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Abstract
In this study, the unified formulation of a full geometrically nonlinear refined plate theory in a total
Lagrangian approach is developed to study the post-buckling and large-deflection analysis of sandwich
functionally graded (FG) plate with FG porous (FGP) core. The plate has three layers so that the upper
and lower layers are FG and the middle layer (core) is the FGP, which is considered with four cases in
terms of the porosity core distribution. These four cases are: (I) symmetric porosity distribution (SPD)
core, (II) non-symmetric stiff porosity distribution (NSTPD) core, (III) non-symmetric soft porosity
distribution (NSOPD) core and (IV) uniform porosity distribution (UPD) core. The different twodimensional (2D) plate structures kinematics are consistently implemented based on the Carrera’s Unified
Formulation (CUF) by means of an index notation and an arbitrary expansion function of the generalized
variables in the thickness direction, leading to lower- to higher-order plate models with only pure
displacement variables. Furthermore, a finite element approximation and the principle of virtual work are
used to easily and straightforwardly formulate the nonlinear governing equations in a total Lagrangian
manner, whereas a path-following Newton-Raphson linearization scheme based on the arc-length
constraint is utilized to solve the full geometrically nonlinear problem. Numerical assessments consist of
the response of large-deflection and post-buckling for square and slender sandwich FG plates with FG
core under transverse uniform pressure and inplane compression loadings, respectively, are finally
conducted to confirm the capabilities of the proposed CUF plate model to predict the post-buckling and
large-deflection equilibrium curves with high accuracy.
Keywords: Carrera’s Unified Formulation; Sandwich FG plate; FG porous core; Post-buckling; Largedeflection; Geometrical nonlinearity.
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1. Introduction
The static and dynamic behavior of shells and plate in viewpoint of geometrically nonlinear is one of the
important aspects of the analysis of such structure and very applicable in the various engineering
applications and industries. So, several researchers have been focused on this field. So far some review
articles are presented in the mentioned-field. For example, Kapania et al. [1] presented a review of the
developments, for the researches related to before 1989, in the analysis of laminated beams and plates
with an emphasis on shear effects and buckling. Also, in another paper, they [2] presented a summary of
the developments for analysis of laminated beams and plates with an emphasis on vibrations and wave
propagations behavior. In these studies, discussion of various shear-deformation theories, available
theories the developed finite elements (FE), the buckling and post-buckling behavior of perfect and
geometrically imperfect plates are described. The above-addressed papers have used analytical,
numerical, and experimental approaches.
Also, Carrera [3] presented a study about a historical review of the theories that have been developed
to analyze of multilayered structures by focusing on the Zig-Zag theories. Also, he described a piecewise
continuous displacement field in the plate thickness direction. These studies have been concentrated on
the plate and shell geometries, although, in some cases, beams are also considered. In this regard, Carrera
and Kröplin [4] investigated the effects of Zigzag and interlaminar equilibria to examine large-deflection
behavior and post-buckling analysis of multilayered composite plates, regarding the higher-order shear
deformation theories (HSDT). The von Kármán theory in combined the recent mixed two-dimensional
model, elsewhere denoted by the acronym Reissner-Mindlin zigzag continuity (RMZC) is utilized. Coda
et al. investigated the effect of Zig-Zag in linear and nonlinear analysis of laminated plates and shells,
without considering new degrees of freedom. In this paper, a new finite element formulation is presented
combining Zig-Zag effect presence, regularization of transverse stresses, and cinematically exact
description in the nonlinear geometric formulation of FEM [5]. Carrera and Parisch [6] evaluated the
effects of geometrical nonlinear for thin and moderately thick multilayered composite shells using
modified multilayered shear stiffnesses. These stiffnesses have been obtained via a variational method
considering parabolic interlaminar continuous transverse shear stress fields and zig-zag form of the inplane displacements along the thickness direction of shell.
Some studies have been investigated the nonlinear behavior of shells and plate utilizing the first-order
shear deformation theory (FSDT) in conjunction with a type of nonlinear strain. Urthaler and Reddy [7]
presented a mixed finite element model for the nonlinear bending analysis of laminated composite plates,
regarding the FSDT of plates. A p-type Lagrangian basis is used to approximate the nodal degrees of
freedom that consist of three displacements, two rotations, and three-moment resultants. The geometric
nonlinearity in the sense of the von Kármán is included in the plate theory. Also, many researches have
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been used the higher-order shear deformation theory (HSDT) in conjunction with a type of nonlinear
strain. In this regard, Reddy [8] presented an HSDT for plates, considering the von Kármán strains. This
theory contains the same dependent unknowns as in the Hencky-Mindlin type FSDT and accounts for the
parabolic distribution of the transverse shear strains through the thickness of the plate. They proved that,
the suggested theory predicts the deflections, stresses, and frequencies more accurately in comparison
with the FSDT and the classical plate theory.
According to Reissner-Mindlin’s theory in conjunction with a nonlinear theory for strain, the
governing equation of motion is derived for large deformation prediction. Reddy and Chao [9] addressed
nonlinear bending of laminated composite thick rectangular plates, using shear deformable theory
accounting for the transverse shear and large rotations, regarding the Reissner-Mindlin's thick plate
theory, the von Kármán theory, respectively. Azizian and Dawe [10] presented a general finite strip
method analysis for isotropic rectangular plates considering the nonlinear geometric. To consider the
effects of transverse shear deformation, the Mindlin plate theory is utilized. In numerical applications, a
particular type of finite strip is used in which all five reference quantities (three displacements and two
rotations) are represented by cubic polynomial interpolation across the strip whilst the ends of the strip are
simply supported for bending/shearing behavior and immovable for membrane behavior. Turvey and
Osman [11] derived the governing equations of isotropic rectangular Mindlin plates considering the large
deflection behavior. The numerical solution is performed based on the DR algorithm, using interlacing
and non-interlacing finite-differences. Carrera and Villani [12] analyzed nonlinear large deflections and
stability FEM analysis of shear deformable compressed anisotropic multilayered flat panels, in the static
elastic conservative cases. According to Reissner-Mindlin’s theory in conjunction with von Kármán
nonlinearity, the suggested finite element model is developed.
Utilizing the analytical approach, Shukla and Nath [13] presented the solutions of nonlinear
moderately thick laminated rectangular plates, undergoing moderately large deformations. The
discretization of equations is performed using fast-converging Chebyshev polynomials.
Chia [14] investigated analytically the nonlinear bending with large deflection of an unsymmetrically
laminated angle-ply rectangular plate subjected to lateral load. The nonlinear von Kármán-type is used in
the formulation of governing equations. Alwar and Nath [15] used Chebyshev polynomials to analyze the
circular plates, considering the large deflection effects. They depicted that the suggested method in the
form of Chebyshev series has the property of rapid convergence and utilized this technique to analyze the
post-buckling behavior of circular plates with initial curvature.
Utilizing the iterative finite difference technique Rushton [16] studied large deflexion of plates
considering variable-thickness. Using the dynamic relaxation method, a general method is proposed for
analyzing the deflexion of variable-thickness elastic plates. He included the nonlinear terms, because of
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the large deflexion of plates. Clarke and Gregory addressed incremental-iterative strategies for nonlinear
analyses, regarding the geometric nonlinearity. The solution is based on a modified Newton-Raphson
approach and a consistent mathematical is utilized for the iterative and load incrementation strategies
[17].
By differential quadrature method and utilizing a Newton-Raphson approach, Striz et al. [18] analyzed
the nonlinear bending behavior of thin isotropic circular plates, considering large deflections. Civalek
investigated the static and dynamic analysis of thin rectangular plates resting on elastic foundation,
regarding geometrically nonlinear. Considering von Kármán equations, governing equations of the plate
are derived and discretized using the harmonic differential quadrature (HDQ) and finite differences (FD)
methods [19].
A refined mixed shear flexible finite element for the geometrically linear and nonlinear analysis of
laminated anisotropic plates is presented Putcha and Reddy [20]. The presented theory fulfilled the zero
transverse shear stress boundary conditions. In the suggested method, the shear correction coefficients are
not used. Librescu and Stein analyzed the post-buckling behavior of composite panels, considering
geometrical imperfections, subjected to uniaxial/biaxial compressive loads. They developed a refined
geometrically nonlinear theory for composite laminated plates [21]. Librescu and Chang addressed the
static post-buckling of imperfect multilayered composite laminated double-curved shallow panels
subjected to compressive edge loads. The effects of transverse normal stress, transverse shear
deformation, the character of the in-plane boundary, and lamination conditions are considered [22].
Carrera and Villani [23] investigated the post-buckling of symmetrically compressed laminated thick
plates to study the effects of boundary conditions. They examined the effects of transverse shear on the
aeroelastic analysis of a composite rotor having antisymmetric configuration employing the finite element
method.
For applying the finite element method to trace the nonlinear response, Tsai and Palazotto [24]
presented a modified Riks approach, for the composite cylindrical shell, considering an HSDT. They used
a Parabolic transverse shear in the thickness direction of the shell. Carrera [25] presented a study on arclength-type methods, concerning the incremental strategies to solve the nonlinear set of algebraic
equations deriving from the application of the finite element method. In this paper, two modified RisksWempner methods and a new algorithm to choose the appropriate root of a nonlinear constraint equation
are proposed. Rivera et al. [26] presented a new 12-parameter shell finite element to analyze the large
deformation of composite shell structures. This model is developed utilizing third-order thickness stretch
kinematics and a high-order spectral/hp approximations.
Considering full Lagrangian-type geometrical nonlinearity, Kim and Chaudhuri [27] investigated the
large deformation behavior of thick laminated composite shells. The analysis is performed according to
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the hypothesis of layerwise linear displacement distribution in the thickness direction. Dash and Singh
[28] utilizing Green-Lagrange formulation, studied the transverse bending of shear deformable laminated
composite plates for the large rotations and transverse shear. The governing equations are derived
employing the HSDT, considering all higher-order nonlinear terms of strain-displacement relationships.
To develop the proposed nonlinear model, a C0 isoparametric finite element suggested. Coda [29]
analyzed the static and dynamic plates and shells utilizing the orthotropic laminated finite element, as
geometrically nonlinear with continuous stress distribution along transverse direction are considered. The
total Lagrangian is used for kinematic description which avoids the use of the finite rotation concept.
Also, to avoid the membrane locking, the finite element model as curved triangular by cubic
approximation is applied. Alijani and Amabili [30] using Green-Lagrange for strain-displacement
relationships, regarding all nonlinear terms, analyzed the nonlinear static bending and forced vibrations of
rectangular plates. They considered rotary inertia, thickness deformation parameters, and third-order shear
deformation to describe the shell kinematics. Alijani and Amabili [31], considering the thickness
deformation effect, investigated the nonlinear forced vibrations of moderately thick functionally graded
(FG) rectangular plates, regarding the HSDT. They selected all nonlinear terms in the in-plane and
transverse displacements to consider the geometrically nonlinear strain-displacement.
Utilizing the Carrera Unified Formulation (CUF), Wu et al. [32] investigated the effectiveness of
different geometrically nonlinear strain on the post-buckling and nonlinear behavior of composite beams,
considering large-deflection. They used a full geometrically nonlinear Lagrangian approach to analyze the
beam behavior. Pagani and Carrera [33] presented a unified theory of beams utilizing the Carrera Unified
Formulation (CUF) and a full geometrically nonlinear Lagrangian approach, for analyzing the effect of
geometrical nonlinearities of beams. With only pure displacement variables, low- to higher-order beam
models are implemented by using the Lagrange polynomial expansions of the unknowns on the crosssection. Pagani and Carrera [34] analyzed the post-buckling, considering the large-deflection, for
laminated composite beams by employing CUF. The governing equations of low- to higher-order beam
theories are expressed via an appropriate index notation for laminated beams. Also, layer-wise kinematics
is applied utilizing Lagrange polynomial expansions of the primary mechanical variables. The virtual
work principle and a finite element approximation are utilized to derive the governing equations in a full
Lagrangian manner. According to CUF [35, 36], using appropriate expansions using the generalized
variables, the structural theories could be transformed into unified generalized kinematics formulation.
According to the intrinsic scalable nature of Carrera Unified formulation, the nonlinear governing
equations and the related finite element arrays of the theory of 3D full geometrically nonlinear structural
can be consistently expressed in terms of fundamental nuclei for different kinematics. These fundamental
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nuclei represent the basic building blocks, when opportunely expanded, allow for the straightforward
generation of lower- and higher-order finite element models.
This paper is outlined as follows: Section 2 is devoted relations of material properties for the layer of
the sandwich FG plate and porosity core distribution. The geometrical and constitutive expressions,
Green-Lagrange nonlinear geometrical relations, CUF, and the related FE are reported in Section 3.
Section 4 briefly reports the solution adopted in this work for the resolution of the geometrical nonlinear
FE equations. Numerical examples are finally considered in Section 5 to demonstrate the effects of
various edge support conditions, porosity core distribution, and loading ways on the geometrically
nonlinear response, while some concluding remarks are presented in Section 6.
2. Sandwich FG plate with FGP core
The sandwich FG plate with a FGP core, regarding the system of coordinate (𝑥, 𝑦, 𝑧), is illustrated in Fig.
1, which has three layers so that the upper and lower layers are FG and the core is the FGP. x and y are the
two in-plane directions and z is the plate thickness coordinate. The thickness, length in the x-direction,
and length in the y-direction of the plate are denoted by h, a, and b respectively. Also, the material
distributions of the sandwich FG plate with a FGP core are shown in Fig. 2. The thickness of the lower,
FGP, and upper layers of the plate are denoted by ℎ𝑏 , ℎ𝑚 and ℎ𝑢 , respectively.

Fig. 1. Configuration of a sandwich FG plate with a FGP core utilizing 2D model.

Fig. 2. The material distribution of sandwich FG plate with a FGP core.

The volume fractions regarding the power law can be written in the following form [37-40]:
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2𝑧 + ℎ 𝑘
𝑉𝑐 (𝑧) = (
) ; 𝐻 = ℎ𝑢 , ℎ𝑏
2𝐻

(1)

𝑉𝑚 (𝑧) = 1 − 𝑉𝑐 (𝑧)

In Eq. (1), 𝑘 ≥ 0 is the material power law index of the upper and lower FG layers of plate. The
subscripts c and m refer to the ceramic and metal.
In the present article, four types of sandwich FG plate with a FGP core are examined which are
demonstrated in Fig. 3. The Young’s modulus of the sandwich FG plate with a FGP core is as follows
[41-49]:
Type1: Sandwich FG plate with a SPD core
2𝑧 + ℎ − 2ℎ𝑢 𝑘
𝐸𝑐 + 𝐸𝑚𝑐 (
)
2ℎ𝑚
𝜋𝑧
𝐸(𝑧) =
𝐸max [1 − 𝑁0 cos ( )]
ℎ𝑚
2𝑧 + ℎ − 2ℎ𝑢 𝑘
𝐸𝑚 + 𝐸𝑐𝑚 (
)
{
2ℎ𝑚

ℎ
ℎ
≤ 𝑧 ≤ − + ℎ𝑢
2
2
ℎ
ℎ
− + ℎ𝑢 ≤ 𝑧 ≤ − ℎ𝑏
2
2
ℎ
ℎ
− ℎ𝑏 ≤ 𝑧 ≤
2
2
−

(2.a)

Type2: Sandwich FG plate with a NSTPD core
2𝑧 + ℎ − 2ℎ𝑢 𝑘
𝐸𝑐 + 𝐸𝑚𝑐 (
)
2ℎ𝑚
𝜋𝑧
𝜋
𝐸(𝑧) = 𝐸max [1 − 𝑁0 cos (
+ )]
2ℎ𝑚 4
2𝑧 + ℎ − 2ℎ𝑢 𝑘
𝐸𝑚 + 𝐸𝑐𝑚 (
)
{
2ℎ𝑚

ℎ
ℎ
≤ 𝑧 ≤ − + ℎ𝑢
2
2
ℎ
ℎ
− + ℎ𝑢 ≤ 𝑧 ≤ − ℎ𝑏
2
2
ℎ
ℎ
− ℎ𝑏 ≤ 𝑧 ≤
2
2
−

(2.b)

Type3: Sandwich FG plate with a NSOPD core
2𝑧 + ℎ − 2ℎ𝑢 𝑘
)
2ℎ𝑚
𝜋𝑧
𝜋
𝐸(𝑧) = 𝐸max [1 − 𝑁0 sin (
+ )]
2ℎ𝑚 4
2𝑧 + ℎ − 2ℎ𝑢 𝑘
𝐸 + 𝐸𝑐𝑚 (
)
{ 𝑚
2ℎ𝑚
𝐸𝑐 + 𝐸𝑚𝑐 (

ℎ
ℎ
≤ 𝑧 ≤ − + ℎ𝑢
2
2
ℎ
ℎ
− + ℎ𝑢 ≤ 𝑧 ≤ − ℎ𝑏
2
2
ℎ
ℎ
− ℎ𝑏 ≤ 𝑧 ≤
2
2
−

(2.c)

Type4: Sandwich FG plate with a UPD core
2𝑧 + ℎ − 2ℎ𝑢 𝑘
𝐸𝑐 + 𝐸𝑚𝑐 (
)
2ℎ𝑚
𝐸(𝑧) =

𝐸max [1 − 𝑁0 𝜆]
𝑘

2𝑧 + ℎ − 2ℎ𝑢
𝐸𝑚 + 𝐸𝑐𝑚 (
)
{
2ℎ𝑚

ℎ
ℎ
≤ 𝑧 ≤ − + ℎ𝑢
2
2
ℎ
ℎ
− + ℎ𝑢 ≤ 𝑧 ≤ − ℎ𝑏
2
2
ℎ
ℎ
− ℎ𝑏 ≤ 𝑧 ≤
2
2
−

(2.d)

where
𝐸𝑚𝑐 = 𝐸𝑚 − 𝐸𝑐

(3)

𝐸(𝑧) is Young’s modulus, and 𝑁0 is the coefficient of porosity for the Sandwich FG plate with a FGP
core which are as follows:
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𝑁0 = 1 −

𝐸min
;
𝐸max

0 < 𝑁0 < 1

(4)

Also, 𝜆 in Eq. (2.d) for type 4 is given by:
𝜆=

1
1
2𝑁𝑚 2
− (1 −
)
𝑁0 𝑁0
𝜋

(5)

(a) Type1: Sandwich FG plate with
a SPD core

(b) Type2: Sandwich FG plate with a
NSTPD core

(c) Type3: Sandwich FG plate with
(d) Type4: Sandwich FG plate with a
a NSOPD core
UPD core
Fig. 3. Cross-section of Sandwich FG plate with various porosity distributions core.

3. Formulation
3.1. Constitutive and geometrical relations
According to Fig. 1, the 3D displacement transposed vector (𝐮) is in the following form:
T

𝐮(𝑥, 𝑦, 𝑧) = {𝑢𝑥 𝑢𝑦 𝑢𝑧 }

(7)

The constitutive relations of stress-strain for materials with monoclinic symmetry are in the following
form:
σ = C𝜀

(8)

where the stress (𝜎), and strain (𝜀) vector are expressed as follows:
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T

σ = {𝜎𝑥𝑥 𝜎𝑦𝑦 𝜎𝑧𝑧 𝜎𝑥𝑧 𝜎𝑦𝑧 𝜎𝑥𝑦 } , 𝜀 = {𝜀𝑥𝑥 𝜀𝑦𝑦 𝜀𝑧𝑧 𝜀𝑥𝑧 𝜀𝑦𝑧 𝜀𝑥𝑦 }

T

(9)

The elastic matrix of material (C), is expressed as:
𝐶11
𝐶12
𝐶
C = 13
0
0
[𝐶16

𝐶12
𝐶22
𝐶23
0
0
𝐶26

𝐶13
𝐶23
𝐶33
0
0
𝐶36

0
0
0
𝐶44
𝐶45
0

0
0
0
𝐶45
𝐶55
0

𝐶16
𝐶26
𝐶36
0
0
𝐶66 ]

(10)

where 𝐶𝑖𝑗 are as follows:
𝐶16 = 𝐶26 = 𝐶36 = 𝐶45 = 0
𝐶11 = 𝐶22 = 𝐶33 =
𝐶12 = 𝐶13 = 𝐶23

(1 − 𝜐)𝐸(𝑧)
(1 + 𝜈)(1 − 2𝜐)

(11)

𝜈𝐸(𝑧)
=
(1 + 𝜈)(1 − 2𝜐)

𝐶44 = 𝐶55 = 𝐶66 =

𝐸(𝑧)
2(1 + 𝜈)

According to geometrical relations, the Green-Lagrange strain components are considered.
So, the strain-displacement relations can be written as:
𝜀 = 𝜀𝑙 + 𝜀𝑛𝑙 = (b𝑙 + b𝑛𝑙 )𝐮

(12)

where b𝑙 and b𝑛𝑙 are the linear and nonlinear operators, respectively, which are defined in the following
form:
𝜕𝑥
0
0
b𝑙 =
𝜕𝑧
0
[𝜕𝑦

0
𝜕𝑦
0
0
𝜕𝑧
𝜕𝑥

where 𝜕𝑥 =

0
0
𝜕𝑧
; b𝑛𝑙
𝜕𝑥
𝜕𝑦
0]

𝜕(∙)
,
𝜕𝑥

𝜕𝑦 =

1
(𝜕 )2
2 𝑥
2
1
(𝜕𝑦 )
2
= 1
(𝜕 )2
2 𝑧
𝜕𝑥 𝜕𝑧
𝜕𝑦 𝜕𝑧
[ 𝜕𝑥 𝜕𝑦
𝜕(∙)
𝜕𝑦

1
(𝜕 )2
2 𝑥
2
1
(𝜕𝑦 )
2
1
(𝜕 )2
2 𝑧
𝜕𝑥 𝜕𝑧
𝜕𝑦 𝜕𝑧
𝜕𝑥 𝜕𝑦

and 𝜕𝑧 =

1
(𝜕 )2
2 𝑥
2
1
(𝜕𝑦 )
2
1
(𝜕 )2
2 𝑧
𝜕𝑥 𝜕𝑧
𝜕𝑦 𝜕𝑧
𝜕𝑥 𝜕𝑦 ]

(13)

𝜕(∙)
.
𝜕𝑧

3.2. Carrera unified formulation (CUF) and finite element (FE) approximation
The 3D displacement field 𝐮(𝑥, 𝑦, 𝑧) according to the CUF for the 2D plate theory, can be expanded as a
set of thickness functions depending only on the thickness coordinate 𝑧 and the corresponding variables
depending on the in-plane coordinates 𝑥 and 𝑦. Specifically, we have:
𝐮(𝑥, 𝑦, 𝑧) = 𝐹𝑠 (𝑧)𝐮𝒔 (𝑥, 𝑦); 𝑠 = 0, 1, … , 𝑁

(14)
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where 𝐹𝑠 are the functions of the coordinate 𝑧, 𝐮𝒔 is the generalized displacement vector depending on the
in-plane coordinates 𝑥 and 𝑦, 𝑁 denotes the order of expansion in the thickness direction, and the
summing convention with the repeated index 𝑠 is assumed. The choice of 𝐹𝑠 determines the class of the
2D CUF plate model that is to be adopted.
The function 𝐹𝑠 (𝑧), as Lagrange polynomials (LPs), will be considered along the z direction. Regarding
this selection, the models based on Lagrange expansion (LE) CUF theories for plate are have been
developed in the related literature [36]. In these suggested theories, i.e., LE models CUF, because the pure
displacement component are utilized as the principal unknowns, therefore, the boundary conditions can be
directley employed for these components of displacement. Also, by using layer-wise approach, which
utilizes the LE model by default, for a multilayered composite plate, the conditions for interface
consistency easily applied in the two consecutive layers. The details for LPs, which is not pertained
directly to the CUF, is not refered here and are addressed by [50]. Brifely, the acronym LDN plate
theories based on Layer-wise Displacement hypothesis are considered by means of an expansion with
order 𝑁. In special cases, the functions for LE are employed as the linear with two-node (LD1), quadratic
with three-node (LD2), and four-node cubic (LD3), in the z direction for formulating the kinematics,
including the linear and higher order, according to CUF plate models .
For the sake of generality, the FEM is utilized to discretize the plate structure in the 𝑥-𝑦 plane. So, the
generalized displacement vector 𝐮𝒔 (𝑥, 𝑦) is approximated as follows:
𝐮𝒔 (𝑥, 𝑦) = 𝑁𝑗 (𝑥, 𝑦)𝐪𝑠𝑗 ; 𝑗 = 1, 2, … , 𝑝 + 1

(15)

where 𝑁𝑗 is the 𝑗th shape function, 𝑝 denotes the order of the shape functions and the repeated index 𝑗
indicates summation. The vector of the FE nodal parameters 𝐪𝑠𝑗 is defined as:
𝐪𝑠𝑗 = {𝑞𝑥 𝑠𝑗 𝑞𝑦 𝑠𝑗 𝑞𝑧 𝑠𝑗 }

T

(16)

The specific expressions of the shape functions 𝑁𝑗 are not illustrated here, and they can be found in
Bathe [34, 50]. In the present study, the classical 2D four-node quadratic FE (Q4) will be adopted for the
shape function in the 𝑥-𝑦 plane. It should be noted that the choice of the thickness expansion functions for
various kinematics is completely independent of that of the plate FEs.
4. Nonlinear governing equations
The principle of virtual work is considered to evaluate the nonlinear FE governing equations. For a
generic body, it reads:

𝛿𝐿int = 𝛿𝐿ext

(17)
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where 𝛿𝐿int and 𝛿𝐿ext is the virtual variation of the strain energy and the work of the external loads,
respectively. It should be noted that the mathematical steps and equations illustrated hereafter are suitable
for 2D models.
The left term of Eq. (17) is solved at first. Using the same notation shown in Eq. (9), it can be written as:
 Li nt    T dV

(18)

V

where V is the volume of the body. By substituting the constitutive (Eq. (8)) and geometrical relations
(Eq. (14)) into Eq. (18), the virtual variation of the strain energy is obtained as follows:
 Li nt   qsjT

  B
V

sj
l



 2Bsjnl  C  Bl i  Bnli  dV q i
T

(19)
ijτs

The argument of the integral of the Eq. (19) represents the so-called secant stiffness matrix K S , so
that the equation can be written as:
ijτs

𝛿𝐿int = 𝛿𝐪T𝑠𝑗 K S 𝐪𝜏𝑖

(20)
ijτs

The complete form of the secant stiffness matrix K S

is omitted here for the sake of brevity, but can

be found in [33, 51].
The right term of Eq. (17), omitting some mathematical steps, that can be found in Carrera et al. [35],
can be written as:
𝛿𝐿ext = 𝛿𝐪T𝑠𝑗 𝐏𝑠𝑗

(21)

so that Eq. (17) becomes:
𝑖𝑗𝜏𝑠

(22)

𝐊𝑆 𝐪𝜏𝑖 − 𝐏𝑠𝑗 = 0

Eq. (22) can be arbitrarily expanded to reach any desired theory, from low- to higher-order ones, by
choosing the values for τ, s = 1, 2, … , M and i, j = 1, 2, … , p + 1, to give:
𝐊𝑆 𝐪 − 𝐏 = 0

(23)

where 𝐊𝑆 , 𝐪, and 𝐏 are global, assembled FE arrays of the final structure.
To evaluate the geometrical nonlinear relations, the Eq. (23) needs to be solved. The process adopted
in this work, is the same exhaustively shown in Pagani and Carrera [34], so interested readers are referred
to it for a complete description. The main steps of the procedure are explained in the present study. The
geometrical nonlinear problem is solved with the linearization of the Eq. (18) using the Newton-Raphson
method, using Taylor’s expansion around a known solution. What comes out from the linearization of the
internal work is the so-called tangent stiffness matrix K T, which complete form can be found in [33]. The
resultant system of equations needs to be constrained. In the present study, an opportune arc-length pathfollowing constraint is adopted. More detail about the arc-length method adopted can be found in Carrera
[25] and Crisfield [52, 53].

11

5. Numerical results
Here, the capabilities of the appointed 3D full geometrically nonlinear CUF plate model to exactly predict
the post-buckling and large-deflection equilibrium curves of sandwich FG plate with FG porous core, and
also, the effects of various porosity distribution cores, FG material, and different loading states in a
unified framework are illustrated. The thickness expansion functions are according to the Lagrange
expansion (LE) CUF plate models. Also, for the FE, the four-node elements Q4 is used to approximate
the displacement fields in the plate plane. In the following, at the first sub-section, the convergence and
validation of the present approach are investigated and at the second sub-section, the effect of FG porosity
on the large deflection response is illustrated that in the first section the large deflection response of
square sandwich FG plate with FG porous core and the next section the large deflection and post-buckling
response of slender sandwich FG plate with FG porous core is presented. Hereafter, the material
parameters listed in Table 1, will be used for the extraction of the results.
Table 1 The material specifications of the sandwich FG plate
with FG porous core
𝐸𝑚 (GPa) (Aluminum) 𝐸𝑐 (GPa) (Alumina) 𝑁0 𝑘
ν
70
380
0.5 1 0.3

5.1. Convergence and validation of the present approach
Here, first, the large deflection of a square sandwich FG plate with FG porous core under a transverse
uniform pressure 𝑃𝑧 is considered. The CCCC edge condition used here is displayed in Fig. 4 along with
the loading states. Also, the geometric parameters are listed in Table 2.

Fig. 4. Schematic of sandwich FG plate with FG porous core under the
transverse uniform pressure with CCCC edge support conditions.
Table 2 The geometric specifications of the
square sandwich FG plate with FG porous core
a(m)
𝑏(m) ℎ𝑢 (m) ℎ𝑚 (m) ℎ𝑏 (m)
1.2
1.2
0.025
0.072
0.025

First, the convergence analysis of this CUF plate element model will be performed through a regular
mesh. Specifically, the large-deflection response of a square CCCC sandwich FG plate with a SPD core
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under uniform normal pressure 𝑃𝑧 is illustrated in Fig. 5 for various in-plane mesh numbers (Fig. 5(a))
and LD2 and LD3 thickness expansion functions (Fig. 5(b)). As shown in Fig. 5(a), by increasing the
number of the in-plane mesh, the fairly fast convergence rate is obtained. Furthermore, Fig. 5(b)
illustrates that in order to accurately predict the equilibrium curves of large-deflection response, at least
LD2 kinematics should be employed to reach an excellent convergence characteristic. So, the 8 × 8 inplane mesh with one LD2 thickness expansion function will be considered, which as shown in Fig. 5, for
the predicted large-deflection response to the pressure, can be assumed to have high accuracy.

(a) Comparison of different in-plane mesh numbers

(b) Comparison of various orders of expansion functions
in the thickness direction
Fig. 5. Convergence analysis of equilibrium curves for a square CCCC sandwich FG plate with a SPD core.

The large-deflection equilibrium curves of a CCCC functionally graded square plate under the uniform
pressure are illustrated in Fig. 6 according to the 3D full geometrically nonlinear CUF plate model. In this
figure, the effect of various material power-law indexes is studied. In order to validate the present work,
𝑎/ℎ = 5, 𝐸𝑐 /𝐸𝑚 = 6 is considered. It can be found in Fig. 6, for all the material power-law indexes, the
nonlinear equilibrium curves according to the CUF plate model agree very well with those from Kim and
Lee [54] in the entire pressure range for the functionally graded square plate. This excellent agreement
manifests the validation of the CUF plate model and indicates that the von Kármán theory with first-order
shear deformation modification can be effectively utilized to predict the large-deflection static response of
the FG plates.
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Fig. 6. Equilibrium curves of CCCC FG square plates under the
transverse pressures.

5.2. The effect of FG porosity on the large deflection response
Here, the large-deflection and post-buckling analysis of sandwich FG plate with FG porous core subjected
to uniform normal pressure and inplane compression loadings are investigated. In continue, first, the
effect of porosity on the Large deflection response of square sandwich FG plate with FG porous core
under to uniform normal pressure, and then the effect of porosity on the Large deflection and postbuckling response of slender sandwich FG plate with FG porous core under in-plane compression
loadings are presented.

5.2.1. Large deflection response of square sandwich FG plate with FG porous core
The large-deflection equilibrium curves of a CCCC square sandwich FG plate with various porosity
distributions core under the uniform pressure are illustrated in Fig. 7 according to the 3D full
geometrically nonlinear CUF plate model. Regarding this figure, by increasing the value of pressure, the
value of deflection is increased. As shown, the deflection of sandwich FG plate with SPD core is the most
and the deflection of the sandwich FG plate with UPD core is the least.
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Fig. 7. Equilibrium curves of CCCC square sandwich FG plate with
various porosity distributions core under the transverse pressures.

Fig. 8 shows the influence of porosity coefficients of the porous core on the geometrically nonlinear
responses of the CCCC square sandwich FG plate with a SPD core under the transverse pressures. As
shown, by increasing the porosity coefficients of the porous core, the value of deflection is decreased.

Fig. 8. Influence of porosity coefficients on the equilibrium curves of square
sandwich FG plate with a SPD core subjected to transverse pressures.

5.2.2.

Large deflection and postbuckling response of slender sandwich FG plate with FG porous core

In this sub-section, the enhanced abilities of the proposed 3D full geometrically nonlinear unified plate
formulation to accurately predict the post-buckling equilibrium curves for slender sandwich FG plate with
FG porous core subjected to in-plane compression loadings is demonstrated. The geometric parameters
for this section are listed in Table 3. The large deflection response of the CCCC slender sandwich FG
plate with FG porous core under the transverse uniform pressure 𝑃𝑧 is shown in Fig. 5a, and, the slender
sandwich FG plate with FG porous core under the line compression load 𝑃𝑥 which is applied at the
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middle-line of the y-z cross-section at the two ends of the slender plate is illustrated in Fig. 5b. In this
case, a uniform distribution of small transverse pressure 𝐷𝑝 is applied to generate the post-buckling path.
Specifically, the two movable simply-supported edge condition ‘𝑆1 ’ along the width (y-direction) satisfies
𝑣 = 𝑤 = 0 at 𝑧 = 0 and 𝑥 = 0, 𝑎, while another set of simply-supported opposite edges along the length
(x-direction) satisfies 𝑤 = 0 at z = 0 and 𝑦 = 0, 𝑏, which is represented by ‘𝑆2 ’. In this section, the 10 ×
5 in-plane mesh with one LD2 thickness expansion function is considered.
Table 3 The geometric specifications of the
slender sandwich FG plate with FG porous core
a(m)
𝑏(m) ℎ𝑢 (m) ℎ𝑚 (m) ℎ𝑏 (m)
0.3
0.06
0.0012
0.0036 0.0012

(a) sandwich FG plate with CCCC edge conditions
(b) sandwich FG plate with 𝑆1 𝑆2 𝑆1 𝑆2 edge conditions
Fig. 9. Schematic diagram of the various edge support conditions under inplane compression loadings.

The post-buckling equilibrium curves of a CCCC slender sandwich FG plate with various porosity
distributions core under the uniform pressure are shown in Fig. 10 according to the 3D full geometrically
nonlinear CUF plate model. Regarding this figure, by increasing the value of pressure, the value of
deflection is increased. As shown, the deflection of sandwich FG plate with UPD core is the least and the
deflection of sandwich FG plate with other cores is the same and they are more than the deflection of
sandwich FG plate with UPD core.
Fig. 11 illustrates the influence of porosity coefficients of the porous core on the post-buckling
equilibrium curves of the CCCC slender sandwich FG plate with a SPD core under the transverse
pressures. As shown, by increasing the porosity coefficients of the porous core, the value of pressure is
decreased.
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Fig. 10. Post-buckling equilibrium curves of CCCC slender sandwich FG
plate with various porosity distributions core under the transverse pressures.

Fig. 11. Influence of porosity coefficients on the post-buckling equilibrium curves
of slender sandwich FG plate with a SPD core subjected to transverse pressures.

The large-deflection equilibrium curves of a slender sandwich FG plate with various porosity
distributions core subjected to the in-plane compression loadings are shown in Fig. 12 according to the
3D full geometrically nonlinear CUF plate model for 𝑆1 𝑆2 𝑆1 𝑆2 edge condition. Regarding this figure, by
increasing the value of compression loadings, the value of deflection is increased. As shown, the
deflection of sandwich FG plate with SPD core is the most and the deflection of sandwich FG plate with
other cores is the same and they are more than the deflection of sandwich FG plate with UPD core. Also,
it can be seen, for the low value of compression loadings, deflection has a downward jump, then by
increasing the value of compression loadings, the value of deflection is increased.
Fig. 13 illustrates the influence of porosity coefficients of the porous core on the large-deflection
equilibrium curves of the slender sandwich FG plate with a SPD core under the transverse pressures for
𝑆1 𝑆2 𝑆1 𝑆2 edge conditions. As shown, by increasing the porosity coefficients of the porous core, the value

of deflection is increased.
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Fig. 12. Equilibrium curves of slender sandwich FG plate with various
porosity distributions core under the in-plane compressive line loads.

Fig. 13. Influence of porosity coefficients on the equilibrium curves of slender
sandwich FG plate with a SPD core subjected to the in-plane compressive line loads.

6. Conclusions
In this work, the unified formulation of a full geometrically nonlinear refined plate theory in a total
Lagrangian approach is developed to study the post-buckling and large-deflection analysis of sandwich
functionally graded plate with FG porous core. The plate has three layers that the upper and lower layers
are FG and the middle layer (core) is the FGP which is considered with four cases in terms of the porosity
core distribution. In this study, the complete geometrically nonlinear, according the full Lagrangian-type
formulation, according to the CUF plate theory are suggested. In a unified approach based on
fundamental nuclei, the necessary descriptions of the secant and tangent stiffness matrices of the unified
plate element have been constructed, regarding the CUF advantages. For solving the nonlinear algebraic
relations, linearization method based on a Newton-Raphson approach is appliyed along with an arc-length
constraint relationships, for several sample of isotropic rectangular plate numerically. To demonstrate the
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enhanced effectiveness and accuracy of the suggested CUF plate model for large-deflection, numerical
evaluation is performed for the post-buckling response of square and slender sandwich functionally
graded plate with FG porous core, which is exposed to transverse compressive and pressures loadings. In
breifly, some principal conclusions are listed in the following:


The enhanced effectiveness and accuracy of the suggested CUF plate models, exposed to
transverse pressures for square plate, compared with the nonlinear geometric von Kármán
relationships with the shear deformation modification, in the higher nonlinear area, yields
more accurate results in the deflection of thick plate cases.



For the square sandwich FG plate with various porosity distributions core subjected to the
uniform pressure, the deflection of sandwich FG plate with SPD core is the most and the
deflection of sandwich FG plate with UPD core is the least. Also, by increasing the porosity
coefficients of the porous core, the value of deflection is decreased.



For the slender sandwich FG plate with various porosity distributions core subjected to the
uniform pressure or inplane compression loadings, the deflection of sandwich FG plate with
UPD core is the least and the deflection of sandwich FG plate with other cores are the same
and they are more than the deflection of sandwich FG plate with UPD core. Also, by
increasing the porosity coefficients of the porous core, the value of pressure is decreased.
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