinforcement ratio, the
larger the bearing capacity of both RC and R/FRC beams.
When η = 30 mm, the corresponding value of P varies
between 170 and 210 kN in series 12-20 (Figure 2a) and
series 12-70 (Figure 2b), whereas P is within the range
400–600 kN in series 25-20 (Figure 2c) and 25-70
(Figure 2d). Nevertheless, for the same type of cross-
section and at the same deflection, R/FRC beams are
generally stronger than RC beams.

In the serviceability stage (i.e., when η < 30 mm),
when the area of rebar in tension is relatively small
(i.e., series 12-20 in Figure 2a and 12-70 in Figure 2b), the
deflections of RC beams tend to be larger than those of
R/FRC for the same values of the applied load. On the
contrary, highly reinforced concrete beams (i.e., series
25-20 in Figure 2c and 25-70 in Figure 2d) show an oppo-
site tendency and deflections are larger in R/FRC beams.

To better analyze this behavior, also observed by
Hamrat et al.,10 it is possible to evaluate, for a given
deflection η, the difference (in percent) between load
measured in fiber-reinforced concrete beams and that of
reinforced concrete beams:

Δp¼PR=FRC�PRC

PRC
�100 ð1Þ

TABLE 2 Mechanical properties of plain concrete and FRC

Type of concrete fc (MPa) LOP (MPa) fR1 (MPa) fR2 (MPa) fR3 (MPa) fR4 (MPa)

A 26.9 — — — — —

B 36.4 3.10 1.53 1.08 0.51 0

C 37.5 3.53 2.21 1.72 1.26 0.725

FANTILLI ET AL. 2091



FIGURE 1 Four-point bending tests on RC and R/FRC beams: (a) geometrical properties and position of LVDT; (b)–(e) types of cross-
section. All stirrups are 12 mm bars
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where, PR/FRC = load measured in the R/FRC beam at
deflection η; PRC = load measured in RC beam for the
same deflection.

Figure 3a shows the values of Δp computed at
η = 7 mm (which is 1/500 of the constant moment length
in Figure 1a) in the R/FRC beams tested herein. These
values depend on the type of FRC (i.e., B or C) and on

the ratio ρeff of the reinforcement in tension with respect
to the effective area. In particular, when the area of rebar
is small, Δp is positive. Thus, in R/FRC beams, the
deflection reaches the limit η = span length/500 when
the load P is about 12% larger than that of RC beams. At
the same deflection, if ρeff > 2%, Δp becomes negative
(ffi�12% in Figure 3a), and the load P is larger in RC than

TABLE 3 The beams investigated in the present research project

Type of cross-section Specimen Type of concrete
Concrete
cover (mm)

Diameter of rebar
in tension Φ (mm)

Effective percentage
of rebar in tension ρ (%)

12-20 (Figure 1b) 12-20-A A 20 12 1.7

12-20-B B

12-20-C C

12-70 (Figure 1c) 12-70-A A 70 12 0.73

12-70-B B

12-70-C C

25-20 (Figure 1d) 25-20-A A 20 25 6.3

25-20-B B

25-20-C C

25-70 (Figure 1e) 25-70-A A 70 25 3.0

25-70-B B

25-70-C C

FIGURE 2 Load deflection

curves measured in the

experimental campaign:

(a) cross-section 12-20; (b) cross-

section 12-70 (c) cross-section

25-20; (d) cross-section 25-70
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in R/FRC beams. In other words, the experimental
results reveal that fibers contribute to reduce the deflec-
tion of beams in bending when the effective percentage
of reinforcement is lower than 2%. The bridging action of
the fibers on the crack surfaces tends to reduce crack
width and, contemporarily, the stiffness of the structure
increases.8

When ρeff > 2%, several narrow cracks interact with
each other in the tensile zone of the concrete beams. Due
to the growth of a new crack, the width of previously
formed cracks is reduced, generating a state of compres-
sion. This phenomenon, which typically occurs in RC
structures subjected to long-term cyclic actions,19,20

generates a decrease in tension-stiffening and an incre-
ment in both curvatures and structural deflections. It was
also observed in the first experimental analysis on the
cracking of RC beams under monotonic loads.21 Never-
theless, when rebar yields, the interaction between the
cracks vanishes and in R/FRC beams the same deflec-
tions can be reached when loads are larger than those
applied on RC beams. As Figure 3b shows, at η = 30 mm,
the values of P increase with the percentage of reinforce-
ment, and with the content of fibers as well.

Figure 4 provides a more detailed explanation of the
decrease in tension-stiffening. When a new crack
appears, the crack spacing is reduced and this leads to a
reduction in the crack width. However, the mean steel
strain is increased, and the mean concrete strain is
reduced. Therefore, tension stiffening effects are reduced.

3 | THREE-STAGE MODEL
FOR THE EVALUATION OF P–η

To predict the mechanical response of both RC and
R/FRC beams, a range model, similar to that already
developed for RC ties,5 is proposed herein. In particular,
for beams in four-point bending, the theoretical

evaluation of the P–η curves is possible with a three-stage
approach. First, to account for the maximum effect of
tension-stiffening, an equivalent constitutive law of the
steel rebar is evaluated. In the second stage, cross-
sectional moment-curvature relationships are calculated
both at incipient-cracking (i.e., with the maximum ten-
sion stiffening) and in fully cracked beams (i.e., without
the contribution of tension-stiffening). Finally, the
moment-curvature relationships are used to compute
the theoretical range of P–η.

All the stages of the model are fully described in the
following sections.

3.1 | Stage 1: Tension-stiffening model

According to the range model proposed by Fantilli et al.,5

for a given load P, the deflection η of the beam depicted
in Figure 1a varies. The range of variation depends on
the tension-stiffening, which is in turn affected by the
randomness of the crack pattern. All these phenomena
are herein included within two constitutive laws for the
steel rebar. The first law, which simulates the fully
cracked beam, or the absence of tension-stiffening, coin-
cides with the stress–strain (σs–εs) relationship of the
naked rebar. On the contrary, to obtain the second rela-
tionship, a block of RC or R/FRC tie delimited by two
consecutive cracks is analyzed (see Figure 5a). The block
has a length sr, which coincides with the crack spacing,
and a cross-section corresponding to the tensile zone of
the beams depicted in Figure 1b–e. Thus, in a single tie,
Ac,eff and As are the area of effective concrete and steel,
respectively.

As the maximum effect of tension-stiffening has to be
reproduced, the situation of incipient cracking is modeled
through an equivalent σs–εs relationship of rebar. It cor-
responds to the onset of a new crack in the middle the tie
(at z = sr/2 in Figure 5a), and can be numerically

FIGURE 3 Results of the

four-point bending tests on RC

and R/FRC beams: (a) values of

Δp in R/FRC beams as a

function of the percentage ρ of

rebar in tension; (b) the load P

measured at η = 30 mm in all

the beams
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FIGURE 4 Explanation of

how the formation of a new

crack reduces the effects of

tension-stiffening

FIGURE 5 Evaluating the

maximum effect of tension-

stiffening in the three-stage

model: (a) geometrical

properties of the tie at incipient

cracking: (b) distribution of

tensile stress in concrete;

(c) distribution of tensile strain

in the reinforcement;

(d) distribution of slip between

steel and concrete; (e) stress–
strain relationships of rebar in

the beam 12-70-C
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computed with the following procedure (Figure 5), which
is repeated for different values of the crack width:

1. A value of crack width w is assumed in the cracked
cross-section (Figure 5a);

2. A trial value is given to the strain in the reinforce-
ment, εs, of the cracked cross-section (i.e., at z = 0);

3. To obtain the axial force N, the equilibrium equation
can be written in the cracked cross-section:

N ¼ σc wð ÞAc,eff þσs εsð ÞAs ð2Þ

where σs(εs) = stress in the rebar computed, as a function
of the strain εs, through the σs–εs relationship of the
naked bar; and σc(w) = stress in the cracked concrete.
The latter is a function of crack width w (Figure 5b),
according to the fictitious crack model of plain concrete1

or FRC. The latter is in turn defined by means of the
residual strength fR1 and fR4 of Table 2

6,17,22;

4. The equilibrium in the cross-section at incipient
cracking, where the stress of concrete (or FRC) is
σc = fct (=tensile strength), provides the values of σs at
z = sr/2 (Figure 5a):

σs ¼ N� f ctAc,effð Þ=As ð3Þ

The strain of the rebar in this cross-section, εs, is then
computed with the stress–strain relationship of the
naked bar;

5. A trial value for the distance between two cracks, sr, is
assumed;

6. As both the state of stress and strain are known at the
borders of the tie depicted in Figure 1a, the following
differential equations, which represents the equilib-
rium and compatibility conditions at the interface
rebar—plain concrete or FRC (of the tension-stiffening
problem5), can be numerically integrated (see also22):

dσs
dz

¼� ps
As

τ ð4Þ

ds
dz

¼�εs zð Þþ εc zð Þ ð5Þ

where, ps and As = perimeter and area of rebar, respec-
tively; s = slip between steel and surrounding concrete
(or FRC): z = horizontal coordinate; τ = bond stress on

the interface rebar-plain concrete (or FRC). By consider-
ing the bond-slip, τ–s, relationship suggested by fib
Model Code 2010,1 the distribution of σc(z) (in Figure 5b),
εs(z) (in Figure 5c), and s(z) (in Figure 5d), respectively,
within the domain sr/2 are obtained.

7. If s ≠ 0 in the cross-section at incipient cracking (i.e.,
at z = sr/2 in Figure 5d), go back to step 6 with a new
value of sr;

8. If σc ≠ fct in the cross-section at incipient cracking
(i.e., at z = sr/2 in Figure 5b), go back to step 3 with a
new value of εs in the cracked section (i.e., at z = 0 in
Figure 5c).

For a given value of w, this procedure provides the
corresponding normal force N applied to the ties of
Figure 5a. The average strain of the rebar within the length
sr, calculated from the strain distribution εs(z) as depicted
in Figure 5c, corresponds to the strain of the σs–εs relation-
ship at the incipient cracking (i.e., in condition of maxi-
mum tension-stiffening). For cross-section 12-70-C,
Figure 5e shows the stress–strain relationship of the naked
bar (which is that of steel B-500-C), corresponding to the
fully cracked situation, and σs–εs of the incipient cracking
obtained with the numerical procedure.

3.2 | Stage 2: Moment-curvature
relationships

If the mechanical properties of rebar are known (both in
the situations of incipient cracking and fully cracked
behavior), cross-sectional moment-curvature (M–χ) rela-
tionships can be evaluated as follows (see Figure 6):

1. For a given value of the curvature χ (the normal force
N is zero in this case),

2. Select a trial value for λ (which is the strain at the ori-
gin of the reference axis, that is, y = 0 in Figure 6a);

3. The state of strain is then computed assuming that plain
sections remain plain after deformation (Figure 6b):

ε yð Þ¼ λ� χ � y ð6Þ

4. The state of stress σ(y) of Figure 6c is computed from
the stress–strain relationships of materials. In the case
of incipient cracking, the constitutive relationship of
rebar is given by the procedure described in the previ-
ous section. In the fully cracked situation, the σs–εs
relationship of bare bar (Figure 5e) is used. In both
the cases, the stress of concrete in tension is assumed

2096 FANTILLI ET AL.



to be zero. Finally, Sargin's stress–strain relationship
is used herein for concrete or FRC in compression.1

5. Compute the resultant of the state of stress NR

through the equilibrium equation:

NR ¼B
ðH

2

�H
2

σ yð Þdy ð7Þ

where B = width of the cross-section; and H = height of
the cross-section.

6. If NR ≠ 0, select a new value for λ and go back to
step 3.

7. Compute the bending moment M with the following
equation:

M¼B
ðH
0
σ yð Þ � y dy ð8Þ

If this procedure is applied for all the possible values of χ,
the whole moment-curvature relationship can be
obtained. Figure 6d illustrates these relationships for the
beams 12-70-C under the conditions of incipient cracking
and fully cracked beam, respectively.

3.3 | Stage 3: Load-deflection diagram

When the geometry of the statically determinate beam
depicted in Figure 1a is known, and the M–χ relation-
ships of the cross-sections are both computed with the

FIGURE 6 Evaluating the

moment-curvature relationships:

(a) geometrical properties of RC

and R/FRC cross-sections;

(b) linear strain profile in a

cross-section; (c) the state of

stress in a cross-section; (d) M–χ
relationships computed for the

beam 12-70-C
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previous procedures, the deflection η corresponding to an
applied load P can be evaluated by (Figure 7):

1. Calculating in the real structure Mb(z) the bending
moment due to the application of the load
P (Figure 7a) and of self-weight q (Figure 7b);

2. Using the moment–curvature relationship to calculate
the distribution of the curvature χb(z) corresponding
the moment Mb(z);

3. Defining a virtual system (Figure 7c), made by the
same beam and by a virtual load U, dual of the deflec-
tion η, to compute the bending moment Ma(z);

4. Calculating the deflection η with the following equa-
tion (of virtual works):

η¼ 1
U

ðL
0
Ma zð Þ � χb zð Þdz ð9Þ

where L is the length of the whole beam.
If these steps are repeated for all the values of P, the

load-deflection curves, similar to those experimentally
measured and reported in Figure 2, can be obtained.

For the sake of clarity, all the steps of the above-
mentioned stages are summarized in the flow-chart
depicted in Figure 8.

4 | COMPARISON BETWEEN THE
EXPERIMENTAL DATA AND
THE RESULTS OF THE MODEL

In the proposed three-stage model, the use of different
types of concretes, plain or fiber-reinforced, is taken into

FIGURE 7 Evaluating of the load-deflection P–η diagram of a

beam in bending: (a)–(b) loads acting on the real system; (c) load

acting on the virtual system

FIGURE 8 Flow-chart of the three-stage model

2098 FANTILLI ET AL.



account within the constitutive relationships, which are
defined according to the Model Code 2010.1 In compres-
sion, when the fiber volume fraction is not high (as in
this case), the mechanical response is not significantly
affected by the presence of fibers (recycled or not).

Therefore, the Sargin-type relationship has been used
considering the mean strength reported in Table 2.

Regarding the concrete in tension, Model Code 20101

suggests modeling the material behavior of FRC only on the
base of the post-cracking residual strengths, regardless of

FIGURE 9 Comparison between the experimental data and

the results of the three-stage model: (a) P–η curves of the beam
12-20-A; (b) P–η curves of the beam 12-20-B; (c) P–η curves of the
beam 12-20-C

FIGURE 10 Comparison between the experimental data and

the results of the three-stage model: (a) P–η curves of the beam
12-70-A; (b) P–η curves of the beam 12-70-B; (c) P–η curves of the
beam 12-70-C
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the type of fiber. Thus, when fR1 (corresponding to a crack
width = 0.5 mm), fR2 (corresponding to a crack width
= 1.5 mm), fR3 (corresponding to a crack width = 2.5 mm),
and fR4 (corresponding to a crack width of 3.5 mm) are

experimentally measured in accordance with EN14651,17 the
stress–strain relationship is computed in the same way23 both
for industrial manufactured steel fibers and RSF, without any
distinction. In particular, the stress-cracks width law proposed

FIGURE 11 Comparison between the experimental data and

the results of the three-stage model: (a) P–η curves of the beam
25-20-A; (b) P–η curves of the beam 25-20-B; (c) P–η curves of the
beam 25-20-C

FIGURE 12 Comparison between the experimental data and

the results of the three-stage model: (a) P–η curves of the beam
25-70-A; (b) P–η curves of the beam 25-70-B; (c) P–η curves of the
beam 25-70-C
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by Chiaia et al.8 is adopted herein, whose parameters (i.e., fR1,
fR2, fR3, and fR4) have been experimentally measured and
reported in Table 2.

As a result, the three-stage model provides the P–η
curves, which can be compared with those obtained in
the tests (see Figure 2). This comparison is illustrated
in Figure 9, Figure 10, Figure 11, and Figure 12 for the
beams 12-20, 12-70, 25-20, and 25-70, respectively. In
each figure, the range is calculated separately for the
three types of the cement-based mixtures (i.e., A, B, and
C of Table 2). In almost all the cross-sections and for all
the types of concrete, the P–η curves experimentally
measured fall within the range bordered by those com-
puted with the three-stage model at incipient cracking
(upper bound) and in fully cracked conditions (lower
bound). The agreement between the experimental data
and the numerical results reveals the great reliability of
the proposed model, especially in the serviceability stage.

Moreover, if analyzed in-depth, the ranges of P–η also
provide useful information for designing RC and R/FRC
beams. Indeed, the amplitude of the range varies,
depending on the effective ratio of reinforcement, and on
the content of fibers. For a given cross-section (or a given
effective reinforcement ratio), the area encompassed by the
range tends to decrease with the fiber volume fraction
(compare, for instance, the range of plain concrete in
Figure 9a, with those of Figure 9b—where Vf = 0.5%—and
with Figure 9c—where Vf = 1%). In such cases, the pres-
ence of fibers seems to mitigate the effects produced by the
randomness of crack patterns in the tensile zone.

Similarly, for the same content of fibers, the ampli-
tude of the range is reduced with the effective reinforce-
ment ratio. For instance, in the P–η curves depicted in

Figure 11 and related to beam 25-20 beams (with the
highest ρeff), there are no significant differences between
the situations of incipient cracking and fully cracked,
especially in presence of fibers (see Figure 11b,c). There-
fore, the effect produced by the fibers on the deflection of
beams in bending is negligible in these cases.

Also, by comparing Figures 10 and 11, it would seem
that the stiffening effect of fibers is less relevant for ele-
ments with higher cover. This effect, however, may be
due, at least in part, to the simplification of the definition
of the effective area. It seems that the effective area
should also be limited to a maximum distance from the
bar, probably depending upon the bar diameter. A more
elaborate definition of the effective area, however,
requires further research. Even so the cover does seem to
have an effect since in all cases the experimental curve
seems to be closer to the naked bar curve for the higher
cover. This could be due to higher stresses in steel for the
same load level.

Also, the marginal contribution of fibers in highly
reinforced concrete beams can be deduced from
Figure 13a, which shows the comparison between the
experimental and theoretical values of Δp computed with
Equation (1) when η is 1/500 of the span length
(i.e., 7 mm in the beam of Figure 1a). More precisely, in
the theoretical evaluation of Δp, PR/FRC, and PRC are
assumed to be the average values of P taken, for a given
η, on the two bounds of the P–η curves. In Figure 13a, the
values of Δp provided by the three-stage model are close
to those experimentally measured when the percentage
of rebar in tension is lower than 2%. On the contrary, if
ρ > 3%, there is a dramatic reduction of Δp, even if the
theoretical values remain positive and those

FIGURE 13 Comparison

between the experimental and

the results of the three-stage

model: (a) increase in load Δp in

concretes B e C as a function of

the effective reinforcement ratio

ρeff; (b) the load P at η = 30 mm
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experimentally measured are negative. Indeed, in the
three-stage model proposed herein, the interaction
between cracks and the decrease in tension-stiffening are
not considered.

Nevertheless, this phenomenon, concerning highly
reinforced concrete beams, seems to occur only in the
serviceability stage. After yielding of reinforcement, it
vanishes, and the proposed model is able to predict the
possible range of the loads acting on all the types of
beams. As a matter of fact, in Figure 13b, almost all the
experimental values fall within the theoretical range of
P evaluated when η = 30 mm. In this figure, in order to
maximize the amplitude of the range, the upper bound is
obtained in R/FRC beams with the maximum percentage
of fibers at incipient cracking, whereas the lower bound
refers to fully cracked RC beams.

5 | CONCLUSIONS

The results of the experimental and theoretical investiga-
tions previously described can be summarized with the
following points:

1. In the serviceability stage, the addition of fibers
reduces the deflection of beams in bending, under the
same load conditions. This reduction is particularly
evident when the effective ratio of rebar in tension in
lower than 2%;

2. For higher percentages, elements with fibers can
exhibit larger deformations than members without
fibers, probably due to the temporary closure of the
existing cracks when new cracks appear;

3. When the yielding of rebars occurs, both the experi-
mental and numerical analyses show higher external
loads in R/FRC than in RC beams, having the same
amount of rebar in tension and the same deflection;

4. In general, all the P–η curves experimentally evalu-
ated are within a theoretical range, herein computed
with a three-stage model, whose bounds correspond
to the maximum (at incipient cracking) and minimum
(fully cracked) tension-stiffening, respectively;

5. The amplitude of the range of the P–η curves tends to
reduce as the percentage of rebar in tension increases.
When ρeff > 3%, for a given applied load, the presence
of fibers does not modify the deflection (and the range
between the behavior at the crack and the behavior at
the section at mid-point between cracks becomes
increasingly narrow);

6. By using the proposed three-stage model, the optimal
combination of rebars and fibers (which could also be
recycled) can be defined. For instance, when the

mechanical properties of FRC are known, either
the amount of rebar or the shape of the cross-section
can be optimized, in order to minimize the deflections
in service and maximize the bearing capacity at
failure.

Finally, as the volume of concrete or the area of steel
rebar can be reduced by the presence of recycled
steel fibers, the proposed model can be used to design
new concrete structures, having the same mechanical
performances but a reduced carbon footprint. Thus,
future research will be devoted to analyze both the
mechanical and the environmental performance of con-
crete beams made with virgin and/or recycled materials.
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NOTATIONS
Ac,eff effective cross-sectional area of concrete in

tension
As cross sectional area of reinforcement in

tension
B width of a beam cross-section
c effective concrete cover
d effective depth of a cross-section
fc compressive strength of concrete
fct axial tensile strength of concrete
fR1, fR2,
fR3, fR4

residual axial tensile strength of concrete
defined in accordance with EN 1465117

H depth of a beam cross-section
L length of a beam in bending
M bending moment
Ma, Mb bending moment in virtual and real struc-

tures, respectively
N axial force
P applied concentrated load on real beam
ps perimeter of rebar
q applied distributed load on real beam
s slip between steel and concrete

2102 FANTILLI ET AL.



sr crack spacing
U applied concentrated load on virtual beam
w crack width
y vertical coordinate
z horizontal coordinate
χ cross-sectional curvature
χb cross-sectional curvature in real beam
Δp increment of applied load due to fiber-

reinforcement
ε strain
εc strain in concrete or FRC
εs strain in steel rebar
Φ diameter of a reinforcing bar
η deflection of a beam in bending
λ strain in a cross-section at y 0
ρ reinforcement ratio for longitudinal rebar

in tension
σ stress
σc stress in concrete or FRC
σs stress in steel rebar
τ bond stress at the interface between steel

and concrete
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